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ABSTRACT

The paper is an introduction to the modern theory of adaptive estimation. We introduce

a universal estimation procedure based on a random choice from collections of estima-
tors satisfying a few very general assumptions. In the framework of an abstract statis-
tical model, we present an upper bound for the risk of the proposed estimator (£-oracle
inequality). The basic technical tools here are a commutativity property of some opera-
tors and upper functions for positive random functionals. Since the obtained result is not
related to a particular observation scheme, many conclusions for various problems in dif-
ferent statistical models can be derived from the single £-oracle inequality.
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1. INTRODUCTION

Let (V® a0, ]P’}"), f e &), n e N* be afamily of statistical experiments gen-
erated by observation X . It means that X ™ is a V) -valued random variable defined on
some probability space, and the probability law of X ™) belongs to the family (IP’}"), fe®.
Since the probability space on which X ™ is defined will play no role in the sequel, we will
just assume its existence.

Furthermore, in this paper:

e (D, D, u) is a measurable space;

e & is a set of functions f : & — R. Typical examples of set F are functional
spaces, e.g2., & = ILz(Rd), Cp (Rd), the set of all measurable real functions, etc.;

e G : % — S, where © is a set endowed with semimetric £.

The goal is to estimate G(f), f € &, from observation X ™. By an estimator we
mean any X ®-measurable G-valued mapping. The accuracy of an estimator G is measured
by the £-risk

RO[G:6(N)] = (EP[(G.G(/)]')1. (1.1)

Here and later, E}") denotes the mathematical expectation with respect to the probability

measure ]P’;") and the number ¢ > 1 is supposed to be fixed. Recall that for any X -
measurable map 7 : Vv SR,

EP[T] = /V . T()P" (dv).

1.1. Examples of models
In these notes we will consider the following statistical models.

Density model. Let (D, p) denote the set of all probability densities with respect to mea-
sure  defined on O and let § C P(D, ).

Then the statistical experiment is generated by the observation X () — (X1,...,Xn),
n € N*, where X;,i € N*, are i.i.d. random vectors possessing unknown density f € &.

White Gaussian Noise Model. Let § = L, (D, ). Put D= {B€®:u(B) < oo}and
let (W(B), B € D) be the white noise with intensity j.

Consider the statistical model generated by the observation X = {X,(g), g €
L,(D, i)} where

Xa(0) = [ f@goun +n7 [ gowian. (12)
D D
Recall also that for any g € L, (D, u),
Xn(g) = N((g. f).n""(g.2)). (1.3)

where (-, -) is the inner product of L, (D, ) and N (-, ) denotes the normal law on R.
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1.2. Examples of estimation targets G
Global estimation G(f) = f. The goal is to estimate the entire function f. Here © = ¥,
and the accuracy of estimation is usually measured by the IL,-riskon D C D, i.e., £(g1.82) =
g1 — g2llp.p, 1 < p < oo, where

Il = [ lePi@n. pelloo. Nl = suple).
te

Pointwise estimation G(f') = f (t9),t9o € D. Here ©=R! and {(a,b) = |a — b|,a,b €R,
and D C . We present this estimation problem separately from the below-discussed prob-
lems of estimation of functionals because it is often used in order to recover the underlying
function itself.

Estimation of functionals. Here @ = R! and {(a,b) = |a — b|,a,b € R, and D C D.
One can consider

« Estimation of a derivative at a given point, G(f) = f® (1), to € D, k € N*;
* Estimation of norms, G(f) = || f|lp,p, 1 < p < oc;
 Estimation of extreme points, G(f) = argmax;ep f(t);

* Estimation of regular functionals, for example, G(f) = [, f*(t)dt, s € N*.

2. MINIMAX ADAPTIVE ESTIMATION
Let IF be a given subset of 3. For any estimator G, define its maximal risk on F by

R G F = sup RIP[G: G(f)]
feF
and the minimax risk on F is given by

¢n(F) := inf RP[G; F], @.1)
Gy

where the infimum is always taken over all possible estimators. An estimator whose maximal
risk is proportional to ¢, (') is called a minimax on [F.

Let {Fy, U € ©} be the collection of subsets of &, where ¥ is a nuisance param-
eter which may have very complicated structure (see the examples below). Without further
mentioning, we will consider only scales of functional classes for which a minimax on Fy
estimator (usually depending on ¢) exists for any ¥ € ©.

The problem of adaptive estimation can be formulated as follows: Is it possible to
construct a single estimator én which is simultaneously minimax on each class Fy, v € ©,
i.e., such that

limsup ¢, ' (Fg) RO [G,: Fy] < 00, VI € OF
n—>oo

We refer to this question as the problem of minimax adaptive estimation over the scale of
classes {Fy, 0 € O}. If such an estimator exists, we will call it optimally-adaptive, or rate-
adaptive.
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The first adaptive results were obtained in [14]. Starting from this pioneering paper,
a variety of adaptive methods were proposed in different statistical models such as den-
sity and spectral density estimation, nonparametric regression, deconvolution model, inverse
problems, and many others. The interested reader can find a very detailed overview of this
topic in [31]. Here we only mention several methods allowing one to construct optimally-
adaptive estimators:

¢ Extension of Efroimovich—Pinsker method [11,12];

* Lepski method [27] and its extension, namely Goldenshluger-Lepski method [18];
¢ Unbiased risk minimization [2e, 21];

* Wavelet thresholding [1e];

¢ Model selection [1,2];

* Aggregation of estimators [3, 15, 23,37, 42,43];

* Exponential weights [9, 36, 46];

Risk hull method [7];
¢ Blockwise Stein method [4, 8,39].

We will discuss existence of optimally-adaptive estimators in details later. Now let us provide
some example of scales of functional classes over which the adaptation is studied.

2.1. Scales of functional classes

2.1.1. Classes of smooth functions

Let (eq,...,eq) denote the canonical basis of R?, d € N*. For a function
T : R¢ — R! and real number u € R, the first-order difference operator with step size u in
the direction of the variable x; is definedby A, ;T (x) =T (x +ue;) —T(x),j =1,...,d.
By induction, the kth-order difference operator is

k
_ k
AL TE) = M A T =) :(—1)”"( Z)Auu T(x).
=1

Definition 2.1. For given Vectors,g = (B1,...,Ba) € (0, oo)d, F=(r1,....rq) €[1, oo]d,
and L = (L1,....Lg) € (0,00)%, afunction T : R — R! is said to belong to anisotropic
Nikolskii’s class Nz 4 (,g, Z) if |T|,, < Lj;forall j =1,...,d, and there exist natural
numbers k; > f; such that

kj i .
T — LilulP’, VueR, ¥j=1.....d.
Let § = U‘qizl ]Lq(Rd) and
Fy = N;4(B.L). 9= (B.7.L) €® C (0.00)? x [1,00]¢ x (0,00)%,

where N; 4 (,g , Z) is the anisotropic Nikolskii’s class of functions on R?,d > 1.
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2.1.2. Functional classes with structure
Structural models are usually used in estimation of multivariate functions in order
to improve estimation accuracy and to overcome the curse of the dimensionality.

Single index structure. Let % = ngl L, (R?) andlet S¢~!, d > 2, denote the unit sphere

in R?. Let also N;1(B8,L),r =1, B > 0, L > 0 be the Nikolskii’s class of functions on R
For any § C S9-1 and any r > 1, 8 > 0, L > 0, introduce the following functional
class:

FEB,L,S) ={f R > R': f() = F(0T), F € Npa(B, L), € §}.
The adaptive estimation over the collection
Fy = FM(B,L.8), & = (B.r.L.S) e ® C(0,00) x [1,00] x (0,00) x S
is called the estimation under the single-index constraint.

Additive structure. Let as previously § = U331 L, (Rd), d > 2, and let N, (8, L),
r > 1,6 > 0, L > 0 denote the Nikolskii’s class of functions on R1.
Forany r > 1, 8 > 0, L > 0, introduce the following functional class:

d
?«raddilive(ﬂ,L7s) — {f . Rd S R!: f(x) = Z Fr(xp), Fy € Nr,l(ﬂ, L)}

k=1

The adaptive estimation over the collection
Fp = Fdiveg 1), 9 = (B,r,L) € ® C (0,00) x [1, 00] x (0, 00)

is called the estimation under the additive constraint.
The functional classes introduced above are considered in the framework of Gaus-
sian White Noise Model or, more generally, in nonparametric regression context.

Hypothesis of independence. The functional classes introduced below are used in the Den-
sity Model. Let & = R?, d > 2, ;1 be the Lebesgue measure and recall that & C B(D, ).
At last, let ;7 be the set of all subsets of {1,...,d}.

Forany I € J; andany x € R?, denote x; = {x; e R, j e I}, I ={1,...,d}\ I,
and set for any density f* € &,

fr(xr) = [Ri f(x)dxz, xy e RIL

If we denote the coordinates of the random vector X; by X; i, ..., X; 4, we can assert that
J1 is the marginal density of the random vector X; ; := (X;,j,j € I) foranyi =1,...,n.
The latter is true because X;, i = 1,...,n, are identically distributed.

Let IT denote the set of all partitions of {1,...,d}. The independence hypothe-
sis supposes that there exists a partition > such that the random vectors X; 7, [ € P, are
mutually independent, meaning that

S =[] ficn), vxeR?

IeP
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For given vectors B =B, ..., Ba) € (0,002, F = (r1,....14) € [1, 004, L =

(L1,...,Lg) € (0, oo)d and a given partition & € I, introduce the following functional

class:

FPB. L, P) = {f RY >Ry : f(x0) =[] i), fi € Ny yr(Br. Li). T € «‘P}
IeP

The adaptive estimation over the collection
Fy = F"P(B.L.P). ® = (B.7.L) €O C (0.00)? x [1,00]¢ x (0,00)¢ x I

is called the estimation under hypothesis of independence.

2.2. Existence of adaptive estimators. Fundamental problem
It is well-known that optimally-adaptive estimators do not always exist, see [5,13,26,
28]. Formally, the nonexistence of optimally-adaptive estimator means that

liminfinf sup ¢, ' (F3)RO[Gr: Fy] = 00, V.0, € O. (2.2)
n=00 G, ye(vr,92)

Indeed, since a minimax estimator on [y exists for any & € ®, we can assert that

0 < liminfinf ¢, ' (F3) RO [G,; Fy] < 00, V¥ € O,
n—oo Gn

The latter result means that the optimal (from the minimax point of view) family of normal-
izations {¢, (Fy), 0 € ®} is attainable for each value ¢, while (2.2) shows that this family is
unattainable by any estimation procedure simultaneously for any couple of elements from ®.
This, in its turn, implies that optimally-adaptive over the scale {IFy, ¥ € ®} does not exist.

However, the question of constructing a single estimator for all values of the nui-
sance parameter ¢ € © remains relevant. Hence, if (2.2) holds, we need to find an attainable
family of normalization and to prove its optimality. The realization of this program dates back
to [27] where the notion of adaptive rate of convergence was introduced. Nowadays there exist
several definitions of adaptive rate of convergence and corresponding to this notion criteria
of optimality, see [25,27,38,41]. Here we present the simplest definition of the adaptive rate
which is the following.

Definition 2.2. A normalization family {y, (Fs), ¢ € ®} is called an adaptive rate of con-
vergence over collection of functional classes {Fy, € O} if

liminfinf sup ¢, ' (Fp)RV[G,:Fs] >0, VI.9, €O, (2.3)

00 Gy 9e{d,ta}

and there exists an estimator én such that

limsup sup ¥, ' (Fs)RP[Gn:Fs] < 00, V1.0, € O. (2.4)
n—>o0 ge{t,0r}

The sequence supyeg[¥n(V)/@,(D)] is called the price to pay for adaptation, and the esti-
mator G, is called an adaptive estimator.
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Note that (2.4) is equivalent to

lim sup I/fn_l(]Fﬂ):Rff)[GAn;Fﬁ] <oo, V#eO®

n—o0

and, therefore, if (2.4) is fulfilled for any n € N* with
Un (@) = c(D)pn(P), c(P) <oo, VI e0O,
then one can assert that Gn is an optimally-adaptive estimator.

Example 2.3. Consider univariate model (1.2), where £ = [0, 1] and u is the Lebesgue
measure. Let also Fy = Noo 1(B, L), = (B, L), be the collection of Nikolskii’s classes
with r = oo (Holder’s classes). Let b, £ > 0 be arbitrary but a priori chosen numbers, and
let ® = (0, b] x (0, £]. The goal is to estimate G(f) = f(a) where a € (0, 1) is a given
point.

The minimax rate of convergence for this problem is given by

¢ (Noo1 (B. L)) = (LF /m)751,

while the adaptive rate of convergence is given, see [26], by

Yn(Noo1 (B. L)) = (L¥ 1n(n)/n)2ﬂ%.

‘We conclude that optimally-adaptive estimators do not exist in this estimation problem.

The most challenging problem of the adaptive theory is to understand how the
existence/nonexistence of optimally-adaptive estimators depends on the statistical model,
underlying estimation problem (mapping G), loss functional £, and the collection of con-
sidered classes. An attempt to provide such classification was undertaken in [27, 28], but
the sufficient conditions found there for both the existence and nonexistence of optimally-
adaptive estimators turned out to be too restrictive.

Problem. Find necessary and sufficient conditions of the existence of optimally-adaptive
estimators, i.¢., the existence of an estimator G, satisfying the following property:
limsup ¢, ' (Fy)RO[G,: Fy] < 00, V0 € O.
n—oo

This problem stated in [27] 30 years ago remains unsolved.

It is important to realize that answers to the formulated problem may be different
even if the statistical model and the collection of functional classes are the same and estima-
tion problems have “similar nature.”

Example 2.4. Consider the univariate model (1.2), where £ = [0, 1] and p is the Lebesgue
measure. Let also Fy = Noo 1(8, L), ¥ = (B, L), be the collection of Nikolskii’s classes
with 7 = oo (Holder’s classes). Let b, £ > 0 be arbitrary but a priori chosen numbers, and
let ® = (0, b] x (0, £]. Set

Goo(f) = I flloo,jo,11: G2(f) = || fll2,[0,1]-

The optimally-adaptive estimator of G (-), was constructed in [29]. On the other hand, there
is no optimally-adaptive estimator for G(-), see [6].
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2.3. Adaptive estimation via the oracle approach

Let§ = {GB, b € $) be a family of estimators built from the observation X ™. The
goal is to propose a data-driven (based on X ™) selection procedure from the collection §
and establish for it an £-oracle inequality.

More precisely, we want to construct an $-valued random element f) completely
determined by the observation X ™ and to prove that for any n > 1,

RO[Gy: G(f)] < inf UOf0) + 1 Ve 2.5)

We call (2.5) an £-oracle inequality. Here r,, — 0, n — o0 is a given sequence which may
depend on ¥ and the family of estimators & only. As to the quantity U,S[) (-, ), it is explicitly
expressed, and for some particular problems one can prove inequality (2.5) with

U (f.5) = CRO[Gy: G())]. (2.6)

where C is a constant which may depend on & and the family of estimators § only.

Historically, inequality (2.5) with U,fz) (-, ) given in (2.6) was called the oracle
inequality. The latter means that the “oracle” knowing the true parameter f can construct
the estimator éf)( ) which provides the minimal over the collection § risk for any f € &,
that is,

b(f): R [Gon: G(] = inf RP[Gy: G(f)].

Since h(f) depends on unknown f, the estimator Gb( £)» called oracle estimator, is not
an estimator in the usual sense and, therefore, cannot be used. The goal is to construct the
estimator (A?f) which “mimics” the oracle one.

It is worth noting that the £-oracle inequality with U,fe) (-, ) given in (2.6) is not
always available, and this is the reason why we deal with a more general definition given
by (2.5).

The important remark is that inequality (2.5) provides a very simple criterion allow-
ing one to assert that the selected estimator GB is optimally-adaptive, or adaptive with respect
to the scale of functional classes {Fy, 9 € ®}. Indeed, let us assume that

(1) rp, < Cinfyece ¢n(Fy) for some C > 0 (verified for all known problems);
(i) FY — H(¥) and ¢(F) > 0 such that

sup UD(£,5(9)) < c@)gn(Fy), VO €O.

f€Fy

Hence we deduce from (2.5) that, for any ¥ € ©,
sup REO[Gy: G(f)] = sup U (£5®)) + 1 < (c(D) + C)u(Fy),
fG]Fg fG]Fg
and, therefore, we can assert that Gf) is optimally-adaptive. If (i) and (ii) hold with ¥, (Fy)

instead of ¢, (IFy), where ¥, (Fy) is the adaptive rate of convergence, we can state that GAB
is an adaptive estimator.

5485 THEORY OF ADAPTIVE ESTIMATION



3. UNIVERSAL SELECTION RULE AND {-ORACLE INEQUALITY

Our objective now is to propose a data-driven selection rule from a family of esti-
mators satisfying few very general assumptions and to establish for it an £-oracle inequality
(2.5). It is important to emphasize that we provide an explicit expression of the functional
U,SK) (-, -) that allows us to derive various adaptive results from the unique oracle inequality.
The proposed approach can be viewed as a generalization of several estimation procedures
developed by the author and his collaborators during last 20 years, see [16-19,22,24,30,31,34].

3.1. Assumptions

Let ,, n € N*, be a sequence of countable subsets of $. Let {éb, h e $} and
{Gfm, h. 1 € $) be the families of X "-measurable G-valued mappings possessing the
properties formulated below. Both Gy, and GAB,,, usually depend on n, but we will omit this
dependence for the sake of simplicity of notations.

Lete, — 0,n — 00, and §,, n — o0, be two given sequences. Suppose there exist
collections of &-valued functionals {Ag(f),h € S}, {Ag,5(f).bh,n € H}, and a collection
of positive X ™ -measurable random variables ¥,, = {W, (§), ) € $} for which the following
conditions hold (the functionals Ay and Ay, may depend on 7 (not necessarily) but we will
omit this dependence in the notations):

(AP™M) Forany f € F andn > 1,

either (i) Gp,(f) = Gpp(f), Vn.he$;
or (ii) sup Z(Ab,n(f),l\n,b(f)) < 8y.

h.nesH,

(AYPP") Forany f € § andn > 1,
iy EW 0(Gy. Ay(f)) — W (0)]L) < &4
@) EP( sup [£(Gy. A5() = 9a(®]S) < ef

(i) E}")(bi‘i‘% [ Asn () = {¥a(b) A Wu()}]?) < &

Some remarks are in order.

1) Assumption (AP™") (i) was called in [18] the commutativity property. The selec-
tion rule presented in the next section was proposed in [33] and an {-oracle inequality was
established under Assumptions (A"PP*")(i) and (AP"™"¢). However, it turned out that for
some estimator collections Assumption (AP*™"®)(i) is not verified. So our main objec-
tive is to prove the same (up to absolute constants) £-oracle inequality under assumptions
(APe™U®) (jj) and (APPET).

2) For many statistical models and problems,

As(f) =EP(Gy).  Apy(f) =EP Gy

In this case K(Gh, Ag(f))and Z(ijn, Ap (f)) canbe viewed as stochastic errors related to
the estimators éb and éf),n’ respectively. Hence, following the terminology used in [32], we
can say that {¥, (), € 9} and {¥,,(H) A ¥,,(n), b, n € H} are upper functions of level ¢,
for the collection of corresponding stochastic errors. Often the collection {¥, (), h € H} is
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not random. This is typically the case when a statistical problem is studied in the framework
of white Gaussian noise or regression model.

3) We consider countable $,, in order not to discuss of the measurability of the
supremum inside the mathematical expectation appearing in Assumption (A"PP®"). The
theory developed in the next section remains valid for any parameter set over which the
corresponding supremum is X ®)-measurable.

3.2. Universal selection rule and corresponding £ -oracle inequality

Our objective is to propose the selection rule from an arbitrary collection §($,) =
{Gh, h € $,,} satisfying hypotheses (AP™"¢) and (A"PP"), and establish for it the £-oracle
inequality (2.5).

Define, for any § € H,,,

Ry (5) = sup [£(Gy. Gy.p) — 20, ()],

neEDy

Let f)(") € $,, be an arbitrary X "-measurable random element satisfying
Ra(6) + 29, (5) = inf {Ru(B) + 29 (B)} + en.

Our final estimator is (A;B(,,). In order to bound from above its risk, introduce the following
notation: forany f € F,h € , andn > 1,

BY(£5) = (Ap(f). G(f)) +2 sup £(Apy(f). Ay( ).

nEDy
Un(£5) = [E{wg ())]7.
Theorem 3.1 ([331). Let (AP™™°)(i) and (A"PP*") be fulfilled. Then, for any f € & and

n>1,

Ra[Gin: G(N)] = inf {BW(£.6) + 5V (£.5)} + bei.
Thus, the £-oracle inequality is established with r,, = 6¢,, and
UO(f0) = B (£0) + 5yu(f.D).
Our goal now is to prove the following result.
Theorem 3.2. Let (AP"™¢)(ii) and (A"PP*") be fulfilled. Then, for any f € & andn > 1,
R [Ggon: G = inf {BD (L) + W £ 0)} + 108 + 8.
Thus, the £-oracle inequality is established with r, = 10, + §, and

U (f,5) = B™(£.5) + 9 (£, b).

Proof. We break the proof into three short steps and, for the simplicity of notations, we will
write f) instead of fJ("). Set

1= sup [L(Gy. Ay) —Wu(M)],. E2= sup [(Gyy.Apy) — {Wa(B) A Wu()}],.
neED, h.nES,
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1) Our first goal is to prove that for any b, n € 9,
U(Gy. Gy.) < Ra(n) + 6%, (B) + 281 + 26, + 6.
Indeed, the following chain od inequalities is obtained from the triangle inequality:
£(Gy. G.y) = £(Gy. Ap) + L(Ap. Gyy)
= U(Gy, Ap) + L(Ag, Ag,y) + £(Gy,y, Ap,n)
< U(Ayg. App) +2WUn(h) + &1 + &
Similarly, taking into account (AP*™"€)(ii), we get
L(Ap. A ) < L(Ay, App) + 6n
< UGy, Ag) + Gy, Gpp) + UGy, Ayp) + 6
< U(Gy. Gyp) +29n () + £1 + E2 + 6.
It remains to note that in view of the definition of R,, ),
U(Gy. Gyp) < 29,(b) + [£(Gy. Gy p) — 294 ()], < 2W,(b) + Ry ().

This, together with (3.2) and (3.3), implies (3.1).
2) Let b € $, be fixed. We have in view of the definition of R,, (+) that

UGy, Gy p) <20 (D) + [€(Gy, Gy ) —2Wn(D)], < 20, (B) + Ra(D).

Here we have also used that f) € 9, by its definition.
Applying (3.1) with n = b, we obtain

UGy, Gy g) < Ru(b) + 6Wn(D) + 261 + 26 + 6.

We get from (3.4), (3.5), and the definition of f) that

3.1)

(3.2)

(3.3)

(3.4)

3.5)

U(Gs. Gy g) + £(Gy. Gy g) < Ru(D) + 20 (B) + Ru(B) + 60, (h) + 261 + 262 + 65

< 2R, (5) + 8W, (h) + 261 + 265 + &5 + S

3) We have, in view of the triangle inequality, for any ) € H,, that

Ru(®) < sup £(Ap,y(f) Ayg(f) + 1 + &

nED,
Thus, we obtain from (3.6) and (3.7), for any §) € $,,,
((GB, Gf),f)) + E(GB, Gf),f))

<2 sup C(Ag (). Ay(f)) + 88U, (D) + 4&1 + 45 + &4 + Sn.
UISE

Obviously, for any §) € 9,

(Gy, G(f)) < (Ap(f), G(f)) + Tu(h) + &1
By the triangle inequality, this yields, together with (3.8), for any b € ©,, that

0(G;.G(f)) < BD(£5) + 9, (b) + 561 + 462 + &0 +8n. VS EF.
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Taking into account Assumption (A"PP®"), we get forany ) € 9, and any f € 3§,

(ED[6(Gy. G} < B (£.5) + Wl £.5) + 106, + 6.

Noting that the left-hand side of the obtained inequality is independent of ), we come to the
assertion of the theorem. |

We finish this section with simple, but very useful (in minimax and minimax adap-
tive estimation) consequence of Theorems 3.1-3.2.
For any F C , set

yn(F) = inf sup[B®(£.5) + Yn(£.D)].
HeS reF
The quantity y, (F) is often called the bias—variance tradeoff.

Corollary 1. Letr (A"P") be fulfilled. Assume also that either (AP™°)(i) holds or
(APT™U) (i) is verified with 8, = &,,. Then, forany F C F andn > 1,

ROG i F] < 9ya(F) + ey,

The proof of the corollary is elementary and can be omitted.

4. EXAMPLES OF ESTIMATOR COLLECTIONS SATISFYING

ASSUMPTION (APermute)

4.1. Estimator collections in the density model
First example. Let D = Rd, d > 1, and u be the Lebesgue measure. Let K : R4 — R be
a function from L (R?) and g K =1.Let & C (0, 114, and define for any § = (b1, ..
ha) € 9,

.

d
Ko(t) = Vs 'K(t1/b1.... . ta/ba), 1 €R? Vo =] “.1)
i=1
Introduce the following estimator collection:

n
g = {éb(x)=n—IZKf,(X,-—x),xeRd,5eg>}. (4.2)
i=1
The estimator éb () is called the kernel estimator with bandwidth §. Kernel estimators
are used in estimating the underlying density at a given point, as well as in estimating the
entire f. Also, they are used as a building block for constructing estimators of many func-
tionals of density mentioned in Section 1.2. Selection from the family §, usually referred to
as bandwidth selection, is one of the central problems in nonparametric density estimation.
For any §) € $, set

Ao(£) =B [Gs0] = [ Kot = s

and consider two possible constructions of the collection C;‘fw (), h,ne .
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Construction based on the convolution product. Define Ky, : RY — R by

Kf),n(') = /Rd K,,(- - t)Kf)(t)dt =: [Kf) * K,]]()
and set "
Gon() =071 Kiy(Xi =) Apy(fi) = EP[Gyy()]:
i=1
Since obviously Ky, = K p, we can assert that GAf),n = én,f) and, therefore, Assumptions
(APe™U®) (§) and (APT™"®)(ii) are both fulfilled.

Construction based on the coordinatewise maximum. Define Ky , : R — R by

Kpn() = Kpvp (), Hvn=(1Vn,....0a Vna),
and set "
Gon() =071 Kiy(Xi =) Apy(fi) = EP[Gyy()]:
i=1
Since obviously Ky, = K p, we can assert that éf),n = én,f) and, therefore, Assumptions
(APemUue) (7) and (APE™Y)(ii) are both fulfilled.

Second example. Consider now the estimator collection related to the density estimation
under hypothesis of independence presented in Section 2.1.2.
Here, as previously, & = ]Rd, d > 2, and pu is the Lebesgue measure. Recall that
& S B(D, 1), 44 is the set of all subsets of {1,...,d}, and IT denotes the set of all partitions
of {1,...,d}.
Let K : R! — R! be a univariate kernel, that is, K € L (R!) and Jrp K=1
For any & = (0, 1] and any I € g4, set
Kp, ) =V, ' TR,/ hy). Vi =[] -
JjeIl jel
Since the independence hypothesis assumes that there exists a partition & such that
f) =] fixr), V¥xeR?,
IeP
the idea is to estimate each marginal density by the kernel method and use the product of
these estimators as the final one. Thus, define for any x € RY, heH,andany I € 4,

n
JuGer) =n"" Y Kpy (Xpi — xp)
i=1
and introduce the following family of estimators:
g = {é,;,(x) =[] /). x eRP. b= (h,2) € [0, 1]¢ x TT =: 9}
Iep

Let * denote the convolution operator on R. Set for any x € R4, h, i’ € (0,1]%, and any
I ed,,

[Kn * Kpy1 = [ 1K, = Kw]
jel
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and introduce "
Surw Ger) =071 (K, % Ky 1 (X1 = x1),
i=1

Let us endow the set IT with the operation “¢” putting for any &, $’ € 1,
PoP ={INI'"#0,1eP.I'e P} eIl
Introduce for any b, n € $ the estimator

Gow) = [ fum ). xeR
IePoP!
Obviously, CA}[)’" = CA},,,f) and, therefore, Assumption (AP™"€)(i) is fulfilled. On the
other hand, see [3e], functionals Ay and Ay, are so complicated that the verification of
(APe™u€) (jj) does not seem possible. We are not even sure that it holds for sufficiently

small §,,.

Third example. Let us now consider the family of estimators which appears in adaptive
estimation under the following structural assumption. Let & = R? and p be the Lebesgue
measure. Let Q denote the set of all 2 x 2 rotational matrices and ;""" denote the set of all

symmetric probability densities on R!. Set
A={a:R* > R':a(,) =a1()az(),a1,a2 € B},
and assume that there exist @ € 4 and M € Q such that f(-) = a(MT-). The latter means

that
X,’ZM&', i=1,...,l’l,

where §;,i = 1,...,n, are i.i.d. random vectors with a common density a.

If M is known then § = MTX;, ..., & = MTX, are observable i.i.d. random
vectors with independent coordinates. Indeed, the density of & is a;(-)az(-). Hence the esti-
mation of a is the estimation under hypothesis of independence, which, as it was mentioned
above, allows one to improve the accuracy of estimation of the density a, and, therefore, of the
density f as well. However, if M is unknown, the sequence & = M TX; ..., En=M Tx,is
not observable anymore and the estimation of f can be viewed as the problem of adaptation
to an unknown rotation of the coordinate system.

Let the kernel K : R! — R! be the same as in the previous example and set K}, (-) =
h='K(-/h), h € (0,1]. Later on Q €  will be presented as

Q=(61,6u)=<q1 —C12)7
q92 q1
where ¢,g1 € S'. Forany b := (h, Q) € [0,1] x Q and x € R?, set
n n
Gy(x) = [n—l > Ku(q" (Xi - x))} [n—l > Knlql (Xe - x))},
k=1 k=1
and introduce the following family of estimators:

g = {Gp(x),x eR2,h e H C[0,1] x Q}.

In order to construct estimator GAb,n (), b, n € 9, we will need the following notation.
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For any Q, D € , define

p(D,Q)=¢q"di, =(D,Q)=q"d.

Set also K, (t) = Kp(t1)Kp(t2), t € R%, h € (0, 1], and let

r— 1 0 Ca- 0 1 7

0 -1 1 0

Define, see [35], for any ) = (h, Q) € S andn = (%, D) € ,
1

Y 3" Kivx(p(D. Q)QTXx + 7(D., 0)X; — QI QD)

k,l=1,k#l

Gy.p(x) =

and let
A (f;) = EP[Gyy()]

Note that for any D, Q € Q,

p(D,Q)=—-p(Q.D), =(D,Q)=n(Q.D). DQ=0D. (4.3)
Obviously, GAf),n () # Gn’f) (+) and, therefore, Assumption (AP*™**¢)(i) does not hold.
On the other hand,

Agp(f.) = /};{2 Az J{hv,f(p(D, O)Ql'u + 7 (D, Q)v — QFQDQx)f(u)f(v)dudv.
Since f(-) = a(MT.) and a is symmetric, f is a symmetric function as well, and we have

Agy(f) = /RZ /Rz Ko (—p(D. 0)RTu + (D, Q)v — QLODLx) £(u) f (v)dudv

- / / Kivw(p(Q. DYQTU + 7(Q. Dyv — QUDORx) () f (v)dudy
R2 JR2
= Anp( /).

To get the penultimate equality, we have used (4.3). We conclude that Assumption
(APe™ue) (jj) holds with any 8, whatever the semimetric £ is considered.

4.2. Estimator collections in White Gaussian Noise Model
First example. Let O be a set endowed with the Borel measure u and (D) < oco. Recall
that the observation X ™ = {X, (g),g € L2(D, w)} is given in (1.2).

Let {¢,,, m € M} be an orthonormal basis in L, (D, i) and let $ = {§ = (H,,
m € M)} be a given subset of /5. Introduce, for any ¢, x € D,

Ky(t, ) = ) bn¥m(@O¥m(x), He S,

meM

and consider the following estimation collection:

9 = {Gy(x) = X»(K(-x)),x € D, € H}.
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The estimator G[) (+) is used in the estimation of unknown f under LL,-loss, that is, © = §,
G(f)=f.andl(f.g) = If —gll2,0. .g € & C La(D, p). Let

Ag(f.) = EP[Gy()] = /{0 Ky(t.) f(Opdt) = > bmm() /i) Y (6) f(O)p(dr).

meM
Denoting the mth Fourier coefficient of f by f,,, we get

As(f) =D bmfn¥m ().

meM
In particular, in view of Parseval’s identity,

[A6(/) = oo = D (b — D /.

meM
For any b, n € 9, set

Kpn(t,x) = /@ Ky(t, y)Ky(y. x)u(dy), 1.x €D,
and put, for any x € D,
G (x) = X (K (. )
Noting that, for any ¢, x € D,
Koy(t.X)= > Y By ¥m ()9 (x) / Ym DV (D) =" Bt Vrm () Ym ().
meM jeM D meM

we can assert that Ky , = K p. This implies éb,n = é,,,f) and, therefore,
A =B [Gyp) = B 1G] = Any.
Hence, Assumptions (AP™"®) (i) and (APS™"*)(ii) are both fulfilled.

Second example. Here and later, D = R4 ,d > 1, uis the Lebesgue measure, and X ) —
{X,(g). g € La(R?, )} is given in (1.2).

Let b > 0 be given and denote by $(b) the set of all Borel functions b : (b, b)? —
(0,1]9. As before let K : R — R, K € LL; (R?) be a function satisfying J[K=1.

With any §) € $(b), we associate the function
Z‘ J—
bh(x)
where Vj(x) = [Ti_, bi(x) and b() = (5:1(). .. 5a ().

Consider the family of estimators

Kf)(x)(l,x):Vb_l(x)K( ) teRY,  xe(=b.b)?,

G = {Gp)(x) = Xn(Kp) (- X)), b € H(b), x € (—b,b)?}. (4.4)
The estimators from this collection are called kernel estimators with varying bandwidth. Let
N1 =EP Gy 0] = [ Kot /O
For any §), n € $(b), set

Goiovn) (X) = Xu(Kpopun) (X)), x € (—=b.b)?.
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where as previously H(-) v n(-) = (h1(-) V11 (), ..., ha(-) Vv na(-)). Let also
Grovno () = ES[Gy(] = /R Ko (1) f(Op(dr).

Since obviously Kypv, = Kypvy for any b, n € $(b), we can assert that both Assumptions
(APe™MU) (i) and (APS™"®)(ii) are fulfilled whatever the semimetric £ is considered.

5. ONE EXAMPLE OF ESTIMATOR COLLECTION SATISFYING

ASSUMPTION (Avrper)

In this section we continue to consider the estimator family given in (4.4). Our objec-
tive here is to find $,, C $H(b) and {¥,(§),h € H,} for which Assumption (A"PP") can be
checked in the case where £ is the IL,-norm on (—b, b, 1<p<oo.

For any §) € $(b), define

£ (¥) = /R Kt OW(N,  x € (b.b)",
and note that, in view of (1.2),

UGy, Ap(f)) = n"2 1&gl p.pya -

We remark that &p(y(-) is independent of f and n. Hence, Assumption (A"PP*") will be
checked if we find $,, and nonrandom {¥ (§), ) € H,} such that

* q 4.
E(bsggn[nsbnp,(_b,b)d — i) < etnt; (5.1)
E(sup [I85vnllp s — {25 0) AUz }]L) < edn?. (52)
h,nedH,

Here and later, E denotes the mathematical expectation with respect to the law of W. Also,
furthermore, we will assume that

d
K(x)=[]X(x). VYxeR?
i=1

where X : R — R! is such that [ K = 1, supp(K) C [—1, 1], and, for some M > 0,
|K(s) — K(1)| < M|s—1t], Vs.teR.

5.1. Functional classes of bandwidths
Let o, — 0, n — 00, be a given sequence and let

_V““(O‘n)ly Qn — elnz(“n).

wy, =e

Set H, = {hs =e™%,s € N} N (0, w,] and denote by $1 , the set of all measurable functions
defined on (—b, b)¢ and taking values in H,‘f . Obviously, 1, C $(b). Forany h € 9;
and any s = (§1,...,54) € N9, define

d
Yi[6] = () Yy[0,].  Y[0;] = {x € (=b,5)? 1 h;(x) = hy;}.
j=1
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Let t € (0,1) and L > 0 be given constants. Define

Sp(t, L) = {b €Sz Yy p(Tlh]) < L}.

seNd
Set N, = {|p| + 1, |p] +2,...} and introduce
_1
Don =) $n(r). Su(r)={b €1, |V 2
reN,

We will establish (5.1) and (5.2) with $, = 9 (t, L) := 92, N D, (7, L).

. < Q).
2 byt < )

5.2. Verification of (5.1)
For any ) € 9, ,, define

Np,n(b) = Np N [rn(b)’ 00), ru(h) = inf{r € Np :he ﬁn(r)}-

Obviously, 7, () < co forany h € $, ,. For any ) € 9, 5. define

—1
W,(6) = inf C(r,L)|V; >

2L (=b.byd

where C(r,t,L),t € (0,1), L > 0, can be found in [32, SECTION 3.2.2]. Here we only mention
that C(r, 7, L) is finite for any given r, t, L but lim,_,., C(r, 7, L) = o0.
Note also that the condition ) € $, , guarantees that W, (f)) < co.

Theorem 5.1 ([32, COROLLARY 1]). For any T € (0,1) and g > 1, one can find n(zt, q) such
that for any n > n(z, q),

4 q
E{ sup [I6slpcpsp — ¥a®],} = (can)?,
hes;(r,L)

where ¢ depends on K, p,q,b, and d only.
Choosing a,, = ¢~ e, /1, we can assert that is (5.1) holds for any W *,, (-) > W¥,,(-).
5.3. Verification of (5.2)

The verification of (5.2) is mostly based on two facts.
First, the following result has been proved in [31, LEMMA 1].

Lemma 5.2. Foranyd > 1, t € (0,1/d), and L > 0, there exist n(zt, d, L) such that for
alln > n(z,L,d),

hvneDu(de,(2L)Y), Vbh,ne Hu(z, L).
Hence, setting
1
* _ : * —2
vio) = inf CTrn DIV | cpe

where C*(r, 7, L) = C(r,t, L) v C(r,dt, (2L)%), we can assert that the statement of The-
orem 5.1 remains true for W) (-) as well if T > 1/d. This follows from the fact that ¥} (-) >
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Moreover, in view of Theorem 5.1, for all n large enough,
q
B{ s [l cope VO], ) = o). (5:3)
hebr(dt,(2L)9)
Since, in view Lemma 5.2, if t > 1/d, we have
sup  [[1€pvnllp,ppye — Un(B VD], < sup éollp cpmya — ¥n (0]
h.neb;(z,L) 0ES(dT,(2L)9)
we deduce from (5.3) that
E{ sup [lsvallpcnme = WiV} = con). (5.4)
h.neb;(r,L)

It remains to note that forany 1 <t < oo and any ) € 9,

_1 1 _1
I Voun ”t,(—b,b)d <| Ve 2 [ t.(=b,pyd N vy ”t,(—b,b)d’

which implies
UV < Vi) AP,(n), Vhped. (5.5)

Inequality (5.2) follows now from (5.4) and (5.5) if one chooses «;, = cle, Jn.
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