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We discuss progress towards the classification of irreducible admissible representations
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Let F be a local field, i.e., a finite extension of the field R of real numbers, or the
field Q, of p-adic numbers, or the field IF,((z)) of Laurent series over a finite field. Let
G be a connected reductive F-group. Motivated by the theory of automorphic forms, the
study of irreducible admissible representations of the topological group G (F') with complex
coefficients has been an active area of research since the pioneering work of Bargmann on
SL>(R). Some of the main problems in this area are:

(1) the classification of irreducible admissible representations,
(2) the determination of their character functions.
In addition, motivated by Langlands’ conjectures, one can add
(3) the relation with representations of the Galois/Weil group of F,

(4) the proof of character identities stemming from endoscopy and more general
functoriality, and

(5) the appropriate normalization of intertwining operators for parabolic induction.

In this note I would like to discuss progress towards some of these questions. There are, of
course, many other interesting questions such as, for example, the classification of unitary
representations, about which I will not say anything.

1. CLASSIFICATION OF IRREDUCIBLE REPRESENTATIONS AND

CHARACTERS

1.1. The archimedean case

The archimedean case, where F is a finite extension of R, thus equal to R or C, has
been largely resolved by the work of Harish-Chandra, Langlands, Shelstad, and others. I will
discuss it briefly, because it will serve as a useful guide to the non-archimedean case.

One of Harish-Chandra’s fundamental contributions was the introduction of the
notion of a discrete series representation, i.e., those unitary representations whose matrix
coefficients are square-integrable modulo center, and the classification of such representa-
tions. Slightly more generally, one considers essentially discrete series representations—
those which become discrete series after tensor product with a character of G(F). His the-
orem can roughly be stated as follows (this is a reformulation due to Langlands [57] and is
easily seen to be equivalent to the original formulation).

Theorem 1.1. The set of isomorphism classes of essentially discrete series representations
of G(F) is in a natural bijection with the set of G(F)-conjugacy classes of triples (S, B, 0),
where S C G is an elliptic (i.e., anisotropic modulo center) maximal torus, B is a Borel sub-
group of Gz containing S, and 0 is a character of S(F) whose differential is B-dominant.

The group G may fail to have an elliptic maximal torus. For example, when F = C,
such a torus never exists, unless G itself is a torus. Even when F = R an elliptic maximal
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torus may not exist as, for example, in the case of SL, for n > 2. When an elliptic maximal
torus S C G exists, it is unique up to G (R)-conjugacy. The corresponding maximal torus S,
of the simply connected cover of the derived subgroup of G is anisotropic, and the restric-
tion of 6 to it is an algebraic character, i.e., an element of the coweight lattice X *(S,.) of
the absolute root system of G relative to S, so it makes sense to ask that d6 be B-dominant.
Moreover, when this differential is a regular element of the weight lattice, it uniquely deter-
mines B, so the classifying datum is just a G(R)-conjugacy class of pairs (S, 6). We might
be tempted to call the corresponding essentially discrete series representation “regular,” a
notion that will find its analog in the non-archimedean case.

The essentially discrete series representation (s, p.g) associated to the triple
(S, B, 0) by the above theorem can be specified by its character function. This uses another
fundamental result of Harish-Chandra (valid for an arbitrary local field F of characteristic
zero, and extended to local fields of positive characteristic by [16] under some assumptions):
the fact that the character distribution

fotwnl(f), a(f)= [G , J @t

of an admissible representation 7w of G(F) is representable by a locally integrable function
O : G(F) — C. Just like in the case of finite groups, this function determines 7 up to
equivalence. In fact, when F = R and 7 is essentially discrete series, already the restriction
of ®, to S(R) determines 7. More precisely, we have

Theorem 1.2. 7 (s p g) is the unique essentially discrete series representations such that for
all s € S(F) N G(F)req

®7T(S’B,9) (S) — (_l)q(G) Z Q(Sw)

— wy—1)"
weN(S,G)(R)/S(R) Ha>0(1 a(sw)—1)

where q(G) is half of the dimension of the symmetric space of G(R) and a > 0 indicates the

product over all those absolute roots with respect to S that are positive with respect to B.

The classification of (essentially) discrete series representations of G(F) is a key
step in the classification of all irreducible admissible representations of G(F'). The next step
is the classification of the irreducible tempered representations, i.e., those unitary representa-
tions whose matrix coefficients are almost square-integrable modulo center. Harish-Chandra
has shown that these are precisely the irreducible constituents of parabolically induced dis-
crete series representations of Levi subgroups of G. Moreover, the theory of the R-group
due again to Harish-Chandra provides a description of the various irreducible constituents
of such a parabolic induction, and hence a full classification of the tempered representations,
provided one has suitably normalized the intertwining operators. What the right normaliza-
tion is has been conjectured by Langlands for any local field. For archimedean local fields
Arthur [6, §3] proved Langlands’ conjecture, while for non-archimedean local fields of char-
acteristic zero Arthur [6, §4] proved abstractly that a normalization exists, without being able
to prove that it is provided by Langlands’ formula.
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The final step is the Langlands classification theorem, which states that every irre-
ducible admissible representation is equivalent to one of the form j 1? (0 ® v). Here P is a
parabolic subgroup of G; we denote by M the Levi quotient of P and by Ajs the maximal
split torus in the center of M ; o is a tempered representation of M (F') and v is an element of
X*(Apr) ® R that lies in the acute open cone associated to P, and which is identified with a
character of M(F') using the exponential map; and j ﬁ is the unique irreducible quotient of
the parabolic induction ig (0 ® v). It is known that two such representations are equivalent
if and only if their Langlands data (P, o, v) are G (F)-conjugate.

1.2. The non-archimedean case

Consider now a finite extension F of Q, or F,,((¢)). Harish-Chandra’s classification
of tempered representations in terms of discrete series representations of Levi subgroups by
means of the theory of the R-group, and Langlands’ classification theorem, continue to hold,
with minor modifications to their statements and proofs, cf. [72, cH. viz]. This is an instance
of Harish-Chandra’s “Lefschetz principle,” which is the philosophy that the representation
theory of real and p-adic groups (and even the automorphic representations of adele groups)
exhibit parallel behavior, despite the stark differences in the fine structure of these groups.
But, unlike in the archimedean case, our understanding of the discrete series representations
in the non-archimedean case is less developed, and the classification of these representations
is at this moment incomplete.

A special subclass of the discrete series is made out of the supercuspidal represen-
tations, which are those whose matrix coefficients have compact support modulo the center.
Real reductive groups do not have such representations, except for the trivial case of tori. The
last 30 years have seen a significant improvement of our understanding of supercuspidal rep-
resentations, beginning with the work of Moy—Prasad [66, 67] and Morris [64, 65] in the case
of depth zero, the constructions of general depth supercuspidal representations due to Adler
[4] and Yu [88], and the exhaustion results of Kim [49] and Fintzen [24]. These works rely cru-
cially on the filtrations of the topological group G(F) coming from Bruhat-Tits theory and
its extensions by Moy—Prasad (an example is the filtration of the compact group SL,(Z,)
by congruence subgroups), and as such are very much a p-adic phenomenon with no clear
analog in the archimedean case.

The most comprehensive construction, due to Yu, produces supercuspidal represen-
tations out of what is nowadays customarily called “Yu-data,” rather complicated structures
consisting among other things of a tower of twisted Levi subgroups, a depth-zero supercusp-
idal representation of the smallest subgroup, and a sequence of characters of each subgroup
subject to a genericity condition. Fintzen’s result shows that all supercuspidal representations
arise from this construction when G is tamely ramified and p does not divide the order of the
absolute Weyl group of G. Work of Hakim—Murnaghan [31] defines an explicit equivalence
relation on the set of Yu-data which describes when two data produce the same representa-
tion. These results amount to a classification of all supercuspidal representations of G(F)
under the given conditions on G, in terms of equivalence classes of Yu-data. However, a
simpler classification may be desirable. In fact, with Harish-Chandra’s Lefschetz princi-
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ple and his work for real groups in mind, we would ideally like a classification in terms
of objects close to G(F')-conjugacy classes of pairs (.5, 8) consisting of an elliptic maximal
torus S C G and a character 6 of it.

Moy-Prasad introduce the notion of depth of a representation and show that an irre-
ducible depth-zero supercuspidal representation always arises via compact induction from
a maximal open and compact-mod-center subgroup G(F),—the stabilizer of a vertex in
the Bruhat-Tits building—of an irreducible representation o of G(F'), with the following
very special property: G(F), has a natural quotient that is the group G (k) of k p-points
of a usually disconnected reductive k g-group Gy, and o is required to factor through this
quotient and moreover the restriction to the identity component G}, (k ) must contain a cus-
pidal representation of this finite group of Lie type; here k r is the residue field of F'. In this
way, the representation theory of finite groups of Lie type (including disconnected ones) is
reflected in the representation theory of reductive p-adic groups. Given a connected reduc-
tive kp-group G and a pair (S, #) of a maximal torus S C G and a character 6 of S(kf)
(customarily taking £-adic values), the construction of Deligne—Lusztig [19] assigns a virtual
representation Rg g of G(kr). In general, this virtual representation is not an actual rep-
resentation (even up to sign), but quite often it is. More precisely, Deligne—Lusztig define
the notions of a character 0 to be “nonsingular” and in “general position,” which are dual
to the notions of a semisimple element in a connected reductive group to be “regular” and
“strongly regular”. They show [19, REMARK 9.15.1] that Rs g is an actual representation (up
to a well-understood sign) whenever 6 is nonsingular (originally under a certain affineness
assumption, which was later shown to always hold by He [34]). Moreover, Deligne—Lusztig
show that the representation £ Rg g is irreducible when 6 is in general position, and cuspidal
if S is elliptic.

These results are both encouraging for our quest to parameterize supercuspidal rep-
resentations in terms of pairs (S, 6), but also cautioning us that there will be supercuspidal
representations that do not obey such a parameterization. More precisely, in [45, §3] | define
the notion of a “regular” supercuspidal representation, which is one that arises from Yu’s
construction and for which the depth-zero part of the Yu-datum comes from, via the results
of Moy—Prasad and Deligne—Lusztig, a character in general position, and then prove the
following classification.

Theorem 1.3 ([45, COR. 3.7.18]). Assume that G splits over a tame extension of F and p does
not divide the order of the Weyl group of G. The set of isomorphism classes of regular super-
cuspidal representations of G(F) is in a natural bijection with the set of G(F)-conjugacy
classes of pairs (S, 0), where S is an elliptic maximal torus that splits over a tame extension,
and 0 is a regular character of S(F).

Remark 1.4. (1) The condition on p can be weakened; I have opted here for the
one which is easiest to state.

(2) Thave not explicated here the definition of a “regular” character 6, but the main
point is that it is an explicit Lie-theoretic condition, essentially amounting to the
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stabilizer in Ng (S)(F)/S (F) of the restriction §° of 8 to the Iwahori subgroup
of S(F) being trivial. For details, cf. [45, DEF. 3.7.5].

(3) In the definition of regular supercuspidal representation, “general position”
should be taken with respect to the p-adic group G, which is slightly stronger
than taking it with respect to the finite group of Lie type G3.

(4) One of the useful properties of this theorem is that it does not reference the fine
structure of the topological group G(F) coming from the p-adic field F, such
as the various filtrations coming from Bruhat-Tits and Moy—Prasad theory.

(5) Continuing the previous point, this theorem is, in fact, rather analogous to The-
orem 1.1 restricted to regular discrete series representations (in the sense of the
previous subsection). In this way, it establishes the Harish-Chandra Lefschetz
principle among a wide class of discrete series representations, setting up a par-
allel between the regular discrete series representations of real reductive groups
and the regular supercuspidal representations of p-adic reductive groups.

(6) One important difference between the real and p-adic cases is that while in the
real case S is unique up to G(F)-conjugacy, in the non-archimedean case there
usually are (finitely) many different G (F')-conjugacy classes (in fact, even iso-
morphism classes) of elliptic tamely ramified maximal tori of G. Moreover, in
the non-archimedean case, elliptic maximal tori always exist, and supercuspidal
representations always exist, cf. [56].

There is also an analog of Theorem 1.2 which we will discuss in a moment, but
before doing so we briefly consider going beyond the “regular” case. We can impose on 6
the p-adic analog of Deligne-Lusztig’s “nonsingularity” condition, which is weaker than
the condition of being regular. The arguments involved in the proof of Theorem 1.3 still
apply and produce a supercuspidal representation (s gy, which may, however, be reducible,
in fact, a direct sum of finitely many irreducible supercuspidal representations.

The irreducible representations obtained this way, i.e., the irreducible constituents of
7(s,p) for all possible pairs (S, ), can be characterized in the same way as the regular ones,
but where we replace the “general position” requirement with a “nonsingularity” require-
ment [47, DEF. 3.1.1]. We can thus call these supercuspidal representations “non-singular”
(although a better term might be “semisimple,” as a contrast to the concept of a unipotent
supercuspidal representation). It may not be clear at first sight why this class of represen-
tations is interesting, beyond being a generalization of the class of regular supercuspidal
representations. The main interest in them comes from the fact that these are precisely those
supercuspidal representations whose Langlands parameters are “supercuspidal,”i.e., discrete
with trivial monodromy, at least when p does not divide the order of the Weyl group and
according to the construction of [47]; we will discuss this point in the next section.

The classification of all irreducible nonsingular supercuspidal representations
reduces, via the analog of Theorem 1.3, to the study of the internal structure of the rep-
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resentations (s ), i.€., its decomposition into irreducible factors and their multiplicities.
The situation is made subtle by the fact that an irreducible constituent of 7 (g gy may occur
with multiplicity greater than 1, which is a phenomenon that does not occur for connected
reductive groups over finite fields. The study of the internal structure of m(s g) reduces
to the case of depth-zero, where it relies on geometric intertwining operators acting on
Deligne-Lusztig induction in the setting of disconnected groups, building on the work of
Bonnafé-Dat—Rouquier [16]. These operators must be suitably normalized. Using square
brackets to denote sets of irreducible constituents, the following classification result is proved
in [47, §3].

Theorem 1.5 ([47, FACT 2.4.11, PROPOSITION 3.2.4, PROPOSITION 3.4.6, COROLLARY 3.4.7]). Assume
that G splits over a tame extension of F and p does not divide the order of the Weyl group
of G.

(1) The set of normalizations of the geometric intertwining operators is a nonempty
torsor under the Pontryagin dual of the finite abelian group NG (S)(F)go/S(F)
(cf. Remark 1.4(2)).

(2) Any such normalization provides a multiplicity-preserving bijection

[7(s,0)] < [Irrg(NG (S)(F )],

where on the right we have those irreducible representations of Ng(S)(F)g
whose restriction to S(F) is 0-isotypic.

The existence of normalized intertwining operators, which is part of the first point, is
formally analogous to Arthur’s result [6, §4] on the existence of suitable normalization of stan-
dard intertwining operators between parabolically induced representations. As in Arthur’s
situation, I have not been able to provide a specific normalization. In fact, at the moment
there is not even a conjectural expectation of what a good normalization might look like.
The fact that the decomposition of the supercuspidal representation (s g is formally analo-
gous to the decomposition of a parabolic induction (via standard intertwining operators and
the R-group) is quite intriguing.

The above theorem implies that the set of isomorphism classes of nonsingular super-
cuspidal representations of G(F') is in bijection with the set of G (F')-conjugacy classes of
triples (S, 8, p), where S is an elliptic maximal torus that splits over a tame extension, 0 is a
nonsingular character of S(F'), and p is an irreducible representation of Ng (S)(F)g whose
restriction to S(F) is 6-isotypic. The bijection is at the moment not completely natural, due
the lack of natural normalization of the intertwining operators.

We now come to the non-archimedean analog of Theorem 1.2. It is based on work
of Adler, DeBacker, Reeder, and Spice [5,17,18,84,85], and is ultimately formulated in [26].
First, we state a simpler version.

Theorem 1.6 ([26, PROPOSITION 4.3.2]). Let 1 (s g) be the (possibly reducible) supercuspidal

representation associated to a pair (S, 0) of a tame elliptic maximal torus and a nonsingular
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character. Let s € S(F) N G(F )y be topologically semisimple modulo center. The value of
Ors.9) at s is given by

e(G)eL(X*(To)e — X*(S)c, A)D(s) > Y AP, 1" [(")0("s).
weN(S,G)(F)/S(F)

To briefly explain the notation, D(s) = |[[, (1 — a(s))| is the usual Weyl discrim-
inant, the product being taken over all absolute roots of S, e(G) is the Kottwitz sign of G as
in [51], T is the minimal Levi subgroup of the quasisplit inner form of G, A is an arbitrarily
chosen nontrivial character of the additive group of the base field F', ¢ is the root number

of the given virtual Artin representation of degree 0, and A% is the function of S(F) given

A =1 xéﬁ(—a(sz - 1)-

o

by the formula

The product runs over the I'-orbits of absolute roots of S that are symmetric, i.e., invariant
under multiplication by —1, and I" is the absolute Galois group of F'. If « represents such an
orbit, we can associate the subgroups I'y, C '+, C I and the corresponding field extensions
Fy/F+o/F.Thenay € F,f and y), : F,; — C* are computed explicitly in terms of 6, and aq
depends moreover on A. We refer to [26, §4] for the precise formulas. The first main takeaway
is this:

All constituents of this formula make sense for F = R, and with this interpretation this
formula recovers Harish-Chandra’s formula from Theorem 1.2.

There is, however, a key difference: Theorem 1.6 applies only to very special elements of
S(F) N G(F)g—those that are topologically semisimple modulo center. It may happen
that there are no such elements at all! So the values of the given function may not uniquely
characterize the representation (g gy. There is a sense in which the formula itself does char-
acterize it, but such a statement may be met with skepticism by some colleagues, and in any
event the question remains as to characterizing (g g) by its character function. There are
two approaches to this problem. One, taken by Chan—Oi in [14], is to extend the validity of
this formula to some more general elements of S(F) N G(F ), and prove that the resulting
values are enough to characterize the representation; so far this has been successful under
additional assumptions on (S, €), including the assumption that S is unramified. One can
hope that such methods can be generalized to yield the validity of Theorem 1.6 for all ele-
ments of S(F) whose topologically semisimple modulo center part is regular. The other
approach, taken by [26, §4], is to establish a more general character formula, valid for all
elements of G(F '), and all (S, §), but under stricter conditions on F, as follows.

Theorem 1.7 ([26, THEOREM 4.3.5]). Assume F has characteristic zero and p does not divide
the order of the Weyl group of G and is larger than (2 + e)n, where e is the ramification
degree of F/Q, and n is the smallest dimension of a faithful algebraic representation of G.
For any y € G(F)g with topological Jordan decomposition modulo center y = yo - Yo+,
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the value of O g , at y is given by

e(G)e(N)er (X*(Tg)c — X*(Tr)c, A)D(y) ™2

x > A[a, "¢ 70)6(¢ y0) O (log yo.1).
gES(FI\G(F)/J(F)
EyoeS(F)

To explain the new notation, J is the identity component of the centralizer of yy in G,
X is any element of Lie*(S)(F) such that 6(exp(Y)) = A({X,Y)) forall Y € Lie(S)(F)o+,
and OA}{ ¢ 1s the function on Lie(J ) (F') representing the Fourier transform of the orbital inte-
gral on Lie*(J)(F) at X¢. In A we now drop those roots trivial on & y.

The reason we impose the stricter conditions on F' is so that the exponential map
converges on the set of topologically nilpotent elements of Lie(G)(F), cf. [17, APP. A]. This
leads naturally to the following question:

Question 1.8. Is there a formulation of the above character formula in which the function
OA){g (log yo+) is replaced by another function on the set of topologically unipotent modulo
center elements of J(F'), which does not involve the logarithm map, but is still conjugation-
invariant. Such a function can be seen as a p-adic analog of Lusztig’s Green functions,
and this formulation would be valid also in positive characteristic and with possibly weaker
conditions on p, as it avoids the use of the logarithm.

It should be noted that the results of [85] are formulated with weaker conditions
on F, but use a pseudologarithm map that may not have good equivariance properties.

Remark 1.9. For Theorems 1.6 and 1.7, one must use the twisted Yu construction of [26],
which is a modification of the original Yu construction whose purpose is to remedy an error
in [88] that goes back to [3e]. That error invalidates some results of [88], rendering invalid
Yu’s proof that the construction produces irreducible supercuspidal representations. It was
shown by Fintzen in [25] that despite the error, the original Yu construction does produce
irreducible supercuspidal representations. Nonetheless, the error introduces problems that
lead to the appearance of auxiliary sign characters in the character formula (the characters

™M and &f,,, Of [45, COROLLARIES 4.8.2, 4.10.1], as well as the character of [46, PROPOSITION
5.27]), which make some applications of the resulting formula very difficult. In addition, the

arguments of [85] can only be carried out for the twisted Yu construction.

1.3. Double covers of tori

In the archimedean setting, Adams and Vogan [2] have shown that Theorem 1.1, as
well as the local Langlands correspondence that will be our next topic, are more naturally
formulated if instead of characters 6 of an elliptic maximal torus S(R) one uses genuine
characters of a certain double cover S(R),. This double cover is obtained by choosing a Borel
C-subgroup B of G that contains S and considering the algebraic double cover S, obtained
as the pullback of the diagram § il Cc* 2z C>, where 2p is the sum of the B-positive
absolute roots and 2 denotes the squaring map. Then S(IR), is defined as the preimage of
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S(R) under the isogeny S,(C) — S(C). Note that there is a canonical character p : S, —
G- The choice of B is immaterial, as one can take the limit over all possible choices.

One can then reformulate Theorems 1.1 and 1.2 as the statement that there is a
bijection between the set of discrete series representations of G(R) and the set of G(R)-
conjugacy classes of pairs (S, 6), where S C G isan elliptic maximal torus and fisa genuine
character of the double cover S(R), such that d 6 is regular. Note that we are not restricting
here to what we called “regular” discrete series representations, i.e., this formulation of the
theorem covers all discrete series representations. Moreover, the representation T(s.4) is the
unique one whose Harish-Chandra character function evaluated at an element s € S(R) N
G (R) e has the form

(—1)2© Y wen(s.6)®)/s®) SEWHGE)
Hu>0(062(s) o 2(S))

where o > 0 runs over all absolute roots that are positive with respect to the Weyl chamber

(1.1)

determined by the regular element d 6,and5 € S (R),, is any lift of 5. Both numerator and
denominator are well-defined genuine functions on S(R),, and their quotient descends to
SR).

The double cover of Adams—Vogan generalizes to all local fields, but the general-
ization takes a different form than the original definition, in that it is of Galois-theoretic
rather than algebraic nature. Without going into technical details, for which we refer to [46],
we just mention that for any local field F, a connected reductive F-group G, and a max-
imal torus S C G, there exists a double cover S(F)+ whose elements can be represented
by tuples (s, (§¢)) with s € S(F) and 8, € F for every symmetric & € R(S, G) such that
Ss(@) = 0(8y) forallo € I' and 84/8 o = a(s). When F = R and the torus S is elliptic,
S(R) is canonically identified with S(R),.

Theorems 1.3 and 1.6 take the following shape in terms of this double cover: There
is a natural bijection between the set of G(F')-conjugacy classes of regular supercuspidal
representations and the set of G(F)-conjugacy classes of pairs (S, é), where S is a tame
elliptic maximal torus and 0 isa regular genuine character of the double cover S(F)+. For
any s € S(F) N G(F )y that is topologically semisimple modulo center, ®”(s,§) takes the
value

e(@eL(X*(To)e — X* (. A)DE) ™ Y asG)IGY),
wEeNG(S)(F)/S(F)

where as : S(F)+ — {%1} is the genuine function sending § = (s, (§4)) € S(F)+ to
(*%)
[T ee( 2=,
o aa
the product runs over the set of I'-orbits of symmetric elements in R(S, G), and
« @ F¥, — {£1} is the quadratic character associated to the extension Fy/F1q. One can

also formulate Theorem 1.7 in terms of S(F')+; we skip this for now, but will formulate an
analogous formula when discussing the local Langlands correspondence.

2957 REPRESENTATIONS OF REDUCTIVE GROUPS OVER LOCAL FIELDS



The advantage of using S(F) is that it removes the somewhat mysterious charac-
ters )(g used in Theorem 1.6 (or rather, it clarifies their role as mediating between characters
of S(F) and genuine characters of S(F)4+). Unfortunately, unlike in the archimedean case,
this formulation does not allow the parameterization in terms of pairs (S, é) to be extended
beyond the case of regular supercuspidal representations.

2. THE LOCAL LANGLANDS CORRESPONDENCE

2.1. The basic version

Let F be a local field and G be a connected reductive F-group. Let G = GxT
be the L-group of G and let L r be the local Langlands group of F, i.e., the Weil group Wg
when F is archimedean, or the group Wr x SL,(C) when F is non-archimedean. The basic
version of the local Langlands conjecture states that there exists a surjective finite-to-one
map from the set of equivalence classes of irreducible admissible representations of G(F)
to the set of 6-conjugacy classes of relevant L-parameters ¢ : Lr — L G. The fiber over ¢
is called an L-packet, denoted by I, (G).

There are reduction steps on the side of L-parameters that are parallel to the reduc-
tion steps “admissible” — “tempered” — “discrete” in the classification of irreducible
admissible representations, but amount to simple exercises. The step “admissible” — “tem-
pered” produces from an arbitrary Langlands parameter ¢ a triple (P, ¢pr, v) consisting
of a parabolic subgroup P of G, a tempered parameter g, for the Levi quotient M of P,
and an element v of X*(Ays)Rr that lies in the P-positive open cone, cf. [81] for the non-
archimedean case. The L-packet I1,(G) then consists of the representations j g (0 ®v)
for any o € Ily,, (M). The step “tempered” — “discrete” is even simpler, and just records
the Levi subgroup M of G so that a given tempered L-parameter factors through LM
and through no smaller Levi subgroup. The L-packet I1,(G) consists of the irreducible
constituents of the parabolic induction ig (o) forany o € I1,(M).

This reduces the construction of the correspondence to the case of discrete parame-
ters, i.e., those that do not factor through any proper Levi subgroup, and essentially discrete
series representations. At this point it becomes clear that the conjecture, as stated so far, is
almost vacuous: nothing prevents us from randomly assigning discrete series representations
to discrete parameters. This raises the following fundamental question, raised on various
occasions by M. Harris, K. Buzzard, and others, which is so far unresolved in full generality:

Question 2.1. Find a list of properties that uniquely characterize the local Langlands corre-
spondence.

As discussed above, it is enough to answer this question for discrete parameters.
While eventually a compatibility with a given global correspondence would be a key require-
ment, at the moment this is not feasible, and we seek a purely local characterization.

A number of expected properties have already been formulated, for example, com-
patibility with central and cocentral characters and homomorphisms with abelian kernel and
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cokernel [11, 10.3(1),(2),(5)], the strong tempered L-packet conjecture (a strengthening of [7e,
CONJECTURE 9.4] stating that each tempered L-packet on a quasisplit group contains a unique
member that is generic with respect to a fixed Whittaker datum), the formal degree conjec-
ture [38], and the contragredient conjecture [3,39]. These are, however, not enough to pin
down the correspondence uniquely. The following property is also expected:

Conjecture 2.2. Eachdiscrete' series L-packet is atomically stable, i.e., there exists a linear
combination of the Harish-Chandra characters of its members that is a stable distribution,

and no proper subset of the L-packet has this property.

It is expected that Conjecture 2.2 uniquely characterizes the partition of the set of
equivalence classes of irreducible discrete series representations of G(F') into L-packets.
However, it does not determine the matching between L-packets and L-parameters.

In the case of GLy, stability is a vacuous condition and L-packets are singletons.
On the other hand, Henniart has found [35,37] a list of conditions that uniquely determine
the local Langlands correspondence for GLy when F is non-archimedean. Besides the
already listed conditions regarding central and cocentral characters and contragredient, what
is needed is equality of L- and e-factors of pairs, which on the Galois side are the Artin fac-
tors of the tensor product of the two Galois representations, and on the automorphic side are
given by Rankin—Selberg integrals. While analogous factors can be defined for some other
groups as well, such as classical groups, it is unfortunately not yet known how to define
them for general reductive groups intrinsically. For some interesting ideas in this direction,
see [13]. Another approach to characterizing the local Langlands correspondence for non-
archimedean F was pioneered by Scholze in [73] for the group GLy, and extended to a
certain list of other groups in [63] based on [74].

One way to characterize the assignment ¢ — I1,(G) would be to associate to each ¢
a stably invariant distribution S @g that would be the stable character of the corresponding
L-packet (unique up to nonzero scalar multiple by Conjecture 2.2). In the archimedean case,
where the local correspondence has been constructed by Langlands [57], this stable distribu-
tion (in fact function) can be described most conceptually using the double covers discussed
in Section 1.3. According to Adams—Vogan [2], this description is as follows. The existence
of a discrete parameter ¢ easily implies the existence of an elliptic maximal torus S C G.
There is an L-group © S associated to the double cover S(R). One key property of the
double cover is that there is a canonical @-conjugaey class of L-embeddings Sy — LG
(this is not the case for the L-group £ of the torus S itself), cf. [46, s4.1]. It is again easy to
see that ¢ factors through this L-embedding, and thus leads canonically to a genuine char-
acter 6 of S (R) 4, well defined up to Wg(S)(R). The stable character associated to ¢ is

1 Conjecture 2.2 is expected more generally for tempered L-packets, but not for nontempered
L-packets; the latter need to be enlarged to Arthur packets, or more generally ABV packets,
in order to provide stable distributions, cf. [1, 8].

2959 REPRESENTATIONS OF REDUCTIVE GROUPS OVER LOCAL FIELDS



uniquely characterized by its restriction to S(R), where it takes the form
> wews (s)®) SEW)OE)
Maso(@? () =2 ()
Here again o > 0 means (", dé) > 0. We denote by W (S) = Ng(S)/S the absolute Weyl
group, and by G* the quasisplit inner form of G. Note the very close relationship to (1.1). It

S@S(s) — (_l)q(G*) .

2.1

may appear odd that we insist on the constant (—l)q(G*) even though the entire function is
supposed to be well defined only up to a constant; we will see in the next subsection that in
fact this function is conjecturally well defined “on the nose,” and not just up to a constant.

Turning to a non-archimedean base field F, we can use these ideas of Adams—
Vogan and our experience from Theorems 1.6 and 1.7 to formulate the following conjectures
describing the stable character associated to a supercuspidal parameter @, i.e., a discrete
parameter that is trivial on the subgroup SL,(C) of L. It is easy to see that, when G is
tame and p does not divide the order of the Weyl group of G, such a parameter determines a
stable conjugacy class of elliptic maximal tori S C G, and that ¢ factors through the canon-
ical embedding L' S+ — LG, thereby providing a genuine character 6 of S (F)x+.

Conjecture 2.3. Lety € G(F) be regular semisimple and topologically semisimple modulo
center. Then S @g () is zero unless y lies in the image of an admissible embedding S — G,
in which case (after identifying S with that image), we have

_1 =
SO () = eL(X*(To)c — X*(S)c)D() ™2 Y las-01(™). 22)
weWs (S)(F)
Note the strong similarity between (2.1) and (2.2). In fact, this is more than just a
similarity:

Formula (2.2) makes sense for any local field F, and recovers formula (2.1) when F = R.
Therefore, it gives a conjectural description of the stable character associated to a discrete

Langlands parameter ¢ : Wg — LG that is uniform for any local field F.

Of course, this conjecture only applies to discrete parameters that, in the non-archimedean
case, have trivial restriction to SL,(C), and in addition p is prime to |Wg(S)|. This conjec-
ture was the guiding principle behind the constructions of [45,47]. One drawback it has is that
in the non-archimedean case there may not be enough topologically semisimple elements of
S(F) to fully determine the function S @g. This is not an issue in the setting of [45, 47]
because we are not using the values of the function, but rather the entire formula, which car-
ries more information. Nonetheless, a more complete solution is desirable. It is conceivable
that the ideas of [14] might lead to a stronger version of this formula. Another approach is
to allow arbitrary regular semisimple elements of G(F'), in the vein of Theorem 1.7. This
leads to the following conjecture.
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Conjecture 2.4 ([46, $4.41). For any strongly regular semisimple y € G(F) with topological
Jordan decomposition modulo center y = yq - Yo+,

SOS(y) = e(N)eL (X *(Te)c — X*(TN)c)D1) 2 Y las-61(r]) - SO (log(vo+)).
jiS—J

assuming F has characteristic zero and p > (2 + e)n.

The notation is the same as that in Theorem 1.7, except now we are using the stable
orbital integral at / X instead of the usual orbital integral, and the sum runs over the set of
stable classes of admissible embeddings S — J.

Again, the reason we require the characteristic of F' to be zero and p to be very
large is to ensure the convergence of exp on Lie(G)(F)o+, in particular on Lie(J)(F)o+-
A positive resolution to Question 1.8 would weaken this requirement.

The most general constructions of the non-archimedean basic local Langlands
correspondence are given by Genestier—Lafforgue [29] in positive characteristic and Fargues—
Scholze [22] for arbitrary non-archimedean local fields. These constructions only produce
semisimplified parameters, but, at least in positive characteristic, recent work of Gan—
Harris—Sawin [27] (based on arguments of Gan—Lomeli [28] in the case of classical groups)
provides a unique enrichment of such a semisimplified parameter to a full Langlands param-
eter when the representation in question is supercuspidal. Earlier constructions include
[33,36,59] for GLy and [9] for quasisplit symplectic and orthogonal groups in character-
istic zero, and [32] for generic supercuspidal representations of the exceptional group G».

At the moment there are many open questions regarding the constructions [22, 29],
such as

(1) Is the map 7 +— ¢ surjective?
(2) Are the resulting L-packets always finite?

(3) Does the construction of Fargues—Scholze specialize to that of Genestier—
Lafforgue when F' has positive characteristic?

(4) Do Conjectures 2.2 and 2.4 hold?
(5) Does the formal degree conjecture hold?

On the other hand, [47] gives an explicit construction of the correspondence under
the assumption that G is tame and p does not divide the order of the Weyl group, and ¢ is
a supercuspidal parameter, building on prior work [17,4e,71]. This setting is more restrictive
than that of [22] or [29], but in return provides much more knowledge about the resulting
correspondence. For example, we know that

(1) The map 7 +— ¢ has as domain all nonsingular supercuspidal representations,
and as image all supercuspidal parameters.

(2) The map 7 +— ¢ is compatible with central and cocentral characters.
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(3) The resulting L-packets are always finite and, in fact, have the desired internal
structure (see the next section).

(4) Both Conjectures 2.2 and 2.4 hold [26, §4.4].
(5) The formal degree conjecture holds, as shown by Schwein [75] and Ohara [68].

The question whether the constructions of [22] and [47] agree is equivalent (in the
setting of F having characteristic zero and p being sufficiently large) to the question of
whether [22] satisfies Conjecture 2.4. A strong indication that they agree would be given if
Conjecture 2.3 could be proved instead; the latter can also be pursued for [29], since it allows
the characteristic of F to be positive.

The opposite setting of that of supercuspidal parameters and nonsingular (i.e.,
semisimple) supercuspidal representations is that of unipotent supercuspidal representa-
tions, and more generally arbitrary unipotent representations. Much progress has been made
on the local Langlands correspondence for these representations via detailed study of affine
Hecke algebras and formal degrees [23, 61, 62,70, 82].

2.2. The refined version

For many applications, such as the Gan—Gross—Prasad conjecture, or the multiplic-
ity formula for discrete automorphic representations, the basic version of the local Langlands
conjecture is insufficient because it describes packets of representations rather than individ-
ual representations. The refined local Langlands conjecture remedies this by enhancing the
notion of a Langlands parameter to allow the description of individual irreducible admis-
sible representations. In fact, already the statement of the Hiraga—Ichino-Ikeda conjecture
requires the refined correspondence, a point that we glossed over in the previous subsection.

As pointed out by Vogan [87], the refined conjecture requires a rigidification of the
concept of inner forms of reductive groups. In the archimedean case, a good rigidification
was obtained by Adams—Barbasch—Vogan [1]. In the non-archimedean case, different ways
of rigidification have led to different versions of the refined conjecture. We only give a brief
summary, referring the reader to [41] for more details.

The set of equivalence classes of inner forms of a connected reductive group G is
HY(F, Gy), where G, = G/Z(G) is the adjoint group of G. In every inner class there is a
unique quasisplit form, and we normalize things by taking G to be that form. A rigidification
of the notion of an inner form can be achieved by choosing a Galois gerbe &. When F has
characteristic zero such a gerbe can be understood, following Langlands—Rapoport [58], as
an extension 1 — u(F) — & — I' — 1 of the absolute Galois group I" of F by an algebraic
(€.6)
of cohomology classes of & with values in G(F) whose restriction to u factors through the
center Z(G) of G. There is a natural embedding H'(F, G) — H,. (&, G) and a natural map

Hblas(g’ G) - Hl(Fv Gad)- (23)

or proalgebraic group u. Following Kottwitz [54], one then considers the set HJ.

A rigidification of an inner form of G is the choice of an element of Hblas(E; , G) that lifts the
class of that inner form.
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Vogan’s notion of pure inner forms comes from the trivial Galois gerbe &'V = T,
for which u = {1}. Kottwitz’s theory of isocrystals with G-structure [53] employs the gerbe
&° of the Tannakian category of F-isocrystals. The problem with ™ and &™° is that in
general the map (2.3) is not surjective, so not all inner forms can be rigidified. For &°,
that map is surjective when Z(G) is connected. In [42] I define a gerbe &€ for which the
map (2.3) is always surjective. It turns out that, when F' = R, this gerbe recovers the notion
of strong real forms introduced by [1]. A key property of the gerbes &° and &' is that they
satisfy a generalization of Tate—Nakayama duality.

When F has positive characteristic the simplified concept of a Galois gerbe as an
extension of the absolute Galois group becomes inadequate, due to the possible nonsmooth-
ness of u. Despite this difficulty, Peter Dillery [2e] has found a way to construct a suitable
analog of &2, In fact, his construction works uniformly for all non-archimedean local fields
and recovers "¢ when F has characteristic zero. Therefore, we now have a satisfactory
definition of &£ for any local field.

The refined local Langlands conjecture parameterizes all irreducible admissible rep-
resentations of all inner forms of G at once. More precisely, one considers tuples (G', &, z, ),
where G’ is a connected reductive F-group, § : Gps — G’ is an isomorphism of
F*3-groups, where F* is a fixed separable closure of F, z € Z[l (6", G), and
£ 10(£) = Ad(Z,), where Z, is the image of z in Z!(F, Gaq) (since G,q is smooth we
can interpret the latter as étale, i.e., Galois, cohomology), and finally & is an irreducible
admissible representation of G’(F). An isomorphism (G, &1, z1, w1) — (G2, &2, 22, 72)
is a pair (g, f) with g € G(F®) and f : G; — G an isomorphism of F-groups such that
fof =& oAd(g)and zo(e) = gz1(e)oe(g)~!; here o, € I is the image of e € £"2. The
key property of the set Z (6"¢, G) is that if we fix the triple (G’, &, z), then two tuples
(G, &,z,m1) and (G, &, z, 7») are isomorphic if and only if the representations 771 and 7,
of G’(F) are equivalent.

Assuming the validity of the basic local Langlands conjecture, we can define for
each Langlands parameter ¢ : L — LG the “compound L-packet” IT, as the set of iso-
morphism classes of tuples (G’, &, z, ), for all possible (G’, §.z)andall € I1,(G"). We
further let S, be the centralizer of ¢ in 6, and S; and Z([G]*) be the preimages of So
and Z (@)F in the universal cover 5 of G. The refined conjecture, inspired by the work of
Adams-Barbasch-Vogan and Vogan, is then the following.

Conjecture 2.5 ([42, §5.4]). Fix a Whittaker datum w for G.

(1) There exists a bijection (L, y, that is the top map in the following commutative
i ®, p map 8
diagram

lp,w

I, ——— Irr(no(SJ))

| l

Hblas(grig’G) > ﬂo(Z(5)+)*
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in which the left map sends the isomorphism class of (G', &, z, ) to the class
of z, the right map is the central character map, and the bottom map is gen-
eralized Tate—Nakayama duality. This bijection relates the unique w-generic
constituent of I, to the trivial representation of mwo(S, ; ).

Given a semisimple element § € S, a rigid inner twist (G', €, z), and a tempered parame-

ter @, define the virtual character

2)
3)

®$5,f=e(G’) Z tr(tp,w(G' &, 2,7)(5)) - Or.
welly(G')

Gz

The distribution ®rp,w,1

is stable and independent of w and z.

. + . . . G/,;,:,Z . . . .
Fora general_;v le S, the distribution ®‘p,m’s. is the endoscopic lift of the dis-
,1 £l

*,§
to the transfer factor normalized via w and z as in [42, (5.10)].

tribution @f for the endoscopic datum (H, §) associated to ¢, with respect

Remark 2.6. (1) Point (3) specifies the bijection ¢y,  uniquely, provided such a
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2)

3)

“4)

&)

bijection exists.

The distribution in (2) is what we referred to as S @g/ in the previous subsection.
Note that the inner twist £ is used to identify G’ with LG, so if we use G as
codomain for Langlands parameters, we should write S @g "¢ to indicate that
this distribution depends also on &, not just G'.

The fiber over [z] € H/ (€2, G) of the left vertical map in (1) is by defini-
tion the L-packet I1,(Gz) of the inner form Gz of G associated to the image
[Z] € HY(F, Gy) of z. Note that there can be two distinct [z1], [z2] € H' (€2, G)
mapping to [Z]. This leads to the appearance of the same L-packet I1,(Gz) mul-
tiple times in the compound L-packet IT,. This “overcounting” is the spectral
incarnation of the rigidification of the notion of inner forms.

When F' is non-archimedean, the bottom map in (1) is bijective. This means
that the L-packet I1,(Gz) for the individual group Gz is described precisely by
the set Irr(sro (S, q'," ), [z]) of irreducible representations of 7o (.S q')" ) that transform
under 7o(Z (5)+) via the character corresponding to [z]. As just discussed,
there can be multiple [z] lifting [Z], leading to multiple ways to parameterize
I1,(Gz). Thankfully, it is a rather straightforward matter to relate these two
parameterizations of IT,(Gz), as we will discuss in the next subsection.

When F = R, the bottom map in (1) need not be injective or surjective. These
failures are well understood, cf [42, §3.4, §4, PROPOSITION 5.3]. The nonsurjectivity
implies that, for some 1) € o (Z(G))*, the set Irr(no(S(j ), 1) does not parame-
terize any L-packet. The noninjectivity implies that for some 1 € 7y(Z (§)+)*,
the set Irr(srg (SJ ), n) parameterizes a union of L-packets over certain rigid
inner forms. The set of rigid inner forms appearing in such a union consists of
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exactly those inner forms of G that are related to each other by Galois 1-cocycles
valued in the simply connected covers of their adjoint groups; this set is termed
a K-group by Arthur in [7, §1].

(6) An analogous conjecture can be stated with &"° or & in place of "¢. One
has to then replace 7 (Z(G)1)* by X * (Z(@)r) or no(Z(a)F)*, respectively,
and no(SJ) by St = Se/(Se N 6der)° or 7o(Sy), respectively. There is a com-
mutative diagram

70(Sp) < m(S;) ——— Sp

| ]

70(Z(G)") =— 70(Z(G)") — Z(G)"
that relates the three versions of the conjecture. Given & € mo(Sy)* and
& € X*(Z(@)F) with common image & € 7o(Z(G)™)*, this diagram induces
bijections Irr(mwo(Sy), 1) = Irr(no(S‘j), £) = Irr(S(E,, &,). Therefore, the three
versions of the conjecture differ only in the amount of inner forms of G that
they can reach, and the way in which these inner forms are overcounted by
rigidification. For a more thorough comparison, cf. [44, §4.2].

When F = R, Conjecture 2.5 was established by Shelstad in a series of papers,
especially [77-8e], cf. also [42, §5.6]. A geometric approach to Conjecture 2.5 was developed
in [1], which also produces and parameterizes Arthur packets, not just L-packets.

For non-archimedean local fields of characteristic zero, the restriction of Conjec-
ture 2.5 to quasisplit classical groups was proved by Arthur [9].

For more general groups over non-archimedean local fields, we have the following.

Theorem 2.7 ([26, §4.4]1). Under the assumptions of Theorem 1.7, Conjecture 2.5 holds for
the construction of regular supercuspidal L-packets of [45], and more generally for all super-
cuspidal L-packets constructed [47], but in that larger generality point (3) is proved only for
certain elements § (the remaining elements § are work in progress).

It is at the moment not known if the constructions of [29] or [22] satisfy Conjec-
ture 2.5. This would follow from Theorem 2.7 once Conjecture 2.4 is established for these
constructions, via comparison with [47], at least under the assumptions under which that
theorem and conjecture are formulated. We note that [22] works with the concept of inner
forms rigidified via &%° because isocrystals with G-structure appear naturally in the theory
of the Fargues—Fontaine curve, but the relationship between the two versions of the refined
correspondence is well understood as per Remark 2.6(6).

The refined local Langlands conjecture can be combined with a global version of
&g, developed in [43] over number fields, and in [21] over global function fields, to obtain
a precise formulation of the conjectural multiplicity formula for discrete automorphic rep-
resentations originally due to Kottwitz [52, (12.3)], cf. [43, §4.5], [21, §5.4]. Special cases of
this formula have been proved by O. Taibi, cf. [86]. One can also obtain a global multiplicity
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conjecture using the global version of &*° defined by Kottwitz in [5e], under the assumption
that the global group G has connected center and satisfies the Hasse principle. Under those
conditions, the two global multiplicity formulas coming from &*° and &"¢ are equivalent,
cf. [a8].

Another setting in which information about the refined local Langlands conjecture,
more precisely part (1) of Conjecture 2.5, has been obtained is that of unipotent representa-
tions, cf. [23, 61, 62,70, 82].

2.3. Compatibility properties

The basic version of the local Langlands correspondence is expected to satisfy many
compatibility properties, cf. [11, s18]. The refined version of the local Langlands correspon-
dence allows one to formulate more precise compatibility properties. Some of them turn
out to be formal consequences of the refined conjecture, while others have to be proved
independently.

Among the simplest such properties are those regarding the dependence of the
parameterizing bijection ¢,  on the Whittaker datum w and on the element of Hblas(é‘ g G)
lifting the class of H'(F, G,q) that describes the relevant inner form.

2.3.1. Whittaker data

If another Whittaker datum w’ is chosen, there exists an element g € Goq(F) such
that w’ = gwg~!. Denote by (w’, w) the image of g under the connecting homomorphism
HOY(F,Gy) — H'(F, Z(Gy)). Local Tate duality identifies H'(F, Z(G,.)) with the dual
of H(F, Z(asc)) =H'(Lp, Z(@SC)). A Langlands parameter ¢ : Lz — £ G induces an
action of L on G by conjugation via ¢, which coincides with the usual action of L z on
Z(@SC). Via the connecting homomorphism H°(¢(L ), 6ad)) — HY(Lp, Z(asc)) in the
resulting long exact cohomology sequence, we can pull back the character (w’, w) to the
group S,/ Z(G)F = S /Z(G)*. The following result is stated in [39, THEOREM 4.3] for real
groups or quasisplit classical p-adic groups, but the proof actually shows that it is a formal
consequence of Conjecture 2.5:

Theorem 2.8. The validity of Conjecture 2.5 implies

Lo (7)) = g () ® (W', w) V7 eI,

2.3.2. Rigidifying data

The question of changing the rigidifying element can be resolved in an analogous
way. Consider an element Z € Z!(F, G,y) leading to the inner form G;. Let
71,22 € Z1 (€€, G) both lift Z. Then z,z7! € Z!(6"€, Z(G)), and we denote by [z2z]']
its class. Given a Langlands parameter ¢ : L — LG and 7 € I1,(Gz), we can consider
the elements 71 = (Gz,§,z1, ) and 71, = (G3z, §, 22, ) of I1,, where § denotes the identi-
fication of G s with Gz, Fs. These elements both describe the representation 7 of the group
Gz(F), but are distinct elements of the compound packet IT,. This is the overcounting
phenomenon mentioned in the previous subsection. To relate these two “reflections” of r,
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consider the exact sequence
l—>n1(6)—>(_}—>/G\—>l

equipped with the action of L f via conjugation by ¢. It leads to the differential d : S J —
ZV(F, m1(G)) that factors through 7o(S,7). We denote by —d the composition of this
differential with the inversion automorphism of the abelian group 71(G). It is shown in
[44, §§6.1,6.2] that local Tate duality generalizes to a duality between H'!(€"¢, Z(G)) and
ZY(F,m (@)). The element [z, !] thus becomes a character of Z1(F, (/G\)) which can
be pulled back to 79(S,") by —d.

Theorem 2.9 ([44, §6.3]). The validity of Conjecture 2.5 implies

lp.w(72) = lo.w(1) ® (—d)*([22271])-

Remark 2.10. The cohomological constructions in Theorem 2.8 and 2.9 are very closely
related: the composition of the differential d : Sq‘f — ZW(F, m (6)) with the natural pro-
jection Z1(F, m(@)) — HI(F, m(@)) and the natural map (@) — m(aad) = Z(@SC)
equals the composition of the natural projection S, J — H%@(LF). G 2d) With the connecting
homomorphism H°(¢(LF), @ad) — H'(LF, Z(@SC)) =H!(F, Z(@SC)). This is embodied
in the commutative diagrams [44, (6.1),(6.2),(6.6)].

2.3.3. Contragredients

We now discuss the compatibility of the local Langlands conjecture with respect
to taking contragredients. To state it, we write C for the Chevalley involution of G, well
defined up to conjugation, and by L C its extension to an automorphism of £ G. We write

7V to denote the contragredient of a representation 7, and given 7 = (G’, &, z, w) we write
v =(G' &z, V).

Conjecture 2.11. Assume Conjecture 2.5. Let ¢ : Lr — “G be a Langlands parameter
with compound L-packet I1,. Then

(1) Mrgo, = {7V | 7 € M),

(1) S®féi¢(5) = S®g/,g (87Y) whenever ¢ is tempered,

(2) LLCoq),m*1 (7.’:\/) = (Lw,w(”) o 6—1)V.

Part (1) can be stated for L-packets on an individual group, and hence without
assuming Conjecture 2.5. In this form it was formulated by Adams—Vogan in [3], where it
was also proved for FF = R. Wen-Wei Li proved that statement of (1) in [6e] for the semisim-
plified basic correspondence of [29]. Part (1) is a variation of part (1)—it implies part (1) via
linear independence of characters, provided one assumes Conjecture 2.2. Over F = R parts
(1) and (1') are, in fact, equivalent, since Conjectures 2.2 and 2.5 are known and S @g s
simply the sum of ®, over all & € I1,(G’).

Part (2) was formulated by D. Prasad, cf. [69, coNJECTURE 2]. It was proved in
[39, THEOREM 5.9] that Conjecture 2.5 for G, together with part (1) for all endoscopic groups
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of G, implies part (2) for G. It was furthermore proved in [39, THEOREM 5.8] that for p-adic
fields part (1’) holds for quasisplit symplectic and orthogonal groups; the same argument
also applies to quasisplit unitary groups.

2.3.4. Automorphisms

The next compatibility we discuss is with respect to automorphisms. Initially, one
may be interested in a particular connected reductive F-group G’ and wonder how an
F-automorphism 6’ of G’ respects the (basic or refined) local Langlands correspondence.
We will see, however, that this is a special case of the following more general consideration.

Let as before G be a quasisplit connected reductive F-group. Let 6 € Autg(G).
Then 6 acts on Z (6"¢, G) via its action on G, and furthermore acts on the set of tuples
(G',&,z,m) by the rule O(G', £, z,m) = (G',£ 0071, 0(z), w). This induces an action of
Autr (G) on the set of isomorphism classes of such tuples. The subgroup Intz (G) of inner
F-automorphisms of G does not act trivially, but it follows from Theorems 2.8 and 2.9 and
Remark 2.10 that 1y gy (077) = 1, w(77) for € Intg(G) and 7 € I1,. Note this implies
that 6 preserves the compound L-packet I1,,.

On the other hand, the group Autg (6) of I'-equivariant automorphisms of G acts
on the set of refined Langlands parameters by the rule 6(¢, p) = (6 o ¢, p o 6~1), and the
subgroup Intg (6) acts trivially on the a—conjugacy classes of such parameters by definition.
Recall that the exact sequences of I'-modules 1 — Intgs (G) — Autps(G) — Outps (G) — 1
and 1 — Int(@) — Aut(@) — Out(a) — 1 are split, and the choice of an F-pinning of G
resp. of a I'-stable pinning of G determine T -equivariant splittings of these sequences. Recall
finally that there is a natural I"-equivariant identification Out(G) = Out(a), via which we
obtain the identification Autg (G)/Intg (G) = Outg (G) = Outp (8) = Autp (a)/Intp (@).

To state the following conjecture, it is convenient to write ¢(w, 7) = (¢, p), where
¢ is the unique Langlands parameter with 7t € I1,, and p = 1y 4 (7).

Conjecture 2.12. Assume Conjecture 2.5. Let ¢ : Ly — LG be a Langlands parameter
with compound L-packet I1,. For 8 € Outp(G) = Outp (6)

(1) Mgop = {07 | 7 € M)
(2) «(0(w),0()) = O((w, 7).

Again part (1) can be formulated for L-packets on an individual group, and hence
without assuming Conjecture 2.5. In that form it appears as [3, LEMMA 6.18]1 when F = R.

Note the formal similarity between Conjectures 2.11 and 2.12. If we let 6 be the
element of Outg(G) = Outg (6) that corresponds to the Chevalley involutions and set
1(w, ) = (¢, p), then Conjecture 2.11(2) states (w1, 7V) = (6(¢), #(p)"), while Con-
jecture 2.12(2) states ((6(w), 8(5r)) = (6(¢), 0(p)). We are free to lift 6 to an element of
Autr (G) any way we like; if we take it to be the involution ¢, defined by D. Prasad in [69,
DEFINITION 1] with respect to a pinning related to the Whittaker datum w as in [55, §5.3], then
6(w) = w!. This shows that [69, CONJECTURE 1] follows from Conjectures 2.11 and 2.12.
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Let us now discuss how Conjecture 2.12 gives information about the compatibility
of the refined local Langlands correspondence with F-automorphisms of a fixed group G’.
We realize G’ as a rigid inner twist (¢, z) : G — G’ of its quasisplit inner form G. Given
0’ € Autg (G'), the automorphism £ ~16’¢ of G need not respect the F-structure. However,
it does respect the F*-structure and, moreover, the difference (§7160'£)™! o o(§710'£) is
an inner automorphism of G for each o € I'. In other words, the image of £716’¢ in the
group Out(G) = Aut(G)/Int(G) is an F-point. Let 6 € Autr (G) be a lift of that F'-point
that preserves the Whittaker datum w. Then £716’§ = Ad(g) o @ for some g € G(F?).
Since the automorphism £ ~16’¢ of G commutes with the twisted action Ad(Z,)o on G(F*)
for all o € T', we see that the equality 6(Z,) = g 'Z,0(g) holds in Z!(F, G). Then
Ve i=(g71200.(2)) - 0(zo)~! € Z1(&"¢, Z(G)) and we see that (g, 8’) is an isomorphism
(G',E007 1, y-0(z),m) — (G',£,z,m 0 0'~1). The class [y] of y is uniquely determined
by 0’ and (£, z). From Theorem 2.9, we obtain

Corollary 2.13. Assume Conjectures 2.5 and 2.12. Then
WG Ez,mof ™ = Q(L(G’,S,z, 71)) ® (—d)*([y]),
where the tensor product affects the second component p of the refined parameter (¢, p).

The class [y] is trivial if and only if g can be chosen so that (g, 6’) is an isomor-
phism (G’ £ 0071,0(z), m) — (G',£,z,m 0 §’~1). This is not always possible: the simplest
example is when 6’ is an inner automorphism of G’ that comes from an element of G/,(F)
which does not lift to G’(F). In fact, this example is very useful and leads to the following
application of Corollary 2.13.

Corollary 2.14. Assume Conjectures 2.5 and 2.12. The action of G/ (F') on the set of rep-
resentations of G'(F) preserves each L-packet. More precisely, if ' = Ad(g) for some
g € G (F), then

WG Ez,m00 ™) = (G £ 2,m) ® (—d)*([g7 " ze0e(2)2.1]).
for any lift g € G(F*) of £71(g).

2.3.5. Homomorphism with abelian kernel and cokernel

Let f’: G{ — G} be a homomorphism of connected reductive F-groups with
abelian kernel and cokernel, and © f : © G, — L G/ be the corresponding L-homomorphism.
For a Langlands parameter ¢, : L — LGQ we can consider the composed parameter
@1 := L f o ¢, and the corresponding L-packets I,,(G5) and Iy, (G}) provided by the
basic local Langlands conjecture.

It is asserted in [11, §10] that for any 7, € I, (G5) the representation 75 o f” of
G (F) is a direct sum of finitely many members of I1,, (G}). The refined local Langlands
correspondence allows us to formulate a more precise expectation, namely about the multi-
plicity

m(my, mp) = dim Hom(nl,nz o f’) = dimHom(nz o f’, 711)
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for each 71 € I, (G7). To that end, note that L f induces a map ? : Sq',g — S;’l via which
we can define for any p; € Irr(o(Sy,)) and p, € Irr(mo(Sy,)) the number

m(p1, p2) = dimHom(pz, p1 © ?) = dim Hom(p; o ?,pz).

We can realize G; as a rigid inner twist (§;,z;) : G; — G| of its quasisplit inner form G;
in such a way that f = &' o f’ o & is a homomorphism of F-groups G; — G, and

2 = f(z1).
Conjecture 2.15. Let p; = Ly, (G}, &, zi, m;). Then

m(my, w2) = m(p2, p1)-

This conjecture has been stated by Solleveld as [83, CONJECTURE 2], where it has been
proven in some cases. A weaker form has been stated by Choiy in [15], where it has been
proved under certain working hypotheses numbered 4.1, 4.3, 4.6, 4.11, and 4.15. Among
these, 4.1, 4.3, and 4.6 amount to Conjecture 2.5, 4.11 is Corollary 2.14, and 4.15 is a certain
dual version to 4.11 that also appears plausible. A direct verification of the basic version of
this conjecture stated in [11, §10] in the setting of [47] has been announced by Bourgeois—Mezo
in [12], again assuming I has characteristic zero.
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