Chapter 5
Reformulating the UCT II

In this chapter (as throughout), if B is a separable C *-algebra, then £p and Kp
denote respectively the adjointable and compact operators on the standard Hilbert
B-module {> ® B. For each n, we consider £ as a subalgebra of M,(£p) via the
“diagonal inclusion” £3 = 1y, ® £p S M, @ £p = M,(LB).

Our goal in this chapter is to reformulate the vanishing results on the UCT of
Chapter 2 in terms of the groups KK, ,’;’8 (X, B) of Chapter 3. We look at the even
(i = 0)and odd (i = 1) cases separately.

5.1 The even case

Lemma 5.1. Let k > 1 and ¢ > 0. Let B be a separable C*-algebra, and let X be

a self-adjoint subset of the unit ball of £p. Then, there is a homomorphism V. :
KK:8/4(X, B) — KK (X, B) such that the diagrams

KK? (X, B)

P* \ (5.1)

KK?, ,(X.B)— KK? (X.B)

and
KK?,8/4(X’ B)—— KK?,E(X, B)

\ w*T (5.2)

0
KKK’£/4(X, B)
commute, where the unlabeled arrows are the forget control maps of Definition 3.4.

Proof. Let (p, q) be an element of &, . ./4(X, B). Let r and s be the projections
associated to p and g respectively as in Definition 4.3. Using Lemma 4.5 parts (i)
and (iii) we may define a map

Y :7),,,,(,8/4()(, B) — an,l,s(X, B), (p.q) v~ (r.9).

Allowing n to vary, and noting that the process of taking associated projections takes
homotopies to homotopies (by part (iv) of Lemma 4.5) and block sums to block sums,
we get a well-defined homomorphism

Vit KK 4(X, B) > KK (X, B).
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To check commutativity of the diagram in line (5.1), it suffices to show that if
(r,8) € Pn1,6(X, B) is the pair of projections associated to (p,q) € P, « ¢/4(X, B)
as above, then (7, s) and (p, g) are in the same path component of %, (X, B).
This follows from parts (ii) and (iii) of Lemma 4.5. Commutativity of the diagram
in line (5.2) is immediate; if (p, g) is in &, ,1,(X, B) for some n, then p and g are
themselves projections, so equal their associated projections. |

The following lemma records some results from [68, Section A.3] that we will
need. For the statement, recall the notion of a unitally strongly absorbing representa-
tion from Definition 2.5 above.

Lemma 5.2. In the statement of this lemma, all unlabeled arrows are forget control
maps as in Definitions 2.11 and 3.4. Let A be a separable unital C*-algebra, and
let B be a separable C*-algebra. Let w : A — £ p be a strongly unitally absorbing
representation of A, which we use to identify A with a C*-subalgebra of £p.

Let ¢ > 0, and let X be a finite subset of A1. Then, there exist homomorphisms

«: KK? (X, B) - KKs¢(X, B)

and

B: KK.(X,B) — KK} (X, B)

that are natural with respect to forget control maps; more precisely if (X, &) < (Y,§)
in X4 as in Definition 2.10 then the diagrams

KKD,(1.B) —— KK, (CB)  KKDgy (4 B)—— KKD5, (X, B)
lﬂ lﬂ and aT aT
KKJ(Y,B) —— KKJ(X, B) KKJ(Y,B)— KK2(X, B)

are defined and commute.
Moreover, the diagrams

KK?’s(X, B) —— KK?,SS(X, B)
o
l /
KKs:(X, B)

and
KK .(X,B)—— KKs5.(X, B)

b
KK} (X, B)

commute.
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Proof. Letw : A — M»(£p) be (the amplification of) our fixed representation. In the
language of [68, Appendix A.2], the groups KK.(X, B) are the same as the groups
that are called there K K."? (X, B), while in the language of [68, Appendix A.3], the
groups KK ?,8 (X, B) would there be called KK7°™ (X, B). The lemma thus follows
from the arguments of [68, Lemmas A.22, A.23, and A.24]. n

We are now able to deduce a version of Corollary 2.22 for the groups of Defini-
tion 3.1.

Corollary 5.3. Let A be a separable, unital, nuclear C*-algebra. The following are
equivalent:

(1) A satisfies the UCT.
(i) Letk > 1ande € (0,1). Let B be a separable C*-algebra with K«(B) = 0.
Let w : A — Lsp be a strongly unitally absorbing representation, which we

use to identify A with a C*-subalgebra of £sp. Then, for any finite subset
X of Ay, there is a finite subset Z of Ay such that

(X.,k,€) < (Z,k,£/160)
in the sense of Definition 3.4, and such that the forget control map
KK/(C),E/IGO(Z’ SB) — KKB,E(X, SB)

of Definition 3.4 is zero.

(iii) There exist k > 1 and v > k with the following property. Let y > 0, let B
be a separable C*-algebra with K (B) = 0, and let X be a finite subset of
Aq. Let
w:A— Lsgp

be a strongly unitally absorbing representation, which we use to identify A
with a C*-subalgebra of £sp. Then, there is ¢ > 0 and a finite subset Z of
Ay such that (X,v,y) < (Z,«k,¢) in the sense of Definition 3.4, and such
that the forget control map

KK .(Z.SB) — KK (X.SB)
of Definition 3.4 is zero.

Proof. In the following proof, all unlabeled arrows are forget control maps as in
Definition 2.11, or Definition 3.4. Assume first that condition (i) from the statement
holds, and let « > 1 and ¢ > 0; we may assume moreover that ¢ < 1. Let a finite subset
X be given as in condition (ii). Then, by the equivalence from Corollary 2.22, there
is a finite subset Z of A; such that the forget control map

KKy /5(Z, SB) — KKo(X.SB)
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is zero. Replacing Z by Z U Z* if necessary, we may assume that Z is self-adjoint.
Lemma 5.2 gives a commutative diagram

KK./3(Z.SB) —— KK.(X.SB)
« B
KK?,8/40(Z’ SB) — KK{ (X.SB),

whence the bottom horizontal map is zero. On the other hand, Lemma 5.1 (see in
particular line (5.1)) gives a map ¥, such that the bottom triangle in the diagram
below

KK, ,o(Z.SB) —— KK (X.SB)

KK?

K,g/lﬁ()(Zs SB) — KKK,E(X, SB)

commutes. The top triangle also commutes as all the maps involved are forget control
maps, whence the bottom horizontal map is zero. This gives us condition (ii) from the
statement.

Condition (ii) clearly implies condition (iii), so it remains to show that condi-
tion (iii) implies condition (i). For this, it suffices to establish condition (ii) from
Theorem 2.15, so let y > 0 and a finite subset X of A; be given. Then, according to
condition (iii) there are v > x > 1, & > 0 and a finite subset Z of A; such that the
forget control map

KK (Z,SB) > KK, ,,(X,SB)

is defined and zero. Replacing Z with Z U Z* if necessary, we may assume Z is
self-adjoint. Using Lemma 5.1 (see in particular line (5.2)) there is a map ¥« such
that the top right triangle in the diagram below commutes

KK?,E(Z, SB) —_— KKI,V/20(X’ SB) —_— KKI,V/S(X’ SB)
Yx

KK? (Z,SB) —— KK, y/20(X, SB) — KK? (X, SB).

The rest of the diagram also commutes, as all the arrows are forget control maps,
whence the composition

KK?’S(Z,SB) — KK ,/20(X,SB) — KK ,,/5(X,SB)
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of the two top horizontal maps is zero. Using Lemma 5.2, there is a commutative
diagram
KK (Z,SB) —— KK, (X, SB)

/| T

KK?,E(Z, SB) — KK ,/5(X,SB).

The top horizontal map is therefore zero; this is the conclusion we need for The-
orem 2.15, condition (ii), so we are done. [ ]

5.2 The odd case

For the statement of the next lemma, consider the Hilbert module 2 ® SB associated
to the suspension SB=Cy((0, 1), B) of a separable C *-algebra B. Let Csp (X, M(C))
denote the C*-algebra of bounded and strictly continuous functions from a locally
compact space X to the multiplier algebra M(C) of a C*-algebra C. For any C*-
algebra C there are canonical identifications

fc = M(C ® X)

(see for example [45, Theorem 2.4]) and M(Cy(X, C)) = Cgp(X, M(C)) (see for
example [1, Corollary 3.4]). Hence, there is a canonical identification

xSB = Csb((ov 1)7 xB) (53)

We identify £3 = £(¢{? ® B) witha C *-subalgebraof £55 = £({> ® B ® Co(0,1))
via the *-homomorphism a — a ® 1¢,(0,1)- We recall also that JC; denotes the
unitization of Kpg.

Lemma 5.4. Let B be a separable C*-algebra. Let k > 1, ¢ > 0, and let X be a
subset of the unit ball of £p. Then,

(i)  Elements of Py (X, SB) (see Definition 3.1) identify canonically with
continuous paths (pr, qt)sefo,1] of idempotents in My (JC;{) b M, (,K;)
satisfying the following conditions:

(@) forallt €[0,1], [ pell <k and |lg:|| < «;

(b) forallt € [0,1]and all x € X, |

(c) there are p,q € M,(C) such that po = p1 = p, qo = q1 = q and
such that if o : M, (JC;) — M, (C) is the canonical quotient map
theno(py) = pando(q;) = q forallt € [0,1].

Moreover, the element (p,q) is in the subset P! . (X, SB) of Definition 4.9

n,Kk,e

if and only if p and q are equal to 1; for some | € N.

[pe. x]| < & and ||[g:. x]I| <&
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(ii)  Elements of Unk,e(X, SB) (see Definition 3.5) identify with continuous
paths (Us)se[o,1] of invertibles in M, (JC;) satisfying the following condi-
tions:

(@) forallt €[0,1], |lu;| <« and |u;7t| < «;
(b) forallt € [0,1]and all x € X, ||[us, x]|| < e and ||[u;?, x]|| < &
(¢) thereisu € My,(C) such that uy = uy; = u and such that if

o My(Kg5) —> My(C)

is the canonical quotient map then o(uy) = u forall t € [0, 1].

Moreover, the element is in the subset U} . (X, SB) of Definition 4.11 if

n,K,e
and only if u is the identity.
Proof. We have a canonical identification
Kip =/ € C(0,1], K5) | o(f(1)) = f(0) = f(1) forall 7 € [0,1]}.

Part (i) follows directly by comparing this with Definitions 3.1 and 4.9; similarly,
part (ii) follows from comparing this with Definitions 3.5 and 4.11. We leave the
details to the reader. ]

Lemma 5.5. For any k > 1 there exists a positive constant M with the following
property. Let € > 0, let A be a separable, unital, nuclear C*-algebra that satisfies the
UCT, and let B be a separable C*-algebra with K,(B) = 0. Let w : A — £sp be a
strongly unitally absorbing representation that factors through the subalgebra B(£?)
(such exists by Lemma 2.6), and use this to identify A with a C*-subalgebra of £sp.

Then, for any finite subset X of Ay there exists a finite subset Z of Ay such that
the forget control map

KK} (Z,SB) — KK1}41 ,6(X. SB)

of Definition 3.7 is defined and zero.

8)3

Proof. We claim M, = 22%0<")” . 320,7 works. Using Corollary 5.3 there is a finite
subset Z of A; such that the forget control map

KK? (Z.SB) — KK? (X,SB) (5.4)

8 2k0¢ 8.320k0¢

of Definition 3.4 is zero. We claim this set Z works.
Let u be an arbitrary element of U, (Z, B). Using Proposition 4.13 (i), and
with notation as in Definition 4.11, there is an element v of U! (Z, B) in the

n,k2,ke
same path component of U,, ,2 ,.(Z, B) as u. Define now a path (v¢)e[o,1] by

__(cos(mt/2) —sin(mt/2)\ (1 O) ( cos(mt/2) sin(wt/2)) (v! 0
V= (sin(ﬂt/Z) cos(mt/2) ) (0 v) (— sin(rz/2) cos(nt/2)) ( 0 1)'
(5.5)
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: 1
Note that each v, is an element of u2n’x4’2K3s(z, B). Define

. 10 -1
Pt = V¢ 0 0 Uy .

Write p for the path (p;), and note that according to Lemma 5.4 (i), we may identify
the pair (p, 1, @ 0,) with (using the notation of Definition 4.9) an element of
°{P21n,/<8,2/<7:(z’ SB), and therefore also a class [p, 1, @ 0] € KK38’2K78(Z, SB).
By assumption, the forget control map in line (5.4) is zero, and therefore the image
of [ p.1.® 0,]in K K38’320K7£(X , SB) is zero. For notational simplicity, at this point
let us define &1 := 320« ¢.

Now, Lemma 3.3 gives m € N and (s, 5) € Pp(4m) 248, (X, SB) such that
(pd1ly ®0py, 1,00, & 1, &0,) and (s, s) are in the same path component
of the set Pon+m) 2686, (X, SB). Let x be a unitary matrix in M3 4.m)(C) such
that x(1, & 0, & 1, ® 0,)Xx™ = Lyt D Optm. As x is connected to the identity
through unitaries, the element (x (p @ 1, @ 04,)x™, 1y14m @ 054+ ) is also homotopic
10 (5,8) i Py 4-m), 28,6, (X SB); moreover (with notation as in Definition 4.9), it is

in ;7’21(n )28 e (X, SB). We may now apply Proposition 4.17 to see that if

M = 2(200x8)3

then there is k € N and an element w of u%(n+m+k),M,M81 (X, SB) such that

W (P @ 1 @ 0m)x* & 1 @ 0w ™" = lyym  Optm ® 1z @ Og.

Write v for the path defined in line (5.5) above, which naturally defines an element of
&£ sp using the identification in line (5.3). Then, if we define

yi=w(x @ lag)(© D lam+k)) € LB,
we have
V1, @0, B 1y @0y @ 1x ®0k)y ™' =1, D0, Ly & 0 B 1z & O
In other words, the element y commutes with 1, &0, & 1,, ® 0, ® 1; & 0. Define
2:=(1n @0 D1y ®0m ® 1t ®0%)y(1, & 0p & Ly ® O & 11 B Op).

Using Lemma 5.4 (ii), we may think of z as a continuous path (z;);e[o,1] in
Upnsm+k,m,me, (X, B). Now, write w as a path (w;);¢[o,1], and note that as w is in
ué(n-l—m-l—k),M,Msl (X, SB), then by Lemma 5.4 (ii), wo = w1 = 13(;+4m). Moreover,
vo = 1o, by definition. Hence, zg = x @ 1. On the other hand vi = u u~! &
Logn+k) and so z; = (x @ 1) (u @ 1,,4%). Hence, (x @ 1;)*z defines a homotopy
in Up4mtk,mme, (X, B) between 1,4, 11 and u @ 1,, 1. This implies [u] maps to
zero in KKy 4r, (X, SB), which completes the proof. ]



