Chapter 4

Construction of the algorithms

In this chapter, we describe the construction of the algorithms asserted in our main
results. These are based on techniques from compressed sensing [8, 13, 61] on the
premise that the polynomial coefficients of a holomorphic function are approximately
sparse. There are several main differences between standard compressed sensing and
what we develop below. First, following [2,7,8,37,119,121], we work in a weighted
setting in order to promote sparsity in lower or anchored sets (recall Section 2.7). Sec-
ond, following [52], we work with Hilbert-valued vectors, whose entries take values
in the Hilbert space V. Finally, so as to avoid unrealistic assumptions on the func-
tions being approximated, we use consider noise-blind decoders, as in [3]. See also
Remark 4.1.

4.1 Recovery via Hilbert-valued, weighted ¢ !-minimization

We first require some additional notation. Given N € N we let V' be the vector space
of Hilbert-valued vectors of length N, i.e., v = (vi)zN=1 wherev; € V,i =1,...,N.
Next, given A € F and a vector of positive weights w = (wy)yea, Where w > 0,
we define the weighted B (A;V) space, 0 < p < 2, as the set of V-valued sequences
v = (vp)pea for which

1/p
. 2—
paey = (2w Plwl}) " < 0.
veA

[[v]

Notice that £2 (A; V) coincides with the unweighted space £2(A; V).

Now, let A C ¥ be a finite multi-index set of size |A| = N and consider the
ordering A = {vq,...,vy}. Note that we will, in practice, choose either A = Aiod
when d < 0o or A = A" when d = oo, where the order 7 is as described in the
corresponding theorem (Theorems 3.4-3.12). With this in mind, given f € LZ u;v),
define

fa=> e, 4.1)

veA

as the truncated expansion of f based on the index set A and
ca = (cy)iL eV (4.2)

as the finite vector of coefficients of f with indices in A. As explained in Section 3.2,
our objective is, in effect, to approximate these coefficients.
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We do this as follows. Given yq,..., y, € U, we define the normalized measure-
ment matrix N
A= (ﬁ) e ¢V (4.3)
Ny

and the normalized measurement and error vectors
1 1

vm vm

Notice that any m x N matrix A = (q; ]):"jil extends to a bounded linear operator

b= (f(yi) +n)iLy eV, e (ni)j—; € V™. (4.4)

VN — V™ (or V¥ — VM) in the obvious way, i.e.,

N m
x =N, eV 5> Ax = <Zaijxj) ev™".

J=1 i=1

For ease of notation, we make no distinction between the matrix A € C™ ¥ and the
linear operator A € B(VY, V™) (or A € 3('\7}?’, V;")) in what follows. Using this,
we obtain

1

Jm

1

Jm

1

Jm

Acp = —=(fai))ity = =Sl — =) — fa(yi))ity,
and therefore

Acp +e+e' =b, 4.5)
where

1

Jm
We have now formulated the recovery of cp as the solution of a noisy linear sys-
tem (4.5), where the noise term e + e’ encompasses both the noise e = (n;)7_, //m
in the sample values and the error e’ due to the truncation (4.1) of the infinite expan-
sion (2.8) via the index set A.

Due to the discussion in Sections 2.5-2.7, we expect the coefficients ¢ to not
only be approximately sparse, but also well approximated by a subset of s coeffi-
cients whose indices define a lower or anchored set. In classical compressed sensing,
one exploits sparse structure via minimizing an £'-norm. To exploit sparse and lower
structure, we follow ideas of [2,7,8,37] and use a weighted £1-norm penalty. Specif-
ically, we now compute an approximate solution via the Hilbert-valued, weighted
Square-Root LASSO (SR-LASSO) optimization problem

e =

(f(yi) = fa(yi))ity-

min §(z). §(2) = Azl v + 142 = Bl 4.6)

N
Z€V),

Here A > 0 is a tuning hyperparameter.
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Remark 4.1. As an alternative to solve this Hilbert-valued compressed sensing prob-
lem, we could use a formulation based on a constrained basis pursuit or unconstrained
LASSO problem. However, we consider the SR-LASSO problem (4.6) instead. While
other approaches are arguably more common, based on [3] the SR-LASSO has the
desirable property that the optimal values of its hyperparameter A is independent of
the noise term (in this case e + e’). This is not the case for other formulations, whose
hyperparameters need to be chosen in terms of the (unknown) magnitude of the noise
in order to ensure good theoretical and practical performance (see, e.g., [13, Chapter
6]). This is particularly problematic in the setting of function approximation, where
such terms are function dependent (for instance, the term e’ depends on the expansion
tail f — fa) and therefore generally unknown. See [3] and [8, Section 6.6] for further
discussion.

Notice that (4.6) is solved over V;ZV not V¥, since the latter would not be numer-
ically solvable in general. As we see below, it can be reformulated an optimization
problem over CV*X where K = dim('V},). However, since the true coefficients of
f are elements of 'V and not 'V}, this discretization inevitably results in an additional
error, which must also be accounted for in the analysis. This leads precisely to the
physical discretization error (term (iii) in Section 3.3.1).

Finally, we now also specify the weights. Following [2,7,37] (see also [8, Remark
2.14]), a good choice of weights (for promoting lower or anchored structure) is given
by the so-called intrinsic weights

w=u=Uy)ver, Uy = [Yyllpoc@ Vv EA. 4.7

In particular, for Chebyshev and Legendre polynomials these are given explicitly by

Hf:l V2v; + 1, Legendre,

uy = || Wy llpoouy = {

2lvllo/2 Chebyshev,
where ||v]|, := |supp(v)|. Typically, we index these weights over the multi-indices
v € A. However, we will, for convenience, often write w; instead of wy; in what
follows, where, as above, {v1,..., vy} is an ordering of A.

4.2 Reformulation as a matrix recovery problem and the mappings in
Theorems 3.4, 3.7 and 3.10

We now describe the mappings whose existence is asserted in Theorems 3.4, 3.7
and 3.10. These maps all arise via exact solutions of weighted SR-LASSO optimiza-
tion problems. However, since (4.6) yields a vector in 'V}Ilv and the mappings should
yield outputs in CV>*K we first need to reformulate (4.6) using the basis {¢; }iK: 1
for 'Vh.
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Notice first that any vector of coefficients ¢ = (cy, )1—1 € "V;lv is equivalent to a

matrix of coefficients
N,K N K
= (cik)l k=1 eC x

via the relation

K
=Y cikpr. i €[N].

k=1

Next, observe that if g = Zle dror € 'V then
lglly =lldllg = vd*Gd,

where d = (a?k)f:1 e CK and G € CX*X is the Gram matrix for {(pk}le, given
by (3.3). Since G is positive definite, it has a unique positive definite square root
matrix G /2. Hence, we may write

lglly = I1G"2d|l,.

We now use some additional notation. Given 1 < p <ooand 1 < g < 2, we define
the weighted £%7-norm of a matrix C = (Ctk), k | € CN*K a5

_ (Z o (Z . k|q)p/q) 1/p'

i=1

Note that this is precisely the weighted £Z-norm of the vector of (||c;|| )l_l, where
(c,k)k= e CX is the ith row of C. Further, if p = ¢ = 2, then this is just the
unweighted £%:2_norm of a matrix (which is simply its Frobenius norm). In this case,
we typically write ||-||5 5.
Now let z € V}{V be arbitrary, Z € CV*X be the corresponding matrix and z; €
CX be the ith row of Z. Then

N N
1/2 1/2
=3 wilzo, Iy = Y will GV2zill, = 12G V2| 1

i=1 i=1

Similarly, let A = (al]) -1 € C™N and b = (b; )iL, € V)" beasin (4.3) and (4.4),
respectively, and let B 6 (C'”XK be the matrix corresponding to b. Then

m N
14z = Bl5y = D | aijze, — b

i=11j=1

2
2
= [(AZ — B)G'?|3,.
%

Therefore, we now consider the minimization problem

: _ 1/2
,din (A Zl,10 + (A2 = B)G ], ). 4.8)
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e Letm, € and n be as given in the particular theorem and set A = A;'Cd
(Theorems 3.4 and 3.10) or A = A" (Theorem 3.7).

e SetA = (4ym/L)"', where L = L(m,d,€)is asin (3.8).

e LetD = (d,-k);",ﬁl eC™Kandy = (yi), be an input, as in (3.1),

and set B = ﬁD.

e LetG, A and w be as in (3.3), (4.3) and (4.7), respectively.

e Define the output C = M(Y , D) as the minimizer of (4.8) with smallest

£22_norm.

Table 4.1. The mappings M : U x C"*K _ CN>K ysed in Theorems 3.4, 3.7 and 3.10.

This is equivalent to (4.6) in the following sense. A vector é = (éy,)_, € V,{V is a

N,K c CNxK

=1 with entries

minimizer of (4.6) if and only if the matrix C = (Cik)
defined by the relation

K
év,‘ = Zéik(pkv i € [N]v
k=1

is a minimizer of (4.8).

With this in hand, we are now ready to define the mappings used in Theorems 3.4,
3.7 and 3.10. These are described in Table 4.1. Note that these are indeed well-defined
mappings, since the minimizer of (4.8) with smallest £2°>-norm is unique (this follows
from the facts that (4.8) is a convex problem, therefore its set of minimizers is a
convex set, and the function Z +— || Z ||§2 is strongly convex). This particular choice
is arbitrary, and is made solely so as to have a well-defined mapping. It is of no
consequence whatsoever in our analysis, since the various error bounds we prove
later hold for any minimizer of (4.8).

4.3 The primal-dual iteration

To derive the algorithms described in the other main theorems, we need methods for
approximately solving the optimization problems (4.6) and (4.8). We use the primal-
dual iteration [30] (also known as the Chambolle—Pock algorithm) to this end. We
first briefly describe the primal-dual iteration in the general case (see [30, 31, 31],
as well as [13, Section 7.5] for more detailed treatments), before specializing to the
weighted SR-LASSO problem in the next section.

Let (X, (-,-)x) and (¥, (-, -})y) be (complex) Hilbert spaces, g : X — R U {oc0o},
h:¥Y — R U {oco} be proper, lower semicontinuous and convex functions and
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A € B(X,Y) be a bounded linear operator satisfying
dom(h) N A(dom(g)) # 0.

The primal-dual iteration is a general method for solving the convex optimization
problem
min{g(x) + h(A(x))}. (4.9)
x€X

Under this setting the (Fenchel-Rockafeller) dual problem is

rgréigrjl{g*(fl*é) + 1" (=§)},

where g* and h* are the convex conjugate functions of g and £, respectively. Recall
that, for a function f : X — R U {00}, its convex conjugate is defined by

f*(z) = sup(Re(x,z)y — f(x)), ze€X. (4.10)
xeX

The Lagrangian of (4.9) is defined by
L(x,§) = g(x) + Re(A(x), &)y —h*(£), x € dom(g), & € dom(h™), (4.11)

and £(x,§) = oo if x € dom(g) or £(x,§) = —oo if § € dom(A*). This in turn leads
to the saddle-point formulation of the problem

min max £ (x, §).
min max £(x.€)

The primal-dual iteration seeks a solution (X, §) of the saddle-point problem by solv-
ing the following fixed-point equation

£ = prox (£ — 4" €)).

§ = proxg« (§ + 0A(X)),

where t, 0 > 0 are stepsize parameters and prox is the proximal operator, which is
defined by

prox,(z) = arg)rcréijré{f(x) + %Hx —Z||%C}, z € dom(f).

To be precise, given initial values (x@, £©) € X x ¥ the primal-dual iteration
defines a sequence {(x, E(n))}?,i] C X x ¥ as follows:
xt) — prox,, (x(”) - IA*(§("))),

4.12)
E(H'H) = ProX, s« (g_-(n) + 0A(2x("+1) _ x(n)))_
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4.4 The primal-dual iteration for the weighted SR-LASSO problem

‘We now apply this scheme to (4.6) and (4.8). We first describe an algorithm to approx-
imately solve the Hilbert-valued problem (4.6), before using the equivalence between
elements of "Vév and CV*K to obtain an algorithm for approximately solving (4.8).

Consider (4.6). We define X = ('V;Ilv, ()2w), Y= (V' (- -)av)and g - X —
R U {oc0}, h : ¥ — R U {00} as the proper, lower semicontinuous and convex func-
tions

g(x) = AMxlliwy. (W) =y =blyy, x eV, yeV

We first find the proximal maps of g and ~*. Using (4.10), we see that
h*(§) = sup (Re(v.&)v — [[v—bll5y)
vey;!

=Re(b.§)v + sup (Re(v. &)y — v

m
veV)

Z;V)’

forall § € V;". From [22, Examples 13.3 and 13.4] it follows that

(Ilv)* =388, B:={& €V |&lyy =1},

where §p is the indicator function of the set B, taking value 6p(§) = O when & € B
and +o0 otherwise. Hence,

h*(§) =Re(b. &)y + 55(§). (4.13)

Using this, we obtain
. 1
prox,,« (€) = arg min {USB(Z) +oRe(b,z)y + =|z —$||§.v}
ze'V,’T" 2 >

. 1
=arg min {-|z— (& —0b)|3y
zt)|zll2;p <1 2

= projp(§ —ob),

where projpg is the projection onto B, which is given explicitly by

1
SHZ;'V }g

On the other hand, applying the definition of the proximal operator to the function g
with parameter t > 0, we deduce that

projg (&) = min{l,

(prox,4 (x))i = proXey, ajpy (Xi)s @ =1,...,N, wherex = ()N, € "Vflv.
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Algorithm 1: primal-dual-wSRLASSO — the primal-dual iteration for the
weighted SR-LASSO problem (4.6)
inputs : measurement matrix A € C™*N measurements b € V]iv, positive
weights w = (wi)f\’:l, parameter A > 0, stepsizes 7,0 > 0,

maximum number of iterations 7" > 1, initial values c® e ”Vév,
O cym
output :¢ = primal-dual-wSRLASSO(A.b,w,A,7,0,T,c©, £©®) an
approximate minimizer of (4.6)
initialize: ¢ =0 € VN
1 forn=0,1,...,T —1do
2 P:(Pi)]/'vzl :C(")—tA*’g'(")
N
3| et = (max{]| pilly — TAwi, 0} )
4 | q=EM +5A4Q2c"tD —c™) _5b

(n+1) — mni 1
s | §T = m‘“{" Hlll\z:'v}q

i=1

~(n+1) — _n_zZ(n) ;. _1 .(n+1)
6 S = (A = {a
7 end
s c=c¢D

Moreover, a simple adaptation of [22, Example 14.5] with the ||-||y-norm gives

proxr||.||v(x) = max{||x||y — 7,0} Vx € Vi \ {0}.

X
Iy

Hence,

N
Xi
proxey (o) = (max{lsy = A0 ) L= ol € V(0
1%illv /) i=1
With this in hand, we are now ready to define the primal-dual iteration for (4.6). As
we see later, the analysis of convergence for the primal-dual iteration is given in terms
of the ergodic sequence

1 &
(W ==-%"cD n=12...
c n 9 n 9 9 b

i=1

where ¢® "V;]lv is the primal variable obtained at the i th step of the iteration. Hence,
we now include the computation of these sequences in the primal-dual iteration for
the weighted SR-LASSO problem (4.6), and take this as the output. The resulting
procedure is described in Algorithm 1.
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Algorithm 2: primal-dual-wSRLASSO-C — the primal-dual iteration for

the weighted SR-LASSO problem (4.8)

inputs : measurement matrix A € C"*¥ measurements B € C"™*K,

positive weights w = (w; )l_l, Gram matrix G € CKxK|

parameter A > 0, stepsizes t, 0 > 0, maximum number of
NxK E(O) c meK

iterations 7 > 1, initial values C©® e C
output :C =

primal-dual-wSRLASSO-C(A,b,w,G, A, 7,0,T,C® E©O),

an approximate minimizer of (4.8)
initialize: C© = 0 € CV*K

1 forn =0,1,....,T —1do
2 = (piK) e, =C™ —TA*E®™
3 fori:l,...,Ndo
4 = (sz);f_l
+1
5 ( l(z ))k 1= max{||G]/2p HZ_T/XU)Z O}W
6 end
+1) _ (,(a+1)\N.K

7 C(n )= ( lk )lk 1
8 | Q=E®W4+54CTt) —C™)_0oB

=(+1) _ . 1
o= - mm I’HQG‘/zHoz e
10 €(n+1) — ilc(n)_'— C(n+1)

n

11 end
2C=CT

Having done this, we next adapt Algorithm 1 in the way mentioned previously to

obtain an algorithm for (4.8). This is given in Algorithm 2.

Remark 4.2. Note that even though the square-root matrix G /2 is used in Algo-

rithm 2, this matrix does not need to be computed. Indeed,

IGY?d ||, = Vd*Gd, d eCK,

(CNXK

and for a matrix C € , we have

N N
2 *
ICG |55 = | Y IG2cill; = | ¢fGei,

i=1 i=1

where ¢; € CK is the ith row of C. In particular, computing |G '/2d | involves
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at most ¢(F(G) + K) arithmetic operations, and computing |CG '/ 2|l , involves
cm(F(G) + K) arithmetic operations, for some universal constant ¢ > 0.

To conclude this section, we now state and prove a lemma on the computational
cost of Algorithm 2. This will be used later when proving the main theorems.

Lemma 4.3 (Computational cost of Algorithm 2). The computational cost of Algo-
rithm 2 is bounded by

c-(m-N-K+m+N)-(F(G)+K))-T,
where ¢ > 0 is a universal constant.

Proof. We proceed line-by-line. Line 2 involves a matrix-matrix multiplication and
matrix subtraction, for a total of at most

c-m-N-K (line?2)

arithmetic operations for some universal constant c. Now consider lines 3-5. By the
previous remark, we may calculate |G /2 p; ||, = \/m using one multiplication
with the matrix G, one inner product of vectors of length K and one square root
(recall from Definition 3.1 that we count square roots as arithmetic operations). This
involves at most ¢ - (F(G) + K) arithmetic operations. Hence, the cost of line 5 is at
most

c-(F(G)+ K) (ine5),

for a possibly different universal constant c. Therefore, the total cost of lines 3-5 is
c-(F(G)+ K)-N (lines 3-5).
Line 7 involves no arithmetic operations and line 8 involves at most
c-m-N-K (line 8)

operations. Consider line 9. Because of the previous remark, the computation of the
term | QG /2 |2, can be performed in at most ¢ - m - (F(G) + K) operations (since
Q is of size m x K). Hence, line 9 involves at most

c-m-(F(G)+ K) (line 9)
operations. Finally, line 10 involves at most
c-N-K (line 10)
operations. After simplifying, we deduce that lines 2—10 involve at most
c-m-N-K+ (K+ F(G))-(N +m)) (lines 2-10)

operations. The result follows by multiplying this by the number of iterations 7. m
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Algorithm 3: construct-A — constructing the measurement matrix (4.3)

inputs : sample points yq,..., Ym € U4, finite index set
A ={vq,..., v} CF

output : A = construct-A((y;)/L;.A) € C™*N | the measurement
matrix (4.3)

initialize: C® = 0 € CV*K

2n=max{(v;); i =1,..., N, j=1,..., n}
3fori=1,..., m do

4 | Setz=(z)k_ = (3,

5 hij = lp](Zl),l =1,..., k, / =0,..., n,
6 for j =1,...,Ndo

7 ‘ aij = HL bl.(v/-)/

8 end

9 end

_ 1 _\ym,N
10 4= ﬁ(“u)i,_/:l

4.5 The algorithms in Theorems 3.5, 3.8 and 3.11

We are now almost ready to specify the algorithms used in Theorems 3.5, 3.8 and
3.11. Notice that Algorithms 1 and 2 require the measurement matrix 4 as an input.
Hence, we first describe the computation of this matrix for Chebyshev and Legendre
polynomials. This is summarized in Algorithm 3. Notice that line 5 of this algorithm
involves evaluating the first k& one-dimensional Chebyshev or Legendre polynomials.
This can be done efficiently via the three-term recurrence relation, as explained in the
proof of the following result.

Lemma 4.4 (Computational cost of Algorithm 3). The computational cost of Algo-
rithm 3 is bounded by
c-m-(n+ N) -k,

where ¢ > 0 is a universal constant and k and n are as in lines 1 and 2 of the algo-
rithm.

Proof. Consider line 5 of the algorithm. Evaluation of the first £ 4+ 1 Chebyshev
or Legendre polynomials can be done via the three-term recurrence relation. In the
Chebysheyv case, this is given by

Wo(z) =1, Wi(2) =2z, W 1(z) =22V;(2) —¢;¥1(2), j =1,....k,
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* Letm, e, n and ¢ be as given in the particular theorem and set:
— A =AY (Theorems 3.4 and 3.10) or A = A}® (Theorem 3.7),
- A= (4ym/L)"!, where L = L(m,d,e€) is as in (3.8),

- t=0=(0(n,d))”%, where ®(n,d) and « are as in (3.5) and (3.7),
respectively,
- T =12(0(n,d))*t].
e LetD = (dik)zljélil eC™KandY = (yi)7L, be an input, as in (3.1),
_ 1
and set B = TZD‘
o Compute A = construct-A(Y, A).
* Let G and w be as in (3.3) and (4.7), respectively.

* Define the output C = A(D), where

A(D) = primal-dual-wSRLASS0-C(4, B, w,G,1,7,0,T.0,0)

Table 4.2. The algorithms A : U x C"*K — CN>K ysed in Theorems 3.5, 3.8 and 3.11.

where ¢; = 1if j > 1and 1/ V2 otherwise, and in the Legendre case, it is given by
Wo(z)=1, W(z) = 3z,
\/j+3/2( 2j +1 U (2)— j
j+1 \Jj+12 7 Ji—1/2
(recall that these polynomials are normalized with respect to their respective proba-
bility measures). Hence, the computational cost for line 5 is bounded by ¢ - n - k. The
computational cost for lines 6-8 is precisely N - (k — 1). Hence, the computational

cost for forming each row of A is bounded by ¢ - (n -k + N - k). The result now
follows. u

Vii1(2)=

qu_l(z)), j=2,... .k,

With this in hand, we are now ready to specify the algorithms used in Theo-
rems 3.5, 3.8 and 3.11. These are given in Table 4.2.

4.6 An efficient restarting procedure for the primal-dual iteration and
the algorithms used in Theorems 3.6, 3.9 and 3.12

While the primal-dual iteration converges under very general conditions, it typically
does so very slowly, with the error in the objective function decreasing like @ (1/n),
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Algorithm 4: primal-dual-rst-wSRLASSO — the restarted primal-dual
iteration for the weighted SR-LASSO problem (4.6)

inputs : measurement matrix A € C"*V measurements b € 'V/IV, positive

weights w = (wi)f\’:l, parameter A > 0, stepsizes 7,0 > 0,
number of primal-dual iterations 7 > 1, number of restarts R > 1,
tolerance ¢’ > 0, scale parameter 0 < r < 1, constant s > 0, initial
values ¢©@ =0 € VN £@ =0 e V.
output :¢ = primal-dual-rst-wSRLASSO(A,b,w,A.7,0,T,R,C . r,s),
an approximate minimizer of (4.6)
initialize: ¢ =0 € VN, 59 = ||b]|,.y
1 for/ =0,..., R—1do
2 erv1 =1 + )
3 a) = S€j+1
4 ¢+ = g; . primal-dual-wSRLASSO(A,b/a;, w, A, 7,0, T,é¥V /a;, 0)
5 end

6 ¢ =¢WB

where n is the iteration number. To obtain exponential convergence (down to some
controlled tolerance) we employ a restarting procedure. This is based on recent work
of [47,48].

Restarting is a general concept in optimization, where the output of an algorithm
after a fixed number of steps is then fed into the algorithm as input, after suitably scal-
ing the parameters of the algorithm [122—124]. In the case of the primal-dual iteration
for the weighted SR-LASSO problem, this procedure involves three hyperparameters:
a tolerance {’ > 0 and scale parameters 0 < r < 1 and s > 0. After applying one step
of the primal-dual iteration (Algorithms 1 or 2) yielding an output ¢, it then scales
this vector and the right-hand side vector b by an exponentially decaying factor a;
(defined in terms of ¢’, r and s), before feeding in these values into the primal-dual
iteration as input.

We explain the motivations behind the specific form of the restart procedure for
the primal-dual iteration later in Section 9.2. For now, we simply state the resulting
procedures in the case of the weighted SR-LASSO problems (4.6) and (4.8). These
are given in Algorithms 4 and 5, respectively. With these in hand, we can also give
the algorithms used in Theorems 3.6, 3.9 and 3.12. See Table 4.3.

Note that these algorithms involve a number ¢*, which is a universal constant. It is
possible to provide a precise numerical value of this constant by carefully tracking the
constants in several of the proof steps. Since doing so is not especially illuminative,



44  Construction of the algorithms

Algorithm 5: primal-dual-rst-wSRLASSO-C — the restarted primal-dual
iteration for the weighted SR-LLASSO problem (4.8)
inputs : measurement matrix A € C”*¥  measurements B € CV*K,
lN:l, Gram matrix G € CKxK,
parameter A > 0, stepsizes t,0 > 0, number of primal-dual
iterations 7 > 1, number of restarts R > 1, tolerance ¢’ > 0, scale
parameter O < r < 1, constant s > 0, initial values
C(O) =0c (CNXK, E(O) =0¢c (meK
output : C =
primal-dual-rst-wSRLASS0-C(A4,b,w,G,A,7,0,T,R, (', 1,5),
an approximate minimizer of (4.8)
initialize: C® = 0 € CVN*K ¢y = IBG'/?|,.,
1 for/ =0,...,R—1do
2 gry1 =11 +9)
3 ap = S&r+1
4 6(1+1) —
a; - primal-dual-wSRLASS0-C(A, B/a;, w.G. A, 7,0,T,C® /a;, 0)
5 end
6 € = E®

positive weights w = (w;)

we forgo this additional effort. Instead, we now give a little more detail on this con-
stant.

Remark 4.5. From (10.10) we see that
c¢* = 3296./cy,

where ¢ is the universal constant that arises in (3.10). As shown in the proof of Theo-
rem 8.2, the constant ¢y needs to be chosen sufficiently large so that the measurement
matrix A satisfies the so-called weighted RIP. In particular, it is related to the univer-
sal constant ¢ > 0 defined in Lemma 8.1. See, in particular, (8.2). A numerical value
for this constant can indeed be found using results shown in [37]. With this in hand,
one can then keep track of the constant cq in the proof of Theorem 8.2 to find its
numerical value. This discussion also highlights why tracking the value of ¢* is not
particularly illuminative. Indeed, it is well known that universal constants appearing
in RIP estimates in compressed sensing are generally very pessimistic [8, 13,61].
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Letm, €, n, t and ¢’ be as given in the particular theorem and set:

- A= Aﬁ?d (Theorems 3.6 and 3.12) or A = A}® (Theorem 3.9),

— A= (4y/m/L)"", where L = L(m,d, €) is as in (3.8),

- t=0=(0(n,d))™, where ®(n,d) and « are as in (3.5) and (3.7),
respectively,

- T =[(0(n,d))*c*], where c* is a universal constant,

- R=1t

- r=¢!

s = ©O.d)T

Let D = (dik);'f,;il € C™K and Y = (y;)"_, be an input, as in (3.1),

_ 1

and set B = J—;lD.

Compute A = construct-A(Y, A).

Let G, A and w be as in (4.3), (3.3) and (4.7), respectively.

Define the output C = A(D), where

A(D)=primal-dual-rst-wSRLASS0-C(A4, B,w,G,A,7,0,T, R, {,r,¢)

Table 4.3. The algorithms 4 : U™ x Cm*K _ CN*K ysed in Theorems 3.6, 3.9 and 3.12.



