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Metric measure spaces and synthetic Ricci bounds:
Fundamental concepts and recent developments

Karl-Theodor Sturm

Abstract. Metric measure spaces with synthetic Ricci bounds have attracted great interest in
recent years, accompanied by spectacular breakthroughs and deep new insights. In this sur-
vey, I will provide a brief introduction to the concept of lower Ricci bounds as introduced by
Lott—Villani and myself, and illustrate some of its geometric, analytic, and probabilistic con-
sequences, among them Li—Yau estimates, coupling properties for Brownian motions, sharp
functional and isoperimetric inequalities, rigidity results, and structural properties like rectifia-
bility and rectifiability of the boundary. In particular, I will explain its crucial interplay with the
heat flow and its link to the curvature-dimension condition formulated in functional-analytic
terms by Bakry—Emery. This equivalence between the Lagrangian and the Eulerian approach
then will be further explored in various recent research directions: (i) time-dependent Ricci
bounds which provide a link to (super-) Ricci flows for singular spaces, (ii) second-order cal-
culus, upper Ricci bounds, and transformation formulas, (iii) distribution-valued Ricci bounds
which, e.g., allow singular effects of non-convex boundaries to be taken into account.

1. Synthetic Ricci bounds for metric measure spaces

1.1. Metric spaces

The class of metric spaces (X, d) is a far-reaching generalization of the class of
Riemannian manifolds (M, g). It allows for rich geometric structures including singu-
larities, branching, change of dimension as well as fractional and infinite dimensions.

Already in the middle of the last century, A. D. Aleksandrov [1, 2] has proposed
his fundamental concepts of lower and upper bounds for generalized sectional curva-
ture for metric spaces. Especially these lower bounds are particularly well behaved
with respect to the so-called Gromov—Hausdorff metric on the class of compact met-
ric spaces as observed by Gromov [77,78]:
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e foreach K € R, the class
{(X, d) with sect. curv. > K }

is closed under GH-convergence;
e foreach K, L, N € R, the class

{(X, d) with sect. curv. > K, dimension < N, diameter < L}

is compact.

In the sequel, many properties of Riemannian manifolds and geometric estimates
which only depend on one-sided curvature bounds could be proven for such metric
spaces (X, d) with synthetic (upper or lower) curvature bounds. For spaces with syn-
thetic lower bounds on the sectional curvature, also a far-reaching analytic calculus
was developed with foundational contributions by Burago—Gromov—Perel’man [24],
Kuwae—Machigashira—Shioya [101], Zhang—Zhu [149].

However, for most properties and estimates in geometric analysis, spectral theory
and stochastic analysis on manifolds, no quantitative assumptions on the sectional
curvature are needed but—as observed in the seminal works of Yau, Cheeger, Cold-
ing, Elworthy, Malliavin, Bismut, Perel’man and many others—merely a lower bound
on the Ricci curvature

Ric > Kg.

Since the Ricci tensor is the trace of the sectional curvature, i.e.,

Ricy (vi.v;) := Y Secy(v;.vj) if {v;}i=1,... ONB of T N.
J#i
assumptions on lower bounded Ricci curvature are less restrictive than assumptions on
lower bounded sectional curvature. Replacing (synthetic) sectional curvature bounds

by Ricci bounds, the previously mentioned Gromov’s compactness theorem turns into
a precompactness theorem:

e For any choice of K, L, N € R, the class of Riemannian manifolds (M, g) with
Ricci curvature > K, dimension < N, and diameter < L is relatively compact
with respect to mGH-convergence.

Properties of mGH-limits of Cauchy sequences in such classes (so-called Ricci limit
spaces) have been studied in great detail by Cheeger—Colding [32-34]; see also [35,
36,39].

As already pointed out by Gromov, the right setting to deal with the completions
of these classes is the class of metric measure spaces. However, what was missing
for decades was a synthetic formulation of lower Ricci bounds, applicable not only to
Riemannian manifolds (and their limits) but also to metric measure spaces.
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1.2. Metric measure spaces

Here and in the sequel, a metric measure space (briefly mm-space) will always mean
a triple (X, d, m) consisting of

e aspace X,

e acomplete separable metric d on X,

e alocally finite Borel measure m on it.

It is called normalized (or mm;-space) iff in addition m(X) = 1.
A primary goal since many years has been to find a formulation of generalized
Ricci curvature bounds Ric(X,d, m) > K which is

e equivalent to Ricy (v, v) > K|[v||? if X is a Riemannian manifold,

e stable under convergence,

e intrinsic, synthetic (like curvature bounds in Aleksandrov geometry),

« sufficient for many geometric, analytic, and spectral theoretic conclusions.

In independent works, such a formulation has been proposed by the author [136, 137]
and by Lott—Villani [107], based on the concept of optimal transport and relying
on previous works by Brenier [21], Gangbo [60], McCann [112, 113], Otto [128],
Otto—Villani [129], Cordero-Erausquin—-McCann—Schmuckenschlidger [40], and von
Renesse—Sturm [145].

The synthetic lower Ricci bound for an mm-space (X,d, m) will be defined through
the interplay of two quantities on X:

e the Kantorovich—Wasserstein distance
1/2
Wa(jer, p2) = inf{(/ dz(x,y)dq(x,y)) 'q € Cpl(m,uz)} (1.1)
XXX

on the space J (X) of Borel probability measures on X where

Cpl(p1. 2) := {g € P(X X X), (1)xq = p1. (T2)xq = pa}

denotes the set of couplings of two probability measures (i1, Uz,

o the Boltzmann entropy

Jxplogpdm, ifp=p-m,

(1.2)
400, if u € m,

S(p) = Ent(u|m) = {
regarded as a functional on P (X).

The first of these quantities is defined merely using the metric d on X, the second one
merely using the measure m on X.
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Figure 1.

Remark 1.1. En passant, we record some nice properties of the underlying metric
d on X which carry over to the Kantorovich—Wasserstein metric on the Wasserstein
space Po(X) = {p € P(X) : [, d?(x, xo)pu(dx) < oo}:

¢ (P2(X), W,) is a complete separable metric space,

o (P2(X), Wr) is a compact space or a length space or an Aleksandrov space with
curvature > 0 if and only if (X, d) is so.

1.3. Synthetic Ricci bounds for metric measure spaces

Following [107, 136, 137], we now present the so-called curvature-dimension condi-
tion CD(K, N) to be considered as a synthetic formulation for “Ricci curvature > K
and dimension < N”. For convenience, we first treat the case N = oo, where no
constraint on the dimension is imposed.

Definition 1.2. We say that a metric measure space (X, d, m) has Ricci curvature > K
or that it satisfies the curvature-dimension condition CD(K, 00) ift V 1o, t1 € P2 (X),
there exists W>-geodesic (i4)se[o,1] connecting them such that

SGt) = (1 =0 o) +18Gun) = 40~ OW2 o). (13)

Remark 1.3. In other words, the CD(K, co)-condition holds true if and only if the
Boltzmann entropy is weakly K-convex on P5(X), see Figure 1. Recall that S is called
K-convex on P»(X) iff (1.3) holds true for all W»-geodesics (it;)sefo,17 in P2 (X). The
reason for requiring the weaker version is the stability under convergence of the latter
(see below).

The second case which allows for an easy formulation is K = 0. Here for finite
N € R4, the formulation is based on the Renyi-type entropy

Sy (v|m) :=—[pl_l/Ndm forv=p-m+ vs.
X
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sec >0 <= dist concave ric > 0 <= vol'/"concave

Figure 2.

Definition 1.4. We say that (X, d, m) satisfies the curvature-dimension condition
CD(0, N) iff Vo, u1 € P2(X), there exists W-geodesic (i4) e[o,1] connecting them
such that

Sn(pelm) < (1 —1)Sn (rolm) + tSn (p1m). (1.4)

Remark 1.5. It is quite instructive to observe that
Sy(wlm) = —m(A)YN if v is unif. distrib. on 4 C X.

Thus the curvature-dimension condition CD(0, N') can be vaguely interpreted as a
kind of concavity property for the N -th root of the volume, see Figure 2. This should
be seen in context with the facts that (i) on N-dimensional spaces, the N -th root of
the volume has the dimension of a length, (ii) nonnegative sectional curvature in the
sense of Aleksandrov can be regarded as a concavity property of distances, and (iii)
Ricci curvature should be regarded as the average of the sectional curvatures.

1.4. The curvature-dimension condition CD(K, N)

The curvature-dimension condition CD(K, N) for general pairs of K, N is more
involved. It was introduced in [137]. (Based on that, later on Lott—Villani [106] also
introduced a slight modification of it—the difference, however, will be irrelevant for
the sequel. In their original paper [107], they consider only the case K/N = 0, where
the effects of dimension and curvature are decoupled.)

Definition 1.6. Given that K, N € R (with N > 1), we say that an mm-space (X, d, m)
satisfies the curvature-dimension condition CD(K, N) iff ¥ pom, pym € 5, (X), there
exists W-geodesic (p;m);e[o,1] connecting them and a W,-optimal coupling g of
them such that

[o ™ @amer = [ [P 006" 0o
X XXX

+ 1y oy - N (0] dg(vo.v). (1)

Here the distortion coefficients are given by

o ) (sin(,/%td(x,y)))lv_l

rK,N(x, y) =tN
sin (y/ 70 d(x, »))
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in case K >0, analogous formula with sin /- - - replaced by sinh ,/—---in case K <0,
and 7 (x,y):=ti K=0
k. (x,y) :=tincase K = 0.

The interpretation of CD(K, N) as a synthetic formulation for “Ricci curvature
> K, dimension < N is justified by the Riemannian case.

Theorem 1.7 ([137] extending [40, 135, 145]). For Riemannian manifolds (M, g),
CD(K, N) < Ricy > K and dimy < N.

Further examples of metric measure spaces satisfying a CD(K, N)-condition inclu-
de weighted Riemannian spaces, Ricci limit spaces, Aleksandrov spaces, and Finsler
spaces. If one slightly extends the concept of “metric” towards “pseudo metric”, it
also includes path spaces (e.g. the Wiener space with K = 1, N = oo) and configu-
ration spaces.

Moreover, many further examples are obtained by constructions as limits, prod-
ucts, cones, suspensions, or warped products.

2. Geometric aspects

The broad interest in—and the great success of—the concept of the curvature-dimen-

sion condition CD(K, N) is due to

e its equivalence to classical lower Ricci bounds in the Riemannian setting,

e its stability under convergence and under various constructions, and

o the fact that it implies almost all of the geometric and functional analytic estimates
(with sharp constants!) from Riemannian geometry which depend only on (the
dimension and on) lower bounds on the Ricci curvature.

2.1. Volume growth

Let us summarize some of the most fundamental geometric estimates.

Theorem 2.1 (Bonnet—-Myers diameter bound [137]). The CD(K, N)-condition with
finite N and positive K implies compactness of X and
N -1

K

Theorem 2.2 (Bishop—Gromov volume growth estimate [137]). Under CD(K, N)
with finite N, for every xo € X, the volume growth function r +— m(B,(xg)) is abso-
lutely continuous and its weak derivative s(r) := %m(Br (x0)) satisfies

N—1 N-1
s(ry/s(R) > sin( Nlilr) /sin(,/%R) (2.2)

diam(X) <

-7 (2.1)
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forall 0 < r < R with the usual re-interpretation of the RHS if K < 0 (i.e., replacing
all sin(vK --+) by sinh(v/—K -+ ) in the case K < 0).

As in the smooth Riemannian setting, this differential inequality immediately
implies the integrated version:

N—-1
m(Br(xo)) for Sin( %t) dt

m(Br(xo)) - [Esin (\/%t)lv_ldz

forall 0 < r < R, and thus in particular

m(Br(x0)) < Cr¥ exp (v/ (N — )K~R).

The results so far assumed that N is finite. In the case N = oo, the CD(K, N)-
condition implies a novel volume growth estimate [136], not known before in the
Riemannian setting,

m(BR(xo)) < exp (%R2 +c1 R+ co). (2.3)

It can be seen as complementary to the concentration of measure phenomenon. The
sharpness is illustrated by the following example.

Example 2.3. Consider X =R,d =] - |, and dm(x) = exp(§|x|2) for k > 0. Then
(X,d, m) satisfies CD(—«, 00), and m(Bg(x)) > exp(5(R — % 2) forall x and R > %

The curvature-dimension condition CD(K, N) also implies numerous further geo-
metric estimates, among them the Brunn—Minkowski inequality [137] and the Borell-
Brascamp-Lieb inequality [11]. What remained an open problem for many years
was the Lévy—Gromov isoperimetric inequality which only recently was proven by
Cavalletti-Mondino.

Theorem 2.4 (Lévy—Gromov isoperimetric inequality [30]). Let (X, d, m) be an es-
sentially non-branching mm-space which satisfies CD(K, N)) and let X be a CD(K, N)-
model space. Then for every subset E C X and every spherical cap B C X,
dE aB E B
—| |Z—|A| iu:u. 2.4)
Xl ~ X Xl IX]

Here | - | denotes the respective volume or surface measure.

2.2. The space of spaces

Two mm;-spaces will be called isomorphic—and henceforth identified—iff there
exists a measure preserving isometry between the supports of the respective mea-
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sures. It is a quite remarkable observation that the space E of isomorphism classes of
normalized mm;-spaces itself is a geodesic space.

The LP-transportation distance between mm;-spaces (Xg,dg, mg) and (X1, dy, my)
is defined for p € [1, o) as

1/p
Dy ((Xo.do. mo). (X1, di,my)) = }jnnf(/ d(x07x1)pdm(x0’xl)) ,
: X

0%X1

where the infimum is taken over all couplings m of mg and m; and over all couplings
d of dy and d; (i.e., metrics on Xy LI X; which coincide with dy on X and with d
on Xj), [136]. With slight modifications, this definition also extends to p = oo and
p € (0, 1). Furthermore, for p = 0 we define in the spirit of the Ky Fan metric

Do((Xo, do. Mo), (X1,d1, my)) = gr’lnt:inf{e > 0 : m{d(xo, x1) > &} < ¢}.

A closely related concept is the L?-distortion distance between mm;-spaces de-
fined for p € [1, o) as

A ,((Xo.do. mg). (X1.d1, myp))
» 1/p
=inf(/ / |do(x0. yo) — di(x1. y1)| dm(xo,xl)dm(yo,yl)) ,
m XoXX1 ¥ XoxX1

where the infimum is taken over all couplings m of my and m;, and again with slight
modifications also extended to p = oo, p € (0, 1), and p = 0. Under uniform control
of the moments of the involved metric measure spaces, the topologies induced by all
these metrics are the same and coincide with that of Gromov’s box distance 1) and
with that of measured Gromov—Hausdorff convergence.

Lemma 2.5 ([76, 116, 138]). (@) VYp e[0,00): D, is complete whereas A is
not complete,
(b) Dp-convergence < Dg-convergence and convergence of p-th moments,
(c) Ap-convergence & Ag-convergence and convergence of p-th moments,

(d) Dg-convergence < Ay-convergence < [, -convergence.
The main result here is that the space of spaces is an Aleksandrov space.

Theorem 2.6 ([138]). The metric space (E,, Ay) of isomorphism classes of mm;-
spaces is a geodesic space with nonnegative curvature.

The tangent space (for the space of spaces) at a given mm;-space admits an
explicit representation and so does the symmetry group, with the latter e.g. in terms of
optimal self-couplings. Of particular interest are finite dimensional subspaces of the
space of spaces.
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Proposition 2.7. For each n € N, the subspace of n-point spaces (i.e., mm;j-spaces
with equal mass on n-points) is a Riemannian orbifold with nonnegative curvature.

2.3. Stability, compactness

Converging sequences of mm;-spaces can always be embedded into common metric
spaces. The stability of the CD(K, N )-condition then simply amounts to the lower
semicontinuity of the Renyi-type entropy for weakly convergent sequences of proba-
bility measures.

Theorem 2.8. The curvature-dimension condition is stable under Dg-convergence of
mmj-spaces.

The volume growth estimates entailed by the CD(K, N )-condition, together with
the stability of the latter under convergence, allow us to turn Gromov’s pre-compact-
ness theorem under Ricci bounds into a compactness theorem.

Theorem 2.9. For every triple K, N, L € R, the space of all mm;-spaces (X, d, m)
that satisfy CD(K, N) and have diameter < L is compact.

2.4. Local to global

A crucial property of curvature bounds both in Riemannian geometry and in the geom-
etry of Aleksandrov spaces is the local-to-global property: sharp global estimates
follow from uniform local curvature assumptions. For the synthetic Ricci bounds for
mm-spaces, this is a highly non-trivial claim. To deal with it, we restrict ourselves to
non-branching geodesic spaces.

The first globalization theorem was obtained in the case K/N = 0, where curva-
ture and dimension effects are de-coupled.

Proposition 2.10 ([107,136,137]). If K=0 or N =00, then every mm-space (X,d, m)
satisfies
CD(K, N) locally < CD(K, N) globally.

Further progress then was based on the reduced curvature-dimension condition

CD*(K, N) defined similarly as CD(K, N) but now with the distortion coefficient

T1(<t,)1v (x, y) in (1.5) replaced by the reduced coefficients

UI((I,)N(X’ y) :=sin (\/gt d(X,y))/Sin (\/gd(x,y))-

Proposition 2.11 ([12]). Forall K, N € R and all mm-spaces,

CD(K, N) locally < CD*(K, N) locally < CD*(K, N) globally.
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Only recently, the globalization theorem could be proven in full generality by
Cavalletti-Milman (with a minor extension by Zhenhao Li removing the finiteness as-
sumption for the underlying measure). Their approach is based on Klartag’s [95] nee-
dle decomposition and the localization technique developed by Cavalletti-Mondino
[30].

Theorem 2.12 ([29, 103]).
CD(K, N) locally < CD(K, N) globally.

3. Analytic aspects

A deeper understanding of the role of synthetic lower Ricci bounds on singular spaces
will be obtained through links with spectral properties of the Laplacians and estimates
for heat kernels on such spaces.

3.1. Heat flow on metric measure spaces

There are two different (seemingly unrelated) approaches to define the heat equation
on an mm-space (X, d, m):
o either as a gradient flow in L2(X, m) for the energy
1 1
&) = - / |Vu|?dm = liminf — / (lip,.v)* dm(x)
2 Jx vouinL2 2 Jx

wx)=v()|
d(x,y)

e or as a gradient flow in &, (X) for the Boltzmann entropy

Ent(u):/ ulogudm.
b'¢

with lip, v(x) = limsup,,_, , and |Vu| = minimal weak upper gradient,

The former approach (the traditional point of view) has the advantage that the en-
ergy—if it exists—is always convex and thus guarantees the existence of the gradient
flow. Its disadvantage is that it relies on the concept of weakly differentiable func-
tions. However, all analytic problems related to the notion of energy have been fully
resolved in the trilogy [3—5] by Ambrosio—Gigli—Savaré.

The latter approach (the novel perspective of Otto) has the advantage that the
entropy is always obviously well defined. However, for its gradient flow to exist, addi-
tional assumptions are required, e.g. that the entropy is semi-convex. Up to minor
technicalities, this simply says that the underlying mm-space has lower bounded
synthetic Ricci curvature. Under this minimal assumption, indeed, both approaches
coincide.

Theorem 3.1 ([3]). For every mm-space (X, d, m) that satisfies CD(K, 0o) for some
K € R, the energy approach and the entropy approach coincide.
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Example 3.2. There are plenty of examples to which this result applies. The most
prominent among them (and the authors who first proved it) are

(1)  Euclidean space R": Jordan—Kinderlehrer-Otto [85],

(i)  Riemann manifolds (M, g): Ohta [124], Savaré [133], Villani [144],
Erbar [45],

(iii)  Finsler spaces (M, F, m): Ohta—Sturm [126],
(iv) Aleksandrov spaces: Gigli-Kuwada—Ohta [67].

Example 3.3. In many other cases not covered by any CD-condition, we know that
the energy approach and the entropy approach coincide:

(a) Heisenberg group (unbounded curvature): Juillet [86],

(b) Wiener space (degenerate distance): Fang—Shao—Sturm [58],

(c) Configuration space (degenerate distance): Erbar—Huesmann [50],

(d) Neumann Laplacian (unbounded curvature if nonconvex): Lierl-Sturm [104],

(e) Dirichlet Laplacian (no mass conservation): Profeta—Sturm [131],

(f) Discrete spaces (no W,-geodesics): Maas [109], Mielke [117],

(g) Lévy semigroups (no W,-geodesics): Erbar [46],

(h) Metric graphs (unbounded curvature): Erbar—Forkert—-Maas—Mugnolo [49].
In the latter examples (e), (f), and (g), the concept of “gradient flow for the Boltzmann
entropy” has to be slightly adapted.
3.2. Curvature-dimension condition: Eulerian vs. Lagrangian

Besides the Lagrangian formulation of synthetic Ricci bounds in terms of semicon-
vexity properties of the entropy, there is also a Eulerian formulation in terms of the
energy: the celebrated curvature-dimension (or T's) condition of Bakry—Emery. It is a
groundbreaking observation that both formulations are equivalent in great generality.

For this equivalence to hold, we now make the standing assumption that (X, d, m)
is infinitesimally Hilbertian, i.e., the energy & is quadratic or, in other words, Lapla-
cian and heat flow are linear. For convenience, we will also assume that the mm-
space under consideration has the Sobolev-to-Lipschitz property and volume growth
bounded by e€” ?. Note that both of these latter properties follow from the validity of
the Lagrangian CD(K, N )-condition.

Theorem 3.4 ([4,5,52]). Under the above assumptions, the following properties are
equivalent:

(1)  the synthetic Ricci bound CD(K, N), briefly reformulated as

1
Hess S — N(VS)@’Z > K on (P(X), Wa),
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(i)  the transport estimate
1 —e Kt
W3 (Psju, Prv) < e FTWR (1, v) + 2N — —— (V5 = V1)?
T

with T := 2(s + /st +1),

(iii) the gradient estimate

4K1?

W|AP,M|2 < e_ZKtPt|Vu|2,

|VPtu|2 =+

(iv) the Bochner inequality
1 1

§A|Vu|2 —(Vu,VAu) > K - |Vu|* + N(Au)z,

also known as Bakry—Emery criterion and written in comprehensive form
as

Do) = K TG0+ (Aw)

These equivalences allow for easy explanations and/or intuitive interpretations.
The equivalence (iii)<>(iv), indeed, is known since decades as a basic result of the so-
called I'-calculus of Markov semigroups [13,14], and easily follows by differentiating
s +> P;_s(|V Psu|?). The equivalence (i)<>(ii), from a heuristic point of view, is a
consequence of the fact that the heat flow is the gradient flow for the entropy with
respect to the metric W,. Finally, the equivalence (ii)< (iii) is the important Kuwada
duality which extends the celebrated Kantorovich—Rubinstein duality towards p # 1,
q # oo. The rigorous proofs of the above equivalences by Ambrosio-Gigli-Savaré
[4,5] (for the case N = oo) and Erbar-Kuwada—Sturm [52] (for the general case)
are rather sophisticated and mark milestones in the development of the theory. For an
alternative approach in the general case, see also [7].

Remark 3.5. The Bakry—Emery estimate
2 1 2
Do(u) — K- [Vul” = N(Au) (Vu)

has a remarkable self-improvement property [13—15,57, 134] asserting that it implies
the seemingly stronger estimate

1 N 1 2
To(u) — K - |Vu? > N(Au)z + m”kuu — NlAuH

1
=|V|Vu||+ﬁ“V|Vu||—|Au||2 (V).
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This leads to improved gradient estimates and improved transport estimates which
e.g. in the case N = oo read as

[VPu| < e KP|Vu|, W (Pipt, Piv) < e KW (e, v).

3.3. RCD(K, N)-spaces—functional inequalities

We will say that an mm-space satisfies the RCD(K, N)-condition iff it satisfies the
CD(K, N)-condition and iff it is infinitesimally Hilbertian. For these mm-spaces, the
full machinery of geometric analysis and Riemannian calculus can be developed and
far-reaching structural assertions can be derived.

Here we have to restrict ourselves to present only a selection of the many results
proven so far. And we will not formulate detailed estimates (except for the first result),
we will just mention the respective results.

Theorem 3.6. The following estimates hold true (each of them with sharp constants)
on any mm-space which satisfies an RCD(K, N )-condition for some K € R and for
N < oo:

e Poincaré/Lichnerowicz inequality [106]: A1 > %K ,

moreover, for N < oco:

e Laplace comparison [64],

e Bochner’s inequality [7,52],

e Li-Yau differential Harnack inequality, Gaussian heat kernel estimates [61],

e Sobolev, Cheeger, and Buser inequalities [44,130],

whereas for N = oo:

o Talagrand- and logarithmic Sobolev inequalities [106],

e  Wang’s Harnack inequality [102], upper Gaussian heat kernel estimate [143],
and Ledoux’s inequality [44].

In all the previous results, the dimensional parameter has always been a num-
ber N > 1 (which in turn then even implies that N > dimg (X)). Quite remarkably,
various of these results also admit versions where the dimensional parameter N is a
negative number; see e.g. [110,111,119,125,127].

3.4. RCD(K, N)-spaces—splitting and rigidity

In the smooth Riemannian setting, an important consequence of nonnegative Ricci
curvature is the Cheeger—Gromoll splitting theorem. In order to extend this to metric
measure spaces, it is essential to assume that the underlying spaces are infinitesimally
Hilbertian.
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Theorem 3.7 (Splitting theorem [63]). If an mm-space (X, d, m) satisfies RCD(0, N)
and contains a line, then X = R x X' for some RCD(0, N — 1)-space (X', d’, m’).

The counterpart to the splitting theorem for positive lower Ricci bound is Cheng’s
maximal diameter theorem.

Theorem 3.8 (Maximal diameter theorem [91]). If an mm-space (X, d, m) satisfies
RCD(N — 1, N) and has diameter m, then X is the spherical suspension of some
RCD(N — 2, N — 1)-space (X', d’, m’).

In the smooth Riemannian setting, the maximal diameter theorem provides a more
far-reaching conclusion, namely, that X is the round N -sphere. In the singular setting,
however, this conclusion is false [91].

On the other hand, such a far-reaching conclusion can be drawn from the maxi-
mality of the spherical size.

Theorem 3.9 (Maximal spherical size theorem [56]). If an mm-space (X, d, m) satis-
fies RCD(N — 1, N) and

—//cos (d(x,y)) dm(x) dm(y) = 0, (3.1
x Jx

then N € N and (X, d, m) is isomorphic to the N -dimensional round sphere SN .

Closely related to the maximal diameter theorem is Obata’s theorem on the min-
imality of the spectral gap.

Theorem 3.10 (Obata’s theorem [92]). If an RCD(N — 1, N)-space (X, d, m) has
spectral gap N, then it is the spherical suspension of some RCD(N —2, N — 1)-space
X', d, m).

This splitting theorem indeed also admits an extension to N = oo which states

that an mm-space (X, d, m) that satisfies RCD(1, co) and has spectral gap 1 splits off
a Gaussian factor [66].

3.5. RCD(K, N)-spaces—structure theory

Since blow-ups of RCD(K, N)-spaces are RCD(0, N )-spaces which contain lines, a
sophisticated iterated application of the splitting theorem will lead to deep insights
into tangent spaces and local structure of RCD-spaces.

Theorem 3.11 (Rectifiability and constancy of dimension [23,120]). If (X, d, m) sat-
isfies RCD(K, N), then
@ X=UM R uN, mN) =0,
(b) each Ry is covered by countably many measurable sets which are (1 + €)-
biLipschitz equivalent to subsets of R¥,
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(c) mand J* are mutually abs. cont. on Ry,
and even more,
(d) there exists n € N such that m(Ry) = 0 for all k # n.
Besides the two landmark contributions to this structure theory mentioned above,

numerous important results were obtained [6, 43, 69, 90]. Particularly nice insights
could be obtained in the case N = 2.

Corollary 3.12 ([108]). RCD(K, 2)-spaces with m = H? are Aleksandrov spaces.

Further challenges then concern the boundaries of mm-spaces. Various concepts
how to define them and related results were presented in [42,88,89]. Important contri-
butions to the analysis of tangent cones and to the regularity theory for non-collapsed
RCD-spaces were provided in [8,82,94]. Based on these results, a precise description
could be derived.

Theorem 3.13 ([22]). Let (X,d, m) be a non-collapsed RCD(K, N)-space (withm =
HN, N € N). Then

(a) there exists a stratification S C §® C ---C N1 =§ =X\ Ry,

(b) the boundary 0X := W is (N — 1)-rectifiable,

() TWX~RNIxR, forx e N1\ sVN2

(d) X\ $V=2 is a topological manifold with boundary.

4. Recent developments

The concept of synthetic Ricci bounds for singular spaces turned out to be extremely
fruitful, both for theory and applications. A rich theory of mm-spaces satisfying such
uniform lower Ricci bounds has been established. The last 15 years have seen a
wave of impressive results—many of them going far beyond the previously described
scope.

In the following, we will first present in detail recent developments concerning

¢ heat flow on time-dependent mm-spaces and super-Ricci flows,
« second-order calculus, upper Ricci bounds, and transformation formulas,
e distribution-valued lower Ricci bounds,

and then briefly summarize several further developments.

4.1. Heat flow on time-dependent mm-spaces and super-Ricci flows

Whereas construction and properties of the heat flow on “static” metric measure
space (X, d, m)—in particular, its relation to synthetic lower bounds on the Ricci
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curvature—by now are well understood in great generality, analogous questions for
time-dependent families of mm-spaces (X;,d;, m;), t € I = (0, T), until recently
remained widely open:

e How do we define a heat propagator (P );>s acting on functions in L2(Xg, my)
and/or its dual (13\,, s)s<¢ acting on measures on X;?
Can they be regarded as gradient flows of (time-dependent) energy or entropy
functionals in function/measure spaces with time-dependent norms or metrics?

o Is there a parabolic analogue to synthetic lower Ricci bounds? Can one formulate
it as “dynamic convexity” of a time-dependent entropy functional? How is this
related to the notion of super-Ricci flows for families of Riemannian manifolds?

¢ Are there “parabolic versions” of the functional inequalities that characterize syn-
thetic lower Ricci bounds?

Within recent years, for families of mm-spaces (X, d;, m;), ¢t € (0, T'), such that
o foreveryt € I the mm-space (X, d;, m;) satisfies an RCD(K, N )-condition,
e there exists some regular 7-dependence of d; and my,

these questions found affirmative answers.

Definition 4.1 ([140]). A family of mm-spaces (X,d;,m;);c(o,T) is called super-Ricci
flow iff the function

Ent: (0,T) x P(X) = (—o0,00], (t, ) — Ents(u) := Ent(u|m;)

is dynamically convex on &P (X )—equipped with the 1-parameter family of metrics
W; (= L?*-Kantorovich-Wasserstein metrics with respect to d;)—in the following
sense: for all u®, u! and a.e. 7 there exists a W;-geodesic (149)4e0,1] such that

1
0a Enty (11%) — 04 Bnty (1) < S0 W2 (u°, ). (4.1)

Example 4.2. A family of Riemannian manifolds (M, g;), t € (0, T') is a super-Ricci
flow in the previous sense iff

) 1
Ric; +§8tg, > 0.

Recall that (M, g;)e(0,1) is called Ricci flow if Ric, +%8tgt = 0. These properties
can be regarded as the parabolic analogue to nonnegative (or vanishing, resp.) Ricci
curvature for static manifolds.

Whereas in the static setting the gradient flow for the energy and the gradient
flow for the entropy characterize the same evolution (either in terms of densities or
in terms of measures), this is no longer the case in the dynamic setting: here one
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is characterizing the forward evolution whereas the other one is characterizing the
backward evolution.

Theorem 4.3 ([98]). In the previous setting, there exists a well-defined heat prop-
agator (Py5)s=s acting on functions in L*(X, mg) and its dual (Py)s<; acting on
measures on X. Moreover,

(1) Yu € Dom(8), Vs € I, the heat flow t — u; = Py su is the unique forward
gradient flow for the Cheeger energy %Ss in L2(X, my).

2) Yu € Dom(Ent), Vt € I, the dual heat flow s — s = ﬁt,su is the unique
backward gradient flow for the Boltzmann entropy Ent; in (P (X), W;) pro-
vided that (X, d;, m;) is a super-Ricci flow.

Both gradient flows can be obtained as limits of corresponding steepest-descend
schemes (aka JKO-schemes) adapted to the time-dependent setting [97].

In analogy to Theorem 3.4, the Lagrangian characterization of super-Ricci flows
(in terms of dynamic convexity of the entropy) turns out to be equivalent to a Eulerian
characterization (in terms of a dynamic I';-inequality), to a gradient estimate for the
forward evolution, and to a transport estimate (as well as to a pathwise Brownian
coupling property) for the backward evolution.

Theorem 4.4 ([98]). The following are equivalent:

(@) 3 Ent;(u®)|a=0 — 4 Ent, (u?)|a=1 < 30, WA (u®, ph),

(0) Wy(Prspu, Prsv) < Welu,v),

(c) Vx,y, Vt, there exist coupled backward Brownian motions (X, Ys)s<; start-

ing att in (x,y) such that dy(Xs, Ys) < d¢(x,y) a.s. forall s <t,

(d) |Vi(Prsu)® < Prs(IViul?),

(€ Ta; > 50:Ts, where T (u) = 3A8:|Vou|* — (Vou, Vi Au).

This result in particular extends a previous characterization of super-Ricci flows
of smooth families of Riemannian manifolds in terms of the previous assertion (b)
by McCann-Topping [115] and in terms of the previous assertion (c) by Arnaudon—
Coulibaly—Thalmaier [10].

There is a whole zoo of further functional inequalities which characterize super-

Ricci flows. Several implications for the subsequent assertions were new even in the
static case.

Theorem 4.5 ([99]). Each of the following assertions is equivalent to any of the
above or, in other words, to (X,ds, m;) ;e being a super-Ricci flow:

(f) local Poincaré inequalities:

2(t = )Ty (Prgu) < Prs(u?) — (Prsu)® < 2(t — ) Pr s (Tsu),
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(g) local logarithmic Sobolev inequalities:

T (P T
(t —s)% < P; s(ulogu) — (P su)log(P;su) < (t —S)Pt,s( su),
u

1,8

(h) dimension-free Harnack inequality: Yo > 1

2
(Prsi)(y) = Prsu®(x) - exp (%)

(1) log Harnack inequality:

d7 (x,y)
4t —s)’

With these concepts and results, a robust theory of super-Ricci flows is estab-
lished—being regarded as a parabolic analogue to singular spaces with lower Ricci
bounds. In the smooth case, deeper insights and more powerful estimates require to
restrict oneself to Ricci flows rather than super-Ricci flows; see e.g. [16, 81,96, 100].
To deal with similar questions in the singular case, first of all we need a synthetic
notion of upper Ricci bounds; see the next subsection.

For related current research on lower Ricci bounds in time-like directions on
Lorentzian manifolds and on Einstein equation in general relativity, see [31,114,122].

P; s(logu)(x) < log P, su(y) +

4.2. Second-order calculus, upper Ricci bounds, and transformation formulas

So far, on RCD-space we only dealt with the canonical first-order calculus for (real-
valued) functions on these spaces. The setting, however, allows us to go far beyond
this.

Theorem 4.6 ([18,62,65,70-72,121]). Given an RCD(K, o0)-space (X,d, m), there
exist well established concepts of

e a powerful second-order order calculus on X including a consistent notion of
Ricci tensor (the lower bound of which coincides with the synthetic lower Ricci
bound in terms of semiconvexity of the entropy),

e the heat flow on 1-forms on X which among others leads to the celebrated Hess—
Schrader—Uhlenbrock inequality
|Prdf| <e X Pidf],

e harmonic maps from X into metric spaces (Y, dy), typically of nonpositive curva-
ture, based on Sobolev calculus and approximation of energy densities for maps
between metric spaces, providing Lipschitz continuity of these maps.

In a different direction, a challenging goal is to provide synthetic characteriza-
tions of upper Ricci bounds Ric < L. Indeed, various of the (equivalent) synthetic
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characterizations of lower Ricci bounds admit partial converses. However, these con-
verse characterizations are not necessarily equivalent to each other. Moreover, any
such characterizations will certainly be not as powerful as the corresponding lower
bound. Typically, the upper Ricci bounds are asymptotic estimates whereas the lower
Ricci bounds are uniform estimates.

Theorem 4.7 ([142]). Weak synthetic characterizations of upper Ricci bounds for an
RCD(K, N)-space (X,d, m)

e interms of partial L-concavity of the Boltzmann entropy and
e interms of the heat kernel asymptotics

are equivalent to each other.
More precisely, a weak upper bound L for the Ricci curvature is given by

L :=suplimsup n(x, y),

z X,y—z

where forall x,y € X,
n(x,y) =

= lim inf{ ————
>0 {W22(1007 101)

S(p°) < 00, S(p") < o0, supp[p®] C Bs(x), supp[p'] C Bs(y)}

(92 S04zt =82S0 4o] : (0%) o,y 8e0desic,

= lim inf { — 07" log Wa(Pypt, Pev)|,_q : supp[u] C Be(x), supp[v] C Be(y)}.

Remark 4.8. For weighted Riemannian manifolds (M, g, e~/ d voly),
Ricy (x.y) < 1(x.y) < Ricy (x,) + 0 (x.y) - tan® (Vo (x.y) d(x. 3)/2)

provided x and y are not conjugate. Here Ricy(x, y) = fol Ricr (y*, %) /|y*|> da
denotes the average Bakry—Emery—Ricci curvature along the (unique) geodesic y =
(¥%)aefo,1] from x to y, and o (x, y) denotes the maximal modulus of the Riemannian
curvature along this geodesic.

Similar as other approaches (e.g. [123]), these weak upper Ricci bounds will not
be able to detect the positive Ricci curvature sitting in the tip of a cone over a circle
of length < 27. A slightly stronger notion will detect it.

Theorem 4.9 ([56]). If a metric cone has both sided (“strong”) Ricci bounds K and
L in the sense of RCD(K, 0o) and
1 WZ(P,(SX, P,Sy)

—liminfliminf — log

<L (VzeX),
X, y—=z t—>0 d(x,y) - (vz )

then it is the flat Euclidean space (of some integer dimension).
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A crucial property of the class of RCD-spaces is that it is preserved under transfor-
mations of measure and metric of the underlying spaces, and that there exist explicit
formulas for the transformation of the parameters K and N in the curvature-dimension
condition CD(K, N).

To be more specific, let an mm-space (X, d, m) be given as well as continuous
(“weight”) functions V, W on X. In terms of them, define the transformed mm-space
(X,d’,m) with m’ := ¢"m and

1
d'(x,y) = inf{/ Vel - "0 dt -y 1 [0,1] — X rectifiable, yo = x, y; = y}.
0

If [ |[Vu|*> dmon L?(X, m) denotes the Dirichlet form (“Cheeger energy”) associated
with (X, d, m), then the Dirichlet form associated with the transformed mm-space is
given by

/ IVu)?e"=2" dm on L%(X,e"m).

Theorem 4.10 ([80, 139]). If (X, d, m) satisfies RCD(K, N) for finite K, N € R and
ifV,W € W2(X), then for each N' > N there exists an explicitly given K' such
that (X,d’, m’) satisfies RCD(K’, N').

(If W =0, then also N = N’ = 0o is admissible; if V. = NW, then also N' = N
is admissible.)

Let us illustrate this result in three special cases of particular importance:

e W = 0 (“drift transformation”):

K’=K—sup |:HessV(Vfo)+ ! N(VV,Vf)Z](x);

IVf 2
e V =2W (“time change”):

[(N=2)(N'—2)]
N'—N

K' = infe™ 2" |:K — AW — + |VW|2}(x);
X

e V = NW (“conformal transformation™): N’ = N and

K = infe_2W|:K —[AW + (N = 2)|VW|?]

X

sup

|vf|§[HessW(Vf VI)—(VW,Vf) ]](x)

The first of these cases is well studied in the setting of Bakry—Emery calculus (and
also in the setting of synthetic Ricci bounds for mm-spaces). It is the only case where
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also N = oo is admitted. The last of these cases is well known in Riemannian geom-
etry but has not been considered before in singular settings. A particular feature of
the second case is that the transformation formula for the Ricci bound only depends
on bounds for [VW| and AW (and thus extends to distribution-valued Ricci bounds
in case of W € Lip(X); see the next subsection).

4.3. Distribution-valued Ricci bounds

Uniform lower Ricci bounds of the form CD(K, co) on mm-spaces
e are preserved for Neumann Laplacian on convex subsets, but

¢ never hold for Neumann Laplacian on non-convex subsets.
The goal thus is

» to find appropriate modification for non-convex subsets,

e toreplace constant K, by function k, measure «, distribution, etc.

Theorem 4.11 ([20]). Given an infinitesimally Hilbertian mm-space (X,d, m) and a
lower bounded, lower semicontinuous function k : X — R, the following are equiva-
lent:

(1)  curvature-dimension condition CD(k,00) with variable k: ¥V o, t1 € P (X),
there exists Wa-geodesic (j1y); = (er4V); such that ¥Vt € [0, 1] with g5, 1=
1=s)tAs(l—1),

Ent(u;) < (1 —1) Ent(uo) + 7 Ent(s1) —[/01 k(ys)gsa dsly*v(dy),
(i1)  gradient estimate:
|V Prul(x) < B KB vu|(B,)],
(iii) Bochner’s inequality BE, (k, 00):
%A|Vu|2 —(Vu,VAu) > k - |Vu|?,

(iv) VY1, Ko, there exists a coupled pair of Brownian motions (Btl/z)tzo,

(B t2/2 )e>0 with given initial distributions such that a.s. for all s <t
d(B}. B) < e~ KBLEDAr . 4(p, B2)

with k(xg, x1) := sup{fo1 k(yu)du : yo = xo, y1 = X1, Yy geodesic}.

For extensions to (k, N)-versions, see [52,93, 141].
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To proceed towards distribution-valued Ricci bounds, define the spaces W -2 (X)
for p € [1, o], put W*I’OO(X) ={f e Wchz(X) IV flllLee < 00}, and denote by
W —1:%0(X) the topological dual of

wHIt(x) = {f e L'(X): fr:= f Anv (—n) e WH2(X), sup |||Vf,,|“L1 < oo}.

Definition 4.12. Given k € W ~1:°°(X), we say that the Bochner inequality BE (k, 00)
holds iff |V £| € W12 for all f € D(A), and

— [ (V19 /1.98)+ G (L VAL dm = (9 1)y -1

IVfI
forall £ € D(A) with Af € W2 and all nonnegative ¢ € W12,
Given k € W=1:%°(X), we define a closed, lower bounded bilinear form &% on
L?(X) by
(f.g) =6(f8) + (f8KIwiit w-1.0

for f, g € Dom(&¥) := W12(X). Associated to it, there is a strongly continuous,
positivity preserving semigroup (P);>o on L2(X).

Theorem 4.13 ([141]). The Bochner inequality BE;(k, 00) is equivalent to the gra-
dient estimate

VP, f| < PF(IVS]). 4.2)

To gain a better understanding of the semigroup (P/);>0, assume that « = —Ayr
for some ¢ € W1o°,

Theorem 4.14 ([37,141]). Then
E(fg)=¢6(f8)+E(fg. V) (4.3)

and ,
t/2f(x) [ N f(Bt)]v (4.4)

where (Py, (B;)(>0) denotes Brownian motion starting in x € X, and NV is the zero
energy part in the Fukushima decomposition; i.e., Nw Y (By) — V¥ (By) — MW

If ¥ € Dom(A), then N;/’ =3 fo Ay (Bs)ds—in consistency with the previous
theorem (Theorem 4.11).

Remark 4.15. The concept of tamed spaces proposed by Erbar—Rigoni—Sturm-—
Tamanini [55] generalizes the previous approach to distribution-valued lower Ricci
bounds in various respects:

o the objects under consideration are strongly local, quasi-regular Dirichlet spaces
(X, &, m) (rather than infinitesimally Hilbertian mm-spaces (X, d, m));
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« the Ricci bounds are formulated in terms of distributions « € Wq_lé’cz (X) (rather
than k € W~1:°°(X)); for such distributions x which lie quasi locally in the dual
of W12(X), the previous ansatz for defining the semigroup (PX);~¢ still works
with appropriate sequences of localizing stopping times;

e in addition, the distributions k are assumed to be moderate in the sense that

sup Pf1(x) < oo.
t<l,xex
This reminds of the Kato condition but is significantly more general since it does
not require any decomposition of « into positive and negative parts. It always
holds if k = —Ay for some ¥ € Lip, (X).

Example 4.16. The prime examples of tamed spaces are provided by the following:

(a) ground state transformation of Hamiltonian for molecules [19, 79]; it yields
curvature bounds in terms of unbounded functions in the Kato class;

(b) Riemannian Lipschitz manifolds with lower Ricci bound in the Kato class
[27,28,132];

(c) time change of RCD(K, N)-spaces with W € Lip; (X) (cf. Theorem 4.10); it
typically yields curvature bounds x which are not signed measures;

(d) restriction of RCD(K, N)-spaces to (convex or non-convex) subsets Y C X
or, in other words, Laplacian with Neumann boundary conditions; it yields
curvature bounds in terms of signed measures k = km + £o; see below.

Assume that (X, d, m) satisfies an RCD(k, N )-condition with variable k : X - R
and finite N. Let a closed subset Y C X be given which can be represented as sub-
level set Y = {V < 0} for some semiconvex function V' : X — R with [VV| =1 on
adY. Typically, V is the signed distance functions V' = d(-,Y) —d(-,X\Y).

A function £ : X — R is regarded as “generalized lower bound for the curvature
(or second fundamental) form of dY”” iff it is a synthetic lower bound for the Hessian
of V.

Example 4.17. Assume that X is an Aleksandrov space with sectional curvature > 0
and that Y C X satisfies an exterior ball condition: Vz € dY, there exists a ball B, (x) C

CY with z € 9B, (x). Then £(z) := —% is a lower bound for the curvature of Y.

Under weak regularity assumptions, the distributional Laplacian oy := AV T is a
(nonnegative) measure which then will be regarded as “the surface measure of 9Y”.

Theorem 4.18 ([141]). Under weak regularity assumptions on 'V and £, the restricted
space (Y, dy, my) satisfies a Bakry—Emery condition BE; (k, o0) with a signed mea-
sure valued Ricci bound

Kk =k-my+{-oy. 4.5)
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Thus the Neumann heat semigroup on Y satisfies
IV PYu|(x) < E[|Vu|(B) - e~ Jo KBS . o= fo UBIdL:] (4.6)

where (Bg/2)s>0 denotes the Brownian motion in Y and (Ls)s>0 the continuous addi-
tive functional associated with oy.

For smooth subsets in Riemannian manifolds, this kind of gradient estimate—
with (Lg)s>0 being the local time of the boundary—has been firstly derived by Hsu
[84]; cf. also [38, 146].

Let us illustrate the power of the above estimates with two simple examples: the
ball and its complement.

Corollary 4.19. Let (X,d, m) be an N -dimensional Aleksandrov space (N > 3) with
Ric > —1 and sec < 0. Then forY := X\ B,(z),

1 yoy
|VPt/2f|(x) < El[et/”erz . |Vf(B;()|],
In particular, Lip(P}), ) < sup, EY[e"/>+FL7] - Lip(£) and

IVPY, fI2(x) < €TV PYIV £ (). 4.7)

Upper and lower bounds of curvature (here 0 and —1, resp.) can be chosen to be
any numbers. Note that no estimate of the form

VPV, £ () < €€ - PY, |V £ ()

can hold true due to the non-convexity of Y. Thus it is necessary to take into account
the singular contribution arising from the negative curvature of the boundary.

In the next example, the singular contribution arising from the positive curvature
of the boundary can be ignored. However, taking it into account will significantly
improve the gradient estimate.

Corollary 4.20. Let (X,d, m) be an N -dimensional Aleksandrov space with Ric > 0
and sec < 1. Then for Y := B, (z) for some z € X and r € (0, w/4),

|VPt/2f|(x) < ]E;[e_

cotr

LY v B[]

In particular, L1p(Pt/2f) < sup,, E;[e_CWL‘?Y -Lip(f)] and
2 ZNo1 2
VP, () < e T pY IV £ (). (4.8)

Taking into account the curvature of the boundary allows us to derive a positive
lower bound for the spectral gap (without involving any diameter bound and despite
possibly vanishing Ricci curvature in the interior).
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Corollary 4.21. In the previous setting, A1 > % cot? r.

4.4. Synthetic Ricci bounds—extended settings

In order to summarize recent developments concerning synthetic Ricci bounds for
singular spaces, let us recall the previously presented

(1) heat flow on time-dependent mm-spaces and super-Ricci flows,
(2) second-order calculus, upper Ricci bounds, and transformation formulas,

(3) distribution-valued lower Ricci bounds,
and then move on to further developments in extended settings

(4) discrete mm-spaces: for discrete mm-spaces (X, d, m), the synthetic Ricci

bounds as introduced above will be meaningless since there will be no non-
constant geodesics with respect to the Kantorovich—Wasserstein metric W as
defined in (1.1). This disadvantage can be overcome by resorting to a modi-
fied Kantorovich—Wasserstein metric based on a subtle discrete version of the
Benamou—Brenier formula. This way, the heat flow can again be character-
ized as the gradient flow of the entropy [109, 117].
And synthetic Ricci bounds defined in terms of semiconvexity of the entropy
with respect to this modified metric are intimately linked to equilibration
properties of the heat flow; see e.g. [47, 48, 53, 54, 75]. Challenging ques-
tions address homogenization [68,73,74] and evolution under curvature flows
[51]. Related—but in general different—concepts of synthetic Ricci bounds
are based on discrete versions of the Bakry—Emery condition; see e.g. [17,41,
59,105, 147].

(5) non-commutative spaces: inspired by the synthetic Ricci bounds for discrete
spaces, an analogous concept also has been proposed for non-commutative
spaces, with remarkable insights e.g. for (ergodic) quantum Markov semi-
groups on tracial or finite-dimensional unital C *-algebras, in particular, equi-
libration rate estimates for the fermionic Ornstein—Uhlenbeck semigroup and
for Bose Ornstein—Uhlenbeck semigroups [9, 25,26, 83,118, 148].

(6) Dirichlet boundary conditions: for a long time, it seemed that OT techniques
could not be used to analyze the heat flow with Dirichlet boundary conditions.
Only recently, Profeta—Sturm [131] overcame the problem of mass absorption
by considering charged particles (which are either particles or anti-particles),
and this way succeeded in finding a characterization for the heat flow as
a gradient flow for the entropy. Passing from particles to charged particles
technically corresponds to passing from a space X to its doubling. Functional
inequalities for the Dirichlet heat flow thus are closely linked to those for
the doubled space. For recent progress concerning the challenging problem
of gluing convex subsets in RCD-spaces, see [87].



K.-T. Sturm 150

Funding. The author gratefully acknowledges financial support from the European
Research Council through the ERC AdG “RicciBounds” (grant agreement 694405)
as well as funding by the Deutsche Forschungsgemeinschaft through the excellence
cluster “Hausdorff Center for Mathematics” and the collaborative research center
CRC 1060.

References

(1]

(2]

(31

(4]

(51

(6]

(7]

(8]

(91

[10]

[11]

[12]

A. D. Aleksandrov, Intrinsic Geometry of Convex Surfaces. OGIZ, Moscow-Leningrad,
1948 Zbl 0038.35201 MR 0029518

A. D. Alexandrow, Die innere Geometrie der konvexen Flichen. Akademie, Berlin, 1955
Zbl 0065.15102 MR 0071041

L. Ambrosio, N. Gigli, and G. Savaré, Calculus and heat flow in metric measure spaces
and applications to spaces with Ricci bounds from below. Invent. Math. 195 (2014),
no. 2, 289-391 Z7bl 1312.53056 MR 3152751

L. Ambrosio, N. Gigli, and G. Savaré, Metric measure spaces with Riemannian Ricci
curvature bounded from below. Duke Math. J. 163 (2014), no. 7, 1405-1490
Zbl 1304.35310 MR 3205729

L. Ambrosio, N. Gigli, and G. Savaré, Bakry—Emery curvature-dimension condition and
Riemannian Ricci curvature bounds. Ann. Probab. 43 (2015), no. 1, 339-404
Zbl 1307.49044 MR 3298475

L. Ambrosio, S. Honda, and D. Tewodrose, Short-time behavior of the heat kernel and
Weyl’s law on RCD* (K, N) spaces. Ann. Global Anal. Geom. 53 (2018), no. 1, 97-119
7Zbl 1390.58015 MR 3746517

L. Ambrosio, A. Mondino, and G. Savaré, Nonlinear diffusion equations and curva-
ture conditions in metric measure spaces. Mem. Amer. Math. Soc. 262 (2019), no. 1270,
v+121 Zbl 1477.49003 MR 4044464

G. Antonelli, E. Brué, and D. Semola, Volume bounds for the quantitative singular strata
of non collapsed RCD metric measure spaces. Anal. Geom. Metr. Spaces 7 (2019), no. 1,
158-178 Zbl 1428.53051 MR 4015195

P. Antonini and F. Cavalletti, Geometry of Grassmannians and optimal transport of quan-
tum states. 2021, arXiv:2104.02616

M. Arnaudon, K. A. Coulibaly, and A. Thalmaier, Brownian motion with respect to a
metric depending on time: definition, existence and applications to Ricci flow. C. R.
Math. Acad. Sci. Paris 346 (2008), no. 13-14, 773-778 Zbl 1144.58019

MR 2427080

K. Bacher, On Borell-Brascamp-Lieb inequalities on metric measure spaces. Potential
Anal. 33 (2010), no. 1, 1-15 Zbl 1190.53035 MR 2644212

K. Bacher and K.-T. Sturm, Localization and tensorization properties of the curvature-
dimension condition for metric measure spaces. J. Funct. Anal. 259 (2010), no. 1, 28-56
Zbl 1196.53027 MR 2610378


https://zbmath.org/?q=an:0038.35201&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0029518
https://zbmath.org/?q=an:0065.15102&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0071041
https://zbmath.org/?q=an:1312.53056&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3152751
https://zbmath.org/?q=an:1304.35310&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3205729
https://zbmath.org/?q=an:1307.49044&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3298475
https://zbmath.org/?q=an:1390.58015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3746517
https://zbmath.org/?q=an:1477.49003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4044464
https://zbmath.org/?q=an:1428.53051&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4015195
https://arxiv.org/abs/2104.02616
https://zbmath.org/?q=an:1144.58019&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2427080
https://zbmath.org/?q=an:1190.53035&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2644212
https://zbmath.org/?q=an:1196.53027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2610378

[15]

[16]

(17]

(18]

(19]

(24]

(25]

[26]

[27]

Metric measure spaces and synthetic Ricci bounds 151

D. Bakry, Transformations de Riesz pour les semi-groupes symétriques. II. Etude sous
la condition I'> > 0. In Séminaire de probabilités, XIX, 1983/84, pp. 145-174, Lecture
Notes in Math. 1123, Springer, Berlin, 1985 Zbl 0561.42011 MR 889473

D. Bakry, L’hypercontractivité et son utilisation en théorie des semigroupes. In Lectures
on Probability Theory (Saint-Flour, 1992), pp. 1-114, Lecture Notes in Math. 1581,
Springer, Berlin, 1994 Zbl 0856.47026 MR 1307413

D. Bakry and Z. Qian, Some new results on eigenvectors via dimension, diameter, and
Ricci curvature. Adv. Math. 155 (2000), no. 1, 98-153 Zbl 0980.58020 MR 1789850

R. H. Bamler and B. Kleiner, Uniqueness and stability of Ricci flow through singulari-
ties. Acta Math. 228 (2022), no. 1, 1-215 MR 4448680

F. Bauer, J. Jost, and S. Liu, Ollivier—Ricci curvature and the spectrum of the normalized
graph Laplace operator. Math. Res. Lett. 19 (2012), no. 6, 1185-1205 Zbl 1297.05143
MR 3091602

M. Braun, Heat flow on 1-forms under lower Ricci bounds. Functional inequalities, spec-
tral theory, and heat kernel. J. Funct. Anal. 283 (2022), no. 7, Paper No. 109599
MR 4444737

M. Braun and B. Giineysu, Heat flow regularity, Bismut-Elworthy-Li’s derivative for-
mula, and pathwise couplings on Riemannian manifolds with Kato bounded Ricci cur-
vature. Electron. J. Probab. 26 (2021), Paper No. 129 Zbl 07478658 MR 4343567

M. Braun, K. Habermann, and K.-T. Sturm, Optimal transport, gradient estimates, and
pathwise Brownian coupling on spaces with variable Ricci bounds. J. Math. Pures Appl.
(9) 147 (2021), 60-97 Zbl 1459.58013 MR 4213679

Y. Brenier, Polar factorization and monotone rearrangement of vector-valued functions.
Comm. Pure Appl. Math. 44 (1991), no. 4, 375-417 Zbl 0738.46011 MR 1100809

E. Brue, A. Naber, and D. Semola, Boundary regularity and stability for spaces with
Ricci bounded below. Invent. Math. 228 (2022), no. 2, 777-891 Zbl 07514027
MR 4411732

E. Brué and D. Semola, Constancy of the dimension for RCD(K, N) spaces via regular-
ity of Lagrangian flows. Comm. Pure Appl. Math. 73 (2020), no. 6, 1141-1204
Zbl 1442.35054 MR 4156601

Y. Burago, M. Gromov, and G. Pere’'man, A. D. Aleksandrov spaces with curvatures
bounded below. Uspekhi Mat. Nauk 47 (1992), no. 2(284), 3-51, 222 MR 1185284

E. A. Carlen and J. Maas, An analog of the 2-Wasserstein metric in non-commutative
probability under which the fermionic Fokker—Planck equation is gradient flow for the
entropy. Comm. Math. Phys. 331 (2014), no. 3, 887-926 Zbl 1297.35241

MR 3248053

E. A. Carlen and J. Maas, Non-commutative calculus, optimal transport and functional
inequalities in dissipative quantum systems. J. Stat. Phys. 178 (2020), no. 2, 319-378
7Zbl 1445.46049 MR 4055244

G. Carron, Geometric inequalities for manifolds with Ricci curvature in the Kato class.
Ann. Inst. Fourier (Grenoble) 69 (2019), 3095-3167 Zbl 1455.53065 MR 4286831


https://zbmath.org/?q=an:0561.42011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=889473
https://zbmath.org/?q=an:0856.47026&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1307413
https://zbmath.org/?q=an:0980.58020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1789850
https://mathscinet.ams.org/mathscinet-getitem?mr=4448680
https://zbmath.org/?q=an:1297.05143&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3091602
https://mathscinet.ams.org/mathscinet-getitem?mr=4444737
https://zbmath.org/?q=an:07478658&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4343567
https://zbmath.org/?q=an:1459.58013&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4213679
https://zbmath.org/?q=an:0738.46011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1100809
https://zbmath.org/?q=an:07514027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4411732
https://zbmath.org/?q=an:1442.35054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4156601
https://mathscinet.ams.org/mathscinet-getitem?mr=1185284
https://zbmath.org/?q=an:1297.35241&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3248053
https://zbmath.org/?q=an:1445.46049&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4055244
https://zbmath.org/?q=an:1455.53065&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4286831

[29]

(30]

(31]

(32]

(33]

[34]

(35]

(36]

(391

[40]

[41]

[42]

K.-T. Sturm 152

G. Carron, 1. Mondello, and D. Tewodrose, Limits of manifolds with a Kato bound on
the Ricci curvature. 2021, arXiv:2102.05940

F. Cavalletti and E. Milman, The globalization theorem for the curvature-dimension con-
dition. Invent. Math. 226 (2021), no. 1, 1-137 Zbl 1479.53049 MR 4309491

F. Cavalletti and A. Mondino, Sharp and rigid isoperimetric inequalities in metric-
measure spaces with lower Ricci curvature bounds. Invent. Math. 208 (2017), no. 3,
803-849 Zbl 1375.53053 MR 3648975

F. Cavalletti and A. Mondino, Optimal transport in Lorentzian synthetic spaces, synthetic
timelike Ricci curvature lower bounds and applications. 2020, arXiv:2004.08934

J. Cheeger and T. H. Colding, On the structure of spaces with Ricci curvature bounded
below. L. J. Differential Geom. 46 (1997), no. 3, 406-480 Zbl 0902.53034
MR 1484888

J. Cheeger and T. H. Colding, On the structure of spaces with Ricci curvature bounded
below. II. J. Differential Geom. 54 (2000), no. 1, 13-35 Zbl 1027.53042
MR 1815410

J. Cheeger and T. H. Colding, On the structure of spaces with Ricci curvature bounded
below. III. J. Differential Geom. 54 (2000), no. 1, 37-74 Zbl 1027.53043
MR 1815411

J. Cheeger, W. Jiang, and A. Naber, Rectifiability of singular sets of noncollapsed limit
spaces with Ricci curvature bounded below. Ann. of Math. (2) 193 (2021), no. 2, 407-538
Zbl 1469.53083 MR 4226910

J. Cheeger and A. Naber, Lower bounds on Ricci curvature and quantitative behavior of
singular sets. Invent. Math. 191 (2013), no. 2, 321-339 Zbl 1268.53053
MR 3010378

Z.-Q. Chen and T.-S. Zhang, Girsanov and Feynman—Kac type transformations for sym-
metric Markov processes. Ann. Inst. H. Poincaré Probab. Statist. 38 (2002), no. 4, 475-
505 Zbl 1004.60077 MR 1914937

L. Cheng, A. Thalmaier, and J. Thompson, Functional inequalities on manifolds with
non-convex boundary. Sci. China Math. 61 (2018), no. 8, 1421-1436 Zbl 1407.58012
MR 3833744

T. H. Colding and A. Naber, Sharp Holder continuity of tangent cones for spaces with
a lower Ricci curvature bound and applications. Ann. of Math. (2) 176 (2012), no. 2,
1173-1229 Zbl 1260.53067 MR 2950772

D. Cordero-Erausquin, R. J. McCann, and M. Schmuckenschlidger, A Riemannian inter-
polation inequality a la Borell, Brascamp and Lieb. Invent. Math. 146 (2001), no. 2,
219-257 7Zbl 1026.58018 MR 1865396

D. Cushing, S. Kamtue, J. Koolen, S. Liu, F. Miinch, and N. Peyerimhoff, Rigidity of the
Bonnet-Myers inequality for graphs with respect to Ollivier Ricci curvature. Adv. Math.
369 (2020), 107188, 53 Zbl 1440.05069 MR 4096132

G. De Philippis and N. Gigli, Non-collapsed spaces with Ricci curvature bounded from
below. J. Ec. polytech. Math. 5 (2018), 613-650 Zbl 1409.53038 MR 3852263


https://arxiv.org/abs/2102.05940
https://zbmath.org/?q=an:1479.53049&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4309491
https://zbmath.org/?q=an:1375.53053&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3648975
https://arxiv.org/abs/2004.08934
https://zbmath.org/?q=an:0902.53034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1484888
https://zbmath.org/?q=an:1027.53042&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1815410
https://zbmath.org/?q=an:1027.53043&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1815411
https://zbmath.org/?q=an:1469.53083&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4226910
https://zbmath.org/?q=an:1268.53053&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3010378
https://zbmath.org/?q=an:1004.60077&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1914937
https://zbmath.org/?q=an:1407.58012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3833744
https://zbmath.org/?q=an:1260.53067&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2950772
https://zbmath.org/?q=an:1026.58018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1865396
https://zbmath.org/?q=an:1440.05069&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4096132
https://zbmath.org/?q=an:1409.53038&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3852263

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]

(51]

[52]

(53]

[56]

[57]

(58]

Metric measure spaces and synthetic Ricci bounds 153

G. De Philippis, A. Marchese, and F. Rindler, On a conjecture of Cheeger. In Mea-
sure Theory in Non-Smooth Spaces, pp. 145-155, Partial Differ. Equ. Meas. Theory, De
Gruyter Open, Warsaw, 2017 Zbl 1485.53052 MR 3701738

N. De Ponti and A. Mondino, Sharp Cheeger—Buser type inequalities in RCD(K, c0)
spaces. J. Geom. Anal. 31 (2021), no. 3, 2416-2438 Zbl 1475.53040 MR 4225812

M. Erbar, The heat equation on manifolds as a gradient flow in the Wasserstein space.
Ann. Inst. Henri Poincaré Probab. Stat. 46 (2010), no. 1, 1-23 Zbl 1215.35016
MR 2641767

M. Erbar, Gradient flows of the entropy for jump processes. Ann. Inst. Henri Poincaré
Probab. Stat. 50 (2014), no. 3, 920-945 Zbl 1311.60091 MR 3224294

M. Erbar and M. Fathi, Poincaré, modified logarithmic Sobolev and isoperimetric
inequalities for Markov chains with non-negative Ricci curvature. J. Funct. Anal. 274
(2018), no. 11, 3056-3089 Zbl 1386.53020 MR 3782987

M. Erbar, M. Fathi, and A. Schlichting, Entropic curvature and convergence to equilib-
rium for mean-field dynamics on discrete spaces. ALEA Lat. Am. J. Probab. Math. Stat.
17 (2020), no. 1, 445-471 Zbl 1441.82017 MR 4105926

M. Erbar, D. Forkert, J. Maas, and D. Mugnolo, Gradient flow formulation of diffusion
equations in the Wasserstein space over a metric graph. Netw. Heterog. Media 17 (2022),
no. 5, 687-717 MR 4459624

M. Erbar and M. Huesmann, Curvature bounds for configuration spaces. Calc. Var. Par-
tial Differential Equations 54 (2015), no. 1,397-430 Zbl 1335.53047 MR 3385165

M. Erbar and E. Kopfer, Super Ricci flows for weighted graphs. J. Funct. Anal. 279
(2020), no. 6, 108607, 51 Zbl 1444.53061 MR 4099474

M. Erbar, K. Kuwada, and K.-T. Sturm, On the equivalence of the entropic curvature-
dimension condition and Bochner’s inequality on metric measure spaces. Invent. Math.
201 (2015), no. 3,993-1071 Zbl 1329.53059 MR 3385639

M. Erbar and J. Maas, Ricci curvature of finite Markov chains via convexity of the
entropy. Arch. Ration. Mech. Anal. 206 (2012), no. 3, 997-1038 Zbl 1256.53028
MR 2989449

M. Erbar, J. Maas, and P. Tetali, Discrete Ricci curvature bounds for Bernoulli-Laplace
and random transposition models. Ann. Fac. Sci. Toulouse Math. (6) 24 (2015), no. 4,
781-800 Zbl 1333.60088 MR 3434256

M. Erbar, C. Rigoni, K.-T. Sturm, and L. Tamanini, Tamed spaces—Dirichlet spaces
with distribution-valued Ricci bounds. J. Math. Pures Appl. (9) 161 (2022), 1-69
Zbl 07503507 MR 4403622

M. Erbar and K.-T. Sturm, Rigidity of cones with bounded Ricci curvature. J. Eur. Math.
Soc. (JEMS) 23 (2021), no. 1, 219-235 7Zbl 1478.53078 MR 4186467

M. Erbar and K.-T. Sturm, On the self-improvement of the curvature-dimension condi-
tion with finite dimension. 2022, to appear

S. Fang, J. Shao, and K.-T. Sturm, Wasserstein space over the Wiener space. Probab.
Theory Related Fields 146 (2010), no. 3-4, 535-565 7Zbl 1201.37095 MR 2574738


https://zbmath.org/?q=an:1485.53052&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3701738
https://zbmath.org/?q=an:1475.53040&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4225812
https://zbmath.org/?q=an:1215.35016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2641767
https://zbmath.org/?q=an:1311.60091&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3224294
https://zbmath.org/?q=an:1386.53020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3782987
https://zbmath.org/?q=an:1441.82017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4105926
https://mathscinet.ams.org/mathscinet-getitem?mr=4459624
https://zbmath.org/?q=an:1335.53047&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3385165
https://zbmath.org/?q=an:1444.53061&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4099474
https://zbmath.org/?q=an:1329.53059&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3385639
https://zbmath.org/?q=an:1256.53028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2989449
https://zbmath.org/?q=an:1333.60088&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3434256
https://zbmath.org/?q=an:07503507&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4403622
https://zbmath.org/?q=an:1478.53078&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4186467
https://zbmath.org/?q=an:1201.37095&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2574738

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[72]

(73]

[74]

[75]

K.-T. Sturm 154

M. Fathi and Y. Shu, Curvature and transport inequalities for Markov chains in discrete
spaces. Bernoulli 24 (2018), no. 1, 672-698 Zbl 1396.60084 MR 3706773

W. Gangbo, An elementary proof of the polar factorization of vector-valued functions.
Arch. Rational Mech. Anal. 128 (1994), no. 4, 381-399 Zbl 0828.57021
MR 1308860

N. Garofalo and A. Mondino, Li-Yau and Harnack type inequalities in RCD* (K, N)
metric measure spaces. Nonlinear Anal. 95 (2014), 721-734 Zbl 1286.58016
MR 3130557

N. Gigli, Second order analysis on (P2(M), W»). Mem. Amer. Math. Soc. 216 (2012),
no. 1018, xii+154 Zbl 1253.58008 MR 2920736

N. Gigli, An overview of the proof of the splitting theorem in spaces with non-negative
Ricci curvature. Anal. Geom. Metr. Spaces 2 (2014), no. 1, 169-213 Zbl 1310.53031
MR 3210895

N. Gigli, On the differential structure of metric measure spaces and applications. Mem.
Amer. Math. Soc. 236 (2015), no. 1113, vi+91 Zbl 1325.53054 MR 3381131

N. Gigli, On the regularity of harmonic maps from RCD(K, N) to CAT(0) spaces and
related results. 2022, arXiv:2204.04317

N. Gigli, C. Ketterer, K. Kuwada, and S.-i. Ohta, Rigidity for the spectral gap on
Red(K, 0o)-spaces. Amer. J. Math. 142 (2020), no. 5, 1559-1594 Zbl 1462.58014
MR 4150652

N. Gigli, K. Kuwada, and S.-i. Ohta, Heat flow on Alexandrov spaces. Comm. Pure Appl.
Math. 66 (2013), no. 3, 307-331 Zbl 1267.58014 MR 3008226

N. Gigli and J. Maas, Gromov—Hausdorff convergence of discrete transportation metrics.
SIAM J. Math. Anal. 45 (2013), no. 2, 879-899 Zbl 1268.49054 MR 3045651

N. Gigli and E. Pasqualetto, Behaviour of the reference measure on RCD spaces under
charts. Comm. Anal. Geom. 29 (2021), no. 6, 1391-1414 Zbl 07473916 MR 4367429

N. Gigli, E. Pasqualetto, and E. Soultanis, Differential of metric valued Sobolev maps.
J. Funct. Anal. 278 (2020), no. 6, 108403, 24 Zbl 1433.53067 MR 4054105

N. Gigli and L. Tamanini, Second order differentiation formula on RCD(K, N) spaces.
Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 29 (2018), no. 2, 377-386
Zbl 1394.53050 MR 3797990

N. Gigli and A. Tyulenev, Korevaar—Schoen’s directional energy and Ambrosio’s regular
Lagrangian flows. Math. Z. 298 (2021), no. 3-4, 1221-1261 Zbl 1471.53077
MR 4282128

P. Gladbach, E. Kopfer, and J. Maas, Scaling limits of discrete optimal transport. STAM
J. Math. Anal. 52 (2020), no. 3, 2759-2802 Zbl 1447.49062 MR 4110822

P. Gladbach, E. Kopfer, J. Maas, and L. Portinale, Homogenisation of dynamical optimal
transport on periodic graphs. 2021, arXiv:2110.15321

N. Gozlan, C. Roberto, P.-M. Samson, and P. Tetali, Displacement convexity of entropy
and related inequalities on graphs. Probab. Theory Related Fields 160 (2014), no. 1-2,
47-94 7bl 1332.60037 MR 3256809


https://zbmath.org/?q=an:1396.60084&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3706773
https://zbmath.org/?q=an:0828.57021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1308860
https://zbmath.org/?q=an:1286.58016&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3130557
https://zbmath.org/?q=an:1253.58008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2920736
https://zbmath.org/?q=an:1310.53031&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3210895
https://zbmath.org/?q=an:1325.53054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3381131
https://arxiv.org/abs/2204.04317
https://zbmath.org/?q=an:1462.58014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4150652
https://zbmath.org/?q=an:1267.58014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3008226
https://zbmath.org/?q=an:1268.49054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3045651
https://zbmath.org/?q=an:07473916&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4367429
https://zbmath.org/?q=an:1433.53067&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4054105
https://zbmath.org/?q=an:1394.53050&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3797990
https://zbmath.org/?q=an:1471.53077&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4282128
https://zbmath.org/?q=an:1447.49062&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4110822
https://arxiv.org/abs/2110.15321
https://zbmath.org/?q=an:1332.60037&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3256809

[76]

(771

(78]

[79]

[80]

[81]
[82]

(83]

[84]

[85]

[86]

[87]

(88]

(89]

[90]

[91]

[92]

(93]

Metric measure spaces and synthetic Ricci bounds 155

A. Greven, P. Pfaffelhuber, and A. Winter, Convergence in distribution of random met-
ric measure spaces (A-coalescent measure trees). Probab. Theory Related Fields 145
(2009), no. 1-2,285-322 Zbl 1215.05161 MR 2520129

M. Gromov, Structures métriques pour les variétés riemanniennes. Textes Math. 1,
CEDIC, Paris, 1981 Zbl 0509.53034 MR 682063

M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces. Mod.
Birkhiuser Class., Birkhduser, Boston, MA, 2007 Zbl 1113.53001 MR 2307192

B. Giineysu and M. von Renesse, Molecules as metric measure spaces with Kato-
bounded Ricci curvature. C. R. Math. Acad. Sci. Paris 358 (2020), no. 5, 595-602
Zbl 1475.53045 MR 4149858

B.-X. Han and K.-T. Sturm, Curvature-dimension conditions under time change. Ann.
Mat. Pura Appl. (4) 201 (2022), no. 2, 801-822 Zbl 07495357 MR 4386845

R. Haslhofer and A. Naber, Weak solutions for the Ricci flow. 1. 2015, arXiv:1504.00911

S. Honda, New differential operator and noncollapsed RCD spaces. Geom. Topol. 24
(2020), no. 4, 2127-2148 Zbl 1452.53041 MR 4173928

D. F. Hornshaw, Quantum optimal transport for approximately finite-dimensional C *-
algebras. 2019, arXiv:1910.03312v1

E. P. Hsu, Multiplicative functional for the heat equation on manifolds with boundary.
Michigan Math. J. 50 (2002), no. 2, 351-367 Zbl 1037.58024 MR 1914069

R. Jordan, D. Kinderlehrer, and F. Otto, The variational formulation of the Fokker—
Planck equation. SIAM J. Math. Anal. 29 (1998), no. 1, 1-17 Zbl1 0915.35120
MR 1617171

N. Juillet, Diffusion by optimal transport in Heisenberg groups. Calc. Var. Partial Dif-
ferential Equations 50 (2014), no. 3-4, 693-721 Zbl 1378.53044 MR 3216830

V. Kapovitch, C. Ketterer, and K.-T. Sturm, On gluing Alexandrov spaces with lower
Ricci curvature bounds. 2020, Comm. Anal. Geom. (to appear); arXiv:2003.06242

V. Kapovitch, A. Lytchak, and A. Petrunin, Metric-measure boundary and geodesic flow
on Alexandrov spaces. J. Eur. Math. Soc. (JEMS) 23 (2021), no. 1, 29-62
Zbl 07328107 MR 4186463

V. Kapovitch and A. Mondino, On the topology and the boundary of N -dimensional
RCD(K, N) spaces. Geom. Topol. 25 (2021), 445-495 Zbl 1466.53050 MR 4226234

M. Kell and A. Mondino, On the volume measure of non-smooth spaces with Ricci
curvature bounded below. Ann. Sc. Norm. Super. Pisa CL Sci. (5) 18 (2018), no. 2, 593—
610 Zbl 1393.53034 MR 3801291

C. Ketterer, Cones over metric measure spaces and the maximal diameter theorem.
J. Math. Pures Appl. (9) 103 (2015), no. 5, 1228-1275 Zbl 1317.53064 MR 3333056

C. Ketterer, Obata’s rigidity theorem for metric measure spaces. Anal. Geom. Metr.
Spaces 3 (2015), no. 1, 278-295 Zbl 1327.53051 MR 3403434

C. Ketterer, On the geometry of metric measure spaces with variable curvature bounds.
J. Geom. Anal. 27 (2017), no. 3, 1951-1994 Zbl 1375.53057 MR 3667417


https://zbmath.org/?q=an:1215.05161&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2520129
https://zbmath.org/?q=an:0509.53034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=682063
https://zbmath.org/?q=an:1113.53001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2307192
https://zbmath.org/?q=an:1475.53045&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4149858
https://zbmath.org/?q=an:07495357&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4386845
https://arxiv.org/abs/1504.00911
https://zbmath.org/?q=an:1452.53041&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4173928
https://arxiv.org/abs/1910.03312v1
https://zbmath.org/?q=an:1037.58024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1914069
https://zbmath.org/?q=an:0915.35120&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1617171
https://zbmath.org/?q=an:1378.53044&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3216830
https://arxiv.org/abs/2003.06242
https://zbmath.org/?q=an:07328107&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4186463
https://zbmath.org/?q=an:1466.53050&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4226234
https://zbmath.org/?q=an:1393.53034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3801291
https://zbmath.org/?q=an:1317.53064&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3333056
https://zbmath.org/?q=an:1327.53051&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3403434
https://zbmath.org/?q=an:1375.53057&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3667417

[95]

[96]

[97]

(98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

K.-T. Sturm 156

Y. Kitabeppu, A sufficient condition to a regular set being of positive measure on RCD
spaces. Potential Anal. 51 (2019), no. 2, 179-196 Zbl 1420.53050 MR 3983504

B. Klartag, Needle decompositions in Riemannian geometry. Mem. Amer. Math. Soc.
249 (2017), no. 1180, v+77 Zbl 1457.53028 MR 3709716

B. Kleiner and J. Lott, Singular Ricci flows 1. Acta Math. 219 (2017), no. 1, 65-134
7Zbl 1396.53090 MR 3765659

E. Kopfer, Gradient flow for the Boltzmann entropy and Cheeger’s energy on time-
dependent metric measure spaces. Calc. Var. Partial Differential Equations 57 (2018),
no. 1, Paper No. 20 Zbl 1398.35098 MR 3740400

E. Kopfer and K.-T. Sturm, Heat flow on time-dependent metric measure spaces and
super-Ricci flows. Comm. Pure Appl. Math. 71 (2018), no. 12, 2500-2608
Zbl 1408.58020 MR 3869036

E. Kopfer and K.-T. Sturm, Functional inequalities for the heat flow on time-dependent
metric measure spaces. J. Lond. Math. Soc. (2) 104 (2021), no. 2, 926-955
Zbl 1478.35008 MR 4311115

K. Kuwada and X.-D. Li, Monotonicity and rigidity of the ‘W-entropy on RCD(0, N)
spaces. Manuscripta Math. 164 (2021), no. 1-2, 119-149 Zbl 1461.53032
MR 4203686

K. Kuwae, Y. Machigashira, and T. Shioya, Sobolev spaces, Laplacian, and heat kernel
on Alexandrov spaces. Math. Z. 238 (2001), no. 2, 269-316 Zbl 1001.53017
MR 1865418

H. Li, Dimension-free Harnack inequalities on RCD(K, co) spaces. J. Theoret. Probab.
29 (2016), no. 4, 12801297 Zbl 1443.58021 MR 3571246

Z. Li, Remark on Cavalletti-Milman’s globalization theorem. To appear

J. Lierl and K.-T. Sturm, Neumann heat flow and gradient flow for the entropy on non-
convex domains. Calc. Var. Partial Differential Equations 57 (2018), no. 1, Paper No. 25
Zbl 06845942 MR 3742815

S. Liu, E. Miinch, and N. Peyerimhoff, Bakry—Emery curvature and diameter bounds on
graphs. Calc. Var. Partial Differential Equations 57 (2018), no. 2, Paper No. 67
Zbl 1394.53047 MR 3776357

J. Lott and C. Villani, Weak curvature conditions and functional inequalities. J. Funct.
Anal. 245 (2007), no. 1, 311-333 Zbl 1119.53028 MR 2311627

J. Lott and C. Villani, Ricci curvature for metric-measure spaces via optimal transport.
Ann. of Math. (2) 169 (2009), no. 3, 903-991 Zbl 1178.53038 MR 2480619

A. Lytchak and S. Stadler, Ricci curvature in dimension 2. J. Eur. Math. Soc. (JEMS) 25
(2023), no. 3, 845-867 Zbl 07683501 MR 4577954

J. Maas, Gradient flows of the entropy for finite Markov chains. J. Funct. Anal. 261
(2011), no. 8, 2250-2292 Zbl 1237.60058 MR 2824578

M. Magnabosco and C. Rigoni, Optimal maps and local-to-global property in negative
dimensional spaces with Ricci curvature bounded from below. 2021, arXiv:2105.12017


https://zbmath.org/?q=an:1420.53050&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3983504
https://zbmath.org/?q=an:1457.53028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3709716
https://zbmath.org/?q=an:1396.53090&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3765659
https://zbmath.org/?q=an:1398.35098&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3740400
https://zbmath.org/?q=an:1408.58020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3869036
https://zbmath.org/?q=an:1478.35008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4311115
https://zbmath.org/?q=an:1461.53032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4203686
https://zbmath.org/?q=an:1001.53017&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1865418
https://zbmath.org/?q=an:1443.58021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3571246
https://zbmath.org/?q=an:06845942&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3742815
https://zbmath.org/?q=an:1394.53047&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3776357
https://zbmath.org/?q=an:1119.53028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2311627
https://zbmath.org/?q=an:1178.53038&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2480619
https://zbmath.org/?q=an:07683501&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4577954
https://zbmath.org/?q=an:1237.60058&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2824578
https://arxiv.org/abs/2105.12017

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

Metric measure spaces and synthetic Ricci bounds 157

M. Magnabosco, C. Rigoni, and G. Sosa, Convergence of metric measure spaces
satisfying the CD condition for negative values of the dimension parameter. 2021,
arXiv:2104.03588

R. J. McCann, Existence and uniqueness of monotone measure-preserving maps. Duke
Math. J. 80 (1995), no. 2, 309-323 Zbl 0873.28009 MR 1369395

R. J. McCann, Polar factorization of maps on Riemannian manifolds. Geom. Funct. Anal.
11 (2001), no. 3, 589-608 Zbl 1011.58009 MR 1844080

R. J. McCann, Displacement convexity of Boltzmann’s entropy characterizes the strong
energy condition from general relativity. Camb. J. Math. 8 (2020), no. 3, 609-681
Zbl 1454.53058 MR 4192570

R. J. McCann and P. M. Topping, Ricci flow, entropy and optimal transportation. Amer.
J. Math. 132 (2010), no. 3, 711-730 Zbl 1203.53065 MR 2666905

F. Mémoli, Gromov—Wasserstein distances and the metric approach to object matching.
Found. Comput. Math. 11 (2011), no. 4, 417-487 Zbl 1244.68078 MR 2811584

A. Mielke, A gradient structure for reaction-diffusion systems and for energy-drift-
diffusion systems. Nonlinearity 24 (2011), no. 4, 1329-1346 Zbl 1227.35161
MR 2776123

A. Mielke, Dissipative quantum mechanics using GENERIC. In Recent Trends in
Dynamical Systems, pp. 555-585, Springer Proc. Math. Stat. 35, Springer, Basel, 2013
Zbl 1315.81061 MR 3110143

E. Milman, Beyond traditional curvature-dimension I: new model spaces for isoperimet-
ric and concentration inequalities in negative dimension. Trans. Amer. Math. Soc. 369
(2017), no. 5, 3605-3637 Zbl 1362.53047 MR 3605981

A. Mondino and A. Naber, Structure theory of metric measure spaces with lower Ricci
curvature bounds. J. Eur. Math. Soc. (JEMS) 21 (2019), no. 6, 1809-1854
Zbl 1468.53039 MR 3945743

A. Mondino and D. Semola, Lipschitz continuity and Bochner—Eells—Sampson in-
equality for harmonic maps from RCD(K, N) spaces to CAT(0) spaces. 2022, arXiv:
2202.01590

A. Mondino and S. Suhr, An optimal transport formulation of the Einstein equations of
general relativity. J. Eur. Math. Soc. (JEMS) 25 (2023), no. 3, 933-994 Zbl 07683504
MR 4577957

A. Naber, Characterizations of bounded Ricci curvature on smooth and nonsmooth
spaces. 2013, arXiv:1306.6512

S.-i. Ohta, Gradient flows on Wasserstein spaces over compact Alexandrov spaces. Amer.
J. Math. 131 (2009), no. 2, 475-516 Zbl 1169.53053 MR 2503990

S.-i. Ohta, (K, N)-convexity and the curvature-dimension condition for negative N. J.
Geom. Anal. 26 (2016), no. 3, 2067-2096 Zbl 1347.53034 MR 3511469

S.-i. Ohta and K.-T. Sturm, Heat flow on Finsler manifolds. Comm. Pure Appl. Math. 62
(2009), no. 10, 1386-1433 Zbl 1176.58012 MR 2547978


https://arxiv.org/abs/2104.03588
https://zbmath.org/?q=an:0873.28009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1369395
https://zbmath.org/?q=an:1011.58009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1844080
https://zbmath.org/?q=an:1454.53058&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4192570
https://zbmath.org/?q=an:1203.53065&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2666905
https://zbmath.org/?q=an:1244.68078&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2811584
https://zbmath.org/?q=an:1227.35161&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2776123
https://zbmath.org/?q=an:1315.81061&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3110143
https://zbmath.org/?q=an:1362.53047&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3605981
https://zbmath.org/?q=an:1468.53039&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3945743
https://arxiv.org/abs/2202.01590
https://zbmath.org/?q=an:07683504&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4577957
https://arxiv.org/abs/1306.6512
https://zbmath.org/?q=an:1169.53053&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2503990
https://zbmath.org/?q=an:1347.53034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3511469
https://zbmath.org/?q=an:1176.58012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2547978

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

K.-T. Sturm 158

S.-i. Ohta and A. Takatsu, Displacement convexity of generalized relative entropies. Adv.
Math. 228 (2011), no. 3, 1742-1787 Zbl 1223.53032 MR 2824568

F. Otto, The geometry of dissipative evolution equations: the porous medium equation.
Comm. Partial Differential Equations 26 (2001), no. 1-2, 101-174 Zbl 0984.35089
MR 1842429

F. Otto and C. Villani, Generalization of an inequality by Talagrand and links with the
logarithmic Sobolev inequality. J. Funct. Anal. 173 (2000), no. 2, 361-400
Zbl 0985.58019 MR 1760620

A. Profeta, The sharp Sobolev inequality on metric measure spaces with lower Ricci
curvature bounds. Potential Anal. 43 (2015), no. 3, 513-529 Zbl 1333.53050
MR 3430465

A. Profeta and K.-T. Sturm, Heat flow with Dirichlet boundary conditions via optimal
transport and gluing of metric measure spaces. Calc. Var. Partial Differential Equations
59 (2020), no. 4, Paper No. 117 Zbl 1439.35186 MR 4117516

C. Rose, Li—Yau gradient estimate for compact manifolds with negative part of Ricci
curvature in the Kato class. Ann. Global Anal. Geom. 55 (2019), no. 3, 443-449
Zbl 1411.35134 MR 3936228

G. Savaré, Gradient flows and diffusion semigroups in metric spaces under lower curva-
ture bounds. C. R. Math. Acad. Sci. Paris 345 (2007), no. 3, 151-154 Zbl 1125.53064
MR 2344814

G. Savaré, Self-improvement of the Bakry—Emery condition and Wasserstein contraction
of the heat flow in RCD(K, co) metric measure spaces. Discrete Contin. Dyn. Syst. 34
(2014), no. 4, 1641-1661 Zbl 1275.49087 MR 3121635

K.-T. Sturm, Convex functionals of probability measures and nonlinear diffusions on
manifolds. J. Math. Pures Appl. (9) 84 (2005), no. 2, 149-168 Zbl 1259.49074
MR 2118836

K.-T. Sturm, On the geometry of metric measure spaces. 1. Acta Math. 196 (2006), no. 1,
65-131 Zbl 1105.53035 MR 2237206

K.-T. Sturm, On the geometry of metric measure spaces. II. Acta Math. 196 (2006), no. 1,
133-177 Zbl 1106.53032 MR 2237207

K.-T. Sturm, The space of spaces: curvature bounds and gradient flows on the space of
metric measure spaces. 2012, Mem. Amer. Math. Soc. (to appear); arXiv:1208.0434

K.-T. Sturm, Ricci tensor for diffusion operators and curvature-dimension inequalities
under conformal transformations and time changes. J. Funct. Anal. 275 (2018), no. 4,
793-829 Zbl 1419.58020 MR 3807777

K.-T. Sturm, Super-Ricci flows for metric measure spaces. J. Funct. Anal. 275 (2018),
no. 12, 3504-3569 Zbl 1401.37040 MR 3864508

K.-T. Sturm, Distribution-valued Ricci bounds for metric measure spaces, singular time
changes, and gradient estimates for Neumann heat flows. Geom. Funct. Anal. 30 (2020),
no. 6, 1648-1711 Zbl 1475.53047 MR 4182834


https://zbmath.org/?q=an:1223.53032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2824568
https://zbmath.org/?q=an:0984.35089&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1842429
https://zbmath.org/?q=an:0985.58019&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1760620
https://zbmath.org/?q=an:1333.53050&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3430465
https://zbmath.org/?q=an:1439.35186&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4117516
https://zbmath.org/?q=an:1411.35134&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3936228
https://zbmath.org/?q=an:1125.53064&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2344814
https://zbmath.org/?q=an:1275.49087&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3121635
https://zbmath.org/?q=an:1259.49074&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2118836
https://zbmath.org/?q=an:1105.53035&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2237206
https://zbmath.org/?q=an:1106.53032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2237207
https://arxiv.org/abs/1208.0434
https://zbmath.org/?q=an:1419.58020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3807777
https://zbmath.org/?q=an:1401.37040&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3864508
https://zbmath.org/?q=an:1475.53047&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4182834

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

Metric measure spaces and synthetic Ricci bounds 159

K.-T. Sturm, Remarks about synthetic upper Ricci bounds for metric measure spaces.
Tohoku Math. J. (2) 73 (2021), no. 4, 539-564 Zbl 07473223 MR 4355059

L. Tamanini, From Harnack inequality to heat kernel estimates on metric measure spaces
and applications. 2019, arXiv:1907.07163

C. Villani, Optimal Transport. Old and New. Grundlehren Math. Wiss. 338, Springer,
Berlin, 2009 Zbl 1156.53003 MR 2459454

M.-K. von Renesse and K.-T. Sturm, Transport inequalities, gradient estimates, entropy,
and Ricci curvature. Comm. Pure Appl. Math. 58 (2005), no. 7, 923-940
Zbl 1078.53028 MR 2142879

F.-Y. Wang, Second fundamental form and gradient of Neumann semigroups. J. Funct.
Anal. 256 (2009), no. 10, 3461-3469 Zbl 1165.58014 MR 2504531

M. Weber, E. Saucan, and J. Jost, Characterizing complex networks with Forman—Ricci
curvature and associated geometric flows. J. Complex Netw. 5 (2017), no. 4, 527-550
MR 3801701

M. Wirth, A dual formula for the noncommutative transport distance. J. Stat. Phys. 187
(2022), no. 2, Paper No. 19 Zbl 07506512 MR 4406600

H.-C. Zhang and X.-P. Zhu, Yau’s gradient estimates on Alexandrov spaces. J. Differen-
tial Geom. 91 (2012), no. 3, 445-522 Zbl 1258.53075 MR 2981845

Karl-Theodor Sturm
Hausdorff Center for Mathematics, University of Bonn, 53115 Bonn, Germany;
sturm@uni-bonn.de


https://zbmath.org/?q=an:07473223&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4355059
https://arxiv.org/abs/1907.07163
https://zbmath.org/?q=an:1156.53003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2459454
https://zbmath.org/?q=an:1078.53028&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2142879
https://zbmath.org/?q=an:1165.58014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2504531
https://mathscinet.ams.org/mathscinet-getitem?mr=3801701
https://zbmath.org/?q=an:07506512&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4406600
https://zbmath.org/?q=an:1258.53075&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2981845
mailto:sturm@uni-bonn.de

