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ABSTRACT

Liouville quantum gravity (LQG) is a one-parameter family of models of random fractal
surfaces which first appeared in the physics literature in the 1980s. Recent works have
constructed a metric (distance function) on an LQG surface. We give an overview of the
construction of this metric and discuss some of its most important properties, such as the
behavior of geodesics and the KPZ formula. We also discuss some of the main techniques
for proving statements about the LQG metric, give examples of their use and discuss some
open problems.
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1. INTRODUCTION

Liouville quantum gravity (LQG) is a family of models of random “‘surfaces,” or
equivalently random “two-dimensional Riemannian manifolds” which are in some sense
canonical. The reason for the quotations is that, as we will see, LQG surfaces are too rough to
be Riemannian manifolds in the literal sense. Such surfaces were first studied in the physics
literature in the 1980s [15, 32, 60, 82]. The purpose of this article is give an overview of the
construction of the distance function associated with an LQG surface (Section 2), as well as
some of its properties (Section 3), and the main tools used for studying it (Section 4). We
also discuss some open problems in Section 5. In the rest of this section, we will give some
basic background on the theory of LQG and its motivations.

1.1. Definition of LQG

One can define LQG surfaces with the topology of any orientable surface (disks,
spheres, torii, etc.), and all have the same local geometry. We will be primarily interested in
the local geometry, so for simplicity we will focus on LQG surfaces with the topology of the
whole plane.'

To define LQG, we first need to define the Gaussian free field. The whole-plane
Gaussian free field (GFF) is the centered Gaussian process 7 with covariance®

max{|z|, 1} max{|w]|, 1}

Cov(h(z),h(w)) = G(z,w) :=log , Vz,weC.

|z —wl

Since limy,—,; G(z, w) = oo, the GFF is not a function. However, it still makes sense as a
generalized function (i.e., a distribution). That is, if ¢ : C — R is smooth and compactly
supported, then one can define the L? inner product (h, ¢) = Jeh(@)¢(2)d 2z as arandom
variable. These random variables have covariances

Cov((h. ). (h.¥)) :/c C¢>(Z)¢(w)G(Z,W)d22d2w.

The reader can consult [13, 88, 92] for more background on the GFF. We have included a
simulation of the GFF in Figure 1(left).

More generally, we say that a random generalized function s on C is a GFF plus a
nice function if h = h+ f, where h is the whole-plane GFF and f : C — R is a (possibly
random and ﬁ—dependent) function which is continuous except at finitely many points.

Let y € (0, 2], which will be the parameter for our LQG surfaces. A y-LQOG surface
parametrized by C is the random two-dimensional Riemannian manifold with Riemannian
metric tensor

e"h(z)(alx2 +dy?), forz =x+iy, (1.1)

where dx? + dy? denotes the Euclidean metric tensor and 4 is the whole-plane GFF, or,

more generally, a whole-plane GFF plus a nice function.

1 See [16,17,37,44,84] for constructions of canonical LQG surfaces with various topologies.
2 Our choice of covariance function corresponds to normalizing / so that its average over the
unit circle is zero; see, e.g., [98, SECTION 2.1.1].
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1.2. Area measure and conformal covariance

The Riemannian metric tensor (1.1) is not well-defined since /4 is not defined point-
wise, so e”" does not make sense literally. However, it is possible to make sense of various
objects associated with (1.1) rigorously using regularization procedures. The idea is to con-
sider a collection of continuous functions {k.}¢~¢ which converge to 4 in some sense as
& — 0, define objects associated with the Riemannian metric tensor (1.1) with /4, in place
of h, then take a limit as ¢ — 0. In this paper, we will discuss two objects which can be con-
structed in this way: the LQG area measure (to be discussed just below) and the LQG metric
(which is the main focus of the paper). Other examples include the LQG length measure on
Schramm-Loewner evolution-type curves [1, 891, Liouville Brownian motion [11,43], and
the correlation functions for the random “fields” e®” for & € R [61].

For simplicity, let us restrict attention to the case when /A is a whole-plane GFF.
A convenient choice of {h.} is the convolution of & with the heat kernel. For t > 0 and

—|z|?/2t

z € C, we define the heat kernel p,(z) := ﬁe and set

BE(z) = (% pap)(z) = [ hw)pep(z —w)d*w, VzeC,  (12)
C

where the integral is interpreted in the sense of distributional pairing.

The easiest nontrivial object associated with (1.1) to construct rigorously is the LQG
area measure, or volume form. This is a random measure uy on C which is defined as the
a.s. limit, with respect to the vague topology,’

Wh = 1iII(1) eV 12e7hE g2 (1.3)
e—

where d?z denotes Lebesgue measure on C. The reason for the normalizing factor e"’/2 is
that E[e?": ()] ~ £77”/2 The existence of the limit in (1.3) is a special case of the theory
of Gaussian multiplicative chaos (GMC) [58, 86]. There are a variety of different ways of
approximating p; which are all known to converge to the same limit; see [4e,87] for some
results in this direction.

The measure @y, is mutually singular with respect to Lebesgue measure. In fact, it is
supported on a dense subset of C of Hausdorff dimension 2 — y2/2; see, e.g.,
[4e, sECTION 3.3]. However, it has no atoms and assigns positive mass to every open subset
of C.

The LQG area measure also satisfies a conformal covariance property. Let U, U C C
be open and let f : U — U be a conformal (bijective, holomorphic) map. Let

2
,  where Q =—+Z. (1.4)
Y

};zhoq')—i—Qlog}(p’ 5

Then / is a random generalized function on U whose law is locally absolutely continuous
with respect to the law of /1, so j can be defined. It is shown in [4e, PROPOSITION 2.1] that a.s.

np(X) = /Lh(d’(X))» V Borelset X C U. (1.5)
3 In the case when y = 2, there is a log-correction in the scaling factor, see [38, 39, 83].
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We can think of the pairs (U, &|y) and (U, ﬁ) as representing two different parametrizations
of the same LQG surface. The relation (1.5) implies that the LQG area measure is an intrinsic
function of the surface, i.e., it does not depend on the choice of parametrization.

The main focus of this article is the LOQG metric, i.e., the Riemannian distance func-
tion associated with the Riemannian metric tensor (1.1). This metric can be constructed via a
similar regularization procedure as the measure, but the proof of convergence is much more
involved. See Section 2 for details.

Spanning

f’i’ f;f"‘
Jj/u) ’//
‘v

FIGURE 1

(Left) A simulation of the graph of a continuous function which approximates the GFF. (Middle) A planar map.
Equivalent representations of the same planar map can be obtained by applying an orientation-preserving
homeomorphism from C to C. (Right) A spanning tree on the planar map.

1.3. Motivation

LQG was first studied by Polyakov [82] in the 1980s in the context of string theory
(we discuss Polyakov’s motivation in Remark 2.11). LQG is also of interest in conformal field
theory since it is closely connected to Liouville conformal field theory, one of the simplest
nontrivial conformal field theories. See [9e] for an overview of recent mathematical work on
Liouville conformal field theory.

One of the most important applications of LQG theory is the so-called Knizhnik—
Polyakov—Zamolodchikov (KPZ) formula [6e], which gives a relationship between critical
exponents for statistical mechanics models in random geometries and deterministic geome-
tries.* For example, this formula was used by Duplantier to give nonrigorous predictions for
the Brownian intersection exponents [35] (the exponents were predicted earlier by Duplantier
and Kwon [36]). These predictions were later verified rigorously by Lawler, Schramm, and
Werner in [62-64] using SLE techniques. We discuss the KPZ formula in the context of the
LQG metric in Section 3.5.

Another reason to study LQG is that, at least conjecturally, it describes the large-
scale behavior of discrete random geometries, such as random planar maps. A planar map
is a graph embedded in the plane so that no two edges cross, viewed modulo orientation-
preserving homeomorphisms of the plane. See Figure 1(middle) for an illustration. There
are various interesting types of random planar maps, such as the following:

4 The KPZ formula discussed here has no relation with Kardar—Parisi—Zhang equation
from [59], except that the initials of the authors for the two papers are the same.
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¢ Uniform planar maps. Consider the (finite) set of planar maps with a specified
number n € N of edges and choose an element of this set uniformly at random.

 Uniform planar maps with local constraints, such as triangulations (resp. quad-
rangulations), where each face has exactly 3 (resp. 4) edges.

* Decorated planar maps. Suppose, for example, that we want to sample a uniform
pair (M, T') consisting of a planar map M with n edges and a spanning tree 7' on
M (i.e., a subgraph of M which includes every vertex of M and has no cycles).
Under this probability measure, the marginal law of M is not uniform; rather, the
probability of seeing any particular planar map with n edges is proportional to
the number of spanning trees it admits. One can similarly consider planar maps
decorated by statistical physics models (such as the Ising model or the FK model)
or by various types of orientations on their edges.

It is believed that a large class of different types of planar maps converge to LQG
in some sense. The parameter y depends on the type of planar map under consideration.
Uniform planar maps, including maps with local constraints, correspond to y = /8/3. This
case is sometimes called “pure gravity” in the physics literature. Other values of y corre-
spond to planar maps decorated by statistical physics models. This case is sometimes called
“gravity coupled to matter.” For example, the spanning tree-decorated maps discussed above
are expected to converge to LQG with y = /2.

For this article, the most relevant conjectured mode of convergence of random planar
maps toward LQG is the following. View a planar map as a compact metric space, equipped
with the graph distance. If we rescale distances in this metric space appropriately, then, as the
number of edges tends to oo, it should converge in the Gromov—Hausdorff sense to an LQG
surface equipped with its LQG metric. So far, this type of convergence has only been proven
fory = \/8/_3, see Section 2.4. However, weaker connections between random planar maps
and y-LQG have been established rigorously for all y € (0, 2) using the so-called mating of
trees theory. See [47] for a survey of this theory.

2. CONSTRUCTION OF THE LQG METRIC

2.1. Liouville first passage percolation

In analogy with the approximation scheme for the LQG measure in (1.3), for a
parameter £ > 0, we define

1
Di(z,w) := P:izn_fw/() PO Py dt, Yz,weC, Ye> 0, (2.1)

where the infimum is over all piecewise continuously differentiable paths P : [0, 1] — C from
z to w. The metrics Dj are sometimes referred to as e-Liouville first passage percolation
(LFPP).

We want to choose the parameter £ in a manner depending on y so that the LFPP
metrics (2.1) converge to the distance function associated with the metric tensor (1.1). To
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determine what £ should be, we use a heuristic scaling argument. From (1.3), we see that
scaling areas by C > 0 corresponds to replacing & by h + % log C. On the other hand,
from (2.1) we see that replacing 7 by h + % log C scales distances by a factor of C¢/7.
Hence £/y is the scaling exponent relating areas and distances. In other words, we want y/&
to be the “dimension” of an LQG surface.

It was shown in [22, 3e] that there is an exponent dy > 2 which arises in various
discrete approximations of LQG and which can be interpreted as the dimension of LQG. For
example, d,, is the ball volume exponent for certain random planar maps [22, THEOREM 1.6].
Once the LQG metric has been constructed, one can show that d,, is its Hausdorff dimen-
sion [54] (see Theorem 3.1). The value of d, is not known explicitly except that d vas =4
Computing d,, for general y € (0, 2] is one of the most important open problems in LQG
theory.

The above discussion suggests that one should take

4
&= d_y 2.2)
It is shown in [22, PROPOSITION 1.7] that £ is an increasing function of y, so for y € (0, 2], &
takes values in (0, 2/d,]. Estimates for d,, [22,53] show that 2/d, ~ 0.41.

The definition of LFPP in (2.1) also makes sense for & > 2/d,. In this regime,
LFPP metrics do not correspond to y-LQG with y € (0, 2]. Rather, as we will explain in
Section 2.3.2, LFPP for § > 2/d, converges to a metric which is related to LQG with matter
central charge in (1, 25), or equivalently y € C with |y| = 2.

Definition 2.1. We refer to LFPP with & <2/d,, & =2/d,, and &€ > 2/d, as the subcritical,
critical, and supercritical phases, respectively.

Remark 2.2. It is much more difficult to show the convergence of the approximating met-
rics (2.1) than it is to show the convergence of the approximating measures in (1.3). One
intuitive explanation for this is that the infimum in (2.1) introduces a substantial degree of
nonlinearity. The minimizing path in (2.1) depends on &, so one has to keep track of both the
location of the minimizing path and its length, whereas for the measure one just has to keep
track of the mass of a given set. One can think of the study of LFPP as the study of the extrema
of the path-indexed random field whose value on each path is given by the integral in (2.1).

Remark 2.3. The study of LFPP is very different from the study of ordinary first passage
percolation (FPP), say on Z2. In ordinary FPP, the weights of the edges are i.i.d. and the law
of the random environment is stationary with respect to spatial translations, neither of which
is the case for LFPP (the law of the whole-plane GFF is only translation invariant modulo
additive constant). However, for LFPP one has strong independence statements for the field
at different Euclidean scales and one can get approximate spatial independence in certain
contexts. See Sections 4.2 and 4.3. These independence properties are fundamental tools in
the proof of the convergence of LFPP and the study of the limiting metric.
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FIGURE 2

Simulation of LFPP metric balls for & = 0.2 (top left), & = 0.4 (top right), & = 0.6 (bottom left), and & = 0.8
(bottom right). The values £ = 0.2, 0.4 are subcritical and correspond to y & 0.46 and y & 1.48, respectively.
The values § = 0.6, 0.8 are supercritical. The colors indicate distance to the center point (marked with a black
dot) and the black curves are geodesics from the center point to other points in the ball. These geodesics have a
tree-like structure, which is consistent with the confluence of geodesics results discussed in Section 3.3. The
pictures are slightly misleading in that the balls depicted do not have enough “holes.” Actually, LQG metric balls
have infinitely many complementary connected components for all § > 0, and have empty Euclidean interior for
& > 2/d (Section 3.4). The simulation was produced using LFPP with respect to a discrete GFF on a

1024 x 1024 subset of Z2. It is believed that this variant of LFPP falls into the same universality class as the
variant in (1.2). The geodesics go from the center of the metric ball to points in the intersection of the metric ball
with the grid 20Z2. The code for the simulation was provided by J. Miller.

2.2. Convergence in the subcritical case

2.2.1. Tightness

To extract a nontrivial limit of the metrics D¢, we need to renormalize. We (some-
what arbitrarily) define our normalizing factor by

1
a, := median of inf / eEh:(P(’))|P’(t)| dt : P is aleft-right crossing of [0, 1] }, (2.3)
0

where a left-right crossing of [0, 1] is a piecewise continuously differentiable path
P :[0,1] — [0, 1]? joining the left and right boundaries of [0, 1]2.
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The value of a; is not known explicitly (in contrast to the case of the LQG measure),
but it is shown in [23, PROPOSITION 1.1] that for each £ > 0, there exists O = Q(§) > 0 such
that

ap = gl 782Foc() a9 50, (2.4)

The existence of Q is proven via a subadditivity argument, so the exact relationship between
Q and £ is not known. However, it is known that Q € (0, c0) for all £ > 0, Q is a continuous,
non-increasing function of &, limg_,o O (§) = 0o, and limg_, o, O (§) = 0[23,28]. See also [1,
53] for bounds for Q in terms of &.

In the subcritical and critical cases, one has £ = y/d,, for some y € (0, 2] and

O(y/dy) = % +L (2.5)

2

In other words, the value of O for LFPP is the same as the value of O appearing in the
LQG coordinate change formula (1.4). Furthermore, from (2.5) we see that determining the
relationship between O and £ in the subcritical case is equivalent to computing d,,.

The first major step in the construction of the LQG metric is to show that the re-
scaled metrics a; ! Dy, are tight, i.e., they admit subsequential limits in distribution. The first
paper to prove a version of this was [19], which showed that the metrics a; ! D ; are tight when
¢ is smaller than some nonexplicit constant. The proof of this result was simplified in [33]:
most importantly, [33] gave a simpler proof of the necessary RSW estimate (for all £ > 0)
using a conformal invariance argument. Finally, the tightness for the full subcritical regime
& € (0,2/d,) was proven in [18].

Theorem 2.4 ([18]). Assume that £ < 2/d,. The laws of the metrics {aS_IDZ}8>0 are tight
with respect to the topology of uniform convergence on compact subsets of C x C. Every pos-
sible subsequential limit is a metric on C which induces the same topology as the Euclidean

metric.

Although the subsequential limit induces the same topology as the Euclidean metric,
its geometric properties are very different. See Figure 2 and Section 3.

2.2.2. Uniqueness

The second major step is to show that the subsequential limit is unique. In fact, we
want a stronger statement than just the uniqueness of the subsequential limit, since we would
like to say that the limiting metric does not depend on the approximation procedure. To this
end, the paper [51] established an axiomatic characterization of the LQG metric. To state this
characterization, we need some preliminary definitions.

Let  be a metric on C. For a path P : [a, b] — C, we define its d-length by

#T
len(P: ) == sup Y d(P(t;). P(ti—1)) (2.6)

T =
where the supremum is over all partitions 7" : a =ty < --- < ta7 = b of [a, b]. We say that
D is a length metric if for each z, w € C, d(z, w) is equal to the infimum of the Dj-lengths

of all paths joining z and w.
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For an open set U C C, we define the internal metric of b on U by
b(z,w;U) = inf{len(P; D) : P is a path from z to w in U}, Vz,weU. 2.7

We note that d(z, w; U) can be strictly larger than the d(z, w) since all of the paths from z
to w of near-minimal d-length might exit U.
The following is the axiomatic definition of the LQG metric from [51].

Definition 2.5 (LQG metric). Let D’ be the space of distributions (generalized functions)
on C, equipped with the usual weak topology.® For y € (0,2), a y-LQG metric is a measur-
able function i +> Dy from D’ to the space of metrics on C which induce the Euclidean
topology with the following properties. Let s be a GFF plus a continuous function on C, i.e.,
h=h+ f where hisa whole-plane GFF and f is a possibly random continuous function.
Then the associated metric Dy, satisfies the following axioms:

L Length space. Almost surely, Dy, is a length metric.

II.  Locality. Let U C C be a deterministic open set. The Dj-internal metric
Dy (-,-; U) is a.s. given by a measurable function of /|y .

II.  Weyl scaling. Let £ be as in (2.2). For a continuous function f : C — R,
define
len(P;Dy)
- Dp)(z,w):= inf f PO g vz weC, (2.8)
P:z—w Jo
where the infimum is over all Dy,-continuous paths from z to w in C paramet-

rized by Dp-length. Thena.s. e/ - D, = Dy, # for every continuous function
f:C—->R.

IV.  Coordinate change for scaling and translation. Let r > 0 and z € C. Almost
surely,

Dyp(ru+z,rv +z) = Dyrgz)+010gr (U, ), Yu,v € C,
14

2
where Q = — + —.
y 2

The reason why we impose Axioms I. through III. is that we want Dy, to be the
Riemannian distance function associated to the Riemannian metric tensor (1.1). Axiom IV.
is analogous to the conformal coordinate change formula for the LQG area measure (1.5),
but restricted to translations and scalings. As in the case of the measure, it can be thought of
as saying that the metric Dy, is intrinsic to the LQG surface, i.e., it does not depend on the
choice of parametrization. The axioms in Definition 2.5 imply a coordinate change formula
for general conformal maps, including rotations; see [51, REMARK 1.6] and [5e].

The main result of [51] is the following statement, whose proof builds on [18,34, 48,
49].

5 We do not care about how Dy, is defined on any subset of £’ which has measure zero for
the law of any random distribution which is a GFF plus a continuous function.
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Theorem 2.6 ([51]). Foreachy € (0,2), there exists a y-LQG metric. This metric is the limit

of the rescaled LFPP metrics a
convergence on compact subsets of C x C. Moreover, this metric is unique in the following

1D,€l in probability with respect to the topology of uniform

sense: if Dy and Dy, are two y-LQOG metrics, then there is a deterministic constant C > 0
such that a.s. Dy(z, w) = C Dy(z, w) for all z, w € C whenever h is a whole-plane GFF

plus a continuous function.

Due to Theorem 2.6, we can refer to the LQG metric, keeping in mind that this
metric is only defined up to a deterministic positive multiplicative constant (the value of this
constant is usually unimportant).

Once Theorem 2.6 is established, it is typically easier to prove statements about
the LQG metric directly from the axioms, as opposed to going back to the approximation
procedure. We explain some of the techniques for doing so in Section 4.

2.2.3. Weak LQG metrics

The existence part of Theorem 2.6, of course, follows from the tightness result in
Theorem 2.4, but not as directly as one might expect at first glance. It is relatively easy to
check from the definition (2.1) that every possible subsequential limit of the rescaled LFPP
metrics a;lDfZ satisfies Axioms I., II., and III. in Definition 2.5. See [34, SECTION 2] for
details.

Checking Axiom IV. is much more difficult. The reason is that rescaling space
changes the value of ¢ in (2.1): for €, r > 0, one has [34, LEMMA 2.6]

Dy(rz,rw) = rDZZ_)(Z, w), Vz,weC.

So, since we only have subsequential limits of a IDZ, we cannot deduce that the subsequen-
tial limit satisfies an exact spatial scaling property.

To get around this difficulty, we consider a weaker property than Axiom IV. which
is sufficient for the proof of uniqueness. To motivate this property, let us consider how
Axiom IV. is used in proofs about the LQG metric.

Assume that % is a whole-plane GFF. For z € C and r > 0, let &, (z) be the average
of h over the circle dB, (z) (see [4e, sEcTION 3.1] for the definition and basic properties of the
circle average process). It is easy to see from the definition of the whole-plane GFF that for
any z € Cand r > 0,

h(r-+2) — hy(z) £ . 2.9)

Furthermore, from Weyl scaling and the LQG coordinate change formula (Axioms III.
and IV.), a.s.

Dhngrotz)—h, (z) (U, v) = e =80 D (ry 4z, rv 4+ 2), Vu,veC. (2.10)

By (2.9) and (2.10),
e @60 D (v 42 . 42) L Dy (2.11)

The relation (2.11) allows us to get estimates for Dj which are uniform across different
spatial locations and Euclidean scales. However, for many purposes one does not need an
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exact equality in law in (2.11), but rather just an up-to-constants comparison. This motivates
the following definition.

Definition 2.7 (Weak LQG metric). For y € (0, 2), a weak y-LQOG metric is a measurable
function i — Dy, from D’ to the space of metrics on C which induce the Euclidean topology,
which satisfies Axioms L., II., and III. in Definition 2.5 plus the following further axioms:

VI'.  Translation invariance. If h is a whole-plane GFF, then for each fixed deter-
ministic z € C, a.s. Dp(4z) = Dp(-+z,- + 2).

V. Tightness across scales. Suppose h is a whole-plane GFF and for z € C
and r > 0 let h,(z) be the average of h over the circle dB,(z). For each
r > 0, there is a deterministic constant ¢, > 0 such that the set of laws of
the metrics ¢; e 4O Dy (r-, r-) for r > 0 is tight (with respect to the local
uniform topology). Furthermore, every subsequential limit of the laws of
the metrics cr_le_gh'(o) Dy(r-,r-) is supported on metrics which induce the
Euclidean topology on C.

From (2.11), we see that every strong LQG metric is a weak LQG metric with
¢, = r¥2 . Furthermore, it is straightforward to check that every subsequential limit of LFPP
is a weak LQG metric [34]. In particular, Theorem 2.4 implies that there exists a weak LQG
metric for each y € (0, 2). We note that most of the literature requires rather weak a priori
bounds for the scaling constants ¢, in Definition 2.7, but the recent paper [26] shows that
these bounds are unnecessary.

It turns out that most statements which can be proven for LQG metrics can also be
proven for weak LQG metrics. Using this, [51] established the following statement.

Theorem 2.8 (Uniqueness of weak LQG metrics). Let y € (0,2) and let Dy, and Dy, be
two weak y-LQG metrics which have the same values of ¢, in Definition 2.7. There is a

deterministic constant C > 0 such that if h is a whole-plane GFF plus a continuous function,
then a.s. Dy, = C Dy,

Let us now explain why Theorem 2.8 implies Theorem 2.6 (see [51, SECTION 1.4]
for more details). If Dy, is a weak LQG metric and » > 0, then one can establish that
Diwby+010gb(+/b, -/b) is a weak LQG metric with the same scaling constants ¢, as Dj,.
From this, one gets that Dy )+ 010g5(-/b, -/b) is a deterministic constant multiple of Dy,.
One can check that the constant has to be 1. This shows that Dy, satisfies Axiom IV. in Def-
inition 2.5, i.e., Dy, is a strong LQG metric. In particular, Dy, is a weak LQG metric with
scaling constants r§2. This holds for any possible weak LQG metric, so we infer that every
weak LQG metric is a strong LQG metric and the weak LQG metric is unique up to constant
multiples.

Remark 2.9. There are a few other ways to approximate the LQG metric besides LFPP,
which are expected but not proven to give the same object. One possible approximation,
called Liouville graph distance, is based on the LQG area measure up: for € > 0 and
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z,w € C, we let 15;; (z, w) be the minimal number of Euclidean balls of wj-mass & whose
union contains a path from z to w. The tightness of the metrics {ﬁ; }e>0, appropriately
rescaled, is proven in [2e], but the subsequential limit has not yet been shown to be unique.

Another type of approximation is based on Liouville Brownian motion, the “LQG
time” parametrization of Brownian motion on an LQG surface [11,43]. Roughly speaking, the
idea here is that Liouville Brownian motion conditioned to travel a macroscopic distance in a
small time should roughly follow an LQG geodesic. No one has yet established the tightness
of any Liouville Brownian motion-based approximation scheme. However, the paper [3e]
shows that the exponent for the Liouville heat kernel can be expressed in terms of the LQG
dimension d,, which gives some rigorous connection between Liouville Brownian motion
and the LQG metric.

2.3. The supercritical and critical cases
2.3.1. Subsequential limits
Recall that LFPP is related to y-LQG for y € (0, 2) in the subcritical case, i.e.,
when § = y/d, <2/d, ~ 0.41,....1In this subsection, we will explain what happens in the
supercritical and critical cases, i.e., when § > 2/d5.
The tightness of supercritical LFPP was established in [23]. Subsequently, it was
shown in [27], building on [81], that the subsequential limit is uniquely characterized by a
list of axioms analogous to the ones in Definition 2.5 (see [27, sEcTION 1.3] for a precise
statement). Unlike in the subcritical case, in the supercritical case the limiting metric Dy, is
not a continuous function on C x C, so one cannot work with the uniform topology. However,
this metric is lower semicontinuous, i.e., for any (z, w) € C x C one has
Dy(z,w) < liminf Dy(z/, w"). (2.12)
(z/,w)—>(z,w)
In [23, secTION 1.2] the authors describe a metrizable topology on the space of lower semi-
continuous functions C x C — R U {£o00}, based on the construction of Beer [8]. With this
topology in hand, we can state the following generalization of Theorems 2.4 and 2.6.

Theorem 2.10 ([23,27,81]). Let £ > 0. The re-scaled LFPP metrics metrics {ae_lDfI bes0
converge in probability with respect to the topology on lower semicontinuous functions on
C x C. The limit Dy, is a metric on C, except that it is allowed to take on infinite values.
Moreover, Dy, is uniquely characterized (up to multiplication by a deterministic positive

constant) by a list of axioms similar to the ones in Definition 2.5.

Let us be more precise about what we mean by allowing the metric to take on infinite
values. For £ > 2/d5, it is shown in [23] that if Dy, is as in Theorem 2.10, then a.s. there is
an uncountable dense set of singular points z € C such that

Dp(z,w) =00, VYweC\{z}. (2.13)

However, a.s. each fixed z € C is not a singular point (so the singular points have Lebesgue
measure zero) and any two nonsingular points lie at a finite Dj-distance from each other.
Roughly speaking, if {h,(z) : z € C,r > 0} denotes the circle average process of &, then
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singular points correspond to points in C for which limsup,_, /,(z)/logr > Q, where Q
is as in (2.4) [81, PROPOSITION 1.11].

Due to the existence of singular points, for £ > 2 /d,, the metric Dy, is not continuous
with respect to the Euclidean metric on C x C, but one can still show that the Euclidean
metric is continuous with respect to Dy, [23].

In the critical case § = 2/d,, which corresponds to y = 2, it is shown in [24] that Dy,
induces the Euclidean topology on C. In particular, there are no singular points for & = 2/d5.
We expect that the rescaled LFPP metrics a;l Dj, converge uniformly to Dy, in this case (not
just with respect to the topology on lower semicontinuous functions), but this has not been
proven.

2.3.2. Central charge
For y € (0, 2], the matter central charge associated with y-LQG is

2
em = 25— 602 =25 — 6(% + g) € (=00, 1]. (2.14)
Note that y = \/m corresponds to ¢y = 0. From physics heuristics, one expects that it
should also be possible to define LQG, at least in some sense, in the case when the matter
central charge is in (1, 25). However, this regime is much less well understood than the
case when ¢y € (—o0, 1], even at a physics level of rigor. A major reason for this is that
the formula (2.14) shows that ¢y; € (1, 25) corresponds to y € C with |y| = 2, so various
formulas for LQG yield nonphysical complex answers when ¢y € (1, 25). See [3, 46] for
further discussion, references, and open problems concerning LQG with ¢y € (1, 25).

LFPP LFPP Coupling |Matter cen- Topology
Phase parameter | exponent constant |tral charge
Subcritical > 9 0.2 en € (—oo, 1 Bi-Holder w.r.t.
£ €(0,2/dy) Q 7€(0.2) M € ( ) Euclidean
_ _ -lidean topol-
iti = 2/d. Q=2 y=2 P Euc p
Critical §£=2/dy M ogy, not Holder
Supercritical §>2/dy Q€(0,2) V'/y\ (E)I;plex’ cum € (1,25) (3 singular points
FIGURE 3

Table summarizing the phases for the LQG metric.

In light of (2.5) and (2.14), it is natural to define the matter central charge associated
with LFPP for £ > 2/d, by
o = 25—-60(§)2, (2.15)

where Q(§) is the LFPP distance exponent as in (2.4). One has Q(§) € (0,2) for § > 2/d5,
so (2.15) gives ey € (1,25) for & > 2/d,. Hence, the limit of supercritical LFPP can be
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interpreted as a metric associated with LQG with ¢y € (1,25). Since £ — Q(§) is contin-
uous and non-increasing and limg_, o, O(§) = 0 [23, PROPOSITION 1.1], there is a § > 2/d>
corresponding to each ¢y € (1, 25).

See Figure 3 for an table summarizing the phases for the LQG metric.

Remark 2.11. From a physics perspective, an LQG surface with matter central charge ¢y
represents “two-dimensional gravity coupled to a matter field with central charge cys.” Equiv-
alently, an LQG surface parametrized by a domain U should be a “uniform sample from the
space of Riemannian metric tensors g on U, weighted by (det A g)_cM/ 2, where Ay is the
Laplace—Beltrami operator.” This interpretation is far from being rigorous (e.g., since there
is no uniform measure on the space of Riemannian metric tensors), but some partial progress
using on regularization procedures has been made in [3].

The central charge also comes up in Polyakov’s original motivation for LQG from
string theory. If ¢y is an integer, then, roughly speaking, an evolving string in R™~! traces
out a two-dimensional surface embedded in space-time R~ x R, called a world sheet.
Polyakov wanted to develop a theory of integrals over all possible surfaces embedded in R™
as a string-theoretic generalization of the Feynman path integral (which is an integral over all
possible paths). To do this, one needs to define a probability measure on surfaces. It turns out
that the “right” measure on surfaces for this purpose is LQG with matter central charge cy.
However, the most relevant case for string theory is ¢y = 25, which is outside the range of
parameter values for which LQG can be defined probabilistically.

2.4. Alternative construction and planar map connection for y = ‘/8/_3

In the special case when y = \/m , there is an earlier construction of the \/8/_3-
LQG metric due to Miller and Sheffield [76,77,79]. We will comment briefly on the main idea
of this construction. See Miller’s ICM paper [71] for a more detailed overview.

The idea of the Miller—Sheffield construction is to first construct a candidate for
LQG metric balls, then show that these balls are, in fact, the metric balls for a unique metric
on C. The candidates for LQG metric balls are generated using a random growth process
called quantum Loewner evolution (QLE), which is produced by “reshuffling” an SLE¢ curve
in a random manner depending on /. Both the construction of this growth process and the
proof that one can generate a metric from it rely crucially on special symmetries for \/8/_3-
LQG which are established in [37,78], so the construction does not work for any other value
of y.

The Miller—Sheffield metric satisfies the conditions of Definition 2.5, so Theo-
rem 2.6 implies that it agrees with the M—LQG metric constructed using LFPP. On the
other hand, the construction using QLE gives a number of properties of the \/%—LQG
metric which are not apparent from the LFPP construction, for example, various Markov
properties for LQG metric balls and the fact that d 575 = 4. These properties can be
proven directly using QLE, or can alternatively be deduced from analogous properties of
the Brownian map, together with the equivalence between the Brownian map and \/V -
LQG discussed just below.
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The papers [76,79] also establish a link between the /8/3-LQG metric and uniform
random planar maps. This link comes by combining two big results:

* Le Gall [66] and Miermont [7e] showed independently that certain types of uni-
form random planar maps (namely, uniform k-angulations for k = 3 or k even),
equipped with their graph distance, converge in the Gromov—Hausdorff sense to
a random metric space called the Brownian map. See [67,68] for a survey of this
work.

¢ Miller and Sheffield showed that there is a certain special variant of the GFF on C
(corresponding to the so-called quantum sphere) such that the sphere C U {oco},
equipped with the \/%—LQG metric, is isometric to the Brownian map. This is
done using the axiomatic characterization of the Brownian map from [74].

Remark 2.12. Building on the aforementioned work (and many additional papers), Holden
and Sun [56] showed the rescaled graph distance on uniform triangulations embedded into the
plane via the so-called Cardy embedding converges to the \/8/_3—LQG metric with respect to
a version of the uniform topology. This gives a stronger form of convergence than Gromov—
Hausdorff convergence.

3. PROPERTIES OF THE LQG METRIC

In this subsection, we will discuss several properties of the LQG metric which have
been established in the literature. Throughout, /2 denotes a whole-plane GFF and Dy, denotes
the associated LQG metric with a given parameter £ > 0. We also let Q be as in (2.4) and
for £ <2/d, welet y € (0,2) be such that § = y/d,,, sothat 0 =2/y + y/2 (2.5). We
also let £ and Q be as above, so that for y € (0,2) wehave £ = y/d, and Q =2/y +y/2.

3.1. Dimension
For A > 0, the A-Hausdorff content of a compact metric space (X, d) is

oo
inf {Z rjA : there is a covering of X be d-metric balls with radii {r; }_,-GN}
j=1

and the Hausdorff dimension of (X, d) is the infimum of the values of A for which the
A-Hausdorff content is zero.

The following theorem follows from the combination of [54, COROLLARY 1.7] and [81,
PROPOSITION 1.14].

Theorem 3.1. In the subcritical case, i.e., when y € (0,2) and § = y/d,, a.s. the Hausdorff
dimension of C, equipped with the y-LQG metric, is equal to d, (recall the discussion in
Section 2.1). In the supercritical case, i.e., when & > 2/d,, the Hausdorff dimension of C,
equipped with the LQG metric with parameter &, is 00. 00.

As noted above, the value of d,, is not known except that d /8/3 = 4, but upper
and lower bounds for dy have been proven in [1,22,53] (see Figure 5). It is shown in
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[22, THEOREM 1.2] that y — d, is increasing and lim, .o d,, = 2. Hence, Theorem 3.1 implies
that the LQG metric gets “rougher” as y increases. We expect that the dimension of C with
respect to the critical (y = 2) LQG metric is d, = lim, _,» d), &~ 4.8, but this has not been
proven.

It was shown in [2] that for y € (0, 2), the Minkowski dimension of (C, Dy,) is also
equal to d,,. We expect that in this case, the d,,-Minkowski content measure for Dy, exists and
is equal to the y-LQG area measure pj, from (1.3). Similarly, the Hausdorff measure asso-
ciated with Dy, for an appropriate gauge function, should exist and be equal to p;,. This has
been proven for the Brownian map (which is equivalent to \/8/_3-LQG, recall Section 2.4)
in [69].

3.2. Quantitative estimates

The optimal Holder exponents relating Dy, and the Euclidean metric can be com-
puted in terms of & and Q. For the subcritical (resp. supercritical) case, see [34, THEOREM 1.7]
(resp. [81, PROPOSITION 1.10]).

Proposition 3.2 (Holder continuity). Let U C C be a bounded open set. Almost surely, for
each § > 0 there is a random C > 0 such that

Clz —w[f@2D78 & <2/d,,

C_1|Z_7.U|E(Q+2)+8 S Dh(Z,UJ) S
oo, §>2/d>.

Furthermore, the exponents £(Q + 2) and £(Q — 2) are optimal.

In the critical case when § = 2/d,, equivalently Q = 2, the metric Dy, is continuous
with respect to the Euclidean metric but not Holder continuous. Rather, the optimal upper
bound for Dy (z, w) is a power of 1/log(|z — w|™!) [24].

We also have moment bounds for point-to-point distances, set-to-set distances, and
diameters. The following is a compilation of several results from [34,81].

Proposition 3.3 (Moments). For each distinct z, w € C, the distance Dy(z, w) has a
finite pth moment for all p € (—00,2Q/&). For any two disjoint compact connected sets
K1, K> C C which are not singletons, Dy(K1, K3) has finite moments of all positive and
negative orders. For & < 2/d,, for any nonsingleton compact set K C C, the Dy-diameter
sup, yex Dn(z, w) has a finite pth moment for all p € (—oo, 4d, /v?).

The moment bound for diameters is related to the fact that the LQG area measure
has finite moments up to order 4/y2 (see, e.g., [86, THEOREM 2.11]).

3.3. Geodesics

Using basic metric space theory, one can show that a.s. for any two points z, w € C
with Dy (z, w) < oo, there is a Dj-geodesic from z to w, i.e., a path of minimal Dj-length
(see, e.g., [14, COROLLARY 2.5.20] for the subcritical case and [81, PROPOSITION 1.12] for the super-
critical case). If z and w are fixed, then a.s. this geodesic is unique [72, THEOREM 1.2]. We give
a short proof of this fact in Lemma 4.2 below.
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It can be shown that the Dj-geodesics started from a specified point have a tree-like
structure: two geodesics with the same starting point and different target points stay together
for a nontrivial initial time interval. The property is called confluence of geodesics, and can
be seen in the simulations from Figure 2.

We emphasize that confluence of geodesics is not true for a smooth Riemannian
metric (such as the Euclidean metric). Rather, two geodesics for a smooth Riemannian metric
with the same starting points and different target points typically intersect only at their start-
ing point.

Confluence of geodesics for the LQG metric was established in the subcritical case
(§ < 2/d>) in [48] and for general £ > 0 in [25]. Let us now state a precise version of this
result, which is illustrated in Figure 4. For s > 0 and z € C, let B,(z; Dy,) be the Dj-metric
ball of radius s centered at z.

Bs(z§ Dh,)

FIGURE 4

Ilustration of the statement of Theorem 3.4. The red curves are Dy -geodesics going from z to points outside of
the LQG metric ball By (z; Dy,). The theorem asserts that these geodesics all coincide until their first exit time
from B;(z; D).

Theorem 3.4 (Confluence of geodesics). Fix z € C. Almost surely, for each radius s > 0
there exists a radius t € (0, s) such that any two Dy-geodesics from z to points outside of
Bs(z; Dy) coincide on the time interval [0, t].

Theorem 3.4 only holds a.s. for a fixed center point z € C. Almost surely, there
is a Lebesgue measure zero set of points in C where Theorem 3.4 fails. For example,
if P:[0,T] — C is a Dy-geodesic, then the conclusion of Theorem 3.4 fails for each
z € P((0,T)).

Confluence of geodesics is used in the proof of the uniqueness of the y-LQG metric
y € (0, 2) in [51]. Roughly speaking, confluence is used to establish near-independence for
events which depend on small neighborhoods of far-away points on a Dj-geodesic, despite
the fact that Dj-geodesics are non-Markovian and do not depend locally on /. See [51] for
details. The proof of the uniqueness of the LQG metric for general § > 0 in [27] does not use
confluence of geodesics.
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Remark 3.5. Confluence of geodesics was previously established by Le Gall [65] for the
Brownian map, which is equivalent to \/8/_3—LQG (see Section 2.4). This result was used in
the proof of the uniqueness of the Brownian map in [66,70]. Le Gall’s proof was very different
from the proof of Theorem 3.4.

Various extensions of the confluence property for y € (0, 2) are proven in [42,55]
and for y = \/8/_31n [73,80].

Little is known about the geometry of a single LQG geodesic. For example, we do
not know the Hausdorff dimension of such a geodesic with respect to the Euclidean metric
(the dimension with respect to the LQG metric is trivially equal to 1), and we do not have
any exact description of its law. The strongest current results in this direction are an upper
bound for the Euclidean dimension of an LQG geodesic [54, COROLLARY 1.10], which is not
expected to be optimal; and the fact LQG geodesics do not locally look like SLE, curves
for any value of « [72]. We do not have a nontrivial lower bound for the Euclidean Hausdorff
dimension of an LQG geodesic, but we expect that it is strictly greater than 1 (see [31] for a
closely related result for the geodesics for a version of LFPP). Finally, we mention the very
recent work [7], which constructs a local limit of the GFF near a typical point of an LQG
geodesic.

3.4. Metric balls

From the simulations in Figure 2, one can see that LQG metric balls have a fractal-
like geometry. Almost surely, the complement of each LQG metric ball has infinitely many
connected components, in both the subcritical and supercritical cases [55, 81]. In fact, a.s.
“most” points on the boundary of the ball do not lie on any complementary connected com-
ponent, but rather are accumulation points of arbitrarily small complementary connected
components [55, THEOREM 1.14], [25, THEOREM 1.4].

In the subcritical and critical cases, i.e., when £ = y/d, for y € (0, 2], the LQG
metric induces the same topology as the Euclidean metric so a.s. each closed LQG metric
ball is equal to the closure Euclidean interior. In contrast, in the supercritical case a.s. each
LQG metric ball has empty Euclidean interior but positive Lebesgue measure. This is a
consequence of the fact that the set of singular points from (2.13) is Euclidean-dense but has
Lebesgue measure zero.

In the subcritical case, it is shown in [41,55] that a.s. the Hausdorftf dimension of the
boundary of a y-LQG metric ball for y € (0, 2) with respect to the Euclidean (resp. LQG)
metric is 2 — £Q + £2/2 (resp. d, — 1). We expect that these formulas are also valid for
y = 2 (equivalently, § = 2/d5).

In the supercritical case § > 2/d>, the LQG metric Dy, does not induce the Euclidean
topology, so one has to make a distinction between the boundary with respect to the Euclidean
topology or with respect to Dj,. The boundary of a closed Dj-metric ball with respect to
the Euclidean topology is equal to the ball itself (since the ball is Euclidean closed and has
empty Euclidean interior), whereas the boundary with respect to Dy, is a proper subset of the
ball [25, SECTION 1.2]. It is shown in [81, PROPOSITION 1.14] that for £ > 2 /d5, a.s. the Euclidean
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boundary of a Dj-metric ball (i.e., the whole Dy-metric ball) is not compact with respect to
Dy, and has infinite Hausdorff dimension w.r.t. Dj. We expect that the same is true for the
Dy -boundary of a Dj-metric ball. The Hausdorff dimension of the Euclidean boundary of
a Dy-metric ball with respect to the Euclidean metric is 2 since the metric ball has positive
Lebesgue measure. The Hausdorff dimension of the Dj-boundary of a Dj-metric ball with
respect to the Euclidean metric has not been computed rigorously.

It is also of interest to consider the boundary of a single complementary connected
component of an LQG metric ball. The Hausdorff dimension of such a boundary component
with respect to the Euclidean or LQG metric is not known. However, it is known that, even
in the supercritical case, each boundary component is a Jordan curve and is compact and
finite-dimensional with respect to Dy, [25, THEOREM 1.4].

3.5. KPZ formula

The (geometric) Knizhnik—Polyakov—Zamolodchikov (KPZ) formula [6e] is a for-
mula which relates the “Euclidean dimension” and the “LQG dimension” of a deterministic
set X C C, or a random set independent from the GFF h. The first rigorous versions of the
KPZ formula appeared in [4e,85]. These papers defined the “LQG dimension” in terms of
the LQG area measure. There are several different versions of the KPZ formula in the liter-
ature which use different notions of dimension (see, e.g., [4,6,9,12,45]). Here, we state what
is perhaps the most natural version of the KPZ formula, where we compare the Hausdorff
dimensions of a set with respect to the LQG metric and the Euclidean metric. We start with
the subcritical case, which is [54, THEOREM 1.4].

Theorem 3.6 ([54]). Lety € (0,2) andrecallthaté =y/d, and Q =2/y +y/2.Let X CC
be a random Borel set which is independent from the GFF h and let Ay be the Hausdorff
dimension of X, equipped the Euclidean metric. Also let Ay, be the Hausdorff dimension
of X, equipped with the y-LQG metric Dy. Then a.s.

Ap=E1(Q — V0% —2A). (3.1)

Theorem 3.6 does not apply if X is not independent from 4. For example, the
KPZ formula does not hold for the Hausdorff dimensions of LQG metric ball boundaries
with respect to the Euclidean and LQG metrics, as discussed in Section 3.4. However, one
has inequalities relating the Hausdorff dimensions of an arbitrary set with respect to the
Euclidean and LQG metrics, see [54, THEOREM 1.8].

It is shown in [81, THEOREM 1.15] that the KPZ formula of Theorem 3.6 extends to
the case when £ > 2/d, (modulo some technicalities about the particular notion of “frac-
tal dimension” involved), with the following important caveat. When & > 2/d,, we have
0 € (0,2) and the right-hand side of the formula (3.1) is nonreal when Ay > Q2/2. The
extension of the KPZ formula to the supercritical case coincides with (3.1) when Ag < Q?/2,
and gives A;, = oo when Ag > Q2/2 (the case when Ag = Q?2/2 is not treated).
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4. TOOLS FOR STUDYING THE LQG METRIC

There are a few basic techniques which are the starting point of the majority of the
proofs of statements involving the LQG metric. In this subsection, we will discuss a few of
the most important such techniques and provide some simple examples of their applications.
Throughout, & denotes a whole-plane GFF and Dy, denotes an LQG metric in the sense of
Definition 2.5. For simplicity, we assume that we are in the subcritical case but our discussion
applies in the critical and supercritical cases as well, with only minor modifications.

4.1. Adding a bump function

Suppose that E is an event depending on the LQG metric Dj,. For example, maybe
we have two points z, w € C and E is the event that Dy (z, w) > 100, or that the Dj,-geodesic
from z to w stays in some specified open set. For many choices of E, it is straightforward to
show that P[E] > 0 via the following method. Let ¢ be a deterministic smooth, compactly
supported function. It is easy to see from basic properties of the GFF that the laws of /& and
h + ¢ are mutually absolutely continuous. See, e.g., [75, PROPOSITION 3.4] for a proof. Using
Weyl scaling (Axiom IIL.), we can choose ¢ so that with high probability, the event E occurs
with /2 + ¢ in place of /. The absolute continuity of the laws of & + ¢ and & then implies that
P[E] > 0. Let us illustrate this idea by showing that an LQG geodesic stays in a specified
open set with positive probability.

Lemmad.1. Let z,w € C and let U C C be a connected open set which contains z and w.
With positive probability, every Dy,-geodesic from z to w is contained in U.

Proof. Let V. C V' C U be bounded, connected open sets containing z and w such that
V c V' and 7, C U. It is a.s. the case that internal distance Dy (z, w; V') is finite and the
distance Dy, (V’, dU) is positive, so we can find C > 0 such that

P[Dp(z,w; V) < C,Dp(V'.0U) > C7'] = @.1)

N =

Let ¢ be a smooth, nonnegative bump function which is identically equal to % log C
on V and is identically equal to zero outside of V’. By Weyl scaling (Axiom III.) and since
¢ = 2logC onV, the Dy_g-internal metric on V is equal to C ~2 times the Dj-internal
metric on V. Furthermore, since ¢ = 0 outside V', we have Dy (V',0U) = Dj_y(V',0U).
Therefore, if the event in (4.1) occurs, then

Dp—y(z,w; V) = C2Dp(z,w; V) < C™' < D(3V',0U) = Djp—y(V',3U).

In particular, Dj_4(z, w) < Dp_g(z, 0U). Therefore, no Dj_4-geodesic from z to w can
exit U. This happens with probability at least 1/2. Since the laws of & — ¢ and & are mutually
absolutely continuous, the lemma statement follows. |

In a similar vein, it is sometimes useful to add a random bump function to 4 in
order to show that Dy, has certain “typical” behavior with probability 1. To be more precise,
again let ¢ be a smooth compactly supported bump function and let X be a random variable
which is uniform on [0, 1], sampled independently from /. Then the laws of # and & + X¢
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are mutually absolutely continuous. So, if E is an event depending on Dy, then to show that
P[E] = 0 it suffices to show that the probability that E occurs with &7 + X¢ in place of /4 is
zero. To show this latter statement, it suffices to show that a.s. the Lebesgue measure of the
setof x € [0, 1] such that £ occurs with /2 4+ x¢ in place of 4 is zero. Usually, it is possible to
show that this set consists of at most a single point. Let us illustrate this technique by proving
the uniqueness of Dj-geodesics between typical points.

Lemma 4.2. Fix distinct points z,w € C. Almost surely, there is a unique Dy,-geodesic from
Z to w.

Lemma 4.2 was first established in [72, THEOREM 1.2] via an argument which is similar
to, but more complicated than, that we give here. We emphasize that Lemma 4.2 applies only
for a fixed pair of points z, w € C. Almost surely, there are exceptional pairs of points which
are joined by multiple Dj-geodesics. See [42,73,80] for a discussion of these exceptional
pairs of points.

Proof of Lemma 4.2. Let U, V C C be bounded open sets lying at positive distance from z
and w such that V C U. Let E = E(U, V) be the event that the following is true: there are
distinct Dj-geodesics P, P from z to w such that P is disjoint from U and P enters V. If
there is more than one Dj,-geodesic from z to w, then E (U, V') must occur for some choice
of open sets U, V which we can take to be finite unions of balls with rational centers and
radii. Hence it suffices to fix U and V and show that P[E] = 0.

Let ¢ : C — [0, 1] be a smooth bump function which is identically equal to 1 on a
neighborhood of V' and which vanishes outside of U. For x € [0, 1], let E, be the event that
E occurs with & + x¢ in place of /. As explained above the lemma statement, it suffices to
prove that a.s. the Lebesgue measure of the set of x € [0, 1] for which E; occurs is 0. In fact,
we will show that a.s. there is at most one values of x € [0, 1] for which E occurs.

For this, it is enough to show thatif 0 < x < y < 1 and E occurs, then E, does
not occur. To see this, assume that £, occurs and let P, and f’x be the Dj,_x4-geodesics as
in the definition of E,. By Weyl scaling (Axiom III.) and since ¢ is nonnegative, we have
Dpyyy(u,v) > Dpyxe(u,v) for all u, v € C. Since P, does not enter U and ¢ vanishes
outside of U, we also have

Dityp(z,w) <len(Px; Dpyyg) = len(Px: Dpyxg) = Dhtxe(z, w),
where here we recall the notation for length with respect to a metric from (2.6). Hence
Dpyyp(z,w) = Dpyxe(z, w). (4.2)

Now suppose that P: [0, T] — C is any path from z to w which enters V. We will
show that P is nota D h+y¢-geodesic, which implies that £, does not occur. Indeed, there
must be a positive-length interval of times [a, b] such that P([a, b]) C ¢~1(1). We therefore
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have

len(P; Dpiye) = len(};|[0,a]u[b,T]§ Dhiye) + len(};|[a’b]; Dpyyg)
> len(P l10,a1uib,T1: Dhtx¢)
+ 50 len(P|pg.p); Diixp) (by Axiom IIL)
> len(P; Dpixg) + (6507 — 1) len(Pliap): Dhtxg)
> Dpyxg(z,w) (by Axiom L.)
= Dpiys(z.w)  (by (42)). "

Remark 4.3. If ¢ is a deterministic smooth bump function, then the proof of [75, PROPOSI-
TION 3.4] shows that the Radon—Nikodym derivative of the law of & + ¢ with respect to the
law of 4 is given by

exp 1,819 — 5,007

where (f, g)v = f(C V f(z) - Vg(z) d?z is the Dirichlet inner product. One can use this
explicit expression for the Radon—Nikodym derivative, together with arguments of the sort
discussed above, to estimate the probabilities of certain rare events for the LQG metric. For
example, this is the key idea in the computation of the dimension of a boundary of an LQG
metric ball in [41].

4.2, Independence across concentric annuli

Another key tool in the study of the LQG metric is the fact that the restrictions of
the GFF to disjoint concentric annuli (viewed modulo additive constant) are nearly indepen-
dent. In particular, suppose that we have a sequence of events {£,, }xen depending on the
restrictions of / to disjoint concentric annuli. If we have a lower bound for IP[E,,] which
is uniform in k, then for K € N the number of k € {1, ..., K} for which E,, occurs can
be compared to a binomial random variable. This leads to the following lemma, which is a
special case of [49, LEMMA 3.1].

Lemma 4.4. Fix0 < sy < sy < 1. Let z € C and let {ry }ren be a decreasing sequence of
positive real numbers such that ri11/rx < 51 for each k € N. Let { E;, }xeN be events such
that for each k € N, the event E,, is a.s. determined by the restriction of h — h;, (z) to the
Euclidean annulus By, (z) \ Bs,r,(2), where h;, (z) denotes the circle average.

(1) Foreacha > 0, there exist p = p(a,s1,s2) € (0,1) and c = c(a,sy1,52) >0
such that if
P[E,]>p, VkeN, 4.3)

then
P[3k € {1,..., K} such that E,, occurs] > 1 —ce K VK eN. 44

(2) Foreach p € (0,1), there exista = a(p, s1,52) > 0and ¢ = c(p, s1,52) >0
such that if (4.3) holds, then (4.4) holds.
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We emphasize that the numbers p and ¢ in assertion (1) and the numbers a and c is
assertion (2) do not depend on z or on {r} (except via s1, s2). The idea of Lemma 4.4 was
first used in [72], and the general version stated here was first formulated in [49]. To illustrate
the use of Lemma 4.4, we will explain a typical application, namely a polynomial upper
bound for the probability that a Dj-geodesic gets near a point.

Lemma 4.5. For eachy € (0,2), there exist @ = a(y) > 0 and ¢ = c(y) > 0 such that the
Jollowing is true. For each z € C and each € > 0, the probability that there is a Dy-geodesic
between two points in C \ B,i/2(z) which enters Bg(z) is at most c&®.

Roughly speaking, Lemma 4.5 says that “most” points in C are not hit by Dy-
geodesics except at their endpoints. Lemma 4.5 immediately implies that the Hausdorff
dimension of every LQG geodesic with respect to the Euclidean metric is strictly less than 2.
Similar (but more complicated) ideas to those in the proof of Lemma 4.5 are used in the
proof of confluence of geodesics in [25, 48].

Let us now proceed with the proof of Lemma 4.5. The first step is to define the
events for which we will apply Lemma 4.4. To lighten notation, we introduce the following
terminology.

Definition 4.6. For a Euclidean annulus A C C, we define Dj(across A) to be the Dy-
distance between the inner and outer boundaries of A. We define Dy, (around A) to be the
infimum of the Dj-lengths of paths in A which separate the inner and outer boundaries of A.

Both Dy (across A) and Dy, (around A) are determined by the internal metric of Dy,
on A, so by Axiom II. these quantities are a.s. determined by %|4.
Forz e Candr > 0, let

E.(z):= {Dh (around B3, (2) \ Bar (Z)) < Dy, (across By, (2) \ By (Z))} 4.5)

As noted above, Axiom II. implies that E,(z) is a.s. determined by /|p,, (-)\ B, (z)- In fact,
adding a constant to / results in scaling Dj-distances by a constant (Axiom IIIL.), so adding
a constant to s does not affect whether E,(z) occurs. Hence E,(z) is a.s. determined by

(h = har(2))|Bs, (2)\ B, (2)-
Lemma 4.7. There existoo = a(y) > 0 and ¢ = c(y) > 0 such that for each z € C and each
>0,

1
P[ar € [e, 181/2] such that E,(z) occurs) > 1 — ce“.

Proof. Using a “subtracting a bump function” argument as discussed in Section 4.1, one
can show that p := P[E(0)] > 0. From (2.11), we see IP[E,(z)] does not depend on z or r.
Hence P[E,(z)] = p foreach z € C and r > 0. We now apply Lemma 4.4 with ry, = 4%¢1/2
and K = [% log, e~ |. Thenry € [e, %81/2] foreachk € {1,..., K}, sopart (2) of Lemma4.4
shows that there exists a = a(y) > 0 and ¢ = ¢(y) > 0 such that

P[3r € [e,£'/?] such that E,(z) occurs] > 1 — cp?K.
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This last quantity is at least 1 — ce® for an appropriate o > 0 depending on p, a (hence
on ). |

Proof of Lemma 4.5. By Lemma 4.7, it suffices to show that if there is an r € [¢, 2£!/2] such
that E, (z) occurs, then no Dj-geodesic between two points in C \ B,1/2(z) can enter B¢ (z).
Indeed, assume that E, (z) occurs, let u,v € C \ B,i/2(z), and let P be a path from u to v
which hits B, (z) D B¢(z). We will show that P is not a Dj-geodesic. By the definition (4.5)
of E,(z), there is a path 7 in B3, (z) \ Ba,(z) which disconnects the inner and outer bound-
aries of this annulus and has Dj,-length strictly less than Dy (across By (z) \ B(z)). Leto
(resp. 7) be the first (resp. last) time that P hits 7. Since P hits B,(z) and u, v ¢ B3,(2),
the path P crosses between the inner and outer boundaries of B;,(z) \ B,(z) between times
o and t. Hence

(Dp-length of P|(5.7]) = Dy (across By, (2) \ By (Z)). (4.6)
But, since P(7), P(0) € m,

Dh(P(o), P(r)) < (Dp-length of ) < Dy, (across By (2) \ B, (z))
< (Dh-length of P |[U,,]). 4.7

This implies that P is not a Dy-geodesic since it is not the Dp-shortest path from P (o)
to P(7). |

4.3. White noise decomposition

A convenient way to approximate the GFF is by convolving the heat kernel with a
space-time white noise. To explain this, let W be a space-time white noise on C x [0, c0),
ie, {(W, f): f € L2(C x [0, 00))} is a centered Gaussian process with covariances
E[((W, NHW. 2] = Jc Jo~ f(z.5)g(z.5)ds dz.For f € L?(C x [0, 00)) and Borel mea-
surable sets A C C and I C [0, o0), we slightly abuse notation by writing

//f(z,s) W(dz,ds) := (W, flaxr).
AJI

As in (1.2), we denote the heat kernel by p;(z) := #e"“z/z’. Following [21, SEC-
TION 3], we define the centered Gaussian process

1
ﬁ,(z) = ﬁ/ / Ps2(z —w) W(dw,ds), Vtel0,1], Vz eC. 4.8)
C Je2

We write h = };0. By [21, LEMMA 3.1] and Kolmogorov’s criterion, each ﬁ, for t € (0, 1]
admits a continuous modification. The process h does not admit a continuous modification,
but makes sense as a distribution: indeed, it is easily checked that its integral against any
smooth compactly supported test function is Gaussian with finite variance.

The process h is in some ways more convenient to work with than the GFF thanks
to the following symmetries, which are immediate from the definition:

* Rotation/translation/reflection invariance. The law of {h; : ¢t € [0, 1]} is invariant
with respect to rotation, translation, and reflection of the plane.
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e Scale invariance. For § € (0, 1], one has {(ﬁ,g, — ﬁg)(S-) 1t €[0,1]} 4 {l;t RS
[0, 1]}.

* Independent increments. If 0 <ty <t, <t3 <t4 <1,then 5,2 — ﬁ,l and ﬁm — };t3

are independent.

One property which h does not possess is spatial independence. To get around this,
it is sometimes useful to work with a truncated variant of 7 where we only integrate over a
ball of finite radius. To this end, we let ¢ : C — [0, 1] be a smooth bump function which is
equal to 1 on the ball By/2(0) and which vanishes outside of Bj,10(0). For ¢ € [0, 1], we
define

A 1
hY(z) := ﬁ/ﬂ /C Psj2(z —w)p(z — w) W(dw, dr). (4.9)

We also set A := ﬁg As in the case of A, it is easily seen from the Kolmogorov continuity
criterion that each f;‘f for ¢ € (0, 1] a.s. admits a continuous modification. The process ht
does not admit a continuous modification and is instead viewed as a random distribution.

The key property enjoyed by At is spatial independence: if A, B C C with
dist(4, B) > 1/5, then {ﬁ‘ﬂA 1t €[0,1]} and {ﬁtﬂB :t € [0, 1]} are independent. Indeed,
this is because {ﬁ‘ﬂA 1t €10,1]} and {ﬁ‘,r|3 :t € [0, 1]} are determined by the restrictions
of the white noise W to the disjoint sets B1/19(A4) x Ry and Bj/19(B) x R, respectively.
Unlike ﬁ, the distribution /" does not possess any sort of scale invariance but its law is still
invariant with respect to rotations, translations, and reflections of C.

The following lemma, which is proven in the same manner as [22, LEMMA 3.1], tells us
that the distributions / and /" and the whole-plane GFF can all be compared up to constant-
order additive errors.

Lemma 4.8. Suppose U C C is a bounded open set. There is a coupling (h, h, ﬁtr) of a
whole-plane GFF normalized so that h1(0) = 0 and the fields from (4.8) and (4.9) such that
the following is true. For any h', h? € {h, h, l;"}, the distribution (h' — h?)|y a.s. admits a
continuous modification and there are constants cg, c1 > 0 depending only on U such that
for A > 1,

P[rzneal}( (h' = h)(2)| < A] > 1 — cpe™ 14, (4.10)

Lemma 4.8 implies that each of h and A" is a GFF plus a continuous function. Hence
we can define the LQG metrics D, and Dj,.. The metric Dj, is particularAly convenient to
work with due to the aforementioned finite range of dependence property of 4". This property
allows one to use percolation-style arguments in order to produce large clusters of Euclidean
squares where certain “good” events occur. We refer to [21,22,38,52] for examples of this sort
of argument.

The white noise decomposition also plays a key role in the proofs of tightness of
LFPP in [18,19,23,33]. In fact, these papers first prove the tightness of LFPP defined using
the white noise decomposition (4.8) in place of the functions %}, then transfer to /} using a
comparison lemma which is similar in spirit to Lemma 4.8 (see [18, SECTION 6.1]).
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5. OPEN PROBLEMS
Here we highlight some of the most important open problems concerning the LQG
metric. Much more substantial lists of open problems can be found in [46,51].

Problem 5.1. For y € (0, 2), compute the Hausdorff dimension d,, of C, equipped with the
y-LQG metric. More generally, for £ > 0 determine the relationship between the parameters
Q and £ of (2.4).

Due to (2.2) and (2.5), computing d,, for y € (0, 2) is equivalent to finding the
relationship between Q and £ for &€ € (0,2/d5). As noted above, the only known case is
d /573 = 4, equivalently O(1/ V6) = 5/+/6. One indication of the difficulty of computing
Q in terms of £ is that the relationship between Q and £ is not universal for LFPP defined
using different log-correlated Gaussian fields [29].

Many quantities associated with LQG surfaces and random planar maps can be
expressed in terms of d, (or £ and Q), such as the optimal Holder exponents relating the
LQG metric and the Euclidean metric [34], the Hausdorff dimension of the boundary of an
LQG metric ball [41], and the ball volume exponent for certain random planar maps [22].
Solving Problem 5.1 would lead to exact formulas for these quantities.

We do not have a guess for the formula relating Q and £, nor do we know whether
an explicit formula exists. The best-known prediction from the physics literature, due to
Watabiki [91], is equivalentto Q = 1/& — & for £ € (0,2/d5). The prediction was proven to
be false in [21], at least for small values of & (equivalently, small values of y). An alterna-
tive proposal, put forward in [22], is that O = 1/& — 1/+/6 for £ € (0, 2/d5). This formula
has not been disproven for any value of £ € (0,2/d>), but it (like Watabiki’s prediction) is
inconsistent with the result of [28], which shows that Q > 0 for all £ > 0. We expect that
both of the above predictions are false for all but finitely many values of &.

The best known rigorous bounds relating £ and Q are obtained in [1, 22,53]. See
Figure 5 for a graph of these bounds.

Q dy

0.0 0.0 0.5 1.0 1.5 ZOV

FIGURE 5
(Left) Plot of the best known upper (blue) and lower (red) bounds for Q as a function of £. (Right) Plot of the
best-known bounds for d,, as a function of y.

4237 INTRODUCTION TO THE LIOUVILLE QUANTUM GRAVITY METRIC



Our next open problem concerns the relationship between LQG surfaces and random
planar maps.

Problem 5.2. Show that, for each y € (0, 2], appropriate types of random planar maps,
equipped with their graph distance (appropriately rescaled), converge in the Gromov—Haus-
dorff sense to y-LQG surfaces equipped with the y-LQG metric.

As discussed in Section 1.3, the value of y depends on the type of random planar
map under consideration. For example, uniform random planar maps correspond to
y = \/8/_3, planar maps weighted by the number of spanning trees they admit correspond
to y = +/2, and planar maps weighted by the partition function of the critical Ising model
on the map correspond to y = +/3. So far, Problem 5.2 has only been solved for y = \/%,
see Section 2.4.

Problem 5.2 can be made more precise by specifying the scaling factor for the planar
maps, as well as the particular types of LQG surfaces one should get in the limit. For con-
creteness, for n € N consider the case of a random planar map M,, with the topology of the
sphere, having n total edges. Then M,,, equipped with its graph distance rescaled by n~1/4r
should converge in the Gromov—Hausdorff sense to the quantum sphere, a special type of
LQG surface which is defined in [16,37] (the definitions are proven to be equivalent in [5]).
Similar statements apply for random planar maps with other topologies, such as the disk,
plane, or half-plane.

Finally, we mention a third open problem which has not appeared elsewhere. For o« €
R, let 7, be the set of a-thick points of /1, i.e., the points z € C for whichlim sup,_, o /1(z) /log el =
«. Such points exist if and only if @ € [—2, 2] [57]. For a set X, the function which takes o
to the Hausdorff dimension of X N Th"‘ (with respect to the LQG metric or the Euclidean

metric) can be thought of as a sort of “quantum multifractal spectrum” of X .

Problem 5.3. Let£& > 0 and let P be a Dj-geodesic. Is it possible to compute the Hausdorff
dimensions of P N T;* for each a € [-2,2] with respect to the Dy, (resp. the Euclidean
metric)? More weakly, as there a unique value of o which maximizes this dimension? In
other words, is there a “typical” thickness for a point on an LQG geodesic?

It is known that the Hausdorff dimensions considered in Problem 5.3 are a.s. equal
to deterministic constants, see [55, REMARK 1.12]. The analog of Problem 5.3 for a subcritical
LQG metric ball boundary has been solved in [22,55]. In that case, the maximizing value of
« with respect to the Euclidean (resp. LQG) metric is @ = £ (resp. @ = y). One can also ask
the analog of Problem 5.3 with Minkowski dimension instead of Hausdorff dimension. We
expect that the answers will be the same.
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