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ABSTRACT

This paper is a survey of recent results on comparison of various fractional Laplacians.
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Fractional Laplacians (FLs for brevity) and equations with them have been actively
studied in last decades throughout the world in various fields of mathematics (analysis, par-
tial differential equations, the theory of random processes) and its applications (in physics,
biology). Hundreds of articles have been written on this topic. Note that the study of such
operators and equations is complicated not only by the fact of nonlocality itself, but also by
the existence of several nonequivalent definitions of a fractional Laplacian.

Historically, the first FL was the fractional Laplacian of order s > 0 in R” defined
(say, on the Schwartz class § (R")) as

(—A)u = F(EP Fu®)).
where ¥ is the Fourier transform

Fu(§) = _i(s’x)u(x) dx.

2 7T)
For s € (0, 1), the following relation holds:

u(x) —u(y)
n |x_y|n+2s ’

(=AYu(x) =cps ~V.P./

R

where
2ss T ( n-;2s )

7'[% F(l —S).

We recall the definitions of the classical Sobolev—Slobodetskii spaces in R” (see

Cns =

[21, SUBSECTION 2.3.3] or [7]),
HYR") = {u e S'(R") : (1+ [£2)? Fu(€) € LyR")},

and corresponding spaces in a (say, Lipschitz and bounded) domain €2 (see
[21, SUBSECTION 4.2.1] and [21, SUBSECTION 4.3.2]),

H*(Q) = {ulg:u e H'R")}; H*(Q) = {ue H'(R"):supp(u) C Q}.
Notice that the quadratic form of (—A)?® is naturally defined on H*(R") by'
(8rw) = [ 16l |Fuce) ae. M)

and define the restricted Dirichlet FL as the positive self-adjoint operator with quadratic
form (see, e.g., [1, CHAP. 10])

Ryl = ((—A)brusu) == ((=A)*u,u); Dom(Q®) = A%(Q).

Remark 1. For s € (0, 1), the following relation evidently holds:

DR _ cnS// |M(X)_u5-y2)|2 dx dy.
RexRe X — [T

1 As usual, we denote by (-, -) the duality generated by the scalar product in L.
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Notice that for s € (0, 1) one can also define the restricted Neumann (or regional) FL by the
quadratic form

Ju(x) —u()?

T ypas dxdyi Dom(QS) = H(Q).

QxQ
For some “intermediate” fractional Laplacians of this type, see, e.g., [16] and the references

therein.

Now we turn to a different type of FLs, namely, to the spectral ones. Recall that
the spectral Dirichlet and Neumann FLs are the sth powers of conventional Dirichlet and
Neumann Laplacian in the sense of spectral theory. In a Lipschitz bounded domain €2, they
can be defined as the positive self-adjoint operators with quadratic forms

OP[u] = ((—A@)hsptt. u) : XN|W%

) @)

O] = ((— Ag)sptt 1) Z%K” WJ

, 3)

where A;, ¢; and p;, ¥; are eigenvalues and (normahzed) eigenfunctions of the Dirichlet
and Neumann Laplacian in €2, respectively. Notice that ;1o = 0 and ¢ = const.
For s € (0, 1), the domains of these quadratic forms are

Dom(QP%) = H*(R); Dom(Q}*) = H*(Q).

For s > 1, the domains of spectral quadratic forms are more complicated. However, the
following relations hold ([21, THEOREM 1.17.1/1] and [21, THEOREM 4.3.2/1]; see also [12, LEMMA 1]
and [14, LEMMA 2]):

~ 3 -
H*(Q) = Dom(QP%F), 0<s < > H5(Q) S Dom(QP%), s

v

v
N =] W

~ 1 "
H*(Q) = Dom(QNP), 0<s < 5 H5(Q) S Dom(QP), s

It follows from the well-known Heinz inequality ([1e]; see also [1, §1e.4]) that for
ue H5(Q ,5 € (0, 1), the following inequality holds:
g ineq y

OPSP[u] > QNP 4

On the other hand, the inequality QPR [u] > QNR[u] foru € H*(Q), s € (0, 1), is trivial.

Below we provide a wide generalization and sharpening of (4). To this end, we recall
the basic facts on the generalized harmonic extensions related to fractional Laplacians of the
order o € (0, 1) and of the negative order —o € (—1,0).

It was known long ago that the square root of Laplacian is related to the harmonic
extension and to the Dirichlet-to-Neumann map. In the breakthrough paper [4], the FL (—A)°
(and therefore (—Agq)2r) for any o € (0, 1) was related to the generalized harmonic extension
and to the generalized Dirichlet-to-Neumann map.

Namely, letu € HO (). Then there exists a unique solution w2R (x, y) of the bound-
ary value problem in the half-space

—div(y'™Vw) =0 inR" xRy; Wly=o = U,
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with finite energy (weighted Dirichlet integral)

o0
Ex(w) = / / Y172 Vw(x, y)|* dxdy,
0 R~
and the relation
(~A@)Ppu(x) = ~Co - lim y'™78,wgR(x, y) )
y—>0t

with

4°T(1 +o0)
Co = ——"—

Ir'a—-o)

holds in the sense of distributions in €2 and pointwise at every point of smoothness of u.
Moreover, the function w2 (x, y) minimizes EX over the set

WR(u) = {w(x, y) : E5(w) < 0o, wly— = u},
and the following equality holds:
C
Q7 [u] = 5~ - &5 (wg"). ©)

In [2e] this approach was substantially generalized. In particular, for u € H° () (for
u € H°(Q)) there is a unique solution of the boundary value problem in the half-cylinder
q y p y

—div(y'™Vw) =0 inQxRy; w|y—o =u,

satisfying, respectively, the Dirichlet or the Neumann boundary condition on the lateral sur-
face of the half-cylinder and having finite energy

o
8§P(w)=/ fy1—2U|Vw(x,y)|2dxdy.
0 Q

Denote these solutions w? S (x,y)and wg Sp (x, y), respectively. The following relations hold
in the sense of distributions in 2 and pointwise at every point of smoothness of u:

(—A@)3spu(x) = —Co - lim y'7279,wP(x, y), )
y—>0t
(—AQ)Rspt(x) = —Co -yl_i)nol+ 17209, wdP(x, y). (8)

. s S
Moreover, these solutions minimize &,° over the sets

ng’(u) = {w(X’J’) : 8gp(w) < 00, Wly=0 = U, W|xesn = 0},

NS
Woo @) = {w(x, y) : EP(w) < 00, wly=o = u},
respectively, and the following equalities hold:

C C
PPu) = 5% EP@RT): OXP[u] = S - €5 (). ©
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Now we set s = —o € (—1,0). The operators (—Ag)pg, (—A@)pg, and (—Agq)ys,
are defined by corresponding quadratic forms (1)—(3)”> with domains
I:I_U(Q) ifeithern > 2oro < %;
{(ue H(Q): (u,1) =0} ifn=1ando > 1;
Dom(Q®P) = H7(Q); Dom(Q™P) = {u e H°(Q): (u,1) = 0}.
The first two equalities were proved in [14, LEMMA 1]; the third follows from [21, THEo-

Dom(Q"%) =

REM 2.10.5/1]. We notice that (—Ag)yg,u is defined up to an additive constant which can
be naturally fixed by assumption ((—Ag)ﬁ‘s’pu, 1) =0.

Remark 2. By [21, THEOREMS 4.3.2/1 AND 2.10.5/1], for 0 < 0 < % we have H~° (RQ)CSH Q)
(even H9(Q) = H°(Q)if0 <0 < %) whereas in the case % <o <1, H7(2) is a sub-
space of H (). However, in the latter case we can consider an arbitrary f € Dom(QPR)
as a functional on H°(R), put f = flig-o@) € Dom(Q) and define Q25P[f] :=
0% (f).

Next, we connect FLs of the negative order with the generalized Neumann-to-
Dirichlet map. It was done in [5] for the spectral Dirichlet FL and in [3] for the FL in R” (and
therefore for the restricted Dirichlet FL). Variational characterization of these operators was
given in [14]. The spectral Neumann FL was considered in [17].

Letu € H°(Q) (forn = 1 and 0 > 1 assume in addition that (u, 1) = 0). We

2
consider the problem®

éEJ(w) = Bg(w) —2(u, w|y=¢) — min (10)

on the set WPR | that is, the closure of smooth functions on R” x R, with bounded support,
with respect to EX(-).

If n > 20 (this is a restriction only for n = 1) then the minimizer is determined
uniquely. Denote it by wPR (x, y). Then (5) and (6) imply

_ 20 20 =
(—A@)ppu(x) = ——wR(x,0); O’ [u] = - -8, (wPy (11)
o o

(the first relation holds for a.a. x € Q).

Incasen = 1 < 20, the minimizer wE§ (x, y) is defined up to an additive constant.
However, by assumption (u, 1) = 0, the functional & R (wPR) does not depend on the choice
of the constant, and the second relation in (11) holds. The first equality in (11) also holds if
we choose the constant such that wPR (x,0) — 0 as |x| — oo.

Notice that the function wPR solves the Neumann problem in the half-space

—div(y'™?Vw) =0 inR"xRy; lim y'"™9,w = —u
y—0+
(the boundary condition holds in the sense of distributions). So, we can consider (—Ag)pR
as the Neumann-to-Dirichlet map, and (10) gives the “dual” variational characterization of
negative restricted Dirichlet FL.

2 We emphasize that (—Agq)pg is not the inverse to (—Ag)Pg-
3 Notice that by the result of [4] the duality (1, w|y=o) is well defined.
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In a similar way we provide the “dual” variational characterization of the operators
(—AQ)ng and (—Ag)ﬁé’p. Namely, let u € H~?(S2) (for the spectral Neumann operator
assume in addition that (1, 1) = 0). Consider the problem

€% (w) = E5P(w) — 2(u, wly—o) — min

respectively on the sets

—Dcsfpﬂ = {w(x, ) 1 §P(w) < 0o, wlrepn = 0},

S

WLPQ ={w(x,y): EP(w) < oo}.
Denote corresponding minimizers w_g P(x,y) and w_[, P(x, y), respectively*. Then (7)—(9)
imply

D) = - - E D) (~A@)pgu(x) = ZulP(x 0 (12)
ONPu] = —é—“ ES (W) (—Ag)NGu(x) = é“ wNP(x, 0) (13)

(the second equalities in (12) and (13) hold for a.a. x € Q; in the latter case, we should
choose the additive constant such that w_ P(x,y) = 0as y — 400).

Also the functions w_[, and w_(7 solve the boundary value problem in the half-
cylinder

—div(y'™Vw) =0 inQxRy; lim y'"9,w = —u
y—0t

with the Dirichlet or the Neumann boundary condition on the lateral surface dQ2xRy,
respectively (the Neumann boundary condition on the bottom holds in the sense of dis-
tributions).

Now we are in a position to formulate the first group of our main results, namely, the
comparison of various FLs in the sense of quadratic forms. These statements were proved in
[12, THEOREM 2], [14, THEOREM 1], and [17, THEOREM 3] (for some partial results see also [6,9,19]).

Theorem 3. Let s > —1 and s ¢ Ny. Suppose that'u € H*(Q), u # 0. Then the following
relations hold:

O[] > OPRu] > ONSPlu], ifs € (2k,2k + 1), k € Ny; (14)
0[u] < QR[] < OYP[ul. ifs € (2k —1,2k), k € No. (15)

Proof. We prove the theorem in three steps.

1. Let s € (0, 1). Notice that we can assume any function w € W?;P (u) to be extended by
zero to (R” \ Q) x R. Then evidently

DSP( ) C 'WDR(u) and 85 = 8R|Wsr?§lp(u).

4 Notice that wHSp (x, y) is defined up to an additive constant. By assumption (1, 1) = 0, the

functional &P (w,SP ) does not depend on the choice of the constant.
5 We assume in addition that (u,1) = 0 in two cases:

(1) for the left inequality in (15),ifn = 1 and s < —%;

(2) for the right inequality in (15), if s < O.
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Therefore, formulae (6) and (9) provide

C C
DSyl = =2+ min EPP(w)>=. min &Rw)= 0R[u
Q5 "l = 5 wewjl’f;(u) . emin & (w) = Qg [ul,

and the first inequality in (14) follows with the “>" sign.

To complete the proof, we observe that for u # 0 the corresponding extension w?Sp

(extended by zero) cannot be a solution of the homogeneous equation in the whole half-space
R” x R since such a solution should be analytic in the half-space. Thus, it cannot provide

min,, ¢ypor ) 5% (w).
Since wPR|gxr, € W, SlD(u) the proof of the second inequality in (14) is even
simpler.

2. Now let s = —o € (—1,0). We again extend functions in W_D(STPQ by zero and obtain
W_Dgpﬂ C W_DUR and éi% = éEU|W,D(S,pQ'
Therefore, formulae (11) and (12) provide

2
0P = - m, E%(w) =~ min &%) = OP*[ul,
o we g w

and the left part in (15) follows with the “<” sign. To complete the proof, we repeat the
argument of the first part. The proof of the right part is similar.

3. Nowlets > 1,5 ¢ N. Weputk = L%J and define for u € H*(Q),
v=(=A)*u e H7EQ), s—2k e (=1,0)U(0,1).
Note that v 2 0 if u # 0, and
. 1) = Fv(0) = [ Fu(®)|e=o = 0.
Then we have
Ol = 0% o], Ol = 0% ], QN[ = Q1% [u],
and the conclusion follows from steps 1 and 2. |

The second group of our results is related to the pointwise comparison of FLs. These
statements were proved in [12, THEOREM 1], [14, THEOREM 3], and [17, THEOREM 4] (a partial result
can be found in [8]).

Theorem 4. A. Lets € (0,1), andletu € H*(Q), u >0, u # 0. Then the following
relation holds in the sense of distributions:

(_AQ)SDSPU > (—A@)iru  in Q. (16)

B. Lets € (—1,0)forn>2,andlets € (—%,O)forn = 1. Suppose thatu € H*(Q),
u > 0 in the sense of distributions, u % 0. Then the following relation holds:

(_AQ)SDSPM < (—Agq)dru in Q. (17)
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C. Suppose that Q2 is convex. Let s € (0, 1), and let u € H*(Q), u > 0, u # 0.
Then the following relation holds in the sense of distributions:

(—AQ)hrY > (—AQ)SNSPM in Q. (18)

Proof. A. We introduce the function

Wi(x, p) i= wR(x, ) —w)™(x, ).

Note that formulae (5) and (7) imply

(=A@)psyi — (—Aa)iru = Co - lim 1729, Wy(x, y) (19)
y—

in the sense of distributions.

By the strong maximum principle, the assumptions u > 0, u # 0 imply that wPR > 0
in R” x Ry. Thus, wPR > wESp at 922 x R4 and, again by the strong maximum principle,
Wy >01in Q2 x Ry.

After changing of the variable t = y2%, the function W; satisfies the following rela-
tions:

AxWi(x,175) + 452155 2, Wy(x.12) =0 inQxRy; W= = 0. (20)
The differential operator in (20) satisfies the assumptions of the boundary point lemma [11]
at any point (x, 0) €  x {0}. Therefore, we have for any x € €,
1
Ws(x,t2s
liminf y' =259, Wy(x, y) = 2s liminfM >0
y—0+ t—0+
This gives (16) in view of (19).

B. Put 0 = —s € (0, 1) and consider extensions wEl; and wEip. Making the change of the
variable 7 = y2%, we rewrite the boundary value problem for w™X (x, t#) as follows:

o— u
AywR 4+ 40277 2wk =0 inR” xRy; 9w k| = 5o @D
o

Since wPR vanishes at infinity, wPR (x, t25) > 0 fort > 0 by the maximum principle.
1
Further, the function wzsyp (x, t20) satisfies the equalities in (21) for x € 2. Since

w2P | eoq = 0, we infer that the function

Wi(x,t) := wPR (x, t%) — wPP(x, tﬁ)
verifies the following relations:
AW+ 4025 2 Wy =0 inQ xRyt 3 Wslimo =01 Wilxeoq > 0.
Now the boundary point lemma [11] implies Ws(x, 0) > 0, which gives (17) in view of (11)

and (12).

C. This statement is more complicated and requires the representation formulae for wPR
NSp .
and wy , see [4] and [2e], respectively:

2s d
wSDR(xv J’) = const [ Y u(Z) Zn+2s ;
R (|x —z|? + y2) 2
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1—s_s

W) = S U@ - & VI (), Qy(r) = %J@(r)
=0

(here K (7) stands for the modified Bessel function of the second kind).
First of all, these formulae imply for u > 0, u = 0 that

y@&w?u»ﬂ=& y@;w?%nw=0L%hm»wMﬂ>m

the second relation follows from the asymptotic behavior (see, e.g., [26, (3.7)])

Ks(r) ~T()2 175, ast — 0;

Ks(t) ~ (;—r)ze_r(l + 0(1_1)), as T — +oo.

Next, for x € Q2 we derive by convexity of €2 that

2s _ d
Inw R (x,y) = Const-/ y= x)vn)un(fz)sﬂz
R (|x —z[> + y2) 2

< 0.

Thus, the difference Ws(x, y) = wESF’ (x,y) — wPR(x, y) has the following proper-
ties in the half-cylinder Q2 x R4:

_div(yl_ZSVVT/S) = 0; I;f/s|y=0 =0 I/f/x|y=oo > 0; 8an|xGBQ > 0.
By the strong maximum principle, Wy > 0in Q x R +. Finally, we apply again the boundary

= 1
point lemma [11] to the function W (x, ¢ 2s) and obtain for x € €2,

~ 1

- W(x,t2s
liminf y' 7259, Ws(x, y) = 2s liminfL >0
y—0+t t—0+ t

This gives (18) in view of (5) and (8). |

Notice that for nonconvex domains, the relation (18) does not hold in general. We
provide a corresponding counterexample.

Example 5. Put temporarily 2 = Q; U Q5 where Q; N Q, = @. If u > 0 is a smooth func-
tion supported in €2 then easily (—Ag)f\,spu = 01in 5. On the other hand, wPR(x, y) > 0
for all x € R", y > 0, and the boundary point lemma gives (—Agq)j g% < 0in £,. Now we
join €7 with €, by a small channel, and the inequality (—Ag)pgru < (—Ag)qupu in Q,
holds by continuity.

The last group of results in our survey is related to an obvious identity
(—Au.u) = / Vul* dx = / Vil dx = (=Alul, ul), u e A ().
Q Q

The following statement was proved in [13, THEOREM 31.0

[ The proof was given for the Dirichlet operators (restricted and spectral); however, it is men-
tioned in [22, PROPOSITION 1] that for the spectral Neumann FL the proof runs without
changes.
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Theorem 6. Let s € (0,1). Then
A. Foranyu € H*(), we have |u| € H5(Q) and

O[] = O [[ul]:  OF%P[u] = QP [Jul];
B. Foranyu € H5(R2), we have |u| € H%(Q2) and

O[] = Q5% [lul]: O™ [u] = QFP[Jul].

For a sign-changing u, all inequalities are strict.

Proof. For s € (0, 1], the Nemytskii operator u > |u| is a continuous transform of H*(R")
into itself, see, e.g., [18, THEOREM 5.5.2/3].

There are several proofs of the inequality for QPR; in particular, its representation
in Remark 1 provides this inequality immediately. This proof works for QR as well.

We show another proof that works also for spectral quadratic forms.

DR

Let u be sign-changing. Consider the extension w," and notice that

|wPR| € WPR(|u|). Therefore,

2s DR _ . R R{|, DR R
a. r [|u|]_we'£vr:'>1£(| |)8 (w) < & (|w |)—8 ( )— Q R [ul.

Moreover, wPR is sign-changing, so |wPR| cannot be a solution of the homogeneous equation
by the maximum principle and thus cannot be a minimizer for the energy. |

What happens for s > 1? If s € (1, %) then the operator u > |u| is a bounded

transform of H*(R") into itself, see, e.g., [2, SECTION 4]. To the best of our knowledge, its

continuity is still an open problem. Moreover, it is easy to show that the assumption s < %

cannot be improved, see, e.g., [15, EXAMPLE 1].
So, the question about the behavior of quadratic forms of FLs under the transform
u > |u| seems reasonable for s € (1, %). The following statement was proved in [15].

Theorem 7. Let s € (1, %), and let u € H*(Q) be sign-changing. Then
O ul < Q% [lul]. (22)

The sketch of proof. Define u® = %(lul + u) and assume for a moment that ¥+ and u~ are
smooth and have disjoint supports. Then

si[lul] = O [u] = 4((—A@)pgu™ u7) = 4((=Ao)pr'u™, (=A)u7).
By Remark 1,
(—A@)pr'u™ (A7)
_ Cns—1 (ut(x) —ut (Y)(—Au=(x) + Au~ (y))
=

|X _ |n+2s -2

ut(x)Au(y)
= dxd
Cn,s— 1/:/Rann |x_ |n+2s ) xay

(notice that u™* (x)u~(x) = 0).

dxdy
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Since the supports of u+ and u~ are disjoint, we can integrate by parts. Using the
definition of ¢, s, we derive

Cn,s—1 _ 2s(n + 2s — 2)cn,s—l _ Cn,s
Yx — y|rt2s—2 |x — y|nt2s |x — y|nt+2s
and obtain
ut(u”(y)
SR[lul] - = —dcp s // Ty dxdy.
R xR”? |x - |

It remains to observe that ¢, s < 0 for s € (1,2), and (22) follows.
In the general case, the result was obtained in [15] using a quite nontrivial approxi-
mation procedure. |

Conjecture 8. For s € (1, %), the inequalities similar to (22) should hold for spectral
quadratic forms.
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