
Appendix C

Expansions and estimates of the free Dirac Green’s
matrix

In this chapter, we investigate the behavior of the Green’s function (5.9) of the mass-
less Dirac operator and certain of its partial derivatives with respect to the energy
parameter z 2 CnR. Throughout, we assume that n 2 Nn¹1º.

By (5.9),
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Due to the distinct difference in the behavior of the Hankel function H .1/
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The series representation for J�.�/ in (B.2) then yields the following expansion:
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The identity in (C.5) implies
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as z ! 0; z 2 CCn¹0º; x; y 2 Rn; x ¤ y; n 2 Nn¹1º odd: (C.6)
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Partial derivatives ofG0.zIx;y/with respect to z may be computed by differenti-
ating the series representations in (C.5) term-by-term. For n 2 Nn¹1º odd and r 2 N
with 1 � r � n, one obtains
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and ın is the Kronecker delta function,
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(ii) If n 2 N is odd and 1 � r � n � 1 is even, then
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Case (II). If n 2 N is even, then the indices of the Hankel functions H .1/
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Y0 (cf. (B.4) and (B.5)) we distinguish two cases: n � 4 and n D 2. First we treat the
case n � 4.

Combining (B.1), (B.2), and (B.4), one obtains for n � 4:
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Next, for any even n 2 N,
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Substitution of (C.13) and (C.14) into (C.1) then yields for even n � 4,
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The identity in (C.15) implies
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consistent with (5.10).



Expansions and estimates of the free Dirac Green’s matrix 181

For n 2 Nn¹2º even and r 2 N with 1 � r � n, term-by-term differentiation of
(C.15) implies
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as z ! 0; z 2 CCn¹0º; x; y 2 Rn; x ¤ y: (C.19)
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(ii) If n 2 Nn¹2º is even and 1 � r � n � 2 is even with r ¤ n, then
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as z ! 0; z 2 CC
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¹0º; x; y 2 Rn; x ¤ y: (C.20)

(iii) If n 2 Nn¹2º is even, then
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as z ! 0; z 2 CCn¹0º; x; y 2 Rn; x ¤ y: (C.21)

Case (III). If n D 2, then (B.1), (B.2), and (B.5) imply
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(C.22)

Similarly, by combining (C.1), (C.14) (which is valid for n D 2), and (C.22), one
obtains for n D 2:
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The identity in (C.23) implies
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as z ! 0; z 2 CCn¹0º; x; y 2 Rn; x ¤ y; and n D 2: (C.24)

One notes that (C.24) implies

lim
z!0;

z2CCn¹0º

G0.zI x; y/ D
i

2�
˛ �

.x � y/

jx � yj2
; x; y 2 R2; x ¤ y; (C.25)

which is consistent with (5.10).
Finally, one employs (C.23) to compute:
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and
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Finally, the expansions in (C.26) and (C.27) imply the following asymptotics of
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as z ! 0; z 2 CCn¹0º; x; y 2 R2; x ¤ y: (C.28)

(ii) If n D 2, r D 2, then
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as z ! 0; z 2 CCn¹0º; x; y 2 R2; x ¤ y: (C.29)

Given the results in Appendices B and C, we can summarize the estimates on
G0.zI � ; � / as follows:

Theorem C.1. Let r 2 N0, 0 � r � n, z 2 CC, and x; y 2 Rn, x ¤ y.
(i) For n 2 N odd, n � 3, one has the estimate
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where Ocn; Qcn; zCn; Cn; cn 2 .0;1/ are appropriate constants.
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(ii) For n 2 N even, one has the following estimate. For every ı 2 .0; 1/,
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(C.31)

where cn; Qcn;ı ; Cn;ı 2 .0;1/ are appropriate constants.

Proof. The first estimate in (C.30) (resp., in (C.31)) follows immediately in the regime
jzjjx � yj � 1 from (C.10), (C.11), and (C.12) (resp., (C.19), (C.20), and (C.21) and
(C.24), (C.28), and (C.29)). One employs Lemma B.6 in conjunction with (C.1) to
obtain the first estimate in (C.30), and (C.31) in the regime jzjjx � yj � 1. In fact, by
Lemma B.6 and (C.1), G0.zI � ; � / is of the form

G0.zI x; y/ D c1z
n=2

jx � yj1�.n=2/H
.1/

.n=2/�1

�
zjx � yj

�
IN

C c2z
n=2

jx � yj1�.n=2/H
.1/

n=2

�
zjx � yj

�
˛ �
.x � y/

jx � yj

D zn=2jx � yj1�.n=2/eizjx�yj

�

�
c1!.n=2/�1

�
zjx�yj

�
IN C c2!n=2

�
zjx�yj

�
˛ �
.x�y/

jx�yj

�
;

x; y 2 Rn; x ¤ y; z 2 CC; (C.32)

for an appropriate pair of constants c1; c2 2 C. The constants c1 and c2 are inde-
pendent of .z; x; y/, and their precise values are immaterial for the purpose at hand.
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Differentiating throughout (C.32) with respect to z, one obtains

@r

@zr
G0.zI x; y/ D

X
j;k;`2N0

jCkC`Dr

cj;k;`z
.n=2/�j

jx � yjr�jC1�.n=2/eizjx�yj

�

�
c1!

.`/

.n=2/�1

�
zjx � yj

�
INCc2!

.`/

n=2

�
zjx�yj

�
˛ �
.x�y/

jx�yj

�
;

x; y 2 Rn; x ¤ y; z 2 CC; (C.33)

where the cj;k;` are constants which do not depend upon .z; x; y/. By (C.33),



 @r@zrG0.zI x; y/






B.CN /

�

X
j;k;`2N0

jCkC`Dr

Qcj;k;`jzj
.n=2/�j

jx�yjr�jC1�.n=2/e� Im.z/jx�yj
jzj�.1=2/�`jx�yj�.1=2/�`

�

X
j;k;`2N0

jCkC`Dr

Qcj;k;`jzj
Œ.n�1/=2��.jC`/

jx � yjr�.jC`/C.1=2/�.n=2/e� Im.z/jx�yj

� zC jzjŒ.n�1/=2�
�
jzjjC`jx � yjjC`

��1
jx � yj.2rC1�n/=2e� Im.z/jx�yj

� zC jzjŒ.n�1/=2�jx � yj.2rC1�n/=2e� Im.z/jx�yj;

x; y 2 Rn; x ¤ y; z 2 CC; jzjjx � yj � 1;

where the Qcj;k;` are constants which do not depend upon .z; x; y/.


