
Appendix B

Some explicit formulas for the one-dimensional
functionals

Lemma B.1. We have that
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Proof. The gist to obtain explicit formulas for the average distance lyD.s; T / and the
mean square displacement A

y
D.s; T / is to compute the L2..0; a// components of the

decomposition in eigenfunctions of the functions jx � yj and .x � y/2. For this, it is
first useful to consider the case a WD 1 and then to reduce to it via a scaling argument.
Thus, we first suppose that a D 1 and note thatZ 1
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Therefore, lyD.s; T / and A
y
D.s; T / take the form
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and
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which is the desired result for a D 1.
Now we address the case of a general a > 0. To this end, we denote with an

additional subscript a the quantities related to the interval .0; a/ (and, consistently,
with an additional subscript 1 the quantities related to the interval .0; 1/). With this
notation, we infer from (3.1), (3.2) and (3.3) that
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As a consequence, by (1.3),
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This and (B.3) yield that

l
y
D;a.s; T / D 2a1C2s

C1X
kD1

�
.�1/kC1
�k

C y

�ka
C y.�1/k

�ka
� 2

.�k/2
sin
�
�ky

a

��
� sin

�
�ky

a

��
1 � exp.�T .�k

a
/2s/

.�k/2s

�
and this gives (B.1), as desired.
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Furthermore, by (1.4),
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Thus, recalling (B.4),
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which proves (B.2), as desired.

Additionally, the Neumann counterpart of Lemma B.1 reads as follows.

Lemma B.2. We have that
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Proof. As in the proof of Lemma B.1, we can focus on the case a WD 1, since the
general case then would follow from scaling. Thus, we consider the coefficients of the
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L2..0; 1// expansion of the functions jx � yj and .x � y/2 in terms of the Neumann
eigenfunctions, thus finding that
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Therefore, lyN .s; T / and A
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as claimed.


