Chapter 4

Approximation in L?-norms on Carathéodory sets

In this chapter we consider the topic on approximation of functions on Carathéodory
sets by rational functions or polynomials in L?-norms for 0 < p < +o0.

For a bounded measurable set £ C C let us denote by L?(E) the space of all
measurable functions f: £ — C such that

1

1S e = 1/ lLre) = ( /E If(Z)I”dA(Z))p < too,

while by A? (E) we denote the space consisting of those functions in L?(E) that are
holomorphic in the interior of E. In the case that E is a domain, the spaces A? (E) are
usually called Bergman spaces. For p > 1 they are Banach spaces, but for p € (0, 1)
the quantity || ||, is only a quasi-norm. The history and the state-of-the-art of the
theory of Bergman spaces may be found in the books [41] and [66].

4.1 Approximation in Bergman spaces

Our first goal in this section is to prove and discuss the following result, which is due
to O. J. Farrell [45,46] and A. I. Markushevich [84], see also [85, Chapter v].

Theorem 4.1 (Farrell). Let G be a Carathéodory domain and let 0 < p < 4o00. For
every function f € AP(G) there exist a sequence (py) of polynomials such that

Jim [ 17G) = pa1? A o

In order to find the original proof of this theorem given by Farrell, it is con-
venient to pass thought both his papers [45] and [46]. The case that p = 2 was
considered independently by Markushevich, however, there are some evidences that
he has proved the corresponding result in the general case too. Markushevich’s proof
given in his later book [85, Chapter v] uses some tools which are very useful in the
case of Hilbert spaces.

Before proving Theorem 4.1 let us make some historical remarks concerning the
matter. Let G be a bounded domain in the complex plane. As far as we know the
first results on approximation of functions in the class A?(G), for a given domain
G C C and a number p € (0, c0), by polynomials were obtained in the beginning
of the 1920s by T. Carleman [23]. He considered the case of Jordan domain starlike
with respect to the origin. Since his result is completely covered by Theorem 4.1, we
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are not going to comment it or on the technique used in Carleman’s proof. It is worth
mentioning here, that in the case when G =D, p > 1, and f € A? (D), then one can
take the sequence of Taylor polynomials of f (with the center at the origin) as the
desired approximating sequence in Theorem 4.1. Notice also, that in the general case,
if f € AP(D) with p € (0, 1], the sequence of the Taylor polynomials of f does not
converge to f. The details of these constructions may be found in [41, page 31]. Let
us notice however, that the proof in the case 0 < p < oo and G = D does show that

Jp converges to f as p — 1, where f,(z) = f(pz).

Proof of Theorem 4.1. Let the sequence (J,) of Jordan curves such that D(J,) con-
verges to G (in the sense of kernel convergence), the sequence (¢,) of conformal
maps from D(J,) onto D, and the conformal mapping ¢ from ID onto G be as in the
proof of Theorem 3.25. Let g,,, n € N, be the function g, = ¢ o ¢, defined on D(J,).
Then, g,(z) — z and g),(z) — 1 locally uniformly in G. Consider the function

fo = (f o gn) (g)*"”

defined in D(J,), where the branch of g;lz/ ? is taken in such a way that is positive at
the point zg = ¢(0). Let
C, = max{2771 1},

so that |a + b|? < Cp(|al? + |b|?) for every point a, b € C. Fix now ¢ > 0 and take
K C G to be the closure of some Jordan domain such that

c, / ()P dAE) < /3. @1
G\K;

where K C K; C G, and K also is the closure of some Jordan domain. Choosing
K, in such a way that G \ g,(K;1) C G \ K for all n = n¢ with some ny € N, one
has

/|f—fn|PdA</ If—fnlpdA+/ f — ful? dA
G K G\K|

4.2)
<[ ir-nlraase, [ israasc [ ihprda
K G\K G\K;
The last integral in (4.2) can be estimated using (4.1) and (2.1) as follows:
[ hraa=[ i@ ig@rao = [ il
G\K; G\K; gn(G\K1) (4.3)

s/ |f|1’dAs/ IfIPdA < ——.
G\gn(K1) G\K 3G,

Forn = n; withsome n; € N. Since f(z) — f(gn(2))g,,(z) — O uniformly on z € K
we have

[ 17— aae <5 @)
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for n = n, with some n, € N. Using (4.4), (4.3), and (4.2) we obtain
| 1re-ferae <o nzm @)

Forn = n3 = max{ng,ni,na}.

Each function f, is holomorphic in D(J,) which is an open simply connected
neighborhood of G. Then, applying again the Runge’s theorem, we conclude that
there exists a polynomial P, such that

[ 142 = a1 dA) <
G
for n = nj3. Using this together with (4.5) we obtain
/ | f — Pul? dA < 2Cpe,
G

for n = n3, which completes the proof. ]

Let us observe that Theorem 3.25 can be regarded as the limiting case of The-
orem 4.1 when p = +o0.

It would be interesting to compare Theorems 3.25 and 4.1 with each other, as well
as with Runge’s theorem, at least in some simple cases. For instance, let us take p =1
and put G = D. In this case, the polynomials nz”, n € N, converge to zero locally
uniformly in D, but they do not converge on L?(ID) for any p > 0. On the other hand
the polynomials z” converge to zero locally uniformly in ID and also converges in
L7 (D) for each p > 0. They do not, however, satisfy the estimate of Theorem 3.25.
The polynomials z” /n converge to zero locally uniformly in D and they satisfy the
estimate of Theorem 3.25. Finally, the polynomials p”z"*" with p > 0 and k € N,
converge in L? (D) when p < k and diverge when p > k.

Since the convergence of some sequence of holomorphic functions defined on a
given open set U in L?(U)-norm (for some p > 0) implies the locally uniform con-
vergence of this sequence in U, one can additionally conclude in Theorem 4.1 that
the sequence (P,) converges locally uniformly in G to f. The possibility of poly-
nomial approximation in such theorem in the case when the set C \ G has bounded
components looks a bit surprising. For example, if we suppose G to be the left-hand-
side domain in Figure 2 (the cornucopia), then the function 1/z can be approximated
in A?(G) by a sequence of polynomials but, of course, it cannot be approximated by
polynomials locally uniformly in G. Notice also, that in a given Carathéodory domain
G there may exist a compact set K C G such that K is not contained in G and the
L?(G)-convergence of some sequence of polynomials does not imply the uniform
convergence of this sequence on K. It is worth comparing this observation with the
next proposition.
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Proposition’ 4.2. Ler U be an open set in C and K C U be a compact set. Let p > 0
and f € AP(U). Assume that there exists a sequence (Py) of polynomials such that

lim / |f — Py|P dA = 0. (4.6)

n—>oo U

Then, [ has an analytic extension to U U K. Denoting again this extension by f one
has

lim |f — Pu|P dA = 0.

n—00 UUE

Proof. Itis enough to consider the case K \ U # @. Take such r >0 that dist(K,dU ) >
2r. We need the following statement asserting that functions in a Bergman space
cannot grow too rapidly near the boundary (see [41, Theorem 1]).

Lemma 4.3. Let p > 0. For each function f € AP(U) and for each compact set
K C U, we have

I/ llp,u
ml/p dist(K,dU)2/p’

In particular, if a sequence of functions ( fy,), fn € AP (U), converges to f in AP (U),
then f, = f locally in U.

Iflx < 4.7)

Consider the compact set

Ky=Kul|JD@Erncu

zeK
and apply (4.7) to K;. Then, one has
If = Puls = sup 1f @) = Bl <cr [ 1/ =Pl A, @)
zeKy

for some constant ¢, depending on U, K, and p.

Then, (4.8) and (4.6) imply that (P,) is a Cauchy sequence on K;. By the max-
imum modulus principle the e sequence (P ) must t converge uniformly to some holo-
morphlc function g on Int(K 1). Since K cC Int(K 1) then (P,) converges uniformly
on K, so it converges in the space LP(K ). By (4.8) it follows that g(z) = f(z) on
K, and the usage of the inequality

/ |f — PplPdA < /|f P|pdA+/|g P,|? dA
UUK

finishes the proof. u

We mention three simple examples showing the situation with polynomial ap-
proximation in L?-norm in the case of non-Carathéodory domains.
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Example 4.4. We mention three simple examples showing the situation with poly-
nomial approximation in LZ-norm in the case of non-Carathéodory domains.

(i) TakeGy =D\ (—1,0]and g(z) =1/z,z € G1.Then, g € A?(G,) for each
p,0 < p <2,but g cannot be approximated in the L?-norm by polynomials
for any p € (0, 2).

(i) Let g(z) =logz, z € G; (where log stands for the principal branch of the
log-function). Then, g cannot be approximated in the L?-norm by polyno-
mials for any p > 0.

(iii)) Take G, =D \ (D(0,1/2) U [0, 1)) and g(z) = 1/z, z € G,. Then, g
cannot be approximated in the L?-norm by polynomials for any p > 0.

The verification of all these statements may be done using (4.7).

The construction given in the first of the aforesaid examples may be refined and
generalize by the following way.

PropositionT 4.5. Let G be a Carathéodory domain and let & be some end-cut of G
such that Area(8) = 0, and let Gg be the corresponding slitted domain G \ &. Then,
the set of polynomials is not dense in AP (Gg) for any p > 0.

Proof. Take a conformal map g from Gg to the unit disk. Then, g € A?(Gg) for
each p > 0. Assume that there exists a sequence of polynomials (P,,) that converges
in A? (Gg) to the function g. Therefore, (P,) is a Cauchy sequence in A?(G). So, it
needs to converge uniformly on compact subsets of G to a function g € H(G) which
coincides with g on G \ &. But this is impossible since in each cut point a € &, the
function g cannot be extended continuously to a neighborhood of a. ]

In view of this proposition one can ask whether the condition that a given domain
G is a Carathéodory domain, is necessary in order to have polynomial approximation
in A?(G). The answer to this question is negative, as it may be observed from several
constructions of so-called moon-shaped domains.

Recall, that a domain M C C is called a moon-shaped domain, if it has the form
M = D(Jy) \ D(J2), where J; » are two Jordan curves such that J; N J, = {§} and
J> C D(J1) U {&}. In what follows it would be appropriate to say that the domain
M is determined by the curves J; = J;(M) and J, = J>(M). It will be also useful
to write D1 = D1 (M) = D(J1) and D, = D,(M) = D(J,) in the situation under
consideration.

The simplest example of a moon-shaped domain is the domain

M, ;=D\ D@, 1—r), 4.9)

for 0 < r < 1, see the left-hand side domain on Figure 9. In this situation J; = T,
while Job ={z:|z—r|=1-r}.
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Figure 9. Two moon-shaped domains: M, and M.

In the following two propositions we collect several results about moon-shaped
domains, which are closely related with the topic on L?-polynomial approximation
being discussed.

PropositionY 4.6. Ler M be a moon-shaped domain, let p € (0,00) ands =2/(p +
2). The set of polynomials is dense in AP (M) if and only if there exists b € Do(M)
such that both functions ¢(z) = (z — b)* and ¥ (z) = (z — b)™* can be approximated
by polynomials in AP (M).

Sketch of the proof. The necessity of the stated condition is clear. For proving its suf-
ficiency, let us note that the function ¢ maps conformally the given domain M onto
some domain W = ¢(M). Since s < 1 then W is a Jordan domain. Put w = ¢(z),z €
M, thenz = ¢ '(w) =b+ w'T?/2 Take f € A?(M) and put fi(w) = f(¢~ (w)).
Since ¢(z)?(¢'(z))? = 52 for every z € M, one has

f wfi ()P dA(w) = / @I/ )I710 P dAE) = 5 / /)7 dA).
w M M

Then, wf; € A? (W). Take any ¢ > 0. Since the set of polynomials is dense in A? (W)
(because W is a Jordan domain), there exists a polynomial P(w) = ZZ:O arw* such
that

n P
[W /i (w) — P(w)|? dA(w) = 5 /M‘f ~aot = Yawet | <

Thus, the possibility of approximation of both function ¢ and v by polynomials in
AP (M) implies the possibility of approximation in the desired sense of any function
f e AP(M). ]

Note that in the case p = 2 it can be shown that is it sufficient to approximate
just ¥ in order to have the conclusion in Proposition 4.6. This will be used in proving
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part (3) of the next proposition. At the same time the mentioned arguments cannot
be used in the case p # 2. In view of this reason it is not clear how to modify the
construction of the domain M, to obtain a corresponding example that covers the
case p # 2 in part (3) of Proposition 4.7.

Proposition 4.7. The following approximation properties hold.

(1) Let M be a moon-shaped domain, while & be the common point of J1(M)
and Jo(M). If there exist a rectifiable Jordan curve I' in M U {&} such that
& € I', and a number o > 0 such that

/ dist™*(z, M) |dz| < +o0,
r

then the set of polynomials is not dense in A? (M) for every p > 0.

(2) The set of polynomials is not dense in AP (M,) for any p > 0 and for any
re(0,1).

(3) There exists a moon-shaped domain M such that the set of polynomials is
dense in A*>(My).

Sketch of the proof. Part (1) The proof of this statement can be obtained following
the pattern of the verification of Example 4.4, which is based on usage of (4.7); the
case p = 2 may be found in [91, page 116].

Part (2) Using the notation of the previous part, let us take

_r N i
re) = 2+(1 2)e . te0,2q], r e (0,1),

It can be verified that this curve satisfies the conditions of the previous statement for
every o < %

Part (3) Denote by arg the branch of the argument function defined on C \ {0}
such that arg z € (—m, 7] for z # 0. Let us construct a sequence (o) with 0 < o, < 1,
a sequence of polynomials (P,), and three sequences of sets (D), A, and 2, as
follows. Let g = 1/4 and

Dy ={zeD:|z—ay| >1—a, |argz| > n/2}.
According to Runge’s theorem there exists a polynomial P; such that
|72 = Pillap, < 1/V2.
Next there exists a sufficiently small ¢ € (0, 1) and the domain
Ai={zeD:|z—a1| >1—aq, |argz| < 7/2}

such that
2712 = Pylla,a, < 1/5/2.
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Finally,let 2, :={z €D : |z — 1| > | —ay, |argz| > 7 /4}. Assume, that all desired
objects are already constructed forn =1,..., N -1, N =2 2. Put Dy = Dy_; U
§£2n_1. There exists a polynomial Py such that

1272 — Py lapy < 27V2,

and a (sufficiently small) number oy € (0, 1) such that

2712 — Py <272,

2,AN

for the domain Ay = {z €D : |z —ay| > | —ay, |argz| < 7/2V}. Defining

Q2N = {Z eD:|z—any|>1—ay,largz| > 1/2N+1}
we finish the construction. Now, we are able to define the domain M, as Uffz D,.
Since My C D, U A, for every integer n > 0 one has

12712 = Pylla,p, < 20772,
Then, ¥ (z) = z~/2 belongs to A2(My), so the proof of (3) is completed. n

It is also worth mentioning here yet another example given in [71] (see also [91]).
Taking @ > 4and A € (0, 1) let

Yo = {Z:x—Hye(C :y2:(k+x)(1—x)°‘}.

The moon-shaped domain M determined by J; = T and J> = 74, is homeomorphic
to the domain M, defined in the proof of the part (3) of Proposition 4.7. But it was
proved in [71] that the set of polynomials is not dense in A%2(M). So, the question
on L?-approximation by polynomials depends on certain metric properties of the
domain under consideration.

At the end of this section we present yet another two proofs of Theorem 4.1 in
the Hilbert space setting, namely, in the case that p = 2. We do it in order to high-
light certain special properties of Carathéodory domains and their conformal maps on
which these proofs are based. The first proof was given by A. I. Markushevich [83],
and it is based on the following lemma.

Lemma 4.8. Let G be a Carathéodory domain and zy € G. Take a sequence (G) of
Jordan domains such that G, — G with respect to z, and let g, be the conformal
map from G, onto D normalized by the conditions g,(z9) = 0 and g,,(z9) > 0 for
every n € N. Moreover, let g be the conformal map from G onto D with the same
normalization, so that g, = g locally in G. Then,

lim gkg! = gkg' in A%(G), fork € N. (4.10)
n—>oo
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Proof. Taking k = 1, one has

2
gkl — g8 g ? < (185 (g, — &)l + I(gk — gF)g'l)

< 2lgnl*Igy — &1 + 218" Pl — 817

< 2|, — &'1* + 2k%18" 1 gn — gI”.
We have used here that |g,(z)| < 1 and |g(z)| < 1 for each z € G. In fact, these
inequalities also hold for k =0. Since g;,(z) — g'(z) foreach z€ G and [ |g;, |?dA=
Jg 1§’ dA = 7 we have that [ |g), — g'|> dA — 0. In order to verify this one can

use, for instance, the following fact on convergence which may be found in [115, page
76].

Lemma 4.9. Let u be a positive measure on some set E, let p € (0, 00), and let

feLP(E ), fpeLP(E,n), n =1, and, finally let f,(x) — f(x) for p-a.a.
xeEand | fulp = | fllpasn — oo. Then, | f — fullp, = 0asn — oo.

Thus, (5 [gn — gl*1g'|> dA — 0, which is a consequence of Lebesgue domin-
ated convergence theorem, since |g’|> € L1(G,dA), and |g, — g| < 2 and |g,(2) —
g(z)| = 0 as n — oo for each z. ]

Sketched proof of Theorem 4.1 in the case p = 2. Take a function & € A%(G). Using
the conformal map g: G — D let us “move” the function / to the unit disc. Namely
we consider the function ¢ in D defined as follows:

pw) = (hog H(w)(g " (w). |w|<1.
Since

/ lo(w)? dAw) = [ ()P dAC).
D G

then ¢ € A%(D). Take the Taylor expansion for ¢ at the origin p(w) = > 7o, ax wk.
Then, as it was mentioned above, the Taylor polynomials of ¢ converges in A2(D) to
¢. Hence,

l o |

Fixed N and using Lemma 4.8 each sum Z}I{V:O ar gk g’ can be approximated in the
space A2(G) by a function

2

N
h(z) = Y ag(2)g'(2)| dA(z) — 0.

k=0

N 2
ow) =Y apw*
k=0

N
hn = Z akgf,g;,
k=0

for some value of n. Since the function g, is defined on G, and G C G, one can use
Runge’s theorem to obtain a polynomial P, which approximates the function 4, in
A%(G). [
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The next result is similar to Lemma 4.8. It was proved in [91]. We present here
slightly different proof of this result working in the framework of more direct approach
related with properties of Carathéodory domains.

Lemma 4.10. Let G be a Carathéodory domain, let zy € G, and let (G;) be some
sequence of Jordan domains such that G, — G with respect to zo € G. Let ¥,,: G, —
G be the conformal map normalized by conditions Y, (20) = zo and Y, (z9) > 0,
n € N, and let h be some function of class A*(G). Then, (h o Y,)Yr), converges to h
in A2(G) asn — oc.

Proof. Using the notations of Lemma 4.8 one can note that ¥, = g~ ! o g, for each

n = 1. Then, ¥, (z) — z forevery z € G, so that h(Y, (2))¥,,(z) — h(z) asn — oo
for every z € G. Moreover, making the change of variables w = ¥, (z) we have

[ et aae = |
G

Y (

hw) dA(w) — [ ()2 dAw)
G) G

as n — oo. At that point we can finish the proof applying Lemma 4.9, as it was done
in the proof of Lemma 4.8. u

The second alternative proof of Theorem 4.1 will be presented in Section 4.2,
where we will deal with certain aspects of the subject under consideration related
with the Hilbert space structure of A2(G).

Approximation on Carathéodory compact sets

The next contribution to the theory of L”-polynomial approximation on Carathéo-
dory sets was made by S. O. Sinanjan in [123]. He proved the two following theorems,
and the first one is a generalization of Theorem 4.1 for the case that 1 < p < oo.

Theorem 4.11 (Sinanjan). If K C C is a Carathéodory compact set, then the set of
polynomials is dense in AP (K) for every 1 < p < o0.

Scheme of the proof. The proof follows more or less directly the pattern of the ori-
ginal proof of Mergelyan’s theorem. Without loss of generality it may be assumed,
that K is a continuum. Let R > 0 be such that K C D(0, R/2). Take a function
f € AP(K) and define it also for all points z ¢ K by setting f(z) = 0. Take and fix
an arbitrary § > 0. Set

f(2) = [c £ Ks(1E — 2) dA).

where
3 .
Ks(r) = {7‘[82(1_%)’ if0<r<$

0, itr > 4.
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The function fg5 possesses the following important properties:

M 751y < 3017 1lp;
Q) I.fs = fllp < 3wp(f.8), where wp,( f, §) is the LP-modulus of continuity of
e

(3) wp(fs.1) < 3wp(fo1);

(4) for any function ¥ € C(C) with ¥ (z) = 0forz € C \ D(0,2R/3) it holds
5 wp (V. 6)
l0vsll, < 5PT§

(5) fs = finU = {z : dist(z, K*) > §}, while f3 = 0in U N KT,

In contrast to the original Mergelyan proof in the case under consideration one

needs to consider yet another convolution of the approximable function with the ker-
nel Ks defined above.

f5 (@) = [C J5(0) Ks(|¢ = z|) dA(D).

It follows from the aforesaid properties of the function fs that

1 =I5 o < ILF = Sollp + 1S5 = f57llp < 12005 (1. 6).

Thus, it is enough to find a polynomial Q such that || fi* — Q|l, < A1w,(f.8) for
some absolute constant A; > 0.

Take a conformal map from Qo (K)* = Qso(K) U {0} to D. Then, the pre-
images of the circles |[w| = 1 —1/(n + 1) under this transformation are denoted by
I, they are analytic curves. Moreover, let D, = D(I},). Now, the standard Cauchy—
Green formula (see, for instance, [18, page 151]) gives

fr) = L fs@ 1 df5 ()

2ni Jr, t—z wJp, {—z

n

dA), z€ D,. @11

Next one can choose a sufficiently large integer n in such a way that the following
two conditions are fulfilled:

(a) dist(z,I,) < /2 foreach z € 9K;;
(b) the following inequality holds

/K(% /Dn\K 5 (C)‘

Now, take ¥ = {z € K: dist(z, 0K) < 268}. At that point we need to recall the
main [90, Lemma 2.2] (see also [115, Lemma 20.2]). The set Y can be covered by
finitely many open discs D(a;,28), 1 < j < m with centers a; € Qo (K). Since

dA(g))p dA(z) < wp(f.8)P. 4.12)
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K is a Carathéodory compact set, then there exists a continuum (actually an arc)
L; C D(a;,28) N Qoo (K) such that diam L; is comparable with 6. Using furthermore
the conformal maps gj, j = 1,...,m, from C \ L; to D such that g;(c0) = 0 and
taking suitable linear combinations of g; and gjz-, one can find, for each point { € Y,
a holomorphic (even rational) function R; defined on the open set

Q= (Coo\ L € Cx\K,

J

that R; satisfies the following properties:

A
|R: (2)| < 71’ forz € 2, (4.13)
1 A8
E—R;(z)‘ < |§_‘Z|3, forz € Q, [t —z| = 16, (4.14)

where A; and c; are positive constants.
In view of (4.11) we define

05(2) = — /Y 375 (0) Re(2) dA(D).

1 f5 ()
¢(Z)—% o

dt + Qs(z2),

where Qs is holomorphic in a neighborhood of K. Notice, that in order to prove the
theorem it is sufficient to show that Qs is close to the function

1 [ af
ps(z) = —— 05 @) dA(Q),
T)y ¢—z
namely, that
105 —@sllp < A2wp(f,0) (4.15)

for some constant A, > 0. Indeed, since ¢ is holomorphic in a neighborhood of K,
Runge’s theorem allow us to pick a polynomial P such that ¢ — P|, < w,(f.9).
Therefore,

If =Plp<If = F5lp + 1S5 —elp + o = Pllp < Aswp(£.9).

for some positive constant A3 because of (4.11), (4.12), (4.15), and the fact that
fs(z)=0forz ¢7Y.

Thus, it remains to verify the estimate (4.15). In view of (4.13) and (4.14) we
have

||Q8 —908“11 < ||F1||p + ||F2||p + ||F3||p S Al(cl + 1)||F2||p + ||F4||p’ (4-16)
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where

Fi(2) = /Y ORI A

B EREG
FZ(Z)_/Ylm ¢z ‘

R = [0 R - | dac

dA(Q).

*
re =[P,
Ya(o) 1§ —zP
and Y1(z) ={C €Y | —z| <ci18}, Ya(z) = { €Y :|¢ —z| > ¢16}. The desired
estimates of F,(z) and F4(z) was obtained in [123] as a result of using Holder’s
inequality. Finally, the estimate (4.15) follows from (4.16), which finishes the proof.
We skip here some details which can be found in [123]. [

Corollary 4.12. Let U be a Carathéodory open set, and let 1 < p < +o00. Then, for
each f € AP(U) there exists a sequence of polynomials (Py) such that P, — f in
AP(U) as n — oo.

This result is a consequence of Sininjan’s theorem and the fact that K = U is
a Carathéodory compact set in the case under consideration. Even in the case that
U is a domain this result cannot be obtained as a consequence of Theorem 4.1. The
difference can happen if dU has positive area.

In [123] the following conjecture was made: for p € (1,2) and for every compact
set K, the set of functions holomorphic in a neighborhood of K is dense in AP (K).
V. P. Havin in [63] solved this problem by proving the fact that R? (K) = A?(K) for
each compact set K and p € (1, 2). Here, R?(K) stands for L?-closure of rational
functions with poles lying outside K. The problem when R?(K) = A?(K) for p €
[2, 400) has a long history, and finally this problem was solved in terms of certain
capacity conditions (or, in other words, in terms of (1, ¢)-stability), see, for instance,
[65]. Since these results do not concern the class of Carathéodory sets, we will not
continue this line of exposition.

Let us also say a few words about the case of harmonic polynomials. If E is a
measurable set in C, let us denote by Afm(E ) the set of all harmonic in £° functions
of the class L?(E,R) The first result that the authors are aware of in connection
with LP-approximation by harmonic polynomials were obtained by A. L. Saginjan
in [117]. He proved that every bounded harmonic function on a given domain G
belongs to A? (G) if G satisfies either of the following two conditions:

(i) G is a Carathéodory domain;

(i) G is a moon-shaped domain and the real harmonic polynomials are dense
in A?(G).
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The next contribution was made by Sinanjan in [123, pages 99-101]. The respect-
ive result states as follows.

Theorem 4.13. Let K be a Carathéodory compact set. Then, the set of real harmonic
polynomials is dense in the space Af:ar(K) forevery p = 1.

Question I'V. Whether the results stated in Theorems 4.11 and 4.13 hold true also
for p € (0, 1)?

4.2 Some studies related with Hilbert space structure of 4%(G)

If G # 0, then A%(G) is a separable Hilbert space with respect to the standard inner
product { f, g) in L2(G), so that

<ﬂg>=fo§dA-

We will use in this section all standard results from the Hilbert space theory without
any special introduction and giving no references.

First of all let us give the second alternative proof of Theorem 4.1 in the case that
p = 2 using some Hilbert space technique. In order to do that we need to show that
the system of functions {1, z, z2, ...} is complete in A?(G). The proof presented is
due to A. L. Shaginyan, see [91].

Yet another proof of Theorem 4.1 for p = 2. Take a function i € A%(G) and assume
that (h, z™) = 0 for each m = 0. Then, it is enough to show that z = 0.
Given a big enough number R > 0, for w with [w| > R we have

h(z) — 1 — — (2", h)
/GZ_deA(z)z—anH/Gh(z)z dAGz)=—Y j}m - 0.

n=0 n=0

/ M) yazy =0 4.17)
G

zZ—w
for every point w € G, since G is a connected set.

Going further, take a sequence (/},) of rectifiable Jordan curves such that the
domains G, := D(I}y) converges to G with respect to some fixed point zo € G (in
the sense of kernel convergence). Then, take as usual the sequence (V,), ¥n: G, — G,
of conformal maps normalized by conditions ¥/, (z9) = z¢ and ¥, (zo) > 0. Multiply-
ing (4.17) by h(yn(w))y, (w), integrating over I, and applying Fubini’s theorem
and Cauchy integral formula we obtain

[G R h(Yn(2) ¥4 (2) dA(z) = 0 @.18)
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forall n = 1. By Lemma 4.10 we know that (h o Vn)¥,, — h as n — oo in A%(G).
Then, h(h o Yin) V), — hh asn — oo in A1(G). By (4.18) one has I |h|?dA =0,
which yields 4 = 0. ]

The next result is standard but it shows the special role that Carathéodory domains
play in the theory.

Proposition 4.14. Let G be a bounded domain in C. Then, the following hold.

(1) In the space A*(G) there exists an orthonormal sequence of polynomials
(Py) such that deg P, = n foralln = 0.

(2) This sequence (Py) is uniquely determined whenever one demands that the
coefficient of P, at z" is positive.

(3) If G is a Carathéodory domain, then this sequence (Py) is an orthonormal
basis.

Proof. The construction of the desired system (P,) is nothing else, then the stand-
ard Gram—Schmidt orthogonalisation process applied to the sequence of functions
{1,z,22,...} in the space A%(G). So, we need to verify the part (3) only.

Let G be a Carathéodory domain. We need to prove that the orthonormal system
(P,) such that deg P, = n,n > 0, is a basis in A2(G). Take a function 4 € A%(G) and
assume that (k, P,) = 0 for every n = 0. Since any polynomial Q of degree m may
be represented as a linear combination of Py, Py, ..., Py, then (h, Q) = 0, but since
h can be approximated by a sequence of polynomials, then (%, #) = 0, and hence
h = 0. Thus, (P,) is complete and hence it is an orthonormal basis for A2(G). ]

Going further let us observe that the space A%(G) has a reproducing kernel for
every nonempty domain G. Recall, that the reproducing kernel for A%(G), which is
usually called the Bergman kernel for G, is a function K: C? — C such that K(-, w) €
A%(G) for every w € G and h(w) = (h, K(-, w)) for every h € A%(G) and w € G.
It is well-known, that if (v,) is some orthonormal basis in A?(G), then K(z, w) =
Z?:o Un (W) vn (2).

Let now G be a Carathéodory domain. According to Proposition 4.14 there exists
the orthonormal basis (P,) in A%(G) consisting of polynomials (with deg P, = n).
In this case, we have

K(z.w) = Y Pa(w)Py(2). (4.19)
n=0

Using this representation of reproducing kernel we are able to obtain the explicit
expression for the conformal radius of G and for the corresponding conformal map
from G onto D(0, R).

Take a point @ € G, let R be the conformal radius of G with respect to a, and
let go be the conformal map from G onto D(0, R) with the standard normalization
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go(a) = 0and gg(a) = 1. It follows from Proposition 2.1 that

inf{/ |h’(z)|2a’A(z):heA2(G),h(a):l}:/ lgo(2)|>dA(z) = TR*. (4.20)
G G

Let us define the functions

Km(z.w) = Y Py(w)Pa(2). m € No. 4.21)
n=0

Then, using (4.20) for some appropriate & and making a bit of computations, we have

Km(z,a)|? 1
/ Km(z.a) dAZ) = w5 = 7R
G Km(a7a) Zn:OlPl’l(aN
It gives
> 1
e 2
M, = n§=0|Pn(a)| S

Now, since g, € A?(G) we have, in particular, gy (z) = Y peq ¢n Pa(z) forall z € G,
where ¢, = (g;, Pn). Therefore,

nst/
G

Therefore, M, = 1/(xR?) and K(z,a) = M,gy(z) for all z € G. So that we have
proved the following result.

2 [oe]

1
aA@) = 5 < Ylal = [ leyl dAe) = =k,

a

K(z,a)

a

n=0

Proposition 4.15. Let G be a Carathéodory domain, let a € G, let R be the con-
formal radius of G with respect to a, and let gy be the conformal map from G onto
D(0, R) with the standard normalization go(a) = 0 and gy(a) = 1. Then,

1
M,

R =

o0

. where My =) |Pr(a)]:
k=0

K(z,a) = Magy(z) forallz € G;

g(z) = ML > Pk(a)/ Pe(§)d forallz € G.
4 k=0 a

The representation of K(z, w) in terms of conformal mapping (and vice-versa)
given in this proposition may be adapted in a clear way for conformal mappings
normalized by other ways. Thus, if g is the conformal map from G onto D such that
g(a) = 0and g’(a) > 0, then

b
K(a,a)

g'(z) = K(z,a), K(z,a)= %g/(z). 4.22)
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In the case of a general conformal mapping g from G onto D (without special nor-
malization) one has L
g'(2)¢'(a)
m(l—g(a)g(2))?
In the simplest case that G = D(0, R) for some R > 0 the corresponding function
K(-,-) and basis (P,) in A%>(G) may be easily computed:

vn+1l R?

WZ s 1’120 and K(Z,U))Zm

Remark 4.16. Going further we need to make the following observation.

K(z,a) =

(4.23)

Py(z) =

(1) Let G; and G, be two simply connected domains, and let {: G, — G be a
conformal map. Then, the map f +— (f o ¥) (¥/)%/? provides an isometry
of A?(G1) onto A?(G») foreach p,0 < p < +o0.

(2) For instance, if {v, : n € N} is some orthonormal system in A2(G), then the
system {(v, o ¥) ¥':n € N} is an orthonormal system in 4%(G>).

(3) Let G be a simply connected domain, and let g be a conformal map from G
onto D such that g(a¢) =0and g’(a) >0 forsomea €G. Since (y/(n+1)/7z")
is the orthonormal basis in A?(ID), then the system of functions

n+1

wy(z) = Tg(z)” g'(z), neNy

forms an orthonormal system in A2(G).

Example 4.17. In order to obtain yet another example of the orthonormal basis (Py)
in A%(G) for certain special domain G, let us consider the Cassini’s oval {z : |z — 1| -
|z + 1] < a} with o € (0, 1]. Let G = Oq be the component of this Cassini’s oval
lying in the right half-plane. The function g: O, — D defined by g(z) = (z2 — 1)/«
gives the conformal map such that g(1) = 0 and g’(1) > 0. Then, according to the
statement of the part (3) of Remark 4.16, an orthogonal basis in A2(0y) is formed
from the polynomials

2/n +1
an-i—lﬁz

The Bergman kernel for O, may be also expresses explicitly:

Pu(z) = Z=1" n=o0.

4oz
7@ = (@7~ D~ D)’
Let us now briefly describe the concept of a Bieberbach polynomials and their

relations with Carathéodory domains. Let G be a domain in C and let a € G. For
eachn = 2, let

Pp(a) ={P € P:degP =n, P(a)=0, P'(a) =1}.

K(z,w) =
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Definition 4.18. A polynomial 7, € P, (a) solving the following extremal problem

/ |7, (2)|? dA(z) = inf{/ |P'(z)]?dA(z): P € P, (a)} (4.24)
G G
is called the nth Bieberbach polynomial (with respect to G and a).

The solution 7, of the extremal problem (4.24) always exists, because it is the
primitive of a polynomial which is the orthogonal projection of 0 onto P, (a) = { P’ :
P € Py(a)} in A%(G).

It turned out that in the case of Carathéodory domains the Bieberbach polynomi-
als possess certain interesting and important properties, as it is shown in the following
statement. For a given domain G C C let us recall that (P,) is the orthonormal basis
in A%2(G) consisting of polynomials with deg P, = n and that the function K, (z, w),
n € Ny is defined by (4.21).

Proposition 4.19. Let G be a Carathéodory domain, a € G and let gg map G con-
Sformally onto D(0, R), where R is the conformal radius of G with respect to a (so
that go(a) = 0 and gy(a) = 1). Then,

n—1 D
N i
7a(2) = a(z: Goa) = ; Kno1(@ @) Jo

Pj(§)ds.

Moreover, ), — gi in A*(G), and hence 7, = go locally in G.

The proof of this proposition may be found in several sources, for example in [61,
Chapter iii, Section 1].

If G is a bounded domain in C such that the space 4%(G) admits an orthonormal
basis consisting of polynomials, one can prove the existence of Bieberbach polyno-
mials for such a domain. So, Carathéodory domain is one of the most suitable class
of domains when the aforementioned condition is always fulfilled.

Let us make one more remark about the conditions of Proposition 4.19. Let G be
a Carathéodory domain and let & be some end-cut of G such that Area(&) = 0. Take
G1 = G\ &. Then, the conditions determining the Bieberbach polynomials for G and
for G; are the same (the corresponding extremal problem “does not see” &), but it is
clear that conformal maps from G onto D and from G; onto D differ significantly.
So, certain condition that prevent “cuts” in domains under consideration is needed if
we want to have results similar to Proposition 4.19, where the condition that G is a
Carathéodory domain guaranties that G has no “cuts”.

Let us give two examples showing how the Bieberbach polynomials look like.

(1) Let G =D and a € D, and let b, = Y p_g(k + 1)|a|** forn € N, then

n—1

z—a 1
]-[n(z;ID)’a) = 5 + b_ Zak(zk-i-l _ak-i-l)‘
n L
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(2) Furthermore, the Bieberbach polynomials may be explicitly computed if the
domain under consideration is D (I, g), where I, g is the ellipse with semi-
axes a and B for some & > B > 0 having foci at the point &1 (so that a? —
BZ=1).

Let 7,, and U,, n = 1 stand for the Tchebyshev polynomials of the first and
second kind, respectively. We recall, that T, (z) = cos(n arccos z) if |[Rez| < 1,
and U, (2) = (n + 1)7' T, (z) = (1 — 2272 sin((n + 1) arccos z).

It holds that the Bergman kernel for the domain D ([ g) is

4 & Tr:+1(Z)Un(a) 2
o L

n=0

while the respective Bierberbach polynomials have the form

L § T ) =T @U@

]Tn(Z, D(Fa,ﬂ)va) = Kn—l(a5a) pj-‘rl _p_(j+1)

J=0

Moreover, if g maps D (I, g) conformally onto D with g(0) = 0 and g’(0) >
0, then
o0
bid (=D cos((2n + NHw)
g(cosw) = Z 2n+1 _ —@nt+1)
2Vd = pPrtt = pm@nth

where w belongs to the rectangle {w : 0 < Rew < 7, |Imw| < c} such that

coshc¢ = «, while
o

2n +1
d = Z p2nHl _ p=@ntD)

n=0

The proof of these statements uses the fact that the system (¢, U,), where

4

— o 1( n+l p—(n+1))

Cn

forms a basis in the space A%(D(I,,p)), see [93, page 258].

According to Farrell’s theorem (see Theorem 3.4) in order to have uniform con-
vergence of the sequence (1,,) on G, it is necessary that G is a Carathéodory domain
and all prime ends of G are simple. A natural question arises now: Are these condi-
tions sufficient to have uniform approximation of the corresponding conformal map-
ping by Bieberbach polynomials? The answer to this question is negative. In [71] a
starlike Jordan domain G was constructed whose boundary is analytic except at one
point such that the corresponding sequence of Bierberbach polynomials diverges on
some dense subset of dG. We refer the reader who is interested in more information
about Bierberbach polynomials, to the book [127].
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One moment problem in A%(G) and in A1(G)
Observe that Proposition 4.14 yields immediately the following proposition.

Corollary 4.20. Let G be a Carathéodory domain. Let h € A%(G) be such that
/ h(z)z"dA(z) =0, foreachm =0,1,2,.... (4.25)
G

Then, h = 0in G.

Indeed, let (P,) be the orthogonal basis in A%(G) given by Proposition 4.14.
Thus, (4.25) implies the property (h, P,) = 0 for each m € Ngy. Then, # = 0 in
A%(G).

It is natural to consider the following question.

Question V. Let G be a Carathéodory domain and let # € A'(G). Is it true that the
condition (4.25) implies that # = 0 in G?

We are able to give a partial answer to this question by proving the follow-
ing statement. The proof presented below is based on some results about pointwise
approximation and it is quite short and simple. A different proof without using these
tools may be found in [124, page 261].

Theorem 4.21. Let G be a Carathéodory domain and let ¢ be a conformal map from
G onto D such that ||¢'||g < C for some constant C > 0. If the function h € A'(G)
is such that (4.25) is fulfilled, then h = 0 in G.

In order to prove this theorem we need the following lemma.

Lemma 4.22. Let G be a simply connected domain and assume that there exists
a € G such that the Bergman kernel K(-, a) is bounded. Then, for all b € G the
function K(-,b) is also bounded. Moreover, if h € A'(G) then

h(a) = /Gh(z)K(z,a) dA(z), ac€G.

Proof. Let g, be the conformal map from G onto D(0, R,) with g4(a)=0, g/, (a)=1
(so that R, is the conformal radius of G with respect to a). Taking into account (4.22)
and the hypothesis that K(-, ) is bounded, we obtain |g/(z)| = nR2|K(z, a)| <
C for each z € G. Here, and in the sequel in this proof C, C’, ... stand for some
positive constants which may differ in different formulae. Take an arbitrary b € G
and consider the analogous conformal map g, constructed with respect to b. Then,
gp 0 g, ! maps D(0, R,) onto D(0, Rp), therefore this function is the restriction of a
Mobius transformation, and hence,

(g 082 (w)| < C
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for each w € D(0, R,). Then, for every w € D(0, R;) and z = g, ' (w) we have (in
view of (4.22)) that

1
|K(z,b)] = —5g,(2)| < Clg,(2)| < C.
JrRlzJ “

So that K (-, b) is bounded.
Let now h € A'(G). Put g := g, and R := R, and define G := {z € G :
|g(z)| < r} for 0 < r < R. Now, using (4.22) once again we obtain

nR? / K(z,a)h(z) dA(z)
G

= lim )Mh(z)dA(z)

r—>R Jg(
= lin}? g (g (w) h(g7 (w)l(g™") (w)* dA(w)
r=>KJp(o,r)
-1
= lim e W) 44wy = 2R?h(a).

r—~R Jp.n &' (w))
where we have used (2.1) and, further, the mean area value property in D(0,r). m
Proof' of Theorem 4.21. Put z; = ¢~1(0). In view of (4.22) we have
1
|K(z.z1)| < ;|‘p/(z)§0/(zl)| < Cy,
where C; = C?2/x. By virtue of Lemma 4.22 just proved, K(-, w) is bounded for all

w € G. Fix a € G and take the conformal map g from G onto D(0, R) such that
g(a) =0, g’(a) = 1. By Lemmas 4.22 and (4.22), one has

- 1 -
h(a) = / h(z) K(z,a)dA(z) = —/ h(z)g'(z) dA(z).
G 7R? Jg
Since g’ is bounded (because K(z, @) is also bounded), Theorem 3.25 tells us that

there exists a sequence of polynomials (P,) such that P,(z) — g'(z) and |p,(2)] <
C’ for each z € G and for some positive constant C’. Then,

o) = [ HFE@aAC) = lim [ 0 PG dAE) = o

Because this holds for each a € G we have h = 0. [

One estimate for polynomials forming orthogonal basis in 42(G)

The main aim of the subsection is to prove the following result.
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Theorem 4.23. Let G be a Carathéodory domain, and let (Py,) be the orthogonal
basis consisting of polynomials such that each P, has degree n and its coefficient at
z" is positive. Then, for each h € H(C) there exists a sequence (ay) such that

h(z) =) anPu(2),
n=0

where the series converges locally uniformly in G. Moreover, for every p > 1 there
exists C > 0 such that

|P,(z)| <Cp", n=0,12,...,z€G.

Before proving this theorem we need to recall one construction related with the
certain lemma due to Bernstein. Let K be a continuum and let 2 _(K) = Qoo (K) U
{oo}. Then, there exists a unique conformal map @ from Q~_(K) onto Cy, \ D such
that @ (00) = oo and @’(00) > 0. For a given number p > 1 let us define the set

Ly = {z € (G) : |0(2)] = p).

Lemma 4.24 (Bernstein). Let K be a continuum and let F: Goo(K) — C be holo-
morphic function having a pole of order n = 1 at infinity. Assume that

lim sup |F(z)] =M < +o0.

o—=>1% zeL,
Then, for every p > 1 it holds that |F(z)| < Mp" for each z € L,.

Proof. Put f(w) = F(® Y (w))/(@ ' (w))" for |w| > 1. Then, f is bounded in
Coo \ D and limsupy,, 1+ | f(w)| = lim,_,+ sup,¢; , |F(z)| = M. Finally, the
maximum modulus theorem implies that | F(® ! (w))|<M|® ! (w)|" for each |w|=
p as desired. |

Proof of Theorem 4.23. Let z"" = Y} b} Py for each n, and let (a},) be the Taylor
coefficients of /. Then, ax = ), a,bf. Let us prove the growth estimate for P,.
Let g be some fixed conformal map from G onto . Put G := g~ (D(0, r)) for
0 <r <1.Forr €(0,1) take some conformal map &, from Gc(,g) U {oo} onto Coo \ D,
and take some conformal map @ from Gu, U {oo} onto Cq \ D. Take an arbitrary
p > 1anddefine L, , :={z:|®,(z)| = p}and L, = {z : |®(z)| = p}. Furthermore,
let G, := D(L,,) and G, := D(L,). Then, G C G, for some r sufficiently close
to 1. Note that from (4.19) we have | P, (z)|?> < K(z, z) and (4.23) implies that

, 1g'(2)]
lim sup |P,(z)| < sup
p=>1zer,, " 2eG™ ﬁ(] —1g(2)?)

=C, < +o0.

Therefore, one can apply Lemma 4.24 to K = G in order to obtain that | P, (z)| <
C,p" for each z € G, , and for each n = 0. Since G C G, ,, the proof is finished. =



Topics on weighted Bergman spaces 99
4.3 Topics on weighted Bergman spaces

Let U be an open set, and let w: U — [0, 00) be a measurable function (a weight).
For p, 1 < p < +00, the weighted space A? (U, w) is defined as follows:

1/p
a2 =L < HO U = ([ 1@ W@ 046)) < oc).
In order that the space A? (U, w) to be complete with respect to the norm | - ||,,w one
needs to assume that w satisfies the condition that for each compact set K C U there
exists a constant cx > 0 such that

cx|fl@))? < /U | f(2)|P w(z)dA(z) foreacha € K and f € AP (U,w). (4.26)

This inequality may be regarded as an analogue of the estimate (4.7). It yields, in
particular, that the convergence in A? (U, w) implies the locally uniform convergence
in U. This fact shows that the space A?(U, w) is a Banach space for all p under
consideration, while for p = 2 it is also a Hilbert space with respect to the inner
product (f,g) = [, f §wdA.

One important family of weights is the family {w = || : h € A'(U) and h # 0}.
In this case, (4.26) holds, and its proof is analogous to the proof of (4.7).

In the case, where p = 2 it is convenient to consider the weighted Bergman spaces
A%(U, w) with respect to the weight w = |h|?, where h € A?(U) and h # 0. Such
weights are called an analytic weights.

Denote by P?(U, w) the closure of the set P |y in AP (U, w). The following
question arises in a natural way: to describe U, p and w such that

PP(U,w) = AP (U, w). 4.27)

Note that for w = 1, Theorem 4.1 gives a sufficient condition for (4.27), which is
that U needs to be a Carathéodory domain. But the problem just stated is very far from
completely solved. In this section we are going to present some results concerning the
matter which have certain connections with Carathéodory sets.

The equality (4.27) implies some restrictions on w and to U'.

Proposition 4.25. The following statements hold.
(@) Letw=|h|?>withh € A2(U). Ifh has zeros in U, then P?(U,w) # A2(U,w).
(b) IfU is not simply connected, then (4.27) does not hold for any p = 1 and for

any weight w.

From now on we will assume that the open set U is simply connected, while
w: U — (0, +00). Let now G be a Carathéodory domain and & be some end-cut in
G with Area(€) = 0. Then, in view of Proposition 4.5, we have P2(2) # A%(Q) for
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Q = G \ &. Thus, the hypothesis that G is a Carathéodory domain plays some role
in the theory. However, for a w # 1 the situation is more complicated, as it may be
seen from the following example.

Example 4.26. Take ¢ € (0, 1) and consider the function

1 t
hi(z) = exp(%) forz € D.

If0 <t < 1then PP(D, |hs|) = AP (D, |h¢|) and PP (D, |h1]) # AP (D, |hy]) for
each pwith 1 < p < +4o0.

The proof of the fact that P2(D, |hy|) # A%(D, |hy|) is given in [73], where it
was proved that the function

f(2) = exp((1 +2)/(2(1 = 2)))

does not belong to P2(ID, |h]). This proof may be also extended to all values of p
under consideration. The first assertion follows from one result of Hedberg, that we
will see in Example 4.37.

Let us discuss the case p = 2 and w = |h|?, h € A%(U), in more detail. In this
case, the map f € A%(U, |h|?) — fh € A%(U) is an isometry between the respective
Hilbert spaces. This fact allow us to use the general Hilbert space tools for study
the approximation problem under consideration. In particular, the equality (4.27)
can be verified using the construction of orthogonal basis, or Bessel’s inequality, or
Parseval’s formulae in A2(G) or in A%2(U, w). The following lemma shows how con-
formal maps may be used in the theory.

Lemma 4.27 (Keldysh). Let G be a simply connected domain, let f maps D con-
formally onto G, and let w be defined on G. Put g = f~'. If P2(D,wo f) =
A2(D,wo f)andifg™ g € P?(G,w) for eachm € Ny, then P?(G,w) = A*>(G,w).

Outline of the proof. Let F € A%(G,w). Using (2.1) we have
/G |F(2)P w(z) dA(z) = /D FCFDE W @)/ ()2 dA®w) < +oo.

so(Fo f)f" € A2(D,wo f). Then, given ¢ > 0 one can find a polynomial Q such
that

/D FCF) /() — Q)P w(f () dA() =
- /G IF(2) — 0(g(:)g' ()P w(z) dA() <.

Since (Q o g)g’ is a sum of functions of the type g™g’ € P?(G,w), m € Ny, we
conclude that F € P2(G,w). n
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Going further and working with space A2(U, |i|?), let us consider the sequence
(V&) Vi (2) = h(2)z*, k € Ny. Then, the Gram—Schmidt procedure in A2(U) applied
to this sequence gives a new sequence (¢x), 9k (z) = h(z)qx(2), qx € P, degqr =k,
and we can assume that the coefficient at z¥ of ¢y is positive. In [124, Section 3.1.8]
one can find all details of this procedure. But for general simply connected open set
U the sequence (¢y) is not a basis for A2(U). Let us formulate the criterion in order
that the equality (4.27) holds for U = D and p = 2.

Theorem 4.28. Let h € A%(D) and let h have no zeros in D. The equality
P2(D, |h]*) = A*(D, |h|?)

holds if and only if one of the following conditions is fulfilled:

(1) There exists a sequence (i), un € P, such that lim, s [p |1 — hu,|*>dA =
0.

(2) The sequence (¢n), ¢n = hqyn, defined above is a basis for A2(D).
(3) It holds that Y _go o |1(0)?|gx (0)|* = 1/7.

A few remarks about the proof of Theorem 4.28. Assume that the weight function 4
is such that P2(DD, |h|?) = A%(D, |h|?). Since 1/h € A%(D, |h|?) then there is a
sequence of polynomials (u,) such that

1
Ll

Since gy, n € Ny, form an orthonormal system in 42(ID), then g,, form an orthonor-
mal system in A2(DD), |h|?). Moreover, the construction of g, implies that the closed
linear span of (g,) in A%2(ID, |h|?) coincides with the closure of P in this space. There-
fore, (g, ) is a basis for A%(ID, |h|?) and hence (¢,) is a basis for A2(D). If (hqy) is a
basis for A%(D), then the Parseval’s equality for /' = 1 gives m = Y o, [(1, hqx)|*.
The fact that (1, hq) = wh(0)gx(0) implies (3).

Let us check the sufficiency of the conditions stated. Assume that (¢y), ¢n = hqn,
is a basis for A2(DD). Take g € A%(DD, |h|?) and observe that gh is the sum of its
Fourier series Y ¢,hq, in A2(D). Since the partial sums of this series converges to
gh in A%(D), then the partial sums Y ", cxq, converges to g in A%(D, |1|?). Thus,
g € P2(D, |hP).

Assume now that (1) is satisfied. If lim, .o [ |1 — A(2)un(2)|* dA(z) = 0, then

2
|h|>dA =/ |1 — hup|?dA — 0.
D

lim |z — h(z)z™u,(2)|?> dA(z) = 0.
D

So, each polynomial is the limit in 4%(D) of functions hp, where p € P. Since
A%2(D) = P2(D) then the set of hp, p € P, are dense in A%(ID). It means that (hq,)
is a basis for A2(DD).
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If (3) holds, then the conclusion follows from the fact that if Bessel’s inequality
becomes the equality for a certain orthonormal system, then this system is a basis. =

For a general simply connected domain we have the following sufficient condi-
tion.

Theorem 4.29. Let G be a simply connected domain, and let h and g be as before.
Assume that g"g' € P2(G) for each m € Ny. Then, P*(G, |h|*) = A%(G, |h|?) if
and only if there exists a sequence (Uy), u, € P, such that

lim [ |1—hu,|?>dA =0. (4.28)
n—>oo G
In view of (2.1) we have [; |§"(2)g'(2)|* dA(z) = [p |2 dA(z) < +00, s0
that g g’ € A%(G). Therefore, g™ g’ € P2(G) by Theorem 4.1. Then, Theorem 4.29
implies the following consequence.

Theorem 4.30. Let G be a Carathéodory domain and let h be as before. Then, the
equality P%(G, |h|?) = A?(G, |h|?) holds if and only if there exists a sequence of
polynomials (uy,) such that (4.28) is satisfied.

Sketch of the proof. The proof of Theorem 4.29 is based on the following observation
which is also a consequence of (2.1).

Let G and G, be two simply connected domains, let / be some conformal map
from G, onto G, and let g = f 1. Take & € A%(G>). Then, the spaces A%(G,, |h|?)
and A%(Gy,|h o f|?) are isometric by means of the map F — (F o f) f’. Its inverse
is Ri > (Ryo0g)g’.

The fact that g™ g’ € P2(G) means that given & > 0 there exists ¢ € P such that
lg"g —qll2.c < & Inview of (2.1) one has

/ g"g — gl dA = / 2" — (NS DI dAG).
G D

That means that the closed subspace generated in L2(D) by {(g o f)f : q € P} is
the same as the one generated by P. The fact that P2(G, |h|?) = A%(G, |h|?) is equi-
valent (in view of the isometry described above) to the fact that P12 D, lho fI?) =
A%(D, |h o f|?), where PZ(D, |h o f|?)is the closure of the set {(g o /) f' :q € P}
which is dense. Then, one can find a basis in P12 (D, |k o £]?) and after that the proof
may be finished using ideas from the proof of Theorem 4.28. ]

Let us now present two examples of situation when the condition (4.28) is fulfilled
for a general Carathéodory domain G.

Example 4.31. Let G be a Carathéodory domain, and let o1, 3, . . . be real numbers
such that o > —1, k € N, among which there is only a finite number of negative
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ones, and Zzo:l oy < +oo. Take a sequence of points (zx), zx ¢ G, in such a way
that oz needs to be integer if zx € d,G. Finally, fix a point a € G. Then, the function

o0
@(z):Zaklog(l—Z a), zeG,
=1 Zl —a

where the branch of logarithm is defined on G and equal to zero at a, is well defined,

and the weight
= z—a \%
h(z)=C 1-—
@=cll(+-370)

k=1

is such that (4.28) is satisfied, and, therefore, the equality A%(G, |h|?) = P2(G, |h|?)
holds.

The proof of the fact that this function /4 satisfies (4.28) is rather involved. All
details may be found in [124, Section 3.2.3]. The starting step of this proof is to
show that & € A%(G) which is not difficult. Later on it is needed to consider three
consecutive cases. The first one is related with the simplest possible function ®(z) =
alog(l — (z —a)/(z1 — a)) constructed by one point z;. This case is analyzed with
the help of the special analogue of Mergleyan’s key lemma. The second case is related
with the finite set of points {z1, ..., z,}. The important ingredient of the proof in the
general case is the fact that the product of two functions /; and &, satisfying (4.28)
is again the function satisfying this property.

Example' 4.32. Let G be a Carathéodory domain. If 1 € H(G*), and h(z) # 0 for
each z € G, then the property (4.28) holds for /2, and hence A%(G, |h|?)= P2(G, |h|?).

It turns out that for general weights w, the assumption that G is a Carathéodory
domain is not necessary in order to have (4.27) because the following result holds.

Proposition 4.33. Let G # @ be a simply connected domain in C. Then, there exists
a weight w such that P%(G,w) = A%(G,w).

Outline of the proof. Let g be (as before) a conformal mapping from G onto D, and
take an increasing sequence (p,) of positive real numbers. Define G, = {z € G :
|g(2)| < pn}. For each k the function g¥g’ is holomorphic in G, so there exist poly-
nomials Q, x such that

1
[ 1ge ~ Quslaa < .

Also it is possible to find ax > 0 such that

1
Olk/ lg¥g — Qnil?dA < TR
G\Gn
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Then, the function & may be defined on G, +1 \ G, as h(z) = min{l, ay,o2,...,0,},
the details of the proof may be found in [73]. ]

Now, we will mention some general results for 1 < ¢ < +oo that were proved
in [64]. Let G be a Carathéodory domain, let w: G — (0, +-00) be continuous func-
tions such that w € L1(G, dA). Define

1
M(w,z,r):r—Z/|| w(z 4+ ) dA(), zeG,r>0,

where w(z +¢) =0ifz +¢ ¢ G.

Theorem 4.34. Let G, w, M be as before, and let g € A1(G,w).
(1) Letq > 1. If sup, . [ |18(2)|2 M(w, z,r) dA(z) < 400, then g € P4(G, w).
(2) Letq = 1.If [ |g(2)| sup,~.o M(W, z,r) dA(z) < +00, then g € PY(G,w).
One of the crucial ingredient of the proof of this theorem is the fundamental Mer-
gelyan’s lemma. The proof is obtained as an appropriate combination of this lemma,

duality arguments and standard L?-estimates.
The next result gives yet another generalization of Theorem 4.1.

Corollary 4.35. Let G and w be as before, let 1 < p < +00, and assume that w €
L*(G) for some s, 1 <s < 4o0. Ifv e AP(G,w) N LP'(G), where 1/s + 1/t =1,
thenv € PP(G,w).

Notice that Theorem 4.34 give a sufficient approximation condition for indi-
vidual functions. For the special classes of weights it is also possible to find sufficient
approximation conditions for classes of functions.

Theorem 4.36. Let G be a Carathéodory domain, and let w = |h|, where h € A'(G)
and |h(z)| > Oforall z € G.

(1) If there exist € > 0 such that

sup /G ()]~ M(h]. 2.r) dA(z) < +o0,

r>0
then P1(G, |h|) = A4(G, |h|) forall g € (1, +00).
(2) Ifthere exist € > 0 such that

[ 1 (2)| sup M(Ih], 2. r) dA(Z) < 400,
G r>0

then PY(G, |h]) = A(G, |h|).

Let us also present some class of weights w = |h| constructed in [64] such that
A4(G, |h|) = P1(G, |h|) for all g € [1, co) for a given general Carathéodory domain
G.
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Example 4.37. Let G be a Carathéodory domain, g € [1, 00), and let v € H(G) be
such that Rev > 0 in G. Put h(z) = e~"®) and assume that there exist two positive
constants, says c¢; and ¢, such that [Imv| < ¢; Rev + ¢3 in G. Then, P4(G, |h|) =
A1(G, |h)).

In order to prove that P4(G, |h|) = A4(G, |h|) we need firstly to show that v €
P4(G, |h|). Notice, that the function v; = (v —1)/(v + 1) is bounded by 1 in G.
Then, v{" € P4(G, |h|) for all m € N. It gives that

1+U1
V=TT —1+22v1 € PY(G.|h|).

By induction one can prove that v € P4(G, |h|). Now, for each z € G, we have

N n n

3 ! vn(!Z) L@ |h(1z)|’ '
n=0
This convergence holds in L4(G, |h|) for each t such that 0 <t <1, = (qc1 +¢q)7',
it can be proved using Lebesgue’s dominated convergence theorem. Thus, ||~ €
P4(G, |h|). Some more argument is needed to conclude the desired approximation
result from Theorem 4.36 withe = 1/(cy + 1).

4.4 Topics on Hardy spaces

We start by recalling some basic facts about Hardy spaces in general domains in the
complex plane. An appropriate reference for the next statements is [54]. During this
section p will denote a number belonging to (0, o) (we will mention below only the
special restrictions on p, if needed). Let G C C be a bounded domain. By definition
H?(G) is the space consisting of all functions f € H(G) for which there exists a
positive harmonic function u in G such that | f(z)|? < u(z) for each z € G. Such
function u is called a harmonic majorant of | f|? in G. If f € HP(G), then there
exists a unique least harmonic majorant us such that | f|” < uy in G. Then, we put
I f e ) = (ur(z0))'/?, where zg € G is some fixed point. In the case that p > 1
this quantity is a norm in H?(G) and the resulting topology is independent on the
choice of zj.

Lemma 4.38. Let K be a compact subset of G. Then, there exist a constant C =
C(K, p) such that for every f € HP(G) and z € K one has || f ||k < C||f a7 @)

Using this lemma it may be readily obtained that H”(G) is a Banach space for
p = 1. Also it is well-known that H?(G) is conformally invariant, that is if ¢ is
a conformal map from some domain G onto another domain G,, then H?(G;) =
{g op : g € H?(G,)} and both these spaces are isometric.
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Lemma 4.39. Let f € H(G). Then, f € HP(G) if and only if for each C ' -exhaustion
(2,) of G there exists a constant C such that for some point a € G one has

[ 1P doa. £, Q) < C.
02,

In the case when G = D the spaces H”(ID) are the classical Hardy spaces in the
unit disk, and they are denoted usually by H?.

Lemma 4.40. If f € H? then there exists a sequence of polynomials (Py) which
converges to [ innormin H?.

The principal part of the proof of this lemma is to prove the fact that f, — f in
H? as r — 1, where f.(z) = f(rz), see, for instance, [77, page 71]. After that it
remains to observe that the Taylor series of f, converges uniformly on D, and hence
the Taylor polynomials of f give the desired approximation.

Let us also recall, that the Hardy spaces HZ(T) on the unit circle are the spaces
consisting of all functions & € L?(T) such that [} h(&)C" dmr (¢) = 0 for every
integer n < 0. According to Fatou’s theorem, every function f € H” has a.e. on
T angular boundary values, which determine a function in the class H?”(T). The
mapping which maps a function f € H? to its boundary function is an isometric
isomorphism between the spaces H? and H?(T). When p = oo, this mapping is also
a weak-star homeomorphism. In what follows, functions in H? and their boundary
functions will be denoted by the same symbols.

Weak-star generators in H >

The space H*° is isometric to H°°(T), while this space is a subset of L°°(T) which
is isometric to the dual space of L!(T). Then, we can consider the weak-star topology
in L°°(T), with a basis of neighborhoods of zero formed by sets

2r

{femej:

f@%&@%dt<q,j=Ln”%

for all possible choice of numbers ry,...,r, > 0 and functions gy, g2,...,8n €
L(T). The weak-star topology in H is that induced by the isometry. For some
mote detailed explanation of weak topologies see, for instance, [114, Chapter 3].
Notice also, that the aforesaid week topologies are not metrizable in the general case.
Then, the sequences are not enough to manage with this topology. For sequences in
H ° the convergence in the weak-star topology can be easily characterized.

Lemma 4.41. The following statements hold.

(@) Let f, € H®. Then, the sequence (f,) converges in the weak-star topology
to f if and only if this sequence is uniformly bounded in D and f,,(z) — f(z)
foreach z € D.
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(b) Let fo € H® be a net. Then, if (fo) converges in the weak-star topology
to some [, then supy, ,ep | fa(2)| is finite and fo(z) — f(2) for each point
z € D.

This is a well-known result. The proof of the part (a) may be found in [120]. The
proof of the part (b) is similar.
The next definition was given by D. Sarason in [119].

Definition 4.42. Let ¢ € H°. Then, the following hold.
(a) ¢ is a weak-star generator if the set {P o ¢ : P € P} is weak-star dense in
H®>.
(b) ¢ is a (weak-star) sequential generator if every function in H°° is the weak-
star limit of a sequence of polynomials in ¢.

It is clear that a sequential generator is a weak-star generator, but the converse
is very far to being true, as it will be shown later. The main reason to introduce
the concept of a weak-star generator was because of its relations with the theory of
invariant subspaces for certain multiplication operators. Let us recall, that for a given
function ¢ € H® the operator S,: L?(T) — L?(T) acts as follows: Sy: h > ¢h,
while the Toeplitz operator T,: H> — H? is defined as follows: Ty: h > Py (¢h),
where P, stands for the orthogonal projection from L2(T) to H?. In the special
case when ¢ = j the operator S; is called the bilateral shift, while the operator T, is
called the unilateral shift. The study of shift-invariant subspaces in H? was initiated
by Beurling, Helson-Lowdenslager and Halmos. The following simple fact whose
proof may be found in [69, page 106] shows the specific role of the unilateral shift in
the topic under consideration.

Lemma 4.43. Let E a closed subspaces of H?. Then, E is T,-invariant if and only
ifitis Ty-invariant for all ¢ € H.

The descriptions of shift-invariant (closed) subspaces of H? and L?(T) are well-
known; they are given by the following nowadays become classical results whose
proofs may be found in [69, Chapter 7].

Theorem 4.44 (Beurling). Let E be a non-empty closed subspace of H?. Then, E is
T,-invariant if and only if E = Kg = @H?, where © is an inner function.

We recall, that a function ® € H *° is said to be inner, if |@({)| = 1fora.a. [ € T.

Theorem 4.45. Let W be a closed S,-invariant subspace of L*>(T).
@) IfzW =W, then W ={f € L¥(T): f|g =0}, where B C T is some Borel
set.

(b) If zW # W, then W = FH?, where F is a measurable function on T of
modulus 1.
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For non closed subspaces the situation is fairly different. Let us mention in this
connection the next result obtained in [119].

Proposition 4.46. Let ¢ € H®°. Then, the following are equivalent.

(a) o is a weak-star generator of H°.
(b) The operator S, has the same invariant subspaces as S;.
(¢) The operator Ty, has the same invariant subspaces as T.

Two simple necessary conditions for a function ¢ to be a weak-star generator of
H > were obtained in [119].

Proposition 4.47. Let ¢ € H® be a weak-star generator of H°. Then, the following
hold.

(1) ¢ in univalent on D.
(i)  There exists a set I C T such that m (1) = 0 and ¢|1\; is injective.

If some function ¢ satisfies the second condition of this proposition we will call
it univalent almost everywhere on T .

Sketch of the proof of Proposition 4.47. Let ¢ be a weak-star generator of H° and
assume that ¢(a) = ¢(b) for some a, b € D with a # b. Then, there exist a fam-
ily {Py} of polynomials such that the net P,(¢) converging to z in the weak-star
topology. Fix a € D. Then, the point evaluation functional f + f(a), defined for
each f € H®, is weak-star continuous because f(a) is obtained via the standard
Poisson formula and the Poisson kernel belongs to L!(T). This continuity implies
a = lim Py (¢(a)) = lim Py (¢(b)) = b, which gives a contradiction.

Because the evaluation at an arbitrary point e’ is not defined for f € H* in
the general case, the proof of the second condition needs to be different from the
previous one. Let E be the closed span of the elements {1, ¢, ¢2,...} in L?(T). So
that S, E C E. If ¢ is a weak-star generator then, by Proposition 4.46, the space E is
also Sz-invariant, and hence z € E. Then, there exists a sequence (P, ) of polynomials
that converges to z in L?(T). So, there is a partial subsequence (that will be denoted
by the same symbol) such that

P.(p(e')) — ¢'' foraee’ eT. (4.29)

If we assume that for each measurable set M C T of positive measure there exist
two points e’/ € M and ¢'* € M with e'’ # ¢S and ¢(e'?) = ¢(e'*) we arrive to a
contradiction with (4.29). So, the second property also holds. |

If ¢ a weak-star generator of H°, then G = (D) is a simply connected domain
and 0G cannot have a lot of cut points. For example, the set of all cut points of
dG should have harmonic measure zero with respect to ¢(0). It implies that each
conformal map from D onto D \ [0, 1) is not a weak-star generator. The statement of
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the part (ii) of Proposition 4.47 was improved in [108] in the way shown in the next
theorem.

Theorem 4.48. The following statements hold.

(@) If ¢ is a weak star generator of H® then the boundary function defined on
F (@) is one to one.

(b) There exists a bounded univalent function ¢ in D such that F(¢) =T and ¢
is injective on D, but it is not a weak-star generator of H°.

The proof of the part (a) is a bit technically involved since it uses classical results
about conformal maps together with certain tools from ordinal number theory. To
verify the statement (b) it is enough to take the conformal map from D onto the
domain G, in Figure 1, but some work is needed in order to show that it is not a
weak-star generator.

Following Sarason let us pay attention to the sequential generators of H °° because
it admits certain characterizations in topological terms.

Proposition 4.49. Let ¢ be a conformal map from D onto a simply connected domain
G C C. Then, ¢ is a sequential generator of H if and only if G has the following
property: for every h € H*®(G), there is a sequence of polynomials which is uni-
formly bounded on G and converges to f at every point of G.

Proof. Assume that ¢ is a sequential generator and let 1 € H°°(G). Then, ho ¢ €
H® and let (P,) be such sequence of polynomials that P,(¢(z)) — h(¢(z)) for
every z € D, and p, o ¢ is uniformly bounded on D. Then, P,(w) — h(w) for every
w € G and P, is uniformly bounded in G. For the converse it enough to consider
gogp ! forge H®. ]

Corollary 4.50. A conformal map onto a Jordan domain is always a weak-star gen-
erator. A conformal map onto a moon-shaped domain is never a weak-star generator.

Now, combining Proposition 4.49 with Theorem 3.31 we arrive at the following
result (see [120, Proposition 2]).

Proposition 4.51. Let G be a bounded simply connected domain and let ¢ a con-
Sformal map from D onto G. Then, ¢ is a sequential generator of H* if and only
if G is a component of the set G* (the latter property exactly means that G is a
Carathéodory domain).

We will denote by G the component of G* that contains G. With the same nota-
tions as in Proposition 4.49 the following result holds.

Proposition 4.52. Let h € H. Then, h is the weak star limit of a sequence of polyno-

mials on ¢ if and only if h o ¢~ is the restriction of a function belonging to H*°(G).
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Sarason in [120] has obtained a characterization of weak generators, adapting the
statement of Farrell’s theorem to a certain more general setting. This is a reason to
give here a simple overview of his results. Also we believe that the notion of order
of a simply connected domain introduced by Sarason may be regarded as a further
generalization of the concept of a Carathéodory domain.

Take ¢ € H>. Denote by M the set of polynomials in ¢, thatis M® = {P o ¢ :
¢ € P}. Furthermore, let M! denote the set of all weak-star limits of sequences of
functions in M °. If « is a countable ordinal we define M ¢ inductively to be the linear
manifold of H° consisting of all functions which are weak-star limits of sequences
of functions on | J p<a M B By a property of weak topologies, see [7, pages 124, 213],
there exists a least countable ordinal o’ such that M¥ = M# if B > o’. Moreover,
M is the weak closure of M°. We say that ¢ is a generator of H® of order o if
MY = H>.

In order to understand the definition of the order of a simply connected domain
we need the following definition.

Definition 4.53. Let G be a bounded domain in C, and let €2 be a simply connected
domain such that G C €2. The relative hull of G in €2 (or, for brevity, 2-hull) is the
set

Int {w € Q:|f(w)| < sup|f(z)| forevery f € H°°(Q)}.
zeG

One crucial step in Sarason’s papers is to show that if G C D, then the D-hull of
G is G*. Also a geometric description of the -hull of G is given by the next result.

Proposition 4.54. Let Q and G be as before and let Y be the closure in Q of the
Q-hull of G. Then, Q \ 'Y consists of those points of Q that can be separated from G
by a cross cut of Q. Moreover, the Q-hull of G is the interior of Y .

With these tools the following generalization of Farrell’s result is readily fol-
lowed.

Theorem 4.55. Let Q2 be a domain and let G be a bounded simply connected domain
such that G C Q. Denote by Gg the component of the Q2-hull of G that contains G.
Let f € H®(G). Then, a sequence of bounded holomorphic functions in 2 which is
uniformly bounded in G and converges to f at the every point of G exists if and only
if f is the restriction of some function fi € H*(Gg).

Let G be a simply connected domain. For every countable ordinal « let us define
inductively a domain G* containing G as follows. For & = 1 we put G! as the com-
ponent of G* that contains G. If o has an immediate predecessor we define G* as the
component of the G*~!-hull of G that contains G. If « has no immediate predecessor
we define G* to be the component of the interior of (75, G* that contains G. Then,
G is simply connected and, moreover, there exists a least countable ordinal y such
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that GY = G?™1. So, GY = G for w > y. This y is called the order of G. For better
understanding this notion the reader can see that both domains in Figure 3 have order
1. Next result generalizes Proposition 4.52.

Proposition 4.56. M% = {h € H® :ho ¢~ ! = F|g for some F € H*®(G%)).

Corollary 4.57. Now, the characterization of generators of H* obtained by Sarason
can be stated in the following form.

(1) If ¢ is a generator of H* of order y then the domain G = ¢(ID) has order y
and GV = G. Conversely, if a given domain G has order y and GY = G, then
every conformal mapping ¢ from D onto G is a generator of H of order y.

(2) The function ¢ € H® fails to be a generator of H® if and only if there exists
a domain Q which properly contains G and is such that || f |l = || f ¢ for
every [ € H®(Q).

(3) If ¢ is a generator of H®, then G = Int(G).

We refer to [ 120, Figures 1 and 2] to see domains which are the images of D under
mapping by weak-star generators of order 2 and 3, respectively. The orders of these
domains can be computed by using Proposition 4.54. In [121] the author was able to
construct domains of arbitrary order using the fact that every countable well-ordered
set can be realized as a subset of R. We do not know whether it is possible to obtain
some other type of characterization of weak-star generators avoiding, in particular,
the usage of ordinals.

Finally, let us notice that the concept of domains of order 2 is underlying the result
of [112, Theorem 4.1], so this theorem was the precursor of Sarason’s studies.

Density of polynomials in H? (G)

Let ¢: D — D be a non-constant holomorphic function. The composition operator
Cyo: HD) — H(D) is defined by the setting Cy,(f) = f o ¢. If ¢(0) = 0 then the
Littlewood subordination theorem (see, for example, [42, Theorem 1.7]) implies

If oollar <|flar

for each p € (0,00). If 9(0) # O then || f o ¢|lgr < M| f|lgr, where M is some
constant depending only on |¢(0)|. Thus, C,: H? — H? is a bounded operator for
each p, 1 < p < oo. A lot of efforts were applied for studying of such operators. In
particular, in [31] the problem when C,(H ?) is dense in H? were considered.

We have the following clear facts.

Lemma 4.58. If C,(H?) is dense in H? for some 0 < p < 00, then ¢ is univalent
in D.
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Proof. Indeed, if ¢(z) = ¢(w) for some z # w in D, then f(¢(z)) = f(p(w)) for
each f € H?. So, the function j does not belong to the closure of C, (H?)in H?. m

Lemma 4.59. Let ¢ maps conformally D onto some domain G C D, while 0 < p <
00. Then, C,(H?) is dense in H? if and only if the set of polynomials is dense in
H?(G).

Proof. It f € H?(G), then f o ¢ € H?. Therefore, if C,(H?) is dense in H?,
then Lemma 4.40 yields that there exists a sequence (P,) of polynomials such that
P,o¢p — fogpin H?, which imply that P, — f in H?. The converse is clear. =

The following theorem was proved in [31].

Theorem 4.60 (Caughran). Let p be such that 1 < p < oo. If G is a Carathéodory
domain, then the set of polynomials is dense in H?(G). Conversely, if polynomials
are dense in H?(G) and ¢ € C(D), where ¢ is some conformal map from D onto G,
then G is a Jordan domain.

The Caughran’s original proof, was made for p = 2 and it used the ideas of
proving the sufficiency in Theorem 3.25. J. Caughran has mentioned that the given
proof is valid, if interpreted properly, for H? with 1 < p < oo. The following result
is an immediate corollary of Caughran’s theorem.

Corollary 4.61. If ¢ maps D conformally onto a Carathéodory domain, ||¢| e <1,
then C,(HP) is dense in H? for each1 < p < oo.

Later on in [109] the next generalization of the results under consideration was
obtained.

Theorem 4.62 (Roan). Let ¢ a weak star generator of H, then the set of polyno-
mials is dense in H? (G), where G = ¢(D) and 0 < p < oo.

Proof. Assume that ¢ is a weak-star generator of H°°. Denote by M the subspace
{Pog: P €P},by M! the subspace of all functions in H > which are weak-star
limits of sequences of functions in M. Let h € M !, then there exists a sequence (P,)
of polynomials which are uniformly bounded and P, (¢(z)) — h(z) for each z € D.
We need the following lemma which corresponds to Lemma 4.41 for H?.

Lemma 4.63. Let 0 < p < oo, and let (f,) be a bounded sequence in HP. Assume
that f,(z) — f(z) for each z € D. Then, f, — [ in the weak topology in H?.

Notice that for p = 1 the proof of this lemma is essentially the same as it was done
in [120, Lemma 1]. For the case 0 < p < 1, it follows from [40], where it was proved
that the point evaluation belongs to (H?)* and the principle of uniform boundedness
and the closed graph theorem remain valid for H?.
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By the lemma just mentioned we know that P, o ¢ — h weakly in H?. So,

h € Closy. g r (M), the weak closure of M in H?. Then, M C Closy:g»(M). One
has

Closy:.gr(M) = Closgr (M), (4.30)

where the right-hand side of (4.30) is the closure of M in the original topology of H?.
Equality (4.30) follows from [114, Theorem 3.12] in the case when 1 < p < oco. In
the case p < 1, (4.30) follows from [40, Lemma 8]. Then, M! C Closg»(M). Now,
inductively M° C Closgr» (M) for every countable ordinal number o. Since ¢ is a
weak-star generator of H° there exists a countable ordinal t such that M* = H°.
Then, H* = Closgr(M), and hence M is dense in H?. But the density of M in
H? exactly means the density of polynomials in H?(G). ]

The proof of above theorem is quite simple. The crucial reason why this theorem
implies Theorem 4.60 is the fact, given by Proposition 4.51, that a Carathéodory
domain is the image of some sequential generator of H .

In view of the Lemma 4.59, Theorem 4.62 can be reformulated as follows.

Theorem 4.64 (Roan). Let 0 < p < oo, and let ¢ be a weak-star generator of H™®
such that o(D) C D. Then, the range of C,, is dense in H?.

We end this section by mentioning some results obtained in [17] and related with
Bergman spaces.

Theorem 4.65 (Bourdon). Let ¢ be a weak-star generator of H* and let G = ¢(D).
Then, the polynomials are dense in A%(G).

Because there are many weak-star generators of H° which map D onto non-
Carathéodory domains, this result is more general (for p = 2) than Theorem 4.1.

The proof of Theorem 4.65 use a theorem of Hedberg that says that if G is a
simply connected domain of finite area, then H°(G) is dense in A%(G) and certain
properties of cyclic vectors of multiplication operators acting in A2(G) and H?(G),
see [17] for the detailed explanation. Then, one has yet another proof of Theorem 4.60
for p = 2.

A key idea of work [17] is to relate the approximation by polynomials in H?(G)
with the approximation also by polynomials in some weighted Bergman spaces.

Proposition 4.66. Let ¢ map D conformably onto G. Then, the polynomials are
dense in A%(G, (1 — |o~ Y (w)|?) dA) if and only if the polynomials in ¢ are dense
in H?.

Sketched proof. 1f f € H? and f(z) = Y52, f (n)z", then

1122 = 1f ).

n=0
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But this norm is equivalent to

1A% =1 £ ) +/ |f'w)? (1= |w]?) dA(w),
D

as it can directly verified by the considering of the corresponding Taylor expansion.
From now on, one can proceed as follows. If the polynomials are dense in A2(G, (1 —
¢ Y (w))dA), then the set {(P o ¢)¢’ : P € P}isdensein A%(D, (1 — |z|?) dA), but
this implies (via the integration) that the set {P o ¢ : P € P} is dense in H?(ID). The
converse may be verified by differentiation. |

Corollary 4.67. Let ¢ map D conformally onto G.
(1) The density of polynomials in A*>(G) orin A?2(D, (1—|¢~ (w)|?)d A) implies
the density of polynomials in H?(G).
(2) If polynomials are dense in A%(G) or in A2(D, (1 — |@~ Y (w)|?) dA), then ¢
is univalent almost everywhere on T.

Note that the part (1) of Corollary 4.67 says that Theorem 4.1 for p = 2 together
with Proposition 4.66 give a direct proof of Theorem 4.60 in the case p = 2. Note
also that the part (2) of Corollary 4.67 is the analogue for A,(G) of Proposition 4.47.
Also it seems that Bourdon’s techniques are only appropriate for H2(G) and not for
p#F2

Let us mention the paper [37], where another proof of Theorem 4.62 was given.
It seems the author was unaware of Roan’s, Caughran’s and Bourdon’s papers.

4.5 Approximation by polynomials on boundaries of domains

Let A be an uniform algebra on some compact Hausdorff space X, let ¢ € My and
assume that there exist a unique representative positive measure o for ¢ (recall that
this assumption is needed here, because, in general, such measure is not unique). Put
M = ker ¢ and denote by M T (X) the set of finite positive Borel measures on X . Let
us recall the following result.

Theorem 4.68 (Szegd, Kolmogorov, Krein). Let u € M1 (X), and suppose that jn =
W - 0 + v is the Lebesgue decomposition of | with respect to o, where w = du/do €
LY(0) is the Radon—Nikodym derivative of ju and v is singular with respect to o. Let
0 < g < +oc. Then,

inf 1— fl9du = inf 1— fl9wdo = 1 do.
flgM/| £l du ;ng| fliwdo exp[ogwo

Szegd has proved this theorem when A = AD), M = {P € P: P(0) = 0},
w<Ldt,q=2and ¢(f) = f(0), f € A. Later Kolmogorov and Krein showed that
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the infimum depends only on the absolutely continuous part of . A complete proof
in the case A(D), 1 <g < 4+ooand M = {P € P: P(0) = 0} is given in [77, Chapter
vii]. The proof of the general version may be found in [56, Chapter v] or in [18, page
236]. Observe that, by Jensen inequality, one has

exp/logwdc < /wda < +o0.

So, always,

—00 < /logwda < Const.

Now, we will use the notation and result from Sections 3.2 and 3.4. Let G be a
Carathéodory domain with the boundary I”, then P(I") is a Dirichlet algebra, and for
each point @ € G* (the Carathéodory hull of G) the measure w(a, -, G) is the unique
representative measure on the Shilov boundary I of the element of the spectrum of
P(T") defined by P + P(a). In this context, given yt € M ™ (I"), Theorem 4.68 can be
applied, and this is the most general setting (in some sense) that the previous theorem
can be applied. For example, if G = D we have the following.

Corollary 4.69. Letbe ju € M+ (T) andlet0 < q < +00. The set {P € P: P(0) =0}
is dense in L9 () if and only if

dp
log(—) dt = —o0.
/Tog(d[)t 00

Proof. First note that
1 q
inf /
DEP

-—D
z

dpu = inf 1—P|9du =0,
=i /T | 17 du
where the equality to zero is obtained applying Theorem 4.68. Then, z and 1/z are
limits in L9 (u) of polynomials. But each f € C(T) can be uniform approximated
by a sequence of polynomials in z and Z and C(T) is dense in L9 (u) for each 0 <
q < +o0. n

Abdullaev and Dovgoshei in [3] have provided an interesting study of the question
on how to generalize Corollary 4.69 for other domains. It turns out that the notion of
Carathéodory domains plays a central role in this question. Before discussing their
results let us fix yet more notation. Let zg, z1, z2, . .. be a collection of points such
that it contains only one point from each component of G*. Moreover, we assume that
z9 € Go = G and denote by G;, j > 1, the other bounded components of C \ G (if
they exist). Let w; = w(zj,-, G), for each j = 0. We know that each w; is supported
on dG;. Given u € Mt (I") let us denote by P7(u) the closure in L7(uw) of the set
of polynomials, and by P4 (i, zo) the closure in L4 () of the set of polynomials that
vanishes at z¢. With this notation we can state the result.
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Theorem 4.70. Assume that G is a bounded simply connected domain, zy € G, and
0 < g < +oo. Then, the following assertions hold.

(1) Let G be a Carathéodory domain. Then,

{peM™(I'): P4(u,z0) = PI(T)}

431
= {p, e Mt (I): / log(%) dwy = —oo}. @31
r 0

(2) Conversely, if the sets defined on (1) are equal, then G is a Carathédodory
domain.

(3) Let G be a Carathéodory domain. Then,
{weM*(I): LYT) = P4}

= {u eMt(I): /log(%) dw; = —ooforallj}.

J

(4) In order to have that G is a Carathéodory domain that does not separate the
plane it is necessary and sufficient that

{wneMt(): LYT) = PIM)y ={ueMT(I'): LY(n) = P4(u.z0)}

d
= {M eMT(I): /Flog(d—jjo) dwy = —oo}.

Sketch of the proof. (1) Always P9(u,zo) C P?(u). Theorem 4.68 may be applied in

our case to give that [ log(du/dwo) dwy = —oc if and only if there exists a sequence
of polynomials (P,) such that P, — 1 in L9(u). Then, if & € P then hP,, — h in
LA ().

(2) Assume that G is not a Carathéodory domain. Then, we need to find a measure
that shows that both sets in (4.31) are different. Let Q be the component of G* that
contains zo and let take @ = w(zo, -, ). Then, 2 O G and @ is a positive measure
on I" but it is supported on d2. Since G is not a Carathéodory domain, we know
that L := ' \ 0 # 0, and even more, wo(L) > 0. Since @ vanishes on L, one
has ;—a‘:‘;)(z) = 0 for almost all points z in L. Then, [ log(d&/wy) dwy = —o0, so
@ belongs to the set in the right-hand side of (4.31). Because Q2 is a Carathéodory
domain, we can apply the result just proved in (1). Since [log(d&/d@)dd = 0, we
know that P?(0S2, zg) # P4(0R2). So, P4(I',z¢) # PI(I").

(3) Let w € M*(I'). If LY9(I") = P4(I") then, for each z;, j = 0, one has
L9(ulag,) = P9(ilag,)- Since each G; is a Carathéodory domain, the result of

part (1) may be used to obtain that fan log dd_zi dw; = —oo for each j. Assume now

d
/ log ~ dw; = —o0 4.32)
an da)]'
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for all j = 0. The important fact now is the assumptions in (4.32) do not depend on
the point selected in each component. In other words, if a)j’ = w(bj, -, G) for other
points b; € Gj, j = 0, then, by (3.4) and (4.32) remains true if we replace w; with
a)j’ By Corollary 3.11 one has R(I") = C(I"). We know that C(I") is dense in L (I")
for each 0 < g < 400. Then, it is enough to prove that for each fixed b € G* \ G the
function z — (z — b)™! can be approximated in L4 (du) by polynomials. Applying
Theorem 4.68 to P(I") andto M = {P : P(b) = 0} we obtain inf{[ |1 — P|?dp =
0: PeP, P(b)=0}=0.1If P(b) =0then P(z) = (z — b)P1(z) and hence one
has .

‘— —Pi1(2)| < |1=(z—=b)P1(2)|

z—b

for each z € I" and P; € P. Then,

ol

So, 1/(z —b) € P9(n).

This is a consequence of (1) and (3). In particular, if the set C \ G has some bounded
component G;, then the assumption that |, 3G, log j—a’fj dwj = —oo cannot be dropped.
]

q

1
— P d,LL=0P1€iP}=O
z—b

The next result gives a sufficient condition for approximation.

Corollary 4.71. Let G be a Carathéodory domain such that G does not separate the
plane, and let 0 < p < +o00. Assume that i € M1 (3G) is such that Supp 1 # 9G.
Then, P9(u) = L9(w).

Theorem 2 in [3] gives yet other characterization of Carathéodory domains, how-
ever it is a bit technical in a nature and hence we do not state it here, but only
mentioned for the interested reader.



