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ABSTRACT

Results by van der Vaart (1991) from semi-parametric statistics about the existence of a
non-zero Fisher information are reviewed in an infinite-dimensional non-linear Gaussian
regression setting. Information-theoretically optimal inference on aspects of the unknown
parameter is possible if and only if the adjoint of the linearisation of the regression map
satisfies a certain range condition. It is shown that this range condition may fail in a
commonly studied elliptic inverse problem with a divergence form equation (‘Darcy’s
problem’), and that a large class of smooth linear functionals of the conductivity param-
eter cannot be estimated efficiently in this case. In particular, Gaussian ‘Bernstein von
Mises’-type approximations for Bayesian posterior distributions do not hold in this setting.
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1. INTRODUCTION

The study of inverse problems forms an active scientific field at the interface of the
physical, mathematical and statistical sciences and machine learning. A common setting is
where one considers a ‘forward map’ ¢ between two spaces of functions, and the ‘inverse
problem’ is to recover 6 from the ‘data’ ¢%p = ¢ (). In real-world measurement settings, data
is observed discretely, for instance one is given point evaluations ¢ (0)(X;) of the function
%(6) on a finite discretisation {X; }1N=1 of the domain of %. Each time a measurement is
taken, a statistical error is incurred, and the resulting noisy data can then be described by
a statistical regression model ¥; = % (X;) + &;, with regression functions {¥j : 6 € ®}
indexed by the parameter space ®. Such models have been studied systematically at least
since C. F. Gauss [9] and constitute a core part of statistical science ever since.

In a large class of important applications, the family of regression maps {¢; : 6 € ®}
arises from physical considerations and is described by a partial differential equation (PDE).
The functional parameter 6 is then naturally infinite- (or after discretisation step, high-)
dimensional, and the map 0 +— % is often non-linear, which poses challenges for statistical
inference. Algorithms for such ‘non-convex’ problems have been proposed and developed
in the last decade since influential work by A. Stuart [28], notably based on ideas from
Bayesian inference, where the parameter 6 is modelled by a Gaussian process (or related)
prior I1. The inverse problem is ‘solved’ by approximately computing the posterior mea-
sure IT(-|(Y;, X i)zN=1) on O by an iterative (e.g. MCMC) method. While the success of this
approach has become evident empirically, an objective mathematical framework that allows
giving rigorous statistical and computational guarantees for such algorithms in non-linear
problems has only emerged more recently. The types of results obtained so far include sta-
tistical consistency and contraction rate results for posterior distributions and their means,
see [1,13,19] and also [14, 16,21-23], as well as computational guarantees for MCMC based
sampling schemes [3, 15, 25].

Perhaps the scientifically most desirable guarantees are those for ‘statistical uncer-
tainty quantification’ methods based on posterior distributions, and these are notoriously
difficult to obtain. Following a programme originally developed by [4-6,26] in classical
‘direct’ regression models, one way to address this issue is by virtue of the so-called
Bernstein—von Mises theorems which establish asymptotically (as N — oo) exact Gaussian
approximations to posterior distributions. These exploit the precise but delicate machinery
from semi-parametric statistics and Le Cam theory (see [31]) and aim at showing that the
actions (v, 0)|(Y;, X i)zN: , of infinite-dimensional posterior distributions on a well-chosen
set of test functions 1 converge — after rescaling by /N (and appropriate re-centering) — to
fixed normal (0, 092(1//))—distributions (with high probability under the data (Y;, X i),N: -
The limiting variance 092(1//) has an information-theoretic interpretation as the Cramér—Rao
lower bound (inverse Fisher information) of the model (see also Section 2.4). Very few
results of this type are currently available in PDE settings. Recent progress in [2e] (see also
related work in [12,18,21,22]) has revealed that Bernstein—von Mises theorems may hold true
if the PDE underlying ¢ has certain analytical properties. Specifically, one has to solve
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‘information equations’ that involve the ‘information operator’ D%, D% generated by the
linearisation D%, of %, (with appropriate adjoint D%;). The results in [2e,21] achieve this
for a class of PDEs where a base differential operator (such as the Laplacian, or the geodesic
vector field) is attenuated by an unknown potential 6, and where ¥ can be any smooth test
function.

In the present article we study a different class of elliptic PDEs commonly used to
model steady state diffusion phenomena, and frequently encountered as a ‘fruitfly example’
of a non-linear inverse problem in applied mathematics (‘Darcy’s problem’; see the many
references in [13,28]). While this inverse problem can be solved in a statistically consistent
way (with ‘nonparametric convergence rates’ to the ground truth, see [13,24]), we show here
that, perhaps surprisingly, semi-parametric Bernstein—von Mises phenomena for posterior
distributions of a large class of linear functionals of the relevant ‘conductivity’ parameter
do in fact not hold for this PDE, not even just locally in a ‘smooth’ neighbourhood of the
standard Laplacian. See Theorems 6 and 7, which imply in particular that the inverse Fisher
information 03 (¥) does not exist for a large class of smooth ’s. The results are deduced
from a theorem of van der Vaart [3e] in general statistical models, combined with a thorough
study of the mapping properties of D%y and its adjoint for the PDE considered. Our negative
results should help to appreciate the mathematical subtlety underpinning exact Gaussian
approximations to posterior distributions in non-linear inverse problems arising with PDEs.

2. INFORMATION GEOMETRY IN NON-LINEAR REGRESSION MODELS

In this section we review some by now classical material on information-theoretical
properties of infinite-dimensional regular statistical models [3e, 31], and develop the details
for a general vector-valued non-linear regression model relevant in inverse problems settings.
Analogous results could be obtained in the idealised Gaussian white noise model (cf. Chapter
6 in [11]) sometimes considered in the inverse problems literature.

2.1. Measurement setup

Let (X, A, A) be a probability space and let V be a finite-dimensional vector
space of fixed finite dimension py € N with inner product (-, -)y and norm |- |p. We
denote by L>®(X) and L?(X) = Li(x , V) the bounded measurable and A-square inte-
grable V-valued functions defined on X normed by || - ||co and || - || L2(%) respectively.
The inner product on L2(X) is denoted by (-, -) 12(x)- We will also require Hilbert spaces
L2(P) = L*(V x X, P) of real-valued functions defined on V' x X that are square inte-
grable with respect to a probability measure P on the produce space V x X, with inner
product {-, -} 12(p).

We will consider a parameter space ® that is subset of a (separable) Hilbert space
(H, (-, -)mr) on which measurable ‘forward maps’

0>90)=%, 9:0—LiX,V), .1
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are defined. Observations then arise in a general random design regression setup where one
is given jointly i.i.d. random vectors (Y;, X,-)IN=l of the form

Yi =% (X)) +¢ei, &~ NOIy),i=1,...,N, (2.2)

where the X;’s are random i.i.d. covariates drawn from law A on X. We assume that the
covariance [y of each Gaussian noise vector &; € V is diagonal for the inner product of V.
[Most of the content of this section is not specific to Gaussian errors ¢; in (2.2), cf. Exam-
ple 25.28 in [31] for discussion.]

We consider a ‘tangent space’ H at any fixed 6 € ® such that H is a linear subspace
of H and such that perturbations of 6 in directions & € H satisfy {6 + sh,h € H,s € R,
|s| < €} C O for some € small enough. We denote by H the closure of H in H and will regard
H itself as a Hilbert space with inner product (-, -)gr. We employ the following assumption
in the sequel.

Condition 1. Suppose & is uniformly bounded supgcg |9 (0)|lcc < Ug. Moreover, for fixed
0 €0, xeX,andeveryh € H, suppose that 9p(x) is Gateaux-differentiable in direction h,
that is, for all x € X,

\54(9 + sh)(x) —¥4(0)(x) — s]Ig[h](x)|V =o(s) ass—0, 2.3)

for some continuous linear operator g : (H, || - ||m) — Li(x, V), and that for some € > 0
small enough and some finite constant B = B(h, 0),

190 +5h) —FO)lloo _

B. (2.4)

|s|<e |S|

2.2. The DQM property

We will now derive the semi-parametric ‘score’ and ‘information’ operators (cf. [3e,
31]) in the observational model (2.2). If Py is the law of (Y7, X1) = (4(0)(X1) + €1, X1)
on V' x X then (2.2) is an i.i.d. statistical model of product laws

Py ={Py =®N Pp:0€®}, NEeN, 2.5)

on (V x X)¥, and we can identify all information-theoretic properties in terms of the model
P = P = { Py : 0 € O} for the coordinate distributions. The model & is differentiable in
quadratic mean (DQM) at 0 € © along the tangent space H with score operator

Ag: H — L*(V x X, Py) (2.6)

(cf. (3.2) in [3e]) if for each path 6, = 0 + sh, h € H, we have as s — 0,

1 1 ’
[ ariz—ary - Saamary| —o @)

where
dPel/z(y,x) = (271)_1"’/4e_|y_g(9)(x)|%//4 dydx, yeV,xelX,

are the square-root probability densities of Py with respect to Lebesgue measure on V' x X.
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Theorem 1. Assuming Condition 1, the model (2.5) is differentiable in quadratic mean
(DOM) at 6 € © along every path (0 + sh : |s| < €, h € H) with € small enough. The
‘score’ operator Ag : H — L>(V x X, Py) is given by

Aglhl(y.x) = {y =4 (0)x).Tg(N)(V)),. heH (y.x)eVxX, (28
which extends to a continuous linear operator Ag : H — L?(Py).

Proof. Fix h € H. Using that the densities d Py are strictly positive, the left-hand side in
(2.7) equals

1/2
1 /4P, 1 2
LG ) 3]
VxX LS dP9/2 2
19 )@@,

2
— / |:l[e@,%(Os,h)(x)—i?(f?)(x))v T _ 1] _ lAe[h]i| dPy(y,x)
VxX LS 2

2
:/V x[%[ef(”—l—%Ag[h]ﬂ Py

where, for y, x fixed,

fis) = <§,g<es,,,)(x) _ g(g)(x)> B |%(es,h>(x>|2v4— O
Vv

Clearly, f(0) = 0 and, by Condition 1 and the chain rule, we have

110 = <%,]I9[h](x)> _ <g(9)(x),;19[h](x))v
14

so that the last integrand converges to zero for every (y,x) € V x X, as s — 0. By Condi-

1
= 5A0lhIy. ).

tion 1 and the Cauchy—Schwarz inequality, we see that [e/) — 1]/s is bounded by a constant
multiple of e€¥IV C = C(B, Uy) < 0o, uniformly in |s| < €. Furthermore, again from Con-
dition 1,

|Aal)] 2(p,) < [EIY v + Ug]olAll 2 < Al

and
Eg[eCl 1 A0[R)(Y, X)|]? < oo,

so the last limit can be Pg-integrated by the dominated convergence theorem to give that the
last displayed integral converges to zero, verifying the DQM property. The first inequality in
the last display also implies that Ag extends to a continuous linear map from H to L?(Py).

]

2.3. The adjoint score and information operator
The bounded linear operator Ag : (H, (-,-)m) — L*(V x X, Pg) has adjoint oper-
ator
Ay L*(V x X, Pg) — (H.(-.)m)

which satisfies

(w,Agh)2(p,) = (Ajw. h)y. forallw e L*(V x X,Pg), he H.
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The information operator is then defined as
AjAg: H — H. (2.9)

Note that the ‘complexity’ of the statistical model enters via the choice of ‘tangent space’ H
for which the adjoint is computed, but we suppress this in the notation.

In the present model the information operator can be entirely described in terms of
the operator Iy : (H, (-, Ym) — L/ZX(X V') from Condition 1, and its adjoint

I5 - L3(X.V) = (H, (- )m).
Proposition 1. Assuming Condition 1, we have
AgAg[h] =TpT9[h], Vh e H. (2.10)

Proof. Writing ¢ for the pdf of an N (0, Iy) distribution, we have from Fubini’s theorem,
for any w € L2(Pyp),

(Agh. w)p2(py = /V /x<y—%(x),He(h)(m)vw(y,x)dPe(y,x)

- /. <He<h)<x), | =)0~ (x))dy> dAx)
v

= (Lo(h). Eg[(Y = % (X)) w (Y. X)X = ]);

= (T3 [Ea[(Y (0¥ X = ).

thatis, the adjoint Aj =I5 o & is the composition of the adjoint I of Iy with the conditional

expectation (projection) operator

& L*(Pg) — L3(X.V), &lwl(x) = Eg[(Y —%X))w¥.X) | X =x]. xeX.

(2.11)
Now for h € H, we see for e ~ N (0, Iy) and A-a.e. x € X,
o Aalh](x) = Eg[(¥ = Z(X))Y —%o(X), Tgh(X)),, | X = x]
= E[s(s, th(x))V] = Igh(x),
and therefore AjAg[h] = I;Ep[Ag[h]] = [51g[h], completing the proof. ]

One can think of &y in the previous proof as a projection onto the ‘space of residuals’
of the regression equation (2.2), which vanishes in the representation of the information
operator (2.10). In particular, the model (2.2) is LAN (locally asymptotically normal) for
LAN-norm || - |LaN arising from LAN inner product

(h1,ho)LaN = (I[ghl,]lghz)L)z1 = (Agh1, Agha)r2(p,y,  h1,ha € H. (2.12)
Proposition 2. Let Dy = (Y3, X,-)f\;1 ~ PGN arise from model (2.2) for some 6 € © and

suppose Condition 1 holds. Then the likelihood ratio process satisfies

dpN
0+h/N 1
log ;Péf(DN) _)?’V—mo ‘N(_EHhH%AN’ ||h||I%AN)7 h e H.
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The proof follows from Theorem 1 in conjunction with Lemma 25.14 in [31] (and the
central limit theorem). This, in particular, justifies the use of the terminology ‘information
operator’ for [51y instead of AgAg.

In what is to follow, the range of the adjoint score operator A will play a crucial
role, and we wish to record a few preparatory remarks here. By what precedes, that range
equals

R(A}) = {y =1} &w, for some w € L*(Py)}, (2.13)

where &p is from (2.11). Since &y maps L?(Py) into L2, a fortiori any ¥ € R(A}) has to
satisfy

v € R(I3) = {¥ = I3h. for some h € L3 (X, V)}, (2.14)
so R(Ag) C R(Il7). Likewise, taking w(y, x) = (y —4(0)(x), h(x))v € L?(Py), we can
realise (arguing as in the proof of the last proposition) any 4 € Li(x ) as &gw = h and so
if ¥ € R(Iy) then ¢ € R(Ajp), too. We conclude that

R(I}) = R(A}). (2.15)

2.4. Lower bounds for estimation of functionals
Suppose the problem is to estimate a linear functional ¥ : ® — R of the unknown
parameter 6. Let

Py ={w=~Ag(h)y:he H} C L*>(V x X, Py)

denote the tangent space of the model & induced by H . Suppose further we can find v €
L?(Py) (the ‘efficient influence function’) such that

W(h) = (Y. Agh)r2(py. h e H. (2.16)

If such x}g exists, we can always take it to belong to the closure 2y of Py in L2(Pg)
(simply by L2(Pg)-projection onto Py, if necessary). A lower bound for the optimal
efficient asymptotic variance for /N -consistent estimators of W(6) over the model {6 +
h/~/N . h € H} is then given by

(Yo, w)?
sup L2(Py)

= Vll72(p,)- (2.17)
o#wezy (W, W)L2(py) L>(Po)

with equality holding in view of 1/}9 € P and the Cauchy—Schwarz inequality. Specifically,
by Theorem 25.21 in [31], one has

. . . ~ 2 ~ 2
liminf ~ inf sup NEéV R(UN = WO + 1) = Vglap,y. (2.18)
N=00 g :(VxX)N >R pe g |l m<1/vN i L)

If the functional is of the form W(h) = (y, h)p for some fixed test function v, and if Aj is
the adjoint of Ag from the previous subsection, the requirement (2.16) can be written as

(W.hyu = (o, Aoh)12py) = (AgVa. h)y. h € H, (2.19)
and hence reduces to ¥ = A;&g for some Vg € L2(Pg), thatis, ¢ € R(A}) from (2.13).
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2.5. Non-existence of +/ NV -consistent estimators of linear functionals
Arguing along the traditional lines of the proof of the Cramer—Rao inequality, the

inverse of )
||A9h ||L2(P0)

(V. h)y

provides an a priori lower bound for the variance of any estimator U of W(0) = (¥, )y that
is unbiased (i.e. satisfies E9® = W(#)) for all 6 in the one-dimensional model {0 + sh :
|s| < €}. The efficient Fisher information for estimating W optimally for all elements € H

ig.hy = (2.20)

of the tangent space is then given by
”Agh ”22(1)6)

= inf 5 (2.21)
heH (y,hyu#0 (Y, h)g

i, H,y

Note that when ¥ = A g is in the range of Aj then we can rewrite the last number as

lAghll7 [Aghll7

in B gy D (2.22)
heH R A0 (A3Vg, )y heHWhu#0 (Yo, Agh)2,
Since ¥ € R(A}) is orthogonal on ker(Ay), using also (2.17), we thus arrive at
s (V9. Agh)?,

(Pg) . —1

1Wol72cpy = sup =gy (2.23)
P00 et aghzo (Aoh Agh)ragpy — OV

explaining the relationship to the best asymptotic variance in (2.18).

An important observation of van der Vaart (Theorem 4.1 in [3e]) is that a necessary
and sufficient condition for the Fisher information for estimating W(0) = (0, ¥ )y to be
non-zero is that 1 indeed lies in the range of Aj.

Theorem 2. For 0 € © and tangent space H, let ig gy be the efficient Fisher informa-
tion (2.21) for estimating the functional W(0) = (0, ¥)g, ¥ € H. Then ig,r,y > 0if and
only if y € R(Ip).

If ¥ € R(I;) then positivity ig, gy > O follows directly from (2.15), (2.22) and the
Cauchy—Schwarz inequality. The converse is slightly more involved — we include a proof
in Section 4.2 below for the case most relevant in inverse problems when the information
operator [ ;Hg from (2.10) is compact on H (see after Proposition 4 below for the example
relevant here).

It follows that if ¥ ¢ R(I7) then W(6) cannot be estimated at VN rate.

Theorem 3. Consider estimating a functional W(0) = (., 0)m, ¥ € H, based on i.i.d. data
Y, X,-)IN=1 in the model (2.2) satisfying Condition 1 for some 0 € © and tangent space H.
Suppose ig g = 0. Then
liminf  inf sup  NEY (v —w(O+h) =00,  (224)
N=00 gV XN >R he Il <1/ VN
The last theorem can be proved following the asymptotic arguments leading to the
proof of (2.18) in Theorem 25.21 in [31]. A proof that follows more directly from the pre-
ceding developments is as follows: Augment the observation space to include measurements
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(Zi.Y:, X)), ~ P} where the Z; ~'19 N ({6, y)p,0?) are independent of the (¥;, X;)’s,
and where o2 is known but arbitrary. The new model 2y = {159N : 0 € ®} has ‘augmented’

LAN norm from (2.12) given by
1A0h12, 5, = 1A0hZap, + 0 20 Ve, he

as can be seen from a standard tensorisation argument for independent sample spaces and the

fact that a N ({6, ¥ )i, 02) model has LAN ‘norm’ o2 (v, h)%ﬂ, by a direct calculation with

Gaussian densities. In particular, the efficient Fisher information from (2.21) for estimating

(¥, 0)g from the augmented data is now of the form
%ﬂwzmgmwﬁmw+jzwwm

h (V. g
Note next that mutatis mutandis (2.17), (2.18) and (2.23) all hold in the augmented model
Py with score operator Ag and tangent space H, and that the linear functional W(-) =

=i9,Hy +02=0"2>0.

(¥, -)m now verifies (2.16) as it is continuous on H for the ||A.9[-]||L2(159)-norm, so that we
can invoke the Riesz representation theorem to the effect that

W(h) = (Aﬁ,&h)y(pe), h € H, and some ¥y = Ah e (P)u.
Thus the asymptotic minimax theorem in the augmented model gives

imi i n 2 -1 2
liminf inf sup NEY ,(¥n — %O +h)" >, =0
N0 G eV OV SR el <1 VR ( ) =l

(2.25)

for estimators ¥ based on the more informative data. The asymptotic local minimax risk in
(2.24) exceeds the quantity in the last display, and letting 0> — oo implies the result.

3. APPLICATION TO A DIVERGENCE FORM PDE

The results from the previous section describe how in a non-linear regression model
(2.2) under Condition 1, the possibility of ~/N -consistent estimation of linear functionals
U(0) = (¥, 0)m essentially depends on whether ¥ lies in the range of I 5. A sufficient con-
dition for this is that yr lies in the range of the information operator AjAg = 171y, and the
results in [2e] show that the lower bound in (2.18) can be attained by concrete estimators in
this situation. The general theory was shown to apply to a class of PDEs of Schrodinger type
[20,21] and to non-linear X -ray transforms [18,2e], with smooth test functions ¥ € C*°.

We now exhibit a PDE inverse problem where the range constraint from Theo-
rem 2 fails, fundamentally limiting the possibility of efficient /N -consistent estimation of
‘nice’ linear functionals. In particular, we will show that, unlike for the Schrédinger type
equations considered in [2e, 21], for this PDE the inverse Fisher information 03(1#) does
not exist for a large class of functionals W(6) = (6, ¥); 2, including generic examples of
smooth non-negative ¥ € C°. This implies in particular the non-existence of a ‘functional’
Bernstein—von Mises phenomenon that would establish asymptotic normality of the posterior
distribution of the process {(0, ¥);2 : ¥ € C°°} (comparable to those obtained in [4,5,21]).
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3.1. Basic setting

Let O C R? be a bounded smooth domain with boundary @ and, for convenience,
of unit volume A(Q) = 1, where A is Lebesgue measure. Denote by C°°() the set of all
smooth real-valued functions on @ and by C5°(0) the subspace of such functions of compact
support in . Let L? = Li(@) be the usual Hilbert space with inner product (-, -)72. The
Li—SoboleV spaces H# = HPB(O) of order B € N are also defined in the standard way, as
are the spaces C# () that have all partial derivatives bounded and continuous up to order j.

For a conductivity 6 € C*°(0), source f € C*(0) and boundary temperatures
g € C*°(00), consider solutions u = ug = ug, s,z of the PDE

V-(O0Vu)=f in0, 3.1)
u=g ondd.

Here V, A, V- denote the gradient, Laplace and divergence operator, respectively. We ensure
ellipticity by assuming 6 > 6,,;, > 0 throughout O.

We write £9 = V - (V(+)) for the ‘divergence form’ operator featuring on the left-
hand side in (3.1). A unique solution ug € C*°(0) to (3.1) exists (e.g. Theorem 8.3 and
Corollary 8.11 in [1e]). The operator £4 has an inverse integral operator

Vo : L3(0) — H*(O) N {hjpe = 0} (3.2)

for Dirichlet boundary conditions, that is, it satisfies Vy[f] = 0 at 09 and £9Vp[f] = f
on O forall f € Li(@). Moreover, the operator Vjy is self-adjoint on Li(@). One further
shows that whenever f € H?(0) satisfies fjsgo = 0, then Vy£Ly[f] = f. These standard
facts for elliptic PDEs can be proved, e.g. as in Section 5.1 in [29] or Chapter 2 in [17].

To define the ‘forward map’ ¢ we consider a model ® of conductivities arising as
a HP-neighbourhood of the standard Laplacian of radius 1 > 0, specifically

1
0= {9 € C*(0),infH(x) > 5,0|3(9 =1:0 —1lgs) < ;7}, B>1+d. (3.3)
X
The inverse problem is to recover € from solutions
G:0 - L3(0), 9(0)=ug (3.4)

of (3.1) where we emphasise that f, g, as well as )50, are assumed to be known (see also
Remark 3). The particular numerical choices 1 = 6|39 and 1/2 = Op, are made for notational
convenience. For independent &; ~id pr 0,1), X; ~did A, we then observe data

Y, XN e RxO)N ~ PN, Yi =up(X;) + &, (3.5)

from model (2.2). Note that unlike in statistical ‘Calderén problems’ [1], we measure ug
throughout the entire domain (). Before we take a closer look at the local information geom-
etry of the map ¢ arising from the PDE (3.1), let us first give conditions under which the
problem of inferring 6 from (Y;, X ,~)IN=1 in (3.5) has a consistent solution.
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3.2. Global injectivity and model examples

Under suitable constellations of f, g in (3.1), the non-linear map 6 — uy can be
injective, and ‘stability’ properties of ¢ are well studied at least since [27], we refer to the
recent contributions [2,13,24] and the many references therein. For instance, one can show:

Proposition 3. Let 01,0, € C*®(0O) be conductivities such that ||0;||c1 < B, 61 = 62 on
00, and denote by ug, the corresponding solutions to (3.1). Assume

inf [ Aug(x) + 1| Vutg (¥) g ] = 0 > 0 (3.6)
X
holds for 0 = 01 and some . > 0. Then we have for some C = C(B, i, co, Q) > 0,

61 — 022 < Cllug, —ug, | a2 (3.7)

Based on (3.7), one can show (see [13,24]) that we can recover 6 in L?-loss by some
estimator 8 = 6((Y;, Xi)lN=1) at a ‘non-parametric rate’ [|0 — 0||;29) = OPGN (N7Y) for
some 0 < y < 1/2, uniformly in ®. We wish to study here inference on linear functionals

V() = (V. 0)120), ¥ €C5o(0).

As we can bound the ‘plug-in’ estimation error |(v, 6 — é) 12| by ||é — 0|2, the conver-
gence rate N~V carries over to estimation of W. Nevertheless, we will show that there are
fundamental limitations for efficient inference on W at the ‘semi-parametric’ rate (y = 1/2).
This will be illustrated with two model examples for which the ‘injectivity’ condition (3.6)
can be checked.

Example 1 (No critical points). In (3.1), take

|12 —1
f=2 g=—E—. (3.8)

Then for the standard Laplacian 6 = 1, we have u; = g on (5 Auy = 2, and hence Vu; =
2x/d, which satisfies infye@ | Va1 (x)|ga > ¢ > 0 for any domain @ C R¢ separated away
from the origin. This lower bound extends to

dnf inf [Vug(x)|gq = cv >0 (3.9)
for n small enough in (3.3), by perturbation: arguing as in (3.16) below and from standard
elliptic regularity estimates (Lemma 23 in [24] and as in (3.15)), we have for b > 1 + d/2,
B > b+ d/2 (such that H# c C?),

lug —urllcr S |VA[V - 10 = DVugl]| s < (6 = DVug| o1
<10 = Ugorlluglico <10 — Ulgslugllzs < Cn. (3.10)

In view of supycg || Atglloc < 00 and (3.9), condition (3.6) is verified for p large enough
and all 6 € ©.

The situation in Example 1 where the gradient Vuy never vanishes is somewhat
atypical, and one may expect ug to possess a finite number of isolated critical points xg
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(where Vug(xo) vanishes); see, e.g. [2] and references therein. The next example encom-
passes a prototypical such situation with an interior minimum. See also Remark 1 for the
case of a saddle point. Further examples with more than one critical point are easily con-
structed, too.

Example 2 (Interior minimum). Consider the previous example where now @ is the unit
disk in R? centred at the origin. In other words, in (3.1) we have f =2 and gj30 = 0,
corresponding to a classical Dirichlet problem with source f'. In this case 1 takes the same
form as in the previous example but now has a gradient Vu; = x that vanishes at the origin
0 € R?, corresponding to the unique minimum of #; on @. The injectivity condition (3.6)
is still satisfied for all 8 € ® simply since (3.1) implies

0<2=0Aug+V0-Vug on0,

so that either Aug > 1/(2]|6]|co) or [Vug(x)|ga > 1/(2]|€]|c1) has to hold on @. In this
example, the constraints that ) be small enough as well as that 6; = 6, on 0O in Proposition 3
can in fact be removed, see Lemma 24 in [24].

3.3. The score operator and its adjoint
To connect to Section 2, let us regard ® from (3.3) as a subset of the Hilbert space
H = Li(@), and take ¢4(0) from (3.4); hence we set X = O, V = R, A = dx (Lebesgue
measure).
As ‘tangent space’ H C H, we take all smooth perturbations of 6 of compact sup-
port,
H = C§°(0), (3.11)

so that the paths 65, = 0 + sh, 0 € ©, h € H, lie in ® for all s € R small enough. The
closure H of H for || - | equals H = H = L3%(0O). We now check Condition 1, restricting
to d < 3 to expedite the proof.

Theorem 4. Assume d < 3. Let © be as in (3.3) and let the tangent space H be as in (3.11).
The forward map 6 — <4 (0) from (3.4) satisfies Condition 1 for every 6 € ©, with uniform
bound Uy = Ug([|glloo. || lloo) and with

Lo(h) = —Vy[V - (hVug)]. he H. (3.12)
In particular, 1y extends to a bounded linear operator on H.

Proof. We can represent the solutions ug of (3.1) by a Feynman—Kac-type formula as

ug(x) = E*g(Xq) — EX [fo f(Xs)ds, xe€0, (3.13)
0

where (X : s > 0) is a Markov diffusion process started at x € ) with infinitesimal generator
£g/2, law P* = Pé‘, and exit time tg from @, see Theorem 2.1 on p. 127 in [8]. As in
the proof of Lemma 20 in [24], one bounds sup,co E* 79 by a constant that depends only
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on O, O, and we conclude from the last display that therefore

luglloo = lIglloc + 11 flloo sup E¥1o < 00 (3.14)

x€0@
so that the bound Uy for ¢ required in Condition 1 follows.
We will repeatedly use the following elliptic regularity estimates:

[Valhl| ., < col|Valhl| ;2 < cillbllzz.  luelge < ca. (3.15)

with constants co = co(0), c1 = ¢1(Omin, O, B, 1), c2 = c2(Ug, || f |2, 8 | 22 Oumin, O, B, 1)
that are uniform in 6 € ©. The first inequality in (3.15) is just the Sobolev imbedding. The
second follows from Lemma 21 in [24], noting also that supycg ||€]lct < C(B, 7, Q) by
another Sobolev imbedding H# < C'. The final inequality in (3.15) follows from Theo-
rem 8.12 in [1e] and (3.14).

To verify (2.4), notice that the difference ug g, — ug solves (3.1) with g = 0 and
appropriate right-hand side, specifically we can write

40+ sh)—¥9(0) = —sV.g[V-(hVu9+sh)], heH, (3.16)
for |s| small enough. Then (2.4) follows from (3.15) since

” Vo [V : (hvu9+sh)] Hoo < HV «(hVugisn) ”Lz S NAVugsnllm

< llhllcr sup [lugllz2 < B < oo.
0c®

We will verify (2.3) by establishing a stronger ‘|| - ||co-norm’ differentiability result:
fix 0 € ® and any 7 € H such that 6 + i € . Denote by D% [h] the solution v = v, of
the PDE

V- (0Vv) ==V -(hVug) on0,
v=0 ondO
where ug is the given solution of the original PDE (3.1). Then the function wy = ugyp —
ug — D%y[h] solves the PDE
Lornwp = =V - (AVV[V - (hVug)]) on 0,
wp =0 ond0o.
As a consequence, applying (3.15) and standard inequalities repeatedly, we have
|ugsn —ug — DGyl = |Vosn[V - (AVVaIV - (hVue)])]
S|V (hVV[V - (hVug))| -
S hlic| Vo[V - (hVug)]
< ke |V - (hVug)| 1.
S Rl lueliaz = O(IRIE:)- (3.17)

oo

2
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In particular D%y [sh] = lg[sh] is the linearisation of the forward map 0 +— 4 (6) = ug
along any path 6 + sh,|s| > 0, h € H. Finally, by duality, self-adjointness of Vj and the
divergence theorem (Proposition 2.3 on p. 143 in [29]), we can bound for every & € H,

ol = swp | [ V[V )] = sup | [ VValgl-hVue)
lpll2<11J0O gl 2<11JO
< sup [Voldl]u Ilzeluslic < e,
gl 2<1

using also (3.15) and that ||ug||c: < oo (here for fixed 0) as ug is smooth. By continuity
and since H is dense in Li = M, we can extend [y to a bounded linear operator on H,
completing the proof. ]
Theorem 1 gives the score operator Ay mapping H into L2(R x 9, Py) of the form
Aglhl(x.y) = (y —up(x)) x Ip(W)(x), y €R, x € 0. (3.18)
For the present tangent space H , we have H = H. To apply the general results from Section 2,
we now calculate the adjoint I} : L2(0) - H = L2(9) of Ig : H — L*(0).
Proposition 4. The adjoint 1} : L3(9) — L3(O) of Iy is given by
I31g]1 = Vug - VVslgl. g€ L3(0). (3.19)

Proof. Since Iy from (3.12) defines a bounded linear operator on the Hilbert space L2 =H,
a unique adjoint operator /,; exists by the Riesz representation theorem. Let us first show that

(h, (17 —1%)g),. =0, Vh, g € C&(0). (3.20)

Indeed, since Vj is self-adjoint for Li and satisfies [V g]ja0 = 0, we can apply the divergence
theorem (Proposition 2.3 on p. 143 in [29]) with vector field X = hVug to deduce

(h, 19*g>L2(@) = (Heh, g>L2((9) = _<V9[V . (hVMG)]vg)Lz(Q)

= _L[v-(hVue)]Va[g]d/\

= /(ghVug -VVlgldA = <h’H;g)L2((‘))’

so that (3.20) follows. Since C5°(0) is dense in Li(@) and since /', I5 are continuous on
Li (O) (by construction in the former case and by (3.15), ug € C*°(0O), in the latter case),
the identity (3.20) extends to all g € L3(0O) and hence ;S = I, as desired. |

Note further that for # € © fixed, using (3.15), ug € C* and L?-continuity of I,
we have [[TTghl| g1 < [|Tohllz2 < [Ih]|L2. The compactness of the embedding H' C L? now
implies that the information operator I 514 is a compact and self-adjoint operator on L%(0).

3.4. Injectivity of Iy, I7Ts
Following the developments in Section 2, our ultimate goal is to understand the
range R(I7) of the adjoint operator I 7. A standard Hilbert space duality argument implies
that
R(13)" = ker(T), (3.21)
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that is, the ortho-complement (in H) of the range of I equals the kernel (null space) of Ty
(in H). Thus if v is in the kernel of Iy then it cannot lie in the range of the adjoint and the
non-existence of the inverse Fisher information in Theorem 2 for such i can be attributed
simply to the lack of injectivity of Ig.

We first show that under the natural ‘global identification’ condition (3.6), the map-
ping [y from (3.12) is injective on the tangent space H (and hence on our parameter space ®).
The proof (which is postponed to Section 4.1) also implies injectivity of the information oper-
ator [3lp on H, and in fact gives an H 2 — L2 Lipschitz stability estimate for I 5.

Theorem 5. In the setting of Theorem 4, suppose also that (3.6) holds true. Then for Ig
from (3.12), every 6 € ® and some ¢ = c(i, cg, 6, O9),

[To[R)| 2 = clikll>  Vh € H. (3.22)
In particular, 1g(h) = 0 or I51g(h) = 0 imply h = 0 forallh € H.

Using (3.15), one shows further that the operator Iy is continuous from H!(09) —
H?(0O) and, by taking limits in (3.22), Theorem 5 then extends to all & € H/ () obtained
as the completion of H for the H!(©)-Sobolev norm.

Of course, the kernel in (3.21) is calculated on the Hilbert space H = L2((9), so the
previous theorem does not characterise R(I; )L, yet. Whether Iy is injective on all of L2(0)
depends on finer details of the PDE (3.1). Let us illustrate this in the model examples from
above.

3.4.1. Example 1 continued; on the kernel in L2(0O)
In our first example, I starts to have a kernel already when /)39 # 0. Indeed, from
the proof of Theorem 5, a function & € C () is in the kernel of Iy if and only if

To(h) = V - (hVug) = Vh - Vug + hAug = 0. (3.23)

Now fix any 6 € ® with ug satisfying (3.9). The integral curves y(¢) in @ associated to the
smooth vector field Vug # 0 are given near x € @ as the unique solutions (e.g. [29, P. 91) of
the vector ODE

d
d_)t/ = Vug(y), y(0)=x. (3.24)

Since Vug does not vanish, we obtain through each x € @ aunique curve (y(t): 0 <t <T)
originating and terminating at the boundary 00, with finite ‘travel time’ 7, < T'(9, cv) < oo.
Along this curve, (3.23) becomes the ODE

d
Zh()/(t)) + h()/(t))Aug(y(Z)) =0, 0<t<T,.

Under the constraint /|39 = 0 for & € H, the unique solution of this ODE is 4 = 0, which
is in line with Theorem 5. But for other boundary values of %, non-zero solutions exist.
One can characterise the elements & € C%(O) in the kernel of Iy as follows. Since the
vector field Vug is non-trapping, there exists (see [7, THEOREM 6.4.1]) r € C °°((§) such that
Vug - Vr = Aug. Thus

Vug - V(he") = e" Ty(h)
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and it follows that Ty (h) = 0 iff he” is a first integral of Vug. Observe that the set of first

integrals of Vug is rather large: using the flow of Vuy, we can pick coordinates (x1,...,xg)
in O such thatf — (¢ + x1, X3, ..., xg) are the integral curves of Vug and thus any function
that depends only on x5, ..., xg is a first integral.

3.4.2. Example 2 continued; injectivity on L2(0Q)
We now show that in the context of Example 2, the injectivity part of Theorem 5
does extend to all of L2(O9).

Proposition 5. Let g be as in (3.12) where ug solves (3.1) with f, g as in (3.8) and O is the
unit disk in R? centred at (0, 0). Then for 6 = 1, the map I, : L>(O©) — L*(O) is injective.

Proof. Letus write I = I; and suppose I(f) = 0 for f € L?(©). Then for any h € C*®(0)
we have by Proposition 4

O == <If, h)LZ((z)) == (f, I*h)LZ((t)) = (f, XV] [h])LZ(O) (325)

with vector field X = Vu; - V() = x10x1 + x20x2, (x1,x2) € O. Choosing h = Ag for
any smooth g of compact support, we deduce that

/ X(g)fdh =0, V¥geCXO), (3.26)
o

and we now show that this implies f = 0. A somewhat informal dynamical argument would
say that (3.26) asserts that fd A is an invariant density under the flow of X . Since the flow of
X in backward time has a sink at the origin, the density can only be supported at (x1,x3) =0
and thus f = 0.

One can give a distributional argument as follows. Suppose we consider polar coor-
dinates (r, %) € (0, 1) x S! and functions g of the form ¢ (r)y (¢), where ¢ € C$°(0, 1) and
¥ € C®(Sh). In polar coordinates X = rd,, and hence we may write (3.26) as

/1 (r2( o 19)1//(19)6119) M) Jr—o. (3.27)
0 0

By Fubini’s theorem, for each » we have an integrable function

2w
Fy(r) = | fr, )y (@) dv

and thus r2 Fy, defines an integrable function on (0, 1) whose distributional derivative satis-
fies 8, (r2 Fy) = 0 by virtue of (3.27). Thus r2 Fy, = ¢y (using that a distribution on (0, 1)
with zero derivative must be a constant). Now consider ¥ € C®(S!) also as a function in
L?(O) and compute the pairing

1

1
(L V)120) = / rFy(r)dr = C¢/ r ldr = 00
0 0
unless ¢y = 0. Thus f = 0. u

By perturbation (similar as in (3.10)) and the Morse lemma, we can show that
ug, 6 € ©, has a gradient ug that vanishes only at a single point in a neighbourhood of
0, and so the proof of the previous theorem extends to any 6 € G.
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3.5. The range of I and transport PDEs

From (3.21) we see R(]I*) = ker(Ilg)~, but in our infinite-dimensional setting care
needs to be exercised as the last identity holds in the (complete) Hilbert space H = L?(O)
rather than in our tangent space H (on which the kernel of Iy is trivial). We will now show
that the range R(I;) remains strongly constrained. This is also true in Example 2 when
ker(Iy) = {0}: the range may not be closed R(I7) # R(I7), and this ‘gap’ can be essential
in the context of Theorems 2 and 3. To understand this, note that from Proposition 4 we have

R(13) = {¢ = Vug - VV[g], for some g € L3(0)}. (3.28)

The operator Vg maps L3 into Hy = {y € H? : yjp9 = 0} and hence if ¥ is in the range of
[[; then the equation

Vug-Vy =4y on0, (3.29)

y=0 ondO
necessarily has a solution y = yy € Hg. The existence of solutions to the transport PDE
(3.29) depends crucially on the compatibility of  with geometric properties of the vector

field Vug, which in turn is determined by the geometry of the forward map ¥ (via f, g, 9)
in the base PDE (3.1). We now illustrate this in our two model Examples 1 and 2.

3.5.1. Example 1 continued; range constraint
Applying the chain rule to y € H?(©) and using (3.24), we see

V( )
7 00) = —=-Vy(y®) = Vug-Vi)(y()). 0<i<T,.
Hence along any integral curve y of the vector field Vug, the PDE (3.29) reduces to the ODE
d
—y — . (3.30)

Now suppose ¥ € R(I ;). Then a solution y € HO2 to (3.29) satisfying y|so = 0 must exist.
Such y then also solves the ODE (3.30) along each curve y, with initial and terminal values
y(0) = y(Ty) = 0. By the fundamental theorem of calculus (and uniqueness of solutions),
this forces

T]’
/0 v(y(@t))dt =0 (3.31)

to vanish. In other words, ¥ permits a solution y to (3.29) only if ¥ integrates to zero along
each integral curve (orbit) induced by the vector field Vug. Now consider any smooth (non-
zero) nonnegative ¥ in the tangent space H = C§°(0), and take x € O such thaty > ¢ > 0
near x. For y the integral curve passing through x, we then cannot have (3.31) as the inte-
grand never takes negative values while it is positive and continuous near x. Conclude by
way of contradiction that ¥/ ¢ R(I;). Applying Theorems 2 and 3, we have proved:

Theorem 6. Consider estimation of the functional ¥(0) = (6, V) 1 2(e) from data (Y;, X i)fvz L
drawn i.i.d. from PeN in the model (3.5) where f, g in (3.1) are chosen as in (3.8), the domain
O is separated away from the origin, and ® is as in (3.3) with n small enoughand B > 1 + d,
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d < 3. Suppose 0 # v € C§°(O) satisfies > 0 on Q. Then for every 0 € ©, the efficient
Fisher information for estimating V(0) satisfies

inf % =0 (3.32)
heH (h,r), 270 (1//,h)ii - '
In particular, for any 6 € ©,
liminf  inf sup NEY (v —w(8))? = . (3.33)

N=00 §n:(RXON >R g/, |6/—0|| g <1/ VN

Let us notice that one can further show that (3.31) is also a sufficient condition for
¥ to lie in the range of I (provided ¥ is smooth and with compact support in ©). As this
condition strongly depends on 6 via the vector field Vug, it seems difficult to describe any
choices of V¥ that lie in [scg R(I).

3.5.2. Example 2 continued; range constraint

We showed in the setting of Example 2 that [ 4 is injective on all of L2((), and hence
any ¥ € L2(0) lies in closure of the range of I[;. Nevertheless, there are many relevant
¥’s that are not contained in R(I7). In Example 2, the gradient of ug vanishes and the
integral curves y associated to Vug = (x1, X2) emanate along straight lines from (0, 0)
towards boundary points (21, z2) € d@ where y((z1, z2)) = 0. If we parameterise them as
{(z1€", z2€") : —00 < t < 0}, then as after (3.30) we see that if a solution y € Hg to (3.29)
exists then ¥ must necessarily satisfy

0
/ Y (z1€", z2e")dt = 0— y(0) = const.  V(z1,22) € 30. (3.34)

—00
This again cannot happen, for example, for any non-negative non-zero { € H that vanishes
along a given curve y (for instance if it is zero in any given quadrant of (9), as this forces
const = 0. Theorems 2 and 3 again yield the following for Example 2:

Theorem 7. Consider the setting of Theorem 6 but where now O is the unit disk centred at
(0,0), and where 0 < yr € C§°(O), ¥ # 0, vanishes along some straight ray from (0, 0) to
the boundary 00. Then (3.32) and (3.33) hold at 6 = 1.

Arguing as after Proposition 5, the result can be extended to any 6 € ® by an appli-
cation of the Morse lemma.

3.6. Concluding remarks

Remark 1 (Interior saddle points of uy). To complement Examples 1, 2, suppose we take
0=1,f=0inB3.1)sothatu =u; = xf — x% if g = uyp (and O is the unit disk, say). Then
Vu = 2(x1, —x,) and the critical point is a saddle point. In this case we can find integral
curves y, running through x away from (0, 0) between boundary points in finite time. Then
is ¥ is nonnegative and supported near x it cannot integrate to zero along y,. An analogue
of Theorem 6 then follows for this constellation of parameters in (3.1), too. Note that in this
example, the kernel of Iy contains at least all constants.
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Remark 2 (Local curvature of ¢). The quantitative nature of (3.22) in Theorem 5 is com-
patible with ‘gradient stability conditions’ employed in [3,25] to establish polynomial time
posterior computation time bounds for gradient based Langevin MCMC schemes. Specifi-
cally, arguing as in Lemma 4.7 in [25], for a neighbourhood 8B of 6y one can deduce local
average ‘curvature’

glélc% AminEg, [_v2g(9)] > e, D74,

of the average-log-likelihood function £ when the model ® is discretised in the eigenbasis
Ep = (e, : n < D) C H arising from the Dirichlet Laplacian. In this sense (using also
the results from [13]) one can expect a Bayesian inference method based on data (2.2) and
Gaussian process priors to be consistent and computable even in high-dimensional settings.
This shows that such local curvature results are not sufficient to establish (and hence distinct
from) Gaussian ‘Bernstein—von Mises-type’ approximations.

Remark 3 (Boundary constraints on 6). As the main flavour of our results is ‘negative’, the
assumption of knowledge of the boundary values of 6 in (3.3) strengthens our conclusions
— it is also natural as the regression function u = g is already assumed to be known at 009.
In the definition of the parameter space ®, we could further have assumed that all outward
normal derivatives up to order 8 — 1 of 6 vanish at d¢. This would be in line with the
parameter spaces from [13,24]. All results in this section remain valid because our choice of
tangent space H in (3.11) is compatible with this more constrained parameter space.

Remark 4 (Ellipticity). The Bernstein—von Mises theorems from [18,20,21] exploit ellipticity
of the information operator I ;g in their settings, allowing one to solve for y in the equation
[3lpy = ¥ so that R(I;) contains at least all smooth compactly supported v (and this is
so for any parameter 6 € ©®). In contrast, in the present inverse problem arising from (3.1),
the information operator does not have this property and solutions y to the critical equation
I3y = ¥ exist only under stringent geometric conditions on . Moreover, these conditions
exhibit a delicate dependence on 6, further constraining the set [y R(I;) relevant for
purposes of statistical inference.

4. APPENDIX
For convenience of the reader we include here a few more proofs of some results of
this article.

4.1. Proofs of Theorem 5 and Proposition 3
Define the operator
To(h) =V -(hVuyg), heH,

so that (3.12) becomes Iy = Vg o Ty. The map u — (£ou, uj30) is a topological isomor-
phism between H2(©9) and L2(0) x H3/2(d0) (see [17], Theorem I1.5.4), and hence with
u = Vy[w] we deduce ||[Vy[w]|lgz = ||w]2 for all w € C*°(O). As a consequence, using
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also Lemma 1,
ITolAlllz2 2 To(M)|IL2 2 lIhllL2.  h € H,

which proves the inequality in Theorem 5. Next, as I 4 is linear, we see that whenever Iy [h;] =
Tg[hs] for hy, h, € H we have [y[h; — hy] = 0, and so by the preceding inequality h =
h1 —hy = 01in L?, too. Likewise, if &1, h, € H are such that [5lghy = 151gha, then 0 =
(Iglg(hy —h2), hy — hl)Lﬁ = ||Tg(hy — hz)||ii so [ghy = lgh, and thus by what precedes
/’11 = hz.

Lemma 1. We have |Tg(h)||12 = ||V - (hWVug)|r2 = c|h|p2 for all h € H and some con-
stant ¢ = c(u, B, co) > 0, where B > ||ug||co-

Proof. Applying the Gauss—Green theorem to any v € C !(©9) vanishing at 9O gives
1 1
(Aug,v?),, + §<Vu9’ V(). = 5(Au9, v3),,.

Forv = e ™#“¢h, h € H, with u© > 0 to be chosen, we thus have

1
—/ V(v?) - Vug :—/ ,u||Vu9||2v2+/ ve "0Vh.Vuy,
2Jo ) )

so that by the Cauchy—Schwarz inequality

1
‘[ (EAue +M||Vu0||2)vz
¢}

1
((Aug + /L||Vu9||2), UZ)LZ + =(Vug, V(vz))L2
2

= |(hAug + Vh - Vug, he 40} |
< 1| V- (hVug)| 14l (4.1)

for ji = exp(2ut|[uglloo). We next lower bound the multipliers of v? in the left-hand side

of (4.1). By (3.6),
i
'/ (—Au9+M||VM9||2)v2 s [ 7
o\2 o

and, combining this with (4.1), we deduce
|V - (hVug) | Az = ¢I0]220) Z A2 h € H.

which is the desired estimate. |

The last lemma also immediately implies Proposition 3. Let us write h = 6; — 6,
which defines an element of H. Then by (3.1) we have V - (hVug,) = V - (62 V(up, — ug,))
and hence ||V - (hVug, )|z < lue, — ug, ||g2. By Lemma 1 the left-hand side is lower
bounded by a constant multiple of |22 = |61 — 02]| 12, so that the result follows.

4.2. Proof of Theorem 2 for [Ty compact

Let us assume H = H without loss of generality, write / = Ig, L? = L2(X) in
this proof, and let ker(/ *I) = {h € H : I*1h = 0}. If I *I is a compact operator on H then
by the spectral theorem for self-adjoint operators, there exists an orthonormal system of H
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of eigenvectors {e : k € N} spanning H & ker(/*I) corresponding to eigenvalues A > 0
so that
I*Iek = Akek, and [*1h = Zlk(h,ek)Hek, h € H.
k

We can then define the usual square-root operator (1*1)'/2 by

(1*1)" 21 = 3" 2% h ex)mer. b€ H. 4.2)
k
If we denote by Py the H-projection onto ker(/*I), then the range of (1*1)'/2 equals
1/2 _
R((I*1) / ) = {g eH: Py(g) = O,Z/\kl(ek,g)%l < oo}. 4.3)
k

Indeed, using standard Hilbert space arguments, (a) since Py (e ) = 0 for all k, for any 7 € H
the element g = (1*1)'/2h belongs to the right-hand side in the last display, and conversely
(b) if g satisfies Po(g) = 0and )" A (ex,g)f <oothenh =" A, %(ex. g)ex belongs
to H and (I*1)Y/?h = g.

Next, Lemma A.3 in [3e] implies that R(I*) = R((1*1)'/?). Now suppose { € H
is such that ¥ ¢ R(I*) and hence ¥ ¢ R((I*1)'/?). Then from (4.3), either Py(1/) # 0 or
Dok Ar ey, W) = oo (or both). In the first case, let 1 = Po(V/), so

11hllz2 = [ 1(Po()) |2 = (I*1(Po(¥)). Po(¥))yy =

but (v, h)g = | Poyr||3; = & for some § > 0. Since H is dense in H, for any €,0 < € <
min(8/ 2|V |lm). 82/4), we can find & € H such that ||k — h|lg < € and by continuity also
| I(h — h)||;2 < €. Then

s
2_
VIohy = 1y el = 5= Ve

Using also (2.12), we conclude that iy g 4 < € in (2.21), so that the result follows since €
was arbitrary. In the second case we have Y, A (ek ‘/’)H = 0o and define

Yn = ) A lerlen. ¥)m, N €N,
k<N

which defines an element of H. By density we can choose iy € H suchthat |Aixy — ¥y |m <
1/|¥lm, as well as || I(hy — ¥n)|2 < 1, forevery N fixed. Next observe that

(Woywha = > A Mew ¥ = M.

k<N

1 = 1 10 9wl = 35 (e v

k<N

and that My — oo as N — oo. Then by our choice of iy € H and if My > 2, we have by
the triangle inequality,

(V. hw)u| = (V. YN )u| — (V. YN —hn)e| = My — 1> My /2,
11| < @M |2+ [Ty =W o < VMy +1 <2V M y.
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From this and (2.12) we conclude that the inverse of (2.21) satisfies

2 2
iy = L L My
HY = [ Thyl2, = 16 My

As N was arbitrary and My — N0 00, we must have ig gy = 0, as desired.
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