Chapter 3

Cluster expansion of the effective viscosity

This chapter is devoted to the higher-order cluster expansion of the effective viscos-
ity B: starting from finite-volume approximations, we establish cluster formulas and
prove uniform estimates in the large-volume limit. These results are mainly inspired
by our previous work [15] on the Clausius—Mossotti conductivity formula, where we
introduced the triad consisting of: (1) finite-volume approximation; (2) cluster expan-
sion; (3) uniform £! — ¢? energy estimates. We further refine the analysis of [15],
in particular improving on error estimates, and properly estimating cluster coeffi-
cients in case of uniform particle separation £(#) > 1. Compared to [15], there are
also some new twists due to the rigidity of the inclusions. Henceforth, in the rest of
this memoir, we shall assume that particles are uniformly separated in the sense of
Assumptions (H,) and (H"").

3.1 Finite-volume approximations

In order to make sense of cluster expansions and avoid diverging series, we start by
defining finite-volume approximations of the effective viscosity, obtained by a peri-
odization procedure, which will in turn provide an implicit renormalization of cluster
coefficients in the large-volume limit. More precisely, we define a restriction &,
on Qy of the point process & via

Pri={xp:neNr}y, Np:={n:x,€ 0L, OQLp:=0L20P)v(1+p)
and we consider the corresponding random set

Ip=J L Li=xa+I;. (3.1)

neNy,

For convenience, we choose an enumeration #;, = {x, 1}, and set I, 1 = x, 1 +

17 ;. Under Assumptions (H,) and (H%“if), we have the following:

*  Regularity and separation: For all L, the periodized random set I + L7 sat-
isfies the p-regularity and uniform separation assumptions in (H,) and (H;“if).
Moreover, the periodized point process £, + L7 satisfies

(PL + LZ%) > 0(P) 2 1.

e Stabilization: For all L, there holds PL|g, , = Plo, ,-
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We then define the following finite-volume approximation of the effective viscosity B,
= 2
E:BLE:=]E[][ IDWE;L) + E| } (3.2)
or
where Vg1, € L2(Q; leer(Q £)?) is almost surely the unique solution in leer(Q )4,

with vanishing average |, 0 Y. = 0, of the periodized version of the corrector
problem (1.3),

—AYg.L +VZgL =0, in 0L\ IL.
div(yg;L) =0, in 0L\ Iy,

D(WE;L + Ex) =0, in I, 3.3)
faIn:L og:Lv =0, vn,

Jor,., O = Xu1) OELV =0, Vn, VO € M,

where we use the shorthand notation og.1, := 0 (Y.L + Ex, Xg.r) for the Cauchy
stress tensor. As a corollary of [18, Theorem 1],' in view of the above stabilization
property, this finite-volume approximation (3.2) is consistent in the sense of
lim B, = B. (3.4)
Ltoo
As opposed to B, we emphasize that the approximation By depends only on the finite
number of inclusions {I, 1 },. Indeed, by (H,), the number of inclusions in Qf has
almost surely a deterministic upper bound CL¢. The associated cluster expansion is
therefore well defined.

3.2 Main results

We start with the cluster expansion of the finite-volume approximation By , establish-
ing suitable formulas for cluster coefficients and for the remainder. This is analogous
to formulas obtained in our previous work on the conductivity problem [15]. While
the formula (3.9) for the remainder naturally involves the original corrector with the
whole set &7, of particles, we emphasize that the bound (3.10) only involves cor-
rectors associated with finite numbers of inclusions (uniformly in L): this is key to
the optimal estimates obtained in the sequel and constitutes the first twist w.r.t. [15].
Indeed, this control is based on the rigidity of the inclusions and is therefore not
available in the generality considered for the conductivity problem in [15]; it was
first observed at second order by Gérard-Varet in [26]. The proof is displayed in Sec-
tion 3.4.

IThis requires to replace Dirichlet boundary conditions in [18] by periodic conditions, as is
standard in homogenization theory.
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Theorem 3.1 (Finite-volume cluster expansion). Under Assumptions (H,) and
if . . . . . .

(H,™), finite-volume approximations of the effective viscosity can be expanded for

all Landk > 1,

B, =1d+ Z —B’ REFT, (3.5)
j= 1

where the coefficients and remainders are defined as follows:
* The coefficients {Bi }j are given by cluster formulas, cf. (1.21),

2

E:BJE:=j1 ) [][ §F(ID(W2.,) + E| )}, (3.6)

gF=j
which can be alternatively expressed as
E:BJE

= —]'L —d Z Z [/ E(x—xn,L)-SF\{"}og?Lv] (3.7
#F=jneF Mn, L

:—]'L “ 3 3E [/ §EMM (Y2 + E(x —xp1)) - 0F v } (3.8)
$F=j neF Mn.L

where, for any H C N, wg. 1, Stands for the solution of the periodized corrector
problem (3.3) with inclusion set I, replaced by I]{'I = U, ey In,L, where we use
the shorthand notation UEH;L = U(lﬁg;L + Ex, Eg;L)for the Cauchy stress tensor
and where we recall the notation of Section 1.3.1 for cluster difference operators.

* The remainder Rﬁ+1 can be represented as

E:R{ME = Ld > Y E [/ SN (2., + E(x —xn,1)) - GE;Lv],
In,L

#F=k+1neF
3.9
and is estimated as follows,
2
£ REVE| <E[ dZ/ 3 D6y, ]
nL ﬁF k
n¢F

3 D(SFW?;L)‘Z) ’

BF =k
n¢F

+éE[L_d2n:(/ln.L

J

« (/ |
Iy, 1. +pB

DT (Yl + E(x— x, L)))‘Z)é}.

HF=j—
n¢F

(3.10)
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In view of the short-range setting (1.20), we expect
B, = 0(2;(9))

and we aim to prove uniform-in-L estimates that would allow us to pass to the large-
volume limit and to recover a dilute expansion for the original effective viscosity B.
This is partially achieved in the upcoming theorem, which states fine estimates on
cluster coefficients and on the remainder. However, note that we cannot directly obtain
uniform-in-L estimates with the desired scalings O (4, ($)). Instead, the result below
is twofold:

— Uniform estimates: In (i), we state uniform-in-L estimates, which further display
the optimal scaling w.r.t. the minimal distance £ = £(J), but fail to capture the
general expected dependence on multi-point intensities {A;(£)};.

— Non-uniform estimates: In (ii), we state non-uniform estimates, which display a
logarithmic divergence in the large-volume limit L 1 oo, but have the merit of
capturing the correct dependence on multi-point intensities.

Uniform estimates in (i) allow to deduce the convergence of cluster coefficients {Ei }i
in the large-volume limit L 1 oo, cf. (3.13) below: this actually defines infinite-
volume cluster coefficients in a meaningful way, providing an implicit renormaliza-
tion of diverging series and answering the question raised in Section 1.3.4. As they
display the optimal dependence on the minimal distance £ = £(J), these estimates
already yield the desired infinite-volume cluster expansion in the large-separation
regime £ > 1 with A; () replaced by (£=4)7, which is optimal in some cases (see
dilation setting in Theorem 5.4 and Remark 5.5). To treat the general model-free
dilute setting, however, uniform estimates need to be further derived with the correct
dependence on multi-point intensities: this requires to overcome logarithmic diver-
gences in non-uniform estimates in (ii), which is the subject of Chapter 4. The proof
of the present result is split between Sections 3.5, 3.6, 3.7, and 3.8.

Theorem 3.2 (Cluster estimates and large-volume limit). Under Assumptions (H,)
and (H;‘)““‘), the coefficients and the remainder of the finite-volume cluster expansion
in Theorem 3.1 satisfy the following two classes of estimates.

(i)  Uniform estimates: Forall L and k, j > 1,

BJ| < jucey,

|Ri+l| < (Ce—d)k-{-l‘ (311)
(i) Non-uniform estimates: For all L and k, j > 1,
B]| <; A; () (log L)/,
(3.12)

2k
IRET S ) A1 (P)(log LY.
1=k
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In particular, as a consequence of (i), for all k, j > 1, the following large-volume
limits are well defined,

B/ := lim B], RFF!:= lim R+, (3.13)
Ltoo Ltoo

so that the cluster expansion (3.5) becomes, for all k > 1,

k

_ 1.

— _ RJ

B (Id+ E j!B)
j=1

< |Rk+1| < (Ce—d)k-{-l‘

3.3 Preliminary lemmas

Henceforth, we fix E with | E| = 1 and we skip the associated subscript for notational
convenience. Before turning to the proof of Theorems 3.1 and 3.2, we state a series of
preliminary lemmas. We start with the following useful reformulation of the corrector
equation (1.3), where the rigidity constraint is viewed as generating a source term
concentrated at particle boundaries in steady Stokes equations.

Lemma 3.3 (Reformulation of the corrector equation). For all H C N we have
in Qr,

—AYf +V(Ef Ly, \ ) == ) 8ar, 00 v, (3.14)
neH

where 83y, , stands for the Hausdorff measure on the boundary of I, L.’

Proof. For any test function
oL € CR(0L)".

recalling that WLH is divergence-free in Qy and that it satisfies D(wfl + Ex)=0
in f , we find

/ Vo : vyl — / =H divigr)
or o \IH
p / Ve : Dy H) / sH divigr)
or oL If

— . H _ H -
—2 /Q Vau:DOE + E /Q L S a0

=/ Vor oWl + Ex, oH).
o\IH

More precisely, we define f o, ¥L 8a1,, = fa InL ¢ for any test function ¢y €
Cr(QL).
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Since the steady Stokes equation for 1//}7 reads div(o (Y LH +Ex, X I{’ ))=0in O\ T f ,
we deduce by integration by parts,

/QL Vor w{’-/QL\IH > div(gr) = Z/ oL - oW + Ex, o).

L neH
By the arbitrariness of ¢y, this proves (3.14) with o{l = J(WLH + Ex, Ef). [

Next, the following result provides corresponding Stokes equations for corrector
differences, which will be used abundantly in the sequel.

Lemma 3.4 (Equations for corrector differences). For all disjoint subsets F, H C N
with F finite, we have in Qp,

F , H F H
— A8y + V8T (SL g, \ i)

== 81,8 v =3 8y, 87N IO, (3.15)
neH neF

Proof. The starting point is equation (3.14) satisfied by ws VH
SUH SUH SUH
Ay V(EP Ty, \som) == D ar, 00 v
neSUH
Using the definition (1.10) of the difference operator, we deduce
F H F(yvH F\S SUH |,
—A8F Yt 4V (2 g, ) == D (DS ST 8y, 00,
SCF neSUH
and it remains to reformulate the right-hand side. For that purpose, we decompose
F , H F(vH
== o1, > (DIFSIFHY N 55 Y Tpes(—DIFVSIo U H .
neH SCF ner SCF

Changing summation variables and recognizing the definition (1.10) of the difference

operator, the conclusion follows. [

We now state and prove trace estimates, which constitute an upgraded version of
Lemma 2.5. We shall repeatedly appeal to these estimates to control force terms at
particle boundaries, which appear in our formulation (3.15) of equations for corrector
differences.

Lemma 3.5 (Trace estimates). Under Assumptions (H,) and (H)"™), for all fami-
lies ¥ of finite subsets of N, for all H C N andn € N withn ¢ | Jp.g F, we have

2
i F Z F  H
KeRd}gzMSkeW/ Z 5 WL K+®(x T L))‘ S /In,L D@ i)

ol L Fe¥ Fe¥

’
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and

inf/
ceR Jor1, 1

Proof. We split the proof into three steps. We set for abbreviation

yi ot = > sFyf, Ef’H::ZSFEf, ap M =Y sof.

Fe¥ Fe¥ Fe¥

Z SFUL —cId‘ /1 s ‘ Z D((SF(wfl + Ex))‘z.

Fe¥ Fe¥

We also use the shorthand notation &L = WL + EXx and 1}? A= =) rey 8F1/7L
This last expression is equal to Y g 8T Y + Exif @ € F and oY peg $Fyf
otherwise.

Step 1. Proof of the first estimate on Wf’H . We appeal to a trace estimate in form of

/ [y — (e + O —xar))| N/ (V)2 (i = (k + O (x —xa,0))) |,
aln.L

In.L

and the conclusion then follows from Poincaré’s and Korn’s inequalities.

Step 2. Proof of the second estimate on af’H in the case n ¢ H. As af H
O(W(F &> Z’H), a trace estimate yields

¥7.H ¥7.H 37 H
/ loj. —cId|2§/ |(V)2V1ﬂ } +‘ —c)’
3In,L (In L+> PB)\In L
(3.16)
Given n ¢ H, as the uniform separation assumption in (H““if) ensures that no other
particle intersects I,,,; + pB, we note that (1//37 H Ef H) satisfies
—AyT T vl =0, inl,p + pB. (3.17)

By the local regularity theory for steady Stokes equations, e.g. [25, Theorem IV.4.1],
we deduce for all m > 0, for all constants x € R? and ¢ € R,

—¥.H ¥.H
VYL gmtir, , +1pmy) T IEL™ = cllameia, ,+108)
—¥.H ¥.H
S " —«llava, +om HIZL —clizg, [ +08)-
Choosing ¢ := fln L +pB Ef H and using a local pressure estimate for the steady
Stokes equation, e.g. [19, Lemma 3.3], we find

¥ ,H ¥ .,H
”EL _C”LZ(In.L-‘r-pB) < ”VWL ||L2(In,L+pB)’
so that the above reduces to
¥ ,H ¥ ,H
IVyL ||Hm+l(1n.L+%pB) +IELT c”H”’JFl(In,L-i-%pB)

—%.H
S —kllava, +o8)-
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Further choosing « := fln L +pB lpr and applying Poincaré’s inequality, we con-
clude ’

- ¥.H F.H
”VWL ||H’"+1(1n,L+%pB) + “EL

— 7 H
SIVYL iz, +oB)-

~Cllamra, o+ om)

In particular, combining this with (3.16) and noting that the Cauchy stress tensor
Gf H s unchanged if we add a rigid motion to 1//f’H, the conclusion follows from
Korn’s inequality.

7.H
o,

Step 3. Proof of the second estimate on in the case n € H. The starting point

- ¥ ,H ¥ ,H
L ’ 2:L

is again (3.16). Now, given n € H, we note that (¥ ) satisfies, instead

of (3.17), o .,
Ay sl " =0, in(Iyp + pB)\ Iz,

and 1}5 H s affine in I n,L- By the local regularity theory for the steady Stokes equa-
tion near a boundary, e.g. [25, Theorem IV.5.1-5.3], we obtain for all m > 0, for all
constants k € R? and ¢ € R,

-~ ¥ H ¥ ,H
INVL N gmttty g+ doBngn ) T IZL T = Clamet, 4+ 30BN )

—F H —%.H
S 7 —«ll , T I ™ = kllmr (@, 1 +pBN I 1)

3
H" 201,

¥ .H
+ 127 —clli2u, 40BN 1)

Choosing ¢ := f( I, L+pBNL, L Ef’H and using a local pressure estimate for the
steady Stokes equatibn, e.g. [1!9, Lemma 3.3], we find

¥ ,H —%,H
IZ27" —cllzqt, p+oB0in) S WVVL 2ty L4080 1)

so that the above reduces to

-~ ¥ H ¥ .,H
INYL Mm@+ 3oy TIZELT = clamerqa, 4+ LoB)gn2)

—F H — 5. H
S . —«ll , T Iy ™ = klar (@, 0B\ )-

3
H" 201, 1
- H . .
As 1//f’ is affine in [, 1., we have

—% H —%.H —¥%,H
Iy ", —«ll y S = wllgmeza, =1V —cllaia, -

3
H" 201,

and the above then becomes

-~ ¥ .H ¥,H
INUL M m+r (a4 domg, ) T IZEL = Clamera, + 10BN 1)

— % H
S —«llara, +o8)-
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Further choosing « := fln L +pB JL(F H and applying Poincaré’s inequality, we deduce

— ¥ H ¥ ,H

VYL N m+r ity + S omga ) T IZEL = Clam+rqa,  + 108010 1)
¥ ,H

SIVYL T 2w, 408y

In particular, combined with (3.16), this yields the conclusion as in Step 2. ]

3.4 Cluster formulas

This section is devoted to the proof of Theorem 3.1. We start by establishing the
validity of the expansion (3.5) with coefficients given by formula (3.8) and with the
explicit remainder (3.9). The proof is similar to its counterpart for the conductivity
problem in our previous work [15].

Lemma 3.6 (Finite-volume cluster expansion). Under Assumptions (H,) and (H3"),
finite-volume approximations of the effective viscosity can be expanded for all L

andk > 1as
k

_ 1 —;
By =1d+) —B] + R[*, (3.18)

j=17

where the coefficients {1_3;;} ;i and the remainder RI’iH are given by formulas (3.8)
and (3.9), respectively.

Proof. Given E € M§™ with |E| = 1, we recall that we drop the corresponding
subscripts in the notation. We split the proof into three steps.

Step 1. General strategy. The starting point is formula (3.2) for the finite-volume
approximation of the effective viscosity,

E:BLE =1 +IE[][Q ;D(m)}z].

The energy identity for the corrector equation (3.3) takes the form
2
2 / RIS / E(x —xnL)- 0LV, (3.19)
or n YOl L

and thus, further decomposing o7, = Ulin} + (o1 — Uin}), we obtain

E[z/QL |D(¢L)|2} = ;E[/BIM E(x—xn,L)-U,E"}v}
+ ZE[/BI ) E(x—x,,1) (oL —ain})v:|.
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In addition, we shall prove below that for all k > 1,

3 ZE[ /a WP 4 B =) (o —of)v]

#F =k neF
= Yy Z]E[/ 5F\{"}1//,‘?~0Lv] (3.20)
$F=k+1neF Mn.L

We note that (3.19) already proves the claim (3.18) for k = 0. Next, we proceed by
induction: if (3.18) holds for some k > 0, formulas (3.8) and (3.9) for R¥ ™1, Bk +1
allow us to decompose

E:RH'E=_—— _E:BIE
L (k 4 1)| L
1 _
+5L 4N ZE[/ (SF\{"}(wf+E(x—xn,L))'(0L—Uf)V]-
$F=k+1neF 0ln.L

Inserting identity (3.20), noting that for f F = k + 2 there holds
sy P = 6PN (Y 4+ E(x —xa1)),
and recognizing formula (3.9) for Rlli“, we deduce

k+1 — 1 ]_sk-f-l
L k+ 1) L

hence the claim (3.18) follows with k replaced by k + 1. It remains to prove (3.20),
which we do in the next two steps.

k+2
+ REF2,

Step 2. Proof that forall fF =k >1and G C F,

Z /3[ (wLG—'_E(x_xn,L))'(UL—Of)U

=y / WL —vQ)-owv. 3.21)

n¢F Mn.L

On the one hand, testing equation (3.14) for 1//1? with the difference {7, — wlf , and
using the boundary conditions for vz , Wf , 1//LG on d/, 1 withn € G C F, we find

/QL VL —vf): Vg = —Z/BIH’LWL—wf)-oEv —0. (2

neG

On the other hand, equations (3.14) for ¥z and 1//5 entail
- AL — wf) + V(EL]IQL\IL - EILV]lQL\If)
== b1, ,0Lv— Y oz, (oL —0f v,

n¢F neF
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and thus, testing with wf and using the boundary conditions for vz, 1//,5: , WLG on
0l, 1 withn e G C F,

/Q VYO V(L — v F)

:_Z/a ‘”E'“L”_Z/a ¥g (o —of

ngF 0n.L neF Y.L
G G F
—-Y [ o= > [ S -ofy
ngF 7/ n.L neF\G "’ n.L
Yy / E(x = xn,1) - (01 —0f ).
neG .1

Combined with (3.22), this entails

3 /a ¥8 (o1 —oF

neF\G " n.L

=Y [ Ee-mn-Gi-ofw-3 [ wf o
aIn.L n¢F d

neG In.L

or alternatively,

Z /8[ L(wLG'i'E(X—xn,L))'(GL—Uf)v

neF\G
= Z/ E(x—xn,L)-(aL—af)v— Z wLGerv. (3.23)
nefF 7/ n.L n¢F oy, 1

For G = F, the left-hand side vanishes, hence
> [ Ee-moe-ofw=Y [ vl
neF aIn,L an BInVL

which allows us to reformulate (3.23) into (3.21).

Step 4. Proof of (3.20). Denote by Ty ;, the left-hand side of (3.20). By the defini-
tion (1.10) of the difference operator, we have

Ti== Y5 3 0POE [ f B =)o -af

#F=kneF GCF\{n}

or alternatively, after changing summation variables,

Tew=— Y Y. (—1)'F\G'E[

tF=k GCF

Z /a (Vg + E(x—xn,1)) (oL —0f v |.

neF\G In.L -
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We now appeal to (3.21), to the effect of

Ti=-3 Y 1)'“‘”&2[2/ f =) oun |

§F=k GCF n¢F

Using that ) ;- p (=)IF\Gl = 0 for F # & and recalling the definition (1.10) of the
difference operator, this implies

Te= ) Z(—l)lF\GE[Z/ WE'O’LV}
n¢F Mn, L

#F=k GCF

ze(x ), i)
ﬁF k n,L

n¢F
and the claim (3.20) follows after changing summation variables. |

In the above result, we have naturally come up with the definition (3.8) of cluster
coefficients {I_}]’; }j. We now further establish the alternative formulas (3.6) and (3.7).
Note that (3.6) coincides with the periodized version of the expected cluster for-
mula (1.21).

Lemma 3.7 (Equivalent cluster formulas). Under Assumptions (H,) and (H;‘,“i"), for

all L and j > 1, the finite-volume cluster coefficient ]_32 defined by formula (3.8) is
equivalently given by (3.6) and (3.7).

Proof. We split the proof into two steps.

Step 1. Equivalence of (3.7) and (3.8). It suffices to prove that for all finite ' C N,

Z/ sF\m (VP + E(x—xn,1)) - of v

neF Y In.L
= Z/ E(x —x,1) - 87\ gty (3.24)
ol
neF n.L

Decomposing SF\{”}WLQ = SF\{”}wén} — SFng for n € F and using the boundary
conditions, we find

Z/ SF\{”}lﬁ —|—E(x—x,,)) oLv— Z/ §Fy L ofv
InL

neF nef Jn.L

Testing equation (3.14) for 1//{ with 8% ng, this becomes

Z/IHLSF\{”}W + E(x — xp)) - O'LV—/ vsEy? . vyfk.

neF oL
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Now testing equation (3.15) for § 1//5’ with wf , and using the boundary conditions,
we deduce

Z/ PN (Y2 4 E(x—xy)) -0f v ==Y yF . sF\mgin,

nefF n.L nefF 0In.L
=2 / E(x = xn.) - 87\ o["y
ner

that is, (3.24).
Step 2. Equivalence of (3.6) and (3.7). It suffices to prove for all finite F C N,
|
][ s¥ D ?)|* = 5L a3 / E(x —xpp)-8F\0alty  (325)
oL neF 7 0In.L
Recalling the definition (1.10) of the difference operator, we can write
2
F 8" DPE = 3 0P f )P,
or GCF oL
which entails, in view of the energy identity for WLG , cf. (3.19),
][ s¥IDwP)|* = —L DI G Vi / E(x —xp1)-0lv.
oL GCF neG n.L

After changing summation variables and using again the definition (1.10) of the dif-
ference operator, this yields the claim (3.25). ]

To conclude the proof of Theorem 3.1, it remains to establish the control (3.10) of
the remainder, which is inspired by a recent work of Gérard-Varet [26] and which we
prove in the slightly refined form of (3.26) below. This extends the argument of [26]
toall k > 2.

Lemma 3.8 (Control of the remainder). Under Assumptions (H,) and (H3""), for
all L and j > 1, the remainder term defined in (3.9) can be estimated by

|Rk+1|<]E|: dz/

> o6 vP| |

nL ﬁF k
n¢F
k
3 E[L‘dZ/ ( 3 D(aFwL@)) :( 3 peten )} . (326)
T k!

where in view of (1.10) we have defined, with a slight abuse of notation,

§FGI = 3 (cp)F\GIg o,
n
GCF
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where for all H C N and n € H we denote by {/;fL the solution of the following
Neumann boundary value problem in the inclusion I |, (unique up to a rigid motion),

~AYH, £ VEH, =0, inl,L,
div (y;1,) =0, inlyp. (3.27)
a(@fL,flf,L)v =oHfv, ondl, .

In particular, this yields the bound (3.10).

Proof. We split the proof into two steps, first showing that (3.27) is well posed, and
then proving the bound (3.26).

Step 1. Proof that the Neumann problem (3.27) is well posed for all H C N and
n € H, and that the solution satisfies

/ D) < / D) + E. (3.28)
Iy, L I, 1 +pB

In addition, the proof yields similarly
~ 2
L1 ¥ et < [
In,1

§F=j—1 In.L+pB ‘ BF=j—1
n¢F n¢F
This last estimate entails that the bound (3.10) follows from (3.26).
We turn to the proof of (3.28). The weak formulation of equation (3.27) reads for
all p € H' (I, 1) with div(¢) = 0,

2

D(sF (i + Ex)))

N(GH Y\ _H
2/1,,,L D(¢) : D(¥, ) = /BIH,L ¢-o7 V. (3.29)

Let us analyze the linear functional defining the right-hand side. Using the incom-
pressibility of ¢ in form of [ L ¢ -v = 0, we can add any multiple of the identity

matrix to UIfI . Further noting that the boundary conditions for wf’ on 0/, 1 with
n € H allow to subtract a rigid motion from the test function ¢, we are led to

‘ / ¢ - ULHv
aIn.L

1

2
inf — ® — Xy 2
= (KERd,lgeMskew /Bln,L |¢ (K +O(x —x ,L))\ )

1

2

x(inf/ |a,{’—c1d|2) .
ceR oL, 1.

Appealing to the trace estimates of Lemma 3.5, this becomes

oft % o)
‘/aIn.LqS oLy (/In,L |D(¢)| ) (/In.L+pB |D(WL . Ei ) ‘ G-30)
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This proves that the right-hand side in the weak formulation (3.29) is a continuous
linear functional with respect to D(¢) € L2(1,,1)?*¢. The Lax-Milgram theorem
then ensures that equation (3.27) is well posed in the sense that it admits a unique
solution D(W 1) € L2(1,.2)%*%, and the a priori bound (3.28) follows.

Step 2. Proof of (3.26). Inserting the energy identity (3.19) and the formula (3.7)
for the coefficients, the cluster expansion (3.5) yields the following formula for the
remainder,

k
E:RME=E: BLE—I—Z —E: B E

=/

_ _g7—d

_LE[Z/InL

— —L4 E(x —x,1 §F\n} A, ,
z S [ B 87

#F=jneF

E(x—xu,1) 'ULU]

or equivalently, changing summation variables,

E:RE
1
= EL_dIE|:Z/ E(X —Xn.p) - (UL_Z > sfo {”}) } (3.31)
n L =14F=j—1
n¢F
Consider the cluster expansion error
k
=y -y Y sFyp, (3.32)
J=14F=j
k
mk . _ F
BL = Silgng, — ) ), 87 (5P 1g,\s2).
J=1§F=j

and note that in view of (3.15) it satisfies the following equation in Q7 ,

—~AVE L vEr = Zaa,n . <0L - Z > 5F0£"})v. (3.33)
j=14F=j-1
i n¢{‘7

Testing this equation with 17, and using the boundary conditions, the identity (3.31)
for the remainder becomes

E:RMIE = E[][Q D(Y7) : D(\p’g)].
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Adding and subtracting Zj-czl D ohF— SFWLQ to ¥, we deduce by (3.32),

k
|E:R§+1E|§E[][Q (D(\p’g)}Z]JrZ E[][Q D(¥F): Y D(awa)]‘.

J=1 fF=j

The conclusion (3.26) then follows from the estimate

2
/ Pl Z / > D"y (3.34)
nL BF = =j—1
n¢F
and from the identity forall 1 < j <k
| pwh: ¥ perup)
QL ﬂF ]
—Z / Z D(SFW?)) (> D(aFw{”} ) (3.35)
Int yr=j- 4F=)-
n¢F n¢F

which we prove in the next two substeps, respectively.

Substep 2.1. Proof of (3.34). In view of (3.33), the cluster expansion error \Ilf satis-
fies
—AVF 4 vEk =0, div(¥¥)=0, inQp\ 1L,

which entails

/QL ID)|” = Z/IL ID(¥)| +/QL\IL ID(¥)|
1
=Y [ pabP-3> [ ekowh g

Hence, using the boundary conditions and the incompressibility constraint to smuggle
in arbitrary constants in the different factors, as in the proof of (3.30), and appealing
to the trace estimates of Lemma 2.5, we find

Jo, PObFST ] b ([ 1owbP) (], pebf)

n,L

from which we deduce by Young’s inequality,’

/Q IDWH|* < Z/I ID(WH)[. (3.36)
L n n.L

3 As argued in [26], this estimate (3.36) can alternatively be deduced from minimizing prop-
erties of Stokes equations for ‘I’E in Qr \ I with prescribed symmetric gradient in I7. We
rather give a PDE argument that is more in line with the other arguments of this memoir.
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Next, the definition of \Ilf and the rigidity constraint for ¥z, in I, 1, yield

k
D(Vf)=—-E—-Y > D@ yp) inl,L. (3.37)

J=1§F=j

Distinguishing between the cases n € F and n ¢ F, and noting that for n € F we can
decompose
8FWLQ — 8F\{n}w£n} _ SF\{n}wg,

we find
Y D@y =Y DTy + Y. D@y - > DEyp).
§F=j $F=j fF=j—1 $F=j—1

n¢F n¢F n¢F
and thus, in view of the rigidity constraint for § wén} inl, ,

> D@ yP)=-Elji=1+ Y D@y — D DEFyP) inl,r.
BF=j HF=j BF=j—1

n¢F n¢F

Inserting this into (3.37) and recognizing a telescoping sum, we deduce for all n,

DY) =— > D@ yP) inlyr. (3.38)
fF=j—1
n¢F
Combined with (3.36), this yields the claim (3.34).

Substep 2.2. Proof of (3.35). Testing equation (3.15) for SFwLQ with \I’I’f, and chang-
ing summation variables, we find

2/QL DS : Y D@y =- )" Z/ wh . g\ ginh,

$F=j 4F=jneF ’ 0In.L

=— §F oy,
-2/, L

ﬂF =j—1
n¢F

In view of equation (3.29) for D(§F w{n}) this can be rewritten as

/Q D(¥h): 3 p6Fuf =-Y [ ph: ¥ pe o).

HF=j n JnL HF=j—1
n¢F

Combined with (3.38), this yields the claim (3.35). ]
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3.5 Uniform £! — £2 energy estimates

In order to prove uniform cluster estimates, cf. Theorem 3.2 (i), our main analytical
achievement is the following hierarchy of interpolating £! — ¢? energy estimates for
corrector differences, inspired by our previous work [15] on the conductivity problem
(which also considers the case of “overlapping particles”; see [20,30] for refinements
in that direction). More precisely, we consider the following quantities, forall H C N,
all L,and k, j > 0,

2
stk =Y £ | ¥ perouhf,
#G=k" 2L 4F=j
FNG=g
2
ik j):=174 Y Z/ ‘ Y DpEFUsy |
#G=k n¢GUH * In.LTPB F=j

FN(GU{n)=2

and we prove the following result. The novelty with respect to [15] is that we further
identify here the optimal dependence on the minimal distance

t=4P) 21,

which appears to be surprisingly challenging and relies on a fine use of elliptic regu-
larity via a duality argument.

Theorem 3.9 (Uniform ¢! — ¢2 energy estimates). Under Assumptions (H,) and
(H;')‘]i"), we have forall H C N, all L, and k, j > 0,
_d . s
Pz o rke=s=0
(Ceay®HN=Tifk j =0, k+j =1,
_2d . s
E <l o pk=g=0
(CL=4)2k+D+1 ik j >0, k+j > 1.

The proof is split into two parts in the following two subsections: to simplify the
presentation, we first give a short proof in the spirit of [15] without keeping track of
the £-dependence, and then we establish the estimates in their stated optimal form.

3.5.1 Proof of Theorem 3.9 without £-dependence
This section is devoted to the proof that forall H C N, all L,and k, j > 0,
SH(k, j) + T (k, j) < C*F, (3.39)

For notational convenience, we set S LH (k,j) = TLH (k,j)=0for j <Oork <0.
We split the proof into three steps.
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Step 1. Reduction to Sf: forall H C N and L, k, j,
T (k. ) < Sk ) + S (k. j = 1), (340)

which entails in particular that it suffices to prove the bound (3.39) for S [I .
First note that for all maps f and all n ¢ G we have

Y fFuG = > fFUG+ Y f(FuGUn).
$F=j §F=j #F=j—1
FNG=g FN(GU{nhH)=2 FN(GU{n)=2

(3.41)
Using this identity to decompose TLH (j, k) and changing summation variables, we
find

> pEreyf|

st Y Y |

#G=k n¢GUH nL“B ﬁF J

Y x|

#G=k+1neG\H L+PB ﬂF =j—1
FNG=o

> peEroyf|

and thus, using the disjointness of the fattened inclusions {/, 1 + pB}, and recog-
nizing the definition of S H the claim (3.40) follows.

Step 2. Energy estimate for correctors: for all H C N,
SH©,0)<1. (3.42)

As in (3.19), the energy identity for the corrector equation (3.14) for Wf takes the

form
/ DIZAEEDS / E(x =xn1)-0f v (3.43)

neH

Using the incompressibility constraint tr(£) = 0 to add an arbitrary constant to the
pressure in (ILH , as in the proof of (3.30), and then appealing to the trace estimates of
Lemma 2.5 (ii), we obtain

H\ |2 H 2 %
/QL ’D(WL )| & Z (/In,L+pB ‘D(WL )+ E| ) .

neH

Since the fattened inclusions {/,,; + pB}, are disjoint, the Cauchy—Schwarz in-
equality then yields, recalling the choice of the periodization (3.1),

/Q D <tine H:xy e 01} (3.44)
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As the right-hand side is bounded by C L4, the claim (3.42) follows. For future refer-
ence, we also note that this bound entails, when taking the expectation,

5| Ipwl | 2 (345
oL

Step 3. Key recurrence relation: forall H C N and k, j > 0,

SE (k. j) S Tkrjer + S+ 1) =D+ Sk j = 1)
+ Sk =1 )+ Sk j =D+ S{T(k—1,j—1),  (3.46)
which then leads to the conclusion (3.39) by a direct double induction argument.

Let a finite subset G C N be momentarily fixed. In view of (3.15), the following
equation holds in Qr, forany F C N with FN G = &,

—A8FOy 4 VPV (S 1y, \ i) = = D 81, 87V
neH

— 3 by, SFMDUG G HUI,
neF\H

neG\H

Hence, after summing over F and changing summation variables,

—A( Z SFUGw{I)_‘_V( Z SFUG(EEHQL\ILH))

fF=j BF=j
FNG=2 FNG=@
H
=—Z5aln.L( Z 8FUGO_lI:1v)_ Z 531“( Z SFUGUL U{n}v)
neH HF =] n¢GUH HF=j—1
FNG=g FN(GU{n})=o2
S (3 srueumglny)
neG\H BF=j
FNG=g

Testing this equation with the solution ) yr_ ;. rrg=gp §FYGyH jtself, we obtain
the energy identity

)
oL

> DY = ALG. )+ ALG. )+ ALG. ). (34D

BF=j
FNG=2
in terms of
Ai(G,j):z—Z/ ( 3 5FUG¢{1).( 3 5FUGoLHu), (3.48)
neq VML " yp—; 4F=j

FNG=o FNG=g
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26 )=— Y /3 3 SFUG¢I{1>,( 3 SFUGGfU{n}v)

n¢GUH In,L HF=j BF=j—1
FNG=2 FN(GU{n}))=2
ARG )=~ ) / 3 5FUG¢5>.( Yo sFUGG L)
neG\H ' 0In.L ~ yp_; oy
FNG=2 FNG=g2

We analyze these three contributions separately and we start with the first one. In
view of the boundary conditions for §¥ UthLH on d/, 1 withn € H, we can rewrite

AL(G, ])_Z/ D A | E(x—an)) ( Y §FVGof )

neH HF=j BF=j
FNG=2 FNG=g
=16=g,j= OZ/ E(x—xn,L)-va.
neH ’n.L
Summing over G C N with §G = k, and using the energy identity (3.43), we deduce
L™ Y AL(G.j) = Li=j=0 5[ (0.0). (3.49)
HG=k

We turn to the second term AIZJ in (3.47). Using the boundary conditions and the
incompressibility constraints to smuggle in arbitrary constants in the different factors,
as in the proof of (3.30), and then appealing to the trace estimates of Lemma 3.5, we
find

426G )< Y (/, > 1)(5“%{’))2)é

n¢GUH HF=j
FNG=g
1
2\ 2
x(/ ‘ > D(3FUG(wa{”}+Ex))() . (3.50)
1, 1.+pB $F=j—1

FN(GU{n})=2

Decomposing the second factor via the following identity, for alln ¢ F UG U H
and FNG =g,

8FUG(wLHU{n} + Ex)=1lgop_gEx + SFUG%{J + SFUGU{n}wl{LI’

summing over G C N with §G = k, using the Cauchy—Schwarz inequality, and using
the disjointness of the fattened inclusions {/, 1, + pB},, we get

L™ )" 471G, )]
HG=k

< (SH k. ) (Lgmojmr + THGj— D) + SHK + 1.5 —1)2. (351
S Wk, k=0,j=1 Lk, )+ S (k+1,) )) (3.51)
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We turn to the third contribution Az in (347). Forne G\ H and FNG = &,
decomposing

SFUGl//lI:I — SFU(G\{n})l/IlI:IU{n} —SFU(G\{H})W{I,

and using the boundary conditions, we can rewrite

A6 ) = liomjmo Y [ EG =)ol
neG\H .

+ Z /31 ( Z 5Fu(G\{n})¢i‘1)_( Z 5FU(G\{n})OI{-IU{n}U).
n,L

FNG=2 FNG=g

Using the boundary conditions and the incompressibility constraints to smuggle in
arbitrary constants in the different factors, as in the proof of (3.30), and then appealing
to the trace estimates of Lemma 3.5, we find

1

2

43(G. )| = Tugorjmo 3 ( / |D(w£’“{”})+E|2)
I)1,L+pB

neG\H
1
2\ 2
e 3 (] X paremy)
neG\H “/InL ' yp—;
FNG=2

|
2\ 2
D(SFU(G\{n})(I//ZJU{n} + Ex))‘ ) . (3.52)

(ol

Decomposing the first right-hand side term and the last factor of the second term via
the following identities, foralln € G\ H and F N G = @,

HF=j
FNG=g

v =yl syl
SFU(G\{’!})(WLI:IU{”} + E)C) — ]lﬁG=1,ﬁF=OEx + SFU(G\{n})wLI:I
+ UG D gindy (3.53)

summing over G C N with §G = k, and using the Cauchy—Schwarz inequality and
the disjointness of the fattened inclusions {/,, 1, + pB},, this becomes

L™ Y~ 416, ))]

tG=k
1
< Lg=1,=0(1 + SF(0,0) + S (1,0))>

H NS H - Hi \\3
+ (T, (k—1,/))? (Lk=1,j=0 + T (k = 1, j) + S;7 (k. j))%.  (3.54)
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Inserting this into (3.47), together with (3.49) and (3.51), we obtain

1
SH(k, j) < Lgo,j0 SE(0,0) + Ly, j=o(1 + SF(0,0) + SF (1,0))2
1
+ (SH Kk, )2 (Mgmo jmr + TH e, j =)+ SHK + 1,7 — 1))
1 1
(T =1, )2 (Lkmy jmo + TH k= 1, ) + SH (K, )2

D=~

Using Young’s inequality to absorb the occurrences of S 5 (k, j) in the right-hand
side into the left-hand side, we are led to

1
SH (k. j) < Lkeo,j=0 SF(0,0) + Lo j=1 + Lk=1,j=0(1 + SF(0,0))>
+SHk+1Lj-D+T ke j -+ Tk =1,)),.

and the claim (3.46) now follows in combination with (3.40) and (3.42). ]

3.5.2 Proof of Theorem 3.9 with optimal £-dependence

It remains to refine the proof of the previous section to capture the optimal depen-
dence on the minimal distance

(=) 2 1.

The proof involves a new intricate induction argument that combines both S LH and
TLH , and the optimal scaling is then captured by a suitable application of elliptic
regularity via a duality argument. By the result of the previous section, we may
assume £ > 1, in which case the uniform separation assumption in (H;““\) holds in
the stronger form of

| 1 1
E nlsrélii':n dlSt(In,La [m,L) Z EE - 1 Z ZK 2 107 (355)
and the definition (3.1) of the periodization further ensures
1
infdist(/,,1,001) > £ —1> EZ > p.
n

We split the proof into four steps.

Step 1. Energy estimate for correctors: for all H C N,
sf.0 = |pwiHP e, (356)
oL

T70.0)=L7 ) / D <2, (3.57)
¢H Iy, 1. +pB
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By the £-separation property (3.55), the number of points of the process #r in Qp is
bounded by C(L/£)?, so that the first estimate (3.56) follows from (3.44). It remains
to prove (3.57). For that purpose, first note that for n ¢ H the {-separation prop-
erty (3.55) entails that the following free steady Stokes equations hold in 1, 7 +
HWBCOL\IE,

1
Ay vsH =0, diviyf)=0, inl, L+ 1B

Elliptic regularity in form of Lemma 2.6 then yields

[ pemPsed [ puih)
Iy, 1. +pB I, .+4{B

o

Summing this over n ¢ H and using the £-separation property (3.55) in form of the
disjointness of the fattened inclusions {/,, 1 + %KB},,, we deduce

D < ¢4 D(vH
n;[/,m; ol <o | It

and the claim (3.57) now follows from (3.56).

2
)

Step 2. Recurrence relation for § f :forall H C Nandk,j >0,

Sk, j) STpqjcrt™ + S+ 1.7 —1)
+THK, j) +TH Kk, j - 1)
+ TH k-1, j). (3.58)

This provides a refined version of the recurrence relation (3.46), which can indeed be
recovered by appealing to (3.40) to bound TLH in terms of S LH . The present refined
version will be combined with a recurrence relation for TLH in the next step.

Let G C N be momentarily fixed. As in the proof of (3.46), the starting point is
identity (3.47), that is,

)
or

where we recall that A}J, A]%, Az are defined in (3.48). We analyze these contribu-
tions separately. The first one satisfies (3.49), and thus, combined with the energy
estimate (3.56),

S DEFUCY = ALG. j) + 4G, ) + 4G ). (59

HF=j
FNG=g

L™ 3" AL(G.j) = Tk=j=o SF(0.0) S Ti=jmol ™. (3.60)
#G=k
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It remains to prove refined versions of (3.51) and (3.54) for AI% and Az, and we start
with the contribution of A%. The starting point is the trace estimate (3.50) used in the
proof of (3.51), that is,

26 Y (/1

n¢GUH

> pareout[ )’

BF=j

FNG=2

1

2\ 2

([ | x wereaeof),
Iy, 1. +pB $F=j—1

FNn(GU{n})=2

which we shall now analyze more carefully. Using identity (3.41) to decompose the
first factor, and decomposing the second factor via the following identity, for all n ¢
FUGUHad FNG = @,

8FUG(w£IU{n} + EX) — ]1G=F=®Ex +5FUG\)01{{ +8FUGU{n}waI’

we find
2
26 Hs Y (/ > Doyl
n¢GUH 7V In.L BF =/
FN(GU{n) =0
[
2\ 3
+‘ Z D(SFUGU{n}wlI:I)‘ )
§F=j—1

FN(GU{n})=2

<&
2
><]1=~=+/ D(SFYG y H
( §G=0,j=1 In.L+PB‘ > ( V)

BF=j—1
FN(GUin})=2

®
1
oy owremyf),

BF=j—1
FN(GUin})=2

&

Summing over G C N with §G = k, using Young’s inequality, using the separation
property in form of the disjointness of the fattened inclusions {/, ; + pB},, using
that the number of points of the process $7 in Qy is bounded by C(L/£)?, and
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reorganizing the terms, we conclude
L7 Y 426 )| S 6 oot + SE R+ 1./ — 1)
tG=k
+ Tk, ) + T (ke j = 1), (3.61)
where the last three right-hand side terms come from <, &, @, respectively.
We turn to the contribution of AZ. The starting point is the trace estimate (3.52)

used in the proof of (3.54). Further, using the decomposition (3.53), this estimate
becomes

42(G. )]

S Lyg=1,j=0 Z (1+/

neG\H In.L+p

+ Z (/1 ., Z D((S’FU(G\{n})wI{J)‘Z)z

neG\H BF=j
FNG=g

(] X versewmyn | perepnf)
n.Ltp

HF=j HF=j
FNG=g FNG=g

1

D) + DGyl >|2) i

(3.62)

Summing the first right-hand side term over G C N with G = 1, using the Cauchy—
Schwarz inequality, recalling that the number of points of the process &, in Qp is
bounded by C(L/£)?, and appealing to the energy estimate (3.57), we find

H\|2 S{n} H\ |2 %
E(H/IMW D) + DEmy )| )
<1%¢% (Ldz— +y DI / |D(8{"}w"’>|)

n¢H In.L+pB n¢H
<L ¢ e—ds,f’(l,()))f.
Now summing (3.62) over G C N with G = k, inserting the above estimate for the
first right-hand side term, and using the Cauchy—Schwarz inequality, we find
1
L™ Y AL(G. )] S Te=,j=o(¢> +€798{1(1,0))2
1G=k

F(TH (=1 D)2 (TH k1. j) + SH (k. )2
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Inserting this into (3.59), together with (3.60) and (3.61), we conclude

SH (k. j) S im0,y + Tamr,j=o (€24 + 074511 (1,0))2
+ S+ 1) =D+ T k) + Tk j = 1)
H V2 (T H - H )2
+ (T k=1, ) (T (k= 1, j) + S (k, ).
Using Young’s inequality to absorb the occurrence of S fl (k, j) in the right-hand side
into the left-hand side, the claim (3.58) follows.
Step 3. Recurrence relation for TLH :forall H C Nandk,j >0,
T{ (k. ) < Limjmol 29+ Ly jm 7
+ 2T K-, )+ THEGK - D)+ THK+1,j-2)
+ Sk ) +SHUk+1.j - D+ Sk +2.j-2). (3.63)
Letk, j > Obe fixed with k + j > 1 (the case k = j = 0 already follows from (3.57)).

For G C N and n ¢ G, the £-separation property (3.55) implies that the following free
steady Stokes equations hold in 7,,,7, + %ZB,

—a( Y ) ev( Y PO g, ) =0,

BF=j BFr=j
FN(GU{n})=2 FN(GU{n))=2

. . 1
av( 3 ST =0 il ot geB
{F=j
FN(GU{n})=2
so that elliptic regularity in form of Lemma 2.6 yields
2
THk s Y Y / 1 ‘ Y DEFYyH| L e
#G=k n¢GUH In.L+3tB HF =]
FN(GU{n)=2

In order to analyze the right-hand side, we shall appeal to elliptic regularity a sec-
ond time, now via a duality argument. For that purpose, we use the following dual

representation
X [T peref
4G=k n¢GUH * In.LtztB §F=j

FAGU) =0

—sup 1@ h?: 3 Y Janal = 1.
o,h

#tG=k n¢ GUH

1
/‘mmF=wamﬁcuL+#&VmG} (3.65)
or
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where for any o« = {ay,g}n,c CRand h = {h,,g}n,c C LZ(QL)fyi;d we have set for
abbreviation

Iah:=Y Y a,,,G/Q h,,,G:( Y DEFYoyH ) (3.66)

tG=k n¢GUH HF=j
FN(GU{n)=0
Let o = {on.gln,g CRand h = {hpGln,c C LZ(QL)fyﬁld be momentarily fixed,
satisfying the constraints in (3.65),

1
> Y lewcP =1 [ ol =1. supphug Chuit B VnG.
$G=k n¢ GUH QL
(3.67)

For n ¢ G U H, consider the periodic solution wy_, ¢ of the following auxiliary
steady Stokes problem,

—AWpp6 + VPhnc = div(ha,g), inQp \ I7,

div(wp,n,c) = 0, inQp\ IH,

D(wp,n,6) = 0, in I, (3.68)
falm,L o(Whn.G» Phnc)v =0, Vm e H,

faIm’L('D(x—xm,L) - 0(Whn.Gs Phng)v=0, VYOeM*v Vme H.

Note that this problem is well posed since %, g is supported in
1
Inp+ 0B C 0L\ 7.
The same argument as for (3.14) shows that wy, , ¢ satisfies in O,

—AWhn,G + V(Prnclg,\pi) = divhng) — > 8010 WhnG» Phn.G)Vs
meH

and, appealing to (3.15) and changing summation variables, we also find in Qg ,

a0 Y ) v Y PO g, )

Fm(Gu?ﬁ):@ Fﬂ(GU{sz})=®
=— Z 831m’L( Z (SFUGOZJV>
meH j

fF=j
FN(GU{n)=o

_ Z 831m.L( Z SFU(G\{m})OZIU{m}v)

meG\H HF =
FN(GU{n})=2

— Z 831m,L( Z 5FUG0LHU{'"}1)).

m¢GUHU{n} HF=j—1
FN(GU{n,m})=2
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Testing the second of these two equations with the solution of the first one, and vice
versa, and using the boundary conditions, we can reformulate /(c, &) in (3.66) as
follows, provided k + j > 1,

Hah ==Y Y 2ae [ Dwnne):( Y DEFOuM)

#G=k n¢GUH 0 HF—j
FNO(GUn)=2

= I(ct, h) + Lx(a, h), (3.69)

where we have set

I(a, )
H
=Y Yoo X [ wmaer( X a7
§G=k n¢GUH meG\H * Im.L BF=j
FN(GU{n)=2
I(a, h)
H
=Y Y we / wnno- (Y 8FUOGHL).
§G=k n¢GUH  m¢GUHU{n}” 0Im.L BF=j—1

FN(GU{n,m})=2

We only treat /1 («, k) in detail since the argument for /,(«, ) is similar. Appealing
to identity (3.41), we can rewrite

I (o, h)
H
= Z Z / < Z Oln’Gwh’n,(_;).( Z SFU(G\{m})OL U{m}v)
#G=k meG\H " Im.L " n¢Gun 4F
FNG=g
H

- Z Z On,G Z / wh,n,G-< Z FUG\mhUtn) | U{m}v)’

§G=k n¢GUH  meG\H " 0Im.L HF=j—1

FN(GU{n})=2
or equivalently, after further changing summation variables in the second term,

Ii(a,h) = Z Z /31 ( Z Otn,Gwh,n,G)

#G=k meG\H n¢GUH

: ( 3 5Fu<c\{m>>0LHu{m}v>

HF=j
FNG=g

- Z/a (X oncmwimeum)

#G=k+1meG\H ’ m.L " ,eG\(HU{m})

( 3 5FU(G\{m})0£fu{m}v).

4F=j-1
FNG=g
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Now using the boundary conditions and the incompressibility constraints to add arbi-
trary constants to the different factors, as in the proof of (3.30), and appealing to the
trace estimates of Lemma 3.5, we are led to

|Ii(. h)| S Tia(e b)) + Tnp(a, b)), (3.70)

where we have set

RICAOEE ( /I 1 > ozn,GD(wh,,,,G)(z)é

#G=k meG\H né¢GUH
1
([ ] v g,
I, +pB HF=j
FNG=o

1

Laah)y:= Y Y (/1 ‘ > an,G\{n}D(wh,n,G\{n})‘z)2

4G=k+1meG\H m.L " peG\(HU{m))

. (/ |
I, +pB

We start by estimating /; 1 (@, ). Decomposing the second factor via the following
identity, forallm e G\ Hand FN G = @,

1
D(§FUOMmD (y 1 4 E ) ]2) g

4F=j-1
FNG=2

5FU(G\{m})(W£1U{m} + Ex) = lygo14r—0Ex + 5FU(G\{m})wlI:I + 5FUGW£-I’

noting that the £-separation property (3.55) entails that Zn¢GU H On,GWh G satisfies
the free steady Stokes equations in I, 1, + %ZB for all m ¢ H, and appealing to
elliptic regularity in form of Lemma 2.6, we find

RICRORI D (e-d /I WB( > oen,GD(u»,,n,(;)12)é

tG=k meG\H néGUH
2
X(]lk=1,j=0+/ ‘ Z D(5FU(G\{m})K/fJfI)‘
Im,L+PB HF=j
FNG=2
2\ 2
+/ ( 3 D(SFUwa’)‘) . 3.71)
I 1 +pB HF=j
FNG=g

Next, the energy estimate for (3.68) yields

an,cD(Whn,G) ’ < on,Ghn,G
> >
or or

HG=k n¢GUH HG=k n¢GUH

2

’
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and thus, using the constraints (3.67) on «, &, and noting that the £-separation prop-
erty (3.55) entails that the /1, G s have disjoint supports for different n’s,

Z/ > Oln,GD(wh,n,G)’zs > |06n,G|2/ hnGI* = 1.
oL oL

tG=k n¢GUH #G=k n¢GUH

Inserting this into (3.71), using the Cauchy—Schwarz inequality, the {-separation
property (3.55) in form of the disjointness of the fattened inclusions {7, 1, + %EB}m,
using that the number of points of the process £y in Q is bounded by C(L /)¢,
and changing summation variables, we deduce

L™ 1 () S Mgmjmol 2+ NTH (K -1, ) + SH (K, j)).  (3.72)

We turn to a corresponding estimation for /; (e, #). For that purpose, we first note
that the disjointness of fattened inclusions {/,, 1, + %EB}m allows us to decompose

Z Z / Z an,G\{n}D(wh,n,G\{n})‘z

1
4G=k+1meG\H * Im.L+2tB " cG\(HU{m))

2
< > /Q ‘ > an,G\{n}D(wh,n,G\{n})‘
L

#tG=k+1 neG\H
2
+ Y ) lemovml? / ID(Whm,6\im))| -
$G=k+1meG\H oL
and the energy estimate for (3.68) then yields

> Z/ > “n,G\{n}D(wh,n,G\{n})‘z

1
8G—k+1meG\H * Im.L+2tB " G\ (HU{m))

s > /QL‘ Y nG\mhnG\im

#G=k+1 neG\H

+ Z Z IOlm,G\{m}lz/Q m, G\
L

#G=k+1meG\H

2

from which we deduce, using the constraints (3.67) on «, & and recalling that the
hyn,c’s have disjoint supports for different n’s,

Z Z/ Z an,G\{n}D(wh,n,G\{n})z

1
8G=k+1meG\H * Im.L+2tB " G\ (HU{m))

< Z Z |an,G\{n}|2: Z Z |an,G|2= L.

#G=k+1neG\H #G=k n¢GUH
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With this estimate at hand, we may now repeat the same argument as for (3.72) and
we obtain

L™ (e, h)? < ]1k=0,j=1€_2d
+NTHE K, j -1+ SEK+1,j-1). (3.73)
Likewise, the second term I, («, /) in (3.69) is easily estimated as follows,
L™ (o, h)? < Lgmojm 2 + 74T K j - D)+ Tk + 1./ —2)
+SHKk+1,j —1)+SHKk+2,j-2)). (3.74)

Combining these different estimates, that is, (3.70), (3.72), (3.73), and (3.74), insert-
ing them into (3.65), and recalling (3.64), the claim (3.63) follows.

Step 4. Conclusion. By a direct double induction argument, starting with (3.57), the
recurrence relation (3.63) entails, forall H C N and k, j > 0,

TH(k, j) S Tpmjmol 29 4 gy jur (CL79)2EFDT

k+j—1 2(I+1)
+ YD N S ki~ 1) —i). (3.75)
=0 i=0

Combined with the other recurrence relation (3.58), this yields

SHE Uk, j) S Tgmjmol ™ + Tgg s (CON2EFNTL L gHGe 11,5 — 1)

k+j—1 2042

+ Y (IO SHk+i—1.j—i)
=0 i=0
k+j—2 2143

+ Y (€PN SH i —1—1,j —i).
=0 i=0

For £ > 1, occurrences of S {I (k, j) in the right-hand side can be absorbed into the
left-hand side, and we are then left with

Sk, j) S Tkmjmol™ + Tiy jor (CEOPEFDT 4 g (ke 1,5 — 1)
k+j—1 21+2
+SHKk+2.j -2+ Y (CD?IDN SHG+i—1.j—i)

=1 i=0

k+j—2 2143
+ Y€ DN SH e +i—1—1.j —i).
=0 i=0

By a double induction argument, this relation leads to the conclusion

¢ ifk=j =0,

SHk.j) < ~
L (k. J) {(Ce—d)Z(k+J)—1 ifk,j >0, k+j>1
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Combining this with (3.75) further yields

, (24 ifk=j =0,
T (k. j) < _ St e .
(CL2k+DFL f ke j >0, k+ j > 1.

Recalling that the case £ ~~ 1 was already covered in (3.39), this finally concludes the
proof of Theorem 3.9. u

3.6 Uniform cluster estimates

This section is devoted to the proof of Theorem 3.2 (i), based on the interpolating
¢! — {2 energy estimates of Theorem 3.9. We focus on the bound (3.11) on the
remainder RI]fH, while the corresponding bounds on cluster coefficients follow along
the same lines. For k > 1, after changing summation variables, the definition (3.9) of
the remainder can be written as

E- Rk“E_ dZIE[/ ( 3 SFw,‘?)-oLv].
aIn.L ﬁF;{V_I

Using the boundary conditions and the incompressibility constraint to smuggle in
arbitrary constants in the different factors, as in the proof of (3.30), using the Cauchy—
Schwarz inequality, and then appealing to the trace estimates of Lemma 3.5, we find

|E : RETIE|

=

1

D(st/f?)\z]ZE[Z/I bt + E|2T
n n,LTpP

1, L BF = =j—1
n¢F
Recalling the disjointness of the fattened inclusions {/, 1 + pB},, recognizing the
definition of Sz and T2, and using that in case £ >> 1 the {-separation property (3.55)
entails that the number of points of the process $7, in Qy, is bounded by C(L /)4,
we are led to
|REF1 < E[TP(0,K)]? (e-d +E[S.(0, 0)])

and the conclusion (3.11) then follows from Theorem 3.9. ]

3.7 Convergence of finite-volume approximations

This section is devoted to the proof of the convergence result (3.13) in Theorem 3.2.
The idea is as follows: if {B }; could be viewed as derivatives of B; in some sense,
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then the convergence of B, as L 1 oo and the uniform bounds on derivatives {l_Si }i
would ensure the convergence of the latter. We split the proof into two steps, first
appealing to a probabilistic argument to view {1_3]{ }; as true derivatives, and then
concluding by means of standard real analysis.

Step 1. Dilution by random deletion. Taking inspiration from [53], given p € [0, 1],
we consider a sequence {b,(,p )}n of iid Bernoulli variables, independent of &, I, with
parameter

p =P =1],

and we define the corresponding decimated process

PP = nbpenw. 1P = | L. NP :={n:p =1} (376)
neN ()

Similarly, in the periodized setting (3.1), we set

PP = {xn Lhpenim, I = U In,L.
neNw@)

By definition, the decimated processes Pw@) 1) satisfy (H,) and (H;‘,‘“f) whenever
P, I do, and their periodized versions !PL(p )1 ip ) satisfy the same separation and
stabilization properties as &, Iy in Section 3.1. We use the notation B®), E(LP ),
{I_B(Lp )J s {R(Lp )k+1 }x for the effective viscosity, its periodized approximation, clus-
ter coefficients, and cluster remainders associated with decimated processes I »),
IEP). As a corollary of [18, Theorem 1], as in (3.4), we have for all p € [0, 1],

lim BY”) = B, (3.77)
Ltoo

In the next two substeps, we shall further prove for all k, j > 1,

B/ = p/B], (3.78)
R < (Ccpm (3.79)

Combined with the cluster expansion (3.5), this yields for all L and k > 1,

k .
=(p) 1,
BV —(Id+§ FBL)
j=1

< (Cpdyk+1, (3.80)

which entails that ]_3£ can be seen as the jth derivative of the map p I_il(f’ ) at
p = 0. (Note that this estimate further shows that this map is real-analytic; we shall
later come back to this observation as part of Theorem 5.4.)



Convergence of finite-volume approximations 77

Substep 1.1. Proof of (3.78). By definition of decimated processes, the cluster for-
mula (3.6) for B(Lp )7 can be written as

= j . 2
E:BPYE=j1y" E[]chN(m][ s (D) + E| )]
HF=j Or
As N P is independent of I and as
P[F c NP]=P[b{P =1, Vn e F| = p*F,
we get
E:BPYE=j1pl Y E[][ §F(Ipwp) + E|2)] = p’'E :BJE,
ﬂF=j QL
that is, (3.78).

Substep 1.2. Proof of (3.79). Let k > 1. By definition of decimated processes, the
remainder formula (3.9) for R(Lp )k+1

, Je+1 14
E:RP*E - 5L > ZE[ﬂchm /al SF\{”}wf'aép)v},
n.L

can be written as

#F=k+1neF
or equivalently, using the constraint F C N @ to replace ol(f’ ) = UI{V @ by aiv PUF ,
. pp)k+1
E:R; E
1 _ »
=5l DI IE|:]1FCN(/’) / §ENy P o UFV]
oln.L

tF=k+1neF

In this expression, the integral
»
[ sy
8In.L

does not depend on the value of {b,(,p )}ne r and is thus independent of

1 = ]—[ 1 ,
FCN® b =1
ner

hence we are led to

E:RPH*E

1
— Epk-l—lL—d Z Z ]E|:/al 8F\{n}wl? . U£V<p)UFVi|' (381)
n,L

#F=k+1neF
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It remains to estimate the right-hand side and deduce (3.79), which is easily done by
adapting the proof of Theorem 3.2 (i) in Section 3.6. For that purpose, we first note
that, for all F C N, using that ZH,CH(—1)|H/| = 0if H # @, we have

256 (p) _ Z Z(_1)|G\G’|Uiv(P)UG'

GCF GCF G'cG

=Y (X e

G'CF GCF\G’
()
— Uiv UF’

so that formula (3.81) can be decomposed as follows, after changing summation vari-
ables,

1
E:RP*1p _ 5pk+1L—ar Y % IE[/ §FyP . 560, }
§F=k n¢F GCFU{ny ©-70In.L

Using the following identity, for all maps f and alln ¢ F,

Yo fG) =) f(G)+ Y f(GUuin),

GCFU{n} GCF GCF
we deduce

E : R(P)sk+1E

_1 k+1L —d Z Z Z [/ LSFW (850 4 SGU{n}O.]EP))vi|’

HF =k GCF n¢F
or equivalently, further changing summation variables,
E:RP*E

Epk-l-lL—di 3 ZE[/%.L( 3 SFUGwLQ)

J=04G=j n¢G HF =k—j
FN(GU{n})=0

. (5%3’) n 8Gu{n}0£17))v:|.

Using the boundary conditions for

»)
SGJE’) + SGU{n}GIEp) — SGoiv P yin}

and using the incompressibility constraint to smuggle in arbitrary constants in the
different factors, as in the proof of (3.30), and then appealing to the trace estimates of
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Lemma 3.5, we find

|E : RP*E

Sp"“L“’i 2 ZE[/I1 > D(aFUwa’))T

J=04G=j n¢G BF =k—j
FN(GU{n})=2

1

2

X]E|:]].]=0+/ |D(8Gw£p))’2+’D(SGU{H}WIEP))|2] )
In,L+PB

Recalling the disjointness of fattened inclusions {/,,7, + pB},, recognizing the defi-
nition of IEp ) and TLz , and using that in case £ > 1 the £-separation property (3.55)
entails that the number of points of the process $7 in Q is bounded by C(L /)¢,
we deduce

|E: RPFHE
k
< S UE[TEG K — )] (1 2ot +E[SP (L0 +E[SP G +1,0)])%.
j=0

Now appealing to Theorem 3.9, the claim (3.79) follows.

Step 2. Conclusion. While the uniform estimates of Theorem 3.2 (i) ensure that the
sequence {l_Si }1>1 converges as L 1 oo up to extraction of a subsequence, we shall
use their interpretation as derivatives of the map p — I_S(Lp ) at p = 0, together with
some real analysis, to deduce the convergence of the full sequence. We argue by
induction: given k > 0, we assume that the limits B/ = limy 400 l_Si exist forall 1 <
Jj < k, and we shall then prove that the limit
B! — 1im EIZH
Ltoo

also exists. As I_SIZH is bounded uniformly in L by Theorem 3.2 (i), it has a limit C¥*1
as L 1 oo up to extraction of a subsequence. Passing to the limit along this sub-
sequence in (3.80), with k replaced by k£ + 1, and using (3.77) and the induction
assumptions, we get for all p,

(p) . P‘i—' Pk+1 ~k+1 k+2
BY — | Id —B/  + ——C < (C ,
+;j! TS = (Cp)

which proves that C*¥*1 satisfies

k .
cirt _ o kDU 20y P
C _}}i‘(} e B Id+Zj!B ,

j=1
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where in particular the limit exists. Since the right-hand side does not depend on
the choice of the extracted subsequence, we deduce that the limit C¥*! is uniquely
defined, hence the limit B¥t1! ;= Ck+1 = limz 400 ]—311i+1 actually exists. By induction,
this concludes the proof of the convergence result (3.13) in Theorem 3.2. u

3.8 Non-uniform cluster estimates

This section is devoted to the proof of Theorem 3.2 (ii). Taking inspiration from [12,
Section 5.A], we proceed by a direct analysis of Green’s representation formulas
for corrector differences. More precisely, we introduce operators {#7 .y }n,a that
describe the fluid velocity generated by localized force dipoles in the presence of a
finite number of rigid inclusions: these are viewed as Stokeslets for the problem with
rigid inclusions and lead to a useful decomposition of corrector differences, cf. (3.82)
below. The following lemma defines such operators and states their optimal decay
properties, which are shown to coincide with the decay for the explicit Stokeslet asso-
ciated with the problem in free space without rigid particles. This result is a particular
case of Lemma A.1, the proof of which is postponed to Appendix A.

Lemma 3.10 (Decay of Stokeslets with rigid inclusions). Let Assumptions (H,) and
(H;“if) hold, let H C N be finite and n ¢ H, and let ({, P) satisfy the following Stokes
problem in a neighborhood of 1, 1.,

—AL+ VP =0, in(Inp + pB)\ In.1,
div(¢) =0, in(In, +pB)\ In,L,
D(¢) =0, inly,,

faln!L G(§7 P)]) = 0,
Jor, , O = xn.1)-0((, P)v =0, VO € M,

Denote by §7. ¢ € leer(Q 1)? the solution of the following Stokes problem,

—AJP 5 s+ VA gt =81, , 0 Py, inQr\ If,

diV(ﬂZ;Hé') =0, in Or \ IH,
D(47.u%) =0, in TH,
Jor,, . 0 @8 Qg by =0, Vm € H,

falm,L O —xm,1)-0(d].5¢ QF . yOv =0, Vm e H, VO € M*¥,

Then, we have forall z € Qp,

([ pataol) s e ([ per)”
B(2) In.1+pB
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The above definition of operators {J Z; g Jn,H 1s motivated by the following obser-
vation: for all ', H C N with F finite and nonempty, equations (3.15) for corrector
differences entail, in these terms,

5 vl = 3 9T + Ex). (3.82)
neF\H

Iterating this identity allows us to write §F f’ as a combination of iterations of
&7.y’s, which are viewed as elementary single-particle contributions. With the above
result at hand, we may now conclude with the proof of Theorem 3.2 (ii).

Proof of Theorem 3.2 (i1). We focus on the bound (3.12) on the remainder Ri“,
while the corresponding bound on cluster coefficients follows along the same lines.
We split the proof into two steps.

Step 1. Estimation of corrector differences. For all finite F', H C N with F' nonempty,
and for all n € N, recalling the decomposition (3.82) for corrector differences, Lemma
3.10 yields

(/ ID(sF i”)!z)z
I, 1 +pB

_ —d F\{m}, HU{m} 2 3
SeH Z ((xn,L — Xm,L)L) (/Im,L+pB ID(8 Yy +Ex))’) .

meF\H

Iterating this bound, and recalling that the energy estimate (3.44) gives for all finite
G CN,

/ D) < 16.
oL

we deduce for all n, setting k := #{F > 1,

([ mrept s
n,LTP

+
<k Z ((xn,L_xnl,L)L)_d((xnl,L_xnz,L)L)_d"'((xnk_l,L_xnk,L)L)_d~
13 T nkGF
(3.83)

Step 2. Conclusion. The starting point is the estimate (3.10) in Theorem 3.1 for the
cluster remainder,

k
|E:R{VVE| S AR+ Ajk (3.84)
j=1
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in terms of

s=s[iy [ ZDWL)”

InL ﬁF

n¢F

Ajp =B L Z (/1 Z DG YL ‘ ) (3.85)

n,lI +pB

n¢F
We shall prove forall 1 < j <k,

DEF i + Ex))‘z)z}.
fF=j-1
n¢F

k

A} Sk Y diesr41(P)(log L) (3.86)
[=0
j—1

Ajie Sk Y Meri1(P)(log LY HF=I+L (3.87)
=0

Inserting this into (3.84), the conclusion (3.12) follows. We split the proof into two
further substeps, separately proving (3.86) and (3.87).

Substep 2.1. Proof of (3.86). Let k > 1. The deterministic bound (3.83) yields

> ( /1 IDET Y| + [DETy i )

#F=k
> DLl X La--o Xny L), (3.88)
Nyeesf
where we have set
k—1 4
Dr(yo.y1.---.y6) = [ [ {(vj = yi+1)L)
j=0

Inserting this in the definition (3.85) of A}, expanding the square, separating the
different intersection patterns, and reformulating in terms of multi-points densities,
cf. (1.15), we are led to

k
AZ <k ZL_d ‘/(QL)k'H-H Dp(x,x1,...,x)Dp (X, X1, ..o, Xk—1, Y1s--+» V1)
=0

X fe4t+1(X, X100 Xk Y1, Y dxdxy - -dxg dyy - dyy,
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hence, in terms of multi-point intensities, appealing to Lemma 1.1 (iii),

k

AS < A (J”)L‘d/ Dr(X, X1, ..., XK)

k ~k k+14+1 L s Al s Xk
,; (Qu)f !

X Dp(x, X1, Xp—1, Y1, -+, y1)dxdxy -+ -dxg dyy---dy;.

First evaluating integrals over xx—;+1,..., Xk, V1, - .-, V1, and noting that
—d
/ ((x—y)L) " dy <logL,
oL

we find

k

AR Sk ) Megr1(P)(log L) L4
1=0

D e Xk1)? s dXp—y.
< PP

Now evaluating the remaining integrals, noting that the square yields an integrable
decay, the claim (3.86) follows.

Substep 2.2. Proof of (3.87). Let k > j > 1. Inserting (3.88) into the definition (3.85)
of A; x, expanding the square, and separating the different intersection patterns, we
now find

-1
< —d .
A],k ~k IZL /(QL)k+l+1 DL(xsxl""ﬂxk)DL(-x7xl""’x]—l—l’yly"'syl)
=0

X frerr41(X, X1, .. X, Y1, oo Y dx dxy - dxg dyy -+ - dyy,

where for notational convenience we define Dy (x) := 1. This integral can be evalu-
ated exactly as in the proof of (3.86), and the claim (3.87) follows. ]






