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Abstract

Perhaps the most important connection between maximally monotone operators and
convex functions is the fact that the subdifferential of a convex function is maximally
monotone. This connects convex functions with a proper subset of maximally monotone
operators (i.e., the cyclically monotone operators). Our focus is to explore maps going in
the opposite direction, namely those connecting an arbitrary maximally monotone map
with convex functions. In this survey, we present results showing how enlargements of
a maximally monotone operator T provide this connection. Namely, we recall how the
family of enlargements is in fact in a bijective correspondence with a whole family of
convex functions. Moreover, each element in either of these families univocally defines T .
We also show that enlargements are not merely theoretical artifacts, but have concrete
advantages and applications, since they are, in some sense, better behaved than T itself.
Enlargements provide insights into existing tools linked to convex functions. A recent
example is the use of enlargements for defining a distance between two point-to-set maps,
one of them being maximally monotone. We recall this new distance here, and briefly
illustrate its applications in characterizing solutions of variational problems.

Mathematics Subject Classification 2020

Primary 47H04; Secondary 47H05, 49J53, 90C25, 58E35

Keywords

Maximally monotone operators, set valued maps, enlargements, convex analysis, convex
functions, inclusion problem, variational inequalities, Bregman distances

© 2022 International Mathematical Union
Proc. Int. Cong. Math. 2022, Vol. 7, pp. 5212–5233
DOI 10.4171/ICM2022/107

Published by EMS Press
and licensed under
a CC BY 4.0 license

https://creativecommons.org/licenses/by/4.0/


1. Introduction

In the framework of real Banach spaces, convex analysis and the theory of monotone
operators have shown a fascinating interplay: the theory of one can be used for developing
further the theory of the other, and the advances in one of them generates advances of the
other. This cross-fertilization between both theories is a key topic in modern Functional
Analysis, and has been captivating mathematicians since the middle of the 20th century.
The natural way of going from convex analysis to maximally monotone maps is via the
subdifferential of a convex function, which is maximally monotone [29,35]. More precisely,
subdifferentials are the (proper) subset of cyclically monotone maps [33].

Given a maximally monotone operator T , we approximate T by another set-valued
map, called from now on an enlargement of T . Our goal is to show that enlargements pro-
vide a fruitful way of going from maximally monotone operators to convex functions. As an
example, enlargements are used to prove a formula involving infimal convolution of convex
functions [20], or to show new equivalences for the situation in which two convex functions
differ by a constant [13], or for characterizing solutions of difference of convex (DC) prob-
lems [7]. More examples of this interplay can be found, for instance, in [9, Chapter 5], as well
as in [31,37]. We will see in what follows the crucial rôle of convex analysis in establishing
outer-semicontinuity of the enlargements.

The concept of enlargement was first hinted in 1996 by Martínez-Legaz and Théra
in [28]. Independently, the enlargement was formally defined and studied for the first time
in the 1997 paper [10]. The results we quote in this survey span a time period from the late
1990s until today. We also quote crucial results obtained by Svaiter in [38], where the formal
definition of the family of enlargements is introduced, and a fundamental link with convexity
is established. Another key result mentioned here is the introduction of a family of convex
functions associated with T , suggested by Fitzpatrick in 1988 in [23]. A beautiful fact is
that these two families, seemingly independent from each other, are actually in a bijective
correspondence, as we will see in Theorem 30.

A main motivation for studying maximally monotone maps and their approxima-
tions is the inclusion problem, stated as

Find x�
2 X such that z 2 T .x�/; (1.1)

where T W X � X� is a maximally monotone operator between a Banach space X and its
dual X�. Model (1.1) is used for solving fundamental problems, such as optimality condi-
tions for (smooth and nonsmooth) optimization problems, fixed point problems, variational
inequalities, and solutions of nonlinear equations. If T is point-to-point, the inclusion above
becomes an equality.

This survey is organized as follows. In Section 2 we give the theoretical setting
and the main definitions and basic results that we will need in later sections. In this section
we recall the Fenchel–Young function, and also the Fitzpatrick function. In Section 3 we
define the family of enlargements and give prototypical examples. In this section we describe
the structure of the family (in terms of smaller and larger elements), and recall some of its
continuity properties and the Brøndsted–Rockafellar property. We end this section recalling
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a bijective correspondence between the family of enlargements of T and a family of convex
functions. In Section 4 we define a family of convex functions associated with the family of
enlargements, and illustrate this definition with examples. In this section we also describe
the structure of this family, with smallest and largest elements, in analogy with the situation
for the family of enlargements. In Section 5 we recall a new distance between point-to-set
maps induced by the family of convex functions associated with T . We illustrate this new
concept with applications to variational problems, and we include some open questions on
these distances. Section 6 contains a few final words.

To facilitate reading, most technical proofs are kept to a minimum, and the focus
is set on the main ideas and key points of the results. Interested readers can consult the
references given regarding each result. Some results combine several existing facts, and their
proofs are given to illustrate the type of analysis used in this topic.

2. Preliminaries

Throughout this paper, X is a real reflexive Banach space with topological dual X�

and duality pairing between them denoted by h�; �i. The norm in any space is denoted by
k � k. We use w to represent the weak topologies both on X and X�. When using the weak
topology, we will mention it explicitly, otherwise the strong topology is assumed. Let Z be
a topological space and consider a subset A � Z, we denote by A its closure with respect to
the strong topology, by int.A/ the interior of A and by co.A/ the convex hull of A.

2.1. Basic facts and tools
Recall the following definitions concerning extended real valued functions.

Definition 1. Let Z be a topological space and consider a function f W Z ! R [ ¹C1º.

(i) The epigraph of f is the set

epi.f / WD
®
.z; t/ 2 Z �R W f .z/ � t

¯
:

(ii) The domain of f is the set

dom f WD
®
x 2 Z W f .x/ < C1

¯
:

(iii) The function f is said to be proper if dom f 6D ;.

(iv) The function f is said to be lower-semicontinuous (lsc) if epi.f / is closed.

The following definitions are relevant to convex functions.

Definition 2. Let f W X ! R [ ¹C1º will be a convex function.

(i) The subdifferential of f is the point-to-set map @f W X � X� defined by

@f .x/ WD
®
x�
2 X�

W f .y/ � f .x/ �
˝
y � x; x�

˛
;8y 2 X

¯
;

if x 2 dom f; (2.1)

and @f .x/ WD ;, otherwise.
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(ii) Given � � 0, the �-subdifferential of f is the point-to-set map @�f W X � X�

defined by

@�f .x/ WD
®
x�
2 X�

W f .y/ � f .x/ �
˝
y � x; x�

˛
� �;8y 2 X

¯
;

if x 2 dom f; (2.2)

and @�f .x/ WD ;, otherwise. Note that @0f D @f . To keep � as a variable, we
restate the �-subdifferential of f in a way that does not involve �. Namely, we
consider the point-to-set map M@f W RC �X � X� defined by

M@f ."; x/ WD @�f .x/; (2.3)

and call the ensuing enlargement the Brøndsted–Rockafellar enlargement.

(iii) The Fenchel–Moreau conjugate of f , denoted as f � W X� ! R [ ¹C1º, is
defined by

f �.x�/ WD sup
®˝

x; x�
˛
� f .x/ W x 2 X

¯
: (2.4)

(iv) The Fenchel–Young function associated to f is the function f FY W X �X�!

R [ ¹C1º defined by

f FY.x; x�/ WD f .x/C f �.x�/ for all .x; x�/ 2 X �X�: (2.5)

Remark 1. Note that f � is always convex and (weakly) lsc. Hence, it is also strongly lsc
by convexity. Therefore, f FY is a convex, proper, and .k � k � w/-lsc function on X � X�.
A remarkable and well-known fact is that f FY completely characterizes the operator @f , in
the following sense:

@f .x/ D
®
x�
2 X�

W f FY.x; x�/ D
˝
x; x�

˛¯
: (2.6)

More precisely, the definitions yield

f .x/C f �.v/ � hx; vi; 8.x; v/ 2 X �X�;

f .x/C f �.v/ D hx; vi” x 2 X; v 2 @f .x/:
(2.7)

Moreover, f FY completely characterizes the map M@f (see (2.3)). Indeed, the definitions yield

M@f ."; x/ D
®
v 2 X�

W f FY.x; v/ D f .x/C f �.v/ � hx; vi C "
¯
: (2.8)

Since we always have f FY.x; v/ � hx; vi, when � D 0, (2.8) collapses into (2.6).
System (2.7) constitutes the main inspiration for defining a family of convex functions
induced by a maximally monotone operator T .

The map M@f has a fundamental rôle in variational analysis. It is used for (i) develop-
ing algorithms for nonsmooth optimization (e.g., the "-subgradient method, bundle methods,
perturbed proximal methods), (ii) characterizing minimizing/stationary sequences, and (iii)
characterizing approximate solutions of optimization problems. A crucial theoretical impact
is the fact that it was used by Rockafellar to show maximality of @f in [35].

All information on a point-to-set map is encapsulated in its graph.
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Definition 3. Let Z;Y be topological spaces and F WZ � Y a point-to-set map. The graph
of F is the set

G.F / WD
®
.z; y/ 2 Z � Y W y 2 F.z/

¯
:

Given a point-to-set map F , we define F as the point-to-set map by the following equality:

G.F / WD G.F /;

where the closure in the right-hand side is taken with respect to the product topology in
Z � Y .

We next recall well known concepts related with point-to-set maps from X to X�.

Definition 4. Let T W X � X� be a point-to-set map.

(i) The domain of T is denoted by D.T / and defined by

D.T / WD
®
x 2 X W T .x/ 6D ;

¯
;

and the range of T , denoted by R.T /, is defined by

R.T / WD
®
v 2 X�

W exists x 2 D.T / such that v 2 T .x/
¯
;

(ii) T is said to be monotone when˝
y � x; y�

� x�
˛
� 0 8.x; x�/; .y; y�/ 2 G.T /:

(iii) A monotone operator T is called maximally monotone provided˝
y � x; y�

� x�
˛
� 0 8.y; y�/ 2 G.T / implies .x; x�/ 2 G.T /:

Equivalently, T is maximally monotone when G.T / cannot be properly exten-
ded (in the sense of the inclusion), without violating the monotonicity condi-
tion given in (ii).

Continuity properties are associated with closedness of the graph. Hence, the topol-
ogy we use determines the continuous maps. Besides from closedness w.r.t. the strong and
weak topologies, we will consider sequential closedness with respect to the strong topology
in X and the weak topology in X�.

Recall the standard notation for strong and weak convergence in a reflexive Banach
space: Given a sequence .zn/ � X , and an element z 2 X , we denote by zn ! z the strong
convergence of .zn/ to z. Given a sequence .wn/ � X� and an element w 2 X�,we denote
by wn * w the weak convergence of .wn/ to w. In this situation, we say that the sequence
.zn; wn/ converges (sw) (for strong-weak) to .z; w/.

Definition 5. Let X be a reflexive Banach space and fix S � X � X�. We say that S is
sequentially strong-weak-closed, denoted as .sw/s-closed, if for every sequence .xn;vn/�S

the following condition holds:

If xn ! x; vn * v; then .x; v/ 2 S:
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We say that S is sequentially weakly closed, if S contains all weak limits of its weakly
convergent sequences.

Remark 2. If S � X � X� is weakly closed, then it is sequentially weakly closed (this is
true for every topological space). The converse is in general not true (see, e.g, [2, Example
3.33]), unless S is convex.

Fact 6. (i) If S is weakly closed then S is .sw/s-closed.

(ii) Assume that S is convex and S is strongly closed. Then, it is weakly closed (and
hence .sw/s-closed).

Proof. (i) If S is weakly closed then, by the previous remark, S is sequentially
weakly closed. Since every strongly convergent sequence is weakly convergent,
this implies that S is .sw/s-closed.

(ii) If S is strongly closed and convex, by [9, Corollary 3.4.16], S is weakly closed.
By (i), it is .sw/s-closed.

2.2. The Fitzpatrick function
From Remark 1, we see that the function f FY completely characterizes the operator

T WD @f and its enlargement M@f . A fundamental step in extending this type of link to an
arbitrary maximally monotone operator T was performed by Fitzpatrick in 1988 in [23],
who defined the following function, now called the Fitzpatrick function associated with T :

FT .x; v/ WD sup
®
hy; vi C hx � y; ui W .y; u/ 2 G.T /

¯
D sup

®
hy � x; v � ui C hx; vi W .y; u/ 2 G.T /

¯
:

By [23, Theorems 3.4 and 3.8], we have that

FT .x; v/ D hx; vi if and only if .x; v/ 2 G.T /;

FT .x; v/ � hx; vi or every x 2 X; v 2 X�;
(2.9)

Note the similarity with system (2.7). In other words, FT characterizes G.T /, in a similar
way as f FY characterizes G.@f /. The Fitzpatrick function remained unnoticed for several
years until it was rediscovered in [28]. In [24] Flåm gave an economic interpretation of the
Fitzpatrick function, and also mentioned that this function was already used in 1982 by
Krylov in [27]. The Fitzpatrick function allows for tractable reformulations of hard problems,
including variational representation of (nonlinear) evolutionary PDEs, and the development
of variational techniques for the analysis of their structural stability; see, e.g., [25,32,40,41].
In [23, Theorem 3.10], Fitzpatrick proved that FT is the smallest function among all those that
verify system (2.9). We will further explore this fact in later sections. Namely, we will revisit
system (2.9) when defining the family of convex functions associated with the enlargements
of T .

5217 Enlargements: a bridge between maximal monotonicity and convexity



3. Enlargements of maximally monotone maps

We start this section by recalling the definition of enlargement, introduced by Svaiter
in [38]. Then, we will focus on some well-known properties of set valued maps: local bound-
edness, outersemicontinuity, Lipschitz continuity, and the Brøndsted–Rockafellar property.

To explore continuity properties, we will often consider the closure of a point-to-
set map E W R � X � X�. By Definition 3, for F WD E, E is the point-to-set map such
that G.E/ D G.E/, where the closure is taken with respect to the strong topology in all
spaces. In what follows, T is a fixed maximally monotone operator. From now on, most
of the proofs will be omitted to alleviate the reading. All these proofs can be found in the
references given for every result. The proofs which I do provide are meant to illustrate the
type of mathematical tools used in the analysis, without making the text too technical.

3.1. The family of enlargements E.T /

The theoretical framework that follows is based on the groundbreaking definition of
a family of enlargements of T , introduced by Svaiter in [38].

Definition 7. Let T W X � X� be a maximally monotone map. We say that a point-to-set
mapping E W RC �X � X� is an enlargement of T if the following hold:

.E1/ T .x/ � E.�; x/ for all � � 0, x 2 X ;

.E2/ If 0 � �1 � �2, then E.�1; x/ � E.�2; x/ for all x 2 X ;

.E3/ The transportation formula holds for E. More precisely, let x�
1 2 E.�1; x1/,

x�
2 2 E.�2; x2/, and ˛ 2 Œ0; 1�. Define

Ox WD ˛x1 C .1 � ˛/x2; Qx�
WD ˛x�

1 C .1 � ˛/x�
2 ;

� WD ˛�1 C .1 � ˛/�2 C ˛
˝
x1 � Ox; x�

1 � Qx
�
˛
C .1 � ˛/

˝
x2 � Ox; x�

2 � Qx
�
˛

D ˛�1 C .1 � ˛/�2 C ˛.1 � ˛/
˝
x1 � x2; x�

1 � x�
2

˛
:

Then � � 0 and Qx� 2 E.�; Ox/.

The set of all maps verifying .E1/–.E3/ is denoted by E.T /. We say that E is closed if
G.E/ is (strongly) closed. The set of all closed enlargements is denoted by Ec.T /.

Remark 3. Condition .E1/ ensures that E is an enlargement of T , while .E2/ indicates
that the enlargement is increasing with respect to �. Condition .E3/ allows constructing
new elements in G.E/ by using convex combinations of known elements in G.E/. As we
will see below, this condition is essential for establishing the link between enlargements of
maximally monotone operators and convex functions. Note that if conditions .E1/–.E3/ hold
for E, then they also hold for E, hence if E 2 E.T /, then E 2 E.T /. By taking �1 D �2 D 0

and ˛1; ˛2 2 .0; 1/ in .E3/, we deduce that E.0; �/ is a monotone map. By .E1/, we also
have E.0; �/ � T . By maximality, we must have E.0; �/ D T .

Example 8. The set M@f .�; x/ is nonempty for every � > 0 if and only if f is lower semicon-
tinuous at x. The map M@f is an enlargement of T D @f . The fact that it verifies .E1/–.E2/
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follows directly from the definitions. The proof of condition .E3/ for M@f can be found, e.g., in
[14, Lemma 2.1]. It follows from the definitions that M@f is a closed enlargement of @f , namely,
M@f 2 Ec.@f /.

We recall next an example of an enlargement of an arbitrary maximally monotone
operator T .

Example 9. Define the point-to-set map T e W RC �X � X� as follows:

T e."; x/ WD

8<: ¹v 2 X� W hu � v; y � xi � �";8.y; u/ 2 G.T /º; 8x 2 D.T /;

;; if x 62 D.T /:

As mentioned in the Introduction, this enlargement of T was explicitly defined for the first
time in [10]. The fact that it verifies conditions .E1/–.E2/ follows directly from the defi-
nition. The transportation formula, i.e., condition .E3/ for T e , is established in [17, 21]. It
follows from the definitions that it is a closed enlargement of T , namely, T e 2 Ec.T /. The
enlargement T e has been used for developing (i) inexact prox-like methods for variational
inequalities [8,10,11,15,18], (ii) bundle-type methods for finding zeroes of maximally mono-
tone operators [21,30], and (iii) a unifying convergence analysis for algorithms for variational
inequalities [16]. More recently, T e has been used for developing inexact versions of the
Douglas–Rachford algorithm for finding zeroes of sums of maximally monotone operators
[1, 22, 39]. This list is by no means complete, but serves as evidence of the impact this con-
cept has had on the development of inexact methods for variational inequalities and related
problems. One of the reasons for this enlargement to have so many applications is the fact
that, as we will see in Section 3.2, it has better continuity properties than the original T .

Remark 4. We mentioned above the fact that FT characterizes T (see (2.9)). Moreover, FT

also characterizes T e . Indeed, it follows directly from the definitions that

FT .x; v/ � hx; vi C � if and only if v 2 T e.�; x/: (3.1)

Remark 5. When T D @f , we always have from the definitions that M@f .�;x/� .@f /e.�;x/.
The opposite inclusion can be strict, as observed in [28], see also [9, Example 5.2.5(iv)].

We mentioned above that T e 2 Ec.T /, we can say more about its “location” within
this family. The following result was established in [38].

Theorem 10. The family E.T / has a largest and a smallest element (with respect to the
inclusion of their graphs). The largest element is T e , and the smallest element is

T s.�; x/ D
\

E2E.T /

E.�; x/:

Moreover, T e is the largest element in Ec.T /, and T s is the smallest element in Ec.T /. In
other words, for every E 2 Ec.T /, we have

G.T s/ � G.E/ � G.T e/:
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3.2. Local boundedness
Consider an iterative method for solving problem (1.1) that generates a sequence

.xk ; vk/ � G.T /. Assume that the sequence .xk/ � X is convergent. In this situation, can
we say something about the behavior of the sequence .vk/? The answer to this question
requires more knowledge about G.T /. In fact, if T is maximally monotone, and .xk/ has its
limit in the interior of D.T /, then .vk/� X� is bounded and hence has a weakly convergent
subsequence by Bourbaki–Alaoglu’s theorem. The fundamental property needed here is the
local boundedness of T in the interior of its domain.

Definition 11. Let X be a topological space and Y a metric space. A point-to-set map
F W X � Y is said to be locally bounded at x 2 D.F / if there exists an open neighbor-
hood U of x such that F.U / WD

S
z2U F.z/ is bounded, and it is said to be locally bounded

when it is locally bounded at every x 2 D.F /.

Maps that are monotone are locally bounded at every point of the interior of their
domains. When they are also maximal, they are not locally bounded at any point of the
boundary of their domains. The latter fact means that we cannot expect enlargements to be
locally bounded at any point of the boundary of their domains. Hence, we concentrate on
points in the interior of their domains. Since G.E/ � ¹0º �G.T / and we use enlargements
to approximate T , we need to ensure that the local boundedness property is not lost when
replacing T by E. In fact, we will see that G.E/ is not “too large,” in the sense that the local
boundedness property in the interior of the domains is still preserved.

Local boundedness of maximally monotone maps was established by Rockafellar in
[34], and later extended to more general cases by Borwein and Fitzpatrick [3]. To make our
study specific for enlargements, we will use a refined notion of local boundedness for point
to set maps defined on RC �X .

Definition 12. Let E W RC � X � X� be a point-to-set mapping. We say that E is affine
locally bounded at x 2 X when there exists an open neighborhood V of x and positive
constants L; M such that

sup
y2V;

v2E.";y/

kvk � L"CM:

Remark 6. By Theorem 10, G.T e/�G.E/ for every E 2E.T /. Therefore, all local bound-
edness properties enjoyed by T e are inherited by E 2 E.T /. This means that it is enough
to study the local boundedness property for T e . This result is [17, Corollary 3.10], which we
recall next.

Theorem 13 (Affine local boundedness). If T W X � X� is monotone, then T e is affine
locally bounded in intD.T /. In other words, for all x 2 intD.T / there exist a neighborhood
V of x and positive constants L; M such that

sup
®
kvk W v 2 T e."; y/; y 2 V

¯
� L"CM

for all " � 0.
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Remark 7. The local boundedness property allows us to give an answer to the question
posed at the start of Section 3.2. We mentioned there that local boundedness of T implies
that, when the limit of .xk/ is in the interior of D.T /, the sequence .vk/ has a subsequence
which is a weakly convergent. Theorem 13 and Remark 6 show that this fact is still true for
any enlargement E 2 E.T /.

3.3. Lipschitz continuity
Consider again a method that generates a sequence .xk/ � D.T / and assume that

X D X� D Rn. Assume again that your sequence .xk/ converges to some x 2D.T /. Given
any fixed v 2 T x, can you find a sequence vk 2 T xk such that .vk/ converges to v? Enlarge-
ments of T do verify this property. They actually verify a much stronger property: Lipschitz
continuity. On the other hand, the above mentioned property is not true for maximally mono-
tone operators. Indeed, if f .t/ D jt j then T D @f does not verify it at t D 0. Indeed,
maximally monotone operators satisfy this property at a point x if and only if T x is a single
point. The latter fact is shown in [34] (see also [9, Theorem 4.6.3]).

Definition 14. Let Z and Y be Banach spaces and F W Z � Y a point-to-set map. Let U be
a subset of D.F / such that F is closed-valued on U . The mapping F is said to be Lipschitz
continuous on U if there exists a Lipschitz constant � > 0 such that for all x; x0 2 U it holds
that

F.x/ � F.x0/C �


x � x0



B.0; 1/;

where B.0;1/ WD ¹y 2 Y W kyk � 1º. In other words, for every x 2 U , v 2 F.x/, and x0 2 U ,
there exists v0 2 F.x0/ such that 

v � v0



 � �


x � x0



:

The fact that enlargements of T are Lipschitz continuous at every point in the interior
of their domains was proved in [17, Theorem 3.14]. For more details on these properties, see
[9, Chapter 5].

3.4. On graphs, closedness, and convexity
Assume now that your method generates a sequence .xk ; vk/ � G.T / which has a

limit point .x; v/ 2 X � X�. When can you ensure that .x; v/ 2 G.T /? In other words, is
G.T / closed? Closedness of the graph of a point-to-set map is a type of continuity called
outer-semicontinuity [9, Definition 2.5.1(a) and Theorem 2.5.4]. When T is maximally mono-
tone, G.T / is strongly closed and also .sw/s-closed, see [9, Proposition 4.2.1]. We will show
in this section that enlargements enjoy the same kind of outer-semicontinuity. We will see that
convexity has a crucial rôle in establishing this. Let E W RC �X � X� be any point-to-set
map. Definition 3 gives

G.E/ WD
®
.t; x; v/ 2 RC �X �X�

W v 2 E.t; x/
¯
:
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To see G.E/ as the epigraph of a (possibly not convex) function, rearrange the order of its
variables and consider the set:

QG.E/ WD
®
.x; v; t/ 2 X �X�

�RC W v 2 E.t; x/
¯
:

We see next how this set determines a convex function that characterizes G.E/. The next
result from [38, Lemma 3.2] is the key in linking enlargements with convexity.

Lemma 15. Let ˆ W X �X� �R! X �X� �R be defined as

ˆ.x; v; �/ D
�
x; v; � C hv; xi

�
;

and let E WRC �X � X� be any point-to-set map. The following statements are equivalent:

(i) E verifies .E3/;

(ii) ˆ. QG.E// � X �X� �R is a convex set.

Fact 16. Let E 2 E.T /.

(i) QG.E/ is .sw/s-closed if and only if ˆ. QG.E// is .sw/s-closed.

(ii) QG.E/ is (strongly) closed if and only if ˆ. QG.E// is (strongly) closed.

Proof. (i) Assume that QG.E/ is .sw/s-closed and take a sequence .xn; vn; sn/ 2

ˆ. QG.E// such that xn ! x, vn * v; and sn ! s. By definition of ˆ, this
means that .xn; vn; sn � hxn; vni/ 2 QG.E/ and

xn ! x; vn * v; and sn � hxn; vni ! s � hx; vi:

Since QG.E/ is .sw/s-closed, we deduce that .x; v; s � hx; vi/ 2 QG.E/. Equiv-
alently, .x; v; s/ 2 ˆ. QG.E// and therefore ˆ. QG.E// is sequentially .sw/s-
closed. The converse implication follows identical steps, mutatis mutandis. The
proof of (ii) follows from the fact that ˆ and ˆ�1 are continuous with respect
to the strong topology.

Convexity is crucial for ensuring outer-semicontinuity of the enlargements of T .

Corollary 17. Let E 2 Ec.T /. Then E is .sw/s-outer-semicontinuous.

Proof. Since E 2 Ec.T /, we know that G.E/ (and equivalently, QG.E/) is (strongly) closed.
By Fact 16(ii) and Lemma 15, ˆ. QG.E// is (strongly) closed and convex. By Fact 6(ii),
it is .sw/s-closed. Finally, Fact 16(i) yields that QG.E/ .sw/s-closed, showing the outer-
semicontinuity.

3.5. Brøndsted and Rockafellar property
Since ¹0º � G.T / � G.E/, the transportation formula allows producing elements

in G.E/ by using elements G.T /. Can we use elements in G.E/ to approach those in G.T /?
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For T D M@f , Brøndsted and Rockafellar [5] showed that any .";x;v/2G.M@f / can be approx-
imated by an element .x0; v0/ 2 G.@f / in the following way:

For all � > 0; there exists v0
2 @f .x0/ such that



x � x0


 � "

�
and



v � v0


 � �:

This result is known as Brøndsted–Rockafellar’s lemma. The remarkable fact is that enlarge-
ments enjoy this property, too. While this property holds for T D M@f in any Banach space,
more general enlargements require reflexivity of the space. A consequence of the Brønd-
sted and Rockafellar property is the fact that the domain and range of an enlargement is
dense in the domain and range of T , respectively. We sketch the proof of the Brøndsted and
Rockafellar property here because it is beautiful and is based on crucial results on maximally
monotone operators. For that, we recall that the duality mapping in a Banach space is defined
as J WD @g for g.x/ WD 1

2
kxk2. Using the definition of the subdifferential, it can be shown

[9, Proposition 4.4.4(i)] that the duality mapping verifies

J.x/ WD
®
v 2 X�

W hx; vi D kxk2; kxk D kvk
¯
: (3.2)

The proof uses a key property of T in reflexive Banach spaces. Namely, the surjectivity of
T C ˛J for ˛ > 0. This surjectivity property, which is, moreover, a characterization of max-
imally monotone operators in reflexive spaces, was established by Rockafellar in [36]. Since
G.T e/ � G.E/ for every E 2 Ec.T /, it is enough to show that the Brøndsted–Rockafellar
property holds for T e .

Theorem 18. Let ."; x"; v"/ 2 G.T e/ be given. For all � > 0, there exists .x; v/ 2 G.T /

such that

kv � v"k �
"

�
and kx" � xk � �:

Proof. The claim trivially holds if " D 0 because in this case by .E1/ we can take .x; v/ D

.x"; v"/ 2G.T /. Assume that " > 0. For any fixed ˇ > 0, define Tˇ .�/ WD ˇT .�/C J.� � x"/.
Since T is maximally monotone, the surjectivity property mentioned above implies that there
exist x 2 X and v 2 T x such that ˇv" 2 ˇv C J.x � x"/, which rearranges as ˇ.v" � v/ 2

J.x � x"/. Using the fact that ."; x"; v"/ 2 G.T e/ and the definition of J in (3.2), we have

�" � hv" � v; x" � xi D �
1

ˇ
kx � x"k

2
D �ˇkv � v"k

2;

and the result follows by taking ˇ WD �2=" and rearranging the expression above.

Since G.E/ � ¹0º � G.T /, we may wonder whether the range and domain of E

might be much larger that those of T . The precise situation is a consequence of Theorem 18,
and is stated next. Again, it is enough to establish this result for T e .

Corollary 19. The following hold:

(i) R.T / � R.T e/ � R.T /;

(ii) D.T / � D.T e/ � D.T /.
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Proof. The rightmost inclusions in (i) and (ii) follow from the previous theorem by taking
�!C1 for (i) and �! 0 for (ii), respectively. The leftmost inclusions follow from .E1/.

4. A family of convex functions associated with E.T /

We have seen that the convexity emanating from condition .E3/ ensures that enlarge-
ments are outer-semicontinuous. How can this fact be used to associate enlargements with
convex functions? All information on E is encapsulated in the set QG.E/. Hence, we start
by using this set to define the epigraph of a function defined in X � X�. The results in this
section either directly use those in [19], or combine these for ease of presentation.

Definition 20. Let S �X �X� �R. The lower envelope of S is the function 
 WX �X�!

R [ ¹C1º defined by


.x; v/ WD inf
®
t 2 R W .x; v; t/ 2 S

¯
;

with the convention that inf; D C1.

Fact 21. Let S � X � X� � R be a nonempty set and let 
 be its lower envelope as in
Definition 20. The following properties hold:

(i) S � epi.
/.

(ii) If S is closed and has epigraphical structure (i.e., if .x; v; t/ 2 S then
.x; v; s/ 2 S for every s > t ) then S D epi.
/.

(iii) S is closed if and only if 
 is lower semicontinuous.

(iv) S is closed and convex if and only if 
 is convex, proper, and lower semicon-
tinuous.

Proof. The proofs of (i), (iii), and (iv) follow directly from the definitions. For (ii), use the
definition of infimum and the closedness of S to deduce that .x; v; 
.x; v// 2 S . Now the
epigraphical structure yields epi.
/ � S .

The following simple lemma shows when QG.E/ D epi.�/ for some function �.

Lemma 22. Let E W RC � X � X� and let � W X � X� ! R [ ¹C1º. The following
statements are equivalent:

(i) QG.E/ D epi.�/.

(ii) � � 0 and E.t; x/ D ¹v 2 X� W �.x; v/ � tº for all t � 0, x 2 X .

Proof. [.i/! .ii/] By definition of E, QG.E/�X �X� �RC, so D.E/�RC �X . Hence,
� � 0. Now use (i) to write

v 2 E.b; x/$ .x; v; b/ 2 QG.E/
.i/
D epi.�/$ �.x; v/ � b:
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[.ii/! .i/] We have

.x; v; b/ 2 QG.E/$ b � 0; v 2 E.b; x/
.ii/
$ �.x; v/ � b $ .x; v; b/ 2 epi.�/:

Imposing closedness assumptions, we obtain lsc of �, as we see in the next result,
which is [19, Proposition 3.1].

Theorem 23. Let E W RC � X � X� be a point-to-set map such that G.E/ is closed and
verifies .E2/. Define �E W X �X� ! R [ ¹C1º as

�E .x; v/ WD inf
®
t � 0 W .x; v; t/ 2 QG.E/

¯
D inf

®
t � 0 W v 2 E.t; x/

¯
:

In other words, �E is the lower envelope of QG.E/. The following hold:

(i) QG.E/ D epi.�E /.

(ii) �E is strongly lsc.

(iii) �E � 0.

(iv) E.t; x/ D ¹v 2 X� W �E .x; v/ � tº for all t � 0, x 2 X .

Furthermore, �E is the unique function that verifies (iii) and (iv). In particular, the mapping
E 7! �E is one-to-one in Ec.T /.

Proof. Items (i) and (ii) follow from Fact 21(ii)–(iii). Item (iii) follows from the definition,
and item (iv) follows from (iii) and (i). For the uniqueness of �E , use Lemma 22. The injec-
tivity of the mapping E 7! �E follows from (i).

The set QG.E/ is (in general) not convex, and the same holds for �E . For generating
a convex function, we use again the map ˆ.

Definition 24. Let E 2 Ec.T / and let �E be as in Theorem 23. Define ƒE W X � X� !

R [ ¹C1º by the equality

epi.ƒE / WD ˆ
�
epi.�E /

�
:

Namely,

ƒE .x; v/ D �E .x; v/C hx; vi; (4.1)

for every .x; v/ 2 X �X�.

The following result constitutes the link between enlargements and convex func-
tions.

Theorem 25. Let E 2 Ec.T / and let ƒE as in Definition 24. The following hold:

(i) ƒE is convex and (strongly) lsc.

(ii) ƒE verifies
ƒE .x; v/ � hx; vi; for every .x; v/ 2 X �X�;

ƒE .x; v/ D hx; vi; if v 2 T x:

Moreover, the mapping E 7! ƒE is one-to-one in Ec.T /.
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Proof. To prove (i), use Definition 24 to write

epi.ƒE / D ˆ
�
epi.�E /

�
D ˆ

�
QG.E/

�
;

where we used Theorem 23(i) in the second equality. The convexity now follows from
Lemma 15. To prove that the function ƒE is lsc, use the fact that E 2 Ec.T / and Fact 16(ii).
The inequality in (ii) follows from (4.1) and Theorem 23(iii). As for the equality in (ii),
assume that v 2 T x. By .E1/, this implies that v 2E.0;x/ and, by definition, �E .x; v/ � 0.
Since �E � 0, we must have �E .x; v/ D 0. The latter, combined with (4.1), yields
ƒE .x; v/ D hx; vi. The last assertion holds by (4.1) and the fact that, given E, the function
�E is uniquely defined.

The following result is [19, Corollary 3.2] and characterizes E in terms of the con-
vexity of ƒE .

Corollary 26. Let E be a point-to-set map with closed graph which verifies .E1/–.E2/. Let
ƒE be as in Definition 24. The following statements are equivalent:

(i) E 2 Ec.T /.

(ii) ƒE is convex.

(iii) E verifies .E3/.

Proof. The equivalence between (i) and (iii) follows directly from the assumptions and the
definitions. The equivalence between (ii) and (iii) follows from the definition of ƒE and
Lemma 15. Indeed, the definition of ƒE and Theorem 23(i) gives

epi.ƒE / D ˆ
�
epi.�E /

�
D ˆ

�
QG.E/

�
:

By Lemma 15, E verifies .E3/ if and only if ˆ. QG.E// is convex, and by the above expression
the latter is equivalent to the convexity of ƒE .

Remark 8. Let E D T e 2 Ec.T /. In this case, we have that ƒT e D FT , the Fitzpatrick
function associated with T . This is a consequence of (2.9), and Remark 4. Indeed, (2.9)
and the latter remark imply that conditions (iii) and (iv) in Theorem 23 hold for �.x; v/ WD

FT .x; v/ � hx; vi. By the uniqueness property stated in the same theorem, we must have
�T e .x;v/DFT .x;v/� hx;vi. Since we know that T e 2Ec.T /, (4.1) now yields ƒT e DFT .

Theorem 25 helps us identify the relevant set of convex functions, which we define
next.

Definition 27. Let H0 be the set of all convex and (strongly) lower semicontinuous functions
defined on X �X�. The Fitzpatrick family of T is the set

H .T / WD
®
h 2 H0 W h.x; v/ � hx; vi for all .x; v/ 2 X �X�;

and h.x; v/ D hx; vi whenever v 2 T x
¯
:
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Remark 9. By taking S D epi.h/ in Fact 6, we see that h is (strongly) lower semicontinuous
and convex if and only if it is weakly lower semicontinuous, and the latter is equivalent to h

being .sw/s-lower semicontinuous.

Example 28. Using Definition 27, Remark 1 states that f FY 2 H .@f /. Similarly, the
system (2.9) implies that FT 2 H .T / for every T maximally monotone operator.

Theorem 25 provides a map from E.T / to H .T /. Namely, the map E 7! ƒE , with
ƒE fully characterizing G.T / in the sense of condition (ii) in the statement of the theorem.
We will define next the inverse of this map. Define � W X � X� ! R as �.x; v/ WD hx; vi

for every .x; v/ 2 X �X�.

Theorem 29. Let h W X � X� ! R [ ¹C1º be a convex and lsc function. Consider the
point-to-set map Lh W R �X � X� defined by

Lh.t; x/ WD
®
v 2 X�

W h.x; v/ � t C hx; vi
¯
;

for every t 2 R, x 2 X . The following statements are equivalent:

(i) h 2 H .T /.

(ii) h � � , D.Lh/ � RC �X and Lh 2 Ec.T /.

(iii) ƒLh D h and Lh.0; x/ � T x.

Proof. Œ.i/! .ii/� The definition on H .T / directly gives h � � . The latter inequality also
yields D.Lh/ � RC �X . Indeed, v 2 Lh.t; x/ if and only if h.x; v/ � t C �.x; v/. Since
h � � , this implies that t � 0, so D.Lh/� RC �X . We need to show that E WD Lh verifies
.E1/–.E3/. Condition .E2/ follows trivially from the definition of Lh. We next check .E1/.
By (i), we know that h.x; v/ D hx; vi for every v 2 T x. Therefore,

T x �
®
u 2 X�

W h.x; u/ � hx; vi
¯
D Lh.0; x/;

so .E1/ holds. To verify .E3/ we will show that ˆ. QG.Lh// is convex and use Lemma 15.
Indeed, by definition of ˆ and Lh,

ˆ
�
QG.Lh/

�
D

®�
x; v; t C hx; vi

�
W v 2 Lh.t; x/

¯
D

®�
x; v; t C hx; vi

�
W h.x; v/ � t C hx; vi

¯
DW ˆh:

We claim that ˆh D epi.h/. Indeed, it is clear that ˆh � epi.h/. To show that epi.h/ � ˆh,
take any .x; v; s/ 2 epi.h/. We need to show that we can write s D t C hx; vi for some
t � 0. Indeed, by (i), we know that h.x; v/ � hx; vi. Hence, hx; vi � h.x; v/ � s so
t D s � hx; vi � 0. This shows that the claim is true and ˆh D epi.h/. Since h is convex,
the above expression gives the convexity of ˆ. QG.Lh//, and Lemma 15 furnishes .E3/.
Œ.ii/! .iii/� The inclusion Lh.0; x/ � T x is .E1/, which holds because Lh 2 Ec.T /. Let
us show that ƒLh D h. By (ii), we can apply Theorem 23(iv) to E WD Lh and obtain

Lh.t; x/ D
®
v 2 X�

W h.x; v/ � hx; vi � t
¯
D

®
v 2 X�

W �Lh.x; v/ � t
¯
;

8t � 0; 8x 2 X;
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where used the definition of Lh in the first equality. Use t WD �Lh.x; v/ in the middle set to
obtain h.x; v/ � hx; vi � �Lh.x; v/. By (ii), we have that h � � so that t WD

h.x;v/��.x;v/� 0 can be used in the right-most set to derive �Lh.x;v/� h.x;v/� hx;vi.
Therefore, �Lh.x; v/C hx; vi D h.x; v/. Using this equality and the definition of ƒLh , we
have that

ƒLh.x; v/ D �Lh.x; v/C hx; vi D h.x; v/;

so (iii) is proved.
Œ.iii/! .i/� Since h is lsc, Lh is a point-to-set map with closed graph that verifies .E2/. By
Theorem 23(iii), we have that �Lh � 0. The definitions and (iii) now yield

h D ƒLh D �Lh C � � �;

which gives the inequality in the definition of H .T /. Now we need to prove that
h.x; v/ D �.x; v/ whenever v 2 T x. Since T x � Lh.0; x/, we can use Theorem 23(iv)
for t D 0 to deduce that �Lh.x; v/ � 0. By Theorem 23(iii) again, we have that �Lh � 0.
Altogether, �Lh.x; v/ D 0 if v 2 T x. Using (iii), we can write

h.x; v/ D ƒLh.x; v/ D �Lh.x; v/C �.x; v/ D �.x; v/;

when v 2 T x. Therefore, h 2 H .T /.

Remark 10. For every h 2 H .T /, we have that h D � if and only if v 2 T x. Indeed, the
“if” part follows because h 2H .T /. Conversely, let h D � and take E WD Lh 2 Ec.T /. By
Theorem 23(iv), v 2 Lh.0; x/ and by Theorem 29 and Remark 3 T D Lh.0; �/ so v 2 T x.

To complete this section, we combine the results above to obtain a bijection between
E.T / and H .T /. In the following result, we consider the sets E.T / and H .T / as partially
ordered. In E.T / we use the partial order of the inclusion of the graphs: E1 � E2 if and
only if G.E1/ � G.E2/. In H .T / we use the natural partial order of pointwise comparison
in X �X�: h1 � h2 if and only if h1.x; v/ � h2.x; v/ for every .x; v/ 2 X �X�.

Theorem 30. The map ‚ W Ec.T /! H .T / defined as ‚.E/ WD ƒE is a bijection, with
inverse ‚�1.h/D Lh. Considering the partially ordered spaces .E.T /;�/ and .H .T /;�/,
the bijection ‚ is “order reversing”, i.e., if E1 � E2 then h2 WD ‚.E2/ � h1 WD ‚.E1/.
Therefore, ‚.T e/ D FT and FT is the smallest element of the family H .T /.

Proof. By Theorem 25, we know that ‚.E/ D ƒE 2 H .T / and the function ‚ is
injective. The function ‚ is surjective because by Theorem 29, Lh 2 Ec.T / and hence
‚.Lh/ D ƒLh D h for every h 2H .T /. The fact that ‚ is order reversing is proved via the
following chain of equivalent facts:

E1 � E2
definition
 ! QG.E1/ � QG.E2/

Theorem 23(i)
 ! epi.�E1/ � epi.�E1/

$ �E2 � �E1

(4.1)
$ ‚.E2/ D ƒE2 � ‚.E1/ D ƒE1 :
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Since G.T e/ � G.E/ for every E 2 Ec.T /, we can use the fact that ‚ is order reversing
and Remark 8 to obtain

‚.T e/ D ƒT e
Remark 8
D FT � ‚.E/;

for every E 2 Ec.T /. Since ‚.Ec.T // D H .T /, the claim is proved.

5. A distance induced by H .T /

In this section we recall how the family H .T / is used for defining a new distance
between set-valued maps. More results can be found in [6, 7, 12]. Let h 2 H .T /, and let S W

X � X� be any point-to-set operator. Following [12, Definition 3.1], for each .x;y/2X �X ,
define

D
[;h
S .x; y/ WD

8<: infv2Sy.h.x; v/ � hx; vi/ if .x; y/ 2 dom S � dom T;

C1 otherwise
(5.1a)

and D
];h
S .x; y/ WD

8<: supv2Sy.h.x; v/ � hx; vi/ if .x; y/ 2 dom S � dom T;

C1 otherwise.
(5.1b)

We call these distances Generalized Bregman distances (GBDs). When S is point to point, all
three collapse into one, Dh

S WDD
[;h
S DD

];h
S . The GBDs specialize to the Bregman distance.

Given a proper, convex, and differentiable function f W X ! R, the (classical) associated
Bregman distance [4] is defined as

Df .x; y/ WD f .x/ � f .y/C
˝
y � x;rf .y/

˛
: (5.2)

It is easy to check that GBDs reduce to (5.2) when T D S D rf and h WD f FY [12, Propo-

sition 3.5]. We show next that GBDs can be used to characterize approximate solutions of
the sum problem:

find x 2 X such that 0 2 Sx C T x; (5.3)

where S; T W X � X� are point-to-set maps, with T being maximally monotone. The proof
of the next result, inspired by [12, Proposition 3.7], is [7, Proposition 2.2].

Proposition 31. Suppose that T W X � X� is a maximally monotone operator and
S W X � X� is a point-to-set operator. Fix any h 2 H .T /, " 2 RC, and x 2 X . Con-
sider the following statements:

(a) 0 2 Lh."; x/C T x.

(b) D
[;h
�S .x; x/ � ".

Then .a/ H) .b/. Moreover, if dom S is open and S is locally bounded with weakly closed
images, then the two statements are equivalent.

Next we illustrate how optimality conditions for minimizing a DC (difference of
convex) function can be expressed by means of a particular type of GBD. Let f W X !
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R [ ¹C1º and g W X ! R be proper and convex lsc functions. We consider the problem
of finding x 2 X that globally minimizes f � g. In the proposition below, the equivalence
between statements (a) and (b) are well known in finite-dimensional spaces (see, e.g., [26,
Theorem 3.1]). Its extension to reflexive Banach spaces can be found in [7, Proposition 2.3].

Proposition 32. The following statements are equivalent:

(a) x is a global minimum of f � g on X .

(b) For all " � 0, M@g."; x/ � M@f ."; x/.

(c) For all " � 0, D
];f FY

M@g
.x; x/ � ".

5.1. Some open problems related to GBDs
(a) When T D S D @f , will the GBD induced by h D FT have some advantages

when compared with the classical Bregman distance (induced by h D f FY)?
What do the resulting generalized projections look like, when compared with
the classical Bregman projections?

(b) Can these distances be used to regularize/penalize proximal-like iterations for
variational inequalities?

(c) In view of Proposition 31, can we use the GBDs to develop new algorithms for
solving problem (5.3)?

(d) In view of Proposition 32, can we obtain an optimality condition for the inclu-
sion problem 0 2 T x � Sx with T; S maximally monotone?

(e) Can a similar result to Proposition 32 be obtained for enlargements of T D @f

different from M@f ?

6. Final words

Many crucial properties have been left uncovered, and it is my hope that those
mentioned here will motivate researchers to explore the yet undiscovered paths that link
maximally monotone operators with convex functions.

I conclude with a tribute to Asen Dontchev, who passed away on 16 September 2021.
Asen was an outstanding mathematician with crucial contributions to set-valued analysis,
and especially to the topic of inclusion problems and their approximations.
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