MACROSCOPIC LIMITS OF
CHAOTIC
EIGENFUNCTIONS

SEMYON DYATLOV

ABSTRACT

We give an overview of the interplay between the behavior of high energy eigenfunc-
tions of the Laplacian on a compact Riemannian manifold and the dynamical properties
of the geodesic flow on that manifold. This includes the Quantum Ergodicity theorem,
the Quantum Unique Ergodicity conjecture, entropy bounds, and uniform lower bounds
on mass of eigenfunctions. The above results belong to the domain of quantum chaos and
use microlocal analysis, which is a theory behind the classical/quantum, or particle/wave,
correspondence in physics. We also discuss the toy model of quantum cat maps and the
challenges it poses for Quantum Unique Ergodicity.
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1. INTRODUCTION
This article is an overview of some results on macroscopic behavior of eigenstates
in the high energy limit. A typical model is given by Laplacian eigenfunctions:

—Agu; = /XZMA, uy € C*(M), ”MAHLZ(M) =1.

Here we fix a compact connected Riemannian manifold without boundary (M, g) and denote
by Ag < 0 the corresponding Laplace—Beltrami operator. It will be convenient to denote the
eigenvalue by A2, where A > 0. The high-energy limit corresponds to taking A — oo.

One way to study the macroscopic behavior of the eigenfunctions u; as A — oo is
to look at weak limits of the probability measures |u3|* d vol, where d vol, is the volume
measure on (M, g):

Definition 1. Let Ajz- be a sequence of eigenvalues of —A, going to co. We say that the
corresponding eigenfunctions u,; converge weakly to some probability measure v on M, if

/ a(x)|u;tj(x)‘2dvolg(x)—>/ a(x)dv(x) as j — o0 (1.1
M M
for all test functions a € C*°(M).

Definition 1 can be interpreted in the context of quantum mechanics as follows.
Consider a free quantum particle on the manifold M. Then the eigenfunctions u) are the
wave functions of the pure quantum states of the particle. The left-hand side of (1.1) is the
average value of the observable a(x) for a given pure state; if we let a be the characteristic
function of some set 2 C M then this expression is the probability of finding the quantum
particle in €2 (this choice is only allowed if v(9€2) = 0). Taking A — oo gives the high-energy
limit.

The statement (1.1) is macroscopic in nature because we first fix the observable a
and then let the eigenvalue go to infinity. This is different from microscopic properties such as
the breakthrough work of Logunov and Malinnikova on the area of the nodal set {x € M |
uj(x) = 0}, see the review [38]. Ironically, the methods used in the macroscopic results
described here are microlocal in nature (see Section 2 for a review), with the global geometry
of M coming in the form of the long time behavior of the geodesic flow.

The results reviewed in this paper address the following fundamental question:

For a given Riemannian manifold (M, g), what can we say (12)
about the set of all weak limits of sequences of eigenfunctions? .
It turns out that the answer depends on the dynamical properties of the geodesic flow

on (M, g). In particular:

o If (M, g) has completely integrable geodesic flow then there is a huge variety of
possible weak limits. For example, if (M, g) is the round sphere, then there is a
sequence of Gaussian beam eigenfunctions converging to the delta measure on
any given closed geodesic (see Section 2.2 below).
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 If the geodesic flow instead has chaotic behavior, more precisely it is ergodic
with respect to the Liouville measure, then a density 1 sequence of eigenfunctions
converges to the volume measure d volg / volg (M). This statement, known as
Quantum Ergodicity, is reviewed in Section 3.

« If the geodesic flow is strongly chaotic, more precisely it satisfies the Anosov
property (i.e., it has a stable/unstable/flow decomposition), then the limiting mea-
sures have to be somewhat spread out. This comes in two forms: entropy bounds
and full support. See Section 4 for a description of these results. The Quantum
Unique Ergodicity conjecture states that in this setting any sequence of eigenfunc-
tions converges to the volume measure; it is not known outside of arithmetic cases
(see Section 4) and there are counterexamples in the related setting of quantum
cat maps (see Section 5).

* Finally, there are several results in cases when the geodesic flow is ergodic but
not Anosov, or it exhibits mixed chaotic/completely integrable behavior; see Sec-
tion 3.

The present article focuses on the last three cases above, which are in the domain of quan-
tum chaos. The general principle is that chaotic behavior of the geodesic flow leads to
chaotic/spread out macroscopic behavior of the eigenfunctions of the Laplacian. See Figure 1
for a numerical illustration.

In particular, we will describe full support statements for weak limits — see Theo-
rems 11 and 16 — proved in [18-2e]. The key component is the fractal uncertainty principle
first introduced by Dyatlov—Zahl [21] and proved by Bourgain—Dyatlov [1e]. It originated in
open quantum chaos, dealing with quantum systems where the underlying classical system
allows for escape to infinity and has chaotic behavior. We refer to the reviews of the author [15,
16] for more on fractal uncertainty principle and its applications.

The above developments use microlocal analysis, which is a mathematical theory
underlying the classical/quantum, or particle/wave, correspondence in physics. In particular,
one typically obtains information on the semiclassical measures, which are probability mea-
sures u on the cosphere bundle S* M which are weak limits of sequences of eigenfunctions
in a microlocal sense. These measures are sometimes called microlocal lifts of the weak
limits, because the pushforward of u to the base M is the weak limit of Definition 1. One of
the advantages of these measures compared to the weak limits on M is that they are invari-
ant under the geodesic flow. We give a brief review of microlocal analysis and semiclassical
measures in Section 2 below.

2. SEMICLASSICAL MEASURES
Let us write the left-hand side of (1.1) as

|| alua, 6 d vole () = Mty 0z )12can
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FIGURE 1

(Top) Typical eigenfunctions (with Dirichlet boundary conditions) for two planar domains. The picture on the left
(courtesy of Alex Barnett, see [7] and [8] for a description of the method used and for a numerical investigation of
Quantum Ergodicity) shows equidistribution, i.e., convergence to the volume measure in the sense of Definition 1.
The picture on the right (where the domain is a disk) shows the lack of equidistribution, with the limiting measure
supported in an annulus. This difference in quantum behavior is related to the different behavior of the
billiard-ball flows on the two domains (which replace geodesic flows in this setting). (Bottom) Two typical
billiard-ball trajectories on the domains in question. On the left we see ergodicity (equidistribution of the
trajectory for long time), and on the right we see completely integrable behavior.

where M, : L?2(M) — L?(M) is the multiplication operator by a € C®(M). To define
semiclassical measures, we will allow for more general operators in place of M,. These
operators are obtained by a quantization procedure, which maps each smooth compactly
supported function a on the cotangent bundle 7* M to an operator on L2(M) depending on
the small number /# > 0 called the semiclassical parameter:

aeC®(T*M) + Oppa):L*(M)— L*(M), 0<h<l. 2.1
2.1. Semiclassical quantization
We briefly recall several basic principles of semiclassical quantization referring to

the books of Zworski [49] and Dyatlov—Zworski [22, ApPENDIX E] for the full presentation and
pointers to the vast literature on the subject:
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* The function a, often called the symbol of the operator Opy,(a), is defined on

the cotangent bundle 7* M, whose points we typically denote by (x, §) where
x € M and § € T} M. The canonical symplectic form on 7* M induces the Pois-
son bracket

{f.g):=0cf -0xg—0xf-0cg, [ ge€eC®(T*M).

In physical terms, this corresponds to using Hamiltonian mechanics for the “clas-
sical” side of the classical/quantum correspondence, where x is the position vari-
able and & is the momentum variable.

One can work with a broader class of smooth symbols @, where the compact
support requirement is changed to growth conditions on the derivatives of a
as & — oo. The resulting operators act on (semiclassical) Sobolev spaces, see,
e.g.. [22, §E.1.8].

If a(x, §) = a(x) is a function of x only, then
Opy(a) =M, (2.2)
is the corresponding multiplication operator.

If a(x, &) is linear in &, that is, a(x, &) = (£, X) for some vector field X €
C*>®(M;TM), then, up to lower-order terms, the operator Op,,(a) is a rescaled
differentiation operator along X,

Opp(@)u(x) = —ihXu(x) + O(h). (2.3)

This explains why a should be a function on the cotangent bundle 7* M : linear
functions on the fibers of 7* M correspond to vector fields on M. (Quantization
procedures do not depend on the choice of a Riemannian metric on M.)

If u € C°°(M) oscillates at some frequency R, then differentiating u along a
vector field X increases its magnitude by about R. One takeaway from (2.3) is
that Opy, (a)u has roughly the same size as u if the function u oscillates at fre-
quencies ~ h~!. Thus we treat the semiclassical parameter i as the effective
wavelength of oscillations of the functions to which we will apply Opy(a). We
will apply Op;,(a) to an eigenfunction u,, which oscillates at frequency ~ A, so
we will make the choice

h=A1"" 2.4)

If M =R" and a(x, §) = a(§) is a function of £ only, then Op,, () is a Fourier
multiplier,
Opy(@)u(§) = a(h®)u(§). ue S R"). (2.5)

Thus in addition to being the momentum variable, we can interpret £ as a
Fourier/frequency variable.
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* For general manifolds M, one cannot define a quantization procedure canonically:
a typical construction involves piecing together quantizations on copies of R”
using coordinate charts, see, e.g., [22, §E.1.7]. However, different choices of coor-
dinate charts, etc., will give the same operator modulo lower-order terms O (h).

Several items above allude to “lower-order terms.” We will consider the operators Opy, (a)
in the semiclassical limit h — 0 and will often have remainders of the form O(h), etc.,
which are operators on C*°(M). (More generally, semiclassical analysis gives asymptotic
expansions in powers of & with the remainder being @ (1) for any N.) This is understood
as follows: if the symbols involved are compactly supported in 7* M, then the remainders
are bounded in norm as operators on L2 (with constants in ()(e), of course, independent
of h). For more general symbols, one has to take correct semiclassical Sobolev spaces and
we skip these details here. We note that in the basic version of semiclassical calculus used
in this section, the symbol a does not depend on %, which reflects the macroscopic nature of
the results presented below.

Semiclassical quantization has several fundamental algebraic and analytic proper-
ties; once these are proved, one can use it as a black box without caring too much for the
precise definition of Opy, (a). Of particular importance are the product, adjoint, and commu-
tator rules:

Opy(a) Opy, (b) = Opy(ab) + O (h), (2.6)
Opj(a)* = Opy(a) + O(h), 27
[Op4(a). Op;,(b)] = —ih Opy ({a.b}) + O(H?). (2.8)

and the L? boundedness statement: if a € C°(T*M) then ||Opy(a)lz2— 7> is bounded
uniformly in /.

2.2. Semiclassical measures for eigenfunctions

We can now introduce the main object of study in this article, which are semiclas-
sical measures associated to high frequency sequences of eigenfunctions of the Laplacian.
Semiclassical measures were originally introduced independently by Gérard [27] and Lions—
Paul [37]. We refer to [49, cHAPTER 5] for a detailed treatment.

Following (2.4), we write the eigenvalue as 4~2 where h is small. Let (M, g) be a
Riemannian manifold and consider a sequence of Laplacian eigenfunctions:

—Aguj = h;2uj, hj -0, u; € C®(M), |ujl2=1.

Definition 2. We say that the sequence u; converges semiclassically to a finite Borel mea-
sure 4 on the cotangent bundle 7* M, if

(Omn, @y > [ atr g duir s ws oo 29)

for all test functionsa € C°(T* M ). A measure p on T* M is called a semiclassical measure
if it is the limit of some sequence of Laplacian eigenfunctions.
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The statement (2.9) actually applies to a broader class of symbols a with polynomial
growth as £ — co. By (2.2), if a(x, §) = a(x) depends only on the position variable x, then
the left-hand side of (2.9) is the integral [y, alu;|* d vol,. Comparing (2.9) with (1.1), we
see that if u; converges semiclassically to w, then it converges weakly to the pushforward of
W to the base M. Thus we can think of semiclassical measures as (microlocal) lifts of the
weak limits of Definition 1.

A quantum-mechanical interpretation of semiclassical measures is as follows: if a €
C>°(T*M) is a classical observable (a function of position and momentum) then Opj, (a)
is the corresponding quantum observable and the expression (Opy, (a)u, u); 2 is the average
value of the observable a on the quantum particle with wave function u. Thus (2.9) gives
macroscopic information on the concentration of the particle in both position and momentum
in the high-energy limit. Recalling (2.5), we can also interpret semiclassical measures as
capturing the concentration of u; simultaneously in the position and frequency.

One important property of Definition 2 is the presence of compactness: any sequence
of eigenfunctions has a subsequence converging semiclassically to some measure; see [49,
THEOREM 5.2] and [22, THEOREM E.42]. Other basic properties of semiclassical measures are
summarized in the following

Proposition 3. Let ju be a semiclassical measure for a Riemannian manifold (M, g). Then:
* W is a probability measure;
e W is supported on the cosphere bundle
S*M = {(x.§) e T*M : |§|; = 1}:
* W is invariant under the geodesic flow
o' S*M — S*M.

Here the geodesic flow is naturally a flow on the sphere bundle SM, which is
identified with S* M using the metric g.

We give a sketch of the proof of Proposition 3 to show how the fundamental prop-
erties (2.6)—(2.8) can be used. The first claim follows by taking @ = 1 in (2.9), in which
case Opy,(a) is the identity operator. To see the second claim, we use that the semiclassically
rescaled Laplacian —h% A, is a quantization of the quadratic function |§ |§ (giving the square
of the length of the cotangent vector £ € T," M with respect to the metric g), so

P(h) := —h*Ag —1 = Op,(I€; — 1) + O(h), P(hj)u; =0.

Now if a € CZ°(T*M) vanishes on S*M, we can write a = b(|§|§, — 1) for some b €
C°(T*M). By the product rule (2.6),

Opy,; (@)uj = Opy, (b) P(hj)u; + O(hj) = O(h;),

which by (2.9) gives fT* @ dp = 0. Since this is true for any a vanishing on $* M, we see
that supp 4 C S*M as needed.
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The last claim is also simple to prove: if b € C>°(T* M) is arbitrary, then

0 = ([P(h;), Opy, (D) Juj uj) > = —ihj(Opy, ({I€]7. b} )uj uj) > + O(hF).

Here the first equality follows from the fact that P(%;)u; = 0 and P(h;) is self-adjoint;
the second one uses the commutator rule (2.8). Now (2.9) shows that the Poisson bracket
{|€|2, b} integrates to 0 with respect to u. But the Hamiltonian flow of |£ |§, /2, restricted to
S*M , is the geodesic flow ¢, so we get

/ d¢|r=0(bo@’)du =0 forallb e CX(T*M),
S*M

from which it follows that | .S* b o' dpis independent of £ and thus y is invariant under
the flow ¢”.

We now give the microlocal formulation of the question (1.2) asked at the beginning
of the article:

For a given Riemannian manifold (M, g), what can we say 2.10)
about the set of all semiclassical measures? '

The general expectation is that

e when the geodesic flow on (M, g) is “predictable,” i.e., completely integrable,
there are semiclassical measures which can concentrate on small flow-invariant
sets;

« on the other hand, when the geodesic flow on (M, g) has chaotic behavior, semi-
classical measures have to be more “spread out.”

One of the results supporting the first point above is the following theorem of Jakobson—
Zelditch [33]: if M is the round sphere then any measure satisfying the conclusions of
Proposition 3 is a semiclassical measure. See also the work of Studnia [46] and Arnaiz—
Macia [6] in the related case of the quantum harmonic oscillator.

The rest of this article presents various results which support the second point above,
in particular giving several ways of defining chaotic behavior of the geodesic flow and the
way in which a measure is “spread out.”

3. ERGODIC SYSTEMS

We first describe what happens under a “mildly chaotic” assumption on the geodesic
flow ¢’ : S*M — §*M , namely that it is ergodic with respect to the Liouville measure. Here
the Liouville measure p7, = cd volg (x) dS(£) is anatural flow-invariant probability measure
on S*M , with dS denoting the volume measure on the sphere S M corresponding to g and
¢ some constant. By definition, the flow ¢’ is ergodic with respect to y, if every ¢’ -invariant
Borel subset 2 C S*M has ur(2) = 0or ur () = 1.

We say that a sequence of eigenfunctions u; equidistributes if it converges to pz, in
the sense of Definition 2, that is, in the high-energy limit the probability of finding the corre-
sponding quantum particle in a set becomes proportional to the volume of this set. A central
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FIGURE 2

Two Dirichlet eigenfunctions for a Bunimovich stadium, courtesy of Alex Barnett (see the caption to Figure 1):
the right one shows equidistribution, but the left one does not. Quantum Ergodicity implies that most
eigenfunctions look from afar like that on the right.

result in quantum chaos is the following Quantum Ergodicity theorem of Shnirelman [44],
Zelditch [47], and Colin de Verdiere [14], which states that when the geodesic flow is ergodic,
most eigenfunctions equidistribute:

Theorem 4. Assume that the geodesic flow is ergodic with respect to the Liouville measure.
Then for any choice of orthonormal basis of eigenfunctions {uy} there exists a density 1

subsequence ux; which converges semiclassically to iy, in the sense of Definition 2.

See [49, cHAPTER 15] and the review of Dyatlov [17] for more recent expositions of
the proof. The version of Theorem 4 for compact manifolds with boundary was proved by
Gérard-Leichtnam [28] for convex domains in R” with W?2:* boundaries and Zelditch—
Zworski [48] for compact Riemannian manifolds with piecewise C°° boundaries. In this
setting one imposes (Dirichlet or Neumann) boundary conditions on the eigenfunctions, and
the geodesic flow is naturally replaced by the billiard-ball flow (reflecting off the boundary).
See Figures 1 and 2 for numerical illustrations.

A natural question is whether the entire sequence of eigenfunctions equidistributes,
i.e., whether puy is the only semiclassical measure. For general manifolds with ergodic clas-
sical flows this is not always true, as proved by Hassell [32]. In particular, for the case of the
Bunimovich stadium shown on Figure 2, the paper [32] shows that for almost every choice
of the parameter of the stadium (i.e., the aspect ratio of its central rectangle) there exist
semiclassical measures which are not the Liouville measure.

Another natural question is what happens when the classical flow has mixed behav-
ior, e.g., $*M is the union of two flow-invariant sets of positive Lebesgue measure such that
the flow is ergodic on one of them and completely integrable on the other. Percival’s Conjec-
ture claims that this mixed behavior translates to macroscopic behavior of eigenfunctions,
namely one can split any orthonormal basis of eigenfunctions into three parts: one of them
equidistributes in the ergodic region, another has semiclassical measures supported in the
completely integrable region, and the remaining part has density 0. A version of this conjec-
ture for mushroom billiards was proved by Gomes in his thesis [29, 30]; see also the earlier
work of Galkowski [26] and Riviere [41].
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4. STRONGLY CHAOTIC SYSTEMS
We now describe what is known when the geodesic flow on M is assumed to be
strongly chaotic. The latter assumption is understood in the sense of the following Anosov

property:

Definition 5. Let (M, g) be a compact Riemannian manifold without boundary. We say that
the geodesic flow ¢ : S*M — S*M has the Anosov property if there exists a flow/unsta-
ble/stable decomposition of the tangent spaces

Tp(S*M) = Eo(p) ® Eu(p) ® Es(p), p€S™M,

where Ej is the one-dimensional space spanned by the generator of the flow, while E,,, E
depend continuously on p, are invariant under the flow ¢’, and satisfy the exponential decay
condition for some 6 > 0:

veE,(p), t=<0,

|de (p)v| < Ce™®]y], -
veEs(p), t=>0.

A large family of manifolds with Anosov geodesic flows is given by compact Rie-
mannian manifolds of negative sectional curvature, see the book of Anosov [5]. An important
special case is given by hyperbolic surfaces, which are compact, oriented Riemannian man-
ifolds of dimension 2 with Gauss curvature identically equal to —1. See Figure 3 for a
numerical illustration.

The Anosov property implies that the geodesic flow is ergodic with respect to the
Liouville measure, so Quantum Ergodicity applies to give that most eigenfunctions equidis-

A=5004.3616, 11 = 25,1 = 26,13 = 24,ty =0,tp = 04,13 =02 I A=5004.7235,11 = 25,1 = 26,13 = 24,11 =0,1p = 04,13 =0.2 I

FIGURE 3

Two Laplacian eigenfunctions on a hyperbolic surface, courtesy of Alex Strohmaier (see Strohmaier—Uski [45]).
Here we view the surface as a quotient of the hyperbolic plane by a group of isometries, or equivalently as the
result of gluing together appropriate sides of the pictured fundamental domain. On a microscopic level the two
eigenfunctions look different, but the macroscopic features are the same — both show equidistribution.
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tribute. The major open question is the following Quantum Unique Ergodicity conjecture
which claims equidistribution for the entire sequence of eigenfunctions:

Conjecture 6. Assume that (M, g) is a compact Riemannian manifold with Anosov geodesic
flow. Then p is the only semiclassical measure.

Conjecture 6 was originally stated by Rudnick—Sarnak [42] in the context of hyper-
bolic surfaces. It is known in the special case of arithmetic hyperbolic surfaces, which have
additional symmetries commuting with the Laplacian, called Hecke operators, and we con-
sider a joint basis of eigenfunctions of the Laplacian and a Hecke operator; see Linden-
strauss [36] and Brooks—Lindenstrauss [13]. In general, in spite of significant partial progress
described below, the conjecture is open. One of the issues with a potential proof is that Quan-
tum Unique Ergodicity fails in the related setting of quantum cat maps; see Theorem 14
below.

4.1. Entropy bounds
A major step towards Quantum Unique Ergodicity (Conjecture 6) are entropy
bounds, originating in the work of Anantharaman [1]:

Theorem 7. Assume that the geodesic flow on (M, g) has the Anosov property. Then any
semiclassical measure | has positive Kolmogorov=Sinai entropy, hgs(u) > 0.

Here the Kolmogorov—Sinai entropy hgs(ut) is a nonnegative number associated
to each flow-invariant measure u; roughly speaking, it expresses the complexity of the flow
from the point of view of that measure, and is one way to measure how “spread out” the mea-
sure is—measures which are more concentrated have lower entropy, and measures which are
more spread out have higher entropy. Theorem 7 in particular implies the following conjec-
ture of Colin de Verdicre [14]:

On a hyperbolic surface, no semiclassical measure @1
can be supported on a closed geodesic .
since the entropy of a measure supported on a closed geodesic is zero.
The lower bound on entropy in Theorem 7 is in general complicated. However, in
the case of hyperbolic (i.e., constant negative curvature) manifolds Anantharaman—Nonnen-

macher [3] gave the following easy to state bound:

Theorem 8. Assume that (M, g) is an n-dimensional hyperbolic manifold. Then any semi-

classical measure | satisfies
hys(n) > #5 42)

We remark that the Liouville measure in this setting has entropy n — 1, so (4.2)
in some sense excludes “half” of all invariant measures as possible semiclassical measures.
For other entropy(-type) bounds, see the works of Anantharaman—Koch—Nonnenmacher [2],
Riviere [39,40], and Anantharaman—Silberman [4].
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The constant in the bound (4.2) matches (in the case of surfaces) the counterexam-
ples for quantum cat maps given in Theorem 14 below. Thus an important milestone on the
way to Quantum Unique Ergodicity would be to prove the following:

Conjecture 9. Let (1 be a semiclassical measure on an n-dimensional hyperbolic mani-
fold (M, g). Then hgs(p) > 1.

We conclude this subsection with another conjecture which would go a long way
towards Quantum Unique Ergodicity but does not exclude the counterexample of Theo-
rem 14:

Conjecture 10. Let o be a semiclassical measure on a compact manifold (M, g) with
Anosov geodesic flow. Then we have i = ajuy, + (1 — )i for some o € (0, 1], where up,
is the Liouville measure and ' is some probability measure on S* M.

4.2. Full support property

Another way to characterize how much a measure p is “spread out” is by looking at
its support, supp u C S*M . For surfaces with Anosov geodesic flows, Dyatlov—Jin [19] (in
the hyperbolic case) and Dyatlov—Jin—-Nonnenmacher [2e] (in the general case) showed that
the support of every semiclassical measure is the entire S*M :

Theorem 11. Let p be a semiclassical measure on a compact surface (M, g) with Anosov
geodesic flow. Then supp u = S*M, that is, w(U) > 0 for every nonempty open set
UcCS*M.

Theorem 11 and entropy bounds give different restrictions on the set of possible
semiclassical measures. On the one hand (assuming (M, g) is a hyperbolic surface for sim-
plicity), the entropy bound (4.2) implies that the Hausdorff dimension of supp u is at least 2,
but there exist flow-invariant measures supported on proper subsets of S*M of dimension
arbitrarily close to 3. On the other hand, there exist measures which have full support and
small entropy: one can, for example, take a convex combination of the Liouville measure and
a measure supported on a closed geodesic.

The key new ingredient in the proof of Theorem 11 is the fractal uncertainty prin-
ciple of Bourgain—Dyatlov [18]. We state the following version appearing in [2e]:

Theorem 12. Letv,h € (0,1) and assume that X, Y C R are v-porous up to scale h, namely
for any interval I C R of length |I| € [h, 1], there exists a subinterval J C I of length
|J| = v|I| such that X N J = O (and similarly for Y ). Then there exist constants C, 8 > 0
depending only on v such that for all f € L*(R),

supp f Ch™'Y = |xfle@ < CHP ) f @) 4.3)

One should think of the parameter v in Theorem 12 as fixed and % as going to 0.
The sets X, Y can depend on % as long as they are v-porous; a basic example is given by
lh—o-neighborhoods of some sets which are porous up to scale 0 (e.g., Cantor sets). The esti-
mate (4.3) can be interpreted as follows: if a function f lives in the (semiclassically rescaled)
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frequency space in a porous set Y, then only a small part of the L2-mass of f can concentrate
on the porous set X . We refer the reader to the review [15] for more details.

The proof of Theorem 11 can be roughly summarized as follows (restricting to the
case of hyperbolic surfaces for simplicity): assume that a sequence of eigenfunctions {u; }
converges semiclassically to a measure p such that u(U) = 0 for some nonempty open
set U C S$*M. Using microlocal methods, one can show that u j is in a certain sense con-
centrated on both of the sets

Qi(hj):={peS*M | o™ (p) & Uforalls € [0,log(1/h;)]}

of geodesics which do not cross the set U in the future or in the past for time log(1/ %;).
Here one can barely make sense of localization in the position—frequency space on each of
the sets Q4 (), i.e., construct operators A4+ which localize to these sets and write u; =
Aqu; +o(1) = A_u; + o(1). However, the sets Q. (/) have porous structure (see Figure 5
below for the related case of quantum cat maps), and one can use the Fractal Uncertainty
Principle to show that |4+ A_||;2_ 12 = o(1), giving a contradiction. We refer to [15] for a
detailed exposition of the proof.

Theorem 11 only applies to surfaces because the Fractal Uncertainty Principle is
only known for subsets of R. A naive generalization of Theorem 12 to higher dimensions is
false: for example, the sets

X =1[0,h/10] x [0,1], Y = [0,1] x [0, h/10] C R?

are both %-porous up to scale & (where we replace intervals by balls in the definition of
porosity), but they do not satisfy an estimate of type (4.3): the Fourier transform of the indi-
cator function of #~1Y has large L? masson X. (See [16, §6] for a more detailed discussion.)
However, this does not translate to a counterexample for semiclassical measures, leaving the
door open for the following:

Conjecture 13. Let i be a semiclassical measure on a compact manifold (M, g) with
Anosov geodesic flow. Then suppu = S*M.

An analog of Conjecture 13 is known for certain quantum cat maps, see Theorem 16
below.

5. QUANTUM CAT MAPS

We finally discuss quantum cat maps, which are toy models in quantum chaos
with microlocal properties similar to Laplacians on hyperbolic manifolds (though the exten-
sive research on them demonstrates that they are a “tough toy to crack™). They were origi-
nally introduced by Hannay and Berry in [31]. We start with two-dimensional quantum cat
maps which are analogous to hyperbolic surfaces. These maps quantize toral automorphisms
(ak.a. “Arnold cat maps”)

x> Ax mod Z?, x e T? =R?/72 (CR))
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where A € SL(2,Z) is a 2 x 2 integer matrix with determinant 1. We make the assumption
that A is hyperbolic, i.e., it has no eigenvalues on the unit circle. A basic example of such a

2 1
A= (1 1). (52

Quantizations of the map (5.1) are not operators on L2 of a manifold, instead they are unitary

matrix is

N x N matrices, where the integer N is related to the semiclassical parameter / as follows:
2rNh = 1.

The semiclassical limit # — O studied above now turns into the limit N — oo.
Before introducing quantizations of cat maps, we briefly discuss the adaptation of
the quantization procedure (2.1) to this setting, which has the form

aeC®T?) + Opyla):CN —cCV, (5.3)

That is, functions on the 2-torus are quantized to N x N matrices. The quantization proce-
dure also depends on a twist parameter 6 € T2, but we suppress this in the notation. (If N
is even, then we can always just take & = 0 in what follows.) See, for example, [18, §2.2] for
more details.

Now, for A € SL(2, Z), its quantization is a family of unitary N x N matrices
By : CN — C! which satisfies the following exact Egorov’s theorem:

By' Opy(a)By = Opy(ao A) foralla e C®(T?). (5.4)

Such By exists and is unique modulo multiplication by a unit length scalar. The state-
ment (5.4) intertwines conjugation by By (corresponding to quantum evolution) with pull-
back by the map (5.1) (corresponding to classical evolution). It is analogous to Egorov’s
Theorem for Riemannian manifolds (see, e.g., [49, THEOREM 15.2]), which states that

e—ithAg/Z Oph(a)eithAg/Z — Oph(a ° (pt) + (9(}1)

where the geodesic flow ¢’ : S*M — S*M is extended to T* M as the Hamiltonian flow of
|& |§, /2. Thus the quantum cat map By should be thought of as an analog of the Schrodinger

propagator e8¢ /2

, eigenfunctions of By are analogous to Laplacian eigenfunctions, and
the dynamics of the geodesic flow in this setting is replaced by the dynamics of the map (5.1).
Using the quantization (5.3), we can define similarly to (2.9) semiclassical measures

associated to sequences of eigenfunctions
BNjuj :)Ljuj, Uu; E(CNj, ||uj||[2=1, Nj—)OO.

These are probability measures on T2 which are invariant under the map (5.1) (as can be
seen directly from Egorov’s theorem (5.4)).

When the matrix A is hyperbolic, the map (5.2) is ergodic with respect to the
Lebesgue measure on T2. Using this fact, Bouzouina—de Biévre [11] showed Quantum
Ergodicity in this setting: if we put together orthonormal bases of eigenfunctions of By
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for all NV, then there exists a density 1 subsequence of this sequence which converges to the
Lebesgue measure.

On the other hand, Faure—-Nonnenmacher-De Bi¢vre [25] showed that Quantum
Unique Ergodicity fails for quantum cat maps:

Theorem 14. Let A € SL(2, Z) be a hyperbolic matrix. Fix any periodic trajectory y C T?
of the map (5.1). Then there exists a sequence of eigenfunctions u; of the quantum cat
map By;, for some Nj — oo, which converge semiclassically to the measure

38, + suL (5.5

where 8, is the delta probability measure on the trajectory y and i1, is the Lebesgue measure
on T2

We remark that the choice of N; in Theorem 14 is highly special: one takes them so
that the matrix A%/ is the identity modulo 2N, where k; is very small, namely k; ~ log N; .
This implies that the quantum cat map By; also has a short period, namely B Nj, is a scalar.
See the papers of Dyson—Falk [23] and Bonechi—-De Biévre [9] for more information on the
periods of the cat map. A numerical illustration of Theorem 14 is given on Figure 4.

The entropy of the measure (5.5) is equal to half the entropy of the Lebesgue mea-
sure. This matches the constant in the entropy bound of Theorem 8. Since from the point of

view of microlocal analysis quantum cat maps have similar properties to hyperbolic surfaces,

FIGURE 4

Phase space concentration for two eigenfunctions of the quantum cat map with A given by (5.2) and N = 1292.
More specifically, we plot the absolute value of a smoothened out Wigner transform of the eigenfunction on the
logarithmic scale (see, e.g., [18, §2.2.5]). On the left is a typical eigenfunction, showing equidistribution. On the
right is a particular eigenfunction of the type constructed in [25], corresponding to a measure of the type (5.5)
featuring the closed trajectory {(% ,0), (% R %), (%, 0), (%, %)}. The existence of such an eigenfunction relies on the
careful choice of N: A18 is the identity matrix modulo 2N .
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significant new insights would be needed to show that a counterexample of the kind (5.5)
cannot occur for hyperbolic surfaces.

Faure—-Nonnenmacher [24] showed that the constant % in (5.5) is sharp: the mass of
the pure point part of any semiclassical measure for a quantum cat map is less than or equal
to the mass of its Lebesgue part. Brooks [12] generalized this to a statement that the mass of
lower entropy components of any semiclassical measure is less than or equal to the mass of
higher entropy components; this in particular implies an entropy bound analogous to (4.2).

There is also an analogue of arithmetic Quantum Unique Ergodicity in the setting
of cat maps: Kurlberg—Rudnick [35] introduced Hecke operators which commute with By
and showed that any sequence of joint eigenfunctions of By and these operators converges
to the Lebesgue measure. This does not contradict the counterexample of Theorem 14 since
for the values of N; chosen there, the map By; has eigenvalues of high multiplicity.

We now discuss the recent results on support of semiclassical measures for cat maps,
proved using the fractal uncertainty principle. For two-dimensional cat maps, Schwartz [43]

showed the following:

Theorem 15. Let i be a semiclassical measure for a quantum cat map associated to some
hyperbolic matrix A € SL(2,Z). Then supp i = T2.

Similarly to Section 4.2, the proof uses that no function can be localized simultane-
ously on the two sets

- log N
AT (p) ¢ U forall j =0,.. o8 }

Q+(N) = {peT2 —
log [+ |

where A, is the eigenvalue of A such that |1 | > 1. Here U C T? is some nonempty open
set. See Figure 5.

FIGURE 5

A set U C T2 (center picture, in white) and the corresponding sets 4 (N), Q—(N) (left/right picture). The set
Q4 (N) is “smooth” in the unstable direction of the matrix A and porous in the stable direction, with the porosity
constant depending only on U. Same is true for 2_(N') but switching the roles of the stable/unstable directions.
The fractal uncertainty principle of Theorem 12 can be used to show that no function can be localized on both
Q4 (N)and Q_(N).
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We finally discuss the quantum cat map analog of the higher-dimensional Conjec-
ture 13, by considering quantum cat maps associated to symplectic integer matrices A €
Sp(2n, Z). In this setting Dyatlov—Jézéquel [18] proved

Theorem 16. Let i be a semiclassical measure for a quantum cat map associated to a
matrix A € Sp(2n, Z) such that:

o A has a simple eigenvalue A4 such that all other eigenvalues satisfy |A| < Ay;
and

e the characteristic polynomial of A is irreducible over the rationals.
Then supp u = T2".

Here the first condition makes it possible to still use the one-dimensional Fractal
Uncertainty Principle in the proof.

We remark that there are examples of semiclassical measures which do not have full
support for some matrices A satisfying the first condition of Theorem 16 but not the second
condition. In particular, there exist semiclassical measures supported on tori associated to
any A-invariant rational Lagrangian subspace of R?". See the work of Kelmer [34] and the
discussion in [18, APPENDIX Al.
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