Chapter 6
Unboundedness is Baire generic

In this section, we show that for plenty of subsets E of the phase space R2", the
operator Op,, (1g) is not bounded on L?(R").
6.1 Preliminaries

6.1.1 Prolegomena

Lemma 6.1.1. Let u,v € L?(R") and let W(u,u), W(v,v), be their Wigner distri-
butions. Then, we have

W, u) — W, v)||L2(]R2”) < u- U||L2(Rn)(||u||L2(Rn) + ||U||L2(R"))-

As a consequence if a sequence (uy) is converging in L*(R"), then the sequence
(W(ug,u)) converges in L*>(R?") towards 'W(u, u).

Proof. We have by sesquilinearity W(u,u) — W(v,v) = Wu —v,u) + W(v,u —v),
so that

W, u) = W, v)||L2@eny = W — v, )| L2®2ny + W0, u = v)]|L2®2n)

il l|u — U”LZ(R")(”“”LZ(R") + ||U||L2(R”))7

(1.1.6)

proving the lemma. |

Lemma 6.1.2. Let (uy) be a converging sequence in L*>(R™) with limit u. Let us
assume that there exists Co > 0 such that

Vk e N, // |'W(ug, up)(x,§)|dxd§ < Co.

Then, we have [[ |W(u,u)(x,§)|dxd& < Co.
Proof. Let R > 0 be given. We check

// Wt u) (x £) — Wt i) (v, )| dod &
|x|2+]£]2<R2

5// Wt — g ) (. £)|dxd
|x|2+]£|2<R2

' //|x2+|g|25R2 |Wug, u —ug)(x.§)|dxd§

< VIB2" R (| W(u — ug, w)l|2eny + | Wk, u —ug) || L2@eny)
= VB2 R?" |lu — ur |l 2 ey (1l L2y + N1kl 2 ®n))-
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and thus

/f W) x. £)|dxd €
|x|2+|€2<R2

oy s

+ VIB2*|R? Ju — ug || 2wy (Il 2@y + 1kl L2®ny)
< Co + VIB>" R [u — ug|| 2y (Il L2y + Nutkllz2gny)

implying for all R > 0,

// W) (x. )| dxd < Co.
|x|2+]£]2<R2

and thus the sought result. ]

6.1.2 An explicit construction
We just calculate in this section 'W(vg, vo) for vo = 1[_1/2,1/2].

Remark 6.1.3. When u is supported in a closed convex set J, we have in the integral
(1.1.4) defining W, x £ £ € J = x € J, so that supp W(u,u) C J x R".

We have

_ 2imzE
W(vo. vo)(x,§) = —1/2<x+z/2<1/2 dz,

—1/2<x—z/2<1/2
and the integration domain is

—min(l —2x, 1 4+ 2x) = max(—1 —2x,2x — 1) < z < min(1 —2x, 1 4+ 2x),

which is empty unless 1 —2x,1 4+ 2x > 0, i.e., x € [—1/2, +1/2], and moreover we
have the equivalence
1 -2x<142x <= x>0,

so that

W(vo, vo)(x,§)

1-2x . 14+2x )
— H(x)/ e2imzk g, 4 H(—x)/ e2imzE g,
—(1—2x) —(1+2x)
e2i7r§(l—2x) _ e—2i7r$(1—2x) e2irr§(1+2x) _ e—2in§-‘(1+2x)
=H H(—
(x) 2iné + H(=x) 2iné

sin2z&(1 — 2x)) 1 sin(2w&(1 + 2x))
& + 1[—1/2,0] s .

= 10,1/2)(x) (6.1.1)
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More generally for a, b, w real numbers with a < b and
Ua b (x) = (b —a) ™1 py ()€ ™%, (6.12)
we have
W(abws Yapw)X,§)
(I[QJ#]()C) sin[4m(§ — w)(x —a)] + 1[#’“()6) sin[47 (§ — w)(b — x)])
(b—a)r(§ - o) '
We check now, using (6.1.1), for N > 0,

N | _
[ 1o, v e)laxa = / inGrsC 2x))‘d§dx
0<x<1/4
N2m(1-2x)
Lo
0<x<1/4
Nm | Nm|:
L e [
0<x<1/4 4 0 n
so that
[/|W(vo,v0)(x,§)|dxd§= ~+o00. (6.1.3)

Proposition 6.1.4. Let a, b,  be real numbers with a < b and let us define u p o by
(6.1.2). Then, we have

/ |W(apw tabe) (X, §)|dxds = +oc. (6.1.4)

N.B. Since u, p 4, is a normalized L?(R) function, we also have from (1.1.6), (1.1.9)
that the real-valued 'W(ug p., Ug,b,o) does satisfy

/‘/W(”a’b,wv”a,b,w)(x,s)dx

05 = [ | [ Wtasatasx 1] d
= bl g = 1.
[ Wtasortas e 8P dxdE = apoliag = 1
We shall see in the next sections that most of the time in the Baire Category sense,
we have for u € L2(R"), [[ |W(u,u)(x,§)|dxd§ = +oo.
Proof. The proof is already given above for vg = u_;/2,1/2,0. Moreover, we have

with
1 . b+a

b—a’ " 2(a-—b)’
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the formula
iy _Byg—! 1. —
vo(y) =e 2zimo(y=p)e “a,b,w((y — B 1)05 1/2,

sothatu, p , = Mvg, where M belongs to the group Mp,, (n). (cf. Section 1.2.1) and
the covariance property (1.2.49) shows that the already proven (6.1.3) implies (6.1.4).
[

6.2 Modulation spaces

In this section, we use the Feichtinger algebra M 1 introduced in [10] (the termin-
ology Feichtinger algebra goes back to the book [44]). The survey article [26] by
M. S. Jakobsen is a good source for recent developments of the theory as well as
Chapter 12 in the K. Grochenig’s book [16]. We refer the reader to the paper [18] by
K. Grochenig and M. Leinert as well as to J. Sjostrand’s article [48] for the use of
modulation spaces to proving a non-commutative Wiener lemma.

6.2.1 Preliminary lemmas

The following lemmas in this subsection are well-known (see, e.g., [16, Theorem
11.2.5]). However, we provide a proof for the self-containedness of our survey.

Lemma 6.2.1. Let ¢y be a non-zero function in & (R"). For u € ' (R") the follow-
ing properties are equivalent.

1 ueRY).

(i)  W(u,g¢o) € L (R*").

(i) VN € N,supycren |W(u, do)(X)|(1 + | XV < +o0.
Proof. Let us assume (i) holds true; with Q(u, ¢¢) defined in (1.1.1), we find that
Q(u, ¢o) belongs to . (R?"), thus as well as its partial Fourier transform ‘W (u, ¢y),

proving (ii). We have obviously that (ii) implies (iii). Let us now assume that (iii)
holds true. Using (1.1.5), we find

u(x1)go(x2) = / W(u ¢0)(X1 + X2 S)ezin(xl—xz)éd%.’

and thus

o, = [ o g0 (2

X1+ X2

£)H gy vy

- / W, o) (y. £ DE g 2y — xy)dEdy2",

so that the latter equality, the fact that ¢9 belongs to .(R") imply (i) by differenti-
ation under the integral sign, concluding the proof of the lemma. |
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Lemma 6.2.2. Let ¢g, ¢y be non-zero functions in L*>(R™). Let u € L?>(R") such that
W(u, ¢o) belongs to L' (R?"). Then, W(u, ¢1) belongs as well to L' (R?™).

Proof. According to Lemma 1.2.26 applied to ug = u,u; = up = ¢, U3z = ¢1, we
have

||¢0”22W(u5 d)l) € Ll(Rzn)v
since W(u, ¢) belongs to L' (R2") as well as W(go, ¢1). n

Lemma 6.2.3. Let u € L?(R"). The following properties are equivalent.

(i) Forall p € .7 (R"), we have W(u,$) € L' (R?").

(i) For anon-zero ¢ € ./ (R"), we have W(u,¢) € L' (R?").

(iii) W(u,u) belongs to L' (R?™).
Proof. We have obviously (i)=>(ii) and, conversely, Lemma 6.2.2 yields (ii))=(i).
Assuming (i) and using Lemma 1.2.26 with ug = uz = u, u; = up = ¢ € S(R"),
we get

111251 W @, u)(X)| < 2" (1 W (. §)| * [ W(, u)])(X),

so that choosing a non-zero ¢ in the Schwartz space, we obtain (iii). Conversely,
assuming (iii) and using again Lemma 1.2.26 with ug = u, = u, uz = ¢ € S (R"),
uy = ¢ € L (R"), we find

(Vw2 ll W, )01 = 27 (W 0)| 4] W 6) ) (X). (6.2.1)
eL1(R2n) €7 (R21)

Assuming as we may u # 0, we can choose ¥ € .%/(R") such that
(ou)r2 # 0,

so that (6.2.1) implies (i). [ ]

Lemma 6.2.4. Let uy,u,,usz € LZ(R”). Then, we have the inversion formula,
Opy (W(ui,uz))uz = (us, u2>L2(Rn)M1.

Proof. Tt is an immediate consequence of Lemma 1.2.25. |

6.2.2 The space M 1(R")

Definition 6.2.5. The space M !(R") is defined as the set of u € L2(IR") such that, for
all ¢ € L (R"), W(u, ¢) belongs to L' (R?"). According to Lemma 6.2.3, M ' (R")
is also the set of u € L?(R") such that W(u, u) € L'(R?") as well as the set of
u € L2(R") such that, for a non-zero ¢ € .%(R"), W(u, ¢) belongs to L (R?").
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Proposition 6.2.6. Let Vo be the standard fundamental state of the harmonic oscil-
lator 7 (D2 + x?) given by

Vo (x) = 245, 6.2.2)

Then, MY (R™) > u > ||'W(u, o)l 11 (R2n) IS anormon MY (R™). Let ¥ be a non-zero
function in ./ (R™): then M'(R™) 3 u > ||W(u, V)1 (r2n) is @ norm on M(R"™),
equivalent to the previous norm.

Proof. The homogeneity and triangle inequality are immediate, let us check the sep-
aration: let u € L2(R") such that W(u, ) = 0. Then, we have

0= (Op, (Wt Y)Y ) 2y = 14122 gy 1V 12 2 g

proving the sought result. Let ¥ be a non-zero function in .¥’(R"); according to
Lemma 1.2.26 applied to ug = u,u; = upy = o, u3z = ¥, we find

W, ) (X)] < 2" (| W, Yo)l * [W (o, ¥)I)(X),
so that we have
W, )l weny < 2" W0, V)l L1 ey W, Yo)ll 1 r2ny,  (6.2.3)
W, Vo)l weny < 2" WO, Yo)ll L1 wemy | W, ¥) || L1 wa2n).
proving the equivalence of norms. |

Proposition 6.2.7. The space M ' (R"), equipped with the equivalent norms of Pro-
position 6.2.6, is a Banach space. The space . (R") is dense in M ' (R").

Proof. Let (ug)x>1 be a Cauchy sequence in M ' (R"): it means that (W (ug, ¥0))k>1
is a Cauchy sequence in L!(R?"), thus such that

1i]£n Wk, ¥o) = U in LY(R?"). (6.2.4)

On the other hand, from Lemma 1.2.25, we have ux —u; =Op,, (W (ugx—u;, ¥o)) Yo,
so that

lur —ugllL2@m
< 0py, (W(ur —ur, Yol grzwryy =< 2" I1W(ugx —ur, ¥o)llp1 wzny,
of. (1.2.5)

implying that (ux)g>; is a Cauchy sequence in L?(R"), thus converging towards
a function u in LZ(R"). Since from (1.1.6), we have |'W(ux — u, Vo)llL2wany =
lux — ullL2(rn), we obtain as well that

lim W, Yo) = W, o) in LA(R"),
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and this implies along with (6.2.4) that U = W(u, %) in .#’'(R?"). As a result, we
have W(u, ¥o) € L' (R?"), so that u € M '(R") and

lim W, o) = W(u. Yo) in LY (R™),

entailing convergence towards u for the sequence (ux )1 in M ! (R") and the sought
completeness. We are left with the density question and we start with a calculation.

Claim 6.2.8. With the phase symmetry oy, given by (1.2.6) and ¢ by (6.2.2) we
have for X,Y € R?",

W(oy Yo, Yo) (X) = 2"e 2T XY Fmtinlir], (6.2.5)
where the symplectic form is given in (1.2.13).

Proof of the Claim. We have indeed

W(oy.n¥o. Yo)(x.§) = /(O’y’nl/fo) (x T %) Yo (x _ %)e—Zinz«édZ

— [ 1//0(2)} —x— %)eﬁnn-(x—i—i—y)wo(x N %)e_ziﬂz.gdz

- zn/zfe—n(|2y—x—§|2+x—§2)ezmz~(n—s)dze4mn~(x—y)
— 2n/2e4iﬂn-(x—y)/e—Z(IZy—Z|2+|2(y—x)Z)eZiﬂz-(n—é)dZ
= /2 p4imn(x=y) g2y —x|? ydimy-(—E)pn/2 , =2 In—E I

which is the sought formula. u

Let u be a function in M ' (R"). For & > 0 we define
u) = [ W o2 Gy ) ay,
and we have
W o)) = [ WG o) (V)e P2 Wiy Yo o) V)Y,

so that Lemma 6.2.1 and (6.2.5) imply readily that u, belongs to the Schwartz space.
Moreover, we have

u = Op,, (W(u, Vo)) Yo,

from Lemma 6.2.4 and thus

W o) () = [ W o) (12" Wloy Yo Yo) (X)L
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so that
L WG ) ) = Wi ) (X)X

=2 // |W(u, Yo) (V)| W(oy Yo, Yo)(X)| (1 — e_8|Y|2) dYdX.
R2nxR2n

€L (R*") from (6.2.5) and u € M ' (R") €[0,1]

The Lebesgue dominated convergence theorem shows that the integral above tends
to 0 when ¢ — 0, proving the convergence in M ! (R") of the sequence (u;), which
completes the proof of the density. |

Theorem 6.2.9. Let M be an element of the metaplectic group Mp(n) (Definition
1.2.13). Then, M is an isomorphism of M1 (R™) and we have for u € M (R"), ¢ €
S (R"),

W(Mu, Mp) = W(u,¢)o S, (6.2.6)
where M is in the fiber of the symplectic transformation S. In particular, the space
M Y(R™) is invariant by the Fourier transformation and partial Fourier transforma-
tions, by the rescaling (1.2.31), by the transformations (1.2.30), (1.2.32) and also by
the phase translations (1.2.51) and phase symmetries (1.2.6).

Proof. Formula (6.2.6) follows readily from (1.2.49) and if u belongs to M (R"),
we find that
W(Mu, Mg ) = W(u,yg)oS™ !,
N—— N——
e7(R") eL!(R2n)
and since det S = 1, we have

[W(Mu, MYo) |1 w2ny = WU, Yo)llL1 w2nys

implying that W(Mu, M) belongs to L' (R?") so that, thanks to Definition 6.2.5,
we get that Mu belongs to M ' (R"). The same properties are true for M. ]

Remark 6.2.10. From Definition 6.2.5, we see that, for u € M1 (R"), we have
W(u,u) € LY(R?"),

and this implies, thanks to Theorem 1.2.24, that M ! (R") C L'(R"). Moreover, we
have
F(M'R") c M'(R"),

since for u € M '(R"), we have

Wi, Yo) = W(il, Yo)
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and thanks to (6.2.6),
WG o)l @emy = W Yo) 1 man)-
As a consequence we find
F(M'(R") c M'(R") = F2eM'(R") = F>(M'(R")) Cc F(M'(R")),
and consequently
M'(R") = F(M'(R") C F(L'(R")) C Ci)(R"),

where the latter inclusion is due to the Riemann-Lebesgue lemma with Cg)(R")
standing for the space of continuous functions with limit O at infinity. Moreover, for
u € M'(R") and v given by (6.2.2), we get from (1.1.5),

X1+ X2
2

u(x1)Po(x2) =/W(u,w0)( ,g)eﬁn(m—xz)-éd&

so that
u(ry) = / Wt o) (. et E I 2y~ 3 )dydn2”,

implying
Sn
Il ey < W, Yo)ll L1 @am2 4, (6.2.7)

and similarly for p € [1, +o0],
sn _n
lullLe@®ny < W, Yol L1 r2my274 p~ 27,
yielding the continuous injection of M !(R") into L? (R").

Theorem 6.2.11. The space M '(R") is a Banach algebra for convolution and for
pointwise multiplication.

Proof. Let u,v € M'(R"); then the convolution u * v makes sense and belongs to
all L?(R") for p € [1, +o0], since we have u € L'(R"). We calculate

Wk 0, 90) (56 = [ u)Wro ).y, (B0 = s =)
so that
WG v 90 lian < [ OIIW (0. Yol @andy,

and since we have

W(tyv, ¥o)(x,§) = W(v, 1y¥0)(x, g)e—4iﬂy~$’
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we get

WG v 90 lian < [ OIIW, Y0l @andy,
so that using (6.2.3), we obtain
W * v, ¥o)ll L1 r2n
< [ WO IW o, 5yl an dy WO, 90
We can check now that
W0, Ty Yo (x, §) = 2"e 2 EHEmDD 20y,
so that

W v, Yo)ll1@eny < 2" |ullLr e W (. Yo)ll L1 r2ny

9n
< 274w u, m || W v, ny, 6.2.8
< W, Yol w2n) W, ¥o)llL1 w2ny, (6.2.8)
©62.7)

proving that M '(R") is a Banach algebra for convolution when equipped with the
norm .
N(M) = ZT”W(M, w())”Ll(RZH). (629)

On the other hand, for u, v € M (R"), the pointwise product u - v makes sense and
belongs to L' (IR™) (since both functions are in L?(IR")) and we have

u-v="CF@*0),
so that
Wt - v, Yo)(x, §) = W(EF (@ % D), Yo) (x, §) = W(F (@ * D), Yio) (—x, =),
and since Yo = Vg is also even, we get

W -v, Yol L1 rany = IW(F (@ * D), F o)l L1 r2m
= Wi %0, o) llL1 m2ny
of. (1.2.49)
9n ~ ~
< 2% ||wa, || W(D, n
< W@, Yol w2ny | W@, ¥o)ll L1 (r2n)
6.2.8)

on
=24 [ W, o)l L1 @zm | W, Yo)ll L1 w2n),

proving as well that M !(R") is a Banach algebra for pointwise multiplication with
the norm (6.2.9). [ ]
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6.3 Most pulses give rise to a non-integrable Wigner distribution

In the sequel, n is an integer > 1.

Lemma 6.3.1. We have with Vo given by (6.2.2),
wien = e 2@, [ oo pldxds < oo,
2n
Then, MY (R™) is an Fy of L*(R™) with empty interior.
Proof. We have M'(R") = | ycn @n with

Oy = {u c LZ(R"),// W o) (x. §)|dxd € < N}-
R2n

The set @ is a closed subset of L2(R") since if (ug)x>1 is a sequence in @y which
converges in L2(R") with limit u, we get for R > 0,

// W o) (x. )| dxd €
[(x,6)|I<R

< // W — g o) (x, )| dxd + // W Yo) (. B)|dxd &
[(x,6)|I<R [(x,8)|I<R
< llu — ugll L2y (B> | R + N,

implying ffl(x,é)lsR |W(u, ¥o)(x,&)|dxd& < N, and this for any R, so that we obtain
u € ®y. The interior of @y is empty, since if it were not the case, as @ is also
convex and symmetric, 0 would be an interior point of ®y in L?(R") and we would
find pg > 0 such that

lulogn <po= [[  [Woepo)xpldxdg < .
and thus for any non-zero u € L?(R"), we would have

I g0 Ol xaelul gy < N

and thus

lullprr gy < Npg el L2 gy
implying as well L2(R") = M!(R") which is untrue, thanks to the examples of
Section 6.1.2, e.g., (6.1.3), and this proves that the interior of ® is actually empty.

Now the Baire Category Theorem implies that the F, set M !(R") is a subset of
L?(R™) with empty interior. ]
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Let us give another decomposition of the space M ! (R").

Lemma 6.3.2. According to Lemma 6.2.3, we have
MY(R") = {u € Lz(R”),// |W(u,u)(x, §)|dxdE < +oo}.
R72xR”
Then, defining
Fy = {u € LZ(R”),// | W, u)(x, §)|dxdE < N}, (6.3.1)
R72xR”

each Fy is a closed subset of L*>(R™) with empty interior.

Proof. We have . # = M'(R") = |Jyen Fn- The set Fy is a closed subset of
L?(R™) since if (ug)x>1 is a sequence in F which converges in L?(R") with limit
u, we have

V> 1, f/ W(ug, ug) (x, £)|dxdE < N,
R2xR”"?

so that we may apply Lemma 6.1.2 with Cy = N, and readily get that u belongs to
Fn. We have also that interior; 2(gn) () C interiorz 2 gny (M L(R™)) = 0. ]

Theorem 6.3.3. Defining

@G = {u e L2(RM), // W, u)(x, E)|dxdE = +oo} — L2(R")\M(RM),
R” xR

(6.3.2)
we obtain that the set 4 is a dense Gg subset of L*(R™).

Proof. Tt follows immediately from Lemma 6.3.2 and formula {/i)}c = A°, yielding
for # defined in (6.3.1), L*(R") = {interior(|y ?N)}C = F¥- [

Remark 6.3.4. It is interesting to note that the space M !(R") is not reflexive, as
it can be identified to £! via Wilson bases, but it is a dual space. It turns out that
both properties are linked to the fact that M ! (R") is an F, of L?(R") as proven by
Lemmas 6.3.1 and 6.3.2: if X is a reflexive Banach space continuously included in a
Hilbert space H, it is always an F,; of H, since we may write

X = | NBx.
NeN
where By is the closed unit ball of X and N Bx is H-closed since it is weakly compact
(for the topology o (H, H)); we cannot use that abstract argument in the case of the
non-reflexive M ' (R"), so we produced a direct elementary proof above. Also, it can
be proven that if X is a Banach space continuously included in a Hilbert space H, so
that X is an F, of H, then X must have a predual. As a result, the fact that M ! (R")
has a predual appears as a consequence of the fact that M ' (R") is an F, of LZ(R").
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6.4 Consequences on integrals of the Wigner distribution

Lemma 6.4.1. Let & be defined in (6.3.2) and let u € 4. Then, the positive and
negative part of the real-valued 'W(u, u) are such that

// W, u)4+(x,E)dxdE :/ W, u)—(x,E)dxdé = +oo.
Proof. For h € (0, 1], we define the symbol
a(x,§.h) = e HEHE),

and we see that it is a semi-classical symbol in the sense (1.2.65). Let us start a
reductio ad absurdum and assume [ 'W(u, u)_(x, §)dxd§ < 400, (which implies
sinceu €9, [[ W(u,u)4(x,§)dxdé = +00). We note that

(Op, (@& )y = [ a6 Won e ) dvat.
€L2(R2")  eL2(R2n)

and thanks to Theorem 1.2.27, we have also

Sup |(Opw(a('x’ S’h))u’ u)LZ(R")| 5 O—n”u”iZ(Rn)s
he(0,1]

so that
// e HE Wy u)(x, E)dxdE + [/ M HE Wy u)_(x, E)dxdE
= [[ Wiy xpravae.
and thus with 6, € [—1, 1], we have
Bhonllulsqny + [ €O HIW ) (x. dxds
— // e P HE Wy u), (x, E)dxdE. (6.4.1)
Choosing h = 1/m,m € N*, we note that

eI TEIW @ u)  (x,8) < e T WL 1) (x,6).

From the Beppo-Levi Theorem (see, e.g., [34, Theorem 1.6.1]), we get that

m—+o00

lim // e W u) 4 (x, £)dxdE = // W, u)4(x, £)dxd§ = +oo.
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However, the left-hand side of (6.4.1) is bounded above by
U"”””iZ(R") + / W(u,u)—(x,E)dxd€, which is finite,
triggering a contradiction. We may now study the case where

// W, u)y(x,E)dxdé < +o0, // W, u)_(x,E)dxdé = +oo.
The identity (6.4.1) still holds true with a left-hand side going to +o00 when /4 goes to

0 whereas the right-hand side is bounded. This concludes the proof of the lemma. m

N.B. A shorter heuristic argument would be that the identity

[ W odrds = i, wd [ W gdxds = +oc

should imply the lemma, but the former integral is not absolutely converging, so that
argument fails to be completely convincing since we need to give a meaning to the
first integral.

Theorem 6.4.2. Defining ¢ = L*(R")\M'(R") (cf. (6.3.2)) we find that the set d
is a dense Gg set in L>(R™) and for all u € 4, we have'

// W, u)y(x,E)dxdé = // W, u)—(x,&)dxdé = +o0, (6.4.2)
Defining’

Es(u) = {(x.§) € R*", £ W(u,u)(x,§) > 0}, (6.4.3)

we have for allu € 9,
// W(u,u)(x,£)dxdé = +oo, (6.4.4)
E4(u)

and both sets E+ (u) are open subsets of R*" with infinite Lebesgue measure.

Proof. The first statements follow from Theorem 6.3.3 and Lemma 6.4.1. As far
as (6.4.4) is concerned, we note that W(u, u) > 0 (resp., < 0) on E4(u) (resp.,
E_(u)), so that Theorem 6.3.3 implies (6.4.4). Moreover, £ (u) are open subsets
of R?" since, thanks to Theorem 1.2.22, the function ‘W(u, u) is continuous; also,
both subsets have infinite Lebesgue measure from (6.4.2) since ‘W (u, u) belongs to
L2(R?™). ]

'Note that ‘W (u, u) is real-valued.
2Thanks to Theorem 1.2.22, the function W(u, u) is a continuous function, so it makes
sense to consider its pointwise values.
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Remark 6.4.3. There are many other interesting properties and generalizations of
the space M! and in particular a close link between the Bargmann transform, the
Fock spaces and modulation spaces: we refer the reader to Remark 5 on page 243 in
Section 11.4 of [16], to our Section 1.2.8 in this memoir and to Section 2.4 of [33].

Remark 6.4.4. As a consequence of the previous theorem, we could say that for any
generic u in L2(R") (i.e., any u € 4 = L?(R")\M ' (R")), we can find open sets
E, E_ such that the real-valued =W (u, u) is positive on E and

/ W, u)(x,&)dxdé = too.
Ey

We shall see in the next section some results on polygons in the plane and for instance,
we shall be able to prove that there exists a “universal number” ,u;r > 1 such that for
any triangle’ 7 in the plane, we have

Yu € L*(R), // W, u)(x,&)dxdé < M;r||u||iz(R). (6.4.5)
T

Note in particular that we will show that (6.4.5) holds true regardless of the area of the
triangle (which could be infinite according to our definition of a triangle). Although
that type of result may look pretty weak, it gets enhanced by Theorem 6.4.2 which
proves that no triangle in the plane could be a set E4 (u) (cf. (6.4.3)) for a generic u
in L2(R).

3We define a triangle as the intersection of three half-planes, which includes of course the
convex envelope of three points, but also the set with infinite area {(x, £) € R?,x > 0,£ >
0,x + & > A} for some A > 0.



