Chapter 5

Elliptic curves

5.1 General case

Throughout this subsection E is an elliptic curve (abelian scheme of dimension 1)
over R, and we fix an invertible 1-form w on E. By a formal group over a ring we
will always understand a formal group law (i.e, a tuple of elements in a formal power
series ring). For every family ® := (¢1, ..., ¢,) of Frobenius automorphisms of K¢
define

NI o= Ker(JI o(E) — Eg,).

Consider an admissible coordinate 7" on E. Exactly as in [10, Proposition 4.45] N o
is a group object in the category of p-adic formal schemes over R, whose underlying
p-adic formal scheme can be identified with the p-adic completion of the affine space

(A%E4) = Spf R[S T | 11 € My

and whose group law is obtained as follows. One considers the formal group law
F(Ty,T,) € Ry[Ty, T»] of E with respect to T and one considers the group law on
N, g defined by the series F), := (8, F)|T=0 for p € M, (which turn out to be
restricted power series rather than just formal power series).

Proposition 5.1. The Ry-module Hom(N 4, @;) has rank
rankg, Hom(N &, ((/};) =D(n,r)—1=n+---+n".

Proof. Denote by (N ;,q))f"‘ the formal group over Ry associated to N 4 and to the

variables 8, , T, u € M ", and denote by (N;’q));g; the induced formal group law
over K, which is isomorphic to a power of the additive formal group law G(fl"/rK”
(since (N & fg; is commutative over a field of characteristic zero). We have natural

injective maps of K -vector spaces
H Nr @\ K H Nr for Gfor ~ Kn-‘r-‘rn’
Om( 7w, a) ®Rﬂ T Omfor.gr.(( ﬂ,q:o)K”a a’K”) — Bg .

On the other hand we will construct, in what follows, D(n, r) — 1 K -linearly inde-
pendent elements in Hom(N 4, G4); from this our proposition follows. Recall the
logarithm series £(T') = £,(T) € K, [T] normalized with respect to w. Recalling the
integer N () in (4.1) we have that, for y € M:,’Jr, the series

LY & = (¢u(U(T))|r=0 € Kx[8z,T | v € My ¥] (5.1)

T
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satisfies N
LY o= pNPLY o € Ra[Sx0T | v € MY (5.2)

It follows that
LY & € Hom(N} ,Gy). (5.3)

It is trivial to check that the elements I:’; ¢ are Ky-linearly independent, which ends
our proof. |

Remark 5.2. Exactly as in [12, Proposition 4.6] we get that for every z’|w and p €
M, the element pv (@)—N (”)Lg o ® 1 is the image of Lﬁ/ ¢ Via the homomorphism

~ ~

R[S uT | € MEY] — Ry[870T | v € MPT] ®r, Ro.
Remark 5.3. Assume 7 = p. Asin [10, page 124] foralli; ...i, € Mfﬁ we have
r r—1
$ir..;, T =T —p(&, T)" € (pT,p?) CR[&T | v € Mj].
Hence, following [10, Proposition 4.41] we get that
L =, 7)" " mod p in R[,uT | u e M;T.

Remark 5.4. Consider the following standard cohomology sequence (cf. [10, page
191] for the case n = 1):

~ o~ — — ~

0 = Hom(E, G,) — Hom(J ¢(E), G;) — Hom(N; ,G,) — HYE,0) (5.4
and consider the isomorphism defined by Serre duality,
(—,®): HY(E,O0) = Ry.

It is useful to recall the explicit construction of the map d”. By Proposition 2.31
there exists an affine open cover E = | J; U; and sections s 17, — prr_1 (U;) of the
projection pr, : pr, 1 (U;) — (/J\, induced by the projection pr, : J ;’¢(E ) —> E. Then
for all L € Hom(N 4. @\a) the element 0" (L) is defined as the cohomology class

[Lo(sf—s)] e H(E.0)
of the cocycle
(Lo(sf =s))ijs Lo(sf—s):0;NT; > Ny g — G

The definition above is independent of the choice of sections s; ; such a change would
change the cocycle by a coboundary.

Following [10, page 194] and recalling the elements in (5.3), we introduce the
following.
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Definition 5.5. For u € Mfﬁ we define the primary arithmetic Kodaira—Spencer
class of E attached to p by the formula

fu = (0"(L% 4).0) € Ry
and consider the vector
r.+
KS? o(E) = (fu) jepr+ € Ry

Remark 5.6. A few comments are important at this point.

(1) The elements f,, are easily seen to depend only on the pair (£, @) and not
on the choice of T. This follows from the easily-checked fact that our construction
can be presented in a coordinate-free manner: instead of the rings R, [T], K [T]
one may consider the completion A of the local ring of E at the closed point of the
identity section and the corresponding completion Ak for £ ® g, K. Instead of

-~

Rol8xpuT |t € My, Kn[82uT | 0 € My ], Re[T][87,,T | 1 € Mrrz+] )

one may consider certain new types of “r-jet algebras” A", A% | A", attached to A
respectively, satisfying certain new corresponding universal properties. We will not
go here into defining these new types of -jet algebras. Then £ € Ak, is defined by
the condition that it “vanishes” at the ideal of the zero section and d¢ = w in the
completed module of Kéhler differentials of Ak, , ¢, £ makes sense as an element of
A%ﬂ while ¢, £;7—o makes sense as an element of AT,

(2) We will write f;,(E,w) instead of f;, if we want to emphasize the dependence
on (E, w). With notation as in Remark 2.14, we have

fu(E Aw) = A%T1 £ (E, )

forall A € R; this follows from the fact that if one replaces w by Aw in our construc-
tion then, since £3,,(T) = ALy (T), we have that L' 4 gets replaced by ¢, (A) LY 4.

(3) It is easy to see that the elements f;, do not change if r changes, as long
as U € Mt this follows from the fact that changing r amounts to changing the
defining cocycle in our construction by a coboundary which does not change the
cohomology class. This justifies not including r in our notation for f,. In particular,
if KS] 4(E) # 0 for some r > 1 then KS;:CI,(E) #0forall ' >r.

(4) It is easy to check that the formation of the elements f,, is compatible with
face maps in the sense that for every u’ € M;’/Jr we have, in the above notation:

Jw = fea- (5.5)

On the other hand note that in general

Jin # i f-
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(5) For every isogeny u : E’ — E of degree d prime to p of elliptic curves over
R, and every invertible 1-form w on E, setting w’ = u*w, we have

Su(E' 0" =d - f,(E,w).

The argument is entirely similar to the one in [10, page 264].
(6) Let us write f , instead of f, if we want to emphasize dependence on .
Then for all 7’| we clearly have

fn’,M(En’»wn’) = PN(H/)_N(n)fn,M(an) € Ry
where £,/ := E ®p, Ry’ and wy is the induced form.

A special role will be played later by the primary arithmetic Kodaira—Spencer
classes f;, fii, fiii,... We will write

fir :== f;..; withi repeated r times.

These classes are the images, via the corresponding face maps, of the corresponding
classes obtained by replacing ® by {¢; } in all our constructions. Note that in [3] and
[10] the forms f;» were denoted by f7.

Proposition 5.7. Assume E over R, has ordinary reduction and assume f; = 0 for
some i. Then for all p € M, we have f,, = 0.

This proposition cannot be proved at this point in the memoir but is an immediate
consequence of Theorem 7.39 that will be stated and proved later.

Lemma 5.8. Assume w = p. Then for all w € M}, and all 0 € Z,, we have

f(m = fu'

Proof Lets] U; > J, " ¢(pr_1 (U;)) be local sections of the projection pr, 1: o(E)
—E asin Remark 5.4, and consider the group automorphism over E,

0:J,0(E) > J, o(E)

induced by o € X,. Consider the local sections o o s7 U; —> I, " ¢,(pr_1(U )). By
the independence of f,, on the choice of local sections we get

fu =Ly g0 (5] =5 )

(
( o(0os; —0o0s}) )
(L%

000 (5] —57),0)
=(L,,,q> o(s; —sj), w)

:fou- [ ]
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Remark 5.9. Assume 7 = p and fix an index i. By its very construction f; = 0 if and
only if E possesses a Frobenius lift (i.e., a scheme endomorphism reducing modulo
p to the p-power Frobenius). Recall that if £ has ordinary reduction then E has a
Frobenius lift if and only if E is a canonical lift of its reduction [29, Appendix]. On
the other hand recall from [10, Corollary 8.89] that if E has supersingular reduction
then f; # 0. We conclude that for an arbitrary E over R = R, we have f; = 0if and
only if E has ordinary reduction and is a canonical lift of its reduction.

Consider the K -linear space

K;r{,; :{ Z )‘Md’u

MGM;{—i_

Ay € K,,} C Ko

and the projection
p:Kro— Kyr{,g’ P( Z )‘u‘ll’u) = Z A
[LEMZ MEMZ,'F

We may consider the K -linear space of relations among the primary arithmetic
Kodaira-Spencer classes:

KSL (E)* = { > dubue K ' D Aufu= o} (5.6)
neMyt peMly T
and its R, -submodule of “integral elements,”

KS! o (E)i, := { D Aubu € KSp o(E)*-
peMy,

Ay € R,,}.

Finally, recall the symbol homomorphism
0:X o(E) = K 6, ¥ = 0(V).

Theorem 5.10. The following claims hold.

(1) There exists an Ry -module homomorphism P as in (5.7) below such that the
composition

P 0 P
KSh o(E)in — Xy o(E) C XL o(E) — Ko — K (57
is the multiplication by pN % map. So for = = p the composition (5.7) is
the inclusion KS,, o (E)& C K2

int
(2) The map p o 0 is injective. In particular, if () € K for some ¥ € X} 4(E)
then ¥ = 0 and hence 8(y¥) = 0.
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Proof. To prove Part 1 note that if
A= Z Audu € KS;T,CIJ(E)iJr;t
MEM;’.{+

and if
Lpy:= Y ALl ,eHom(N; 4.G,)
peMy,

then 0(L A) = 0so L is the restriction of a unique element
P(A) € Hom(J}, 4(E), G,) = X, 4(E). (5.8)

Clearly A + P(A) is an R;-linear map. By an argument entirely similar to the one
in the proof of [12, Theorem 6.1] and using Remark 5.2 above it follows that P(A) is
totally §-overconvergent: P(A) € X7 4(E )T. By an argument entirely similar to the
one in the proof of [10, Proposition 7.20] one gets that

O(P(A)T = pN<ﬂ>+1( > AM¢MT) mod T
neMy
in the ring K[, T | u € M} ]. By Lemma 3.5, Part 2, we have
O(P(A)T = PN(H)H( Z AM‘]SMT) + AT
MEMZ’JF
for some Ag € R,. Hence
p(6(P(A))) = p””)“( > xm)
peMyt

and Part 1 follows.
Part 2 follows from the observation that if 6(y) € K for some ¢ € X} 4(E)
then by Remark 3.8, Part 1 it easily follows that

¥ € O(J24(E)) N Kx[T] = O(E)

and hence ¥ defines a homomorphism E — ((/}\a; but the only such homomorphism
is the zero homomorphism. ]

Remark 5.11. Note that P in Theorem 5.10 is automatically injective. For all A €
KS;,<I>(E)1JI;t we write YA := P(A); hence, by Remark 3.8, Part 2, we have

O(Wa) = pVTIA + 2o(A)



General case 43

for some Ao(A) € pR;. Clearly the map
KS, o(E)iy — PRz, A+ Ao(A)

is an R;-module homomorphism.

Remark 5.12. The map P in Theorem 5.10 is compatible with the face maps (2.7)
in an obvious sense.

Remark 5.13. If f; = 0 for some i then ¢; € KS;,CI,(E)itt hence
Vi =y, € Xp o(E)'.
Moreover, the symbol of y; is given by
0i) = pNOF i+ Ao(@)-

Corollary 5.14. The following claims hold.

(1) IfKS], o(E) # 0 (in particular if KS}, 4(E) # 0), then we have X', 4(E) =
X;’q)(E)T and the rank of this Ry -module equals D(n,r) — 2.

Q) If KS}T@(E) = 0 (equivalently, if f; =0 for all i € {1,...,n}) then the
equality X 4(E) = X;,q,(E)T holds, the rank of this Ry-module equals
D(n,r) — 1, and a basis modulo torsion for this R, -module is given by

{puti | weMPT ie{l,... n}}. (5.9)

(3) The cokernel of the injective homomorphism P in Theorem 5.10 is a torsion
R, -module.

Proof. If KS] &(E) # 0 then the module KS;,<1>(E)$I has rank D(n,r) — 2. Since
P in Theorem 5.10 is injective the module erz,<1>(E )T has rank at least D(n, r) — 2.
On the other hand by Proposition 5.1 and by the exact sequence (5.4) the module
X! o (E) has rank at most D(n, r) — 2. So the modules X7 4 (E) and X;’q)(E)T have
the same rank D(n,r) — 2 and hence they are equal by Lemma 3.3. This proves Part 1.

Assume now KS; 4 (E) = 0. The subset (5.9) of X! (E) is linearly indepen-
dent (because so is the set of symbols of its elements). It follows that X7 (E )
has rank at least D(n, r) — 1. On the other hand by Proposition 5.1 and the sequence
(5.4) the module X7 4 (E) has rank at most D(n,r) — 1. So the modules X7 4(E) and
X;,q)(E )T have the same rank D(n, r) — 1 and hence they are equal by Lemma 3.3,
with basis modulo torsion given by (5.9). This proves Part 2.

Part 3 follows from the fact that the source and target of P have the same rank. m
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As an application to Theorem 5.10 we construct a series of special §,-characters
of E as follows. Let u,v € M, " be distinct and let @ be an invertible 1-form on E.
Recalling the integers N () in (4.1) set

Ju=pNOT L e M, (5.10)

In particular, if 7 = p then fM = fu
Note that
fv¢u - fud’v € Ksyrr,fb(E)iJﬁt

so we may consider the partial §,-character
Viw 3= Vsigu-fudy € Xno(E)'. (510

By Theorem 5.10 we have

OWuw) = fobu — fudv + fuw (5.12)

for some f},, € pRy.

Definition 5.15. The above element f,, € pRy is called the secondary arithmetic
Kodaira—Spencer class attached to u and v.

Remark 5.16. Note that v/,,, and f,,, do not change if r changes which justifies r
not being included in the notation. Note also that ¥, , and f, , effectively depend
on (£ and) w and if we want to emphasize this dependence we denote them by
Yuv(E, o) and f,,(E, ), respectively. Similarly, we write fM(E, ) in place of
fyu. Then for all A € RX we have (using the notation in Remark 2.14):

Fuw(E Ao) = A%t £ (E, o).

Indeed, by Remark 3.8, Part 1, and Remark 5.6, Part 1, we have the following equal-
ities

1 - -
w/L,U(E7 w) =;(fv(E7 w)({bu - f,u(E’ )y + fu,v(E’a)))zw(T)7
Yuw(E, Aw) %(fl(E, A0)py — ful(E, 2)py + fruw(E, A0)) 30 (T)

= B 0~ A L w0l
T S EA0) (b (T))
= (B )~ A f(E w0y

+ Afu v (E, Aw)) e (T).
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We get
=AYy (B ) — Y (E. o)

zi()‘d’”w”“fu,u(ﬂ @) = Afpuw(E, 20)) o (T).

Hence 1
O(y*) = ;(A¢M+¢”+1fM,V(E,a)) — Afur(E, Aw)) € K.

By Theorem 5.10, Part 2, 8(y*) = 0 which ends the proof.

Remark 5.17. For all distinct u, v we have
Juw + fou = 0. (5.13)

Indeed, switching p and v in (5.12) we get
OWvi) = fuss = fodu + fou. (5.14)

Adding (5.12) and (5.14) we may conclude by Theorem 5.10, Part 2.

Remark 5.18. Fix in what follows the elliptic curve E over R, and an invertible 1-
form w. Write, as before, £(T) = £,(T) = > o bmm p e R, Letp,v €M,

m=1 m

be distinct of lengths r > s, respectively. By Remark 3.8, Part 1, we have that

1 . .
Yy = ;(fvdm — fudv + fu)U(T) € Ry [8z,4T | n € Mp]. (5.15)

On the other hand we can write
GeuT =T? + Gy, T =T7 +G,
with G, G, in the ideal I, of R;[6,,,T | n € M} ] generated by the set
{820 T | € M}

A direct computation shows
~ bm r
pw,u,v va(z le/«fn—)(Tp + Gu)m)
~ v(bm s
— fu(z ¢’(n—)(TP + Gv)m)

+ hun( 20T
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Reducing the above equality modulo the ideal 7, we get

ﬂ(Z%ﬁTp’m) — fM(Z%ﬂTP“'M) + fW(Z %”T”’) € pR,[T].

For all integers N > 1, picking out the coefficients of T2V, we get the following
analogue of the integrality conditions of Atkin and Swinnerton-Dyer [1,34].

Corollary 5.19. For all integers N > 1

- $ubn) - bolbprsn)

bprN
fv N f,u pr—sN

yvprN

+ fu € pR. (5.16)

Remark 5.20. For every isogeny u : E’ — E of degree d prime to p of elliptic curves
over R, and every invertible 1-form w on E, setting @’ = u*w, we have

Juv(E' 0"y =d - fuv(E, 0).

Indeed, we may identify two admissible coordinates for E and E’ (call this parameter
T) in which case we identify the images of ’ and @ in R, [T]d T, and we identify
the two series £, and £, in R;[T]. As in 5.15 we consider the partial §,-characters
of E and E’ respectively:

1 - _
Yoi=Yu = ;(fv(E’a))¢M - f,u(E,w)(ﬁv + fu,v(E»w))g(T)7 (5.17)
1 - ~
V=, = ;(f,,(E/,w’)q’)M — Ju(E" @)y + fun(E . @NUT).  (5.18)

Identifying ¥ with its image in the space of §-characters of E” and using Remark 5.6,
Part 5, we get that

V' —d Y = (fun(E' o) —d - fuv(E 0)lu(T).

Hence
oW —d-y) = f,u,v(E/’w/) —d - fuy(E,0) € Ry.
By Theorem 5.10, Part 2, 8(¢" — d - ) = 0 which ends the proof.

Remark 5.21. Let us write f5 ,,, and ¥ ;. instead of f, , and ¥, , if we want to
emphasize dependence on 7. Then for all 7|7 we have

Y = pPNO2NEO gy € XE o (E), (5.19)
fT[’,M,,l) — pZN(ﬂ/)_ZN(N)fT[,M,v c Rﬂ.’/- (520)

This follows from Remark 5.6, Part 6 by an argument similar to that in Remark 5.20.
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5.2 Thecasen =r =2

We continue to consider an elliptic curve E over R, and a 1-form w. Consider, in
what follows, ® = (¢, ¢2). We consider in this subsection the arithmetic Kodaira—
Spencer classes of order < 2, and we derive some basic quadratic and cubic relations
among them that will play a key role in the next section.

Specializing the construction in the previous section to our case we may consider
the partial §,-character

Viz = Ve —figs € X71L¢1,¢2(E)T'

Remark 5.22. If f f> # 0 then v » is a “genuinely partial” object (not expressible
in terms of ODE objects via face maps); indeed, in this case, by Theorem 5.10, we
have X} , (E) =X] , (E) = 0.On the other hand y{, can be viewed as an analogue
of the transport equation in [17].

By Theorem 5.10 we have

012) = fapr — fida + fr2
By Remark 5.16 the dependence of f1, on w is as follows:
fi2(E dw) = A217%%2 £ 5 (E, o).

Next, for i € {1,2}, we may consider the partial §,-characters (induced via face
maps by the ODE arithmetic Manin maps in [6]):

Viii =V g2 fig € X2 4 0, (E).
By Theorem 5.10 we have
OWiii) = fid} — fudi + fiii.
By Remark 5.16 the dependence of f;;; on w is as follows:
fiii(E hw) = 29749 £i,4(E, ).
Finally, we may consider the partial §,-character
V1122 = Vg2 11103 € X (B)'-

By Theorem 5.10 we have

OW11,22) = 207 — fuid + firo.
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By Remark 5.16 the dependence of f11,22 on w is as follows:
2 2
fir22(E dw) = M%7 f11 55 (E, 0).
One has the following 6 elements in the module Xft 61,6 (E),

Y12, 1¥1,2, G212, V1,1, V22,2, V11,22 (5.21)

Soif f1 #0or f; # 0, since X721,¢1,¢2(E) has rank 2 + 22 — 1 = 5 (cf. Theorem
5.10), it follows that there must be a non-trivial R -linear relation among these 6
elements:

MYz + A1z + Azdaiz + Aaii,1 + As¥an oz + Ae¥i122 =0, (5.22)

for some Aq,...,A¢ € Ry, not all zero. The existence of such a relation implies the
vanishing of all 6 x 6 minors of the 6 x 7 matrix I" of the coefficients of the Picard—
Fuchs symbols of the elements in (5.21) with respect to the basis

b7, 3. d1b2. bath1. b1.62. 1 (5.23)
of K 721 b1 One can compute this matrix explicitly. Indeed, denote by 61, ..., 0
the Picard—Fuchs symbols of the elements in (5.21), let ey, . .., e7 be the elements in

(5.21) and let I = (y;;) be the 6 x 7 matrix defined by the equalities

7

9,' =Zyl~jej, I = 1,...,6.

Jj=1

We have the following matrix

0 0 0 0 2 —f1 fiz

P00 0
N RS S A
il 0 0 0 —fur 0  fu
0 ~ 0 0 0 —fu foo
f2 —fu 0 0 0 0 fie

The upper left 5 x 5 minor of the matrix I is non-zero if fi f, # 0. In particular,
the following corollary is proved.

Corollary 5.23. If f1 f> # O then the first 5 elements in (5.21) are Ry -linearly inde-
pendent and hence they form a basis up to torsion of X,21,<1>(E ).
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On the other hand the linear combination of the rows of I' with coefficients
Al,...,Ag is O from which we get the following corollary.

Corollary 5.24. If f1 f> # 0 then in (5.22) we have A, = A3z = 0.

Assume fj f> # 0 and denote by I the 4 x 5 matrix obtained from I" by removing
the 3rd and 4th columns as well as the 2nd and the 3rd rows. The rows of I are
then linearly dependent, so we get that all 4 x 4 minors of the matrix I vanish. The
vanishing of the minor obtained by removing the fifth column of T is tautologically
trivial, so it does not yield any information. The vanishings of the rest of the minors
of T is equivalent to one cubic relation (5.24) given in the following corollary.

Corollary 5.25. If f1 f> # O then the following relation holds in Ry :

Si1f2 fi2 + f2far fr11 — f11 /1 /222 — f1/f2f11,22 = 0. (5.24)

Proposition 5.26. Assume w = p. Then the following equalities hold in R:
) fi=fa fiz= far
) firg = Sz
3) fiz= fi1,22=0.

Proof. Part 1 follows from Lemma 5.8. Part 2 follows from the compatibility with
face maps. In order to check Part 3 consider the compatible actions of ¥, = {e, o}
on X} 4(E) and K 4. We have

0(0Y12) =0(0(Y12) = o(fid1 — fig2 + f12) = fig2 — fid1 + f12.

Hence
01,2 +0V12) =2f12 € K.

By Theorem 5.10, Part 2, it follows that f; » = 0. The equality f1;22 = 0 follows
similarly. ]

Remark 5.27. Assume that £ comes from a curve Ez, over Z, and denote by a,
the trace of Frobenius on Ez, ® IFp. Also fix an index i. It follows from [8, Theorem
1.10], that if E is not a canonical lift of an ordinary elliptic curve then

fii =apfi, fiii=pfi

Recall that, if in addition p > 5, then a, = O if and only if E has supersingular
reduction.

We continue by considering the partial §,-character

Vi2,1 = wf1¢1¢2—f12¢1 :
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Its symbol is

0(Y12,1) = Frd1¢2 — fragr + Ji2,1.
This symbol must be a linear combination of the symbols of
V12, $1¥1,2, $2V1,2, Vir,1, Y22.0.
Let I'’ be the matrix obtained by replacing the last row in " by the row
000 —fi20 S12.1].

Then the determinants of the matrices obtained from IV by deleting the 5th and the
7th columns respectively must be 0. The vanishing of these determinants yields the
following result.

Lemma 5.28. If f1 f> # O then the following relations hold in Ry :
f12,1f1 f111f¢1 =0, (5.25)
fof? =R - ARl = (5.26)

Similarly, by looking at the partial §, -character

V212 '= Vogopi—fo162
we get the following lemma.
Lemma 5.29. If f1 f> # O then the following relations hold in Ry:
Fornfd? = fan f =0, (5.27)
Por /92 = fa £ f2f2 1= (5.28)

Next consider the partial §,-character

V12,21 1= V£ 61 90— fiodad -

Its symbol is

O(V12,21) = frdida — frapadn + frzon.
Set

V= fiavias — ffatvian + Afizveis — fiz faivn .

One trivially checks the following identity

OW) = fizoi fifo— fofor fiza + fifizfora — fizfor fi.

By Theorem 5.10, Part 1 we get the following.
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Lemma 5.30. If f1 f> # O then the following relation holds in Ry:

Si221 /12— fafa1 fiza + fifizfar2 = fizfa1 /1,2 =0. (5.29)

Similarly consider the partial 8, -characters

fiviie — v — fuvie.
fl%l,lz - flzlﬂll,l + flll/flz,l,
f~11/f12,2 - leﬁlz,l — f~121/f1,2,
H¥ie — Livie + fuvere.
The symbols of these partial §,-characters are equal to the expressions in the left-

hand sides of the equalities in the Lemma 5.31 below. By Theorem 5.10, Part 1, since
these symbols are in R, they must vanish. So we have the following lemma.

Lemma 5.31. If f1 f> # O then the following relations hold in Ry :

fifuiia = fafirn = firfiz =0, (5.30)
S fiviz — fizfira + firfiza =0, (5.31)
fifiza = f2f1210 = f12f12 =0, (5.32)
fofii21 = fa1 /112 + fi1f212 = 0. (5.33)

Moreover, the relations obtained from the above relations by switching the indices 1
and 2 also hold.

Remark 5.32. One can ask if one can “extend” equations (5.24), (5.25), (5.26),
(5.27), (5.28), (5.30), (5.31), (5.32), (5.33) by continuity so that these remain true
without the condition fj f> # 0. We claim this is the case as an immediate conse-
quence of Theorems 7.18, 7.19 and the formulae (7.6) and (7.7) to be stated and
proved later. By the way we have the following result; this will be proved after the
proof of Proposition 7.38.

Theorem 5.33. Assume ¢1, ¢po are monomially independent in & (K*¢/Q,). Then
there exist w € Il and a pair (E, ) over Ry such that E has ordinary reduction and
all classes f, fu,v with L, v € M§’+, W # v, attached to (E, w) are non-zero.






