Chapter 4

Upper bounds on random partitions

In this section, we will prove the existence of random partitions with the separation
and padding properties that were stated in the Introduction.

4.1 Proof of Theorem 75 and the upper bound on PAD; (X)
in Theorem 69

Theorem 122 below asserts that every normed space X = (R”, || - ||x) admits a ran-
dom partition that simultaneously has desirable padding and separation properties.
In the literature, such properties are obtained for different random partitions: sepa-
rating partitions of normed spaces use iterative ball partitioning with deterministic
radii, while padded partitions also rely on randomizing the radii. At present, we do
not have in mind an application in which good padding and separation properties are
needed simultaneously for the same random partition, so it is worthwhile to note this
feature for potential future use but in what follows we will use Theorem 122 to obtain
two standalone conclusions that yield upper bounds on the moduli of padded and
separated decomposability (in fact, the separation profile of Theorem 75).

Theorem 122. Fixn € N and a normed space X = (R", || - ||x). For every A € (0, 00)
there exists a A-bounded random partition P of X such that for every x,y € R" and
every § € (0,1) we have

vol,—1 (Proj,_yy+ (Bx))

Prob[Pa(x) # Pa(y)] = min{l, llx — y||gg} (4.1)

AVOln(Bx)
and /5
1-X A
Prob[fPA(x) ) - 5 . —Bx} = 4.
1+ V8 2

By the conventions of Remark 62, the A-boundedness of Theorem 122 is with
respect to the norm || - ||x, i.e., the clusters of the random partition Pa have X-diameter
at most A. By the definitions in Section 1.7.1, the notion of random partition implies
that each of the clusters of Pa is strongly measurable, but we will see that they are
also standard (recall Definition 113).

Remark 123. For every M > 0, consider the metric space LISM = (L1, dy) thatis
given by
def .
VieLi, du(fg)=min{M, |/ gL}
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A useful property [211, Lemma 5.4] of this truncated L metric is ¢, (LfM )< 1,
ie., LfM embeds back into L, with bi-Lipschitz distortion O(1). Theorem 122 gives
a different proof of this since if X = £%_, then by (1.38) the right-hand side of (4.1) is
equal to min{2A, ||x — y|l1}/(2A). At the same time, if P = {Fz (w)}32,, then the
left-hand side of (4.1) embeds isometrically into an L (i) space via the embedding

(f € L)~ (0 (Ipr) () rey) € L1(Prob; £y).

By (1.30), the right-hand side of (4.1) equals min{A, ||x — y||*x}/A. But, by [41]
the class of finite dimensional normed spaces whose unit ball is a polar projection
body coincides with those finite dimensional normed spaces that embed isometrically
into L1, so this does not give a new embedding result.

We will first describe the construction that leads to the random partition whose
existence is asserted in Theorem 122. This construction is a generalization of the
construction that appears in the proof of [173, Lemma 3.16], which itself combines
a coloring argument with a generalization of the iterated ball partitioning technique
that was used in the Euclidean setting in [76, 152].

In the rest of this section we will work under the assumptions and notation of
Theorem 122. Let A C R” be a lattice such that {z + Bx},ea have pairwise disjoint
interiors (equivalently, ||z — z’|x = 2 for distinct z,z’ € A) and | J,c, (z + 3Bx) =
R” (i.e., for every x € R” there is z € A such that ||x — z||x < 3). The existence
of such a lattice follows from the work of Rogers [273] (see [315, Remark 6]). The
constant 3 here is not the best-known (see [70, 315]); we prefer to work with an
explicit constant only for notational convenience despite the fact that its value is not
important in the present context.

Denote the X-Voronoi cell of A, i.e., the set of points in R” whose closest lattice
point is the origin, by

VE {x € R" : |lx|x = min [x — z[)x}.
zEA

Then V C 3Bx and the translates {z 4+ V};c cover R” and have pairwise disjoint
interiors.

Remark 124. Our choice of the above lattice is natural since it is adapted to the
intrinsic geometry of X = (R”, || - [|x) and it leads to a simpler probability space
in the construction below. Nevertheless, for the present purposes this choice is not
crucial, and one could also work with any other lattice, including Z". In that case, one
could carry out the ensuing reasoning while adapting it to geometric characteristics
of the lattice in question (its packing radius, covering radius and the diameter of
its Voronoi cell, all of which are measured with respect to the metric induced by
Il - lIx)- This requires several changes in the ensuing discussion, resulting in slightly



Proof of Theorem 75 and the upper bound on PADs(X)in Theorem 69 119

more cumbersome computations that incorporate these geometric characteristics of
the lattice. All of these quantities are universal constants for our choice of A.

Define graph G = (A, Eg) whose vertex set is the lattice A and whose edge set
Eg is given by

Yw,ze A, {w,z} €Eg < w#zA inf |a—>b|x <10.
acw+V
bez+V

So, if {w, z} € Eg and x € By then there are u, v € V such that
l(w+u)—(z+v)|x <10
and therefore, since V C 3By, we have
[lw—(z+0)lx < [(w+u)—(+v)lx + llulx + [vlx + l[x]x < 17.

Hence z + Bx € w + 17Bx. It follows that if w € A and z1,...,z, € A are the
distinct neighbors of w in the graph G then the balls {z; + Bx}/_, have disjoint
interiors (since distinct elements of the lattice A are at X-distance at least 2), yet
they are all contained in the ball w + 17 Bx. By comparing volumes, this implies that
m < 17". In other words, the degree of the graph G is at most 17", and therefore
(by applying the greedy algorithm, see, e.g., [59]) its chromatic number is at most
17" +1 < 52" ie., thereis y : A — {1,...,5%"} such that

Yw,ze A, w#zA inf |la—->blx <10 = y(w) # x(2). 4.2)
acw+V
bez+V
Consider the Polish space Z LLYN o {1,...,5%" }N. In what follows, every w € Z
will be written as w = (X, 7), where ¥ = (x1,x2,...) € VWWand j = (y1,2,...) €
{1,...,5%"}N Denote by u the normalized Lebesgue measure on V and by v the
normalized counting measure on {1, ..., 52"}, i.e., for every Lebesgue measurable
A CR"andevery F C {1,...,5>"}\N we have
def VOl (A n V) def |F|
A) = ——— = and F)=—.
u(A) vol, ) v(F) =2

Henceforth, the product probability measure 1N x vN on Z will be denoted by Prob.
Forevery k € N, z € A and (¥,7) € Z define a subset '8 (¥, ) € R” by

k—1
oy def
1) =y = Fk’z(x,)/) = (z + xx + Bx) ~ U U (w + xj + Bx),
j=1 weA
x(w)=y;

@) # e = T (7)) = o 43)
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Lemma 125. Foreveryk € N and z € A the set-valued mapping T%% : Z — 2R" js
both strongly measurable and standard (where the underlying o-algebra on Z is the
Prob-measurable sets).

Proof. Forevery y1,..., xx € {1,...,5%"} consider the cylinder set

Cttr- ) EAET) €Z: tseevovi) = (s X0))-

AS{C(x1s .o i)t (1s- v xi) €41,...,52" %V is a partition of Z into finitely many
measurable sets, it suffices to fix from now on a k-tuple of colors ¥ = (x1,..., xx) €
{1,...,5%"}* and to show that the restriction of I'®? to @(y1.,. .., xx) is both strongly
measurable and standard.

Observe that for each fixed z € A and y € {1, ..., 5%"} there is at most one
w € A that satisfies y(w) =y and (z + V + Bx) N (w + V + Bx) # @. Indeed,
if both w € A and w’ € A satisfied these two requirements then we would have
y(w) =y = y(w’) and there would exist a,a’, b, b’ € V and u,u’, v, v’ € Bx such
thatw+a4+u=z4+b+vandw +a’ +u’ =z + b+ v'. Hence,

inf o —Blx < (w+a) - (W' +a)lx
Y
=|l+b+v—u)—(z+b +v—-u)|x

151x + 116" lx + llvllx + [[v"x + llullx + ulx

<
<3+3+1+1+1+1=10,

where we used the fact that b, b’ € V C 3Bx. By (4.2) this contradicts the fact that
x(w) = y(w").

Having checked that the above w is unique, denote it by w(y, z) € A. If there
isno w € A that satisfies y(w) = y and (z + V + Bx) N (w + V + Bx) # @ then
let w(y,z) € A be an arbitrary (but fixed) lattice point such that (z +V 4+ Bx) N
(w(y, z) +V 4+ Bx) = @. Observe that w(y(z), z) = z. Under this notation, for
every X1,...,xx € Vand yq,...,yk—1 € {1,...,5%"} we have

k—1

(Z+Xk+3x)\U U (w + x;j + Bx)

j=1 weA
x(w)=y;

k—1
= (w(x(2).2) + xc + Bx) ~ | Jw(y;.2) + x; + By).
j=1
Equivalently, if we denote for every y = (y1,...,yx) € (R™)¥,

k—1

Ok () £ (v + Bx) ~ | + Bx),
j=1
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then the definition (4.3) can be rewritten as the assertion that the restriction of k.2
to C() is the constant function @ if y(z) # yx, whereas if y(z) = yx, then we
define 52 (%, ) = OF(w(¥, z) + X) for every (X,7) € C(¥), where we use the
notation w(¥,z) = (w(x1,2)....,w(yx z)) € (R")¥. The desired measurability of
the restriction of I'*? to C() now follows from Lemma 119 and Corollary 121. m

Since the sets {z + V},ea cover R”, for every rational point ¢ € Q" we can fix
from now on a lattice point z; € A such that ¢ € z; 4+ V. Define a subset 2 € Z =
VN % {1,...,52"\N by

o0

Q¥ NNu {(2)7) €Z: x(zq) = yr A (zg + x1) —qllx <

m=1 qe@” k=1

}. (4.4)

3=

We record for ease of later use the following simple properties of 2.

Lemma 126. 2 is a Borel subset of Z that satisfies Prob[Q2] = 1. Furthermore, for
every (X,y) € Q the set {z + xi : (k,z) € N x A A y(2) = yi} is dense in R".

Proof. The fact that  is Borel is evident from its definition (4.4). Also, if (X,}) €
Q,u € R" and ¢ € (0, 1), then choose ¢ € Q" such that ||u — g||x < &/2. Setting
m = [2/¢] € N, it follows from (4.4) that there exists k € N satisfying y(z4) = v«
and |(zg + xx) —qllx < 1/m < &/2. By our choice of g, it follows that

“(Zq + Xx) —u||X <e.

Since this holds for every ¢ € (0, 1), the set {z + xx : (k,z) € N X A A y(2) = y}
is dense in R”. It remains to show that Prob[2] = 1. Indeed,

Prob[Z ~ Q]
@) & = 1
< Z Prob|: ﬂ Z ~ {(2 V)EZ : x(zg) =vk A ||(zq+xk)—q||x\%}:|
m=1geQn k=1
oo 1 )4
-3 % dim (1 _ voh ({g G T n Bx) 0 V)) =0, 4.5)
w1 qe0r {—o0 527 yol, (V)

where for the penultimate step of (4.5) recall that Prob = 1N x v For the final step
of (4.5) note that vol, ((¢ — z4 + rBx) N'V) = vol,((q + rBx) N (z4 +V)) > 0 for
every fixed ¢ € Q" and r € (0, 00), because z; € A was chosen so thatg € z; +V
(and 'V is a convex body). [

The following lemma introduces the random partition that will be used to prove
Theorem 122.
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Lemma 127. P& (Tk?|q : Q — 2R" }(k,2)eNxA is a 2-bounded random partition of

X = (R™, || - Ix), each of whose clusters are both strongly measurable and standard
set-valued mappings.

Proof. Since 2 is a Borel subset of Z, for each (k,z) € N x A the measurability
requirements for the restriction of I'®% to Q follow from Lemma 125. Fix (¥, 7) € Z.
Recalling (4.3), if I'®% (X, 7) # @, then diamx (I'%? (¥, 7)) < diamx(z 4 x + Bx) <
2. Note also that by (4.3) if ®% (X, }) # @, then

k—1
Fk’z()?,ﬁ) = (z+ xx + Bx) ~ U U Fj’w(f,?).
j=lweA

Hence I'%?(X,y) N T/% (¥, 7) = @ for every distinct j,k € N and for every w,z € A.
We claim that also

rk2z, ) nrev i,y = o
for every k € N and every distinct w, z € A. Indeed, it suffices to check this under the

assumption that y(w) = x(z) = yx, since otherwise @ € {I'®% (X, y), TF% (%, 7))
So, suppose that

xw) = x(z) =y yet TF(E . 7)NTF9) # 2.

By (4.3), this implies that there are u, v € Bx such that w + xx +u = z + xx + v.
Hence, forevery o, B € V,

[(w+a)—(E+P)lx=lle—pB+v—ulx
< llellx + I1Blx + lulx + lviix
<34+3+14+1<10,

where we used the fact that V C 3 Bx. Since w and z are distinct and y(w) = y(z), this
is in contradiction to (4.2). We have thus shown that the sets {T%7 (X, 7)}k.z)eNxA
are pairwise disjoint.

Note that by the definition (4.3), for every (X, y) € Z we have

o0

UJyUr=Ey»= | E+x+By. (4.6)
k=1zeA (k,z)eNxA
x(2)=vyk

Indeed, it is immediate from (4.3) that the left-hand side of (4.6) is contained in the
right-hand side of (4.6). If u belongs to the right-hand side of (4.6), then let k be
the minimum natural number for which there is z € A with u € z 4+ x; + Bx and
x(z) = yk. Consequently, forall j € {1,...,k — 1} and w € A with y(w) = y; we
have u ¢ w + x; + Bx, and hence by (4.3) we have v € I'®?(¥, ), as required. By
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Lemma 126, if (X,y) € Q, then {z + x : (k.,z) € N x A A x(z) = yi} is dense in
R”, and therefore the right-hand side of (4.6) is equal to R”. Thus P takes values in
partitions of R”. [

Definition 128 introduces convenient notation that will be used several times in
what follows.

Definition 128. If M C R” is Lebesgue measurable and (k,z) € N x A, then define
k,z
Hyt € Q by

Hif &of (X.7) € Q: x(2) = vk Az + x, € M. 4.7)

If 8§, T C R” are Lebesgue measurable and (k, z) € N x A, then define Kgér C Q by

k—1
KEZ EHE < | He™. 4.8)
j=lweA

The meaning of the set in (4.8) is that it consists of all of those (X, y) € Q such
that the kth coordinate of y € {1, ..., 5>"}N is the color of the lattice point z € A,
the kth coordinate of X € VN satisfies xx € S —z, and forno j € {1,...,k —1} and
no lattice point w € A do the same assertions hold with § replaced by 7.

Lemma 129. Suppose that 8, T C R" are Lebesgue measurable sets of positive vol-
ume such that 8 C T. Suppose also that diamx (T) < 4. Then the sets

{Kg’,z‘T}(k,z)eNxA

are pairwise disjoint and

* kz | _ VOln(S)
Pr0b|: U U Ks,7i| = ol () 4.9

k=1zeA

Proof. The definition of the product measure Prob implies that for any Lebesgue
measurable M € R” and every (j, w) € N x A we have

Prob[HL" | = u(M — w)v(x(w))
vol, (\7 NnM- w))

T 32yol, (V)
vol, ((\7 +w)N JV[)

T Syl (V) (4.10)

We claim if diamyx (M) < 4, then {H;;}(w}we A are pairwise disjoint for every fixed
j € N. Indeed, otherwise ‘ '
3(F.7) € MY NI
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for some distinct lattice points w, z € A. Then, w + xj,z + x; € M and y(w) =
y; = x(z). Hence,
[w=zllx = [[(w + x;) = (z + x;)Ix < diamx(M) < 4.
Since V C 3B, it follows that for every «, § € V we have
[(w+a)—(z+B)lx < llw—zlx + lalx + [|Bllx <4+3+3 =10,

which, by virtue of (4.2), contradicts the fact that w # z and y(w) = x(2).
Since {Hg\’{w }wea are pairwise disjoint and {w + V},ea cover R” and have pair-
wise disjoint interiors,

Prob[ U Hg;;tw] = Z Prob[Hg;;Ew]
weA weA

(4.10) 1
527 yol, (V)

vol, (V)

weA

@.11)

As 8 C T, we have diamx (8) < diamx(T) < 4. So, { Hg’z }zen are pairwise disjoint
for every k € N by the case M = § of the above reasoning. Recalling (4.8), this
implies that for every k € N and distinct w, z € A,

k,w k,z __
KS,T N KS,T = .

To establish that {K’g:g}(k’ z)eNxA are pairwise disjoint it therefore remains to check
that
K§Z NKLY = @
for every j,k € N with j < k and any w, z € A. This is so because if (X, ) €
Kgé then (X, 7) ¢ H2™ by (4.8). Therefore, either y(w) # y; or w + x; ¢ T2 8.
Co’nsequently,
(%.7) ¢ HE" 2 KL

This concludes the verification of the disjointness of {Kgfr}(k, Z)ENXA-

As for every k € N and z € A, the membership of (X,y) € {1+,..., 52”}N x VN
in ng’z and HI‘}’Z depends only on the kth coordinates of X and ¥, it follows from the
independence of the coordinates that

k—1
Prob[Kng] e Prob|:HI§’Z N ( ﬂ (Q ~ U H’Tw>):|

j=1 weA
k—1
= Prob[H*] (1 - Prob| | J H2"])
j=1 weA

@.10)A@.11) VOlp (V+2)Nn38) - vol, (7) k=1 “4.12)
N 521 yol, (V) 521 yol, (V) ' ‘
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Hence, since we already checked that {Kg’ZT}(k’Z)GNX A are pairwise disjoint,

Pr0b|: G U K§§:|

k=1z€eA
o
= >3 " Prob[KS?
k=1z€eA
(4.12) 1 > vol, (T) k=t
S vol, (V) (Z;\ vol, ((V + z) N S)) ,;( Prvol, (\7))
_volu(8)
~ vol, (7)’

where in the final step we used once more the fact that the sets {w + V},ea cover
R" and have pairwise disjoint interiors. This completes the verification of the desired
identity (4.9). n

The following lemma is a computation of the probability of the “padding event”
corresponding to the random partition P, as a consequence of Lemma 129. In [208]
a similar argument was carried out for general finite metric spaces, but it relied on a
different random partition in which the radius of the balls is also a random variable
(namely, the partition of [71]). This subtlety is circumvented here by using properties
of normed spaces that are not available in the full generality of [208].

Lemma 130. Let P be the random partition of Lemma 127. For every p € (0, 1) and
u € R" we have "
l—p
Prob Bx C? =—. 4.13
rob[u + pBx € P(u)] (1+,0) (4.13)

Proof. Foreveryk e N,z € A and r € (0, 00) define 8,”, u, C Q by

k Z def k,z k Z det k,z
Sur = Hirpe and Fr =K B ut(14r) By (4.14)

i.e., we are using here the notations of Definition 128 for the following sets:
M=u+rBx, 8S=u+(1—-r)Bx, and T =u+ (1+r)Bx.
We claim that
Vk.z) e Nx A, {(%.7) € Q: TR (X.7) 2u+pBx} =F52.  (4.15)
Asu+ (1—p)Bx Cu+ (1+ p)Bx and

diamx (v + (1 + p)Bx) = 2(1 + p) < 4,
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once (4.15) is proven we could apply Lemma 129 to deduce the desired identity (4.13)
as follows:

Prob|u + pBx € P(u)]
= Prob[{(%,7) € @ : 3(k.2) € N x A, T**(%,7) 2 u + pBx}]

oo n
/ 9 1 1-p)B 1-
L) prob| | ) | ) gkz | COmt vol, (u 4 (1 — p) Bx) :( p) _
Pty vol, (u + (1 + p) Bx) 1+p

To establish (4.15), suppose first that (X, y) € fr'",’jjf,. By the definition of 3'“5:; we
therefore know that

Vi.w) e{l... k=1 x A, (3.7) &b yet (%.7)¢elT,,.

Jjw

w.1—p We know that

Hence, by the definition of £
x@)=yx and z+4+xr €u+(1—-p)Bx,

which (using the triangle inequality), implies that z + x; + Bx 2 u + pBx. At the
same time, if j € {l,...,k — 1} and w € A, then by the definition of 8;1{’ +p- the fact
that (X,7) ¢ 85”'f+p means that if y(w) = y; then necessarily ||w 4+ x; —u||x > 1+ p,
which (using the triangle inequality) implies that (w + x; + Bx) N (u + pBx) = @.
Hence, the ball u + pBx does not intersect the union of the balls

{w—l—xj 4+ Bx:(jyw)e{l,....k—1} x AA y(w) = yj}.
Since y(z) = yx, due to (4.3), this implies that
%% (%,7) N (u+ pBx) = (z + xx + Bx) N (u + pBx) = u + pBx,

i.e., (X, ) belongs to the left-hand side of (4.15).

To establish the reverse inclusion, suppose that %% (¥, 7) D u + pBx. The defini-
tion (4.3) implies in particular that T%?(¥,9) C z + x; + Bx and that for ['*% (X, 7)
to be nonempty we must have y(z) = yx. So, we know that z + xx + Bx 2 u + pBx
and y(z) = yx. Assuming first that z 4+ xz # u, consider the vector

vV=u+ ——— (U —z — Xp).

Then, v € u + pBx and hence also v € z + x; + Bx, i.e.,
1= v—z—=xlx = llu—2z—xkllx + p.

This shows that ||z + xx —ul|lx < 1—p,ie., z + xx € u + (1 — p) Bx. We obtained
this conclusion under the assumption that z + x # u, but it of course holds trivially

also when z + x; = u. We have thus shown that (X, y) € Sﬁzf_p.
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By the definition of ?ﬁjz, it remains to check that
VGw) e{l... k=1 x A, (%.7) ¢ €S0, (4.16)

Assume for the purpose of obtaining a contradiction that (4.16) does not hold. Then,
let jmin be the minimum j € {1,...,k — 1} for which (X, y) € Si”'ﬁp for some
w € A. Hence, y(w) = yj,,, and w + x;,;,, €u + (1 + p)Bx. f w + x;,,, # u, then
the vector p
SR T R

is at X-distance p from u and also at X-distance |p — ||w + x;,,, — u||x| < 1 from
w + xj,.., where we used the fact that |w + xj,. — ullx < 1+ p. We have thus
shown that (w + x;,,, + Bx) N (u + pBx) # @ under the assumption w + x;,,, # u,
and this assertion trivially holds also if w + xj,,, = u. By the minimality of the
index jmin, forevery j € {1,..., jmin — 1} and every w’ € A with y(w’) = y; we have
w' 4+ xj ¢ u + (1 + p)Bx, ie., |[w + x; —ullx > 1 + p. Hence, by the triangle
inequality (w’ + x; + Bx) N (v + pBx) = @. The definition of ['/mn¥ (¥, y) now
shows that (1 4+ pBx) N [/min¥ (X, y) # @, and since by Lemma 127 we know that
[Jmin® (¥, %) and T2 (¥, 7) are disjoint (as jmin < k), this contradicts the premise
Fk’z()_é, )_/') D u+ pBx. ]

The probability of the “separation event” corresponding to the random partition
P is estimated in the following lemma by using Lemma 129, together with input from
Brunn—Minkowski theory.

Lemma 131. Let P be the random partition of Lemma 127. For every u,v € R" we

have

voly—1 (Proj,_y)L (Bx))
vol, (Bx)

Prob[i])(u) #* fP(v)] = min{l, |lu — v||4r21}. 4.17)

More precisely, if we denote ¥ (0) = 0 and

der VOly—1 (Proj, 1 (Bx))

Yw € R" < 0}, vw) s L (5D |wllm=x

n = ———— 4.18
oy = of (e @19

then for every u,v € R" we have

2eV =) _ o 29 (u —v)
26'”(”_—”)—1 < Prob[‘.P(u) %+ (P(U)] < m

In particular, (4.19) implies the following more precise version of (4.17):

(4.19)

e —
2e — 1

Moreover, (4.19) shows that Prob[P(u) # P(v)] = 2¥ (u — v) + O(Y¥ (u — v)?) as

U — v.

min{1, ¥ (u — v)} < Prob[P(u) # P(v)] < 2min{l, ¥ (u — v)}.
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Proof. If |lu — v||x > 2, then Prob[P(u) # P(v)] = 1 because P is 2-bounded. Since
(2e¥ @) _2) /(2¢¥ @~V _ 1) < 1, the first inequality in (4.19) holds. By (1.50) we
have Y (u —v) = ||lu —v|x/2 > 1, so 2¥(u — v)/(¥(u — v) + 1) > 1 and hence
the second inequality in (4.19) holds. We will therefore assume from now on that
Ju —vix <2.

Denote J(u,v) = (u + Bx) N (v + Bx) and U(u,v) = (u + Bx) U (v + Bx).
We claim that

N N k,
Vk,z) eNx A, {(%7) € Q:{u,v} ST X P)} = Ki&h vy 420)

where we recall the notation that was introduced in Definition 128. Assuming (4.20)
for the moment, we will next explain how to conclude the proof of Lemma 131.

Note that IJ(u, v) € U(u, v) and diamy (U(u, v)) < ||u — v||x + 2diamx(Bx) < 4.
Consequently, by Lemma 129,

Prob[?(u) = iP(v)]
2 Prob[{(%,7) € @ :3(k,2) € N x A, {u,v} € TH*(%,7)}]

o0
(4.20) k,z
= Pr0b|: U U Kj](u,v),u(u,v):|

k=1z€eA
.9) Vvolp (I(u,v))
— vol, (U(u, v))
_ vol, (v + Bx) N (v + Bx))
~ 2voly(Bx) — vol, (4 + Bx) N (v + Bx))’

Hence,
7 _ 2voln ((u+Bx)N(v+ Bx))
_ vol,; (Bx)
Prob|P(u) # P(v)] = S @i BBy (4.21)
voly (Bx)

Now, by the work [280, Corollary 1] of Schmuckenschlidger we have the following
general estimates:

vol, (v + Bx) N (v + Bx))

Y (u—v)
<e , 422
vl (By) (422

l—Y(u—v)<

where 1 (-) is defined in (4.18). The mapping ¢ — (2 — 2¢)/(2 — t) is decreasing
on [0, 1], so (4.19) is consequence of (4.21) and (4.22). The remaining assertions of
Lemma 131 (in particular the asymptotic evaluation (4.17) of the separation prob-
ability) follow from (4.19) by elementary calculus. Observe that for the purpose of
bounding the separation modulus of X from above, we need only the first inequality
in (4.22); since it is stated in [280] but not proved there, for completeness we will
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include its elementary proof in Section 4.1.1 below. The second inequality in (4.22)
is used here only to show that our bounds are sharp; its proof in [280] relies on a more
substantial use of Brunn—Minkowski theory.

It remains to verify (4.20). Fix (k,z) € N x A. Suppose first that (X, y) is an
element of the right-hand side of (4.20). Recalling the definitions (4.7) and (4.8), this
implies that y(z) = y¢ and z + x; € (u + Bx) N (v + Bx), while for every j €
{1,...,k— 1} and w € A with y(w) = y; wehave w + x; ¢ (u + Bx) U (v + Bx).
By the triangle inequality these facts imply that z + x; + Bx 2 {u, v} and the union
of the balls

{w—|-xj+BX:(j,w)e{1,...,k—1}xA/\)((w)=yj}

contains neither of the vectors u, v. The definition (4.3) of I'®2 (¥, 7) now shows that
{u.v} cTH(E.7).

For the reverse inclusion, assume that {u, v} € T'®Z(¥, 7). Then y(z) = yx and
{u,v} € z + x; + Bx by (4.3), which implies that

z+ x; € (u+ Bx) N (v+ Bx) = I(u,v).

If there were j € {1,...,k — 1} and w € A such that (w + x; + Bx) N {u,v} # & and
x(w) = y;, then when one subtracts w + x; + Bx from z 4+ x; + Bx one removes
at least one of the vectors u, v, which by (4.3) would mean that one of these two
vectors is not an element of I'®% (¥, 7), in contradiction to our assumption. Hence
forall j € {l,....k — 1} and w € A with y(w) = y; we have u ¢ w + x; + Bx
andv ¢ w + x; + Bx,ie., w+x; ¢ (u + Bx) U (v + Bx) = U(u, v). This shows
that (X, ) belongs to the right-hand side of (4.20), thus completing the proof of
Lemma 131. ]

Proof of Theorem 122. By rescaling, namely considering the norm (2/A)| - ||x, it
suffices to treat the case A = 2. The desired random partition will then be the partition
P of Lemma 127 and the conclusions of Theorem 122 follow from Lemma 130 and
Lemma 131. ]

4.1.1 Proof of the first inequality in (4.22)

The proof of the first inequality in (4.22) is a simple and elementary application of
standard reasoning using Fubini’s theorem. Denote

= lv—ullgy and x f ;(v —u) e §"L,

Then,
vol, ((u + Bx) N (v + Bx)) = vol,(Bx N (1x + Bx)),
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u+ (Bu +1)x

Bx

U+ (o +1)x

U+ oyXx

Figure 4.1. A schematic depiction of the partition of By into the sets U, V, W (with the sets
U, W shaded), as well as the line segments parallel to x that are used in the justification of the
estimate (4.23).

The desired estimate is therefore equivalent to the following assertion:
vol, (Bx) < vol,(Bx N (tx + Bx)) + 1 - vol,—_1 (Proj, 1 (Bx)). (4.23)

To prove (4.23), partition By into the following three sets:

U % Bxn (tx + By), (4.24)
V €y € Bx~ (tx + Bx) : Proj,.1 (y) € Proj, (U)}, (4.25)
WE By~ (UUV)={yeBx:Proj,.(y) ¢ Proj,.(U)}.  (4.26)
A schematic depiction of this partition, as well as the notation of ensuing discussion,
appears in Figure 4.1. We recommend examining Figure 4.1 while reading the follow-
ing reasoning because it consists of a formal justification of a situation that is clear
when one keeps the geometric picture in mind.
For z € Proj, 1 (Bx) let «; € R be the smallest real number such that z 4+ o, x €
Bx and let B, € R be the largest real number such that z + B,x € Bx. Thus the
intersection of the line z + Rx with By is the segment w + [a, B;]x € R”. Since
||x||gg = 1, by Fubini’s theorem we have

vol, (Bx) = / (B: —az)dz
Proj,. 1 (Bx)

= / (Bu — o) du + / (Bw —aw)dw.  (4.27)
Proj,. 1 (U)

Proij_ w)
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To see why the final step of (4.27) holds, simply observe that by (4.26) we have
Proj, 1 (Bx) = Proj, . (U) U Proj,. . (W), and the sets Proj, . (U), Proj, . (W) have dis-
joint interiors (in the subspace x1).

Since U = Bx N (tx + Bx) is convex, for every u in the interior of Proj, . (U)
the line ¥ + Rx intersects U in an interval, say (v + Rx) N U = u + [yy, 6,]x with
Yu, 0y € R satisfying y,, < &y suchthatu + y,,x,u + 8,x € dU and u + sx € int(U)
for every s € (yy, 6,). Also,

(u +Rx) N Bx = u + [y, Bulx

with u 4+ ayx,u + Byx € dBx. Thus [y,, §,] € [y, Bul- Since u + y,x € U C
tx + By, it follows that yy, — t € [y, Bw]. But ¥, € [0, Bul, s0 By — oy =t and
therefore ay, + ¢, By — t € [y, By], or equivalently u + (o, + ¢)x,u + (B, —t)x €
Bx.Asu + oy x,u + Byx € 0Bx, we have u + (o + t)x € Bx N (tx + dBx) C U
and u + B,x € (0Bx) N (tx + Bx) € dU. Hence y,, = ay, + ¢t and §,, = B, from
which we conclude that

ueProj,,(U) = u+Rx)NU =u+ oy + ¢, Bulx, (4.28)

and therefore also

ueProj, . (U) = w+Rx)NV 42 Bx ~ ((u + Rx)N U)

“2 U+ o o + 1]x (4.29)

Another application of Fubini’s theorem now implies that

/ (Bu — o) du
Proj 1 (U)

:/ Voll((u+Rx)ﬂU)du+/ tdu
Proj, .1 (U) Proj,. 1 (U)

= vol, (U) + t vol,—1 (Proj, 1+ (U))
= vol, (U) + t(vol,—1 (Proj, (Bx)) — vol,—1 (Proj, . (W))), (4.30)

where the first step of (4.30) uses (4.28) and (4.29) and for the last step of (4.30)
recall the definition (4.26).
Observe next that

w € Proj, (W) = By —ay <t 4.31)

Indeed, if w € Proj,. . (W) yet By —atyy, >t then w + (B, —¢)x belongs to the interval
joining w + ayx and w + By x. We therefore have w + (8, — t)x € Bx by the
convexity of By, or equivalently w + B x € tx + Bx. Recalling that w 4+ B, x € Bx,
this means that w + S, x € Bx N (tx + Bx). By the definition (4.24) of U,, it follows
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that w € Proj, 1 (U). By the definition (4.26) of W, this means that w ¢ Proj, . (W),
a contradiction.
Having established (4.31) we see that

431)
/ (Bw —ay)dw < tvol,—; (Proij(W)). (4.32)
Proj 1 (W)

The estimate (4.23) now follows from a substitution of (4.30) and (4.32) into
4.27). n

4.2 Proof of Theorem 81

For any m € N, because evr(£]") =< /m, by the second part (2.55) of Theorem 107
there exists € € R™ with |G| < e#™” for some universal constant f > 0 such that
SEP(Cym) X m (as we are considering here {7 rather than more general normed
spaces, this statement is due [76]). Fix an integern > 2 and 1 < p < 2. Let m be the
largest integer such that ePm <. Thus m = logn and

SEP(Cyr) - m
demi (7. 0) ™ dem (€7 03)

SEP"(£,) = SEP(Cep) = —m7 = (logn)7.
This proves the lower bound on SEP"({,,) in Theorem 81.

It remains to prove the upper bound on SEP” (£,) in Theorem 81, i.e., that for all
X1seoosXp € 4p,

1
1 2
SEP({Xl, ce 9xn}v ” . ”‘ep) S %

The proof of (4.33) will refer to the following technical probabilistic lemma.

(4.33)

Lemma 132. Suppose that p € (1, 00) and let X be a nonnegative random variable,
defined on some probability space (2, Prob), that satisfies the following Laplace
transform identity:

S

Vu € [0,00), E[e™]=e>. (4.34)
Then

r(-1
E[X] = -3 _» . (4.35)

Moreover, we have

P\2—p (1 _ P
Vi € (0,00), Prob[X <] <exp (— (2)#(,}2)) (4.36)
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Proof. Suppose that & € (0, 1). Then every x € (0, 00) satisfies

00 | _ pux 00 | _ v (-
- - dx = x* ¢ dx = (- x%, 4.37)
0 ul—i—a 0 v1+a o

where the first step of (4.37) is a straightforward change of variable and the last step
of (4.37) follows by integration by parts. The case & = 1/2 of (4.37) implies (4.35)
as follows:

1 [®1—e® 1 [ 1—E[e™]
EX] =E du | = / du
IX] |:2ﬁ/0 us i| 2ﬁ 0 w3

(4.34) /°°1—e du = /°°1—e” (437)F(1_%)
2% b V7
The small ball probability estimate (4.36) is a consequence of the following stan-

dard use of Markov’s inequality. For every u, ¢ € (0, 00) we have

N\'u

SN

2

Prob[X < 1] = Prob[e ™ = ¢ 7] < e E[e ] = "2 (4.38)

The value of u € (0, co) that minimizes the right-hand side of (4.38) is

2
def P \2—
u=u(p.t) = (ﬁ) °.

A substitution of this value of u into (4.38) simplifies to give the estimate (4.36). m

Proof of (4.33). Fix distinct xy, ..., x, € {,. It suffices to prove (4.33) when p €
(1,2), since the quantity that appears in the right-hand side of (4.33) remains bounded
as p — 27, and every finite subset of £, embeds isometrically into £, for every p €
[1,2] (see, e.g., [314, Chapter III.A]). We will therefore assume in the remainder of
the proof of (4.33) that p € (1, 2).

Marcus and Pisier proved [197, Section 2] the following statement, relying on a
structural result for p-stable processes; its deduction from the formulation in [197]
appears in [169, Lemma 2.1]. There exists a probability space (€2, Prob) for which
there is a Prob-to-Borel measurable mapping (w € Q) = Ty, € £({,, {») (we denote
by £(€,.{2) the space of bounded operators from £, to {,, equipped with the strong
operator topology) such that for every w € Q and x € £, ~ {0} the random variable

170 () le,

(w e Q)
Ixlle,

has the same distribution as the random variable X of Lemma 132 (in particular, its
distribution is independent of the choice of x € £, ~ {0}). Consequently, for every
i,j €{l,...,n} wehave

4.35) lxi —xjlle,

—1 (4.39)

/ | Teo (xi) = Too (x)) |l ¢, dPrOb(w) = [lxi — x;l¢, EIX] =
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It also follows from the above discussion and Lemma 132 that for every ¢ € (0, 00)
we have

Prob[ () {w€Q:ITui) = To(hlles = i = xile,}]

i,j€{l,...,n}
Ty (x;) — Tp(xi
< Z Pr0b|:{a) eQ: 7o (xi) = To(x))lle, <Z}i|
i,j€{l,....n} lxi = xjlle,
i#)
(3)77(1-3)
(4.36) 2 )
< (5)ee| -2 7) (4.40)
2 P 2p
t2-r

If we choose 1

1
df [p(2=p\? 2
r=tp) = 5(4logn) '

then the right-hand side of (4.40) becomes less than 1/2. In other words, this shows
that there exists a measurable subset A C 2 with Prob[A] = 1/2 such that for every
weAandi,je{l,..., n},

1 1
2 (4logn\? 2
I =xshey < 2 (5250) 100 =~ Tt
1_1
$4(logn)ﬂ 2||Ta)(xi)_Ta)(xj)”€2' (4.41)

The last step of (4.41) uses the elementary inequality

2—p
2\ |2
(—) P S 4’
2—p p

which holds (with room to spare) for every p € [1,2).

{Tw(x1),...,Tp(xn)} S €5 is a subset of Hilbert space of size at most n, so by
the Johnson-Lindenstrauss dimension reduction lemma [138] there is k € N with
k < logn such that for every w € Q there is a linear operator Q,, : £ — R¥ such
that forall i, j € {1,...,n},

1T (xi) = To ()l < 1Q0Tw(xi) = Qo Tuw (X))l gk
< 20T (xi) = Too (x)) e, - (4.42)
An examination of the proof in [138] reveals that the mapping
o Qg

can be taken to be Prob-to-Borel measurable, but actually Q,, can be chosen from a
finite set of operators (see, e.g., [2]).
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Fix A € (0, 00). Since by [76] we have SEP(E’Zc ) < vk, there exists a probability
space (®, ) and a mapping 0 — RY that is a random partition of R¥ for which

V(w,0,i) e 2xOx{l,....n}, diamu (R?(QuTw(xi))) < %,
2 4(1 772
(fogm) (4.43)
and alsoevery w € Q and i, j € {1,...,n} satisfy
n({6 € ©: R (QuTu(x)) # R (QuTo(x))})
k
< \/_ 1 ”Qa)T (x;) QwTa)(xi)Hglzc
A/(4(10gn)ﬁ )
1
< (°g") | 7o) = T (60) |, (4.44)

where the last step of (4.44) uses the right-hand inequality in (4.42) and the fact that
k <logn.

Recalling the set A € 2 on which (4.41) holds for every i, j € {1,...,n}, letv
be the probability measure on A defined by

Prob[E]

VIET = Brob[A]

for every Prob-measurable £ C A (recall that Prob[A] = 1/2). For every (w, 8) €
A x © define a partition P@-9 of {x;,..., x,} by setting forevery i € {1,...,n},

P@0) (i) L {x € (XL X} OuTow(x) € Re(QwTw(xi))}. (4.45)

Then, for every (w,0) € A x ® and every i € {1,...,n} we have

diamyg,, ((P(“”G)(xi))

= max Xy — X
u,ve{l,...,n} ” " UHZP

Q0 Tew (1), Q0 Ter (x0)ERC (Qey Tor (x7))

1_1
< 4(10gn)p 2 max | T (xu) — Tw(xv)”b

u,ve{l,...,n}
OwTw(xu), 0w Tw (xv)ERG(Qw Tw (x:))
1

1_
< 4(logn)r 2 max |QwTw(xy) — QwTw(xv)||e/2<

u,ve{l,...,n}
OwTw(xu), 0w Tw (XU)EZRG(Q(U Tw (x:))

< 4(logn)r~2 diam, (R?(Qu T (x1))) < A, (4.46)

where the first step of (4.46) uses (4.45), the second step of (4.46) uses (4.41), the
third step of (4.46) uses (4.42), and the final step of (4.46) uses (4.43). Also, every
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distinct i, j € {1,...,n} satisfy
vx p({(@,0) € Ax 0 : PO (x;) £ P@O(x;)))
= [ ({6 € ©:2°(QuTu(x) £ R (QuTu(x))}) dv(@)

1 (logn)?
s Prob|[A] /A OgAn | T (xi) = Ty (xi) ||, dProb(w)

2(logn)?
< %/ﬂ H Tow(xi) — Ta)(xi)ng dProb(w)

1
_ Gogm)? [1xi = x;lle,
~ p _1 A b

(4.47)

where the first step of (4.47) uses (4.45), the second step of (4.47) uses (4.44), the
third step of (4.47) uses Prob[A] = % and the last step of (4.47) uses (4.39). By (4.46)

and (4.47), the proof of (4.33) is complete.



