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In this note we give a brief review on recent developments in the three-dimensional
minimal model program (MMP for short). Certainly, this is not a complete survey of all
advances in this area. For example, we do not discuss the minimal models of varieties of
nonnegative Kodaira dimension, as well as applications to birational geometry and moduli
spaces.

The aim of the MMP is to find a good representative in a fixed birational equivalence
class of algebraic varieties. Starting with an arbitrary smooth projective variety, one can
perform a finite number of certain elementary transformations, called divisorial contractions
and flips, and at the end obtain a variety which is simpler in some sense. Most parts of the
MMP are completed in arbitrary dimension. One of the basic remaining problems is the
following:

Describe all the intermediate steps and the outcome of the MMP.

The MMP makes sense only in dimensions > 2, and for surfaces it is classical and well
known. So the first nontrivial case is the three-dimensional one. It turns out that to proceed
with the MMP in dimension > 3, one has to work with varieties admitting certain types of
very mild, the so-called terminal, singularities. On the other hand, dimension 3 is the last
dimension where one can expect effective results: in higher dimensions, classification results
become very complicated and unreasonably long.

We will work over the field C of complex numbers throughout. A variety is either
an algebraic variety or a reduced complex space.

1. SINGULARITIES

Recall that a Weil divisor D on a normal variety is said to be Q-Cartier if its multi-
ple n D, for some n, is a Cartier divisor. For any morphism f : Y — X, the pull-back f*D
of a Q-Cartier divisor D is well defined as a divisor with rational coefficients (Q-divisor).
A variety X has Q-factorial singularities if any Weil divisor on X is Q-Cartier.

Definition 1.1. A normal algebraic variety (or an analytic space) X is said to have terminal
(resp. canonical, log terminal, log canonical) singularities if the canonical Weil divisor Kx
is Q-Cartier and, for any birational morphism f : ¥ — X, one can write

Ky = f*Kx + ) _a;iE;., (1.1.1)

where E; are all the exceptional divisors and a; > 0 (resp. a; > 0, a; > —1, a; > —1) for
all 7. The smallest positive m such that m Kx is Cartier is called the Gorenstein index of X .
Canonical singularities of index 1 are rational Gorenstein.

The class of terminal QQ-factorial singularities is the smallest class that is closed
under the MMP. Canonical singularities are important because they appear in the canoni-
cal models of varieties of general type. A crucial observation is that terminal singularities
lie in codimension > 3. In particular, terminal surface singularities are smooth and termi-
nal threefold singularities are isolated. Canonical singularities of surfaces are called Du Val
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or rational double points. Any two-dimensional log terminal singularity is a quotient of a
smooth surface germ by a finite group [32]. Terminal threefolds singularities were classified
by M. Reid [65] and S. Mori [43].

Example. Let X C C* be a hypersurface given by the equation
¢ (x1,x2,x3) + xa¥ (x1,....X4) =0,

where ¢ = 0 is an equation of a Du Val (ADE) singularity. Then the singularity of X at O is
canonical Gorenstein. It is terminal if and only if it is isolated. Singularities of this type are
called cDV.

According to [65], any three-dimensional terminal singularity of index m > 1 is a
quotient of an isolated cDV-singularity by the cyclic group u,, of order m. More precisely,
we have the following

Theorem 1.2 ([65]). Let (X > P) be an analytic germ of a three-dimensional terminal sin-
gularity of index m > 1. Then there exist an isolated cDV-singularity (X* 5 P*) and a cyclic
M, -cover

r:(X¥s PH — (X>P)

which is étale outside P.

The morphism 7 in the above theorem is called the index-one cover. A detailed
classification of all possibilities for the equations of X# C C* and the actions of ., was
obtained in [43] (see also [66]).

Example. Let the cyclic group u,, act on C” diagonally via

(X1, 0 xn) > (%1, ..., 0% X)), T=10, =expmi/m).

Then we say that (ay, ..., a,) is the collection of weights of the action. Assume that the
action is free in codimension 1. Then the quotient singularity C”/u,,, > 0 is said to be of
type %(al, ..., ap). According to the criterion (see [66, THEOREM 4.11]), this singularity is
terminal if and only if

n
Zk_a,->m fork=1,...,m—1,
i=1
where ~ is the smallest residue mod m. In the threefold case this criterion has a very simple
form: a quotient singularity C™ /., is terminal if and only if it is of type % (1,-1,a), where
ged(m,a) = 1. This is a cyclic quotient terminal singularity.

Example ([43,66]). Let the cyclic group p,, act on C* diagonally with weights (1,—1,a,0),
where gcd(m, a) = 1. Then for a polynomial ¢ (u, v), the singularity at O of the quotient

{x1x2 + ¢ x4) = 0}/

is terminal whenever it is isolated. The index of this singularity equals m.
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As a consequence of the classification, we obtain that the local fundamental group
of the (analytic) germ of a three-dimensional terminal singularity of index m is cyclic of
order m:

nl(X \ {P}) ~ 7./ mZ. 1.2.1)

In particular, for any Weil Q-Cartier divisor D on X, its mth multiple mD is Cartier
[32, LEMMA 5.1].

The class of canonical threefold singularities is much larger than the class of termi-
nal ones. However, there are certain boundedness results. For example, it is known that the
index of a strictly canonical isolated singularity is at most 6 [31].

The modern higher-dimensional MMP often works with pairs, and one needs to
extend Definition 1.1 to a wider class of objects.

Definition. Let X be a normal variety and let B be an effective Q-divisor on X. The pair
(X, B) is said to be plit (resp. lc) if Kx + B is Q-Cartier and, for any birational morphism
f Y — X, one can write

Ky + By = f*(Kx + B)+ Y _a; E;.

where By is the proper transform of B, E; are all the exceptional divisors and a; > —1 (resp.
a; > —1) for all i. The pair (X, B) is said to be kit if itis plt and | B| = 0.

2. MINIMAL MODEL PROGRAM

Basic elementary operations in the MMP are Mori contractions.

A contraction is a proper surjective morphism f : X — Z of normal varieties with
connected fibers. The exceptional locus of a contraction f is the subset Exc(f) C X of
points at which f is not an isomorphism. A Mori contraction is a contraction f : X — Z
such that the variety X has at worst terminal Q-factorial singularities, the anticanonical class
—Kx is f-ample, and the relative Picard number p(X/Z) equals 1. A Mori contraction is
said to be divisorial (resp. flipping) if it is birational and the locus Exc( f) has codimen-
sion 1 (resp. > 2). For a divisorial contraction, the exceptional locus Exc( f) is a prime
divisor. A Mori contraction whose target is a lower-dimensional variety is called a Mori
fiber space. Then the general fiber is a Fano variety with at worst terminal singularities. In
the particular cases where the relative dimension of X /Z equals 1 (resp. 2), the Mori fiber
space f : X — Z is called a Q-conic bundle (resp. Q-del Pezzo fibration). If Z is a point,
then X is a Fano variety with at worst terminal Q-factorial singularities and Pic(X) ~ Z.
For short, we call such varieties Q-Fano.

The MMP procedure is a sequence of elementary transformations which are con-
structed inductively [35,39]. Let X be a projective algebraic variety with terminal Q-factorial
singularities. If the canonical divisor Kx is not nef, then there exists a Mori contraction
f X — Z.1If f isdivisorial, then Z is again a variety with terminal QQ-factorial singular-
ities and, in this situation, we can proceed with the MMP replacing X with Z. In contrast,
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a flipping contraction takes us out the category of terminal Q-factorial varieties. To proceed,
one has to perform a surgery operation as follows:

where f * is a contraction whose exceptional locus has codimension > 2 and the divisor
Ky+ is Q-Cartier and f *-ample. Then the variety X+ again has terminal Q-factorial sin-
gularities, and we can proceed by replacing X with X .

The process described above should terminate, and at the end we obtain a variety
X such that either X has a Mori fiber space structure X — Z or K 5 is nef. One of the
remaining open problems is the termination of the program, to be more precise, termination
of a sequence of flips. The problem was solved affirmatively in dimension < 4 [35, 69], for
varieties of general type, for uniruled varieties [5], and in some other special cases. We refer
to [3] for more comprehensive survey of the higher-dimensional MMP.

The MMP has a huge number of applications in algebraic geometry. The most
impressive consequence of the MMP is the finite generation of the canonical ring

R(X.Kx) := P H°(X. Ox (mKx))
n>0
of a smooth projective variety X [5,15]. Another application of the MMP is the so-called
Sarkisov program which allows decomposing birational maps between Mori fiber spaces
into composition of elementary transformations, called Sarkisov links [9, 16, 68]. Also the
MMP can be applied to varieties with finite group actions and to varieties over nonclosed
fields (see [63]).

As was explained above, the Mori contractions are fundamental building blocks in
the MMP. To apply the MMP effectively, one needs to understand the structure of its steps in
details. For a Mori contraction f : X — Z of a three-dimensional variety X, there are only
the following possibilities:

e f is divisorial and the image of the (prime) exceptional divisor E := Exc(f) is
either a point or an irreducible curve,

e f is flipping and the exceptional locus Exc( f) is a union of a finite number of
irreducible curves,

e Z is asurface and f is a Q-conic bundle,
e Zisacurve and f is a Q-del Pezzo fibration,
e Z is a point and X is a Q-Fano threefold.

Mori contractions of smooth threefolds to varieties of positive dimension where classified
in the pioneering work of S. Mori [42]. S. Cutkosky [12] extended this classification to the
case of Gorenstein terminal varieties. Smooth Fano threefolds of Picard number 1 where
classified by Iskovskikh [22,23] (see also [25]). Fano threefolds with Gorenstein terminal sin-
gularities are degenerated smooth ones [57]. Below we are going to discuss Mori contractions
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of threefolds. We are interested only in the biregular structure of a contraction f : X — Z
near a fixed fiber £ ~!(0), 0 € Z. Typically, we do not consider the simple case where X is
Gorenstein.

3. GENERAL ELEPHANT

A natural way to study higher-dimensional varieties is the inductive one. Typically,
to apply this method, we need to find a certain subvariety of dimension one less (divisor)
which is sufficiently good is the sense of singularities.

Conjecture 3.1. Let f : X — (Z > 0) be a threefold Mori contraction, where (Z > 0) is a
small neighborhood. Then the general member D € |—Kx | is a normal surface with Du Val
singularities.

The conjecture was proposed by M. Reid who called a good member of |—Kx | “ele-
phant.” We follow this language and call Conjecture 3.1 the General Elephant Conjecture.
The importance of the existence of a good member in |— K | is motivated by many reasons:

* The general elephant passes through all the non-Gorenstein points of X and so it
encodes the information about their types and configuration (cf. Proposition 3.2
below).

* For flipping contractions, Conjecture 3.1 is a sufficient condition for the existence
of threefold flips [32].

* For a divisorial contraction f : X — Z whose fibers have dimension < 1, the
image Dz := f(D) of a Du Val elephant D € |—Kx | must be again Du Val and
the image " := f(FE) of the exceptional divisor is a curve on Dz. Then one can
reconstruct f starting from the triple (Z D Dz D I') by using a certain bira-
tional procedure. Such an approach was successfully worked out in many cases
by N. Tziolas [71-74].

o If f: X — (Z > 0) is aQ-del Pezzo fibration such that general D € |—Ky|is Du
Val, then, composing the projection D — Z with minimal resolution D — D, we
obtain a relatively minimal elliptic fibration whose singular fibers are classified
by Kodaira [36]. Then one can get a bound of multiplicities of fibers and describe
the configuration of non-Gorenstein singularities.

¢ For a Q-Fano threefold X, a Du Val general elephant is a (singular) K3 surface.
In the case where the linear system |—Kyx| is “sufficiently big,” this implies the
existence of a good Gorenstein model [1].

Shokurov [7e] generalized Conjecture 3.1 and introduced a new notion which is
very efficient in the study of pluri-anticanonical linear systems. Omitting technicalities, we
reproduce a weak form of Shokurov’s definition.
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Definition. An n-complement of the canonical class Ky is a member D € |-nKx| such
that the pair (X, %D) is Ic. An n-complement is said to be klt (resp. plt) if such is the pair
(X, D).

According to the inversion of adjunction [7e], the existence of a Du Val general ele-
phant D € |—Kx| is equivalent to the existence of a plt 1-complement. Shokurov developed
a powerful theory that works in arbitrary dimension and allows constructing complements
inductively (see [64,70] and references therein).

Note that Reid’s general elephant fails for Fano threefolds. For example, in [6,21] one
can find examples of Q-Fano threefolds with an empty anticanonical linear system. Because
of this, the statement of Conjecture 3.1 sometimes is called a “principle.” Nonetheless, there
are only a few examples of such Fano threefolds. In the case dim(Z) > 0, Conjecture 3.1
is expected to be true without exceptions. The following should be considered as the local
version of Conjecture 3.1.

Proposition 3.2 (Reid [66]). Let (X > P) be the analytic germ of a threefold terminal sin-
gularity of index m > 1. Then the general member D € |—Kx| is a Du Val singularity.
Furthermore, let w : X' — X be the index-one cover and let D' := w~'(D). Then the cover
D’ — D belongs to one of the following six types:

(X 5 P) D' =D (X 5 P) D' =D

cA/m At 2L A CAX/2 Aseet 25 Dis
CAX/4 Ass =15 Do D2 Disi —25 Dy
¢D/3 Dy 25 Eg cEN2 B -0 E,

4. DIVISORIAL CONTRACTIONS TO A POINT

In this section we treat divisorial Mori contractions of a divisor to a point. Such con-
tractions are studied very well due to works of Y. Kawamata [34], A. Corti [1e], M. Kawakita
[26-30], T. Hayakawa [18-26], and others. In this case, General Elephant Conjecture 3.1 has
been verified:

Theorem 4.1 (Kawakita [28,29]). Let f : X — (Z 3 0) be a divisorial Mori contraction
that contracts a divisor to a point. Then the general member D € |—Kx| is Du Val.

One of the main tools in the proofs is the orbifold Riemann—Roch formula [66]:
if X is a three-dimensional projective variety with terminal singularities and D is a Weil
Q-Cartier divisor on X, then for the sheaf . = Ox (D) there is a formula of the form

1 1
(L) = x(Ox) + ED (D —=Kx)-(2D — Kx) + ED ey + ;cP(D), 4.1.1)

where the sum rungs over all the virtual quotient singularities of X, i.e., over the actual
singularities of X that are replaced with their small deformations [66], and cp (D) is a local
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contribution due to singularity at P, depending only on the local analytic type of D at P.
There is an explicit formula for the computation of cp (D).

Except for a few hard cases, the classification of divisorial Mori contractions of a
divisor to a point has been completed. A typical result here is to show that a contraction is a
weighted blowup with some explicit collection of weights:

Theorem 4.2 (Y. Kawamata [34]). Let f : X — (Z > 0) be a divisorial Mori contraction
that contracts a divisor to a point. Assume that o € Z is a cyclic quotient singularity of type
1 . . . .

+(a,—a,1). Then f is the weighted blowup with weights (a/r,1 —a/r,1/r).

Theorem 4.3 (M. Kawakita [26]). Let f : X — (Z > 0) be a divisorial Mori contraction that
contracts a divisor to a smooth point. Then f is the weighted blowup with weights (1,a, b),
where ged(a, b) = 1.

These results are intensively used in the three-dimensional birational geometry, for
example, in the proof of birational rigidity of index-1 Fano threefold weighted hypersur-
faces [11].

5. DEL PEZZ0 FIBRATIONS

Much less is known about the local structure of Q-del Pezzo fibrations. As was
explained in Section 3, the existence of a Du Val general elephant would be very helpful in
the study such contractions. However, in this case Conjecture 3.1 is established only in some
special situations.

An important question that can be asked in the Del Pezzo fibration case is the pres-
ence of multiple fibers.

Theorem 5.1 ([49]). Let [ : X — Z be a Q-del Pezzo fibration and let f*(0) = m,F, be a
special fiber of multiplicity m,. Then m, < 6 and all the cases 1 <m, < 6 occur. Moreover,
the possibilities for the local behavior of F, near singular points are described.

The main idea of the proof is to apply the orbifold Riemann—Roch formula (4.1.1)
to the divisor F, and its multiples.

Example. Suppose that the cyclic group g4 acts on P} x P} x C, via
(x,y:t) — (y,—x, x/—_lt).
Then the quotient
X=P'xP'xC)/p,— Z=C/p,
is the germ of a Q-del Pezzo fibration with central fiber of multiplicity 4.

Another type of Q-del Pezzo fibrations which are investigated relatively well are
those whose central fiber F := f~!(0) is reduced, normal, and has “good” singularities.
Then X can be viewed as a one-parameter smoothing of F. The total space of this smoothing
must be Q-Gorenstein and F can be viewed as a degeneration of a general fiber (smooth del
Pezzo surface) in a Q-Gorenstein family. The most studied class of singularities admitting
Q-Gorenstein smoothings is the class of singularities of type T.
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Definition (Kolldr, Shepherd-Barron [48]). A two-dimensional quotient singularity is said
to be of type T if it admits a smoothing in a one-parameter Q-Gorenstein family X — B.

In this case, by the inversion of adjunction [7e], the pair (X, F') is plt and the total
family X is terminal. Conversely, if X > P is a Q-Gorenstein point and F is an effective
Cartier divisor at P such that the pair (X, F) is plt, then F 5> P is a T-singularity and the
point X > P is terminal. Singularities of type T and their deformations were studied by
Kollar and Shepherd-Barron [4e]. In particular, they proved that any T-singularity is either a
Du Val point or a cyclic quotient of type % (q1,q2) with

ged(m, q1) = ged(m,q2) =1, (q1 + ¢2)*> = 0 mod m.

Minimal resolutions of these singularities are also described [4e, § 3].

Thus to study Q-del Pezzo fibrations whose central fiber has only quotient singular-
ities, one has to consider (Q-Gorenstein smoothings of del Pezzo surfaces with singularities
of type T. The important auxiliary fact here is the unobstructedness of deformations:

Proposition 5.2 ([13,41]). Let F be a projective surface with log canonical singularities
such that — K f is big. Then there are no local-to-global obstructions to deformations of F.
In particular, if F has T-singularities, then F admits a Q-Gorenstein smoothing.

Theorem 5.3 (Hacking—Prokhorov [13]). Let F be a projective surface with quotient singu-
larities such that — K g is ample, p(F) = 1, and F admits a Q-Gorenstein smoothing. Then
F belongs to one of the following:

¢ 14 infinite sequences of toric surfaces (see below);
* partial smoothing of a toric surface as above;
* 18 sporadic families of surfaces of index < 2 [2].

Toric surfaces appearing in the above theorem are determined by a Markov-type
equation. More precisely, for K 12, > 5 these surfaces are weighted projective spaces given

by the following table:

K %- F Markov-type equation
9 P (a2, b2, c?) a? + b2 + ¢? = 3abc
8 P(a?,b%,2c?) a? 4+ b2 +2¢% = 4abc
6 P(a?,2b?,3c?) a® + 2b% + 3¢% = 6abc
5 P (a2, b2, 5c?) a? + b?% + 5¢2 = 5abc

and for K2 < 4 they are certain abelian quotients of the weighted projective spaces as above.
Note, however, that in general we cannot assert that, for central fiber F of a Q-del Pezzo
fibration, the condition p(F) = 1 holds. Some partial results in the case p(F) > 1 where
obtained in [6e]. In particular, [6e] establishes the existence of Du Val general elephant for
Q-del Pezzo fibrations with “good” fibers:
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Theorem 5.4. Let f : X — (Z 3 0) be a Q-del Pezzo fibration over a curve germ Z > o.
Assume that the fiber f~'(0) is reduced, normal, and has only log terminal singularities.
Then the general elephant D € |—Kx | is Du Val.

Theorem 5.3 gives a complete answer to the question posed by M. Manetti [41]:

Corollary 5.5 ([13]). Let X be a projective surface with quotient singularities which admits
a smoothing to P2. Then X is a Q-Gorenstein deformation of a weighted projective plane
P (a?, b?, c?), where the triple (a, b, c) is a solution of the Markov equation

a® + b% + ¢? = 3abc.

Results similar to Theorem 5.3 were obtained for Q-del Pezzo fibrations whose
central fiber is log canonical [62]. However, in this case the classification is not complete.

6. EXTREMAL CURVE GERMS
To study Mori contractions with fibers of dimension < 1, it is convenient to work
with analytic threefolds and to localize to situation near a curve contained in a fiber.

Definition 6.1. Let (X D C) be the analytic germ of a threefold with terminal singularities
along a reduced connected complete curve. Then (X D C) is called an extremal curve germ
if there exists a contraction

f:(XD>C)— (Z5>30)

such that C = f~1(0)rq and —Ky is f-ample. The curve C is called the central fiber of
the germ and Z > o is called the farget variety or the base of (X D C). An extremal curve
germ is said to be irreducible if such is its central fiber.

In the definition above, we do not assume that X is Q-factorial or p(X/Z) = 1.
This is because Q-factoriality typically is not a local condition in the analytic category (see
[32, § 1]1). There are three types of extremal curve germs:

e flipping if f is birational and does not contract divisors;
e divisorial if the exceptional locus is two-dimensional;
e Q-conic bundle germ if the target variety Z is a surface.

If a divisorial curve germ is irreducible, then the exceptional locus of the corresponding
contraction is a Q-Cartier divisor and the target variety Z has terminal singularities [51, §3].
In general, this is not true. It may happen that the exceptional locus is a union of a divisor
and some curves.

As an example, we consider the case where X has singularities of indices 1 and 2.

Theorem 6.2 ([47]). Let (X D C) be a Q-conic bundle germ over a smooth base. Assume
that X is not Gorenstein and 2Kx is Cartier. Then X can be embedded to P(1,1,1,2) x C2
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and given there by two quadratic equations. In particular, the point P € X of index 2 is
unique, the curve C has at most 4 components, all of them pass through P.

Theorem 6.3 ([38]). Let (X D C) be a flipping extremal curve germ and let

be the corresponding flip. Assume that 2Ky is Cartier. Then (Z > 0) is the quotient of the
isolated hypersurface singularity

{x1x3 + x2¢(x§,X4) = O} 50

by the w,-action given by the weights (1, 1,0, 0). The contraction f (resp. ) is the quo-
tient of the blowup of the plane {x; = x3 = 0} (resp. {x1 = x5 = 0}) by f,. In particular,
X contains a unique point of index 2 and the central fiber C is irreducible. The variety X *
is Gorenstein.

A similar description is known for divisorial extremal curve germs of index 2
[38, § 4.

First properties. Let (X D C) be an extremal curve germ and let f : (X D C) — (Z 3 0)
be the corresponding contraction. For any connected subcurve C’ C C, the germ (X D C’)
is again an extremal curve germ. If, moreover, C’ g C, then (X D C’) is birational. By the
Kawamata—Viehweg vanishing theorem,

R f.0x =0 (6.3.1)

(see, e.g., [35]). As a consequence, one has p,(C’) < 0 for any subcurve C’ C C. In particular,
C = C; is a “tree” of smooth rational curves. Furthermore,

Pic(X) ~ H*(X,Z) ~ 7.%", (6.3.2)

where n is the number of irreducible components of C. For more delicate properties of
extremal curve germs, one needs to know the cohomology of the dualizing sheaf, see [44,47]:

1 0, if f is birational,
R fiox = (6.3.3)
wz, if f is Q-conic bundle and Z is smooth.

Definition. An irreducible extremal curve germ (X D C) is (locally) imprimitive at a point
P if the inverse image of C under the index-one cover (X# 5 P#) — (X 5 P) splits.

Theorem 6.4 ([44,47]). Let (X D C) be an extremal curve germ and let Cy, ..., C, be
irreducible components of C.

e Each C; contains at most 3 singular points of X.
* Each C; contains at most 2 non-Gorenstein points of X and at most 1 point which

is imprimitive for (X D C;).
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* If X is Gorenstein at the intersection point P = C; N C;, C; # C;, then X is
smooth outside P and (X D C) is a Q-conic bundle germ over a smooth base.

To prove the first assertion, one needs to analyze the conormal sheaf I¢ /1 é and use
the vanishing H!(0x/J) = 0 for any J C Ox with Supp(€x/J) = C (see [44,55]). For
the second assertion, one can use topological arguments based on (1.2.1) (see [55]). For the
last assertion, we refer to [44, 1.15], [37, 4.2], and [55, 4.7.6]

The techniques applied in the proof of the above proposition allow obtaining much
stronger results. In particular, they alow classifying all the possibilities for the local behavior
of an irreducible germ (X D C) near a singular point P [44]. Thus, according to [44] and
[47], the triple (X D C > P) belongs to one of the following types:

(IA), (IC), (IIA), (IIB), (IAY), (IY), (IDY), (IEY), (III).

Here the symbol ¥ means that (X D C > P) is locally imprimitive, the symbol II means that
(X > P) is a terminal point of exceptional type cAx/4 (see Proposition 3.2), and III means
that (X > P) is an (isolated) cDV-point.

For example, a triple (X D C > P) is of type (IC) if there are analytic isomorphisms

(X3 P)>C} 0/ m2m=2,1), C = {3 —y] =ys=0}/y.

where m is odd and m > 5. For definitions other types, we refer to [44] and [47].

6.1. Construction of germs by deformations

Let (X D C) be an extremal curve germ and let f : X — (Z > 0) be the corre-
sponding contraction. Denote by |0z | the infinite-dimensional linear system of hyperplane
sections passing through o and let |Ox| := f*|0z|. The general hyperplane section of
(X D C) is the general member H € |Ox|. The divisor H contains much more informa-
tion on the total space than a general elephant D € |— Ky |. However, the singularities of H
typically are more complicated, in particular, H can be nonnormal.

The variety X (resp. Z) can be viewed as the total space of a one-parameter defor-
mation of H (resp. Hz := f(H)). We are going to reverse this consideration.

Construction (see [38, § 11], [44, § 1B]). Suppose we are given a normal surface germ
(H D C) along a proper curve C and a contraction fg : H — Hz such that C is a fiber and
—Kp is fg-ample. Let Py, ..., P, € H be all the singular points. Assume also that near
each P; there exists a small one-parameter deformation $; of a neighborhood H; of P; in
H such that the total space $; has a terminal singularity at P;. The obstruction to globalize
deformations
W:Def(H) — [] Def(H.P)
P; eSing(H)

lies in R? f, 75, where Ty = S#s»(Qp , O ) is the tangent sheaf of H . Since R? f, Ty = 0
due to dimension reasons, the morphism W is smooth, and so there exists a global one-
parameter deformation $ of H inducing a local deformation of £; near P;.
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Then we have a threefold X := $ D C with H € |Ox]| such that locally near P;
it has the desired structure and one can extend fy to a contraction f : X — Z which is
birational (resp. a Q-conic bundle) if Hz is a surface (resp. a curve).

Example. Consider a rational curve fibration f5 : H — Hyz over a smooth curve germ
Hz > o, where H is a smooth surface such that the fiber over o has the following weighted

dual graph:

-2 -1 -3
O [ o

-3 —1
[} [ ]

-2
[0
.
-3 -1

Contracting the curves corresponding to the white vertices O and o, we obtain a singular
surface H and a Kpy-negative contraction fy : H — Hz whose fiber over o is a curve
C C H having three irreducible components that correspond to the black vertices o. The
singular locus of H consists of a Du Val point Py € H of type A; and a log canonical
singularity P € H whose dual graph is formed by the white circle vertices o. Both Py
and P have 1-parameter Q-Gorenstein smoothings [38, COMPUTATION 6.7.1]. Applying the
above construction to H D C, we obtain an example of a QQ-conic bundle contraction
f (X DC)— (Z > o) with a unique non-Gorenstein point which is of type cD/3. If
we remove the (—2)-curve corresponding to O on the left-hand side of the graph, we get
a birational contraction of surfaces ff; : H' — H7,. Applying the same construction to
H' D C, we obtain an example of a divisorial contraction. Similarly, removing further one
of the (—1)-curves, we get a flip.

7. EXTREMAL CURVE GERMS: GENERAL ELEPHANT
Theorem 7.1 (Mori [44], Kollar—Mori [38], Mori—Prokhorov [5e]). Let (X D C) be an irre-
ducible extremal curve germ. Then the general member D € |—Kx| has only Du Val singu-
larities.

The existence of a Du Val elephant for extremal curve germs with reducible central
fiber is not known at the moment. See Theorem 9.2 below for partial results in this direction.

Comment on the proof. Essentially, there are three methods to find a good elephant
D € |—Kx|. We outline them below.

7.1. Local method

As in Proposition 3.2, near each non-Gorenstein point P; € X take a local general
elephant D; € |-K(xsp,)|. Since D; is general, we have D; N C = {P;}. Then we can
regard D := ) D; as a Weil divisor on X . By the construction, Kx + D is a Cartier divisor
near each P;, hence it is Cartier everywhere. In some cases it is possible to compute the
intersection numbers D; - C and show that D - C < 1. Then we may assume that Ky + D ~0
by (6.3.2) and so D is a Du Val anticanonical divisor. For example, this method works for
extremal curve germs described in Theorems 6.2 and 6.3, as well as in Example 7.3 below.
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7.2. Extension from S € |-2Kx|

In some cases, the above approach does not work, but it allows showing the existence
of a klt 2-complement S € |-2Kx | such that dim(D N C) = 0. Then one can try to extend
a good element from the surface S. The crucial fact here is that the natural map

t: H°(X, Ox(—Kx)) — H°(S, Os(—Kx)) = ws

is surjective if (X, C) is birational and surjective modulo Q% if (X, C) is a Q-conic bundle.
This immediately follows from (6.3.3). Details can be found in [38, § 2] and [5e].

7.3. Global method

Finally, in the most complicated cases, none of the above methods work. Then one
needs more subtle techniques which require detailed analysis of singularities and infinitesi-
mal structure of X along C [44, §§ 8-9]. Then, roughly speaking, the good section D € |— K|
is recovered as the formal Weil divisor lim C,, of the completion X” of X along C, where
C,, are subschemes with support C const(r:cted by using certain inductive procedure [44, § 9.

As a consequence of Theorem 7.1, in the Q-conic bundle case, one obtains the
following fact which proves Iskovskikh’s conjecture [24].

Corollary 7.2. Let (X D C) be a Q-conic bundle germ over (Z > 0), where C can be
reducible. Then (Z > o) is a Du Val singularity of type A, (or smooth).

This result is very useful for applications to the rationality problem of three-dimen-
sional varieties having conic bundle structure [24,61] and some problems of biregular geom-
etry [58,59].

It turns out that the structure of Q-conic bundle germs over a singular base (Z > 0)
is much simpler and shorter than others. In fact, these germs can be exhibited as certain
quotients of Q-conic bundles of index < 2 (see Theorem 6.2). A complete classification of
such germs was obtained in [47,48]. Here is a typical example.

Example 7.3. Let the group p, act on (C,iv and ]P’;,y X (C,iv via
(2 yiu, ) = (x 0y du, g,
where { = ¢, = exp(2mi/n) and ged(n, a) = 1. Then the projection
fiX =@ xC/p, — Z=Cn,

is a Q-conic bundle. The variety X has exactly two singular points which are terminal cyclic
quotients of type %(1, —1, £a). The surface Z has at 0 a Du Val point of type A,_1.

McKernan proposed a natural higher-dimensional analogue of Corollary 7.2:

Conjecture 7.4. Let f : X — Z be a K-negative contraction such that p(X/Z) = 1 and
X is e-lc, that is, all the coefficients in (1.1.1) satisfy a; > —1 + &. Then Z is §-Ic, where §
depends on & and the dimension.

A deeper version of this conjecture which generalizes Theorem 5.1 and uses the
notion was proposed by Shokurov. He also suggested that the optimal value of &, in the
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case where singularities of X are canonical and f has one-dimensional fibers, equals 1/2.
Recently, this was proved by J. Han, C. Jiang, and Y. Luo [17].

Once we have a Du Val general elephants, all extremal curve germs can be divided
into two large classes which will be discussed separately in the next two sections.

Definition 7.5. Let (X D C) be an extremal curve germ and let f : X — (Z > o) be the
corresponding contraction. Assume that the general member D € |— K| is Du Val. Consider
the Stein factorization:

fp:D— D — f(D) (put D" = f(D)if f is birational).

Then the germ (X D C) is said to be semistable if D' has only (Du Val) singularities of
type A,. Otherwise, (X D C) is called exceptional.

8. SEMISTABLE GERMS

Let (X D C) be an irreducible extremal curve germ. By Theorem 7.1, the general
member D € |—Ky|is Du Val. In this section we assume that (X D C) is semistable. Exclud-
ing simple cases, we assume also that X is not Gorenstein [12] and (X D C) is not a Q-conic
bundle germ over a singular base [47,48]. According to Theorem 6.4, the threefold X has at
most two non-Gorenstein points. Thus the following case division is natural:

Case (k1A): the set of non-Gorenstein points consists of a single point P;
Case (k2A): the set of non-Gorenstein points consists of exactly two points P;, P;.

Proposition 8.1. In the above hypothesis, for the general member H € |Ox|, the pair
(X, H + D) is lc. If, moreover, D D C, then H is normal and has only cyclic quotient
singularities. In this case the singularities of H are of type T.

The proof uses the inversion of adjunction [7e] to extend a general hyperplane section
from D to X (see [51, PROPOSITION 2.6]).

For an extremal curve germ of type (k2A), any member D € |—Kx| contains C
[38]. Hence the general hyperplane section H € |0y | has only T-singularities and X can be
restored as a one-parameter deformation space of H . In this case X has no singularities other
than P;, P,. Moreover, (X D C) cannot be a Q-conic bundle germ [47,50]. The birational
germs of type (k2A) were completely described by Mori [46]. He gave an explicit algorithm
for computing divisorial contractions and flips in this case.

The structure of extremal curve germs of type (k1A) is more complicated. They
were studied in [51]. In particular, the general hyperplane section H € |Ox| was computed.
However, [51] does not provide a good description of the infinitesimal structure of X along
C or an algorithm similar to [46]. This was done only in a special situation in [14]. Note that
in the case (k1A) a general member H € |0y | can be nonnormal.
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Examples. Similar to the example in Section 6.1, consider a surface germ H D C ~ P!
whose dual graph has the following graph of the minimal resolution:

-1 -7 -2 -2 —2
[ ] [e] [e] (¢] [e]

where o is a (—1)-curve. The chain formed by white circle vertices o corresponds to a T-
singularity of type 2—15(1 ,4). The whole configuration can be contracted to a cyclic quotient
singularity Hz > o of type %(1, 16). Since this is not a T-singularity, the induced threefold
contraction must be flipping.

9. EXCEPTIONAL CURVE GERMS

In this section we assume that (X D C) is an exceptional irreducible extremal curve
germ. As in the previous section we also assume that X is not Gorenstein and (X D C) is
not a Q-conic bundle germ over a singular base. According to the classification [38, 44, 56],
the germ (X D C) belongs to one of following types:

* X has a unique non-Gorenstein point P which is of type cD/2, cAx/2, cE/2, or
cD/3 and (X D C) is of type (IA) at P;

* X has a unique non-Gorenstein point P which is of exceptional type cAx/4 and
(X D C)is of type (IIA), (IIV), or (IIB) at P;

* X has a unique singular point P which is a cyclic quotient singularity of index
m > 5 (odd) and (X D C) is of type (IC) at P;

¢ X has two singular points of indices m > 3 (odd) and 2, then (X D C) is said to
be of type (kAD);

¢ X has three singular points of indices m > 3 (odd), 2 and 1, then (X D C) is said
to be of type (k3A).

In each case the general elephant is completely described in terms of its minimal resolution:

Theorem 9.1 ([38,50]). In the above hypothesis assume that the general element D € |—Kx |
contains C. Then the dual graph of (D D C) is one of the following, where white vertices
o denote (—2)-curves on the minimal resolution of D and the black vertex e corresponds to
the proper transform of C:

(I0) 0o—:--—o0 o ° (IIB) °
7 | I
m—3>2 ° O—o—o0o—o—e®
(kAD) )
o—--—o—o—o—---—c|>—o
(k3A) o
O—+++—0 ; o
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Exceptional irreducible extremal curve germs are well studied (see [38,55], and ref-
erences therein). For flipping ones, the general hyperplane section H € |Oy| is normal and
has only rational singularities. It is computed in [38] and the flip is reconstructed as a one-
parameter deformation space of H . For divisorial and Q-conic bundle germs, the situation is
more complicated. Then the general hyperplane section H can be nonnormal (see, e.g., [54]).
Nevertheless, in almost all cases, except for types (kAD)and (k3A), there is a description of
H € |Ox| and infinitesimal structure of these germs. For convenience of reference, in the
table below we collect the known information on the exceptional irreducible extremal curve

germs.
Type (X,0) References

index 2 germs divisorial, Q-conic bundle [38, § 4], [47, § 12], [51, § 7]
cD/3 flip, divisorial [38, § 6], [51, § 4]

10 flip, Q-conic bundle (only for m = 5) [38, § 8], [52]

(ITA) flip, divisorial, Q-conic bundle [38, § 71, [53,54]

(IIB) divisorial, Q-conic bundle [52]

1Y) divisorial, Q-conic bundle [38, 4.11.2], [47]

(kAD) flip, divisorial, Q-conic bundle [38, § 91, [45,47,50]

(k3A) divisorial, Q-conic bundle [38, § 5], [47,50]

Detailed analysis of the local structure of exceptional extremal curve germs allows extending
the result of Theorem 7.1 to the case of reducible central fiber containing an exceptional
component:

Theorem 9.2 (Mori—Prokhorov [561). Let (X D C) be an extremal curve germ such that C
is reducible and satisfies the following condition:

(*) each component C; C C contains at most one point of index > 2.

Then the general member D € |—Kx| has only Du Val singularities. Moreover, for each
irreducible component C; C C with two non-Gorenstein points or of types (IC) or (IIB), the
dual graph of (D, C;) has the same form as the irreducible extremal curve germ (X D C;).

The proof uses the extension techniques of sections of |— Ky | from a good member
S € |-2Kx/| (see Section 7.2).

106. Q-FANO THREEFOLDS

In arbitrary dimension, Q-Fano threefolds are bounded, i.e., they are contained in
fibers of a morphism of schemes of finite type. This is a consequence of the much more
general fact [4]. In dimension 3, there are effective results based on the orbifold Riemann—
Roch formula (4.1.1) and Bogomolov—Miyaoka inequality applied to the restriction of the
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reflexive sheaf (2 }()VV to a sufficiently general hyperplane section [33]. In particular, com-
bining (4.1.1) with Serre duality, we obtain

x(Ox) = i(—Kx ca(X) + Z(mP - ml))
P

p

where mp is the index of a virtual quotient singularity of X [66]. Since X is (Q-Fano,
by Kawamata—Viehweg vanishing theorem [35], one has y(0x) = 1. Arguments based on
Bogomolov—Miyaoka inequality show that — Ky - ¢, (X) is positive (see [33]). This gives an
effective bound of the indices of singularities of X . Similarly, one can get an upper bound
of the anticanonical degree —K;. Moreover, analyzing the methods of [33], it is possible to
enumerate Hilbert series of all Q-Fano threefolds. This information is collected in [6] in a
form of a huge computer database of possible “candidates.” It was extensively explored by
many authors, basically to obtain lists of examples representing Q-Fano threefolds as subva-
rieties of small codimension in a weighted projective space (see, e.g., [7,21] and references
therein).

Examples. * There are 130 (resp. 125) families of Q-Fano threefolds that are
representable as hypersurfaces (resp. codimension 2 complete intersections) in
weighted projective spaces [6,21].

¢ Toric Q-Fano threefolds are exactly weighted projective spaces P (3, 4, 5, 7),
P(2.3.5.7), P(1,3,4,5), P(1,2,3,5),P(1,1,2,3), P(1,1,1,2), P3 = P(1,1,
1,1), and the quotient of P by u 5 that acts diagonally with weights (1,2, 3,4) [6].

Although the classification is very far from completion, there are several systematic
results. For example, the optimal upper bound of the degree —K ; of Q-Fano threefolds was
obtained in [58]. If X is singular, it is equal to 125/2 and achieved for the weighted projective
space P(1, 1, 1, 2). The lower bound of the degree equals 1/330 [8] and is achieved for a
hypersurface of degree 66 in P (1, 5, 6,22, 33). It is known that, under certain conditions,
General Elephant Conjecture 3.1 holds for Q-Fano threefolds modulo deformations [67].

ACKNOWLEDGMENTS
The author would like to thank Professors Shigefumi Mori and Vyacheslav Shokurov for
helpful comments on the original version of this paper.

FUNDING
This work was performed at the Steklov International Mathematical Center and supported
by the Ministry of Science and Higher Education of the Russian Federation (agreement no.
075-15-2019-1614).

REFERENCES
[1] V. Alexeev, General elephants of Q-Fano 3-folds. Compos. Math. 91 (1994), no. 1,
91-116.

2341 EFFECTIVE RESULTS IN THE THREE-DIMENSIONAL MINIMAL MODEL PROGRAM



[2]

[3]

[4]

(5]

[6]

(7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[2e]

2342

V. Alexeev and V. V. Nikulin, Del Pezzo and K3 surfaces. MSJ Mem. 15, Mathe-
matical Society of Japan, Tokyo, 2006.

C. Birkar, Birational geometry of algebraic varieties. In Proceedings of the Inter-
national Congress of Mathematicians—Rio de Janeiro 2018. Vol. II. Invited lec-
tures, pp. 565-590, World Sci. Publ., Hackensack, NJ, 2018.

C. Birkar, Singularities of linear systems and boundedness of Fano varieties. Ann.
of Math. (2) 193 (2021), no. 2, 347-405.

C. Birkar, P. Cascini, C. D. Hacon, and J. McKernan, Existence of minimal
models for varieties of log general type. J. Amer. Math. Soc. 23 (2010), no. 2,
405-468.

G. Brown, et al., Graded ring database, http://www.grdb.co.uk/.

G. Brown, M. Kerber, and M. Reid, Fano 3-folds in codimension 4, Tom and
Jerry. Part I. Compos. Math. 148 (2012), no. 4, 1171-1194.

J. A. Chen and M. Chen, An optimal boundedness on weak Q-Fano 3-folds. Adv.
Math. 219 (2008), no. 6, 2086-2104.

A. Corti, Factoring birational maps of threefolds after Sarkisov. J. Algebraic
Geom. 4 (1995), no. 2, 223-254.

A. Corti, Singularities of linear systems and 3-fold birational geometry. In Explicit
birational geometry of 3-folds, pp. 259312, London Math. Soc. Lecture Note Ser.
281, Cambridge Univ. Press, Cambridge, 2000.

A. Corti, A. Pukhlikov, and M. Reid, Fano 3-fold hypersurfaces. In Explicit bira-
tional geometry of 3-folds, pp. 175-258, London Math. Soc. Lecture Note Ser.
281, Cambridge Univ. Press, Cambridge, 2000.

S. Cutkosky, Elementary contractions of Gorenstein threefolds. Math. Ann. 280
(1988), no. 3, 521-525.

P. Hacking and Y. Prokhorov, Smoothable del Pezzo surfaces with quotient singu-
larities. Compos. Math. 146 (2010), no. 1, 169-192.

P. Hacking, J. Tevelev, and G. Urzda, Flipping surfaces. J. Algebraic Geom. 26
(2017), no. 2, 279-345.

C. D. Hacon and J. McKernan, Existence of minimal models for varieties of log
general type. II. J. Amer. Math. Soc. 23 (2010), no. 2, 469-490.

C. D. Hacon and J. McKernan, The Sarkisov program. J. Algebraic Geom. 22
(2013), no. 2, 389-405.

J. Han, C. Jiang, and Y. Luo, Shokurov’s conjecture on conic bundles with canon-
ical singularities. 2021, arXiv:2104.15072.

T. Hayakawa, Blowing ups of 3-dimensional terminal singularities. Publ. Res.
Inst. Math. Sci. 35 (1999), no. 3, 515-570.

T. Hayakawa, Blowing ups of 3-dimensional terminal singularities. II. Publ. Res.
Inst. Math. Sci. 36 (2000), no. 3, 423-456.

T. Hayakawa, Divisorial contractions to 3-dimensional terminal singularities with
discrepancy one. J. Math. Soc. Japan 57 (2005), no. 3, 651-668.

YU. PROKHOROV


http://www.grdb.co.uk/
https://arxiv.org/abs/2104.15072

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

2343

A. R. Tano-Fletcher, Working with weighted complete intersections. In Explicit
birational geometry of 3-folds, pp. 101-173, London Math. Soc. Lecture Note Ser.
281, Cambridge Univ. Press, Cambridge, 2000.

V. A. Iskovskih, Fano threefolds. 1. Izv. Ross. Akad. Nauk Ser. Mat. 41 (1977),
no. 3, 516-562, 717.

V. A. Iskovskih, Fano threefolds. II. Izv. Ross. Akad. Nauk Ser. Mat. 42 (1978),
no. 3, 506-549.

V. A. Iskovskikh, On a rationality criterion for conic bundles. Sb. Math. 187
(1996), no. 7, 1021-1038.

V. A. Iskovskikh and Y. Prokhorov, Fano varieties. Algebraic geometry V. Ency-
clopaedia Math. Sci. 47, Springer, Berlin, 1999.

M. Kawakita, Divisorial contractions in dimension three which contract divisors
to smooth points. Invent. Math. 145 (2001), no. 1, 105-119.

M. Kawakita, Divisorial contractions in dimension three which contract divisors
to compound A points. Compos. Math. 133 (2002), no. 1, 95-116.

M. Kawakita, General elephants of three-fold divisorial contractions. J. Amer.
Math. Soc. 16 (2003), no. 2, 331-362.

M. Kawakita, Three-fold divisorial contractions to singularities of higher indices.
Duke Math. J. 130 (2005), no. 1, 57-126.

M. Kawakita, Supplement to classification of threefold divisorial contractions.
Nagoya Math. J. 206 (2012), 67-73.

M. Kawakita, The index of a threefold canonical singularity. Amer. J. Math. 137
(2015), no. 1, 271-280.

Y. Kawamata, Crepant blowing-up of 3-dimensional canonical singularities and
its application to degenerations of surfaces. Ann. of Math. (2) 127 (1988), no. 1,
93-163.

Y. Kawamata, Boundedness of Q-Fano threefolds. In Proceedings of the Interna-
tional Conference on Algebra, Part 3 (Novosibirsk, 1989), pp. 439-445, Contemp.
Math. 131, Amer. Math. Soc., Providence, RI, 1992.

Y. Kawamata, Divisorial contractions to 3-dimensional terminal quotient singu-
larities. In Higher-dimensional complex varieties (Trento, 1994), pp. 241-246, de
Gruyter, Berlin, 1996.

Y. Kawamata, K. Matsuda, and K. Matsuki, Introduction to the minimal model
problem. In Algebraic geometry (Sendai, 1985), pp. 283-360, Adv. Stud. Pure
Math. 10, North-Holland, Amsterdam, 1987.

K. Kodaira, On compact analytic surfaces. I, Ill. Ann. of Math. (2) 77 (1963),
563-626; ibid. 78 (1963), 1-40

J. Kollar, Real algebraic threefolds. III. Conic bundles. J. Math. Sci. (N. Y.) 94
(1999), no. 1, 996-1020.

J. Kollar and S. Mori, Classification of three-dimensional flips. J. Amer. Math.
Soc. 5 (1992), no. 3, 533-703.

EFFECTIVE RESULTS IN THE THREE-DIMENSIONAL MINIMAL MODEL PROGRAM



[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[se]

[51]

[52]

[53]

[54]

[55]

[56]

2344

J. Kollar and S. Mori, Birational geometry of algebraic varieties. Cambridge
Tracts in Math. 134, Cambridge University Press, Cambridge, 1998.

J. Kollar and N. I. Shepherd-Barron, Threefolds and deformations of surface sin-
gularities. Invent. Math. 91 (1988), no. 2, 299-338.

M. Manetti, Normal degenerations of the complex projective plane. J. Reine
Angew. Math. 419 (1991), 89-118.

S. Mori, Threefolds whose canonical bundles are not numerically effective. Ann.
of Math. (2) 116 (1982), 133-176.

S. Mori, On 3-dimensional terminal singularities. Nagoya Math. J. 98 (1985),
43-66.

S. Mori, Flip theorem and the existence of minimal models for 3-folds. J. Amer.
Math. Soc. 1 (1988), no. 1, 117-253.

S. Mori, Errata to: “Classification of three-dimensional flips”. [J. Amer. Math.
Soc. 5 (1992), no. 3, 533-703; mr1149195] by J. Kollar and S. Mori, J. Amer.
Math. Soc. 20 (2007), no. 1, 269-271.

S. Mori, On semistable extremal neighborhoods. In Higher dimensional bira-
tional geometry (Kyoto, 1997), pp. 157-184, Adv. Stud. Pure Math. 35, Math. Soc.
Japan, Tokyo, 2002.

S. Mori and Y. Prokhorov, On Q-conic bundles. Publ. Res. Inst. Math. Sci. 44
(2008), no. 2, 315-369.

S. Mori and Y. Prokhorov, On Q-conic bundles. II. Publ. Res. Inst. Math. Sci. 44
(2008), no. 3, 955-971.

S. Mori and Y. Prokhorov, Multiple fibers of del Pezzo fibrations. Proc. Steklov
Inst. Math. 264 (2009), no. 1, 131-145.

S. Mori and Y. Prokhorov, On Q-conic bundles, IIl. Publ. Res. Inst. Math. Sci. 45
(2009), no. 3, 787-810.

S. Mori and Y. Prokhorov, Threefold extremal contractions of type IA. Kyoto J.
Math. 51 (2011), no. 2, 393-438.

S. Mori and Y. Prokhorov, Threefold extremal contractions of types (IC) and
(IIB). Proc. Edinb. Math. Soc. 57 (2014), no. 1, 231-252.

S. Mori and Y. Prokhorov, Threefold extremal contractions of type (ITA), L. Izv.
Math. 80 (2016), no. 5, 884-909.

S. Mori and Y. Prokhorov, Threefold extremal contractions of type (IIA), II. In
Geometry and physics: a festschrift in honour of Nigel Hitchin: volume 2, edited
by A. Dancer, J. E. Andersen, and O. Garcia-Prada, Oxford University Press,
2018.

S. Mori and Y. Prokhorov, Threefold extremal curve germs with one non-
Gorenstein point. Izv. Math. 83 (2019), no. 3, 565-612.

S. Mori and Y. G. Prokhorov, General elephants for threefold extremal contrac-
tions with one-dimensional fibres: exceptional case. Matr. Sb. 212 (2021), no. 3,
88-111.

YU. PROKHOROV



[57]

[58]

[59]

[6e]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

L8]

[69]

[7e]
[71]

[72]

[73]

[74]

Y. Namikawa, Smoothing Fano 3-folds. J. Algebraic Geom. 6 (1997), no. 2,
307-324.

Y. Prokhorov, The degree of Q-Fano threefolds. Sb. Math. 198 (2007), no. 11,
153-174.

Y. Prokhorov, Q-Fano threefolds of large Fano index, 1. Doc. Math. 15 (2010),
843-872.

Y. Prokhorov, A note on degenerations of del Pezzo surfaces. Ann. Inst. Fourier
65 (2015), no. 1, 369-388.

Y. Prokhorov, The rationality problem for conic bundles. Russian Math. Surveys
73 (2018), no. 3, 375-456.

Y. Prokhorov, Log canonical degenerations of del Pezzo surfaces in Q-Gorenstein
families. Kyoto J. Math. 59 (2019), no. 4, 1041-1073.

Y. Prokhorov, Equivariant minimal model program. Russian Math. Surveys 76
(2021), no. 3, 461-542.

Y. G. Prokhorov, Lectures on complements on log surfaces, MSJ Mem. 10, Math-
ematical Society of Japan, Tokyo, 2001.

M. Reid, Minimal models of canonical 3-folds. In Algebraic varieties and ana-
Iytic varieties (Tokyo, 1981), pp. 131-180, Adv. Stud. Pure Math. 1, 1981, North-
Holland, Amsterdam, 1983.

M. Reid, Young person’s guide to canonical singularities. In Algebraic geom-
etry, Bowdoin, 1985 (Brunswick, Maine, 1985), pp. 345-414, Proc. Sympos. Pure
Math. 46, Amer. Math. Soc., Providence, RI, 1987.

T. Sano, Deforming elephants of Q-Fano 3-folds. J. Lond. Math. Soc. (2) 95
(2017), no. 1, 23-51.

V. Shokurov and S. R. Choi, Geography of log models: theory and applications.
Cent. Eur. J. Math. 9 (2011), no. 3, 489-534.

V. V. Shokurov, A nonvanishing theorem. Math. USSR, Izv. 26 (1986), no. 3,
591-604.

V. V. Shokurov, 3-fold log flips. Izv. Math. 40 (1993), no. 1, 95-202.

N. Tziolas, Terminal 3-fold divisorial contractions of a surface to a curve. 1.
Compos. Math. 139 (2003), no. 3, 239-261.

N. Tziolas, Families of D-minimal models and applications to 3-fold divisorial
contractions. Proc. Lond. Math. Soc. (3) 90 (2005), no. 2, 345-370.

N. Tziolas, Three dimensional divisorial extremal neighborhoods. Math. Ann. 333
(2005), no. 2, 315-354.

N. Tziolas, Three-fold divisorial extremal neighborhoods over ¢ E7 and ¢ E¢ com-
pound DuVal singularities. Internat. J. Math. 21 (2010), no. 1, 1-23.

YURI PROKHOROV

Steklov Mathematical Institute, 8 Gubkina street, Moscow 119991, Russia,
prokhoro@mi-ras.ru

2345

EFFECTIVE RESULTS IN THE THREE-DIMENSIONAL MINIMAL MODEL PROGRAM


mailto:prokhoro@mi-ras.ru

	1. Singularities
	2. Minimal model program
	3. General elephant
	4. Divisorial contractions to a point
	5. Del Pezzo fibrations
	6. Extremal curve germs
	6.1. Construction of germs by deformations

	7. Extremal curve germs: general elephant
	7.1. Local method
	7.2. Extension from S∈|-2K_X|
	7.3. Global method

	8. Semistable germs
	9. Exceptional curve germs
	10. Q-Fano threefolds
	References

