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1 The natural habitat of mathematics

Mathematics is ubiquitous. It is the incredibly creative and widely spoken language
of logic. Mathematical knowledge resides in the minds of mathematicians and those
who want or need to use mathematics. They have learned mathematics through the
process of thought; by listening to people speak and through conversations; through
the reading of books; and more recently by browsing on the internet; by listening and
watching videos; and through written and computational practice. Through practice,
understanding is accomplished and has led to concept extension and generalization.
Ultimately, through writing, publication and presentation, dissemination is obtained
and one hopes to achieve the global blossoming, conceptualization and description
of mathematical notions. This continuing process generates a wealth of data which
should be shared globally, but is in practice subject to restrictions to access. Through
refinement and use, important results precipitate and become more widely available.
The use of computers has greatly facilitated this process.

Mathematical functions and the operations they satisfy are widespread. The so-
called special functions are mathematical functions which are so useful and have
appeared so often (in applications) that they have been given special names. As well as
special functions, there are also special constants, numbers and special sequences of
numbers (see the On-Line Encyclopedia of Integer Sequences'). There is also a large
collection of mathematical objects or operations which have commonly appeared and
these have been given names as well. The names of these special objects summarise
and provide an organisational structure to mathematics.

What are special function names? These names are often ascribed to the dis-
coverer or to a person who greatly exploited their use, or simply to a description
of their action, or sometimes, out of the void. Special functions arise in a variety of
contexts. Historically, some of the most common special functions arose in areas of
classical analysis and natural mathematics such as in the study of the figure of the
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earth by Pierre-Simon Laplace, through the separation of linear partial differential
equations. Special functions include classical orthogonal polynomials, Bessel func-
tions, associated Legendre functions, the gamma function, and elliptic integrals. Even
more esoteric functions arise such as parabolic cylinder functions, Mathieu functions,
Lamé functions, ellipsoidal harmonics, elliptic functions and so on. This is the tip of
the iceberg. There are many more and today one can find an excellent summary of
the most important ones in the NIST Digital Library of Mathematical Functions [1] in
which there are 36 chapters, each focusing on their most important properties. More
generally, Scharpf et al. [3] define the term of Formula Concept “as a collection of
equivalent formulae with different representations.” The question and description of
equivalence must be pinpointed so that a wider audience may understand the conver-
sation. Special function and number data is a subset of the much larger collection of
mathematical knowledge.

Nowadays one can peruse the constantly evolving collection of mathematical
knowledge by visiting and examining the online arXiv preprint server. This data-
set gives a good sample of the breath and depth of mathematical knowledge which
is constantly evolving. In an even more refined collection, the journals of mathem-
atics and mathematical physics provide an even more carefully curated collection of
information. There are as well collections of monographs published by the mathemat-
ical science publishers. Together, we have focused on the mathematical knowledge
associated with the real and complex analysis of special functions and numbers. How-
ever, there exist alternative and more abstract mathematical knowledge such as that
which is connected with group theory, abstract algebra, number theory, differential
geometry, topology, graph theory, category theory, set theory, type theory, logic, and
so on. There is often a deep underlying connection between these fields which all
have footprints in the entirety of mathematical knowledge.

Of supreme wealth has been those mathematicians who explore the mathematical
terrain through their research — those who have discovered and revisited areas, and
have provided extensions, generalizations — new results. Usually these individuals
provide the benefit of sharing their discoveries through publication of journal articles
and perhaps in monographs. In the future, AI may more significantly play the role of
these mathematicians, but there exist significant obstacles to this transition [2, 5].

2 The ongoing and future invasion of mathematics into the digital
space

In order for there to be full computational access to the data associated with math-
ematical knowledge, one must transform this data into a form in which it is under-
standable by a machine. In order to accomplish this, one should enhance the machine
so that it is clever enough to understand and use the data. This is the problem of
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semanticisation or semantic augmentation [4] and it lies at the heart of the problem.
We must develop a confidence that correct mathematical meanings may be inferred
by the machine. With the mathematics of special functions, this journey is well under-
way, and our special route is through the preparation of mathematical documents, the
most common way to spread and communicate mathematical description.

The most common method for mathematical data to be entered into the literature
is connected to the problem of typesetting mathematical information. In today’s lit-
erature, the most common method for typesetting mathematical information is with
the use of TgX or IATEX. These are programming languages which center around
typesetting mathematical expressions. Even though ISIEX produces readable present-
ation, the content may be shrouded. In order to remedy this, more precise methods
for describing mathematical syntax is necessary. For now, we enjoy communication to
and through Computer Algebra Systems (e.g., Mathematica, Maple, MATLAB, Reduce,
Magma, SageMath, SymPy, etc.). In the case of online mathematical content, the use
of XML or MATHML is powerfully opportune. Our team captures this semantic data
initially though the use of IKIEX and important metadata connected with the content
is provided to the user.

Even more thorough prescription for describing mathematical content on a ma-
chine is provided through languages used to develop formalized mathematics — such
as those used in Automated or Interactive Theorem Proving (e.g., Lean (proof assist-
ant), Isabelle (automated theorem prover), Coq (interactive theorem prover)). As one
moves further in this direction, the ability for humans to read the mathematics starts
to fade away, but the ability for computers to process such information is greatly
enhanced. This is the question of human comprehension vs. the question of machine
comprehension and the ability to rid oneself of ambiguity while enhancing precision
— a principal goal for the field of mathematical knowledge management.

3 Our conclusion and the eventual payoff

Many features of mathematics are clear to its readers. However, in reality there are
many assumptions which the reader understands without explanation. This becomes
apparent, when looking at theorem proving systems and digital mathematical com-
pendia which describe the semantics of mathematics. Semanticisation is the hori-
zon where humans and description meet and will play a fundamental role for the
forthcoming evolution of mathematical knowledge. Once there is a critically large
machine-readable collection of mathematical content, through the bootstrapping pro-
cess, artificial intelligence should be able to ascertain missing semantic through the
same process that humans use. When mathematical knowledge is fully accessible to
machines, only our imagination will provide a boundary to possible routes of mathe-
matical exploration in the digital realm. We have only just begun.
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