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Abstract

The hydrodynamic stability theory is mainly concerned with how laminar flows become
unstable and transit to turbulence at high Reynolds number. To shed some light on the tran-
sition mechanism, Trefethen et al. [Science 261(1993)] proposed the transition threshold
problem: how much disturbance will lead to the instability of the flow and the dependence
of disturbance on the Reynolds number. Many effects such as 3D lift-up, inviscid damping,
enhanced dissipation, and boundary layer play a crucial role in determining the transition
threshold. In this note, we will first survey some important progress on linear inviscid
damping and enhanced dissipation for shear flows. Then we will outline key ingredients
in our proof of transition threshold for the 3D Couette flow in a finite channel.
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1. Introduction

The hydrodynamic stability has been an active field in the fluid mechanics since
Reynolds’s experiment in 1883 [43]. This field focuses on how the laminar flows become
unstable and transit to turbulence [20,46,57]. A fundamental model describing the motion of
the incompressible fluid is the Navier–Stokes (NS) equations:´

@tv � ��v C v � rv C rp D 0;

r � v D 0;
(1.1)

where v D .v1.t; x;y; z/; v2.t; x;y; z/; v3.t; x;y; z// is the velocity, p.t;x;y; z/ is the pres-
sure, and � D Re�1 > 0 (Re Reynolds number) is the viscosity coefficient. Let us recall some
well-known laminar solutions of (1.1): the plane Couette flow .y; 0; 0/, the plane Poiseuille
flow .1 � y2; 0; 0/, and the pipe Poiseuille flow .0; 0; 1 � r2/ with r2 D x2 C y2. Our aim
is to study the stability of these laminar flows at high Reynolds number, i.e., Re � 1.

The plane Couette flow is spectrally stable for any Reynolds number Re � 0 [44].
It has been a folklore conjecture that the pipe Poiseuille flow is spectrally stable for any
Reynolds number. Recently, we (jointly with Chen) [15] proved that the pipe Poiseuille flow is
spectrally stable at high Reynolds number. On the other hand, the experiments and numerics
observed that these flows could be unstable and transit to turbulence for small but finite per-
turbations when the Reynolds number exceeds some critical number [13,22,42]. In addition,
some laminar flows such as plane Poiseuille flow become turbulent at a much lower Reynolds
number than that predicted by the eigenvalue analysis. These are the so-called Sommerfeld
paradoxes. The resolution of these paradoxes is a long-standing problem in fluid mechanics.
For many works dedicated to resolving these paradoxes, see [13] and references therein.

Trefethen et al. [48] provided an explanation about the linear instability via the "-
pseudospectra of the linearized NS operator L defined by

�".L/ D
®
� 2 C W



.� � L/�1


 � "�1

¯
:

For the plane Couette flow, the spectrum of the linearized operator lies in the stable lower
half-plane, but the pseudospectrum extends significantly into the upper half-plane. The pseu-
domode may be excited to a substantial amplitude by a very small input. This phenomenon
is due to the nonnormality of the linear operator. Now the psuedospectrum has become an
important concept in the study of nonnormal operators [47]. Li and Lin [35] provided a reso-
lution from the following point of view: there is a sequence of linearly unstable shears which
approach the linear shear in the kinetic energy norm but not in the enstrophy norm, and such
linear instabilities offer an initiator for the transition from the linear shear to turbulence.

To shed some light on the transition mechanism to turbulence, Trefethen et al. [48]
proposed the transition threshold problem: how much disturbance will lead to the insta-
bility of the flow and the dependence of disturbance on the Reynolds number. This idea
may be traced back to Kelvin [30]. The following mathematical version was formulated by
Bedrossian, Germain, and Masmoudi [7]:
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Given a norm k � kX , find a ˇ D ˇ.X/ so that

ku0kX � Re�ˇ
) stability;

ku0kX � Re�ˇ
) instability:

The exponent ˇ is referred to as the transition threshold. It was conjectured in [48] that

“Notwithstanding these qualifications, we conjecture that transition to turbulence
of eigenvalue-stable shear flows proceeds analogously to our model in that the
destabilizing mechanism is essentially linear in the sense described above and the
amplitude threshold for transition is O.Re
 / for some 
 < �1.”

Later on, a lot of works were devoted to estimating ˇ (see [13] and the references therein). To
the best of our knowledge, the community never reached a consensus on what the thresholds
should be. Numerical results by Lundbladh, Henningson, and Reddy [38] indicated that for
the plane Couette flow, ˇ D 1 for streamwise perturbation and ˇ D

5
4

for oblique pertur-
bation; for the plane Poiseuille flow, ˇ D

7
4

for both streamwise and oblique perturbations.
Asymptotic analysis results by Chapman [13] showed that for the plane Couette flow, ˇ D 1

for streamwise and oblique perturbation; for the plane Poiseuille flow, ˇ D
3
2

for streamwise
perturbation and ˇ D

5
4

for oblique perturbation.
In the absence of a physical boundary, Bedrossian, Germain, and Masmoudi (BGM)

made important progress on the transition threshold problem for the 3D Couette flow in a
series of works [5, 6, 8]. It was shown that ˇ � 1 for the perturbations in Gevrey class and
ˇ �

3
2

for the perturbations in Sobolev space. In [52], we improved the result of [6] to ˇ � 1

in Sobolev space, which means that the regularity of the initial data (at least above H 2-
regularity) does not play an important role in determining the transition threshold. In the
presence of a physical boundary, the boundary layer could affect the stability of the flow
at the high Reynolds number regime. To understand the boundary layer effect, we (jointly
with Chen and Li) [14] studied the transition threshold problem for the 2D Couette flow in a
finite channel T � Œ�1;1�. We established various space–time estimates for the linearized NS
system by developing the robust resolvent estimate method. Based on this work and [52], we
(jointly with Chen) [16] proved that the transition threshold ˇ � 1 in the Sobolev space for the
3D Couette flow in a finite channel T � Œ�1; 1� � T . Therefore, the transition threshold for
the 3D Couette flow is inconsistent with the value (someˇ >1) conjectured in [48] even in the
presence of the boundary layer effect. The main reason may be that the infinite-dimensional
mixing effects and special null structures in the nonlinearity suppress most of the nonlinear
interactions rather than giving what could be predicted by the toy model in [48].

Both BGM’s and our works show that these linear effects, namely 3D lift-up, invis-
cid damping, enhanced dissipation, and boundary layer, play a crucial role in determining
the transition from a laminar to turbulent flow at high Reynolds number. In this note, we will
first survey some recent important progress about linear inviscid damping and enhanced dis-
sipation for shear flows. Then we will outline some key ingredients in our proof of transition
threshold for the 3D Couette flow in a finite channel.
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2. Linear inviscid damping for shear flows

We consider the 2D linearized Euler equation around shear flow .u.y/; 0/ in a finite
channel � D ¹.x; y/ W x 2 T ; y 2 Œ�1; 1�º:

@t! C L! D 0; !jtD0 D !0.x; y/; (2.1)

where L D u.y/@x C u00.y/@x.��/
�1 and ! is the vorticity. Taking the Fourier transform

with respect to x, the linearized Euler equation (2.1) in terms of the stream function  (i.e.,
� D !) is reduced to

@t
b C i˛R˛

b D 0; (2.2)

where R˛
b D �.@2

y � ˛2/�1.u00.y/ � u.@2
y � ˛2//b .

For the Couette flow (i.e., u.y/ D y), Orr [41] observed an important phenomenon
that the velocity will tend to 0 as t ! 1, although the Euler equation is a conserved system.
This phenomenon is the so-called inviscid damping, which is the analogue in hydrody-
namics of Landau damping [32]; see [45] for similar phenomena in various systems. For
general shear flows, the problem is challenging due to the presence of the nonlocal operator
u00.y/@x.��/

�1. In this case, the linear dynamics is associated with the singularities at the
critical layer u D c of the solution of the Rayleigh equation

.u � c/.ˆ00
� ˛2ˆ/ � u00ˆ D f:

Based on the Laplace transform and singularity analysis of the solution � at the critical layer,
Case [12] gave the first prediction of linear damping for monotone shear flows. However,
Case’s argument does not work for nonmonotone flows. Bouchet and Morita [11] may be
the first to study the linear damping for nonmonotone shear flows. Based on Laplace tools
and numerical computations, they found a new dynamic mechanism, i.e., vorticity depletion
phenomena. Assume that for large timeb!.t; ˛; y/ � !1.y/ exp

�
�i˛u.y/t

�
CO.t�
 /:

The vorticity depletion means that !1.y/ vanishes at stationary points of u.y/. This is
another important mechanism leading to the damping for nonmonotone shear flows. Based
on this observation and using stationary phase expansion, they predicted similar decay rates
of the velocity as in the monotone case.

In a series of works [53–55], we (jointly with Zhao) confirmed Case’s prediction on
linear damping for monotone shear flows and Bouchet–Morita’s prediction for nonmonotone
shear flows, including Poiseuille and Kolmogorov flows. Let us review these results. The first
result is the linear inviscid damping for monotone flows [53].

Theorem 2.1. Let u.y/ 2 C 4.Œ0; 1�/ be a monotone function. Suppose that the linearized
operator L has no embedding eigenvalues. Assume that

R
T
!0.x; y/dx D 0 and PL!0 D 0,

where PL is the spectral projection to �d .L/. Then it holds that

1. If !0.x; y/ 2 H�1
x H 1

y , then

V.t/


L2 �

C

hti
k!0kH �1

x H 1
y
I
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2. If !0.x; y/ 2 H�1
x H 2

y , then

V 2.t/




L2 �
C

hti2
k!0kH �1

x H 2
y
:

Now we introduce a class of nonmonotone flows denoted by K , which consists
of the functions u.y/ satisfying u.y/ 2 H 3.�1; 1/ and u00.y/ ¤ 0 for critical points (i.e.,
u0.y/ D 0) and u0.˙1/ ¤ 0. For the flows in K , we prove the following linear inviscid
damping result and confirm the vorticity depletion phenomenon [54].

Theorem 2.2. Assume that u.y/ 2 K and the linearized operator R˛ has no embedding
eigenvalues. Assume that b!0.˛; y/ 2 H 1

y .�1; 1/ and PR˛
b 0.˛; y/ D 0, where  0 is the

stream function and PR˛
is the spectral projection to �d .R˛/. Then it holds that

 OV .�; ˛; �/




L2
t L2

y
C


@t

OV .�; ˛; �/




L2
t L2

y
� C˛



b!0.˛; �/




H 1
y
:

In particular, limt!C1 k OV .t; ˛; �/kL2
y

D 0. If u0.y0/ D 0, then

lim
t!C1

b!.t; ˛; y0/ D 0:

Remark 2.1. For a class of symmetric shear flows, including the Poiseuille and Kolmogorov
flows, we can obtain the explicit decay estimates as in the monotone case [54, 55]. A very
interesting question is to prove the explicit decay estimates for general flows in K .

The proof of Theorem 2.1 is based on the representation formula of the solution. Let
�� be a simply connected domain including the spectrum �.R˛/ of R˛ . Then the solutionb .t; ˛; y/ is given by the following Dunford integral:

b .t; ˛; y/ D
1

2�i

Z
@��

e�i˛tc.c � R˛/
�1b .0; ˛; y/dc:

Let ˆ.˛; y; c/ be the solution of the inhomogeneous Rayleigh equation with f .˛; y; c/ Db!0.˛;y/
i˛.u�c/

and c 2 ��:

ˆ00
� ˛2ˆ �

u00

u � c
ˆ D f; ˆ.�1/ D ˆ.1/ D 0: (2.3)

Then we find that

.c � R˛/
�1b .0; ˛; y/ D i˛ˆ.˛; y; c/:

Therefore, we have b .t; ˛; y/ D
1

2�

Z
@��

˛ˆ.˛; y; c/e�i˛ctdc: (2.4)

Thus, the key ingredient of the proof is reduced to solving the inhomogeneous Rayleigh
equation (2.3) and deriving uniform estimates of the solution ˆ in �. For this, we need to
construct two independent solutions to the homogeneous Rayleigh equation for c 2 ��:

�00
� ˛2� �

u00

u � c
� D 0:
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Our idea is as follows. Let � D .u.y/ � c/�1. Then �1 satisfies��
u.y/ � c

�2
�0

1

�0
D ˛2�1

�
u.y/ � c

�2
:

If �1.yc ; c/ D 1 and �0
1.yc ; c/ D 0 at yc , then we have

�1.y; c/ D 1C

Z y

yc

˛2

.u.y0/ � c/2

Z y0

yc

�1.z; c/
�
u.z/ � c

�2
dzdy0

D 1C ˛2T�1.y; c/:

Assume that u is monotone and let yc D u�1.cr / with cr D Rec. The following estimate is
crucial: there exists a constant C independent of A so that



 Tf .y; c/

coshA.y � yc/






L1

y;c

�
C

A2





 f .y; c/

coshA.y � yc/






L1

y;c

:

Then �1.y; c/ D
P1

kD0.˛
2T /k.1/ by taking A large enough.

The proof of Theorem 2.2 is based on the limiting absorption principle. Consider
the inhomogeneous Rayleigh equation:

.u � c/.ˆ00
� ˛2ˆ/ � u00ˆ D !; ˆ.�1/ D ˆ.1/ D 0;

where c 2 � nD0, D0 D Ranu. Using blow-up analysis and a compactness argument, we
prove the limiting absorption principle for shear flows u 2 K .

Proposition 2.1. If R˛ has no embedding eigenvalues, then there exists an �0 such that for
c 2 ��0 nD0, ˆ has the the following uniform bound:

kˆkH 1.�1;1/ � Ck!kH 1.�1;1/:

Here C is a constant independent of �0. Moreover, there existsˆ˙.˛; y; c/ 2H 1
0 .�1; 1/ for

c 2 Ranu, such that ˆ.˛; �; c ˙ i�/ ! ˆ˙.˛; �; c/ in C.Œ�1; 1�/ as � ! 0C and

ˆ˙.˛; �; c/




H 1.�1;1/
� Ck!kH 1.�1;1/:

From (2.4) and Plancherel’s formula, we infer that

 OV .t; ˛; y/


2

H 1
t L2

y
D

Z
R

�

 OV .t; ˛; �/


2

L2
y

C


@t

OV .t; ˛; �/


2

L2
y

�
dt

� C

Z
Ran u



ê.˛; �; c/

2

H 1
y
dc � C



b!0.˛; �/


2

H 1
y
:

For monotone shear flows, we (jointly with Zhu) also developed the vector field
method in the sprit of wave equation [56]. The idea is as follows. We first proved the space–
time estimate of the velocity via the limiting absorption principle. Consider

@t! C i˛R0
˛! D f; R0

˛! D �
�
u00
�
@2

y � ˛2
��1

� u
�
!:

Using the limiting absorption principle, we can prove that

!.T /

2

L2 C ˛2

Z T

0

�

@y .t/


2

L2 C ˛2


 .t/

2

L2

�
dt

� C


!.0/

2

L2 C C˛�2

Z T

0

�

@yf .t/


2

L2 C ˛2


f .t/

2

L2

�
dt D RHS: (2.5)
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Moreover, if f .t; 0/ D f .t; 1/ D 0, then we also have

˛

Z T

0

�ˇ̌
@y .t; 0/

ˇ̌2
C
ˇ̌
@y .t; 1/

ˇ̌2�
dt � RHS: (2.6)

Then we introduce the vector field X D .1=u0/@y C i˛t , which commutes with @t C i˛u.
We denote

!1 D X!;  2 D �
�
@2

y � ˛2
��1�

@y!=u
0
�
;  3 D  2 � @y =u

0:

Then we have

@t!1 C i˛R0
˛;ˇ!1 D �i˛.u000=u0/ C i˛u00 3:

Based on the space–time estimate (2.5) and (2.6), we can obtain a uniform estimate for
kX!kL2 , which implies that kV.t/kL2 �C hti�1. More work is needed to prove kV 2.t/kL2 �

C hti�2. See Section 2 in [56] for the details.
Finally, let us mention some recent important results on linear inviscid damping

[4,23,58,59] and nonlinear inviscid damping [10,19,27–29,37,39]. However, when the boundary
effect is involved, nonlinear inviscid damping is still a challenging problem [58].

3. Linear enhanced dissipation for Kolmogorov flow

Let us first consider the diffusion–convection equation in T � R:

@t! � ��! C y@x! D 0:

Introduce new variables . Nx; y/D .x � ty; y/ and sete!.t; Nx; y/D !.t; x; y/. Then the solu-
tion be!.t; k; �/ D

R
T�Re!.t; x; y/e�2�ikx�i2��ydxdy takes the formbe!¤.t; k; �/ D e��.2�/2

R t
0 .k2C.��k�/2/d�b!¤.0; k; �/:

Due to
R t

0
.k2 C .� � k�/2/d� � k2t3=12, we deduce that

!¤.t/




L2 � e�c�t3

!¤.0/




L2 � Ce�c�1=3t



!¤.0/




L2 :

Here the exponent �t3 gives a dissipation time scale ��1=3, which is much shorter than the
dissipation time scale ��1. We refer to this phenomenon as the enhanced dissipation, which
is also due to the mixing mechanism.

We are concerned with the enhanced dissipation phenomenon for the linearized
Navier–Stokes equations around shear flows. In this note, we will review some progress on
the enhanced dissipation estimates for the linearized 2D NS equations in the torus T2�ı �

T2� around the Kolmogorov flow .�e��t cos y; 0/, which is a solution of the 2D NS equa-
tions:

@t! C L�.t/! D 0; !jtD0 D !0.x; y/; (3.1)

where L�.t/D ���� e��t cosy@x.1C��1/. Beck and Wayne [2] considered the follow-
ing model equation by removing the nonlocal part ��1 of L�.t/:

@t! � ��! � e��t cosy@x! D 0:
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Using the hypocoercivity method in [49], they proved the enhanced dissipation rate of the
solution in some Banach space X (see (3.7) in [2] ): for any t 2 Œ0; �=��,

!.t/



X
� Ce�M

p
�t

k!0kX :

Based on numerical results, Beck and Wayne [2] conjectured that the same decay result
should hold for L�.t/. In a series of works [34,51,55], we have developed three approaches to
solve this conjecture: resolvent estimate method, wave operator method, and hypocoercivity
method.

In [51], by developing the hypocoercivity method from [2], we proved the following
enhanced dissipation results.

Theorem 3.1. Given ı 2 .0; 1/ and � > 0, there exist constants c1 > 0, C > 0 such that if !
satisfies (3.1) with !0 2 L2 and

R
T2�ı

!0.x; y/dx D 0, then it holds that, for 0 < t � �=�,

!.t/


L2 � Ce�c1

p
�t

k!0kL2 ;

V.t/

 PH 1
x L2

y
�
Ce�c1

p
�t

p
1C �t3

k!0kL2 :

When ı D 1, it holds that, for 0 < t � �=�,

.I � P1/!.t/




L2 � Ce�c1
p

�t


.I � P1/!0




L2 ;

.I � P1/V .t/




PH 1

x L2
y

�
Ce�c1

p
�t

p
1C �t3



.I � P1/!0




L2 :

Here P1 is the orthogonal projection to the space W1 spanned by ¹cos x; sin xº.

Remark 3.1. Here the enhanced dissipation rate is smaller than that for the Couette flow.
This leads to conjecture that, for stable monotone shear flows to the Euler equations, the
enhanced dissipation rate should be � 1

3 , and the rate should be � 1
2 for stable shear flows with

nondegenerate critical points.

Remark 3.2. In addition to the important application to the transition threshold problem
[34,36,55], the enhanced dissipation also plays an important role for the suppression of blow-
up in the Keller–Segel system [9, 24,31] and axisymmetrization of 2D viscous vortices [21].
Let us refer to [3,17,18,23] and the references therein for more relevant works.

Taking Fourier transform with respect to x to (3.1), we obtain

@tb! C L�.˛; t/b! D 0; L� D �
�
�@2

y C ˛2
�

� i˛e��t cosy
�
1C

�
@2

y � ˛2
��1�

:

We write

A D siny
�
1C

�
@2

y � ˛2
��1�

; B D cosy
�
1C

�
@2

y � ˛2
��1�

; 
.t/ D ˛e��t :

Next we introduce an important inner product structure

hu;wi� D
˝
u;w �

�
˛2

� @2
y

��1
w
˛
:
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An important observation is that under this inner product, the operators A and B are sym-
metric, i.e.,

hu;Awi� D hAu;wi�; hu;Bwi� D hBu;wi�:

Moreover, for j˛j > 1, the norm kuk� D hu; ui
1
2
� is equivalent to the usual L2-norm:

.1 � ˛�2/kuk
2
L2 � kuk

2
� � kuk

2
L2 :

We introduce the energy functional:

E0.t/ D


b!.t/

2

�
; E1.t/ D



@yb!.t/

2

�
; E2.t/ D



@2
yb!.t/

2

�
;

E1.t/ D Re
˝
@yb!.t/; iAb!.t/˛�; E2.t/ D



b!.t/

2

�
�


Bb!.t/

2

�
:

Then we construct the total energy functional as follows:

ˆ.t/ D E0.t/C ˛0�tE1.t/C ˇ0�t
2E1.t/C 
0�t

3E2.t/

with the constants ˛0, ˇ0, 
0 depending on 
.0/ so that

ˆ0.t/ � �c
ˇ̌

.0/

ˇ̌2
�2t3E0.t/; ˆ.t/ � E0.t/:

Then the bound

E0.t/ �
�
1C c2

ˇ̌

.0/

ˇ̌2
�2t4

��1
E0.0/

follows from the fact that E0.t/ is decreasing in t . Once the polynomial decay is obtained,
the exponential decay can be proved by iteration. Compared with [2], the key difference is
that we introduce the new inner product and time dependent weights. This modification is
also very effective in removing the logarithmic loss in [2] when achieving the dissipation in
the usual L2-norm.

In [55], we (jointly with Zhao) used the wave operator method. This idea was first
introduced in [33] to study the pseudospectral bound of the Oseen vortices operator. The aim
is to construct a wave operator D so that

D cosy
�
1C

�
@2

y � ˛2
��1�

! D cosyD!:

Then w D D! satisfies

@tw � �
�
@2

y � ˛2
�
w � i˛e��t cosyw D ��

�
@2

y ;D
�
!:

Moreover, the wave operator D we constructed has the following important properties:

• kD.!/k2
L2 D h!;! C .@2

y � ˛2/�1!i;

• There exists a constant C independent of ˛ so that

sinyD.!/


2

L2 � k@y k
2
L2 C .˛2

� 1/k k
2
L2 ;

@yD.!/




L2 � C j˛j

1
2 k!kH 1 ;

@2

yD.!/




L2 � C j˛j
3
2 k!kH 2 ;

where �.@2
y � ˛2/ D !;
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• Commutator estimate holds:

siny
�
@2

y ;D
�
!




L2 � C
�
j˛jk!kL2 C k@y!kL2

�
:

The construction of the wave operator was motivated by our study of linear inviscid damping.
More precisely, we may write the solution of (2.2) in the form

e�i˛tR˛ 0 D
1

2�i

Z
Ran u

e�i˛tc�.y; c/ QDŒ!0�.c/dc:

An important observation is that

� QD
��
@2

y � ˛2
�
e�i˛tR˛ 0

�
.c/ D e�i˛tc QDŒ!0�.c/:

Taking the time derivative at t D 0, we get

� QD
��
@2

y � ˛2
�
R˛ 0

�
.c/ D c QDŒ!0�.c/;

which implies, by taking c D u.y/, that

D
�
u!0 C u00 0

�
D u.y/DŒ!0�:

Here u.y/ D � cos y, DŒ!0�.y/ D ƒo.y/ QDŒ!0�.u.y// if !0 is odd and DŒ!0�.y/ D

ƒe.y/ QDŒ!0�.u.y// if !0 is even. See Section 2.2 in [55] for the details.
In [34], we (jointly with Li) used the resolvent estimate method developed in [33]

to prove the enhanced dissipation estimates for the linearized NS equations with time-
independent coefficient:

@t! C L�! D 0; L� D ��� � siny@x.1C��1/:

The key ingredient is to establish the following resolvent estimate: given 0 < � � 1 and
jˇj > 1, there exists a constant C > 0, independent of �; �; ˇ, such that

.L� � i�/w




L2 � C�

1
2 jˇj

1
2 .1 � ˇ�2/kwkL2 ; (3.2)

where L�w D ��@2
yw C iˇ.sinyw C siny'/ with .@2

y � ˇ2/' D w.
In order to deduce the semigroup bound from (3.2), we use Gearhart–Prüss-type

lemma for an m-accretive operator proved by the first author [50].

Lemma 3.2. LetH be an m-accretive operator in a Hilbert space X . Then it holds that, for
any t � 0, 

e�tH



 � e�t‰C�=2;

where ‰.H/ D inf¹k.H � i�/ukIu 2 D.H/; � 2 R; kuk D 1º.

Now the operator L� is m-accretive with respect to the new inner product h�; �i�.
From (3.2), we infer that‰.L�/ � c�

1
2 jˇj

1
2 .1� ˇ�2/. Then it follows from Lemma 3.2 that

ke�tL� k � Ce�t�
1
2 . In [26], the authors also derive the semigroup bound via establishing the

pseudospectral bound of the linearized operator.
Next we give a simple sketch of the proof of (3.2). Notice that

.L� � iˇ�/w D ��@2
yw C iˇ

�
siny.w C '/ � �w

�
:
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We introduce u D w C '. Then it suffices to show that

kL�ukL2 � C j�ˇj
1
2 kukL2 ;

where .@2
y � Q̌2/' D u with ˇ2 � 1 D Q̌2 and

L�u D iˇ
�
.siny � �/uC �'

�
� �@2

yu:

Consider the case of � > 1. Integration by parts givesˇ̌
ImhL�u; ui

ˇ̌
D ˇ

 Z 2�

0

.� � siny/juj
2dy C �



'0


2

L2 C � Q̌2
k'k

2
L2

!
;

which impliesZ 2�

0

.� � siny/juj
2dy C �



'0


2

L2 C � Q̌2
k'k

2
L2 � ˇ�1

kL�ukL2kukL2 :

Let ı 2 .0; 1�. Then we have

kuk
2
L2 � kuk

2

L2. �
2 Cı; 5�

2 �ı/
C 2ıkuk

2
L1 . ı�2

Z 2�

0

.� � siny/juj
2dy C ıkuk

2
L1

. ˇ�1ı�2
kL�ukL2kukL2

C �� 1
2 ıkL�uk

1
2

L2kuk
3
2

L2 C ıkuk
2
L2 :

Here we used the fact that

kukL1 �


u0


 1

2

L2kuk
1
2

L2 C kukL2 � �� 1
4 kL�uk

1
4

L2kuk
3
4

L2 C kukL2 ;

due to �ku0k2
L2 D jRehL�u; uij. Taking ı D ˇ� 1

4 �
1
4 � 1, we infer

kuk
2
L2 . .ˇ�/�

1
2 kL�ukL2kukL2 C .ˇ�/�

1
4 kL�uk

1
2

L2kuk
3
2

L2 ;

which implies that

kL�ukL2 & jˇ�j
1
2 kukL2 :

The case of j�j < 1 is much more difficult. Let 0 � y1 �
�
2

� y2 � � so that � D siny1 D

sin y2. Let ı D ˇ� 1
4 �

1
4 � 1. Then we need to consider the following four types of energy

estimates:

ImhL�u; �.y1;y2/ui; Im
�
L�u; �.y1Cı;y2�ı/

u

siny � �

�
;

ImhL�u; �.y2;y1C2�/ui; Im
�
L�u; �.y2Cı;y1C2��ı/

u

siny � �

�
:

See Section 3 in [34] for the details.
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4. Transition threshold problem for the 3D Couette flow

We consider the transition threshold problem for the 3D Couette flow U�.y/ D

.y;0;0/ in a finite channel�D T � Œ�1;1�� T . We introduce the perturbationu.t;x;y;z/D

v.t; x; y; z/ � U�.y/, which solves8̂̂<̂
:̂
@tu � ��uC y@xuC .u2; 0; 0/C rpL

C u � ruC rpNL
D 0;

r � u D 0;

u.t; x;˙1; z/ D 0; u.0; x; y; z/ D u0.x; y; z/:

(4.1)

Here the pressure pL and pNL are determined by8̂̂<̂
:̂
�pL

D �2@xu
2;

�pNL
D �div.u � ru/ D �@iu

j @ju
i ;�

@yp
L

� ��u2
�
jyD˙1 D 0; @yp

NL
jyD˙1 D 0:

(4.2)

We define

P0f D Nf D
1

2�

Z
T
f .x; y; z/dx; P¤f D f¤ D f � P0f:

In [16], we prove the following stability result, which implies that the transition threshold
ˇ � 1 for the 3D Couette flow in a finite channel.

Theorem 4.1. Assume that u0 2 H 1
0 .�/ \H 2.�/ with div u0 D 0. There exist constants

�0; c0; �; C > 0, independent of �, so that if ku0kH 2 � c0�, 0 < � � �0, then the solution u
of the system (4.1) is global in time and satisfies the following stability estimates:

• (Uniform bounds and decay of the background streak)

 Nu1.t/




H 2 C


 Nu1.t/




L1 � C��1 min.�t C �2=3; e��t /ku0kH 2 ;

 Nu2.t/




H 2 C



 Nu3.t/




H 1 C


. Nu2; Nu3/.t/




L1 � Ce��t

ku0kH 2 I

• (Rapid convergence to a streak)

.@x ; @z/@xu¤.t/




L2 C


.@x ; @z/ru

2
¤
.t/




L2 C


�@2

x C @2
z

�
u3

¤
.t/




L2

C �1=4


u2

¤
.t/




H 2 C �1=3


�u1

¤
; u3

¤

�
.t/




H 1 C


u2

¤
.t/




L1

C �1=6


�u1

¤
; u3

¤

�
.t/




L1 � Ce�2��1=3t
ku0kH 2 ;

ku¤kL1L2 C
p
�


t�u1

¤
; u3

¤

�


L2L2 C



ru2
¤




L1L2

C


ru2

¤




L2L2 � Cku0kH 2 :

Let us give some remarks on our result.

1. Global stability estimates in particular imply that

u.t/


L1 � Cc0e

��t
! 0 as t ! C1:

This means that the 3D Couette flow is nonlinearly stable in theL1-sense when
the perturbation is o.�/ in H 2.
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2. Our rigorous analysis shows that various linear effects (including 3D lift-up
effect, boundary layer effect, inviscid damping, and enhanced dissipation) play
a crucial role in determining the transition threshold. Surprisingly, the tran-
sition threshold obtained in this paper is consistent with that for the case of
� D T � R � T obtained in [52]. This shows that the 3D lift-up may be the
main mechanism leading to the instability of the flow even in the presence of the
boundary layer effect. Our explanation of this surprise result is that weak non-
linear interaction (or null structure of nonlinear terms) and good linear mecha-
nisms (inviscid damping and enhanced dissipation) counteract the bad effect of
the boundary layer.

3. The transition threshold problem is very interesting in an infinite channel � D

R � Œ�1; 1�� T . In this case, we need to understand the long wave effect in the
x variable. In fact, we conjecture that the threshold may be strictly less than 1
in this case.

4. The asymptotic analysis conducted in [13] indicates that the profile of shear flows
may affect the transition threshold. From the results in [13], it seems reasonable
to conjecture that the threshold ˇ �

3
2

for the plane Poiseuille flow. In [34], Li,
Wei, and Zhang proved that the threshold ˇ �

7
4

for the 3D Kolmogorov flow.
It is unclear whether one can improve it to ˇ �

3
2
.

5. The transition threshold problem for the pipe Poiseuille flow is completely open.
This flow is probably the most interesting and important because it is close to
the setting of the experiment conducted by Reynolds in 1883. The experimen-
tal result carried out by Hof, Juel, and Mullin [25] conclude that the minimum
amplitude of a perturbation required to cause transition scales as the inverse of
the Reynolds number, i.e., O.Re�1/. The subsequent numerical result in [40]

agrees with the experiment result in [25] for Re & 4000.

Now we give a sketch of some key ingredients of the proof.
First of all, we decompose the solution u into the zero mode Nu and nonzero mode

u¤ due to their different behaviors. The zero mode Nu satisfies

.@t � ��/ Nu1
C Nu2

C u � ru1 D 0; (4.3)

.@t � ��/ Nuj
C @j Np C

�
Nu2@y C Nu3@z

�
Nuj

C u¤ � ru
j

¤
D 0; j D 2; 3: (4.4)

To estimate nonzero modes, we will use a formulation in terms of the shearwise velocity u2

and vorticity !2 D @zu
1 � @xu

3:8̂̂̂̂
<̂̂
ˆ̂̂̂:
@t .�u

2/ � ��2u2
C y@x�u

2
C
�
@2

x C @2
z

�
.u � ru2/

� @y

�
@x.u � ru1/C @z.u � ru3/

�
D 0;

@t!
2

� ��!2
C y@x!

2
C @zu

2
C @z.u � ru1/ � @x.u � ru3/ D 0;

@yu
2.t; x;˙1; z/ D u2.t; x;˙1; z/ D 0; !2.x;˙1; z/ D 0:

(4.5)
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The idea of using �u2 may go back to Kelvin’s original paper [30]. The main advantage of
using �u2 is that the equation of �u2 does not destroy the linear structure. This important
point has played an important role in the works [6,52].

The linearized system of zero mode Nu becomes

.@t � ��/ Nu1
C Nu2

D 0; .@t � ��/ Nuj
C @j Np D 0; j D 2; 3:

Then it is easy to see that k Nu1.t/kL2 � C.1 C t /e��t ku0kL2 . When t . ��1, Nu1 grows
linearly in time. This phenomenon is referred to as the 3D lift-up. To keep Nu1 small, the
perturbation u0 should be as small as o.�/. From this point of view, our result seems optimal.
It also turns out that the 3D lift-up is the worst mechanism leading to the instability.

To estimate �u2 and !2, we need to establish the space–time estimates for the
following linearized system:´

@t! � �
�
@2

y � �2
�
! C iky! D �ikf1 � @yf2 � i f̀3 � f4;

!jyD˙1 D 0; !jtD0 D !in;
(4.6)

and 8̂̂<̂
:̂
@t! � �

�
@2

y � �2
�
! C iky! D F;�

@2
y � �2

�
' D !; @y'jyD˙1 D 'jyD˙1 D 0;

!jtD0 D !in:

(4.7)

Here �2 D k2 C `2. In [16], we establish the following space–time estimates.

Theorem 4.2. Let ! be a solution of (4.6) with f4.t;˙1/D 0 and !in.˙1/D 0. Then there
exists �1 > 0 so that, for any a 2 Œ0; �1�,

ea�1=3t!



2

L1L2 C �


ea�1=3t!0



2

L2L2 C
�
��2

C .�k2/1=3
�

ea�1=3t!



2

L2L2

� C
�
k!ink

2
L2 C ��1



ea�1=3tf2



2

L2L2 C
�
�jkj

��1

ea�1=3t@yf4



2

L2L2

C �jkj
�1


ea�1=3tf4



2

L2L2 C min
�
.��2/�1; .�k2/�1=3

�

ea�1=3t .kf1 C f̀3/


2

L2L2

�
:

Moreover, we have

ea�1=3t!0


2

L1L2 C �


ea�1=3t!00



2

L2L2 C ��2


ea�1=3t!0



2

L2L2

� C


!0

in



2

L2 C C�� 2
3 jkj

2
3
�
k!ink

2
L2 C

�
�jkj

��1

ea�1=3t@yf4



2

L2L2

C �jkj
�1


ea�1=3tf4



2

L2L2

�
C C��1

�

ea�1=3t .kf1 C f̀3/


2

L2L2

C �� 2
3 jkj

2
3



ea�1=3tf2



2

L2L2 C


ea�1=3t@yf2



2

L2L2

�
:

Here !0 D @y! and !00 D @2
y!.

Theorem 4.3. Let ! solve (4.7) with @y'injyD˙1 D 0 and F D ikf1 C @yf2 C i f̀3. Then
there exist �1 > 0, �0 > 0 so that, for any a 2 Œ0; �1�, � 2 .0; �0/,

jk�j
1
2



ea�
1
3 t .@y ; �/'




L2L2 C �

3
4



ea�
1
3 t@y!




L2L2 C �

1
2 �


ea�

1
3 t!




L2L2

C �


ea�

1
3 t .@y ; �/'




L1L2 C �

1
4



ea�
1
3 t!




L1L2

� C�� 1
2



ea�
1
3 t .f1; f2; f3/




L2L2 C C

�
��1

k@y!inkL2 C k!inkL2

�
:
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The proofs of Theorems 4.2 and 4.3 used the resolvent estimate method developed
in [14]. The main idea is to separate the resolvent problem into two subproblems:

1. The inhomogeneous problem with favorable boundary conditions
The good boundary conditions avoid the boundary terms caused by the integra-
tion by parts argument so that we can establish various resolvent estimates via
the direct energy method by choosing suitable multipliers.

2. The homogenous problem with nonvanishing boundary conditions
This step is to match the boundary conditions. We can first use the Airy function
or the solution of a simple elliptic problem to construct an approximate solution.
Then we can construct the solution to the homogenous problem via solving a
perturbation problem with favorable boundary conditions.

The space–time estimates established in Theorems 4.2 and 4.3 encompass four
kinds of important linear effects: heat diffusion, enhanced dissipation, inviscid damping, and
boundary layer. These estimates should be enough to prove a transition threshold ˇ �

5
3
. To

achieve the sharp threshold, we have to handle the problem in a quasilinear way. That is, we
need to consider the full linearized 3D Navier–Stokes system around the flow .V .y; z/; 0; 0/,
which is a small perturbation of the Couette flow, i.e.,

kV � ykH 4 � "0; V .y; z/ � yjyD˙1 D 0;

with "0 small enough but independent of �. We denote

A�;V u D P
�
��u � V @xu �

�
@yV.u

2
C �u3/; 0; 0

��
;

here P is the Leray projection and � D @zV =@yV . Then we study the following linearized
system:

@tu¤ � A�;V u¤ C Eg D 0: (4.8)

The key point is to exclude the unstable eigenvalues of the operator A�;V . This problem is
highly nontrivial. Even for the following linearized equation:´

@tw � ��w C V @xw D f;

�' D w; 'jyD˙1 D @y'jyD˙1 D 0;

the linear stability when V D V.y/ is close to y was just proved by Almog and Helffer [1].
After applying the Fourier transform with respect to .t; x/ and introducing W D u2 C �u3

and U D u3, the problem is reduced to the following linearized system in terms of .W;U /:8̂̂̂̂
<̂̂
ˆ̂̂̂:

� ��W C ik
�
V.y; z/ � �

�
W � a.�k2/1=3W C .@y C �@z/p

L1

CG1 C �.��/U C 2�r� � rU D 0;

� ��U C ik
�
V.y; z/ � �

�
U � a.�k2/1=3U CG2 C @zp

L1
D 0;

W jyD˙1 D @yW jyD˙1 D U jyD˙1 D 0;

(4.9)

where � 2 R and

�pL1
D �2ik@yV W; @xW D ikW; @xU D ikU; @xp

L1
D ikpL1:
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Theorem 4.4. LetW 2H 4.�/, U 2H 2.�/ be a solution of (4.9). Then there exist �1 > 0,
�0 > 0 so that, for any a 2 Œ0; �1�, � 2 .0; �0/,

�
1
3
�

@2

xU


2

L2 C


@x.@z � �@y/U



2

L2

�
C �

�

r@2
xU


2

L2 C


r@x.@z � �@y/U



2

L2

�
C �

1
3 k@xrW k

2
L2 C �k@x�W k

2
L2 C �

5
3 k@x�U k

2
L2

� C��1
�
krG1k

2
L2 C k@xG2k

2
L2

�
:

In particular, this result shows that the 3D linearized Navier–Stokes system (4.8)
around the Couette flow is linearly stable. This theorem is the key and most difficult part in
the proof of nonlinear stability. The proof was motivated by our work [52]. The key point
is to introduce a good unknown Wg D W �Ws , where Ws is the singular part of W . Then
wg D �Wg satisfies

���wg C ik
�
V.y; z/ � �

�
wg � a.�k2/1=3wg D good terms:

For nonlinear stability, we introduce the following energy functionals, which are
suitable adaptations of those introduced in [52].

(1) Energy functional of zero mode. We first decompose Nu1 D Nu1;0 C Nu1;¤ with

.@t � ��/ Nu1;0
C Nu2

C Nu2@y Nu1;0
C Nu3@z Nu1;0

D 0;

.@t � ��/ Nu1;¤
C Nu2@y Nu1;¤

C Nu3@z Nu1;¤
C u¤ � ru1

¤
D 0;

Nu1;0
jtD0 D 0; Nu1;¤

jtD0 D Nu1.0/; Nu1;0
jyD˙1 D 0; Nu1;¤

jyD˙1 D 0:

The main reason for making this decomposition is that Nu1;¤ has better decay in �, and thus
Nu1;¤@x could be viewed as a perturbation. In this way, we avoid estimating the higher-order
derivatives of nonzero modes. Then we introduce the following energy functional to control
the zero mode:

E1 D E1;0 C ��2=3E1;¤;

where

E1;0 D


 Nu1;0




L1H 4 C ��1



@t Nu1;0




L1H 2 C �� 1
2



@t Nu1;0




L2H 3 ;

E1;¤ D


 Nu1;¤




L1H 2 C �

1
2



r Nu1;¤




L2H 2 ;

and the energy E2 is defined by

E2 D


� Nu2




L1L2 C �

1
2



r� Nu2




L2L2 C �
1
2



� Nu2




L2L2 C �� 1
2



@t r Nu2




L2L2

C


r Nu3




L1L2 C �

1
2



� Nu3




L2L2 C �
1
2



r Nu3




L2L2 C �� 1
2



@t Nu3




L2L2

C


min

�
.�

2
3 C �t/

1
2 ; 1 � y2

�
� Nu3




L1L2

C �� 1
2



min
�
.�

2
3 C �t/

1
2 ; 1 � y2

�
r@t Nu3




L1L2

C �
1
2



min
�
.�

2
3 C �t/

1
2 ; 1 � y2

�
r� Nu3




L2L2 :

The estimates of E1 and E2 are based on direct energy estimates for the system (4.3)
and (4.4).
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(2) Energy functional of nonzero mode (semilinear part). We consider

E3 D E3;0 CE3;1;

where E3;0 and E3;1 are defined by

E3;0 D �
1
2



e2��
1
3 t .@x ; @z/�u

2
¤




L2L2 C �

3
4



e2��
1
3 t

r�u2
¤




L2L2

C


e2��

1
3 t .@x ; @z/ru

2
¤




L1L2 C



e2��
1
3 t@xru2

¤




L2L2

C


e2��

1
3 t
�
@2

x C @2
z

�
u3

¤




L1L2 C �

1
2



e2��
1
3 t
�
@2

x C @2
z

�
ru3

¤




L2L2 ;

E3;1 D �
1
3
�

e2��

1
3 t

r!2
¤




L1L2 C �

1
2



e2��
1
3 t�!2

¤




L2L2

�
:

The estimate of E3 is based on the space–time estimates for the coupled system (4.5) of
.�u2; !2/ via Theorems 4.2 and 4.3.

(3) Energy functional of nonzero mode (quasilinear part). We now treat

E5 D �1=6


e3��1=3t@2

xu
2
¤




L2L2 C �1=6



e3��1=3t@2
xu

3
¤




L2L2 ;

which is vital to control some nonlinear interaction terms with the lift-up effect such as
Nu1@xu¤ and uj

¤
@j Nu1.j D 2; 3/. The estimate of E5 relies on Theorem 4.4.

Based on the linear space–time estimates, combined with a nonlinear interaction
estimate, we can derive the following uniform energy estimates:

E1;0 � C��1
�
ku0kH 2 CE2 CE2E1;0

�
;

E1;¤ � C
�
ku0kH 2 C ��1E2E1;¤ C �� 4

3E2
3

�
;

E2 � C.1C ��1E2/
2
�
ku.0/kH 2 C ��1E2

3

�
;

and

E2
3;0 � Cku0k

2
H 2 C C

�
E4

3=�
2

CE2
2E

2
3=�

2
CE2

1E3E5 CE2
1E

3
2
3 E

1
2
5

�
;

E2
3;1 � C

�
ku0k

2
H 2 C ��2E4

3 C �� 4
3E2

2E
2
3 CE2

1E3E5 CE2
1E

7
4
3 E

1
4
5 CE2

1E
3
2
3 E

1
2
5

�
;

as well as

E2
5 � CE2

6 � Cku0k
2
H 2 C C

�
E2

1 C ��2E2
2

�
E2

6 C C��2E4
3 ;

where E6 is an auxiliary energy functional (see Section 14 in [16] for the definition of E6).
When the perturbation ku0kH 2 � c0�, E1 is small due to the lift-up effect, while E2, E3,
and E5 are as small as o.�/.
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