GAMMA CLASSES AND
QUANTUM COHOMOLOGY

HIROSHI IRITANI

ABSTRACT

The T-class is a characteristic class for complex manifolds with transcendental coeffi-
cients. It defines an integral structure of quantum cohomology, or more precisely, an inte-
gral lattice in the space of flat sections of the quantum connection. We present several
conjectures (the f—conjectures) about this structure, particularly focusing on the Riemann—
Hilbert problem it poses. We also discuss a conjectural functoriality of quantum coho-
mology under birational transformations.
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1. GAMMA-INTEGRAL STRUCTURE IN QUANTUM COHOMOLOGY

We briefly review the definition of the f—integral structure in quantum cohomology
introduced in [42]. The corresponding rational structure was introduced independently by
Katzarkov, Kontsevich, and Pantev [46] in the framework of nc-Hodge structure.

1.1. Gamma class

Let X be an almost complex manifold and let &1, ..., §, (with n = dim¢ X) be
the Chern roots of the tangent bundle, so that ¢(TX) = (1 + 61)--- (1 + §,). The T-class
fX € H*(X;R) [42,46,52,53] is the characteristic class defined by

Tx =T +8)---T( +8)

where I'(1 + x) = fooo e~'t*dt is Euler’s T'-function. The right-hand side is expanded in
symmetric power series in 4y, ..., §, and then expressed in terms of the Chern characters
chy (T'X) as follows:

Ty = exp(—ycl(X) + ) (D) (k - 1)!chk(TX)>,
k=2

where ¢(s) = > o, n~* is the Riemann zeta function and y = lim, (1 + % 4t % _
log n) is the Euler constant. This is a characteristic class with transcendental coefficients.'
The identity I'(1 — x)I"(1 4+ x) = 7 x/ sin(;r x) shows that the T'-class can be thought of as
a “square root” of the /f—class, ie.,

Ty T3 = (2mi)*e/2dy, (1.1)

where f}‘( = (—1)dee/ 2Ty denotes the dual T'-class. We note that Ay depends only on the
underlying topological manifold whereas Tx depends on an almost complex structure on it.
The identity (1.1) suggests a relationship between the T'-class and the Atiyah—Singer index
theorem. In fact, we can interpret /F\X as (aregularization of) the inverse S !-equivariant Euler
class of the positive normal bundle N of the set X of constant loops in the free loop space
LX (see [53], [26, APPENDIX Al), i.€.,
1 _ 1
est(N1)  TTi [Teso (8 +k2)

where z is a generator of the S !-equivariant cohomology of a point. This is reminiscent of

N (zn)_n/zz(n—deg)/chl(X)fX, (1.2)

the loop space heuristics of the index theorem by Atiyah and Witten [4], where the A-class
is interpreted as the inverse Euler class eg1(N)~! of the normal bundle N itself,

1 1 1 z \"TCee/?)
= = ~ A .
est(N)  est(N)est(V) [T [l 6 + K2) (m) X

Since N4 corresponds to infinitesimal (pseudo)holomorphic loops, the T-class can be

thought of as the localization contribution from constant loops in symplectic Floer theory.

1 It is, however, an algebraic (Hodge) class when X is a smooth projective variety.
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1.2. Quantum cohomology D-modules
Let X be a smooth projective variety (or a compact symplectic manifold) and let
H*(X) denote the cohomology group with complex coefficients. The quantum cohomology
QH*(X) = (H*(X), ;) of X is a family of supercommutative product structures *, on
H*(X) parametrized by € H*(X). The quantum product . is defined by
d

(a* B.y) = Z (0. B.y.7...., )0k+3dF
deH>(X,Z),k>0
fora, B,y € H*(X). Here (, B) = [y @ U B is the Poincaré pairing and (1. ..., @ )o k.q
denotes the genus-zero, k-point, degree d Gromov—Witten invariants. Strictly speaking, we
should treat the odd degree part of v as anticommuting variables and view the parameter
space H*(X) as a supermanifold. For the most part of this paper, we shall restrict the param-
eter 7 and elements of quantum cohomology to the even part of the cohomology group and
write H*(X) for the even part (see Remark 1.2 for the odd part).
In the above formula, we introduced the Novikov variable Q to ensure the adic
convergence of ;. The divisor equation shows that, if we decompose T = o + v/ witho €
H?(X)and v € H*2(X),

(o0.d) d
e
@ py=" 3, (eBrT T

deH,(X,Z2),k>0
Thus the quantum product can be expanded in a power series in " and ¢ and approaches
the cup product in the following large-radius limit:

/ e (0,d)

7 =0, — 0 for all effective classes d # 0. (1.3)

Hereafter we shall always specialize the Novikov variable O to 1 and assume that *|g—;
(which we shall write as %) is convergent in a neighborhood U of the large radius limit.

The quantum cohomology defines the structure of a Frobenius manifold [2e] on the
convergence domain U C H*(X). Specifically, it defines a meromorphic flat connection V
on the trivial bundle F = H*(X) x (U x C) — (U x C), called the quantum connection
or the Dubrovin connection. It is defined by the formulae

d 1
VB/BT" = 97l + E(¢i*t)’
0 1
Vza/az = Za_Z - Z(E*r) + W,

where (z,z) € U x C denotes a point on the base and {t'} are linear coordinates dual to a
homogeneous basis {¢; } of H*(X)sothatt =}, i ¢;. The section E € O(F) is the Euler

vector field given by
de
—CI(X)"FZ( g¢l) ¢z

and u € End(H * (X)) is the grading operator defined by u(¢;) = (@ — 5)¢;. The con-
nection V has poles of order two along z = 0 and is possibly irregular singular there. On the
other hand, it has logarithmic poles (and is therefore regular singular) along z = co. The
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connection V is compatible with the Poincaré pairing in the sense that the z-sesquilinear
pairing
CDOE OO~ 0. si@s ()= [sUs (4
X

is flat for V, where (—1): U x C — U x C is the map sending (z, z) to (t, —z).

The quantum (cohomology) D-module is the tuple QDM(X) = (O(F), V, (-, *))
consisting of the locally free sheaf O (F) over U x C, the quantum connection V and the
pairing in (1.4). The D-module approach to quantum cohomology has been proposed by
Givental [28] and Guest [34].

1.3. Gamma-integral structure

The /I:-integral structure is an integral lattice in the space of flat sections for the
quantum connection V. We have a fundamental solution for V-flat sections of the form
L(z,z)z7"*z1X) with an End(H * (X ))-valued function L(z, z) uniquely characterized by
the following asymptotic condition at the large radius limit (1.3),

L(t,z) = (id +0(e, T'))e /%

Here z7#z1X) = exp(—pu log z) exp(c (X) log ) is an End(H *(X))-valued function on
the universal cover of C*. Given a basis {¢; } of H*(X), {L(z,z)z"*z1X) ;) gives a basis
of V-flat sections. Explicitly, L(z, z) is given in terms of gravitational descendants as follows
(see [19,29]):

Lr.o)gi=e g —>" <e it T, ‘c/,qu> P ed) (15
7 w@hzon 2V 0k+2.d K!

where ¢ denotes the universal cotangent class at the first marking, 1/(z + i) should be

expanded as ) ;. z7k=1(—y)¥, and {#;}, {¢’} are mutually dual bases of H*(X) such
that [y ¢y U/ =6/

Let $(X) denote the C-vector space of multivalued flat sections of (F, V) over

U x C*, i.e., flat sections over the universal cover U x C*. Let K(X) = KgP(X) denote

the K-group of topological complex vector bundles and define a map s: K(X) — S(X) as

s(V)(z,z) = L(z,z)z *z1 ™) ((27r)_"/2f‘\x(271i)deg/2 ch(V)). (1.6)

The factor (Zn)_"/zz_“zcl(x)fx also appears in (1.2) as a regularization of eg1(N4)7L.
The f—integral structure is the integral lattice of S (X) given as the image of the map s.

By the compatibility between V and the Poincaré pairing, we have a nondegenerate
(not necessarily symmetric or antisymmetric) pairing [-,-): $(X) ® §(X) — C defined by

[s1.52) = (s1(t. 77" 2), 52(7, 2)) (1.7)

for 51,52 € S(X). The property (1.1) of the T-class and the Atiyah-Singer index theorem
(or Hirzebruch—Riemann—Roch theorem) show that s respects the pairing

[5(V1),s(V2)) = x(V1, V2),
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where x(V1, V2) € Z is the K-theoretic push-forward of VY ® V> to a point (the index of a
Dirac operator; it is Zizo(_l)i dimExt’ (Vy, V») if V4, V5 are holomorphic vector bundles).
The f—integral structure is monodromy-invariant in the sense that

S(V)(‘L' - 2nic1(L),z) =s(V® L)z, 2),
s(V)(r.e ?z) = 5(V ® wx[n])(z.2),

where L is a (topological) line bundle on X and wy[n] = (—1)"wy is the canonical line
bundle wy shifted by n, corresponding to the Serre functor of the derived category.

Remark 1.1. The f-integral structure can be defined more generally for orbifolds [42].

Remark 1.2. We can generalize the f-integral structure including the odd part of the quan-
tum cohomology, using K*(X) = Kt?,p(X ) P K&)p (X) instead of Kgp(X ). We still restrict
the parameter 7 to lie in the even part, but consider flat sections taking values in the full coho-
mology group. The formula (1.6) makes sense for all V' € K*(X) when we choose a square
root ~/27 1 and use the Chern character ch: K*(X) — H*(X) of Atiyah-Hirzebruch [s].
The resulting map sx: K*(X)/tors — §(X) then has the advantage that it is natural with
respect to the Cartesian product, i.e., syxy = sx ® sy (under the Kiinneth isomorphism).

Interestingly, we have
[s(1),3(a2)) = —iy(on,a2) € iZ for oy, 00 € K'(X),
s(a)(r, e 2™iz) = (—l)deg“s((x ® a)X[n])(r, z) fora € K*(X),

where y(a1,a2) € Z is the K-theoretic push-forward of &y’ - o> to a point as before; the dual
element o here is defined via the isomorphism K!(X) =~ K~1(X) = KO(S' A X) (see
[5]) and the usual duality in K 0

Remark 1.3 (Mirror symmetry). The f'-integral structure had (implicitly) appeared for a
long time in the study of mirror symmetry before it was defined in [42, 46]. Under mirror
symmetry of Calabi—Yau manifolds, the quantum differential equation corresponds to the
Picard-Fuchs differential equations satisfied by periods of the mirror family, and we can
partially see the T-class in the asymptotics of periods near the large-complex structure limit.
Libgober [52] introduced the (inverse) T-class based on the observation of Hosono et al. [40]
that certain combinations of Chern numbers and ¢ values appear in solutions of the mirror
Picard—Fuchs equations. Hosono [39] stated a conjecture equating periods of mirrors of com-
plete intersections with explicit hypergeometric series and the T'-class is hidden in the series.
We also refer the reader to [9, 38,59] for related works. It has been checked in a number of
cases that the f‘—integral structure corresponds to a natural integral structure on the mirror
side [42,44]. Regarding the compatibility with mirror symmetry, an approach based on the
SYZ picture and tropical geometry has been proposed in [1] recently.

2. GAMMA CONJECTURES
In this section we review the f-conjectures I, IT discussed by Galkin, Golyshev, and
the author [26], and their generalization by Sanda and Shamoto [58]. The f-conjectures can
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be understood as the compatibility between the Betti (real, rational, or integral) structure
and the Stokes structure, discussed by Hertling and Sevenheck [37] in the context of TERP
structure and by Katzarkov, Kontevich, and Pantev [46] in the context of nc-Hodge structure.
The Gamma conjecture II also refines Dubrovin’s conjecture [2e].

2.1. Gamma conjecture I

The i"\-conjecture I is specifically about quantum cohomology of Fano manifolds.
It roughly speaking says that we can know the topology (the f‘-class) of a Fano manifold
by counting rational curves on it. In view of (1.1), we may view it as a “square root” of the
index theorem.

Let X be a Fano manifold and let Jx (t, z) be the (small) J-function defined as

s (r.d) ¢—l i
Jx(t.z) = e (1+Z Z ¢ <Z(Z—W)>0,1,d¢l)

i deHy(X,Z),d#0

where r € H?(X). This is a cohomology-valued function which is convergent for all (z,z) €
H?(X) x C* (this follows from the Fano assumption). We can also write this as Jy (7, z) =
L(t,z)"'1 using the fundamental solution L in (1.5); hence Jx (z, z) gives a solution of the
quantum D-module along the t-direction.

Conjecture 2.1 (/F\-conjecture I). For a Fano manifold X, we have the equality
Cx] = tETw[JX(cl(X) logz,1)]
in the projective space P (H* (X)) of cohomology.

This has been proved for the projective spaces, type A Grassmannians [26,3e] and
Fano threefolds of Picard rank one [31]. The f-conjecture I for Fano toric manifolds or
complete intersections in them follows if these spaces satisfy certain conditions related to
Conjecture O [27]. The f—conjecture I is also compatible with taking hyperplane sections,
i.e., if a Fano manifold X satisfies the /F\—conjecture Tandif Y C X is a hypersurface in the
linear system | L| with L proportional to — Ky, Y satisfies the f‘\—conjecture I[27, THEOREM 8.3].

Example 2.2. The J-function of P” is given by

( ) i t(+1)(d+p/2)
Jpn(ci(P")logt, z) = ] ,
a=o [ Tk=1(p + kz)"+!

where p is the hyperplane class. Setting z = 1 and fixing ¢ > 0, we find that the d th summand
tr+1)(d+p) (Zd(l‘/d)p)n_H( e(logd—(l+%+-'-+%))p )"'H
d - d _
[Te=1(p + k)t d! [Tie=1 (1 + Bre=r/k)

has a strong peak approximately when d is close to . We can guess from this that the limit

of CJpn(c1(IP™)logt, 1) in the projective space should be the line generated by
_ ( plogd—(1+3+++1)p
im
d—00

[T4_, (1 + 2)e=r/k)

n+1 .
) =T+ p)"*t! =Tpn.
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Remark 2.3. In Givental’s heuristic calculation of the J-function [28], the d'th summand
ngl(p + kz)™ 1 of Jpn(t, z) appears as the localization contribution from constant
loops in the polynomial loop space (quasimaps’ space) of degree d, and hence it can be
viewed as the degree-d truncation of eg1(N;)~! appearing in Section 1.1. In view of
the loop space interpretation of the T-class, this gives a geometric explanation for the T-
conjecture I in this case. In general, the degree d term of Jx (z, z) arises from a localization
contribution of an integral over the graph space G4 = M o(X x P!, (d, 1)), the moduli
space of genus-zero stable maps to X x P! of degree (d, 1), equipped with the C*-action
induced by the C*-action on P!, Let G C G4 denote the open subset consisting of stable
maps which are genuine graphs near oo € P!, i.e., do not contain components contained in
X x {oo}. Then G is preserved by the C*-action and has F; = Mo.1(X,d) as the fixed
locus. Writing eveo: G — X for the evaluation map at oo € P !, we have
*
evi o = /[ Mi* (degree d term of Jx, a),

/G Fylvir Z(Z - W)

where we defined the integral over the improper space G using (virtual) equivariant local-

°
d

ization. In the case where X = IP”, Givental gave a birational morphism from G to the
polynomial loop space and justified his heuristic calculation (see [29, MAIN LEMMA]). There-
fore the f-conjecture I can be viewed as the statement that G;; approximates the (positive)
loop space of X as d — oo in a suitable sense.

Remark 2.4. A discrete version of the limit in Conjecture 2.1 had been also studied (before
the formulation of the f‘-conjecture) and called Apéry limits, in view of the connection to
Apéry’s proof of the irrationality of {(2) and ¢(3), see Galkin [25] and Golyshev [3e].

2.2. Gamma conjecture I in terms of flat sections

We restate I'-conjecture I in terms of V-flat sections over the z-plane, in order to
explain the relationship with I"-conjecture II in the following section. We start with Conjec-
ture O.

Conjecture 2.5 (Conjecture @). Let X be a Fano manifold and let T denote the maximal
norm of the eigenvalues of the quantum multiplication (E %) = (c1(X)*o) at t = 0. Then
T is a simple eigenvalue of (c1(X)*y), that is, an eigenvalue whose multiplicity in the char-
acteristic polynomial is one.

Here we omitted part (2) of Conjecture ¢ in [26, DEFINITION 3.1.1] since we do not
need it. Conjecture O is a consequence of the Perron—Frobenius theorem if (c;(X)x¢) is
represented by an irreducible nonnegative matrix. Cheong and Li [11] proved Conjecture @
for homogeneous spaces G/ P using the Perron—Frobenius theorem.

Eigenvalues of (c1(X)x*g) are closely related to asymptotics of flat sections for
V|:=0 as z — 0. The flatness equation reads

(zi - lcl(X) *0 -HL)S(Z) = 0.
dz z
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For each eigenvector W of (c1(X)x*g) with eigenvalue u, we expect that there should be a
flat section s(z) with asymptotics ~ e ~*/?W as z — 0. Define a vector space 4 as

s(z) is flat for V;j, =0 }

A={5:Rog > H*(X
{ =0 @) eT/Z5(z) is at most of polynomial growth as z — +0

Assuming Conjecture @ for X, we can prove that # is one-dimensional and that, for any
5(z) € s, eT/75(z) converges to a T-eigenvector of (¢;(X)*o) as z — +0. The original
formulation of the f‘\-conjecture I in [26] was as follows.

Conjecture 2.6 (f—conjecture I: another form). The space 4 is generated by $(O)|;=.

It is equivalent to Conjecture 2.1 in Section 2.1 under Conjecture ¢ [26, COROL-
LARY 3.6.9] and can be viewed as a dual formulation. We have a gauge equivalence between
the connections V|;=¢ and V|;=1 r=c;(x)10g7> thatis, z*(V|:=0)z™H* = V|, =1,r=¢,(X) 10g+
under the identification ¢+ = z~!. Thus, flat sections over {t = 0} x C and the solution
Jx (c1(X)logt, 1) are dual to each other. While the space #4 consists of flat sections with
most rapid decay (~ e~ T/7), the t — o0 limit of the J-function detects its most rapidly
growing component. In fact, we can show that the J-function has the following asymptotics:

Jx(Cl(X) logt, 1) = Ct_"/zeT’(fX + O(t_l)) ast — 400

for some C € C, under Conjecture @ and f-conjecture I (see [27, PROPOSITION 3.8]).

2.3. Gamma conjecture IT

In this section we assume that the quantum product % is semisimple” at some 7 =
70 € H*(X), ie., (H*(X), *,) is isomorphic to the direct sum of C as a ring. We do
not need to assume that X is Fano. Let ¥y, ..., ¥y € H*(X) denote an idempotent basis
such that ¥; *; ¥; = §;;¢; and letuy,...,un € C be the eigenvalues of (£ ) such that
E x. Y¥; = u;y;; here ¥; and u; are analytic functions of t defined in a neighborhood
of T = 9. The functions {u;} give a local coordinate system near tq called the canonical
coordinates [19,21]. We write V; = (V;, w,-)_l/ 2@0,- for the normalized idempotent basis,
which is unique up to sign. Choose a phase ¢ € R such that e'? ¢ R~ (u; o — uj ) for all
i, j, where u; o is the value of u; at 7o; such a phase ¢ is said to be admissible. We have a
basis (y?(t, Z)yeen, yf, (7, z)) of V-flat sections defined in a neighborhood of t = 7y and
arg z = ¢ with the following property:

e""/zyfb (t.z) —> ¥; asz — 0 along the angular sector |argz —¢| < 7w + ¢
for some & > 0, see [26, PROPOSITION 2.5.1].

Conjecture 2.7 (f‘\—conjecture II: a topological form). Suppose that the quantum product
*: of X is semisimple at some 19 € H*(X) and let ¢ € R be an admissible phase for the

2 Under the semisimplicity assumption, X has no odd cohomology classes and, if, more-
over, X is a smooth projective variety, H*(X) is necessarily of Hodge-Tate type,
i, HP4(X) = 0 for p # ¢, see [36].
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eigenvalues of (Exy,). There exist K-classes 8?, e é”f, € K(X) such that ylfp (r,2) =
s(é’f’)(r, z) in a neighborhood of T = 19 and argz = ¢.

This refines part (3) of Dubrovin’s conjecture [2e, CONJECTURE 4.2.2] concerning the
central connection matrix. It has been proved for type A Grassmannians [26], Fano toric
manifolds [23] and quadric hypersurfaces [41]. The f-conjecture I can be viewed as a special
case of the /F\-conjecture II when t = 0Oand ¢ = 0.

The flat sections y? (7, z) depend on the choice of a phase ¢ (or, more precisely,
on a chamber of admissible phases) whereas their asymptotic expansions as z — 0 do
not. This is the so-called Stokes phenomena. The Stokes matrix S = (S;;) is a transi-
tion matrix between the flat sections associated with opposite directions: it is given by
y}i’ (tr,2) = ZIN=1 y;’H” (r.2)S;; withargz = ¢ + 7. It can be given in terms of the bilinear
form in (1.7) and then as the Euler matrix of {81<2> }s

Sij = (yid’vy;-p] = X(E:?gf)

This corresponds to part (2) of Dubrovin’s conjecture saying that the Stokes matrix is integral
and is given by the Euler pairing. If follows from the fact that the asymptotics ylfﬁ I\
holds over a sector of angle > 7 that the Stokes matrix is upper-triangular

Sy = x(67.€7) = ) ifi:]i; .
0 if S(e *Pu;) < (e *Puj)andi # j.

Remark 2.8. In[26], the f-conj ecture II was stated for Fano manifolds which have semisim-
ple quantum cohomology and full exceptional collections in D?(X). It is, moreover, conjec-
tured that {8? } should lift to a full exceptional collection. We drop these assumptions/con-
clusions to emphasize a topological nature of the f—conjecture.

Remark 2.9. Dubrovin [22] also formulated a conjecture similar to the F—conjecture II. See
Cotti, Dubrovin, and Guzzetti [18] for the formulation.

Example 2.10. For X = P”, the corresponding exceptional collection is {9, O(1), ...,
O (n)} at some 7 [26]. The collection at T = 0 is given explicitly in [18].

Remark 2.11. Suppose that X is Fano and is mirror to a Landau—-Ginzburg model f:Y — C.
It is expected that the idempotent 1/; corresponds to a nondegenerate critical point ¢; of f
such that the corresponding eigenvalue u; equals f(c;). The critical point ¢; can associate
a Lefschetz thimble 8? extending in the direction of ¢*?, which gives an exceptional object
in the Fukaya—Seidel category of (Y, f). The object in D?(X) corresponding to 8? under
homological mirror symmetry should give the class 8;’5 .

Remark 2.12. The f-conjecture II concerns the connection problem between flat sections
y;-b characterized by the asymptotics at the irregular singular point z = 0 and flat sections
s(V') normalized at the regular singular point z = co. The connection matrix of flat sections
(with respect to a fixed basis) is called the central connection matrix by Dubrovin [2e]; in the
formalism of the f‘-integral structure, it corresponds to the basis {8? } of the K-group. As
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discussed by Dubrovin, when t and ¢ vary, the basis { y? } of flat sections (and hence {Sfb H
changes discontinuously by the action of the braid group in N strands. Suppose that we
ordered flat sections {y?} in such a way that J(e~"%u;) > J(e " Puz) > --- > J(e Puy).
The braid group action is generated by the following right mutations and their inverses (which
are the actions of simple braids):

(61.....6i.8iq1,....6N) > (61.....6i41.6 — x(6i.€i41)8it1.....EN).

where we suppressed ¢ to simplify the notation. This transformation happens when the eigen-
value u; crosses behind u; 4 towards direction e*®. As Dubrovin observed, this is consistent
with mutations of exceptional collections in the derived category [8].

2.4. Conjecture of Sanda and Shamoto

Sanda and Shamoto [58] proposed a generalization of the f-conjecture II to the
case where quantum cohomology is not necessarily semisimple and called it Dubrovin-type
conjecture. Their formulation involves derived category of coherent sheaves and Hochschild
homology, but here we give a topological formulation that has been proposed by Sergey
Galkin [24]. This formulation makes sense for any compact symplectic manifolds.

We fix a parameter t € H*(X) in the convergence domain of the quantum prod-
uct. We consider the restriction QDM(X ), of the quantum D-module from Section 1.2 to
{r} x C and write QDM(X),; = QDM(X)¢,0 ®c{z} C[z] for the restriction to the formal
neighborhood of z = 0, where QDM(X),,¢ denotes the germ of QDM(X), at z = 0. We
say that the quantum connection at 7 is of exponential type® if we have the following formal
decomposition (see [37, LEMMA 8.2]):

©:QDM(X). = @H(e*/* ® Ru) ®cyz) Clz]. @1
uec
where we disregard the pairing on QDM(X ), momentarily, C denotes the set of distinct
eigenvalues of (E ), ¢*/? denotes the rank-one connection (C{z},d + d(u/z)) and R,
is a free C{z}-module equipped with a regular singular connection (whose pole order at
z = 0 is at most two). In this decomposition, each “regular singular piece” R, is unique
up to isomorphism. This decomposition is automatically orthogonal with respect to the
Poincaré pairing (1.4) and hence each piece R, inherits a non-degenerate z-sesquilinear
pairing (-, ),: (—1)*Ry, ® Ry, — C{z}. Hereafter we assume that the quantum connection
is of exponential type: this assumption is natural from a mirror symmetry point of view.
We choose an admissible direction e*® for C, that is, an element ¢1? € S'! satisfying
e'® ¢ R.o(u —u') forany u,u’ € C. By the Hukuhara—Turrittin theorem (see [37, LEMMA 8.3]),
the above formal decomposition (2.1) lifts uniquely to an analytic decomposition

®7: QDM(X).|r = @ e/* @ Rulr

uec

3 We follow the terminology in [46]; it was called “require no ramification” in [37].

2561 GAMMA CLASSES AND QUANTUM COHOMOLOGY



over a sector of the form / = {z € C* : |argz — ¢| < 7 + ¢} for some & > 0. Here we mean
by “lifts” that the map ®; admits, when expressed in terms of local holomorphic frames of
QDM(X), and R,, around z = 0, an asymptotic expansion as z — 0 along the sector / and
that the expansion coincides with P.

Let §; denote the space of V-flat sections over the angular sector {t} x I: it can be
identified with § (X) from Section 1.1 once we specify a lift of the sector / to the universal
cover of C*. The analytic decomposition ®; induces a decomposition of Sy,

Sy = @ Vu, (2.2)

uec
where V,, can be identified with the space of flat sections of R, over /. Since the analytic
decomposition ®; is valid over a sector of angle greater than 7, it follows easily that the
decomposition (2.2) is semiorthogonal in the sense that

[V, V) =0 if J(e ™ Pu) < J(e ),

where [+, -) is the pairing on §; =~ §(X) introduced in (1.7). The data of the vector space Sy
equipped with the pairing [-, -) and the semiorthogonal decomposition (SOD) (2.2) constitute
a mutation system in the sense of [58, DEFINITION 2.30]. In what follows, we ignore the torsion
part of the K-group and write K(X) for K(X)/tors.

Conjecture 2.13 ([24,58]). Suppose that the quantum connection is of exponential type at
© € H*(X). With notation as above, the SOD (2.2) is induced from a decomposition of the
topological K-group lattice, i.e., there exists a decomposition

KX)=Eve (2.3)
uec
such that'V,, = %(Vf) ® C, where we identify Sy with § (X) by choosing a lift ¢ € R of the
direction e*? € 1. (A different choice of the lift ¢ changes Vf by monodromy, i.e., qu> tam
v ® wxln].)

When this conjecture holds, the lattices {Vu¢ } are semiorthogonal with respect to the
Euler pairing, i.e., )((Vf , Vu([f) = 0for J(e~*?u) < J(e~*?u’) and therefore the Euler pairing
on each Vf is necessarily unimodular (because the Euler pairing on K(X) is unimodular by
Poincaré duality). In the semisimple case, we must have V¢ ~7anda generator & of Vud’
must satisfy y(&, &) = *1; the f-conjecture IT (Conjecture 2.7) additionally asserts that
(&, &) = 1 (this point does not follow from Conjecture 2.13).

Remark 2.14. The original formulation in [58] assumes that X is a smooth Fano variety
and claims also that the semiorthogonal decomposition (SOD) (2.3) arises from an SOD
of the derived category of coherent sheaves. We note that an SOD of the derived category
induces an SOD of the topological K-group, since projections to the SOD summands are
given by Fourier—Mukai kernels in D?(X x X) and these kernels induce projections in the
topological K-group (see the discussion in [33, §4] in the context of algebraic K-theory).
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Example 2.15 ([58]). Sanda and Shamoto proved their conjecture for Fano complete inter-
sections in the projective spaces of Fano index greater than 1. Let X be a degree d Fano
hypersurface in P”, with n — d > 0. The set of eigenvalues of the quantum multiplication
(Exo) = (c1(X)*o) is {0} U{TC : ¢"t1=4 = 1y where T = (n + 1 —d) - d4/(+1-4),
The multiplicity of T'¢ is one and that of 0 is the dimension of the primitive cohomology
plus d — 1. In this case, the decomposition (2.2) at t = 0 arises from (up to mutation) the
following SOD of the derived category:

D (X) = (4,0,0(1),...,0(n —d)),

where O, ..., O (n — d) are exceptional objects corresponding to simple eigenvalues 7'¢ and
A is the right orthogonal of (0, O(1),...,O(n — d)) corresponding to the eigenvalue 0.

The following problem naturally arises:

Problem 2.16. Understand a geometric meaning of each regular singular piece R,, and the
corresponding unimodular lattice Vu¢ predicted in Conjecture 2.13.

In the semisimple case, each regular singular piece is the quantum connection of a
point and the K-class & l¢ in the f-conjecture II (Conjecture 2.7) corresponds to a generator
of K°(pt) = Z. The subcategory + in Example 2.15 is equivalent to the category of graded
matrix factorizations of a degree d polynomial F(xy,. .., x,) defining the hypersurface [56]:
it is known to be a fractional Calabi—Yau category (in the sense that a power of the Serre
functor equals the shift functor).

2.5. Monodromy data and Riemann-Hilbert problem

Let us assume that X satisfies Conjecture 2.13. In this section we explain how the
SOD (2.3) encodes the irregular monodromy (Stokes) data, following [37, §8] and [58]. We
also formulate a Riemann—Hilbert problem that reconstructs quantum cohomology from the
SOD (2.3), formal data (2.1) and certain additional data.

2mi

Monodromy. The monodromy transformation 7: s(z) + s(e“"'z) on §; is determined

from the pairing [-, -) as
[Ts1.52) = (s1(€772),52(2)) = (s2(e77"2),51(2)) = [52.51).
The restriction [+, -),, of the pairing [-, -) to V,, is nondegenerate and is induced from the

pairing (-, -),, on R,. The monodromy transformation 7,,: V,, — V,, on flat sections of R,
is likewise determined by [T,51, 52)y = [52,51)u-

Stokes data. Let S_; denote the space of V-flat sections over the opposite sector {t} X
(—1). The Poincaré pairing (-,-): S_; x 8§ — C identifies S_; with the dual space of S;
and the decomposition S_; = P, V., associated with the sector —1 is dual to that for 7,
ie., (V,,,Vy) = 0foru # u'. The Stokes data are given by the analytic continuation maps
S*:8; — S_1,5(z) = s(eT™z). By the very definition of the pairing [-, -), they are deter-
mined from [-, -) as

(S+S1,S2) = [Sz,S]), (S_Sl,Sz) = [S],Sz).

2563 GAMMA CLASSES AND QUANTUM COHOMOLOGY



FIGURE 1
The angular sectors =/ and the paths of analytic continuations used to define the Stokes maps S +

Then we have T = (S™)~!S*. The Stokes maps S* are upper (or lower) triangular in
the sense that S+("Vu) C @S(é‘_id’u’)zs(é’_i‘ﬁu) rv;, and S_(Vu) C @S(e‘i‘ﬁu’)sﬁ(e—id’u) "V,;,
They can be used to glue the connections over the opposite sectors

@e“/z ® Ryl-;r and @e“/z ® Rulr

uec uec
along the two overlapping domains D* = I N (=1) N {£3J(ze"*%) > 0} (see Figure 1).
Hence the Stokes data reconstruct an analytic germ of the quantum connection at z = 0
from the formal data {R; },ec.

Riemann-Hilbert problem. The global quantum connection over P! can be reconstructed
by gluing the germ of the connection at z = 0 with a connection around z = oo via the -
integral structure. The quantum connection around z = oo is gauge-equivalent, via L(z, z),
to the connection e _ i ) w
z0; az z
on the trivial bundle Foo = H*(X) x (P! \ {0}) — P!\ {0}. We identify the space of V(°°)-
flat sections with the K -group via the framing Woo: K(X) — H™*(X) ® Ogx (cf. (1.6)) given
by

+u

Woo(a) := (27) M2z #0027 1)98/2 ch(a). (2.4)

We glue the bundle (Foo, V() with the germ around z = 0 by identifying the flat section
Woo (o) with @ € Vf with the flat section in V,, = I'(I, R,)" corresponding to o (here
we need an identification Vu¢ =~ V,). This gives us a global vector bundle F — P! with a
meromorphic connection V. The glued bundle F must be trivial (although it is not a priori
clear); the trivialization of Fa at z = co induces a trivialization F =~ H *(X) x PL. The
pair (ﬁ , 6) is identified with the quantum connection at t.

More explicitly, this reconstruction procedure can be described as the following
Riemann-Hilbert problem for functions Y1 = (&4 7)~! (over the sectors £17) and Y, =
L(z,z) (around z = 00). This is an extension of the Riemann—Hilbert problem described by
Dubrovin [19], [21, LECTURE 4] in the semisimple case.
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Problem 2.17. Suppose that we are given the following data C, {R,}uec, €™, I, ¢,
(K(X), ), K(X) = @uec Vi, Wy, Voo

e asubset Cof C;
* a finite free C{z}-module R, with a regular singular connection for each u € C;

+ an admissible direction e'? for Cand asector I = {z € C*: |argz — ¢| < 7 +e}
centered around it;

* a unimodular lattice (K(X), y) of rank dim H*(X), a lift ¢ € R of ¢*® and an
SOD K(X) = P,ec Vus

e a framing V,,: V;, — I'(1, Ru)V for each u € C such that W, induces an iso-
morphism over C and intertwines the transformation 7;, € End(V},) given by
x(Tya, B) = x(B,«) with the monodromy s(z) > s(e**'z) on I'(I, Ry,)V;

e the “/F\-integral” framing Woo: K(X) — H*(X) ® Ogx given in (2.4), which
satisfies Woo (€2712) = Woo(z) o T with T € End(K (X)) given by y(Ta, B) =
x(B. o).

We define Stokes maps S*: K(X) — K(X)V by (Sta, B) = x(B.a), (S~a, B) = x(a. B)
and a framing W_,,: V.Y — T'(=1, R,)" over the opposite sector —/ by

W_, (x(a.)) := clockwise analytic continuation of W, (cr) through D~

for o € V,,. We set

Vi= P KX) =P Vu > PTru. R,

uec uec uec
v = DU KO0 = DR > Prer R
uec uec uec

The problem is to find (matrix-valued) holomorphic functions

Yoo € GL(H*(X)) ® Op1\(o.  Y: @D Rulrr > H*(X) ® Ox;

uec

such that
Yoolz=00o =id, Y+ — Yy asz — 0 along the sector £/
for an invertible operator Yo: ,,cc Rulz=0 — H*(X) and that

Y+\I!er/Z = Yoo Yoo over I,

Y W_ e U'28E =y, Wwe U7 over DF,

where D% is as before, the determination of Wy, over I is given by |argz — ¢| < 7 te
U:=@,cuidy, € End(K(X)) and UY := P, o uidyy € End(K(X)Y).

A solution (Y4, Yo) to this problem is unique if exists. The solution Y, gives the
fundamental solution L(z, z) and hence recovers the quantum connection. It is interesting to
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note that we reconstruct not only the connection but also the fundamental solution L(z, z)
(called calibration in the theory of Frobenius manifolds): this implies that the value of the
parameter 7 can be reconstructed by the asymptotics L(t,z)"'1 =1 4+ tz7! + O(z7?) if
we know the unit class 1.

Remark 2.18. The additional data we need here (other than those we already mentioned)
is the framing W,, for each regular singular piece. In the semisimple case, we have R, =
(C{z},d) and V,, =~ Z, so there is essentially a unique choice for W,,. A natural candidate
for W, could be given by answering Problem 2.16. See Section 3.3 for the example where
we have a natural candidate for the framing.

Remark 2.19. If we include odd classes, the monodromy transformation 7 on §; is given
by (—=1)%e%[Ta, B) = [B, «); the Stokes maps S*:8; — S_; are given by (STa, f) =
(=1)%e¥[B, a), (S~a, B) = [a, B). Problem 2.17 can be also modified accordingly, using
the fact that the pairing [-,-) on 87 corresponds to —i y(-,-) on K'(X) (see Remark 1.2).

3. FUNCTORIALITY OF QUANTUM COHOMOLOGY

In this section, we discuss a conjectural functoriality of quantum cohomology under
birational transformations. Roughly speaking, we expect that the relationship between quan-
tum cohomology is induced from a natural map between K-groups via the f—integral struc-
ture. Let X, X, be smooth projective varieties and let ¢: X1 --> X, be a birational map.
Suppose that g fits into the following commutative diagram:

X (3.1)
v\
X, ---2-—>x,

where p1, p» are projective birational morphisms. We say that ¢ is crepant (or K -equivalent)
if pT Kx, = p; Kx, and discrepant otherwise. We allow X; to be smooth Deligne-Mumford
stacks (with projective coarse moduli spaces) so that we can include crepant resolutions of
orbifolds in the following discussion.

3.1. Crepant transformation

Suppose that ¢: X1 --> X5 is crepant. In this case it can be shown that H *(X) =~
H*(X,) as graded vector spaces by Kontsevich’s motivic integration (see, e.g., [68]). A
famous conjecture of Yongbin Ruan [57] says that the quantum cohomologies of X; and
X» become isomorphic after analytic continuation. This problem has been studied by many
people, see, e.g., [10,48,51,54]. We give a version of the conjecture stated in terms of quantum
D-modules and the f—integral structure following [16, CONJECTURE 5.1], [42, §5.5], [17,43].

Conjecture 3.1 (Crepant Transformation Conjecture). Let ¢: X; --> X, be a crepant bira-
tional map. There exists a map f from an open subset of H*(X1) to an open subset of
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H*(X5) such that, after analytic continuation, we have an isomorphism of quantum D-
modules QDM(X1) = f* QDM(X>). Moreover, via the F—integral structure, the isomor-
phism is induced by an isomorphism (K(X1), y) = (K(X3), x) of topological K-group
lattices.

Recall from Section 1.2 that the quantum D-module QDM(Xj;) is the tuple of the
cohomology bundle F', the quantum connection and the Poincaré pairing; the isomorphism in
the conjecture is required to respect these structures. Conjecture 3.1 was proved* for crepant
transformations between complete intersections in toric Deligne—-Mumford stacks, which
are induced from variation of GIT quotients [15]. In that case, it is shown that the map
K(X1) = K(X3) between K-groups is given by a Fourier—Mukai transformation that gives
rise to the equivalence of derived categories of X; and X,. The calculation needed in this
result is an extension of the work of Borisov—Horja [9] that relates analytic continuation of
hypergeometric solutions to the GKZ system and Fourier—Mukai transformations between
toric orbifolds.

Remark 3.2. (1) We can hope that the isomorphism K(X;) = K(X») is induced by an
equivalence of derived categories. A different derived equivalence can arise from a different
choice of paths of analytic continuation.

(2) When Conjecture 3.1 holds, the map f is necessarily a local isomorphism and
identifies the F'-manifold structure [35] of quantum cohomology. In the case of crepant reso-
lutions of orbifolds, it has been observed in [16] that f is not necessarily affine-linear unless
the orbifold satisfies the hard Lefschetz condition.

3.2. Discrepant transformation

We present a conjectural picture in the discrepant case following [45]. In the dis-
crepant case, the ranks of cohomology are different in general and we expect to have an
orthogonal decomposition of formal quantum D-modules and a semiorthogonal decompo-
sition of the T-integral structure. As in Section 2.4, we write QDM(X) := QDM(X) ®g/z]
O]z] for the quantum D-module formalized along z = 0. Because of the lack of abundant
evidences, we state our picture as problems rather than conjectures.

Problem 3.3 (Formal decomposition). Let ¢: X1 --> X, be a birational map fitting into the
diagram (3.1) such that py Kx, — p5 Kx, is an effective divisor. Show that there exists a
map f from an open subset of H*(X) to an open subset of H*(X3) such that we have an
orthogonal decomposition

QDM(X;) = f*QDM(X>) & Z,

where Z is a locally free @[z]-module equipped with a flat meromorphic connection V7
and a VZ-flat pairing (-,")5: (—)*2 ® 2 — O[z].

4 For complete intersections, we restrict to the ambient part of quantum cohomology in [15].
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Problem 3.3 has been solved for discrepant birational transformations between toric
Deligne—-Mumford stacks which arise from a variation of GIT quotients [45]. The proof is
based on mirror symmetry for toric stacks [12,13].

Suppose that Problem 3.3 is solved for some ¢: X; --> X5, and also suppose (for
simplicity) that QDM(X) is of exponential type (see Section 2.4) at some © € H*(X,) in
the domain of the map f. Then QDM(X2)s(;) and 2|, are also of exponential type. We
further assume the following: there exist a phase ¢ € R and real numbers /; > I, such that

e every eigenvalue u of _V?Zaz € End(Z|;=0.¢) satisfies either S(e™*%u) > [; or
I, > J(e~*%u) and

* every eigenvalue u of (EX2xz(;)) € End(H*(X2)) satisfies /1 > J(e™*%u) > I.

Then 2|, decomposes as Z|; = Z1 & Z- so that every eigenvalue of —V;jébz on 91| ;=0 sat-
isfies (e ~'®u) > [, and that every eigenvalue of—VZQZZaZ on P ;=g satisfies J(e ™ Pu) < .
By varying ¢ a little, we may assume that e is admissible for the eigenvalues of (EX! x).
As discussed in Section 2.4, by the Hukuhara—Turrittin theorem, the formal decomposition
QDM(X1): = Z1 ® QDM(X2) £(r) ® - lifts to an analytic decomposition of connections
over a sector of the form / = {z € C* : |argz — ¢| < T + ¢} for some & > 0

QDM(X1):|; = 21,1 ® QDM(X2):|1 © 22,1 (3.2)
where %; 1 is an analytic connection over the sector /.

Problem 3.4 (Analytic decomposition). Show that the analytic decomposition (3.2) is
induced, via the f—integral structures for X; and X», by an SOD of topological K-groups:

K(X1)) 2K ®K(X2)® K> (3.3)
such that the associated inclusion K(X,) — K(X1) respects the Euler pairing.

Problem 3.4 has been answered affirmatively when X, X, are weak-Fano compact
toric Deligne—-Mumford stacks (satisfying certain mild technical conditions) and ¢: X; — X,
is a weighted blowup (or a root construction) along a toric substack Z [45]. We also showed
that the decomposition (3.3) at some 7 and ¢ is given by an Orlov-type SOD [55]. We could
hope that the SOD (3.3) in K-theory arises from an SOD D?(X;) = (A1, D?(X>), #45) of
the derived category; such an SOD in the derived category has been conjectured in [6].

Remark 3.5. There are closely related works by Bayer [7], Acosta—Shoemaker [2, 3] and
Gonzédlez—Woodward [32]. A formal decomposition of quantum D-modules under flips sim-
ilar to our picture has been also proposed by Lee, Lin, and Wang [49, 5e].

Remark 3.6. InProblem 3.3, f is necessarily a submersion and the F-manifold of QH* (X;)
locally decomposes into the product of the F-manifold of QH*(X;) and that correspond-
ing to 2. Proof. The map T, H*(X1) — QDM(X)|,=0. = H*(X;) given by v > zV, 1
is an isomorphism. If the unit section 1 maps to (s,7) € QDM(X>) @ 2 under the iso-
morphism, it follows that the map df (T H*(X1)) — QDM(X2)|,=0, f(x)» W > zVis
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is surjective. This can only happen when df: T: H*(X1) — Tr)H™*(X>) is surjective.
The ring homomorphism 7; H*(X;) <> End(QDM(X)|;=0.¢), v > zV, factors through
T:H*(X1) = Ty H*(X2) ® End(Z|;=0,r) and this gives a decomposition of the ring
(T H*(X1), ). The flatness of V shows that the decomposition is integrable.

Remark 3.7. For a higher-genus generalization of Conjecture 3.1 and Problem 3.3, we refer
the reader to [14, 45].

3.3. Riemann-Hilbert problem for blowups

Let X be a smooth projective variety and let Z C X be a smooth subvariety. Let
©: X — X be the blowup of X along Z. The above mentioned results for toric blowups
suggest the following conjectural reconstruction algorithm for quantum cohomology of X
from quantum cohomology of X and Z. This is similar to the procedure in Section 2.5.

Orlov decomposition. Let ¢ be the codimension of Z in X. By Orlov [55] we have the SOD
of the K-group:

KX)=¢*K(X)DK(Z)o® - ® K(Z)e—n =~ K(X) ® K(2)®CD,

where K(Z)r = j«(O(k) ® n*K(Z)) with j: E — X the inclusion of the exceptional
locusand : E = P(Nz,x) — Z aprojective bundle. We shall fix this decomposition. The
cohomology of X is isomorphic to H*(X) @ H* 2(Z) @ --- @ H* 2*2(Z) as graded
vector spaces. The cup product structure on H * (X), the T-class and the Chern character for
X can be reconstructed from those for X, Z, the push-forward and pull-back maps between
H*(X), H*(Z) and the Chern classes ¢; (Nz,x) € H*(Z).

Formal data. We choose parameters 0 € H*(X) and po, ..., p—2 € H*(Z) and a phase
¢ € Rsothat J(e " %v) > J(e " Pug) > --- > (e Pu,._,) forall eigenvalues v of (E¥X x,)
and all eigenvalues u; of (EZ x,,). We define QDM := QDM(X), & QDM(Z),, ® -+ @
QDM(Z),,_,. This will be the formal quantum D-module for X .

Gluing. The given formal decomposition for QDM should lift to analytic decompositions
over the sectors I and —/, with I = {z € C* : |argz — ¢| < 5 + &} for some & > 0,

®17:QDM |17 = QDM(X)s ® QDM(Z),, @ -+ @ QDM(Z)p,_,|+1,

and the two analytic decompositions should be glued together by the Stokes data induced
from Orlov’s SOD. Finally, we glue it with the connection near z = oo via the f—integral
structure to get the quantum D-module for X.

The reconstruction can be formulated as a Riemann—Hilbert problem for Y1 =
(®+7)7! and Yoo = L(7, z) (a fundamental solution for X, see (1.5)) as follows. Define
SE K(X) > K(X)V by (Sta, B) = x(B.a), (S~a, B) = x(a. B) as before; also define
U K(X) =~ K(X)® K(2)®2¢D - (H*(X)® H*(Z)® D) ® 95 as

W(a, Bo. ..., Be—2) =sx(a)(0,2) B 57(B0)(00.2) B+ ® 5z (Bc—2)(pc—2, 2),
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where sy, sz are the maps (1.6) defined for X and Z, respectively, and define W_: K (f )Y
K(X)Y @ (K(Z2))®€™D) - (H*(X) @ H*(2)®“ V) ® 01 as

w_ ( x(, ), x(Bo,)s ...y x(Be—2, ~)) = clockwise analytic continuation of
\I](Ol, ,30, ey ﬂc—2)~
Let W, be the map (2.4) with X there replaced with X. The problem is to find functions

Yoo € GL(H*(X)) ® Op1\(oy, Y4+ € Hom(H*(X) ® H*(2)®“™V, H*(X)) ® Ox;

such that Yoo |;=00 = id, Y+ — Yy as z — 0 along the sector =/ for an invertible operator
Y, and that

YoV =YV over [,
Y_W_ST=Y, ¥ over D¥,

where DT is as before. As discussed in Section 2.5, we can reconstruct the value of the
parameter t for the quantum D-module of X and it becomes a function of 0,005 -+ -» Pc—2;
the parameter space locally splits into the product of H*(X) and (¢ — 1) copies of H*(Z)
as an F-manifold.

Remark 3.8. Recently, Katzarkov, Kontsevich, and Pantev [47] formulated a closely related
conjecture for quantum cohomology of blowups and gave a remarkable application to the
problem of rationality.
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