Chapter 5

Conics with eccentricity greater than 1

We want to consider now integrals of the Wigner distribution on “hyperbolic” convex
subsets of the plane such as

€ = {(x.§) e R*, x§ > 0.x > 0}, (5.0.1)

where o is a non-negative parameter. It is convenient to start with the limit-case where
o =0and & = {(x,§) € R?2,x > 0,& > 0} (we will label €, as the quarter-plane).
The indicator function of €g is H (x) H(§) where H = 1g ,_ is the Heaviside function.

N.B. The reader will see a great similarity between our calculations below in this
section and the J. G. Wood and A. J. Bracken paper [55] (see also [4]). This article
is very important for the problem at stake — Integrating the Wigner distribution on
subsets of the phase space — and was a wealthy source of information for us, although
as a mathematician, the author has a quite rigid relationship with calculations, and
feels the need to justify formal manipulations; for instance, we may point out that the
test functions used in [55] are homogeneous distributions of type

1,
—>tiw
2
X , oweR,

which are not in L2(R) (not even in L2 ), a situation which raises some difficulties,

first when you try to normalize in L? these test functions and also when trying
to give a non-formal meaning to their images under the operator with Weyl sym-
bol H(x)H(§), images which are not clearly defined. In our joint paper [6] with
B. Delourme and T. Duyckaerts, proving that Flandrin’s conjecture is not true, we
followed numerical arguments which were quite apart from the arguments of [55].
However, in this memoir, we do follow many of the arguments of [55], along with
avoiding formal calculations.

5.1 The quarter-plane, a counterexample to Flandrin’s conjecture

5.1.1 Preliminaries
We study in this section the operator
Ao = Op,, (H(x)H(§)). (5.1.1)

where H = 1gr_, that is the Weyl quantization of the characteristic function of the
first quarter of the plane.
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Lemma 5.1.1. The operator Ag given by (5.1.1) is bounded self-adjoint on L*(R).

Proof. Since the Weyl symbol of Ay is real-valued, A¢ is formally self-adjoint and
it is enough to prove that Ag is bounded on L?(R). Let us start with recalling the

classical formulas
A So (2 1 1
H(t) = o) +.—pV(—),

2 2im t
sign = —pv| - ),
i t

useful below. The kernel' of A is

~ 1 1
Ko, y) = HO + ) A =) = 14 )3 (ly =0+ pe ).
ino y—x
(5.12)
For A > 0, we define Ag, = (H(x)1[,)(€))", whose distribution-kernel is the

L°°(R?") function

(- SN = y)A)

koa(x,y) = H(x + y)e
w(x —y)

We can thus notice that

kg 5 (x,9)

in(x—y)a SIN(T(x — y)A)
m(x —y)

+ H(x + y)(H(=x)H(y) + H(x)H(-Y))

koa(x,y) = H(x)H(y)e

SN = Y)A) ine—y)a
7(x—y) ’

kg 5 (x,y)
and the operator with distribution-kernel kg 5 18

HOpW(l[O’A](S))H, that is Hl[o,k](D)H,

!"There is no difficulty at defining the product S ((x + »)/2)T(x — y) for S, T tempered
distributions on the real line since we may use the tensor product with

(s(*52 )70 -0 00)

X2 X2
=(s T ,® X1 — > ’
( (x1) ® T(x2) (xl T 2)%(11%2),:7(11%2)

S(R2), 7 (R2)

However, we shall not use directly formula (5.1.2), since want to avoid formal manipulation
involving for instance meaningless products such as H(x)H (y)ko(x, y). We refer the reader
to Remark 5.1.2 for more details on this matter.
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where H stands for the operator of multiplication by the Heaviside function H. On
the other hand, the operator with distribution kernel kg 5, 18 such that

H(-x)H H(x)H(—
K Go )| < H(x 4 ) ZHEDHO) + HEHEY)
wlx — y|
=H(x+y)w+H(X+y)w.
m(y —x) 2(x — )

According to Proposition A.5.1 in Appendix A.7, the Hardy operator and the modified
Hardy operators are bounded on L?(RR) and we obtain that, for ¢, ¥ € .%(R"), with
H =H(x),H = H(—x),

' [ Heton@ W v graxa

1 ~ 1 <
< ||H¢||L2(R)||HW||L2(R)+5||H¢||L2(R)||HW||L2(R)+5||H¢||L2(R)||HW||L2(R)
so that

{409, ¥) 7+ ®),7®)]
e#(R?)

PN
_ ‘ /f HO)HE W) (5.6 dxds‘

= lim ‘// H(X)l[o,A](fE)W(qb,\/f)(x,é)dxdé'

A—>+o00

IA

1 o
I1HO 2y 1HY 2Ry + 3 IHO 2wy | H Y | 22®)
|
+ §”H¢”L2(R)”Hl/f”L2(R)v (5.1.3)

yielding the L2-boundedness of the operator Ay, and this concludes the proof of the
lemma. |

Remark 5.1.2. That cumbersome detour with the operator A, is useful to ensure
that the operator A is indeed bounded on L2(R). The kernel kg of Ay is a distribution
of order 1 and the product H(x)H (y)ko(x, y) is not a priori meaningful, even when
k is a Radon measure.

Even a wave-front-set approach, which would allow the product H (x)pv(1/(y —
X)), does not offer a meaning for the product H(x)H (y)pv(1/(y — x)) since the
wave-front-set of pv(1/(y — x)) is located on the conormal of the first diagonal (i.e.,
{(x,x:&,—&)} xeRr £er*), Whereas the wave-front set at (0, 0) of H(x)H (y) contains
all directions and in particular is antipodal to the conormal of the diagonal at (0, 0).

However, with the proven L2-boundedness of Ay, then the products of operators
HAyH, H AoH, H AOI-VI , H AOPVI make sense and for instance we may approximate
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in the strong-operator-topology the operator HAgH by the operator y(-/&)Ax(:/¢),
where y is a smooth function supported in [1, 400) and equal to 1 on [2, +00). We
have indeed

HAH = (H — x(-/e))AH + x(-/e)A(H — x(-/&)) + x(-/e)Ax(-/¢).
so that foru € L?(R), HAHu = limg—o, x(-/€)Ax(-/&)u. The operator with kernel
1 1
H(x + y)x(x/e)x(y/e)pv——z = x(x/e)x(y/)pV———,
in(y —x) in(y —x)
converges strongly towards the operator H (sign D) H .

Proposition 5.1.3. Ler Ay = Op,, (H(x)H(§)) be the operator with Weyl symbol
H(x)H (&), a priori sending . (R) into ./ (R). Then, Ay can be uniquely extended
to a self-adjoint bounded operator on L*(R) with

142
2

Aol gL2®)) < ~ 1.207 (5.1.4)

N.B. The bound above can be significantly improved (see Proposition 5.4.4 for opti-
mal bounds) and moreover we will show below that the spectrum of Ag actually
intersects (1, +00). In fact, it is easier to start with the information that Ay is indeed
bounded on L?(R).

Proof. The L?(R)-boundedness of Ag is given by Lemma 5.1.1. We are left with
proving the bound (5.1.4): we note that (5.1.3) implies

[{(Aou, u) oyl < |HulZ> gy + I Hull 2@yl Hull L2 w)»
proving the proposition, since the eigenvalues of the quadratic form R? 3 (x1, x3)
x2 + x1x; are (1 £+ +/2)/2. n

We can do much better and actually diagonalise the operator A, using as in
Proposition A.5.1 logarithmic coordinates on each half-line. We state a lemma on
“diagonal” terms whose proof is already given above.

Lemma 5.1.4 (Diagonal terms). Let A be the operator with Weyl symbol H (x) H (§).
With H standing as well for the operator of multiplication by H(x), we have

1d + sign D
HAoH = HH(D)H = 397521 D)

Lemma 5.1.5 (Off-diagonal terms). Let By = 2 Re H AoH = H AoH + H AOPVI .
Then, we have for all u € L*(R),

1 o
[(Bou, u) 2wy < §||H“||L2(R)||Hu||L2(R)~ (5.1.5)
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Proof of Lemma 5.1.5. For u € .(R) such that 0 ¢ supp u, we define forz € R,

¢1(1) = u(e)e'’?,  ¢a(t) = u(—e')e'’?, (5.1.6)
so that
|22y = 161122y
||H“||]242(R) = ||¢2||12Jz(R)-
We have

H(x + y)(H)H(y) + H(x)H ()
2iw(y — x)

(Bow. ) 2ge) = / u ()i (x)dydx

_/ H(—es—i-et)e%

2in(e! + e¥) ¢1(1)¢2(s)dsd1
B / e —e)e ™ usydsar
2im(et + e%) 2 1

_ [ _HE=s) s
_/ 4iﬂcosh(s_;t)¢1(f)¢2(S)dsdt

H(s—1) _
B [ m%@)(ﬁl(s)dsdt,

so that )
(Bou, u)LZ(]R) = (SO * ¢1, ¢2>L2(R) + (SO * ¢2’ d)l)LZ(R)
and -
~ _ H(t) _ iH(t)
Solt) = 4im cosh(t/2) Solt) = 1 cosh(t/2)’ 1.0

We calculate

/m At ctan(sinh(t/2)[F° = & = /0 di
o 4mcosh(r/2) 2n aretants O T4 J_ 4mwcosh(t/2)’

so that
1 1 o
[{Bou,u)r2®)| < §||¢1 Izl P2l 2@y = §||H”||L2(]R)”Hu”L2(R)’

proving the estimate of the lemma for u € .%/(R) such that 0 ¢ supp u. We use now
that we already know that By is a bounded self-adjoint operator on L?(R): let u be
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a function in L2(R) and let (¢ )r>1 be a sequence’ in .(R) such that each ¢
vanishes in a neighborhood of 0 so that limg ¢ = u in L?(R). We find that

[{Bou, u) 12wl
< {Bo(u — ¢x), u) 2yl + [{Bodk, u — dr) 2wyl + [{Bodk, Px) 2(r)l
< 1Boll g2y (It — b llL2ylullz2wy + v — dicll 2y 0kl L2 w))

1 -
t5 I H rcll 2y | H Dk M| 12w »
providing readily the result of the lemma since the multiplication by H and H are
bounded operators on L2(R). [

Remark 5.1.6. The estimate (5.1.5) and Lemma 5.1.4 are already improving (5.1.4),
since the eigenvalues of the quadratic form R2 5 (x1,X2) xl2 + %xlxz are (2 +
V/5)/4, so that the right-hand side of (5.1.4) can be replaced by (2 + +/5)/4 ~ 1.059.
Anyhow, we shall provide below a diagonalisation of Ay and optimal bounds.

N.B. We shall be a little faster in the sequel on the “cumbersome” detours to avoid
formal multiplication of kernels by Heaviside functions but the reader should keep
in mind that it is an important point to secure L?(R)-boundedness before any further
manipulation of the kernels.

5.1.2 An isometric isomorphism

Remark 5.1.7. The mapping ¥ defined by
U: L2(R) — L*(R;C?)
u > ((Hu)(e"e’?, (Hu)(—e")e'’?) (5.1.8)

is an isometric isomorphism of Hilbert spaces: indeed, we have
2y = [ futeean + [ ju-eypetan.
Moreover, if (¢1, ¢2) € L?(R; C?), we may define for x € R*
u(x) = Hx)gr(nx0)x™"2 + H ()¢ (n x|~

and we have

(u)(t) = (¢1(1). $2(0)).

2Such a sequence is easy to find: a first step is to find a sequence (‘l;k) k>1 in the Schwartz
space converging in L2(R) towards u, then consider with a given @ € C°°(R; [0, 1]) such that
w(t) =0for|t] < land w(t) = 1 for |t]| > 2, ¢ (x) = w(kx)pr (x).
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Remark 5.1.8. Using Lemma 5.1.4 and notations (5.1.6) we see that
1 ) 1 e(s+t)/2
(HAoH b2y = 5101y + [[ 50— o1 0@ 0)dsar

_ L2 1
= 2||¢1”L2(]R) +// 4”Tp sin h(t S)¢1([)¢1(S)de[

-/ |$1(r>|2(§ N To(r))dr

t i

with

We have

t

—2imtt
L dr, 5.1.10
4sinh(z/2) ¢ (>.1.10)

To = sign *xpg with po(7) = f

and we note that the function py belongs to .’(R), as the Fourier transform of a
function in .’ (R). Also, we have

/ po(D)dT = 5o(0) =

and this yields with %{% + fo} = 2po (which follows from (5.1.10)) and

1 ~ +o00
3 + To(r) =1 —/ 2p0(t))d T, (5.1.11)
T
since

d 1 ~ +o00
—{— + To +/ 2p0(r’)dt’} =0 and lim (signxp)(r) = =
dt |2 z T—>+00

Theorem 5.1.9. Let Ay be the operator with Weyl symbol H (x)H (§). The operator
Ao is bounded self-adjoint on L*(R) so that we may define, with W defined in (5.1.8),

Ay = WA W,

The operator /To is the Fourier multiplier on L*(R; C?) given by the matrix

s _
Mo(7) = (thO(t) SO(T)), (5.1.12)
So(‘L’) 0

where Ty, So are defined respectively in (5.1.9), (5.1.7). In particular, we have with
= (¢1,42) € L*(R; C?),

(Ag®, D)2 (r.c2) = / 2T (Mo (1) D(1), D(1))c2d .
R



Conics with eccentricity greater than 1 94

Remark 5.1.10. As a consequence of Theorem 5.1.9, we find that the spectrum of
the self-adjoint bounded operator A is the closure of the set of eigenvalues of the
matrices Mo (7) when 7 runs on the real line.

Proof. The proof follows readily from Remarks 5.1.7,5.1.8 and Lemmas 5.1.4, 5.1.5.

[
Lemma 5.1.11. Let N be a 2 x 2 Hermitian matrix
an a
N = ().
Then, the eigenvalues A— < Ay of N are such that
Ao<0<1 <Ay, (5.1.13)
if and only if
a2 #0 and |ap? > 1—an;. (5.1.14)

Proof. The characteristic polynomial of N is p(A) = A2 — a1 A — |a;2|? and since
ay is real-valued, has two real roots A < Ay. If (5.1.14) holds true, the roots are
distinct and

p(0) =—lai2]*> <0, p(l)=1—ai —lap|* <0,

implying (5.1.13). Conversely, if (5.1.13) is satisfied, then p(0), p(1) are both negat-
ive, implying (5.1.14), completing the proof of the lemma. |

Lemma 5.1.12. Let us define for v € R,

1 (1% sin(
/ sin(tw) J
0

Iw) = 4 cosh(z/2) &

Then, we have

1
I(w) = — 4+ 0(™?), |w| - +oo.
4w

Proof. Indeed, we have for w € R*,
+oo L cos(tw
I(w) = — / i CO5)
drw Jo cosh(z/2)

1 T cos(tw) 1 .
= % (1 — A —(C()Sh([/Z))z E smh(l/2)dl‘)

= (4 glo)),
T
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with
+o00 d 1
g(w) = —/ ——{sin(tw)}sech(t/2) = tanh(t /2)dt
0 wdt 2

+o0
- %/0 sin(lw)%{sech(lﬂ) tanh(¢/2)}dt

+o0 d d
= _ﬁ/o E{cos(tw)}a{sech(tﬂ) tanh(t/2)}dt
1

_ 1 +o00 d2 . ) ] B .
= m{/0 COS(ta))W{sec (t/2) tanh(r/2)}dt + 5} = 0(07?),

proving the lemma. u

Proposition 5.1.13. The matrix My(t) defined in (5.1.12) is equal to

ap(z) anz(r)
M = 5.1.15
o(r) = (220 @2 (0)). (5.1.15)
with
400 Nt i +o00 e—2in1:t 4

1— = 2 , = — ———dt. (5.1.16
an@ = [ am@e anm = [ S 66

We have
1—ai1(r) = 0(™N) forany N when t — +o0, (5.1.17)
Re(ai2(7)) = + 03 whent — +o0. (5.1.18)

82t

Proof. Formulas (5.1.15), (5.1.16) follow from Theorem 5.1.9, (5.1.11), and (5.1.7).
The estimates (5.1.17) follow from the fact that py belongs to the Schwartz class and
(5.1.18) is a reformulation of Lemma 5.1.12. ]

Theorem 5.1.14. Let Ay be the operator with Weyl symbol H(x)H (§), where H is
the Heaviside function. Then, Ag is a bounded self-adjoint operator on L*(R) such
that

inf(spectrum(A4g)) < 0 < 1 < sup(spectrum(4o)). (5.1.19)

Proof. Using Remark 5.1.10 and Proposition 5.1.13 we find that for t large enough,
Conditions (5.1.14) are satisfied, proving readily (5.1.19). ]

Corollary 5.1.15 (A counterexample to Flandrin’s conjecture). There exists a func-
tion ¢o € .7 (R), with L*>(R) norm equal to 1 such that

/f W(go. do) (x. £)dxdE > 1.
x>0,>0

SA=A,U=C
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Remark 5.1.16. In [13, page 2178], we find the sentence “if is conjectured that
Yu € L?(R), // W, u)(x, E)dxdE < ||u||§2(R), (5.1.20)
€

is true for any convex domain €”, a quite mild commitment for the validity of
(5.1.20), although that statement was referred to later on as Flandrin’s conjecture
in the literature. The second part of the above corollary is providing a disproof of that
conjecture based upon an “abstract” argument used in the proof of Theorem 5.1.14;
the result of that corollary was already known via a numerical analysis argument after
our joint work [6] with B. Delourme and T. Duyckaerts.

Proof. From Theorem 5.1.14, we find ug € L?(R) such that
”uO”iZ(R) < (Aouo, uo)-
Let € Z(R): we have

[{Aouo, uo) — (Ao, ¥)| = [{Ao(uo — V). uo) + (Aoy, uo — ¥)|
< 4ol sz2@®ylluo — ¥ 2@ (ol L2y + 1Vl L2w))-

and thus if (Y )x>1 is a sequence of .#(R) converging towards ug in L?(R), we get

”uO“iZ(R) < (Aouo, uo)

< (AoVk. Vi) + Il Aoll g2®y o — Vil L2y (Inoll 2wy + 1Vl L2r®)) -

=0k, goes to 0 when k — +-o00.

There exists kg > 1 such that for k > k¢, we have

0]
((Aouo,uo) - ||M0||iz(R)) = ? go > 0.

N =

0=<or =<
We obtain that for k > kg,
2 €0
lollz2 gy < (Aotto.uo) = {Aovi. Vi) + —.
and thus

||‘/’k||iz(R) = “Wk”iZ(R) - ||u0||iz(R) +||u0||i2(R)

=0, goes to 0 when k — 400

&
= B + {Aoo.uo) — €0 < B + {AoVk. Vie) + 5 o

= (AoV. Vi) + Ok — %O.
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Choosing now k > k¢ and k large enough to have 6, < g¢/4, we get

1V 2y = (Aovic ¥e) = 5 < (Ao, V).

and since for ¢ = Y, the Wigner distribution 'W(¢, ¢) belongs to .7 (R?), we have
16172y < (Ao, $) = / Hx)H(E) W@, §)(x, §)dxdE,

and noting that this strict inequality above implies that ¢ # 0, we may set o = @ /| P ||
and get the first statement in the corollary.

N.B. The proof above is complicated by the fact that the identity

(@“u,u)p2gny = //R2 a(x,&)Wu,u)(x,&)dxdé,

is valid a priori for u € .#(R") (and in that case ‘W (u, u) belongs to . (R?")), but
could be meaningless as a Lebesgue integral even for Op,, (@) bounded on L2(R™)
and u € L?(R"), since we shall have W(u,u) € L?(R?") but not in L!(R?") (we
shall see in Chapter 6 that generically the Wigner distribution of a pulse u in L?(R")
does not belong to L1 (R?")).

Since W(¢, ¢) belongs to the Schwartz space of R?, the Lebesgue dominated
convergence theorem provides the last statement in the corollary. ]

N.B. The reader will notice that the results of the incoming Section 5.2 in the special
case 0 = 0 imply the results of Section 5.1, which could be then erased, say at the
second reading. However, as far as the first — and maybe only — reading is concerned,
we checked that most of the computational arguments in the next section are much
more involved and it seemed worthwhile to the author to avoid unnecessary complic-
ations for the disproof of Flandrin’s conjecture via the quarter-plane example and set
apart the more involved examples of the hyperbolic regions tackled in Section 5.2.

5.2 Hyperbolic regions
We consider in this section the (5.0.1) set €, with a non-negative o.

5.2.1 A preliminary observation

We want to consider the operator A, with Weyl symbol H(x)H(xé — o) and as in
Section 5.1.1, we would like to secure the fact that A, is bounded on L?(R).
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Claim 5.2.1. For all ¢ > 0 the operator A, is bounded self-adjoint on L2(R).
Proof of the claim. Let us choose

H=0 fort<l
o€ COR:[0.1]) with | 100 ore== (5.2.1)
xo(t) =1 fort > 2.

For ¢, ¥ € .#(R), we have
(Ao — A5). V) 7*®),#R)

/ H)H(E) H(o — x) W(p. ) (x. £) dxdE

€7 (R2)

lim // Ko/ HEH(@ — x6)W(p. ) (x.E)dxdE.  (5.22)

The kernel k. of the operator with Weyl symbol yo(x/e)H(§)H (o — x§) is

xX+y xX—y 9“(%)7”)
Loe(x, J’)—XO( e ) x+y W,
and we have
[[ teatx o ava
oy SIn(FIED)
/f ( " )2 T — () (x)dxdy
n(x y)
2rno(x—y)
we(x —y)
2o (x—y)
// Xo( - ) 2mxdsm(%ﬂ)<¢>(€y)€”2xﬁ(sx)e”zalydx. (5.2.3)
T[(_x—y) N e’ N —’

o tes) e (y) Ve (x)

We note that, assuming as we may that ¢ > 0,

Imo (x. y)H (x)H(y)|

(20 \[SnCEE | 20H@HY) _ 20H@HY) o
BEA 2ro(x=y) x+y T x4y 624
x+y
and
. x 4y [sin (2’“;2; ?) Hx)H()
Imo (x, y)H (x)H ()] ZXO( 5 ) oy 'H( V) = 20—

(5.2.5)
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as well as
> sin (2”;()6 Ny FONH
mo Ce, ) H () H ()| = XO(x;y ) o ‘H(y)H(x) < 2
(5.2.6)

As a consequence, since we have also mg (x, y)I-VI (x) H (y) = 0, the inequalities
(56.2.4), (5.2.5), (5.2.6), the identities (5.2.3), (5.2.2) and Proposition A.5.1 imply that

(Ao — AP, ¥) ), 7 ®)| < 270 | Hell L2ry 1 H Ve ll L2R)
N e’
”H¢I|L2(R)
+ | Hell 2@y | HVe 2wy + 1 Hell L2y 1 H el L2 )
—
”H¢”L2(R)

proving that A9 — A, is bounded on L2(R); with Proposition 5.1.3, this implies that
Ay is also bounded on L?(R), proving the claim. n

N.B. With that important piece of information in Claim 5.2.1, we shall be less strict in
manipulations of kernels and accept below some abuse of language in these matters.

The Weyl quantization of 1, has the kernel

1
ko (x,y) = H(x + y)emoGF) (80(y —Xx) + —pv x), (5.2.7)

y =

a formula to be compared to (5.1.2). Using the Schwartz function ¢ of Corollary
5.1.15, we get from Lebesgue dominated convergence theorem that for o small enough

(Opy, (e, Vo, Po) 12y = //g W(do, po)(x,E)dxd§ > 1.
x§>0,x>0

However, this argument does not work for large positive o and we must go back to a
direct calculation.

5.2.2 Diagonal terms

Denoting by A, the operator with kernel (5.2.7) (and Weyl symbol H (x& — o) H(x)),
we find that for u € #(R), uy+ = Hu, we have

<AUHM, HM)LZ(R)

= /] 4TI Gy Z (80()1 —x)+ va

1 2 41710("?_‘3 ) 1 1 = +t
= §||u+||L2(R+) + //Rz e S+e) —py _esu+(e Yiii(e%)e’ ! dsdt

: x)u+(y)zz+(x>dydx

2im et

=, + ] et LS s,
5 2Ry, R2 Zlnp ! !
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with
$1(1) = uy(ee'/?,
so that
lorll2wy = I+ llL2wy)-
We get

1 e4znotanh(szt) _
AsHu, H —(t dsdt,
. oy = 1l + g ]| sy #0300

and noting that sinh x = xC(x), with C even such that 1/C € .#(R), we find

4ty'r<7tzmh(Y L)

1 -
ot sy = 5101~ 77 ] G eqany# RO s

2
1
2||¢1||L2(R) +(To * d1,P1)12R)
= [ (5 + T ) (528)
R 2

with
1 te4ino‘tanh(%) i

We note that
Ty (t) = sign *pg,
with

1 [e4lﬂﬂ'tdnh( ) )
pg(f) = Z\/‘ We_zwrtrdt, ,Og S y(R), (5210)

since the function
tedino tanh(%)
sinh(z/2)

belongs to the Schwartz space’. Note also that the function p, is real-valued on the
real line. This entails that

Rt

d (1
+ T = 2p¢, (5.2.11)
dt
and since
1 te4i7rc tanh(z/2)
po(T) = — — (>
4 sinh(z/2)

3Indeed, the iterated derivatives of tanh are polynomials of tanh (check this by induction on
the order of derivatives) and thus bounded on the real line; since the function ¢ — ¢/ sinh(z/2)
belongs to the Schwartz space, this proves that the above product is in . (R).
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implying
1
dt = -,
/Rpa(f) T 5
we get that
~ 1
lim T, =+—. 5.2.12
im 7o () 3 ( )
This yields that
1 ~ T T
—+Ty(t)—1= / 200(t)dt = -1 + / 200 (t)d T,
2 +o0 —00

where the last equality follows from (5.2.12): indeed, we have for t >0, from (5.2.11),

1 ~ T T
—+Ty(t)—1= / 204 (t)dt = —1 + / 200 (t)d T, (5.2.13)
2 400 —0Q

and for t < 0,

T

1 ~ T
3 + Ty(x) = / 204(tYdt =1 +/ 200(t))dT’'.

—00 +o0

We note that

1 4
VN e N, sup |r|N'5 + T, (1) — H(1)| < +00. (5.2.14)

teR

Indeed, for T > 0, we have, using p, € .¥(R),

T +o0 N +o0 N
N [ po(td'| < f oo ()N dt' < [ 1o ()Y dv < +o0.
400 T 0

Also, for T < 0, we have

T T 0
N / po(ehd| < / po (D)7 Vd ' < / o (17| ¥ d T < +oc.

oo oo —00

This means that the Fourier multiplier % + T, (7) is somehow “exponentially close”
to H(t) for large values of || and in particular close to 1 for large positive values of
7. We have also

. ; ¢
i e417r0 tanh(%)

f - —2imtt dt
o= e sinh(1/2)
_ 1 T sin(2ntt - 47 o tanh(z/2)) it (5.2.15)
27 Jo sinh(z/2)

The next lemma provides more precise estimates than (5.2.14).
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Lemma 5.2.2. Let t > 0,0 > 0. Defining ay1(t,0) = % g(t) as given by (5.2.9),

we have
2
11 —ay(t,0)| <2e 7 e, (5.2.16)

Proof. Using (5.2.13) and Lemma A.6.3, we find that for 7 > 0,
+o00
1-an@o)l =2 [ lpa(e)ldv
T
400
=2 lp()lar
T

4o oo -2 g1
< 12e e dt
T

entailing the sought result. =

5.2.3 Off-diagonal terms

We want now to check the off-diagonal terms: we have with u € #(R),

uy = Hu, u_ = Hu,
$1(t) = uy(e)e'’?,  ¢a(t) = u_(—e")e'’?,

and
(AUFIu,Hu)Lz(R)
' 1
- //e u—(y)uy(x)dydx
2imw y —x
oceely H(eS — 1 _ s
= // e4l7TO'(eSi_et) (e . e )pV ¢)2([)¢1(s)e%dtds
2im —el — e
imocoth(35L iH(S— )
N // e4 th( ’ ) 4]-[ co h(t S)¢2(t)¢l(s)dtds
= l_// e4in’ocoth(5 (s—l) ¢2(f)¢1(S)dtds
4 ( 3
= (Sa * ¢2’ ¢1)L2(R), (5217)
with

e4imrcoth( %)

i
Sy (1) = EH(;)W. (5.2.18)
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We have also that
: 4imocoth(h
Sy(z) = t [ H(t)%e‘z"””dt
i (1% cos(4mo coth(t/2) — 2mtT)
s 0 cosh(%)
1 [t sin(4wo coth(t/2) — 27t 1)
Cdx ), cosh(%)
i (1% cos(2wtt — 4mo coth(t/2))
~ 4x 0 cosh(%)
1 [T sin(2wtt — 4o coth(r/2
+ i ; ( cosh(1/2) /2) dt. (5.2.19)

Note that from (5.2.9), (5.2.10), we have

dt

dt

dt

dt.

; p4imo tanh(§) 1 /‘+°° sin(2tt — 4o tanh(r/2))
0

fo - —2imtT g,
®© 47[/ s/ ¢ T, Sinh(1/2)

5.2.4 An isometric isomorphism

Theorem 5.2.3. Let 0 > 0 be given, let €, be the set defined by (5.0.1) and let Ay be
the operator with Weyl symbol 1e,, (whose kernel is given by (5.2.7)). The operator
Ayg is bounded self-adjoint on L*(R) so that we may define, with ¥ defined in (5.1.8),

Ay = VAU
The operator Ay is the Fourier multiplier on L2(R; C2) given by the matrix
F T So(0)
Sy (1) 0 ) ’

Mo (7) = ( (5.2.20)

where Ty, Sy are defined respectively in (5.2.9), (5.2.15), (5.2.18). In particular, we
have with ® = (¢1,¢») € L2(R; C?),

(Ae®, @) 2@ic2) = / 2T Mo (1) D (1), D(1)) c2d . (5.2.21)
R
Proof. We have
kernel(HA, H) = e*™ 5% H(x)H(y)H (y — x).
kernel(I-VIAgH + HAGH)
= MTOSF H(x 4+ y)(H)H () + HOH (9) 57—
2im(y — x)
HAzH = 0.
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Proposition A.5.1 in Appendix A.7 is readily giving the L?-boundedness (and self-
adjointness) of
HA-H + HA:H.

We find also that HA; H — % has kernel

HTONE HOH () 5
2in(y — x)
and thus it is enough to study the operator with kernel

s+t 1
4imo < s+ t e 2 4imo tanh($51)

2in(e! —es) 4im sinh(;52)’

e

which is a convolution operator by

Ty (l) _ e4znatanh( )
4smh( )

given by (5.2.9). Formula (5.2.10) implies in particular that YA} is bounded (and real-
valued) on the real line, entailing eventually the boundedness and self-adjointness of
Ag. Formulas (5.2.8), (5.2.17), and (5.2.18) are providing (5.2.21), completing the
proof of the theorem. u

5.2.5 The main result on hyperbolic regions

Theorem 5.2.4. Let 0 > 0 be given and let Ay be the operator defined in Theorem
5.2.3. Then, Ay is a bounded self-adjoint operator on L*(R) such that

inf(spectrum(A4,)) < 0 < 1 < sup(spectrum(Ag)).

The spectrum of Ag is the closure of the set of eigenvalues of My () for T running
on the real line.

Remark 5.2.5. It is enough to prove that, with a given o > 0, there exists T € R such
that M, (7) satisfies (5.1.14).

Proof. We have from (5.2.20), (5.2.15), and (5.2.19),

P 2.
+o0 ¢ 27T Gty

1 +00 sin(2wtt—4mo tanh(z/2)) Lo
My () = + 2z '[ sinh(z/2) dt 47 JO cosh(t/2) dt
o = .
1 [too 27T m)d 0
4iz Jo cosh(t/2) :

_ (an(f, o) an(r, 0)). (5.2.22)

ax(t,0) ax(r,0)
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On the other hand, we have

- 2
1 /+°° 27 TGy
0

apy = =— dt, 5.2.23
12 =02 = cosh(z/2) (5-2.23)
so that . ,
| ptoe sin2w (it — ﬁ)]
Reaix(r,0) = —/ —=—d1. (5.2.24)
4r Jo cosh(3)

We note that the function
eZin(tr—mhz(%)
=
cosh(z/2)

is holomorphic on C\i 7 Z, with simple poles at (2Z + 1)inw (zeroes of cosh(t/2))
and essential singularities at 2Zi & (zeroes of sinh(z/2)). We shall need a more expli-
cit quantitative expression for a,; to obtain a precise asymptotic result which could
be compared to the estimate (5.2.16). The next lemma is proven in [55]; we provide
a proof here for the convenience of the reader.

Lemma 5.2.6. Let t > 0,0 > 0 be given and let a>1(t, o) be given by (5.2.23). We
have

Reasi(r,0) =

6—27121 {/n e2m(tt—20tn(t/2)) _ q sinh(z/2) — sin(¢/2)
( + )dt
0

4 sin(t/2) sinh(z/2) sin(t/2)
T 1 —cos2m(tt — 20 tanh(¢/2))
+ /0 sinh(z/2) di
% cos 27 (tT — 20 tanh(t/2))
_ /n s dt}. (5.2.25)

Proof of Lemma 5.2.6. Let0 < ¢ < w/2 < m < R be given. We consider the closed
path yg g of C\inZ with index,, ,(inZ) =0,

veR =6, RIU[R,R+im]U[R+im e+ in] (5.2.26)
ULin + ee'®0sps—ny2 Uil — e, 6] U {ee'?) 1 25050,

and we have

ezin(zr—mnh%%)
¢ —dz=0. (5.2.27)
ver  cosh(z/2)

We note as well that

e2zn(zr—lanh2(g/2))d e in(R+i)e lunh(iR;”‘))d
I, = 95 - dz=i / ; t
[R,R+ix] cosh(z/2) 0 COSh(%)
, b i Lem RTIL 2dt
_ ieZanr/ e 2T, 4o R e , (5.2.28)
—R—it
0 e 2 (1+e )
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so that - kit
L] < 2e—R/2/ e47r01m(¥is—le—iz)|1d—tR|’
0 —e
and since
I 14 e R0y I (14 e By —eRH) 2 Rying
m 1 —e—R-it | m 11— e—R—it|2 - 11— e—R—it|2 =0,
we get
2
L] < e—R/Zl—”_R, where I is defined in (5.2.28). (5.2.29)
—e

‘We note for future reference the standard formulas,

cosh(%r + Z) =isinhz, sinh(% + Z) =1icoshz, tanh(% + z) = cothz,

(5.2.30)
and we check now
0 2im((inteel®)r—20com(Ztge ) .
Iy = — . - ige’?do
—/2 cosh %
2 0 ezin(seier—latanh(“’;e)) 0
=— 7T . ige'’do, (5.2.31)
—/2 i sinh “zl
and since
. 1)
2in(ee’91—20tanh(%)) ) s
¢ . ige’?| <2 max ™ T A0 SUPz </ 4 cos}féi,
i sinh % ~ "lz|zz/2 |sinh z
the Lebesgue dominated convergence theorem gives
g g g
. _ 2
lim Iy = —we 277, (5.2.32)
e—>04
Defining now
/2 ezin(semr—Zocoth(“zlg)) 0
Is = — . iee'”do, (5.2.33)
0 cosh ‘“’2’9
and noting that
: 6 6 —i6
get? _ 1 + e¢¢ . 1+ e—ee! )1 —e75€ ' )
4o Im coth > = 4o Im l—m = 4o Im I = 2
— e—ee — e—ee
A ; e—ae”’ _ e—se_m A . e—ecos@(e—issine _ eissin@)
=4goIlm —————— = 470Im .
_ 0 _cplB
|1—€ cel! |2 |1_€ ce |2
o —2i)sin(esin 0 4 2sin(esin 6
= 4roe % Im (220) sin( ) _ —47106_“059—( )

_ p—celf |2 _ p—eelf 2 —
[1—e | [1—e |
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we get that
/2 e—ZnersinG /2
R - Ny —1l ,
0  Minj;|<x/4 | coshz| min;|<y/4 | cosh z|
entailing
lim I¢ = 0. (5.2.34)
8—>0+
With
2in(zr_tanh2(g/2))
I =¢ ——dz, (5.2.35)
[e,R]  cosh(z/2)
we have from (5.2.23)
Iim Iy =4iman;. (5.2.36)
e—>04
R—+o00

‘We define now

ezin(zt—mh%%) p T—€ eziﬂ(itr—mh(zl%) y
Is=— 95 G P / e
lieicr—e)]  cosh(z/2) e cosh(it/2)

—4ing —4no
omtt ellan(l/Z) elan(t/2)

[ D gt =i [ e E g
/8 ¢ cos(t/2)l : /8 ¢ cos(t/2)

T—& _471%
=i / L
e cos((mr —5)/2)

__4nossin(s/2)

. —on?t e 2wstT e coals/2)
= —je e —ds,
B sin(s/2)

so that
) T—e e—4mo tan(s/2)
Is = —ie 2"°° / R ) (5.2.37)
e sin(s/2)
‘We have also
eZiﬂ(zr—mhz(%)

Iy = 95 e e
[R+imetin] cosh(z/2)

. . 2
/R 8217r((t+17r)r—lanh((t_ﬁﬂ)/z))
€

dt, 5.2.38
cosh((t +im)/2) ( )
so that using Formulas (5.2.30), we get
) R eZin(tt—Zo‘tanh(!/Z))
I; = —e27 1:[ dt,
B i sinh(z/2)
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and
2 R eZin(tr—Zotanh(t/Z)) T—¢ ot e—47r(rtan(t/2)
I+ Is = i / , dt—/ L ——
’ > ( e sinh(z/2) e sin(t/2)
) T—e eZin(Zt—2atanh(t/2)) eZn(tr—Zatan(t/Z))
— ie—27r T / : _ . dl
. sinh(z /2) sin(z/2)
R eziﬂ(tr—zmanh(t/z))
+ - dt;. 5.2.39
L) (5239

From (5.2.27), (5.2.26), (5.2.28), (5.2.31), (5.2.33), (5.2.35), and (5.2.37), (5.2.38),
we find that
L =—L—{U3+15)— 14— I,

so that taking the limit of both sides* when ¢ — 0., R — 400 we get, thanks to
(5.2.36), (5.2.29), (5.2.39), (5.2.32), and (5.2.34),

5 4 ezin(tr—ZUtanh(t/2)) eZn(tr—20tan(t/2))
dimay = —ie " / _ — , dt
0 sinh(z/2) sin(t/2)

+o00 eZin(tr—Zotanh(t/Z)) 2
+ . dty +mwe “"F,
/,, sinh(z/2) }
implying that
e—27r21: 4 eZin(zr—Zotanh(t/Z)) eZﬂ(tr—ZUtan(t/Z))
az = / - - + - dt
47 0 sinh(z/2) sin(z/2)
B /+oo eZin(tr—Zotanh(t/Z)) sl 16—27[2‘(
. sinh(z/2) 4
that is

az1 =

e 27T /” (ez”(”_z‘”a“(’/z)) cos2m(tt —20tanh(t/2)))dt
0

47 sin(z/2) B sinh(z/2)
e_2”2f /+°° cos 2 (tt — 2otanh(z/2))
sinh(z/2)
e—27” f/ sin2m(tt —20tanh(t/2))d I _5n2,
——e
4 Jo sinh(z/2) 4
o272t /+°° sin27'r(t1’.— 20tanh(z/2)) d. (5.2.40)
4 J, sinh(z/2)

411, 1>, 14, Is, I3 + Is do have limits when & — 04+, R — +4o0.
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yielding
e72m°T [ p2mltt=20an(t/2)) o527 (7 — 20tanh(f/2))
Reay; = - — - dt
47 Jo sin(t/2) sinh(z/2)
o2 /+°° cos 27 (tT — 2otanh(t/2)) s
azr ), sinh(z/2) ’
completing the proof of Lemma 5.2.6. ]

Remark 5.2.7. Formula (5.2.40) also yields

—272r T o
2 (tt — 20tanh(t/2
Ima12=—Ima21=e / sin 27 ( T, otanh(r/ ))dt+7r
4 0 sinh(z/2)
+9° sin 27 (tT — 20tanh(z /2
+/ sin T[(t. aan(/))dt’
. sinh(z/2)
and since from (5.2.22), we have
1 4 1 [T sin(27wtt — 4o tanh(r/2)) dt
al=—-+ — ,
S R P A sinh(t/2)
this gives
e—2n2t 1 6—27121:
Ima12 = . (27‘[(6111 - 5) + 7T) = B ali. (5241)

To complete the proof of Theorem 5.2.4, it will be enough, according to Lemma
5.1.11, to prove that, for T — 400, |a12|?> > 1 —ay;. To achieve that, we note from
(5.2.41) that the imaginary part of a1, is useless and we shall prove simply that

(Rea12)2 > 1 —dail.

To get this we are going to use (5.2.16) and a precise asymptotic behavior for (Re a12)>
displayed in the next lemma and issued from the explicit formula (5.2.25).

Lemma 5.2.8. Let t > 1,0 > 0 be given and let a»,(t, o) be given by (5.2.23). We

have then
2

o8V 1

873t 2w
Proof of Lemma 5.2.8. Since for t > 0 we have sinh(z /2) — sin(z/2) > 0, we get from
(5.2.25),

e_zﬂzr T p2n(tt—20 tan(t/2)) _ | +oo 1
R : = sinh(1/2) "
edny (‘L’ U) = 4 {A sin(l‘/2) /ﬂ smh(t/2) }

e—27r2r 14 e27r(tr—20 tan(z/2)) _ 1 e—2ﬂ2r T
= - dr — In( coth — ).
4 Jo sin(t/2) 27 4

e—27r

Reasi(t,0) > T (5.2.42)

\




Conics with eccentricity greater than 1 110

Let us define
o =211, k=210, v=£Kr w12, Pu(s) =5 — v? tans. (5.2.43)
We have

27 (1t — 20 tan(r/2)) = 2t — 20> tan(t/2)) = e (% —v2tan %) =20y (t/2).

We have thus

e T /2 82w¢v(s) —-1 e T® T
Reaszi(r,0) > / , ds — In({coth— ). (5.2.44)
27 Jo sin s 2w 4
————
~0.421908

Defining

—Tw /2 20¢y(s) _ 1
¢ / ¢ T (5.2.45)

Yo() = 5

we can use (5.2.43), (5.2.44), and (A.6.13) to get whenever T > 0,

e—S”ﬁﬁ(l 1 ) _ an

w2t

sin §

27 R ,0) >
wReaz(r,0) > e

so that for t > 1 we find
e—87‘[ﬁﬁ

4727

22t

27 Reari(t,0) > e ,

yielding the lemma. u

We eventually go back to the proof of Theorem 5.2.4: let 0 > 0 be given. From
Lemma 5.2.8 and (5.2.16), we have for 7 > 1,

2
|1 —ay(z,0)] < 2e ™ T,

—8m /T[T 1
e 2
Redari(t,0) > —— — — 277 =

21(r.0) 2 8m3t 2 8n3t

e~ 8TV (1 4n2tes”ﬁ\/‘;)

2
ez:r T

This entails that for t > 79(0), we have

3_87[\/?\/5
Reazi(t,0) > ——, (5.2.46)
16737
and thus a,; # 0 and
e—lGnﬁﬁ
laz1 (0. 7)* = > |1 —an(r.0). (5.2.47)

287672
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where the last inequality above holds true (thanks to (5.2.16)) whenever
e—l6nﬁﬁ
287672
which is indeed true for t > t1(0). As a result for T > max(4o0, 4, 19(0), 71(0)), we

obtain that (5.2.47) is satisfied so that Remark 5.2.5 implies the result of Theorem
5.2.4, completing our proof. ]

2e—ﬂ2te4na

Remark 5.2.9. The functions 79(0), 71(0) can be determined rather easily, the first
one by the condition

472787V

e2n%t

’

| =

T > 19(0) = <

whereas the second one should satisfy

2
> 1(0) = 64”029ﬂ612816ﬂﬁﬁ < o™t

5.3 Comments and further results

5.3.1 Qualitative explanations on the various computations

We would like to go back to our proofs that
la12(z.0) > > |1 —an(r.0)], T — 4o, (5.3.1)

which is our key argument via Lemma 5.1.11 and give a couple of qualitative explan-
ations which may enlighten the calculations. It is of course much simpler to begin
with the case o = 0: in that case, according to Proposition 5.1.13 and (5.1.10), we
have

+o00 '
1 —ay(z,0) =/ 2p0(t)d T, 2p0(‘[)=/ (sm;{%) o2 g

=fo(?), fo € S (R)
holomorphic
on|Imt| < 2m.

so that 2pg(7) = fg(r). We get thus readily that pg belongs to the Schwartz space, as
the Fourier transform of a function in the Schwartz space and this implies in particular
that 1 — a1 (7, 0) has fast decay towards 0 when t — 400, as proven in Proposition
5.1.13. We note also that (5.2.41) gives Imay»(z, 0)2 = e~*"%a;,(z, 0)2/4, and
since the limit of a1y is 1, we do not expect any help from the imaginary part of a;,
to proving (5.3.1). Turning our attention to Rea; in (5.1.18), we have

400 ; 27t
47 Re a1 (t,0) =/ sin (27 17)
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which is the sine-Fourier transform of the function ¢ — H(¢) sech(¢/2) = go(?),
which has a singularity at ¢ = 0: as a consequence, thanks to Lemma A.1.1, the
Fourier transform g, cannot be rapidly decreasing, cannot even belong to L!(R)
(that would imply that g is continuous). Moreover, the sine-Fourier transform above
is the Fourier transform of the odd part of g¢, goaa(?) = sech(z/2) sign¢, which is also
singular at 0, thus goqq cannot be rapidly decreasing and is an odd function, which
is enough to prove, without more calculations, that (5.3.1) holds true. In Section 5.1,
we used a more explicit argument, with providing an equivalent of (5.3.2) equal to
1/(277) near +o00. Summing-up, (5.3.1) in the case 0 = 0 follows from the existence
of a singularity of the function g¢ above, which is discontinuous at 0.

Let us now take a look at the case o > 0, which turns out to be more computa-
tionally involved. We have from (5.2.23)

driaz (t,0) = / H(1) Sech(t/z)e—Mmrcoth(t/2)ezimrdt _ g\/;(‘c),
R
go(t) = H(t) Sech(t/z)e—i4ﬂocoth(t/2)‘

The single discontinuity at t = 0 of g5 when o > 0 is much wilder than for o = 0:
in the latter case, we had only a jump discontinuity with different limits on both
sides, whereas when o > 0, we have an essential discontinuity with an oscillatory
behaviour in (—1, +1) when ¢t — 04 for the real and imaginary parts of a;,. How-
ever, g5 belongs to all L?(R), p € [1, +o¢], so that its Fourier transform belongs
to L?(R), p € [2, +00]: we expect then that both sides of (5.3.1) have limit O for
T — +o00 and we must prove that 1 — a;; decays much faster than a;,. Looking at a
slightly simplified model and using the notations (5.2.43), we define for w, v positive,
a function o presumably close to 4wias;, given by

+oo 1)2 v2
a(w,v) = / 20 gech(s)ds,  py(s) =5 — —, wo(s) =1+ —-
0 N N

Trying our hand with the stationary phase method, we look at

+
’ 2iw 0 ds
_ e i{eiZwuu(S)} s* sech(s) ds
2iw Jo  ds 52 + 2
i [t iZwM(S)i{sz sech(s)}

= — e
2w Jo ds | s2+ 2

sech(s)
Wy (5)

since the boundary term vanishes. Iterating that computation shows that a(w, v) =
O, (w™N) for all N when @ — +o00, meaning that the information of fast decay for
1 —ayy will not suffice to get (5.3.1). Also, it is worth noticing that no fast decay of the
function o occurs when @ — —oo, otherwise Lemma A.1.1 would give smoothness
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for the function s — e~2/%/S F{(s) sech s: in fact, we see also that foro > 0, 7 = —A,
A > 0, we have

+oo
dridn, (—)L, 0) — / Sech(s)e—mno COth(s)e_‘”n‘MdS,
0

and the phase function is ji(s) = —4in(sA 4 o coth(s)) and we have

d o(1 —tanh%?s) (A + o) tanh’s —o
—IsA +ocoth(s)! = A — = ,
ds { Q) tanh? s tanh? s

which does vanish at tanh s = /(A 4+ o). As a result we could say that, for o > 0,
the C*>° wave-front-set (see, e.g., [23, Section 8.1]) of the function g, is reduced to
{0} x (—00,0). It turns out that we can show that the Gevrey-2 wave-front-set of g is
{0} x R*, and it is expressed via the lowerbound estimate (5.2.42); the route that we
took for proving this was an explicit calculation of Re a5, following the paper [55].
Finally, the upper bound (5.2.16) can be improved as

l—ai1(t,0)| < Cppe~ 27T o5 0,
| ,
and is expressing the fact that function
Ze4iﬂ0tanh(%)
ey
sinh(3)

is analytic on the real line, with a radius of convergence on the real line bounded
below by 7 (cf. Proposition A.1.2).

5.3.2 More results and examples: £? balls, corners

For a, ¢ like in Corollary 5.1.15, defining

p
a
X — —i—‘f—z

<(3)}

lim //Q W(do. o) (x. E)dxd§ = f[Mlzwwo,aso)(x,s)dxdb||¢o||zz(R),

QP = {(x’f) € Rz,

a
2

since W(¢o, ¢o) € -7 (R?), we get

p—>+o0

proving that the spectrum of Op,, (1g,,) intersects (1, +o0) for p large enough, show-
ing that a counterexample to Flandrin’s conjecture can be a convex analytic open
bounded set. Moreover, defining

Q4 = {(x,§) e R%, |x| + |£] < a/V2},
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we note that Q, is obtained by rotation and translation of [0, a]? so that we can find
¢1 in the Schwartz space such that

/ W40 O > [y

Since we have

lim Wi(d1, p1)(x, E)dxdé
p=1 //|x|"+s|f°s(a/ﬁ)ﬂ v
- W g )RdE > ey

we get that for p — 1 small enough we have

I W1, d1)(x, dxdE > 61122
|x|P +|€|17 <(a/~/2)?

proving that £? balls are counterexamples to Flandrin’s conjecture for p — 1 or 1/p
small enough.

Convex affine cones with aperture strictly less than w of R? are translations and
rotations of

Yo, = {(x,";‘) e R2\(R_ x {0}),arg(x + i§) € (0, 00)} for some 6y € (0, 7).
(5.3.3)
The vertex of X, and its rotations is defined as 0 and the vertex of the translation of
vector Ty of Xy, is defined as To. We note that all convex affine cones with aperture
strictly less than 7 are symplectically equivalent in R?, since X, is symplectically
equivalent to (the interior of) the quarter plane X, /,: indeed, let 6y be in (0, 7); the
symplectic matrix Mg, defined by

1 —cotan 6y
Mo, = (0 1 )

is such that Mg, (3) = (}), Ma, (COS o ) = (ing, )» Proving that

sin 6
Mg, 26, = Zr/2.

The next result follows from [6, Theorem 1.3] and shows that many counterexamples
to Flandrin’s conjecture can be obtained.

Theorem 5.3.1. Let K be a subset of the closure of a convex affine cone with aperture
strictly less than w and vertex X such that K contains a neighborhood of the vertex
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in the cone’. Then, there exists & > 0 such that, with
K; = Xo + AM(K — X)),

there exists ¢ € . (R) such that
||| w601 61axde > 19120, (5:3.4)
Ky

N.B. Note that (5.3.4) implies that ¢ is not the zero function. Also, taking K con-
vex produces another counterexample to Flandrin’s conjecture since K will be then
convex, but we do not need that assumption to proving the result.

Proof. There is no loss of generality at assuming Xy = 0 and
[0. p0]* C K C Zyj2. po > 0.

Using Corollary 5.1.15, we find ¢ € .7 (R) (so that W(¢o. ¢o) € -7 (R?)) such that

tim [] Wo g0 = [ Wegn. g0 O0dxds > 16012 ey
K )

A—>+o00 /2

implying for A large enough that fle W(do, Po)(x,E)dxdE > || ||i2(R), which is
the sought result. |
5.4 Numerics

Definition 5.4.1. Let 0 > 0 be given. With the 2 x 2 Hermitian matrix M, given by
(5.2.22), we define for 7 € R,

1
1 (.0) = 5(a11(1.0) + /a3, (r.0) + dlanz(z.0)).

A (r.0) = 3 (a11(r.0) ~ Jady (.0) + 4lann(r.0) ).

Remark 5.4.2. According to (5.2.41), we have

As(1,0) = %(an(t, 0) + /a2, (z.0)(1 + e=47°7) 4 4(Reayy(t, 0))2), (5.4.1)

A_(t,0) = %(all(r, o) — \/afl(r,a)(l + e“”’zf) + 4(Reaj(t, o))2>, (5.4.2)

so that the knowledge of a;; and Re ay, suffices for expressing A 1.

>We shall say that the set K has a corner.
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An immediate consequence of Theorem 5.2.4 is the following theorem.

Theorem 5.4.3. Let 0 > 0 be given and let Ay be the self-adjoint operator bounded
in L?(R) defined in Theorem 5.2.4. With the notations of Definition 5.4.1, we have

My 1= sup{spectrum(A4y)} = sup A+(7,0), (5.4.3)
TeR

mg = inf{spectrum(A4,)} = in]}f& A_(t,0). (5.4.4)
TE

Moreover, for all 0 > 0 we have

me <0<1< M,.

5.4.1 The quarter-plane: 0 = 0

Of course, as shown by the respective calculations of Sections 5.1 and 5.2, the case
o = 0, dealing with the quarter-plane is much simpler than the cases where o >
0. Nonetheless, we know explicitly a spectral decomposition of the operator with
Weyl symbol H (x)H (&) from Theorem 5.2.3, but we can calculate without difficulty
numerical expressions of M, mg as defined in (5.4.3), (5.4.4).

Proposition 5.4.4. We have from (A.6.22), (5.2.24),

1 +o00
ayi(z,0) = Reaqz(7,0) = —/ sin(2wt7) sech(t/2)dt,
0

1 4 e—4n2c’ 47

A+(‘L’, O)

1.005 +

1.000 frms

0.995

0.10 0.15 0.20 0.25 0.30

Figure 5.1. The function 7 — A (z, 0) near its maximum, well above 1.
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A-{-(T, O)

0.8

o1 0.2 03

A_(z,0)

—0.2 |

Figure 5.2. The functions t — A4(7,0), A_(7,0).

and we can use these formulas and (5.4.1), (5.4.2), (5.4.3), and (5.4.4) to calculate
numerically

Mo~ 1.00767997007003, (A (z.0) at T ~ 0.138815397930141),
mo ~ —0.155939843191243, (A_(t,0) at T ~ —0.0566304954736227).

5.4.2 On hyperbolic regions

We want now to tackle the case o > 0. In order to use the expressions (A.6.22),
(5.2.25) respectively for a1 and a;,, we need first to evaluate the residue term in
(A.6.22). The mapping z > tanh z is a biholomorphism of neighborhoods of 0 in the
complex plane, so that we have for z near the origin,

¢=tanhz, d&=(1-%dz, z=arcthi = %ln (g)
iw i 2 dé‘
ﬁ) (%)1/2_‘_(%)1/2 (1—2¢2)

=1+ {)_%Jriw(l _ é)—%—iwe—Zi%dé_’

eziwz—zilccothzd 1 +§-
coshz

so that

e2iwz—2i/ccothz . . »
Res (W’ O) = Res((l + g')_j‘Hw(l _ é-)—j—lwe—Zz?’O)' (545)
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Proposition 5.4.5. Let 0 > 0 be given. Then, for any t € R, using the notations,
w = 2nt, kK = 21w0o, we have, for any p € (0, 1),

1 . e’ p
l+e7 270 | e 27 2

apn(r,o) =

. 2iKe_i9 .

Fi4 1+p619 e~ o elf
x Im e jw Lo : df;. (54.6
{/_n Xp(lw g(l—pe’e))\/l—p%m } 640

—Tw /2 ,(sw—ktans) o; h —xt
Reas(1,0) = ¢ 2 ¢ sinh(sw — k tan ) ds + In | coth T
2 0 4

sin §
/2 gin?(sw — k tanh s)
2 d
+ /0 sinh s g
+o0
cos 2(sw — k tanh §)
— dsy, 5.4.7
/,,/2 sinh s S} ( )
—TnTw
Imajs(t,0) = ¢ ai(z, o). (5.4.8)

Proof. Formula (5.4.6) follows from (5.4.5) and (A.6.22) whereas (5.4.7) is (5.2.25)
after a change of variable t = 25, where the second integral term inside the brackets
is evaluated (cf. Lemma A.6.1); formula (5.4.8) is a reminder of (5.2.41). [ ]

N.B. Our choice for p in the numerical calculations of (5.4.6) is p = 3/4, which
is a good compromise between using a value of p clearly away from 1 (to avoid
singularities coming from small denominators in the Log term) and minimize the
oscillations and size coming from the term exp(—2ixp~!
of the latter is

e %) note that the modulus

exp(—2kp ! sin 6),

which is a smooth function of p (flat at 0) when 6 € [0, ], but is unbounded for
p — 04 when 6 € (—m, 0). There is no surprise here since although the residue
does not depend on the choice of p € (0, 1), we cannot get the value of that residue
by letting p go to O because of the part of the path in the lower half-plane. The
argument of exp(—2i /cp_le_ie) is —2kp~! cos @ and taking p too small would be de-
vastating for the calculations because of the strong oscillations triggered by the term
exp(—2ikp~ ! cos 6) all over the circle. Of course for the evaluation of Log/( tzg;z )
is easier for p small, but we have to take into account the constraints in that direction

mentioned above.

Remark 5.4.6. It seems easier numerically for the evaluation of a;; to use (5.4.6)
rather than any other expression (see, e.g., Lemma 5.2.2, (5.2.22), (A.6.14)). How-
ever, the following formula could be interesting, theoretically and numerically: recall-
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1.005—
0.98 F

[ — 1
0.96

i Az, 1/2m)
0-94¢ A(t,2/2m)
0.92} — A(1,3/27)
0.90;

e T e T e T o

Figure 5.3. Functions A4 (t, k/27) with k = 1, 2, 3: their maxima are strictly greater than 1.

ing that sinc x = Si;x, we have from (5.2.22)

1 20w [T K
ay(rt,0) = -+ — sincRws) — cos(2k tanh s)ds
2 7 Jo sinh s
2K +o00
- — sinc(2ks) cos(Qws)ds, (5.4.9)
7 Jo cosh s

but it turns out that numerical calculations involving (5.4.9) seem to be less reliable
than the methods using (5.4.6).

We can also take a look at the following curves.

Remark 5.4.7. In the above figure, in order to put the three curves on the same
picture, we have used three different logarithmic scales on the vertical axis, namely,
we have drawn

T 1+ Log(Ay(r,07)), 1<j<3,0;=j/2m,a1 =20,02 =100,a3 = 500.
Of course, we have
1+ ojLog(A4(r,07)) > 1 <= Log(A4+(t.0;)) > 0 <= Ai(r,0/) > 1,

so that the piece of curves in Figure 5.3 which are above 1 are indeed corresponding
to curves of T — A4 (7, 0;) which go strictly above the threshold 1. We have also

max A4 (7,01) ~ 1 +55x 107> at v ~ 0.402030,
T

max A4 (7,00) ~ 1 +8x 107>  att ~ 0.613262,
T

max A (7,03) ~ 1 4+ 107> at T &~ 0.854746.
T
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We are glad to have a theoretical proof of Theorem 5.2.4 since the numerical analysis
of cases where o is large, say larger than 10, seems to be very difficult to achieve, at
least through a standard use of Mathematica. The reason for that is quite clear since
using our Lemma 5.1.11, we did study the function 8 defined by

B(z,0) = laia(r,0)|* + an(r,0) — 1, (5.4.10)

and proved that for each o > 0 there exists 7y(o) such that for all T > Tj(0) we have
B(z,0) > 0and a2(7,0) # 0. Thanks to Lemma 5.2.2 and (5.2.46) we knew that for
T > To(0), we had

e—l6nﬁ\/5

8,602 = (Reaz1)® < |ar2]?,

|1 _a11| < 26—712184710 <
where the second inequality < is in fact comparing for o fixed two exponential
decays. The numerical analysis of that inequality is certainly quite difficult when
o and t are large since both sides are converging to zero quite fast for o fixed
and T — 4-o0; of course taking the logarithm of both sides looks quite reasonable,
but in practice does not seem really easy numerically. When o = 0, the situation
is much better, since we had to compare (cf. Section 5.3.1) an exponential decay
[1—aqq] < 2¢ " Ttoa polynomial decay

|Rea12|2 ~ T — +o0,

207472’
and this could be an a posteriori explanation for which our numerical argument in [6]
worked smoothly to disprove Flandrin’s conjecture. So to pick up the quarter-plane
((5.0.1) with 0 = 0) to produce a counterexample to that conjecture was indeed a
very wise choice: if you choose instead €, for o large, our Theorem 5.2.4 shows
that it is also a counterexample to Flandrin’s conjecture®, but we have a theoretical
proof for that Theorem and if we depended on a numerical analysis, it is quite likely
that checking numerically the positivity of the function § defined in (5.4.10) could be
rather difficult, even say for 0 = 10.

As a convex subset of the plane on which the integral of the Wigner distribution of some
normalized pulse is strictly larger than 1.



