Appendix C

Expansions and estimates of the free Dirac Green’s
matrix

In this chapter, we investigate the behavior of the Green’s function (5.9) of the mass-
less Dirac operator and certain of its partial derivatives with respect to the energy
parameter z € C\R. Throughout, we assume that n € N\{1}.

By (5.9),
Go(z;x, y) = 27D D2 R (z]x - yl) Iy
- - - x—=y)
— I/ 1=/ n/2) )1 ("/Z)H,f})z(zlx — ) - [

zeCyq, x,yeR", x#y,neN, n>2. (C.l)

Due to the distinct difference in the behavior of the Hankel function H,Sl) for integer
and fractional values of v, we treat separately the cases where: Case (I) n is odd,
Case (II) n € N\{2} is even, and Case (III) n = 2.

Case (I). Ifn € Nisodd, then H ((;;2)_1 and H rf;)z are fractional (half-integer) Hankel
functions. Applying the identity (cf., e.g., [1, Equation 9.1.3])
T B P
HV(©) = i[sin(wm)] " [e7"™ 1, () = Ju(©)]. veC, {eC\{0}, (C2)

one obtains

Hy)ay 1 (©) = i sin (((1/2) = )7)] [ @270 1101 1(6) = Ty 41 (D]
= i(=D)D2[ ()T g0 1(©) = T—my2)+1 ()]
= (=1)" " Jy2-1(0) =i (=) TV T2 11(0)
= Ju/2-1(0) =i (=D 2T 0 1(0). (C3)

Similarly,

HO (@) = i[sin((n/2)m)] " [e7 2 2(8) = T2 Q)]
= i(=D)"P[—i(=)D2 ], 5 (8) = T2 (0)]
= (=1)" " Tup2(Q) + i (=)D 50
= Ju/2(8) + i (=D I 5 (0). (C4)
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The series representation for J, () in (B.2) then yields the following expansion:
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= K'T((n/2)+k+1) |x — y|
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The identity in (C.5) implies
i(_l)(n+1)/2].[1—(n/2) (x _ y)

Go(Z§X’y)=— 2F(1—(1’l/2)) |x—y|1_n[1+0(Z2|x—y|2)]06' |x—y|
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4F(2—(n/2)) |x — y| Z[1+O(Z [x — y| )]IN
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1—(n/2) _
i |x—y|z”[l+0(22|x—y|2)]oz- Ti_i?

21510 (1 + (n/2))
asz —> 0, ze CL\{0}, x,y e R", x # y, n e N\{1} odd. (C.6)

One notes that (C.6) implies, together with the identity,

F(l-2)T(z) = ——, zeC\Z,
sin(z)
that

) i(_l)(n+1)/27.[1—(n/2) i ()C _ y)

1 G 3 X, = - - "o -
B (7)) BN oy

zeC \{0}
l-(_l)(n+1)/27.[1—(n/2) (x _ y)

1-n
2sin(nm/2) F/2)lx =y e [x — y|

(x—y)
lx =yl
x,y €R”, x # y, n e N\{1} odd,

=i27'7"?2r(n/2) -

consistent with (5.10).
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Partial derivatives of G (z; x, y) with respect to z may be computed by differenti-
ating the series representations in (C.5) term-by-term. For n € N\{1} odd and r € N
with 1 < r < n, one obtains
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_ 2—1—nn1—(n/2)|x —y Z (=) %2k 4+ n)1 22177 | x — y|? .. (x—y)

o k!(2k+n—r)!F((n/2)+k+l) |x — y|
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where
ki(r):z{(ril)/z’ rodd. oy _ (C.8)
r/2, r even,

and §,, is the Kronecker delta function,

1, r=n,
0, 1<r<n-1,

1<r<n. (C.9

Sn(r) = {
The expansion in (C.7) implies the following asymptotics of (.)‘r’z—r,Go(z; X,y) as
z — 0
(i)Ifne Nisoddand 1 <r <n —2is odd, then

r P27 1=y — 1))
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gGo(z;x, y) = mn—1-r)'T{n/2)
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iz—l(_1)(n+1)/2n,1—(n/2)(_4)—(r+1)/2(r + 1)!
[+ D/2IT(=(1/2) + ((r + 1)/2) + 1)

x[1+0(|x—y|*)]e - Tx—y|)’ asz—0, zeC\{0}, x,yeR", x#y. (C.10)
xX=y

|x _ y|2+r—nZ
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(ii)Ifn e Nisoddand 1 <r <n — 1 is even, then

or P27 1=y — 1))
—G;, — n—l—rl 02_21
gy G0l y) = -0y 2 Ok =y ) v
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x[14+0(2?|x=y|*)]e - Ti:i? asz—0, zeCL\{0}, x,yeR", x#£y. (C.11)

(iii) If n € N is odd, then

o iz—nnl—(n/z)

3z C0E ) = ~r gy AL+ O =)l

2(_1)(n+1)/2n(1—n)/2(_4)—(n+1)/2n!
Ix —yl[1+ 0(|x — y|*)]In
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[(n—1/2]!
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x[1+0(2|x—y|*)]e - Tx_y?, as z—0, zeC4\{0}, x,yeR", x#y. (C.12)
xX=y
Case (II). If n € N is even, then the indices of the Hankel functions H /2) , and
H, /2 are nonnegative integers. Due to the difference in behavior of Y, n € N, and
Yo (cf. (B.4) and (B.5)) we distinguish two cases: n > 4 and n = 2. First we treat the
case n > 4.

Combining (B.1), (B.2), and (B.4), one obtains for n > 4:

H(l}z) 1) = Jw/2)-1(8) + iY(ny2)-1(8)

( 4) kg-zk
—ol- (n/2)§(n/2) 12—
kIT((n/2) + k)
n/2)—2 14—k 52k
(/2= _—151—(n/2) ((n/2) —k —2)147*¢
i2 T g‘ Z x

k=0
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+i2n ! In(g/2)2' /D0 i Tt
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(—4)~* 2k

=21 TS Ty e+ 1) + v ((/2) + )| ((1/2) — 1+ k)!
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. (C.13)
o k!((n/2)—1+k)!
Next, for any evenn € N,
3 4) ké-2k
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nn (@) = ¢ Zk' ((n/2) + k)!
(n/2)-1 14—k #2k
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2727 1¢ I;[w + D) +yn/2+k+ )]k!((n/2)+k)! (C.14)
Substitution of (C.13) and (C.14) into (C.1) then yields for even n > 4,
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_gleng =@/ _y i (—4) 22K Hm |y — v =)
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i1 -n/2|,. _ ,,|1-n .
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The identity in (C.15) implies
[
Go(z;x,y) =
oz %.7) 2171121 ((n/2) — 1)
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2) —=2)!
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1
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One notes that (C.16) implies, together with (n/2 — 1)! = I'(n/2), that

lim  Go(z:x,y) =i2 'n 2T (n/2)a - x—y) ,
20, lx =y
2eC1\{0}
x,y €R", x # y, n € N\{2} even, (C.17)

consistent with (5.10).
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For n € N\{2} even and r € N with 1 < r < n, term-by-term differentiation of
(C.15) implies
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Expansions and estimates of the free Dirac Green’s matrix 182

where y_,, a € R, denotes the characteristic (i.e., indicator) function of the interval
(—00, a]. That is,

I, x e (—o00,4d],

K=o (x) = { x € R.

0, x € (a,0),

The expansion in (C.18) implies the following asymptotics of fz—r,Go(z; X,y) as
z —0:
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asz — 0, z € CL\{0}, x,y e R", x # y. (C.19)
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(i) If n € N\{2}isevenand 1 < r < n — 2 is even with r # n, then
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(iii) If n € N\{2} is even, then
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Case (III). If n = 2, then (B.1), (B.2), and (B.5) imply

HY, @) = HOV (@) = Jo(©) +iYo(©)
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Similarly, by combining (C.1), (C.14) (which is valid for n = 2), and (C.22), one
obtains for n = 2:
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The identity in (C.23) implies
1
Go(z;x,y) = —57 In(z|x — y|/2)[1 + 0(z%|x — ylz)]IN
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One notes that (C.24) implies

lir% Go(z;x,y) = L x =)
z—0,

e YV ER XA (C.25)
b4 xX—y

zeC1 \{0}

which is consistent with (5.10).
Finally, one employs (C.23) to compute:
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8
k=0
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and
92 _ 1 & (—4)7*Qk)z% 1 |x — y|?k
aZ—zGO(Z,x,y) __Z_I; (k|)2 IN
1 & (—4)7F @2k + 1)z2k|x — y|**
_—7 Z 5 IN
2w (k)
1 .
- E[ln (zlx = »1/2) + yE—Mm — i(7/2)]
— (—4)7*(2k + 1)(2k)z2* 1 |x — y|?*
x Z 1?2 Iy
k=1
. 00 k —k 2k—1 2k
i (Z 1) (=)™ (2k + 1)(2k)z |x — y| I
_ Z Z > N
2 i\ L (k")
1 i (=9 7F 2k +2)@k + Dz |x — yFH - (x—y)
8§ & k!(k + 1)! |x =yl
~ i i (—4)_k(2k + 1)22k|x _ y|2k+1a (x _ y)
e k! (k + 1)! ¥ =l
Z (4K +2)27x — PR (e y)
T 4x k! (k + 1)! lx =yl

i o~ (=H7F @k +2)(2k + D2 |x — y PR (x—y)
— g =212 3] KUk + 1)! * =y

- (—4) 7k 2k +2)(2k + 1)z%K|x — y|?k+1
8_];) [V + D+ vk +2)] k!'(k + 1)!
o F=Y) (C.27)
lx =yl

Finally, the expansions in (C.26) and (C.27) imply the following asymptotics of
=Go(z:x,y),1<r<2asz—0:
() Ifn=2,r =1,then

32’
ad

8—Go(2;x,y)
zZ

1
= —E[ln (z|x —y|/2) +14+vE-m —i(n/Z)][l + 0(22|x —y|2)]1N
3
+ ézzpc —y|2[1 + 0(z%|x —y|2)]IN

L i—ily - v @]yl + 0l -y

2 '(x—y)
e =5
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i 2 2 (x—y)
—Zz|x—y|ln(2|x_J’|/2)[1+O(Z |x — ¥ )]ot- Ix—y|’

asz — 0, ze€ CL\{0}, x,y e R?, x # y. (C.28)

(i) Ifn = 2,r = 2, then
2

0
@GO(Z;X’)’)

= i[1 +3(ye-m +1i) — (Bin/2)]z|x —y|2[1 + 0(z%|x —y|2)]IN

4
1
- Zz_l[l + 0(2%|x — yI*)]In
3
+Ez|x—y|21n(z|x—y|/2)[1+ O(z%|x — y*)]In
- i+ O =y
i 21 _ 2 _(X—J’)
—Eln(z|x—y|/2)|x—y|[l+ O(Z |x — y| )]a x|
' (x—y)
32 PO Y@ [+ Oy
asz — 0, ze€ CL\{0}, x,y e R?, x # y. (C.29)

Given the results in Appendices B and C, we can summarize the estimates on
Go(z; -, -) as follows:

Theorem C.1. Letr e Nog, 0 <r <n,z € E and x,y € R", x # y.
(i) For n € N odd, n > 3, one has the estimate

or
H ~Go(z;x,y)

0z B(CN)
o [y 2l =yl < 1.
—n |Z|(n—1)/2|x _ y|(2r+1—n)/ze—1m(z)|x—y|’ |z||x _ yl > 1

<éplx— y|r+1—n[1 I |Z|(n—1)/2|x _ y|(n—1)/2]
< Cof{lx =" " x0.11(12l1x = ¥1)

+ |22y — @2y (2l x = ]
< Cuf{lx = yI"" " x0.(12l1x — ¥])

+ |Z|(n—1)/2[|x|(2r+l—n)/2 + |y|(2r+1_n)/2])([1,oo)(|z||x _ y|)}

< cnf{lx — "™y (1211x — y1)
+1z| D24 ]2 1y 12 T e (2l = 31)), (€30

where ¢y, Cy, Cy, Cy, cn € (0, 00) are appropriate constants.
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(ii) For n € N even, one has the following estimate. For every § € (0, 1),

ar
‘%,%@mw)
z B(CN)
|x—y|’+1_”[1+|ln(z|x—y|/2) ], lz||lx—y| <1, r#n,
<cny Ix—=y|[14+|In(zlx—y|/2)|]+]z] 7" lz[lx=y[<1, r=n,
|Z|(n—1)/2|x_y|(2r+1—n)/ze—lm(z)|x—y|’ |Z||x—y|Zl
2|78 — y|rHi=Em, lz|lx — y| <1, r#n,
< s q Izl x = pP0 4 |z, Iz|[x—y|<1, r=n,
|Z|(n—1)/2|x_y|(2r+1—n)/26—lm(z)|x—y|’ |Z||x—y|21
|z |x — y|rH1=om, lz||lx — y| <1, r#n,
=Cugy 1217 1210 x =y 4+ 1], lz||lx—y[<1, r=n,
2| 0=D/2 ey Cr 41 2= O] x—y] > 1
2|78 x — y| 1o, lz[lx—y| <1, r#n,
<Cnsq 2|7, lz|lx—=y|<1, r=n, (C.31)

|Z|(n—1)/2|x_y|(2r+1—n)/2e—1m(z)\x—y\’ lz||lx—y|>1,

where ¢y, Cy 5,Cp s € (0,00) are appropriate constants.

Proof. The first estimate in (C.30) (resp., in (C.31)) follows immediately in the regime
|z]]x — y| < 1 from (C.10), (C.11), and (C.12) (resp., (C.19), (C.20), and (C.21) and
(C.24), (C.28), and (C.29)). One employs Lemma B.6 in conjunction with (C.1) to
obtain the first estimate in (C.30), and (C.31) in the regime |z||x — y| > 1. In fact, by
Lemma B.6 and (C.1), Go(z; -, -) is of the form

- 1
Go(z:x,y) = 12" 2x =y P HE), | (zlx = yI) Iy

(x—y)
lx — ¥l

+ 2" ?|x — y|1_(”/2)H’$)2(z|x —yl)a-

_ Zn/2|x _ y|1—(n/2)ei2|x—y|

lx—yl
x,yeR" x#y, zeCyqy, (C.32)

X |:Cla)(n/2)_1(Z|x—y|)IN + c20n/2(2]x—y ) - (x—y)}

for an appropriate pair of constants ¢y, ¢c; € C. The constants ¢; and ¢, are inde-
pendent of (z, x, y), and their precise values are immaterial for the purpose at hand.
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Differentiating throughout (C.32) with respect to z, one obtains

" = ) (n/2)=J i+1=(n/2) yiz|x—y|
. - re—jt1— 2l

aerO(z’x’y)— iz O x — yTTITIT R et Y

J.k,£eNg
Jjtk+L=r

¢ ¢ (x—y)
X [cla)((n)/z)_l(ﬂx —yl) Iy +cza),(l/)2(z|x—y|)a o~ ],
x,yeER" x#y, zeCy, (C33)

where the c; x ¢ are constants which do not depend upon (z, x, y). By (C.33),

ar
H 5.7 Go(z:x,y)

B(CN)

< Z 5]4,](’4|Z|(n/2)—j|x_y|r—j+1—(n/2)e—Im(Z)Ix—yl|Z|—(1/2)—13|x_y|—(1/2)—1Z
J.k,£€Ng

jtk+l=r

< Z Ej’k’£|zl[("—1)/2]—(j+f)|x _ y|r—(j+K)+(1/2)—(n/2)e—Im(z)lx—yl
Jk €N
Jj+k+l=r

< 6|Z|[(n—1)/2][|zlj+(|x _ y|j+€]_1|x _ y|(2r+1—n)/26—1m(z)\x—y|

< 6|Z|[(n—1)/2]|x _ y|(2r+1—n)/2e—lm(z)|x—y\’

x,yeR" x#y, zeCyq, Iz|]lx—y| =1,

where the ¢; x ¢ are constants which do not depend upon (z, x, y).



