Chapter 7

The localization theorem

In this section, we use the continuity and analyticity results from Chapter 6 to prove
a localization theorem. Our main result reduces the classification of positive energy
representations of the identity component ['.(M, K)o to the case where the base
manifold M is one-dimensional. We start in the setting of a fixed point free R-action
on the manifold M, and extend this to more general Lie group actions in Section 7.5.

7.1 Statement and discussion of the theorem

Theorem 7.1 (Localization theorem). Let w: X — M be a Lie group bundle whose
fibers are 1-connected semisimple. Let yx: R — Aut(K) be a homomorphism that
defines a smooth action on X, and induces a fixed-point free flow ypr on M. Then,
for every projective positive energy representation

5:To(M, K)o — PU(H)

of the connected gauge group T'c(M, K)o, there exists a one-dimensional, closed,
embedded, flow-invariant submanifold S € M such that p factors through a pro-
Jective positive energy representation ps of the connected Lie group T (S, K). The
diagram

Fe(M. K)o —2— PUC)
[
ps
(S, X)
commutes, where rs:Tc(M, K)o — Tc(S, K) is the restriction homomorphism.

Remark 7.2. It is convenient to define I'. (@, K) := {1}, so that the above theorem
holds for the trivial representation with S = @.

Remark 7.3 (Localization for the simply connected cover). In fact, we will prove a
slightly stronger result: every projective positive energy representation

p:T (M, K)o — PU(H)

of the simply connected cover of I'; (M, K)o factors through Fs := rg o gr, where
qr:Tc(M, K)o — I'c(M, K) is the covering map and

rs:Te(M, K)o — Te(S, XK)
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the restriction. This strengthening of Theorem 7.1 is needed in Part II, where we
handle localization for gauge groups on manifolds with boundary.

Note that M is not required to be compact or connected, and that the fibers of
K — M are not required to be compact. The result for noncompact M is a major
feature, which we will use extensively later on (see Chapter 9 and Part II). Allowing
noncompact fibers, however, is not a big step. Indeed, noncompact simple fibers result
in trivial representations by Theorem 6.2, so we already know that the theorem holds
with S = @ in that case. Before proceeding with the proof in Section 7.2, we show
that the assumption of 1-connectedness of the fibers is not essential.

Remark 7.4 (Non-simply connected fibers). Suppose that the typical fibers of the
bundle KX — M are connected, but not necessarily simply connected. Let K; be the
typical fiber over the connected component M; of M, and let K; be its 1-connected
universal cover. The kernel 771 (K;) of the covering map Ei —» K; is a finite, central
subgroup, yielding a central extension

m(K;) — K; — K;. (7.1)

The natural inclusion Aut(K;) — Aut(I? i), obtained by the canonical lift of automor-
phisms, yields a Lie group bundle XK; — M; with fiber K; over each M;, and hence a
Lie group bundle K — M over M. It comes with a natural bundle map K — K over
the identity of M, which restricts to the universal covering map on every fiber. The
kernel Z C X of this map is a bundle of discrete, abelian groups, whose fibers over
M; are isomorphic to 771 (K;). Analogous to (7.1), we thus obtain an exact sequence
of Lie group bundles

The 1-parameter group yx:R — Aut(X) liftsto y z: R — Aut(ﬁ ) with the same
infinitesimal generator v € I' (M, a(ﬁ)) (cf. Remark 4.8). As every smooth section & €
I'c(M, K)o lifts to a section of X because the natural map Ic (M, X )= T(M, X)
is a covering morphism of Lie groups, the projection K— X yields a surjective Lie
group homomorphism, and hence an exact sequence

[o(M,Z) < Te(M, X) = Te(M, X). (7.2)

Since the fibers of Z are discrete, the group I'.(M;, Z;) of compactly supported sec-
tions of Z; — M; is trivial if M; is noncompact. If M; is compact, I'c(M;, Z;) can
be identified with 771 (K;)™1 i) the fixed point subgroup of 7; (K;) under the mon-
odromy action 1 (M;) — Aut(mr; (K;)). We thus obtain an isomorphism

/
Fe(M.Z) =[] _ mi(K)m ™ (7.3)

of discrete groups where ]_[;E 7 mi(Ki)™ (M) denotes the weak direct product of the
finite abelian groups mr; (K;)™1 M) (all tuples with finitely many non-zero entries),



Statement and discussion of the theorem 79

running over all i for which the connected component M; is compact. In particu-
lar, it follows from (7.2) and (7.3) that projective positive energy representations of
I'.(M, K)o correspond to projective positive energy representations of I'c(M, K)o
that are trivial on B
Zimy:=Te(M,Z)NTe(M, K)o.

Note that the embedding § < M yields a “diagonal” morphism Z[3r] — Zs].
The term “diagonal” is justified by the special case where X is a trivial bundle over
a compact, connected manifold M. Then, the embedded 1-dimensional submanifold
@ # S € M is the disjoint union of N circles, and Zp) >~ m1(K) can literally be
identified with the diagonal subgroup of Zs) ~ 7 (K W,

Combining Theorem 7.1 with Remark 7.4, we obtain a localization theorem for
bundles whose fibers are not necessarily simply connected.

Corollary 7.5 (Localization theorem for non-simply connected fibers). Suppose that
the fibers of X — M are connected, but not necessarily simply connected. Then, p
arises by factorization from a projective positive energy representation of I'c(S, X )
that is trivial on the image of Zy) in Zs).

Remark 7.6 (Abelian groups). In the localization Theorem 7.1 we have assumed that
the fiber Lie group K is semisimple. We now explain why this is crucial and that there
is no localization for abelian target groups, so that the localization theorem does not
extend to bundles with general compact fiber Lie algebras. To this end, let K = (£, +)
be a finite-dimensional real vector space and fix a positive definite scalar product «
on f. Further, let M be a smooth manifold and consider the Lie group G := g :=
C°(M, £), which can be identified with the group of compactly supported sections
of the trivial bundle K = M x K. We also fix a smooth flow ypr: R — Diff(M), its
generator vy € V(M), and a yps-invariant positive Radon measure i on M. Then

oE.7) = [Mx(s,n)du

defines a positive semidefinite scalar product on g, invariant under the R-action on g
given by
alé = E o VM(Z)v

whose infinitesimal generator is D§ = &£,,&. Then

o0(E.7) = kg(DE. 1) = /Mx(st, Dy

is an R-invariant skew-symmetric form on the abelian Lie algebra g, hence a Lie
algebra 2-cocycle. Combining in [85, Theorems 3.2 and 5.9], it now follows that all
these cocycles are obtained from projective positive energy representations of the
groups G X, R. This shows that, for abelian fibers, no restrictions on the measure p
exist.
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Example 7.7. We consider the Lie algebra g = C®(T%,¥), ¥ compact simple and
a;(§) = & oy, where

271it91zl 2nit0d_lzd . e27rit
LICCILIE) —1»

e zd).

vi(z1,....2q) = (e

This means that vy is the invariant vector field on the Lie group T¢ = R4 /74 with
exponential function

2mwixy 27'rixd)
y .

exp(xy....,xq) = (e ..,e

whose value in 1 is given by x = (61, ...,604—1, 1). This action has a closed orbit if
and only if the one-parameter group A := exp(Rx) is closed, which is equivalent to
0, € Qforall j.

If this condition is satisfied, then A =~ T and the «-orbits are the A-cosets in the
group T <. This situation is also studied by Torresani in [105]. If this condition is not
satisfied, then the localization theorem implies that there are no non-trivial projective
positive energy representations.

Remark 7.8. The localization theorem also yields partial information for flows with
fixed points, and for manifolds with boundary.
(a) If the vector field vy has zeros, then

M* :={xeM :vy(x)#0}

is an open flow-invariant submanifold of M and the localization theorem applies to
the bundle &|37<. In this context, this theorem does not provide a complete reduc-
tion to the one-dimensional case for two reasons. One is that the representations of
I.(M*, &) do not uniquely determine those of I'. (M, &) and the other reason is that
the 1-dimensional submanifold S of M * need not be closed in M, so that the extend-
ability of the representation of T'.(M*, &) to the Lie algebra I'.(M, &) provides
“boundary conditions at infinity” for the corresponding representations of I'. (S, &).
We will further explore these boundary conditions in future work.

(b) Similarly, if M is a manifold with boundary, then both its interior M = M \ dM
and its boundary dM are invariant under the flow. In Part II of this series of papers,
we apply the localization theorem to M and dM separately, and combine the infor-
mation to obtain classification results for positive energy representations of the gauge
group I'(M, X). The main challenge here is that although every projective unitary
representation of I'(M, KX) automatically restricts to I'. (M, X), we heavily rely on
the positive energy condition to obtain a representation of I'. (0M, K).

Example 7.9. A typical example of a flow with fixed points is the 2-sphere M = S2,
where
cos(t) sin(f) O\ [x
ymi(x,y,z) = | —sin(t) cos(r) O] |y (7.4)
0 0 1 z
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is the rotation around the z-axis with unit angular velocity, and P = S? x ¥ is the
trivial bundle. The lift of the infinitesimal action is then given by

v(x,y,z) = (y0x —x0,) + A(x. y,2), (7.5)

where the first part is the horizontal lift of the infinitesimal action corresponding
to (7.4), and the second part is the vertical vector field corresponding to a smooth
function 4: S? — ¥.

Then, M* = S2 \ {(0,0, £1)}, and the integral curves on S? are precisely the
circles of latitude. Therefore, S is either compact and a finite union of circles, or it is
noncompact and an infinite union of circles. More precisely,

S={(x,y,z)eSZ:Z€J},

where J C (—1, 1) is a discrete set that has at most two accumulation points +1,
corresponding to the two fixed points of the circle action. We return to this example
in Section 9.3.

7.2 Localization at the Lie algebra level

The remainder of this chapter is devoted to the proof of Theorem 7.1. We start by
proving the statement at the level of Lie algebras. This proceeds through several lem-
mas. In the first one, relying heavily on Theorem 6.30 and Lemma 6.34, we derive
integrality results for the flow-invariant measure p of Section 5.2.2.

Lemma 7.10. Suppose that the fibers of & — M are simple Lie algebras. Consider
a good flow box U ~ Uy x I € M around x € M in the sense of Definition 5.1, so
that the restriction of the invariant measure ( to U ~ Uy x I takes the form

plu = po ® dt.

Then, for every measurable subset E C U,

1
mo(E) € Z—No.
P

Proof. We may assume without loss of generality that the fibers of & over U are
compact, as (o(E) would otherwise be zero by Corollary 5.5. Let yg: Uy — {0, 1}
be the indicator function of E. Consider the Lie algebra homomorphism

tg:RC @y Hj(1,¥) > RC &, HJ (U,¥), zC ® &> zC @ yEé

whose continuity follows from Corollary 6.29. If we pull back the representation r of
RC &, H E,Z(U, £) of Theorem 6.30 along ¢ g, we obtain a projective *-representation
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of the Banach-Lie algebra ) := H 32(1 ,¥). By Lemma 6.34, its space of analytic vec-
tors is dense in J.

Since §) consists of functions / — ¥ and it contains C° ([, £), the fact that 3(¥) =
{0} implies that the center of } is trivial. As §) is a Banach-Lie algebra, it is in partic-
ular locally exponential, so there exists a 1-connected Lie group H with Lie algebra
h by [71, Theorem IV.3.8] (see [30] for a complete proof).

Now Theorem 2.18 provides a smooth, projective, unitary representation

w2 H — PU(H).

By Theorem 5.7, the corresponding Lie algebra cocycle is given by

(&, n) = —/UK(XES, Vi (XEM)dp = —/ k(xeE xen')dpodt

Uogx1

= o(E) /1 (6. 7/)dt = jo(E) /I (&,

Theorem 2.13 now implies the existence of a central Lie group extension H* of H
by T =~ R/27Z with Lie algebra b, = RC @, b.

This in turn implies integrality conditions on the values of wo(E). To see how
these can be obtained, we associate to @ the corresponding left invariant 2-form €2 on
H with ©; = w. This form defines a period homomorphism

per,:m2(H) > R, [o]— / Q
(o2
(cf. [69, Definition 5.8]) and [69, Lemma 5.11] implies that
im(per,,) C 27 Z.

Since the rescaling map
o0 o0 T
y:CO(1,E) > CX((—m.71),8),  y(E)(©0) = g(ﬂg)

from the interval / = (—7/2, T /2) to the interval (—m, 7r) is an isomorphism of Lie
algebras, the cocycle [, (€', n)dr on CZ°(1, ¥) has the same period group as the
cocycle ffﬂ k(. n)dO on C°((—m, ), ). In [70, Lemma V.11], it was shown that
this, in turn, has the same period group as the cocycle f_”n k(§',m)dO on C2(S!,¥).
By [68, Theorem II.5], the period group of % ffn k(&',n)d0 is 2n Z, provided that
Kk is normalized as in (4.2). Combining all this, we conclude that uo(E) € ﬁZ. |

As the measure 211 takes integral values, the following proposition shows that
it is automatically discrete.
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Proposition 7.11. Let ¢ be a locally finite, regular Borel measure on a locally com-
pact space X. If ¢ takes values in Ng U {oo}, then there exists a locally finite subset
A C X and natural numbers ¢ = {({x}) such that

£ = cxbx.

xeA

Proof. By regularity, { is determined by its values on compact subsets, so it suffices
to assume that ¥ is compact and to show that, in this case, { is a finite sum of Dirac
measures.

Let ¥ be the family of compact subsets of full measure. For Fy, F> € ¥, we have

w(F1\ F2) = u(F2 \ F1) =0,

so that F; N F, also has full measure. This shows that ¥ is closed under finite inter-
sections. We show that
C:=()F

Fe¥F
has full measure. Let V' be an open set containing C. Since the open complements F¢
cover the compact set V¢, there exist finitely many F; such that Ff U---U F 2 V€,
and hence F; N---N Fp € V. Since ¥ is closed under finite intersections, every
open set V' containing C has full measure. By regularity, we conclude that C has full
measure itself.

Pick x € C. For any open neighborhood U of x in C, the minimality of C implies
that £ (C \ U) < ¢(C), sothat {(U) > 0. Let U be an open neighborhood of x in C for
which ¢ (U) is minimal; here we use that the values of ¢ are contained in Ny. For any
smaller open neighborhood V' C U of x in C we then have { (V) = {(U) and therefore
(U \ V) = 0. This implies that {(K) = 0 for any compact subset K < U \ {x} and
hence that {(U \ {x}) = 0 by the regularity of {. Now the minimality of C entails
that C = {x} U (C \ U). Since x € C was arbitrary, it follows that C is discrete,
hence finite: C = {xy, ..., xt}. Accordingly, the restriction of { to a compact subset
is the finite sum

k
£ = C{xi by,
j=1

of Dirac measures. [

Recall from Theorem 4.9 that the bundle & — M of semisimple Lie algebras
gives rise to a bundle & — M of simple Lie algebras with I'. (M, &) ~ I'. (M, K).
By Remark 4.10, it inherits the 1-parameter group of automorphisms.

Lemma 7.12. If the flow on M has no fixed points, then the support S of wisa
one-dimensional, flow-invariant, closed embedded submanifold of M.y, the part of
M over which the fibers of & are compact.
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Proof. Since the flow on M has no fixed points, the vector field vz on M has no
zeros. As the same holds for its lift to M, every point x € M is contained in a good
flow box U = Uy x I in the sense of Definition 5.1. In any such flow box, the measure
W is of the form o ® dt, where (g is a regular measure on Uy. From Lemma 7.10
and Proposition 7.11, we conclude that p¢ has finite support in Uy, so that SNU =~
F x I, where F C Uy is a finite subset. This implies that Sisa one-dimensional,
closed embedded submanifold invariant under the flow on M. The final statement
follows from Theorem 6.2. ]

Combined with Corollary 6.3, this shows that Theorem 7.1 holds at the level of
Lie algebras.

Lemma 7.13. There exists a 1-dimensional, closed, embedded, flow-invariant sub-
manifold S € M such that the projective positive energy representation dp of the Lie
algebra T'c (M, &) factors through the restriction map rg: I'e(M,K) — T:(S,RK).

Proof. Combining Lemma 7.12 with Corollary 6.3 and Theorem 6.2, we conclude
that the projective Lie algebra representation dp of I'. (M, &) vanishes on the ideal

Jg = €Te(M,R): &g =0}

It follows that the projective positive energy representation of I'c(M, R) vanishes
on Jg:={el.(M,K):&s = ()} where S € M is the image of S under the
finite, R-equivariant covering map M — M. Since S C M is a 1-dimensional, closed,
embedded, flow-invariant submanifold, the same holds for S € M. This implies that
the projective representation factors through the restriction map

rk:Te(M,R) — T(S, &),

which is a quotient map of locally convex spaces. ]

7.3 Twisted loop groups

Let S be a one-dimensional, embedded, flow-invariant submanifold of M. Then, it
is the disjoint union S = | |;.; S; of its connected components S;, which are either
diffeomorphic to R (for a non-periodic orbit), or to S = R /Z (for a periodic orbit).

Fix j € J and let K = K denote the fiber of K| S;- If §; = R, then the bundle
K|s, is trivial, i.e., equivalent to

SixK=RxK.

This trivialization can be achieved R-equivariantly, using an integral curve in the
corresponding frame bundle Aut(.X) — R, a principal bundle with fiber Aut(K).
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The action of R on X is then simply given by
yi(x,k)=(x+1tk) fort,x e Randk € K. (7.6)

If S; =~ S! is a periodic orbit, then the universal covering map g;: §j — §j can
be identified with the quotient map R — R /Z. If the period of the orbit S; is 7', then
we scale the R-action on S = R/Z by 1/ T, yielding

Vst ([xX]) = [x +1¢/T1].

We have seen above that the pullback q]’.‘ (Kls;) is equivariantly equivalent to the
trivial bundle R x K on which R acts by translation in the first factor. The action of
the fundamental group 771 (S;) = Z on R x K is given by bundle automorphisms that
commute with the R-action; there exists an automorphism ® € Aut(K) such that

n-(x,k)=x+n, & "k)) forallneZ.
Accordingly, we have an equivariant isomorphism
Kls, = ® x K)/ ~,
where
(x,k) ~ (x +n,®"(k))

for all x € R,k € K and n € Z. We write the equivalence classes as [x, k], and we
denote the K-bundle over S! = R/Z obtained in this way by

Ko =R xK)/ ~, withKe - R/Z
given by
[x,k] — [x] = x + Z.

The R-action is given in these terms by
yi(lx.k]) =[x +¢/T. k].

Note that
yr([x.k]) =[x + 1,k] = [x, (k)]

so that ® can be interpreted as a holonomy.

Recall that, for two automorphisms ®, W € Aut(K), the corresponding K -bundles
Ko and Ky are equivalent if and only if the classes [®] and [\W] are conjugate in the
component group o(Aut(K)), and they are R-equivariantly isomorphic if and only
if ® and W are conjugate in Aut(K). Indeed, any isomorphism 'y ¢: Ko — Kw
inducing the identity on the base is of the form

Fy,o([x.k]) = [x. L (k)]



The localization theorem 86

where {: R — Aut(K) is smooth and satisfies
leg1 =W 1ol o® forall x €R. (7.7)

Such a smooth curve ¢ exists if and only if [®] and [¥] are conjugate in the finite
group 7o (Aut(K)). In particular, the set of equivalence classes of group bundles with
fiber K over S! corresponds to the set of conjugacy classes in the group mo(Aut(K)),
which is finite for a semisimple compact Lie group K. This follows from the com-
pactness of the group Aut(K) C Aut(f ) = Aut(¥) as a subgroup of GL(f) preserving
the scalar product k.

The bundle isomorphism I'y,¢ is R-equivariant if and only if the function ¢ is
constant. Accordingly, the two bundles K¢ and Ky are R-equivariantly isomorphic
if and only if ® and W are conjugate in Aut(K), so that equivariant isomorphism
classes of principal K-bundles over S! correspond to conjugacy classes in the group
Aut(K) (cf. [94, Section 4.4] and [20, Section 9]).

The group I'.(R/Z, K¢) is isomorphic to the twisted loop group

Lo(K):={ € C®°R,K): (Vx e R)E(x + 1) = d1(E(x))} (7.8
with Lie algebra
Lo(F) = {E € CP[R,E): (Vx e R)E(x + 1) = o 1 (E())}, (7.9)

where ¢ € Aut(f) is the automorphism of £ induced by ®. The R-action on £, (f) is
given by
@) = £ +1/T) and DE= &

In some situations it is convenient to use a slightly different normalization for
which @ is of finite order, but then the R-action becomes more complicated. If K is
compact, then Aut(K) is compact as well. In this case, there exists a finite subgroup
F C Aut(K) with Aut(K) = F Aut(K)o (see [42, Theorem 6.36]) and we may choose
a representative ®¢ of [®] € mo(Aut(K)) in such a way that y € F.

If I's,0,: Ko, — Ko is a group bundle isomorphism specified by the smooth
curve {: R — Aut(K) satisfying

Cxp1 = D71 ®y forx eR
(see (7.7)), then the R-action on I':(R/Z, Kg,) = £e,(K) takes the form
& (§)(x) = & CarryTE(x +1/T)  for§ € Loy (K).

On the Lie algebra level we obtain the corresponding derivation given by

;

1 / I
SE 508,



Twisted loop groups 87

where

d
8'(0): R — L(Aut(K)) = der(f), 8'(0)x = - 0 i
t=0

is the left logarithmic derivative of ¢. Identifying ¥ via the adjoint representation with
der(¥), we obtain a smooth curve A: R — ¢ with adoA4 = §/(¢) for which

Bt = & +[4.). (1.10)

Note that A belongs to the twisted loop algebra £, (£); since {x+1 = ®1¢, Do, we
have

Cot1lxt14t = @5 (6 Cxpr) Do,
and hence
8 () xg1 = ¢El5l(§)x§00-
It follows that the curve A satisfies
Ayy1 = QD()_lA)m
sothat A € £, (F).

Remark 7.14. We denote by éCgI,(K)C the central T -extension of £¢(K) corre-
sponding to the Lie algebra cocycle

1
o) = 5 /0 CE )i, cel

with period group 2w cZ (see the discussion in Section 7.2). If the central charge ¢
is 1, we omit the subscript and simply write SCED(K ). Since the Lie algebra &£, (¥) of
£ (K) is perfect [62, Theorem VI.3] implies that the R-action o on £¢(K) lifts to
a smooth R-action o on SCED(K )¢, and we obtain a double extension of the form

Lo(K)e = L8 (K)e %y R.

The c-fold cover T —» T: z — z€ extends to a ¢-fold cover é(igp(K) —> :6‘;(1()6, for
which the following diagram commutes:

T —— &% (K) —— Lo(K)
zcl l de
T —— &5 (K)e — La(K).

Using this covering map, we can identify the representations of £¢(K), with those
representations of £¢(K) for which the roots {z € T;z¢ = 1} € T of order ¢ act
trivially.
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7.4 Localization at the group level

To obtain the localization result at the group level, we need the following factorization
lemma.

Lemma 7.15. Let r: G — H be an open, surjective morphism of locally exponential
Lie groups, and let R: G — U be a continuous homomorphism of topological groups
such that

L(ker R) := {x € g :exp(Rx) C ker R} D kerL(r) = L(kerr).

Then, R factors through a continuous homomorphism R: G/(kerr)g — U and r
induces a covering morphism G/(kerr)o — H of Lie groups.

Proof. In view of [71, Proposition IV.3.4] (see [30] for a complete proof), N := kerr
is a closed, locally exponential Lie subgroup of G. In particular, its identity compo-
nent Ny is open in N, so that the isomorphism G/N — H of locally exponential Lie
groups leads to a covering morphism G/No — H ([71, Theorem IV.3.5]). For every
x € L(N), we have exp(Rx) C ker R, so that Ny = (expL(N)) C ker R. Therefore,
R factors through G/ Ny. u

Lemma 7.16. Let S € M be a closed, 1-dimensional submanifold and suppose that
the fibers of K|s — S are 1-connected, semisimple Lie groups. Then, T'¢(S, K) is
1-connected.

For § =~ R/TZ = S, it follows in particular that, for a 1-connected Lie group
K and an automorphism ® € Aut(K), the twisted loop group.

LLK) = {E€c C®R.K): (Vi eR)E(t + T) = 7' (5(1))} (7.11)
is 1-connected.

Proof. 1If S has connected components (S;);es with typical fiber K; of K|s;, then
!/
[.(S, K) =~ ]_[jejrc(sj, X). (7.12)

(We refer to [26, Proposition 7.3] for a discussion of weak direct products of Lie
groups.)

If S; ~ S!, then ['+(S;, X) is isomorphic to the twisted loop group éﬁgj (K;),
where ®; is an automorphism of K. Since mo(K;), 71(K;) vanish, m»(K;) van-
ishes as well'. The long exact sequence of homotopy groups corresponding to the

!Since K; is homotopy equivalent to a maximal compact subgroup, this follows from Car-
tan’s theorem [64, Theorem 3.7].
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Serre fibration evy: éﬁgl_ (K;) — Kj thus yields an isomorphism between the homo-
topy groups 7o and m; of éﬁg/ (K;) and éng(Kj)* := ker(evg). Since the inclu-
sion éﬁgj_ (Kj)x — cfgj (K )+, into the group of continuous, based, twisted loops
is a homotopy equivalence by [84, Corollary 3.4], and since nm(éﬁgl_(l( )wet)
Tm(RKj) >~ mpmq1(Kj) for m € Ny (cf. [84, page 391]), we conclude that Ig/_ (K;)
is 1-connected.

If §; ~ R, then T'¢(S;, K) =~ C°(R, K;) is 1-connected by [70, Theorem A.10].
From [28, Proposition 3.3], we then conclude that the locally exponential Lie group
(7.12) is 1-connected. ]

With these topological considerations out of the way, we now complete the proof
of the localization theorem.

Proof of Theorem 7.1. In Lemma 7.13, we showed that the projective positive energy
representation dp of I'. (M, &) factors through the restriction map

rEk:Te(M,R) — T(S, &),

so it remains to prove the corresponding factorization on the group level. For this,
apply Lemma 7.15 to the locally exponential Lie groups G = I'c(M, K)¢ and H =
I'.(S, X) (which are both 1-connected by Lemma 7.16), and the topological group

U = PU(K).

The homomorphism r is the homomorphism 7g: T, (M, K)o — I'c(S, K), induced
by the restriction rg: I'c (M, K)o — I'¢(S, K), and R is the projective representation
p: L. (M, K)o — PU(H). We conclude that p factors through a projective positive
energy representation of the 1-connected Lie group I'. (S, K).

Since every representation of I'. (M, K)¢ defines by pullback a representation of
its simply connected covering, the assertion also follows for representations of this
group. This concludes the proof of the theorem. ]

7.5 Localization for equivariant representations

In this section we extend the localization Theorem 7.1 to the equivariant setting,
where the action of R on M is replaced by a smooth action of a Lie group P on M.
The positive energy condition (cf. Section 3.2) then refers not to an R-action, but to
the positive energy cone C C p inside the Lie algebra p of P.

Let M be a manifold, let P be a Lie group acting smoothly on M, and let X — M
be a bundle of 1-connected, semisimple Lie groups that is equipped with a lift of
this action. We denote the P-action on M by yur: P — Diff(M), its lift to K by
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y: P — Aut(X), and the corresponding action on the compactly supported gauge
group by a: P — Aut(I'c(M, K)). On the infinitesimal level, the action of P on M
gives rise to the action vas:p — V(M), p Vlll,l of the Lie algebra p := L(P).

Let (p, #) be a smooth, projective, positive energy representation of the semidi-
rect product e (M, K) xq P (cf. Definition 3.5), with positive energy cone C C p.

Definition 7.17. The fixed point set ¥ € M of the positive energy cone C C p (a
closed convex invariant cone in p) is defined as

S:={meM:(¥peCCvh(m) =0}

Since the positive energy cone € is Adp-invariant, its fixed point set X is a closed,
P-invariant subset of M. In the following we first consider the fixed-point-free sce-
nario X = @, and return to the general case in [49, Part II].

Definition 7.18. Let p be a smooth, projective, unitary representation of I'c (M, K).
The support of p, denoted supp(p), is defined as the complement of the union of
all open subsets U C M for which the kernel of p contains the normal subgroup
. (U, X). Similarly, the support of dp is the complement of the union of all open
sets U € M such that the kernel of dp contains ' (U, K).

Note that the support is a closed subset of M. If the representation p extends to
the semidirect product I'. (M, K) xq P, then the support of p is invariant under the
action of P on M . This leads to severe restrictions for positive energy representations.

Theorem 7.19 (Equivariant localization theorem). Let (p, #) be a smooth, projec-
tive, positive energy representation of T'e(M, K)o X P, and suppose that C has no
fixed points. Then, there exists a 1-dimensional, P-equivariantly embedded subman-
ifold S C M such that p factors through the restriction homomorphism

rs:Te(M, K)o — Te(S, K).

Remark 7.20 (Equivariant localization for the simply connected cover). Since the
P-action on I'. (M, K) preserves the identity component I'. (M, K)o, it lifts to the
simply connected cover I'.(M, K)o. In this context the same result remains valid:
every smooth, projective, positive energy representation p of f‘c (M, K) x, P factors
through the homomorphism Fs: Te (M, K)o — T (S, K) obtained by composing the
restriction rg with the covering map.

Proof. For every p € C, let U, C M be the open set of points in M where v},
is non-vanishing. Applying Lemma 7.13 to the manifold U,, with the gauge group
I'¢(Up, KX) and the R-action o (?) := a(exp(tp)), one finds an embedded, 1-dimen-
sional submanifold S, € U, such that the projective Lie algebra representation dp
factors through the restriction map rgp: Fe(Up, &) — T'e(Sp, K). The support of
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dplr. ,,8) is thus contained in S,. It actually equals S, because the cocycle on
I'c(Up, &) is given by a measure with support S,. The sets S, and S, therefore coin-
cide on U, N Uy, so the union § = Upee Sp is a 1-dimensional, closed embedded
submanifold of M. Here we use that the U, cover M because € has no common fixed
point. Since g5, = Saq, (p) for every g € P, the union § is P-invariant.

Let Ig := {§ € [.(M, &): €|s = 0} be the vanishing ideal of S in Tc(M, &).
Since any & € Is can be written as a finite sum of £, € Is, C I'c(Up, &), and since the
restriction of dp to I'¢(Up, &) vanishes on I, we conclude that dp vanishes on I.
From Lemma 7.15 and Lemma 7.16, we then find (as in the proof of Theorem 7.1) that
p factors through the restriction I'c (M, K)o — (S, K) and that the corresponding
assertion holds for representations of the covering group T, (M, X)o. |

The building blocks for the positive energy representations therefore come from
actions of P on 1-dimensional manifolds on which € has no fixed point. According
to the classification of hyperplane subalgebras of finite-dimensional Lie algebras [40,
41], an effective action of a connected finite-dimensional Lie group P on a simply
connected one-dimensional manifold is of one of the following 3 types:

e the action of P = R on the line R,
* the action of the affine group P = Aff(R)¢ on the real line R,

* theactionof P = /SVL(2, R) on the real line R, considered as the simply connected
cover of Py (R) = S!.

In the infinite-dimensional context, the action of the simply connected covering group
P = Diff; (S!) on R = S! is a natural example.



