Appendix A

Twisted loop algebras and groups

Let K be a simple compact Lie group, ® € Aut(K) and ¢ = L(®D) € Aut(¥). We
assume that ¢V = idg and let

LL(K):={E € C®°R,K): (Yt eR)E( +T) = 7' (5(1))}

be the corresponding twisted loop group. The rotation action (ot; f)(s) := f(s + 1)
satisfies

anT = idge (k) -

The Lie algebra of éﬁg (K) is the twisted loop algebra
:Eg({") = {é ECP®MR,E): (VteR)E(+T) = (p_l(f(t))}.
Accordingly, we obtain
£0¢) ;= (R®o LT (®)) xp R, DE=¢,

where

T
w(§.n) = k(' (1), n(t))dt

2nT 0

for some ¢ € Z (the central charge). Here « is the Killing form of ¥, normalized as in
4.2) by k(iaV,ia") = 2 for the coroots corresponding to long roots.
We write
LIEE) =R @o LI (8).

Let t° C £ be a maximal abelian subalgebra, so that 35(t°) is maximal abelian
in £ by [79, Lemma D.2] (see also [54]). Then, t = R & t° & R is maximal abelian
in fg (f) and the corresponding set of roots A can be identified with the set of pairs
(e, n), where

2
(a,n)(z,h,s):=(0,a,n)(z,h,s) =alh) + isNL;, neZ,ac A, (Al

Here, A, C i(t°)* is the set of t°-weights in
te ={xetc: e lx) = ez”i”/Nx}.
For (a, n) # (0, 0), the corresponding root space is

L)@ = 8E™ @ ey = (b NEL) @ ey, where e, (1) = e N1
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The set
A ={(a.n):0#a € Ay.nel}

has an N -fold layer structure

N-1
AX — U Ay x(n+ NZ), where A := A, \ {0}.

n=0

Forn € Z and x € ?g’") with [x, x*] = «V, the element e, ® x € :ﬁg’ﬁ(?c)(""")
satisfies (e, ® x)* = e_, ® x*, which leads to the coroot

V2 . V2

[en ® X, (en ® x)*] — ((X,I’l)v — (_ l% ”az” ,O[V,O) — a\/ _ % ”O[z || ,
(A.2)

where C = (1,0, 0). Here, we have used that

wle, @ x,e_, @ x¥) = ;—;K(x,x*)
and
€ x) = 2 6], x) = 2@, [ x"]) = 2@ aY) = = o .
2 2 2 2

Since ¥ is simple, A* does not decompose into two mutually orthogonal proper
subsets ([79, Lemma D.3]), so that

LrOE =tc+ Y 2DFEc) @
(a,n)eA
is an affine Kac—-Moody-Lie algebra (see [54, Theorem 8.5] and [38, Chapter X]). In
this context the root («, 1) is real if and only if @ # 0. Choosing a positive system
A1 C A such that the roots (&, n), n > 0, are positive, the lowest weights of unitary
lowest weight representations of fz, (f) are the anti-dominant integral weights

P, A" = {)L eit* : (V(a,n)) 0 # a, (a,n) € AT = A((a,n)V) € No}.

Note that, for n > 0, we have
cn o |?
A’ b v = A’ V 9’
(.m)) = Me¥) + s

so that we obtain ¢ > 0 as a necessary condition for the existence of non-trivial unitary
lowest weight modules.



