Chapter 1

Preliminaries and definitions

1.1 The Wigner distribution

Let u, v be given functions in L?(R"). The function Q, defined on R” x R” by

R" xR" 3 (z,x) —~ u(x + %)ﬁ(x — g) = Q(u,v)(x, z), (1.1.1)

belongs to L2(IR?") from the identity

2 _ 2 2
|, 19000 2P dxdz = [l 91y (1.12)
We have also
suﬂg / 1Q(x,2)|dz < 2" lull L2@my IVl L2®R)- (1.1.3)
XE n n

We may then give the following definition (the reader will find some reminders on
the Fourier transformation in Section A.1 of our appendix).

Definition 1.1.1. Let u, v be given functions in L?(R"). We define the joint Wigner
distribution ‘W(u, v) as the partial Fourier transform with respect to z of the function
2 defined in (1.1.1). We have for (x,§) € R% x Rg, using (1.1.3),

Wu,v)(x,§) = / e“””'su(x + g)ﬁ(x - z)dz. (1.1.4)

R 2
The Wigner distribution of u is defined as W (u, u).

N.B. By inverse Fourier transformation we get, in a weak sense,
- + : Y
u(x1) ® 5(xz) = / W, v) (H 52 6) e m g, (1.1.5)

Lemma 1.1.2. Let u, v be given functions in L*>(R™). The function 'W(u, v) belongs
to L*(R?") and we have

W, V) L2@2ny = ull2@nylvIL2@ny- (1.1.6)

We have also

Wu,v)(x,&) = W, u)(x,§), (1.1.7)

so that W(u, u) is real-valued.
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Proof. Note that the function ‘W (u, v) is in L?(R?") and satisfies (1.1.6) from (1.1.2)
and the definition of ‘W as the partial Fourier transform of 2. Property (1.1.7) is
immediate and entails that 'W(u, u) is real-valued. ]

Remark 1.1.3. We note also that the real-valued function 'W(u, u) can take negative

values, choosing, for instance,
—sz
u(x) = xe

on the real line, we get

1
Wian,un) (. ) = 21267270 (32 g2 - ),
T

In fact, the real-valued function W (u, u) will take negative values unless u is a Gaus-
sian function, thanks to a Theorem due to E. Lieb (see [37] and books [16] and [41]).
As a matter of fact, this range of ‘W(u, u) intersecting R_ for most “pulses” u in
L?(R™) makes rather weird the qualification of W(u, u) as a “quasi-probability”
(anyhow the emphasis must be on quasi, not on probability).

Remark 1.1.4. We have also by Fourier inversion formula, say for u € .#(R"),

u(x + %)ﬁ(x - %) =Q(x,z) = / W(u,u)(x, £)e? ™ #EdE, (1.1.8)

so that, with z = 2x = y, we get the reconstruction formula,
u(y)u(0) =/W(u,u)(§’f)emy'sdé,
as well as
P = [ Woweods. 1©OF = [ W@ odx (119

the former formula following from (1.1.8) and the latter from

/ Wu,u)(x, £)dx = // e‘zngu(x + %)ft(x - %)dzdx
= // e 2mE =Xy (e Vi (x)dx 1 d Xy = |(E)]2.

Lemma 1.1.5. Let u be a function in L*>(R™) which is even or odd. Then, W (u,u) is
an even function.

Proof. Using the notation
u(x) = u(—x), (1.1.10)
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we check
W) x,—8) = [ u(—x o )o(- v - 5z
— 2imzén(  _ Z\% z
/n ¢ u(x 2)v(x + 2>dZ
— —2imz-E Nz, %
[n ¢ u(x + 2)v(x z)dz
= W, 0)(x,§),
so that if i = u, we get W(u,u)(—x, =€) = W, u)(x, §). .

N.B. This lemma is a very particular case of the symplectic covariance property dis-
played below in (1.2.49).

N.B. In part 1 of volume IV in the collected works [54] of Eugene P. Wigner, we find
the first occurrence of what will be called later on the Wigner distribution along with
a physicist point of view.

It turns out that most of the properties of the Wigner distribution (in particular,
Lemma 1.1.5) are inherited from its links with the Weyl quantization introduced by
H. Weyl in 1926 in the first edition of [53] and our next remarks are devised to stress
that link.

1.2 Weyl quantization, composition formulas, positive quantizations

1.2.1 Weyl quantization

The main goal of Hermann Weyl in his seminal paper [53] was to give a simple for-
mula, also providing symplectic covariance, ensuring that real-valued Hamiltonians
a(x, &) get quantized by formally self-adjoint operators. The standard way of dealing
with differential operators does not achieve that goal since for instance the standard
quantization of the Hamiltonian x¢ (indeed real-valued) is the operator x Dy, which
is not symmetric (D, is defined in (A.1.4)); H. Weyl’s choice in that case was

1
x& should be quantized by the operator E(XD » + Dxx), (indeed symmetric),

and more generally, say fora € .7 (R?"), u €. (R"), the quantization of the Hamilto-
nian a(x, £), denoted by Op,, (a), should be given by the formula

Opy@ue) = [ (2T Eurdya
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For v € .(R"), we may consider

(Opy (), v) 2Ry = ///a(x,é)e_zmz'gu<x + g)ﬁ(x — g)dzdxdg

_ // a(x, E) W, v)(x, )dxdE,
R72xR”

and the latter formula allows us to give the following definition.

Definition 1.2.1. Let a € .%/(R?"). We define the Weyl quantization Op,,(a) of the
Hamiltonian a, by the formula

Opy@ue) = [ %2 Juravds,
to be understood weakly as
(Opw(a)u, Ij)y/(Rn)’y(Rn) = (a, W(u, U))y/(RZn),y(RZn). (1.2.1)
We note that the sesquilinear mapping
S R") x L R") 3 (u,v) — Wu,v) € L (R>"),

is continuous so that the above bracket of duality (a, W(u, v)) o (r2n), o ®2n) Makes
sense. We note as well that a temperate distribution a € .%”(R?") gets quantized by a
continuous operator Op,,(a) from .(R") into ./ (R"). This very general framework
is not really useful since we want to compose our operators Op,, (a)Op,, (b). A first
step in this direction is to look for sufficient conditions ensuring that the operator
Op,,(a) is bounded on L2(R"). Moreover, for a € .#’(R?") and b a polynomial in
C|[x, &], we have the composition formula,

Op,,(a)Opy(b) = Op,,(atib), (1.2.2)
_ 1 (_1)\/3\ o p wap
(anb)(x,é)—§(4i”)k |a|-§=k A @208 a)(x. £)(0%0Lb) (x.5). (123)

which involves here a finite sum. This follows from [33, formula (2.1.26)] where
several generalizations can be found (see in particular in that reference the integral
formula (2.1.18) which can be given a meaning for quite general classes of symbols).
As a consequence of (1.2.3), we get that

(afth) = kg(:)a)k(a,b), wo(a,b) = ab, wi(a,b) = #{a,b},

{a.b} = dga - Db — D,adgh, (1.2.4)

where {a, b} is called the Poisson bracket of a and b.
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Proposition 1.2.2. Let a be a tempered distribution on R?". Then, we have
10py (@)l g(L2@ny) < min(2" |z ®2n), l@llL1@®2m)- (1.2.5)

Proof. In fact, we have from (1.2.1), u,v € .Z(R"),
(Opy(@)u, v)2rny = ///a(x,é)u@x — y)l')(y)e_‘””(x_y)'sZ"dydxdé,

and we define for (x, ) € R?" the operator oy ¢ by
(0x.su)(y) = u(2x — y)e HTE=E, (1.2.6)
83

Claim 1.2.3. The operator oy ¢ (called phase symmetry, also known as the Grossman—
Royer operator) is unitary and self-adjoint.

Proof of Claim 1.2.3. Indeed, we have
(07 gu)(y) = (ox gu) (2x — y)e™ H7C=E
— u(2x — (2x — y))e T QI E —din(x—r) €

= u(y), so that 03’5 =1d.
‘We have also

<U;,§M’U>L2(]R") = <M’UX,EU>L2(R")
=W, u)(x,§) = W(u,v)(x,§)
= <O'x,§u, v)Lz(]R”)v
proving that o' £ = Oxg [
We have thus
Op,(a) =2" //a(x,é)ax,gdxdé, (1.2.7)

and the previous claim is proving the first estimate of the proposition. As a con-
sequence of (1.2.7), we obtain that

(Opy(a))* = Op,,(a), so that for a real-valued, (Op,,(a))* = Op,(a).

To prove the second estimate, we introduce the so-called ambiguity function 4 (u, v)
as the inverse Fourier transform of the Wigner function ‘W(u, v), so that for u, v in
the Schwartz class, we have

(A V) (1. y) = / W, v)(x. £)P TN HEN G,
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i.e.,

(A, v))(n,y) = /u(x + %)ﬁ(x - %)eZi”x"’dx, (1.2.8)

which reads as well as

(A, 0))(1, y) = /u(Z n 5)5(% . %)e””'%dzz—" — W, ﬁ)(g, —g)z—".

(1.2.9)

N.B. The ambiguity function is called the Fourier—Wigner transform in G. B. Fol-
land’s book [15].

Remark 1.2.4. With Q(u, v) defined by (1.1.1), we have
W(u,v) = F2(2(u, v)), (1.2.10)

where J, stands for the Fourier transformation with respect to the second variable.
Taking the Fourier transform with respect to the second variable in the previous for-
mula gives, with ¥} (resp., ) standing for the Fourier transform with respect to the
j th variable (resp., all variables),

FoW=06Q, FW=FECQR A=CFW=757CQ,

where € (resp., €; or ;) stands for the “check” operator € in R” x R” given by
(1.1.10) (resp., with respect to the first or second variable), the latter formula being
(1.2.8).

Applying Plancherel formula on (1.2.1), we get
(Opy (@u, v)2rny = (@, A, V)) g (r2n), 5 R20Y-
We note that a consequence of (1.2.3) is that for a linear form L(x, £), we have
L#L = L? and more generally LN = VN,
As a result, considering for (y,n) € R?", the linear form L, , defined by
Lyy(x.§)=x-n+§-y,

we see that
A, v)(1, y) = (Op (M HEN)u 1) 2 @ay,

and thus we get Hermann Weyl’s original formula

Op,(a) = //&(n,y)e"o"”““”’y)dydn»

which implies the second estimate in the proposition. |
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Proposition 1.2.5. Leta € .'(R?"). The distribution kernel k,(x, y) of the operator
Op,,(a) is
ka(x.y) =&[2](¥,y—X), (1.2.11)

where a' stands for the Fourier transform of a with respect to the second variable.
Let k € " (R?") be the distribution kernel of a continuous operator A from . (R™)
into ' (R™). Then, the Weyl symbol a of A is

_ | 2nit r ..t
a(x,§) _/e k(x—i— 2,x 2)dt,

where the integral sign means that we take the Fourier transform with respect to t of
the distribution k(x + %, X — %) on R?" (see Section A.1.1 for the definition of the
Fourier transformation on tempered distributions).

Proof. With u, v € .#(R"), we have defined Op,,(a) via formula (1.2.1) and using
Remark 1.2.4, we get

(Op,, (@)u, D) 7wy, ey = (a(x, ), QPN(x, ©)) v gany o many

(- 3le-3)
<a (t,2),u +2 v 2/ | 1 (R2n), 7 (R21)

()i
<a 2 'y =X ) u()ilx) 7/(R2n), #(R21)’

proving (1.2.11). As a consequence, we find that

t t
k4x+5a—5)=ﬁmx—m

and by Fourier inversion, this entails
. t t
a(x, &) = Fourier; (ka <x + e 5))(5)
—2mit-§ t t
—[e ka(x+§,x—§)dt, (12.12)

where the integral sign means that we perform a Fourier transformation with respect
to the variable 7. |

A particular case of Segal’s formula (see, e.g., [33, Theorem 2.1.2]) is with &
standing for the Fourier transformation on R”,

F*0p,(a)F = Op,, (a(§,—x)).
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1.2.2 The symplectic group
We define the canonical symplectic form o on R” x R” by
(X, Y)=[X,Y]=&-y—n-x withX = (x,8).,Y = (y,n). (1.2.13)
The symplectic group' Sp(n, R) is the subgroup of S € Gl(2n, R) such that
VX, Y e R*™, [SX,SY]=[X.Y], ie., S*0S =0, (1.2.14)

where S* is the transpose and

0 I,
= . 1.2.1
o (_In 0 ) ( 5)
It is easy to prove directly from (1.2.14) that Sp(1, R) = S1(2, R).

Theorem 1.2.6. Let n be an integer > 1. The group Sp(n,R) is included in S1(2n,R)
and generated by the following mappings

1
(14’11 IO) , where A is ann X n symmetric matrix, (1.2.16)
n
-1
(BO 1;)*), B € Gl(n,R), (1.2.17)
I, —-C : . .
0o I , where C is an n X n symmetric matrix. (1.2.18)
n

For A, B, C as above, the mapping

_ B! —-B7IC I, 0\(B™!' o0)\/(I, —-C
S4.B,C = (AB—1 B —AB—lc) - (A In) ( 0 B*) (0 I, )
(1.2.19)
belongs to Sp(n, R). Moreover, we define on R" x R" the generating function S of

the symplectic mapping E 4,p,c by the identity

. (1.2.20)

1 3 3
SCe.m) =5 (Ax.x)+2(Bx.n) + (Cn.n)) so that € (a—n@n) —x @

For a symplectic mapping E, to be of the form (1.2.19) is equivalent to the assumption
that the mapping x — mrnx o} E (x @ 0) is invertible from R" to R"; moreover; if this

mapping is not invertible, the symplectic mapping & is the product of two mappings
of the type E4,B,C.

!This is obviously a group since for Sy, S» € Sp(n, R), the last equation in (1.2.14) implies
that |detS| = 1and [S; S5 X, $1851 Y] =[5 X, S5 Y] = [X. Y], since [S5 ' X, S5 Y] =
[5285 Ty, S$285 1y] = [X, Y]. We shall prove below that the determinant of a symplectic
mapping is actually 1.
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Proof. The expression of E above as well as (1.2.20) follow from a simple direct
computation left to the reader. The inclusion of the symplectic group in the special
linear group follows from the statement on the generators. We consider now E in
Sp(n,R): we have

8= (; g) , where P, Q, R, S, are n X n matrices. (1.2.21)

The equation

*o

[l
&3]

:O',

is satisfied with o = (_(;n 167 ) which means

P*R = (P*R)*, Q*S =(Q*S)", P*S—R*Q=1I,. (1.2.22)

We can note also that the mapping E +— E*

E € Sp(n, R) means

is an isomorphism of Sp(n, R) since

*o

69)]
03]

=0 E—IO_—I(E*)—I — O,—l E_l(—U_l)(E*)_l — (—O'_l),

and since (—o 1) = (_(}n I(;’ ) we get that * € Sp(n, R). As a result,
P Q
E = R 1.2.2
(R S)eSp(n, ) (12.23)
is also equivalent to
PO* = (PQ*)*, RS* = (RS*"*, PS*—QR*=1,. (1.2.24)

Let us assume that the mapping P is invertible, which is the assumption in the last
statement of the theorem. We define then the mappings A, B, C by

A=RP™'!, B=P' Cc=-pP'0Q,
so that we have
A* = P* 'R*pP~ = p*p*RPT = RP7! = 4,
as well as
C*=—Q*P* ' = _p-lpo*p* ' = _p-lop*p* ' =_p-lg =,
and

P=B"' R=4B7', Q0=-B7!C,
S =P (I, + R*Q) = B*(I, — B* '4*B~'C) = B* — AB™'C.
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We have thus proven that any symplectic matrix & as above such that P is invertible
is indeed given by the product appearing in Theorem 1.2.6.

Let us now consider the case where a symplectic mapping & (given by (1.2.23)) is
such that det P = 0; writing R” = ker P & N we have that P is an isomorphism from
N ontoran P. Let By € Gl(n,R) such that By P is the identity on N (see footnote?).

We have
B, 0 P Q\ ( BiP B0
(o B;*‘l) (R S)‘(B;*”R Br‘ls)' (1229

If p = dim(ker P), we have for the n x n matrix B; P the following block decom-

position
BIP — ( Op,p Op,n—p) ,
On—pp  In—p

where 0, stands for an r x s matrix with only O as an entry. On the other hand, we
know from (1.2.22) that the mapping

(BiP)*B; 'R = P*R

~kﬁ.ﬁ ~kﬁ-n*/’

is symmetric. Writing Bf_l R = ( ) where ﬁr, s stands foranr x s

) ) ) Ru—p.p Rn—p.n—p
matrix, this gives the symmetry of

( 0p.p Op,n—p) (NRp,p Rpn—p ) _ (Nop,p Op.n—p )
On—p.p  In—p Rn—p.p Rn—pn-p Rn—p.p Rn—pn—p

implying that R, p,p = 0. The symplectic matrix (1.2.25) is thus equal to

On—p,p In—P

(Rp,p ~Rp,n—p) p*lg ’
On—p.p  Ru—pn—p '

where B0 and BI*_IS are n x n blocks.

The invertibility of (1.2.25) implies that R, , is invertible. We consider now the n x n

symmetric matrix
C = ( Ip.p Op.n—p )
On—p.p On—p.n—p

2This is indeed possible: choosing a supplement space M for P(N), we have

R'"=kerP® N = PWN)® M ,
N—— N—— ———’ N——
dim p dimn—p dimn—p dim p
and we can define By on P(N) by B (P x) = x (without ambiguity since for x1, x, € N with

Pxi = Px> wegetx; —xp €ker PN N ={0}) and By|ps : M — ker P can be chosen as
an isomorphism, so that B{ (P(N)) + B1(M) = N + ker P, which implies rank B} = n.
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and the symplectic mapping

I, C)\ (B 0 PO\ _(I. C B, P B0 (1.2.26)
0 I,J\o By'J\R S 0 I,)\Bf /'R By7's) T
which is a symplectic mapping (2; g:) with
P'=B,P+CB; 'R
On—p.p  In—p On—p.p On—pn—p/) \On—pp Rn—pn—p

_ ( Rp.p Rg,n—p)
On—rpp Inp )’
which is an invertible mapping. From equation (1.2.26) and the first part of our dis-
cussion, we get that

P QN (I, O\(B™' 0)\(l, —C
R s) \«a ,JL o B*)\0o 1,)

with A’, C’ symmetric and B’ invertible and

o (Bi" O\ (I. —C\ (I, O\(B7' 0)\(I. —C
VLo B)\o 5,)\4 I, o B*)\o 1I,)
proving that the E 4 p ¢ generate the symplectic group and more precisely that every

& in the symplectic group is the product of at most two mappings of type 4, 5.c.
This completes the proof of Theorem 1.2.6. |

Corollary 1.2.7. We have Sp(n,R) C S1(2n, R).

Proof. Indeed, the symplectic mappings (1.2.16), (1.2.17), and (1.2.18) do have de-
terminants equal to 1 and since Theorem 1.2.6 implies that they generate the sym-
plectic group, this proves the sought result. ]

Remark 1.2.8. Of course for n > 2, Sp(n, R) is a proper subgroup of S1(2n, R).
Indeed, the following matrix:

S O O =
S O = O
S = = O
- o O O

has determinant 1 but fails to be symplectic: using notation (1.2.21), we see that the
first and the third equation are satisfied, which is not the case for the second one.
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N.B. Since the matrix —/15, belongs to Sp(n, R) ((1.2.14) holds trivially), we find
that S € Sp(n, R) is equivalent to —S € Sp(n, R).

Claim 1.2.9. The symplectic group is also generated by the mappings

(x,8) — (B~ 'x, B*€), B eGIln,R),

(x,§) = (§,—x).
(x,) > (x, €+ Ax), A €Sym(n,R).

Another set of generators of the symplectic group is given by the mappings

(x,£) — (B 'x, B*¢), B eGl(n,R),

(X’E) = (E’ —X),
x, &)~ (x—-CEE), C eSym(»n,R).

Proof. Indeed, we have for C* = C areal symmetric n X n matrix
o -IL,\[(I, —-C 0 I,\_ (I, 0
I, 0 0 I,)\-1, 0) \C L)’
~————— ~—————
o1 o

proving the claim. u

Remark 1.2.10. The symplectic matrix

0 In\ _ 12 In In\o=1/2( In In\ _ -2
(_In 0) - 2 —In ]n 2 _In In - a_1n721/21n’_1n, (1227)

is not of the form E 4 p ¢ but is the square of such a matrix. It is also the case of all
the mappings (xg, £x) — (&, —xx) with the other coordinates fixed. Similarly, the

symplectic matrix
0 —Iy\ _(In -Li\(I. O
L, L,) \o 1,)\I, L,)

is not of the form E 4, g ¢ but is the product E¢ 7,7 E1,1,0.

1.2.3 The metaplectic group
Proposition 1.2.11. Let A, B, C be as in Theorem 1.2.6, and let S be the generating
function of E4,p,c (cf. (1.2.20)). We define the operator My g,c on . (R") by

(Mg g.cv)(x) = / 2S5 () dn(det B)'/?, (1.2.28)
Rﬂ
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where (det B)l/ 2 is a square-root of det B. This operator is an automorphism of
S (R") and of . (R™) which is unitary on L*(R™), and such that, for all a €
y/(RZn)’

Mj g cOpy(a)Ma,p.c = Opy(ac Ea ), (1.2.29)

where B 4, g c is defined in Theorem 1.2.6.

N.B. We have for A, B, C as above,

(Ma,1,00)(x) = ™A%y (x), (1.2.30)
(Mo.B.ov)(x) = (det B)/?v(Bx), (1.2.31)
(Mo,1,cv)(x) = (e!™(CPx:Dxly) (x), (1.2.32)

three operators which are obviously automorphisms of .#(R") and of .%/(R") as
well as unitary operators in LZ(R").

Proof. Formula (1.2.29) is easily checked for each operator (1.2.30), (1.2.31), and
(1.2.32). Since we have

E4,B,c = E4,1,0 E0,B,0 Z0,I,C

and
Ma,gc = Ma,1,0 Mo,B,0o Mo,1,C. (1.2.33)

we get (1.2.29) and the proposition. |

Remark 1.2.12. We define

B) arg(det B) k2m — 2k €{0,2) mod 4 for det B > 0,
m = —— =
n Kamdn — 2k +1€{1,3} mod4 for detB <0,
(1.2.34)
so that

det B = |detB|ei”m(B), (det B)1/2 c |detB|1/2 {el'%m(B)7 ei%(M(B)+2)}.3
We will consider 71(B) as an element of Z /47, so that the function m(B) > e’ zm(B)

is well-defined. For 4, B, C as in Proposition 1.2.11, we may define

(Mj”;;(%)}v)(x) — eim’é(B) |detB|1/2/ ein(Ax2+ZBx-n+Cn2)ﬁ(n)dn’4 (1.2.35)

n

3This is a synthetic way to write

(det B)'/? € {(£1)|detB|/?}if det B > 0, (det B)'/? € {(+i)|detB|'/?} if det B < 0.

4We can of course define M;ﬁ?},c for any m, but to stay in the metaplectic group (cf.
Definition 1.2.13), we have to make sure that m € {m(B), m(B) + 2} modulo 4.
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but we shall omit the super-script m(B) when we do not want to distinguish between
the two roots of det B. We note in particular that we have

Mg, 0 = Wr2@ny.  My3, o= —1d12@n).
and also with the notation (1.2.6),
mm .= eanao, pt2 a3
More generally, we have
fordet B > 0, M\’ c=-M{} o, fordetB <0, M}'} c=—M} . (1.2.36)
We note also that for B € Gl(n, R), we have
m(B*) = m(B) = m(B™"),
since det B = det B* and det(B~!) = (det B) ™! so that
arg(det B) = arg(det B™1).
Moreover, we have for B € Gl(n,R),

arg(det B) if n is even,

det(—B) = (—1)"det B, arg(det(—B)) =
=B =D gldet(=B) {arg(detB)—i—n if n is odd,

so that
m(—B) =n + m(B). (1.2.37)

Examples. Let us start with a one-dimensional example: in Remark 1.2.10, we have
seen, in particular, that

2
0 1\ _J (1 1 VYA S A
(—1 0)_{2 )0 7 b ) T R

where we have used (1.2.19) to get the second equation. We have also with the nota-
tions of Theorem 1.2.6,

(M_y 31/2_yv)(x) = / 2T 3B () a2 14,
R

so that the kernel k1 (x, y) of the operator M_; 51/2 _; is
ki(x,y)
— 21/4 ein(—xz+23/2xr]—n2)e—2inyndn — 21/4e—in/4ein(x2+y2)6—23/2i7rxy
—— ’

use (A.1.7)
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so that the kernel k, of the operator (M_l’zl/z,_l)2 is (using again (A.1.7)),

ka(x.y) = / k1 (e )k (2. y)dz

s . 2 2 . 2 _A; 1/2 . i
:21/26 tn/Zetn'(x +y )/621712 e 2imz2 (x+y)dZ —e tn/4e Ztnxy,

so that
(M—1,21/2,—1)2 — e—lﬂ/4371 ,

with #7 standing for the 1d Fourier transformation. We get similarly that in #» dimen-
sions,
(1"1—1,1,21/21,1,—1,1)2 = i/t (1.2.38)

with ¥ standing for the Fourier transformation. Similar expressions can be obtained
for Fj, the Fourier transformation with respect to the variable xj in n dimensions,
k € [1,n] with

(Myy.Bi.c)” = e 4T

where By is the n x n diagonal matrix with diagonal entries equal to 1 except for the

kth equal to 21/2, the n x n diagonal matrices Ay = Cy with diagonal entries equal
to 0, except for the kth equal to —1.

Definition 1.2.13. The metaplectic group Mp(n) is defined as the subgroup of the
group of unitary operators on L?(R") generated by

My 1,0, where A is an n X n symmetric matrix, cf. (1.2.30), (1.2.39)
Mo.5.0. with B € Gl(n, R), with (det B)? = |detB|2e ™, cf. (1.2.34), (1.2.31),

(1.2.40)
Moy, 1,c, where C is an n x n symmetric matrix, cf. (1.2.32). (1.2.41)

Claim 1.2.14. If M belongs to Mp(n), then —M belongs to Mp(n).

Proof. According to (1.2.36), we have

{2} _ o} _
My 1,0 = Mo 1,0 = —ld2@n
so that —Id; 2gn) belongs to Mp(n), proving the claim. [

Proposition 1.2.15. The metaplectic group Mp(n) is generated by

My, 1,0, where A is an n X n symmetric matrix, cf. (1.2.30), (1.2.42)
Mo.5.0, with B € Gl(n, R), with (det B)? = |detB|2e ™5™, ¢f (1.2.34), (1.2.31),
(1.2.43)

e_i% F ,where ¥ is the Fourier transformation. (1.2.44)



Preliminaries and definitions 18

Proof. We check for C symmetric n X n matrix,
(ME) o™/ 5 v)) () = eI 4e T ),
so that

einn/4($—1(e—iﬂn/4ei7'rC7]2,0(n)))(x) — fezjnx”eincn2ﬁ(n)dn — (Mé?},cv)(x)’

yielding
etnn/4$'—1Mé,01}’Ce—znn/4$ — Mé,OI},C’

so that the group generated by (1.2.42), (1.2.43), (1.2.44) contains (1.2.39), (1.2.40),
and (1.2.41) and thus contains Mp(n). Moreover, (1.2.38) shows that (1.2.44) is
included in Mp(n) so that the group generated by (1.2.42), (1.2.43), and (1.2.44)
is included in Mp(n), proving the proposition. [

Remark 1.2.16. According to (A.1.6) in our appendix and to (1.2.36), we find

(e—irm/4$~)* — einn/4370_0 — e—inn/4$einn/20_0 — e—iﬂn/4$~M(§n_}In o

—inn/43‘; e—irm/z intn/2
9

As a consequence, e 09, € 0o belong to the metaplectic group.

Lemma 1.2.17. For Y € R?", we define the linear form Ly on R*" by
Ly(X) = (oY, X) =Y, X].
For any M € Mp(n) there exists a unique y € Sp(n, R) such that
VY e R*, M*Op,(Ly)M = Opy (L ,1y). (1.2.45)

Proof. Indeed, thanks to (1.2.29) and Definition 1.2.13, we can find y € Sp(n, R)
such that
M*Op,(Ly)M = Op,(Ly o y) = Op,(L,-1y),

since
(Ly o )(X) = (oY, xX) = (x"oxx 'V.X) = (ox 'V.X) = L1y (X).
Moreover, if x1, x> € Sp(n,R) are such that for all Y € R?",
O - OpW(LXz_ly - Lxl—ly) = OpW(L(XZ—l_Xl—l)Y),

we get
L(X2_1_X1_1)Y = 0,

implying VY € R?", ()(51 - XI_I)Y =0,1e, x1 = x2- u



Weyl quantization, composition formulas, positive quantizations 19

We can thus define a mapping
W : Mp(n) — Sp(n,R) with W(M) = y satisfying (1.2.45). (1.2.46)

In particular, we have from (1.2.29) in Proposition 1.2.11 and (1.2.38) that

U(Mapc)=EBapc, V(e FF)=0= ( g {)) (1.2.47)
—In

Theorem 1.2.18. The mapping V defined in (1.2.46) is a surjective homomorphism
of groups with kernel {=£1d; 2 gny}.

Proof. This mapping is a homomorphism of groups: if M, M, belong to Mp(n), we
have with y; = W(M;),

(M1 M>)*Op,,(Ly)Mi Ma = M30p,,(L 1) M>
= Opw(sz_lxl_lY) = Opw(L(XloXZ)_lY)s

proving that W(M; M5) = W(M;)¥(M;). Moreover, the homomorphism W is onto,
thanks to (1.2.29) and Theorem 1.2.6. The kernel of W is made with M € Mp(n) such
that for all Y € R2",

M*Op,(Ly)M = Op,(Ly).

i.e.,
[Opy(Ly), M] =0,

so that, thanks to (1.2.3), (1.2.4), if w(x, §) is the Weyl symbol of M (M is an endo-
morphism of .’ (R™) and thus has a distribution kernel as well as a Weyl symbol via
formula (1.2.12)), we get for all (y, n) € R?",

0={n-x—y-&u(x§)} sothatdu =0,

and w is a constant so that M = c¢ Id; >(gny, necessarily with |[c| = 1 (since M is
unitary). Applying Theorem A.2.11 gives ¢ € {#1}, concluding the proof. ]

N.B. The proof of Theorem A.2.11 is relegated in our appendix, and requires some
effort.

Corollary 1.2.19. For y € Sp(n,R), the fiber Y=y} contains exactly two meta-
plectic transformations and more precisely

vy =M. -M},
where M is a metaplectic transformation.

Proof. This corollary is an immediate consequence of Theorem 1.2.18. u
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Theorem 1.2.20 (Symplectic covariance of the Weyl calculus). Let a be in .7’ (R?")
and let y be in Sp(n, R). Then, for a metaplectic operator M such that V(M) = y,
we have

M*Op,(a)M = Op,(ao ). (1.2.48)

Foru,v € Z(R"), we have
W (Mu, Mv) = W(u,v)o x !, (1.2.49)
where ‘W is the Wigner distribution given in (1.1.4).

Proof. The first property follows from (1.2.29) and Definition 1.2.13 whereas (1.2.49)
is a consequence of (1.2.1) and (1.2.48). [ ]

We note also that for Y = (y, ) € R?", the symmetry Sy is defined by
Sy(X)=2Y - X
and is quantized by the phase symmetry oy as defined by (1.2.6) with the formula
Op,,(a o Sy) = 03 Opy(a)oy = oyOpy(a)oy. (1.2.50)
Similarly, the translation Ty is defined on the phase space by
ITy(X)=X+Y
and is quantized by the phase translation ty,
(1) () = u(x — y)eX =2, (1.2.51)
and we have

Opy(a o Ty) = t3O0p,,(a)ty = 17—y Opy,(a)ty.

Remark 1.2.21. Property (1.2.49) can be extended to the affine symplectic group
and we have with the phase translations defined in (1.2.51),

V(X,Y) e R* xR?", W (tyu,1yv) (X) = Wu,v)(X —Y).

We will define the affine group Mp,(n) as the group of unitary transformations of
L?(R™) generated by transformations (1.2.30), (1.2.31), and (1.2.32) and phase trans-
lations given by (1.2.51).

N.B. More information on the metaplectic group is given in J. Leray’s book [31], the
same author’s articles [30,32], as well as A. Weil’s paper [52] (see also V. S. Buslaev’s
article [5], K. Grochenig’s book [16, Chapter 9], H. Reiter’s lecture notes [43]).

Theorem 1 in E. Lieb’s classical article [37] gives a more precise version of
(1.2.53), (1.2.54), and (1.2.55) below.
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Theorem 1.2.22. Let u, v be in L>(R™). Then, 'W(u, v) is a uniformly continuous
function belonging to L>(R?*) N L™ (R?") and using the definitions (1.2.51), (1.2.6)
for the phase translations and phase symmetry, we have

W(u, v)(X) = 2" (oxu, v)2@ny = 2" (txu, Tx V) L2(RN)

= 2"{opT_2x U, V) 12(Rn)» (1.2.52)
W, v)l[L2@eny = lullL2@nllvlL2@n). (1.2.53)
Vp el tool.  Wev)lpmman < 2" LoVl (1259

More generally, for q > 2 and r € [q', q], we have®

n(g—2)

WGt 0) | agony < 27T Nullrn 1]l gny- (12.55)

Moreover, we have

lim [W(u,v)(X)] = 0.
R2"5X,|X|—>+00

Proof. We have with v(x) = v(—x) = (opv)(x),
W(u, U)(x,%') =" / M()C + Z)ﬁ(x _ Z)e—4inz$dz

_on / U(z — (—x))e2iTE=FIOF (o _ p)p-2imz=H)E

> e—4inz§+2in(z—%)&-‘rﬁn(z—%)édZ

=2 /(r(_x,_g)u)(z)(t(x,g)17)(2)dz =2" (r(*x’é)u, ‘E(x,g)ﬁ)Lz(Rn),

or for short
W(u, v)(X) = 2" (tyu, tx V) 12 (gn)-

As a consequence, we find from (1.2.7) that
(Opy (a)u,v) = / a(X)2"(ootyyu, v)dX,
and since (o gu)(y) = u(2x — y)e 4=y e can verify directly that

00T_2x = OYX. (1.2.56)

Indeed, composing the translation of vector —2X in R?” with the symmetry with
respect to 0, we have

1
Y=Y -2X—2X-Y =Y, 5(Y+Y/):X’

> We use the standard notation: for p € [1, +00] we define p’ by the equality % + i 1.
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that is the symmetry with respect to X . Quantifying this equality, we use
(T(—2x,—26)u)(2) = u(z + 2x)62i”(z__72)c)(_25) = u(z + 2x)e HTEHOE
so that we obtain
00(t(-2x,-26))(2) = u(=z + 2x)e” TV = (0, ¢u) (2),

which proves (1.2.56) and thus (1.2.52). Formula (1.2.53) is already proven in (1.1.6)
and (1.2.54) follows from (1.2.52), Holder’s inequality and the fact that tx is an
endomorphism of L? (R") with norm 1 (cf. the expression (1.2.51)). To prove (1.2.55)
we note that from the expression (1.2.10), the Hausdorff—Young’s inequality implies

’ r1/q’ q=2
W, v)logre < 1900Vl pagre < Iul® o1, 2"

o . (1257

and since Young’s inequality® gives

’ 4 7 7
el s [l N ara < Ml Nl parar 101 W Lorar

a,b > q’ with
! A /
1-L =L 7
q a b
i.e.,
1 1 !
q’(—+—):1+q—,
a b q
that is
1_’_1_1
a b
so that

’ ’ ’ 7
el [0l (| Lasar < lellTallvll]
in such a way that (1.2.57) yields

a=2 11
|Watv)losre < 2T fullzallvlr. ab=zg. —+2 =1

which is (1.2.55). We are left with the proof of uniform continuity of W (u, v). We
have for X,Y € R2",

W, v)(Y) — W, v)(X) =2"((oy —ox)u,v)2Rn)
and since 07 = Id (see Claim 1.2.3), we find
W, v)(Y) — W(u,v)(X) = 2"((oyox — Id)oxu, v) 2 gn)

= 2"(oxu, (oxoy —Id)v)2gny-.

®For p,q.r € [1, +o0] with % + % = %,Wehave, If*gller <l fllcelglra.
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According to [33, formula (2.1.16)], we have
ox0y = Tax—pye* X1,
and this implies
W, v)(Y) — W, v)(X)] < 2"|[ullp2@nlle2x-1) V1l L2 RN - (1.2.58)
We have from (1.2.50),
72,0 0(x) —v(x) = v(x — 2)e2 T3¢ _ ()
= (v(x —z)— v(x))eZ"”(x_%)z + v(x)(ezi”(x_%)g - 1),

and thus

ltzv — vl 2Rn)

1/2 i 1/2
< (f lv(x —z) — v(x)|2dx) + (/ [v(x)[?|eF =3¢ — 1|2dx) .

We have the classical result, due to the density in L? of continuous compactly sup-
ported functions,

R3z—

lim 0/ lv(x —z) —v(x)|?dx =0,

and moreover the Lebesgue dominated convergence theorem implies

lim / lu(x)|? [e¥T¢=DE _12 dx =0,
(z,0)—>0,0) /] ~~—~— ———/——
eL!(R") <4

so that

lim ”TZU - U”Lz(Rn) =0.
R275Z—0

As a consequence, (1.2.58) implies the uniform continuity of ‘W (u, v). Moreover, we
have, for ¢, ¥ € S (R"),

W(u7 U) = W(U - ¢’ U) + W(¢’ v — W) + W(¢v W)v
so that

W, ) (x. £)] < / =)+ Z)Jo - 2z
# [ o= v =3)|o(x+ 5)]dz + 1w v

< 2"Ju = Bllpz@ny vl L2wry + 2" v = V¥l L2m) 19l 2R
+ W, ¥)(x,§)l.
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We choose now sequences (¢ ), () of .7 (R"™) converging respectively in L?(R")
towards u, v. We obtain for all k € N,

W, v)(x,8)] < 2"|[u — el L2wmIvL2@ny + 2" v = Yl L2y 19K | L2 (R
+ [ W(dk. ¥i)(x.§).

so that using that ‘W (¢, ¥« ) belongs to .7 (R?"), we get

limsup [ W(u, v)(X)|]
R273X,|X|—>+o0

< 2"lu = ¢xllL2z@my IVl L2@ny + 2" 10 = Yl L2wny 1Pk | L2 )
and thus, taking the limit when k — +o00, we obtain

lim  [|W,v)(X)[] =0,
R2"5X,|X|—>+00

completing the proof of Theorem 1.2.22. |

Remark 1.2.23. Let u be in L2(IR") be an even function. We then have
W(u,1)(0,0) = 2" ul|Zo gy = W, u) ]| Loo @2m)-
On the other hand, if u is odd, we have
Wt u)(0,0) = —2" [ull 22 gny = — W20 | oo grony.

showing that for odd functions the minimum of the Wigner distribution is negative
(we assume u # 0 in L?(R")) and attained at 0. Let us check for instance the (odd)
function #; of Remark 1.1.3. We have

) 2 — o [ 2027y — 4 +OOL ~t (5 —121 ~1/24
luilf2my =2 | x7e x=4) e (2n) 5t t

_2r@a/2y  rajyy 1
- (27)3/2 - (27)3/2 T 23/2n

= —W(ui,u1)(0,0).

1.2.4 On weak versions of the Wigner distribution

Let u, v be in the space ./ (R") of tempered distributions. Then, we can define as
above the tempered distribution Q(u, v) in R?": we set

(Q(u,v)(x,2), P(x, 2)) g/ (R2n), 7 (R27)
= (u(x1) ® 5(x2), (2

, X1 — X )
! 2>>y/(R2n),y(R2n)
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and then we define the Wigner distribution 'W(u, v) as the Fourier transform with
respect to z of Q(u, v), meaning that

('W(u, U), q’)y/(RZn),y(RZn) = (Q(u, U), ?ZW)V’(RZ”),(S’(RZ")?
where

(F2W)(x.£) = /R TR )z

Of course, W(u, v) is only a tempered distribution on R2” and we have the inversion
formula, using the notations of Remark 1.2.4,

Qu,v) = F26,W(u,v).

The above remarks show that there is no difficulty to extend the definition of the joint
Wigner distribution ‘W (u, v) to the case where u, v are both tempered distributions
on R”. Some properties are surviving from the L? theory, in particular the inversion
formula, but one should be reasonably cautious at avoiding writing brackets of duality
as integrals. Theorem 2 in [37] gives a more complete version of the following result.

Theorem 1.2.24. Let u € L*(R") such that W(u,u) € L' (R?"). Then, u belongs to
LP(R"™) forall p € [1, 400] and we have

el ey lull Loo@ry < 2" IW(u, w1 (m2ny-

N.B. We refer the reader to our Section 6.3 and, in particular, Theorem 6.3.3 showing
that the set of u in L2(R") such that ‘W (u, u) belongs to L (R?") is meager.

Proof. Thanks to Theorem 1.2.22, we have W(u,u) € L?(R?") for all p € [1, +00]
and we have in a weak sense,

u(x + %)ﬁ(x - g) - er"“'f'W(u,u)(x, £)dE,

so that
X1+ X2

uCrien) = [ =W (M2 6

and thus we get

[ meoliueeian = [[ [woen(52.6)|agdn = 21wl

i.e.,
lull L1 ey llullLoo®my < 2 (W (u, )| L1 m2ny,

proving the lemma. |
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1.2.5 Composition formulas

The following lemma is classical (see, e.g., [19], [46]); however we shall provide a
proof for the convenience of the reader.

Lemma 1.2.25. Let u, v, f, g be in L>(R"™). Then
(u, g) 2@ (L V) L2@ny = / W, v)(x, ) W(f g)(x.§)dxdE.  (1.2.59)

In other words, the Weyl symbol of the rank-one operator u > (u, g)p2®nyf is
W(f. g). In particular, if f = g is a unit vector in L*>(R") we find that W(f. f)
is the Weyl symbol of the orthogonal projection onto C f.

Proof. Both functions ‘W(u, v), W( f. g) belong to L?(R?"), so that the integral on
the right-hand side of (1.2.59) actually makes sense. Also, ‘W(u, v) is the partial
Fourier transform with respect to the variable z of (x,z) = u(x + z/2)v(x — z/2),
thus applying Plancherel formula’, we obtain that

/ W, v) (6. E)W( . ) (x. E)dxdE
=//u(x—|—Z/2)17(x—z/2)f(x—z/2)g(x+Z/2)dxdz

= (u, &) 2wy (f> V) L2(RN)-
The last property follows from (1.2.1). ]
Using [33, Section 2.1.5], we obtain that for a, b € S (R?")

Op,,(a)Op,,(b) = / / a(Y)b(Z)2*"oyozdYdZ.
R2n xR2n

We get
Op,,(a)Op,,(b) = Op,,(afth), (1.2.60)

TWe refer of course to the formula
(ﬁ, ﬁ)LZ(R”) = <M, U)LZ(]RH),

when using the complex Hilbert space L2(R”). Note however that formula (A.1.3) is using the
real duality between . (R”) and .#”(R") so that to check, with &#*(R%) standing for the
anti-dual of . (]RN ) (i.e., continuous anti-linear forms on . (RN )), we have also

=

(T, ¢) xmny, 7@®Ny =(T,®) o1 rN), 7@®Ny = (T, @) /(RN .7 (RN)
T

= (T, ) Ny, 7@Ny = (T, ) 5+ (®RN), .7 ®RN)-
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with

(ab)(X) = 2*" // e XY X2 (Y)\b(Z)dYdZ (1.2.61)
R27nxR2n

-1
— // e_z”T(E’Z)a(X +2 “)b(z + X)d8dZ (12.62)
R2n xR2n 2

-1 R
=/ e2l”<X’E>a(x + 2 “)b(s)da, (1.2.63)
R2n 2

where [-, -] is the symplectic form (1.2.13) and o is (1.2.15). Formula (1.2.62) is
interesting since very close to the group J! defined in [33, formula (4.1.14)].

Lemma 1.2.26. Let ug, uq,uo,us be in LZ(R”). Then, we have for all X € R27",
(w1 u2) 2| W(o. uz)(X)| < 2" (IW(uo. uz)| * | Wiy, us)|)(X).
Proof. According to Lemma 1.2.25, we have for v € L2(R"),

Op,, (W(u0,12))Op,, (W(u1,u3))v = Op,, (W(uo, u2)) ((v, u3) 1 2RnyU1)
= (v, u3)L2(Rn)(u1, uz)Lz(Rn)Mo
= (U1, u2)p2@n)Opy (W(uo, uz))v,

so that with the notation (1.2.60), we get
W(uo, LQ)fLW(ul, u3) = (ul, u2>L2(Rn)W(u0, u3), (1.2.64)
and using (1.2.63), we get

('W(Mo, uz)fW(uy, u3))(x, £)

A1,u3)(=n,—y)

- // eZi”<X'"+$'y>W(uo,uz>(x Ly g) 7 (Wur, 1)) (1 ) dydn,

where ¥ stands for the Fourier transformation and # for the ambiguity function (cf.
(1.2.8)). With formula (1.2.9), we obtain

(W(uo, u2)fW(uy, uz))(x,§)
= [[ e W )3 - 3. = WG ) 0y,
yielding from (1.2.64) for any X € R?",
(U, uz) 2 W(ug, u3)(X) = fRM e TEYIW (g up) (X — Y)W uz) (Y)Y 2",

which implies the lemma. |
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1.2.6 L2-boundedness

Theorem 1.2.27. Let a be a semi-classical symbol on R?", i.e., a smooth function of
(x, &) depending on h € (0, 1] such that

VieN, pia)= sup 020 a)(x. £ AT < foo. (1.2.65)
(x,£)eR?",he(0,1]
lee]+[B]<l

Then, the operator Op,(a(x, £, h)) is bounded on L*(R™) and such that

I0p,, (a(x. & M)l gr2®ny =< cnpe, (@)
where ¢, and £,, depend only on n.

Proof. Theorem 1.2 in A. Boulkhemair’s article [3] is providing that result (and more)
with
by =[n/2] + 1.

Note also that [33, Theorem 1.1.4] is providing an elementary proof of the above
result for the ordinary quantization of a given by

Opy(@n) () = [ ™ ar. 6. mie)ds
_ // 2TEE G (£ yu(y)dydE. .
N.B. Formula (1.2.63) appears as
(afh)(X) = [Opo(a(x - %))b] (X),

where Opg(-) stands for the ordinary quantization in 2n dimensions.
The following classical result is a consequence of Theorem 1.2.27.

Theorem 1.2.28. Ler C;*° (R2™) be the set of bounded smooth complex-valued func-
tions on R?" such that all derivatives are bounded and let a be in C Pt (R2™). Then,
the operator Op,,(a) is bounded on L*(R™) and the B(L?(R")) norm of Op,,(a) is
bounded above by a fixed semi-norm of a in the Fréchet space C;° (R2m).

1.2.7 On the Heisenberg Uncertainty Relations
Let u € .(R). We have, using the notations (A.1.4),

2Re(Dyu,ixu)2@wy = ([Dx,ix]u, u)2®) = (1.2.66)

2
Z ”u ||L2(]R)’
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implying, in particular,
1 2
[ Dxullp2yllxull 2wy = - 72y

X

which is an equality for u(x) = e~ 2; moreover we infer also from (1.2.66) that

1
(JT(D)ZC + xP)u,u) > 5”””]2}(]1{)’

and for
G, 6) = D WG +E), 0 <<y,
1<j=n

the inequality

1
(Op,, (wqu(x. ). u) 2@ = Ul Fagnyy D Wi (1.2.67)

1<j=n
~———
defined as
trace4 (g )

which is an equality for u(x) = e™" x> Note that the above (optimal) inequality can
be reformulated as

1
I waut W (x.0dxde = 1l g aces (@)

Note also that with the symplectic matrix ¢ defined by (1.2.15), the so-called funda-
mental matrix of g, is defined by

0 —I\(M O 0 —M
_ _1 _ _ . _ .
Fy,=0 Q“_(l 0)(0 M)_(M 0 ) with M =diag(wy,..., Un)

so that

Spectrum Fy,, = {£ipj}1<j<n. trace;(qu) = Z Al
A eigenvalue of F,
with ImA>0
With the notations

{C j = Dx; +1ix;, creation operators,
Cj* = Dy, —ix;, annihilation operators,
we see that

n[CF,Cj]l = n[Dx; —ixj, Dx; +ix;] =1,
and 1

Opu(@u) =7 Y 1y CiC} + 5 traces(gp),

1<j=n

which provides another proof of (1.2.67).
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Lemma 1.2.29 (Quantum Mechanics must deal with unbounded operators®). Let H
be a Hilbert space and let J, K € B(H), then the commutator [J, K] # 1d.
Proof. Let J, K be bounded operators with [J, K]=1d. Then, for all N € N*, we have
[J,KN] = NKNL, (1.2.68)
Indeed, this is true for N = 1 and if it holds for some N > 1, we find that
[J,KNT) = JKNK — KNtV = [J, KNK + KNJK — KNty
=[J.KYIK + KN(UK - KJ) = [J.KVK + KY = (N + DKV,

Note that (1.2.68) implies that for all N € N*, we have KV # 0: of course K # 0
since [J, K] = Id and if we had KV = 0 for some N > 2, (1.2.68) would imply
KN~1 =0 and eventually K = 0. As a consequence, we get from (1.2.68) that for
all N > 2,

NIKN s <217 lsen I KV lsen < 2017 lsen I Kllaen | KV s@.
implying since | KN ™1 gy > 0, that
VN =2, N Z2|J[IK].
which is impossible and proves the lemma. ]
Lemma 1.2.30 (Hardy’s inequality: the study of non-self-adjoint operators may be

useful to determine lowerbounds of self-adjoint operators). Let n € N,n > 3; let u
in L2(R™) such that Vu € L*>(R"), |x|™'u € L?(R"). Then, we have

n—2\> _
IVl = ("5 ) Ity

Proof. We write first

Z ”(Dx, - l¢1)u”i2(Rn)

1<j=<n

1 )
= (|DPPu,u)p2mny + (|70, u) 2 @ny — g((dlwf))% U)2(Rn)s

so that with ¢ (x) = we get the operator inequality

VX
2m|x|2?’

2 —
v - v(n —2)

D? + , sothat —A > |x|™2 v(n—=2—-v) ,
1Dl 472|x|? = 4m?|x|? z x| »—( ,—-«)
largest at v=(n—2)/2
proving the lemma. |

8Thus, QM must involve infinite-dimensional Hilbert spaces and unbounded operators on
them.
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N.B. A modern approach to the Heisenberg uncertainty principle should certainly
begin with reading C. Fefferman’s article [8] as well as E. Lieb’s book [38].

1.2.8 Non-negative quantizations formulas

Lemma 1.2.31. Let y be an even function in . (R?*") with L?(R?") norm equal to
1. We define
Ty = Xtx- (1.2.69)

Then, the function T belongs to . (R*"), is real-valued even and is such that
/ ry(X)ydx =1.
R2n

Let u be in L?>(R"™). Then, the convolution 'W(u, u) x Ty is non-negative. As a result,
the operator with Weyl symbol a x T'y is a non-negative operator whenever a is a
non-negative function.

Proof. Following the book [33], the composition formula (1.2.61) is bilinear continu-
ous from . (R?")?2 into .7 (R?") and we have also

atth = bia.

So that Iy is indeed real-valued. Moreover, we have
/ I(X)dX =22" /// e HmX=YY =215y (Z)dYdZdX
R2n (R27)3

— [1xray =1,

and

[, (—X)=2%" / / e XY= X=Zl5(Y )\ y(Z)dYd Z
R2n xR2n

— 92n // €—4in[—X+Y,—X+Z]i(y)x(z)dYdZ = I'y(X).
R2nxR2n
We have also
(W, u) x Ty)(Y)

- W, u)(Y — X)Ty(X)dX = / W, u)(Y + X)Ty(X)dX
R2n R2n

= [, T N0 = [ Wy ey (T (0ax

= /.. W(r—yu, —yu)(X) (i) (X)dX

= (OPW()?HX)T—YU, T-Y“)LZ(R”) = ”Opw(X)T—Yu”zZ(Rn) >0,
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proving the first statement of non-negativity. Let a be a non-negative function, say in
L'(R?"); we have

Op,(a *Ty)

=" //a(Y)FX(X — Y)deYdX = /a(Y)/(ZHX)(X _ Y)2n0')(dXdY
N /a(Y)/(XﬁX)(T‘Y(X))Zn"XdXdY = /a(Y)rYOpW()?ﬁx)r_de
= / a(Y )ty Op, (Y)Opy () T-ydY

- / a(Y) [Opo (1) ey *[Opy (D T—y]dY = 0.

non-negative operator

ifa(Y) > 0forall Y € R?" and this concludes the proof. ]

We can write as well

OnyasT) = [ a)[rOp(De-r ] [ Op (07 JaY

=/ a(Y)S,(Y)dY, (1.2.70)
]RZn
with
2 (Y) = [ty Opy (X) =y ]* [ty Op,, (1) 7—¥] = (Op,, (x (- — ¥))) “Op,, (x(- — Y)).
(1.2.71)

Remark 1.2.32. The Gaussian case in the previous lemma gives rise to the standard

o . . . 2
non-negativity properties of coherent states. In fact, choosing y(X) = 2"e271X1",
we see that y is even, belongs to the Schwartz space and

_ 2 _
||X||iZ(R211) — 92n Azn e 4| X| dX = 22"4 2n/2 _ 1.

We have also’
I, (X) = 2 // o HTIX—Y.X~Z] 27 (Y PHZP) gy g 7
(Rzn)z
_ 23n/ ATV X] 2 (X+Y PHIY ) gy
RZII
_ 23n/ e4in[Y,X]e—2n(|Y+§|2+\Y—%|2)dY
R2n

_ 23ne—7rX|2/ AT X4V P gy _p3n=mIX P gonp=mIXP o (x).
R2n

% [33, Proposition 4.1.1] is useful to compute the Fourier transform of Gaussian functions
and is a notable asset of the Fourier normalization given in Section A.1.1.
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In that case we find that Op,,(x) is a rank-one orthogonal projection on the funda-
mental state Wy of the harmonic oscillator (| Dx|? + |x|?). According to (A.1.16)
the one-dimensional kth Hermite function is

—1)¥ d \*
Vi (x) = 2(16—\/)1521/46“2(m) (e727*%), (1.2.72)

so that Wy (x) = on/4e=7Ix? We calculate

D0,E) = Wb Uo)(x,§) = 272 [ erltafaihz o) ainity

R}’l
— 2n/28—27t|x|2/ e—n’zz/Ze—ZinZSdZ — zne—2n|x|26—2n|$|2 — X(x’%-)‘
The anti-Wick quantization of a symbol a is defined as (see, e.g., M. Shubin’s

book [47])
Op,y () = / a(Y)XydY, (1.2.73)
RZn

where Xy is the rank-one orthogonal projection given by
2y qu = (U, 7y5 Vo) 1y,5 VYo.

Remark 1.2.33. It is interesting to notice that to produce non-negativity of the oper-
ator with Weyl symbol a * I, when a is a non-negative function, we do not use the
non-negativity of I'y, as a function, which by the way does not always hold (except in
the Gaussian cases), but we use the fact that the quantization of I'y is non-negative,

as it is defined as Op,, (¥#1x) = (Op,,(x))* Opy, ().

Remark 1.2.34. Another important remark is concerned with the Taylor expansion
of a x I'y, we have

(axTy)(X) = /a(X —Y)[(Y)dY = /a(X + V)T (Y)dY

1
= /(a(X) +a/(X)Y + / (1-6)a"(x + QY)YZ)FX(Y)dY
0

1
a(X) + // (1—0)a"(X + 0Y)Y?T,(Y)dY.
0

As a result the difference (a * I'y) — a depends only on the second derivative of a. If
for instance a is a semi-classical symbol, i.e., a smooth function of (x, §) depending
on & € (0, 1] such that

V(a, B) € N" x N, sup 0%922) (x . )3 < oo, (1.274)

(x,§)eR2",he(0,1]
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then the difference Op,, (a) — Op,,(a) is bounded on L2(R") with an O (h) operator-
norm, so that if a happens also to be non-negative, we find

Opw(a) = Opw(a) - Opw(a * FX) + Opw(a * FX)’

O(h) >0
as an operator, as an operator
cf. Theorem 1.2.27

and we obtain a version of the so-called Sharp Gérding inequality,
Op,(a) + Ch > 0 (as an operator).

Theorem 1.2.35. Let y be an even function in the Schwartz space . (R?") with
L2(R*") norm equal to 1 and let Ty be given by (1.2.69). For a € L®(R?"), we
define

Op(x,a) = Opy(a * I'y).

Then, Op(x, a) is a bounded operator in L*>(R™) and we have
10p(x: Dl g2®ny) = lallLoo®2ny- (1.2.75)

Moreover, if a is valued in some interval J of the real line, we have the operator
inequalities
infJ < Op(y,a) <supJ. (1.2.76)

In particular, if a(x,£) > 0 for all (x, ) € R?", we have the operator-inequality
Op(x.a) = 0.

N.B. The non-negativity of the anti-Wick quantization (1.2.73) and its avatars Husimi
[25], Coherent States, Gabor wavelets (see, e.g., [11]), are particular cases of the
above theorem. More information on this topic is available in Section 2.4 of the
book [33]. Another remark is that this result can easily be extended to matrix-valued
symbols as in Remark 2 page 79 of L. Hormander’s [24] and even to symbols valued
in B(H), where H is a Hilbert space.

Proof. We start with Formulas (1.2.70), (1.2.71), entailing
Op(x,a) = /Rzn a(Y)Z,(Y)dY,
with 3, (Y) = [Op,, (x(- = Y)]*Op,, (x(- = ¥)) = v Op,, (1 x) 7y . We note that
Op(x. 1) = /Rz” ty Op,, () Ty dY,

so has Weyl symbol X > [p2, [y(X —Y)dY =1 from Lemma 1.2.31 and thus
Op(yx, 1) = Id. We infer that for u, v € .Z(R"),

(Op (L. v)y2eny = [ a(V){Op (1= V). Op, G = Y)))aY,
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so that with any v > 0,
[{Op(x., a)u, U>L2(R")|

1 _
5“a“Lm(Rz”)/l;ZnE(v”Opw(X('_Y))u”iZ(Rn)+V 1”Opw(X('_Y))v”22(Rn))dY
1 _
= ||a||L°°(]R2”)§(V(Op(X7 Duu) 2wy + v~ {Op(x, Do, v)2®n))

1 _
= llallooqgan3 (V12 + V7 101 2
and taking the infimum of the right-hand side with respect to v, we obtain

I{Op(x, a)u, U)LZ(Rn)| = ||a||L<>°(R2”)”””L2(]R")||U||L2(R”)7

proving (1.2.75). To prove (1.2.76), it is enough to prove the last statement in the
theorem which follows immediately from (1.2.70), (1.2.71) since each operator Xy
is non-negative. The proof of the theorem is complete. ]

It is nice to have examples of non-negative quantizations, but somehow more
importantly, it is crucial to relate these quantizations to the mainstream quantization,
that is to the Weyl quantization. This is what we do in the next theorem, dealing with
semi-classical symbols.

Theorem 1.2.36 (Sharp Garding inequality). Let a be a function defined on R" x
R” x (0, 1] such that a(x, &, h) is smooth for all h € (0, 1] and such that

Y(x, ) € N" x N", sup |(@%0Fa)(x.&. WA~ < +o0. (1.2.77)
(x,E,h)eR xR x(0,1]

Let us assume that the function a is valued in Ry. Then, there exists a constant C
such that
Op,(a) +Ch > 0.

Proof. We have given a proof of this result in Remark 1.2.34 but with a differ-
ent definition for a semi-classical symbol (see (1.2.74)). Starting with our definition
above in (1.2.77), we define

b(x,E,h) = a(h'?x,h='2¢,h),

and we see that b satisfies the estimates (1.2.74) and is a non-negative function so
that, applying Remark 1.2.34, we can find a constant C such that

Op, () + Ch > 0.
We note now that Segal’s formula (1.2.48) applied to the symplectic mapping
(x.§) = (h'2x, h™12%¢),

shows that Op,, () is unitarily equivalent to Op,,(a), providing the sought result. =
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N.B. Several versions of the above theorem can be found in the literature, in par-
ticular, [24, Theorem 18.1.14]. The first proof of this result was given in 1966 by
L. Hormander in [21] for scalar-valued symbols and a proof for systems was given
by P. Lax and L. Nirenberg in [28] on the same year. Far-reaching refinements of that
inequality were given by C. Fefferman and D. H. Phong, who proved in [9] in 1978
that, under the same assumption as in Theorem 1.2.36 for scalar-valued symbols, they
obtain the much stronger

Op,(a) + Ch* > 0. (1.2.78)

A thorough discussion of these questions is given in [24, Section 18.6] and in [33,
Section 2.5] (see also [1]).

1.3 Examples

1.3.1 Hermite functions

We can easily calculate the Wigner distribution of Hermite functions and since the
Wigner distributions respect tensor products as partial Fourier transforms, it is enough
to do in one dimension. With v givenin (1.2.72), the Wigner distribution ‘W (v, ¥%)
appears as the Weyl symbol of Px.; = IPx as defined in (A.1.17). We find that the
Weyl symbol of Py.,, following (A.3.2), is

o g2 (X PHER).

More generally, the paper [27] provides in one dimension
W ) (. §) = (1) 22" L (4 (22 + £)), (13.1)

where Lj is the standard Laguerre polynomial with degree k (see (A.4.1)). As a
result, the Weyl symbol of P, is equal to mg , (x, &) with

T (x.6) = (~1F2e 2 (BPHED St TT L, @n(x? + £2)).

aeN” |a|=k 1<j<n

Note that the leading term in the polynomial (—1)¥ Ly (¢) is t¥/k! and this implies
that the set

{(x,8) € R2, WYk, ye) (x,§) < 0},

where W(Y, ¥x) is given by (1.3.1) is a relatively compact open subset of R2.
Indeed, we have

k
R e e D DI (o)

k!
0<l<k-1

>1/2for | X| > Ro
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which implies that
{X € R |X| > max(Ro. 1)} C {X € R* W(y, ¥)(X) > 0},

and thus
{W@k. ¥i)(X) <0} C {|X] < max(Ro, 1)}.

1.3.2 One-sided exponentials

Let us define for a > 0, f, (1) = H(t)a'/2e=%'/2. We have

W(fas fa)(x,§) = aH(x) e 2imzE =5 (xF2/2) =5 (x=2/2) g

|z]<2x

= aH(x)e_x”f e 2imzk g,

|z|<2x
2x
= 2aH(x)e_’“’/ cos(z2n§)dz
0

sin(4m x§)

=aH(x)e ™ pr:

We can check

400 :
R e e e L

T Jx=0 3

1.2

sin” ¢
/ —dt =,
R I

we verify (see Lemma 1.2.25 and (1.1.4)),

and since

2 +o0 ) 4
J] Wit togranas =2 [ ez [ D dear 1) fols ey

n2 5-2

On the other hand, the ambiguity function 4A( f;, f,;) is the inverse Fourier transform
of ‘W and we have

y

Afar )0 9) = & // H(x)e—““—””")%ﬁfﬂmédxds

+00 —3yl(@a—2inn)
o ae” 2
:a/ p—x(a—2imm) g, _ 4 27T
[

y|/2 a—2imn

which corresponds to [17, formula (9)] noting that with our notations, we have

AL )0, y) = AL L), =),
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where ,/I( [, f) is the normalization chosen in [17]. Going back to the Wigner distri-
bution, that simple example is interesting since we have

{(x.6). W(fa, fa)(x,§) <0}

L ko1 ko1
=kEJN{(x,$)e(O,+oo)xR ,§+Z<x|§|<5—l—§},

and we see that the Lebesgue measure of

« k1 ko1
Ekz{(X,f)G(O,—I—oo)x]R ’§+Z<x|§|<§+§}’

is infinite since
+o00 dx
|Ex| = 2/ — = +00.
0 4X

Moreover, the function W( f,, f.)(x, £) does not belong to L!(R?) since

// H(x)e ™ sin (47 x¢) (;:j;xé)‘dxdg > //(0,+oo)2 e

As a consequence, we have, using the notation for o € R,

sinn

T

dxdn = +o0.

o1+ = max(*a«,0),
[ e .00 dxde = [[ (9 fx.8)_dvae =+

since the real-valued function W( £, f,) does not belong to L!(R?) and is such that

// W(fa fa)(x, £)dxd§ = | fal 2 gy = -

We will see in Section 6.4 several important consequences of that phenomenon for
the quantization of the indicatrix of some subsets of R?, such as

Ex = {(x,8), £ W(fa, fa)(x,£) > O}.

1.3.3 Box functions

We start with 8o (1) = 1, 1(2), for which a straightforward calculation gives

sin2z (1 — 2|x])€)
43 )

W(Bo. o) (x.€) = 1_y ()

More generally, for real parameters a < b, defining

B(t) = (b —a) 21, py(1)e* ™",
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we find
W(B. B)(x. &) =[(b—a)r(§ — )]
x (1[&#](@ SInf47(§ — @) (x — )] + Ljagn 5 (x) sinfdr( — 0)(b — x)]).

Checking now (1) = 1;
tedious) calculation,

11 ](t) signt, we find after a simple (but this time a bit

W(B1, 1) (x, §) = l(lxl < %)251“(4”'x'5) —:2(27“1 —2/x])§)

1\ sin27 (1 — 2|x])§)
)

1
1{ - < < —
+ (4_|x|_2

1.4 Integrals of the Wigner distribution on subsets of the phase space

Lemma 1.4.1. Let E be a measurable subset with finite Lebesgue measure of the
phase space R" x R" and let 1g be the indicator function of the set E. Then, the

operator with Weyl symbol 1 is bounded self-adjoint on L*>(R™) and for any u €
L2(R™), we have

(Opy,(1E)u, u)p2wn) =// Wu,u)(x, &)dxdE. (1.4.1)
E

Proof. 1t follows immediately from (1.2.1) and (1.2.5). [ ]

Remark 1.4.2. A consequence of the above formula is that a spectral analysis of the
operator Op,,(1g) would display interesting extremalization properties for the right-
hand side of (1.4.1); for instance, if

A— = inf(spectrum(Op,,(1£))), A+ = sup(spectrum(Op,,(1£))),
we obtain that for ¥ normalized in L2?(R"), we have
A< // W, u)(x,E)dxdé < Ay,
E
In particular, if A_ is an eigenvalue related to a normalized eigenfunction u_, (resp.,

if A4 is an eigenvalue related to a normalized eigenfunction u ), we get for all u
normalized in L2(R"),

//EW(M_,u—)(x,f)dxdES//E "W(u,u)(x,é)dxdéf//E Wt uy)(x,&)dxdé.
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We shall see below several examples where the operator Op,, (1) is bounded on
L?(R™) with an E having infinite Lebesgue measure. We may note in particular that

Opw(1R2”) = Id,
and for a given non-zero linear form L(x, £) on R?” and

E = {(x,é) e R?" L(x,£) € J}, where J is a subset of R, (1.4.2)

we may find affine symplectic coordinates (y, ) on R?” such that L(x, §) = yy,
implying with (1.2.48) that Op,,(1£) is unitarily equivalent to the orthogonal projec-
tion u + u(y)1y(y1). Although in that case, the quantization of the indicatrix of £
given by (1.4.2) is trivial, we shall see below that in many cases, including some rather
explicit ones, the Weyl quantization of the rough Hamiltonian 1£ (x, £) could be far
from a projection and may have a rather complicated spectrum with a supremum
which could be strictly larger than 1 and an infimum which could be negative.

In some sense, although we have the trivial identity 1g(x, £)?> = 1g(x, £), we
shall see that the quantization process by the Weyl formula is destroying that prop-
erty; to understand integrals of the Wigner distribution on subsets of the phase space,
formula (1.4.1) forces us to consider the Weyl quantization of the function 1g (x, &)
and the Heisenberg Uncertainty Principle shows that non-commutation properties are
governing operators and these properties are of course distorting the classical identit-
ies satisfied by classical Hamiltonians.

We must point out as well that we do not have here at our disposal a semi-classical
version of our quantization which could ensure some bridge between classical proper-
ties and operator-theoretic results as it is the case for the quantization of nice smooth
semi-classical symbols depending on a small parameter 2 such as a C* function
a(x, &, h) satisfying (1.2.77). In particular, for a symbol a satisfying (1.2.77), we have
the following result: if for all (x, &, h) € R” x R"” x (0, 1] we have a(x, &, h) < 1,
then there exists a semi-norm C of the symbol a such that

Id —Op,,(a) + Ch* > 0,
i.e.,
Op,,(a) < Id+Ch?,

an inequality following from the Fefferman—Phong inequality (cf. (1.2.78)) which
implies as well the following lemma.

Lemma 1.4.3. Let a be a semi-classical symbol of order 0, i.e., a smooth function sat-
isfying (1.2.77) such that for all (x,&,h) € R" x R" x (0, 1] we have 0 < a(x,&,h) <
1. Then, there exists a semi-norm C of the symbol a such that

—Ch? < Op,(a) <1d+Ch?%.



