Contents

About theauthors . ......... ... . ... .. ... .. vil
Preface . . ... ... . . X
1 Basicconcepts . ........... ... ... ... e 1
1.1 Non-oriented graphs . . .. . ... ... . e 1
1.2 Connected decomposition . . . .........c..tvtenennennen.. 12
1.3 Oriented graphs . . .. ... .. 12
1.4 Simple graphs . .. ..... ... e 16
1.5 Operationsongraphs ........... ... ... . . . ... 18
1.6 Representationsof graphs .. ........ .. ... ... ... ... ... ... 18
1.7  Algorithms and complexity theory ........................ 20
1.8 Definition of a graph starting from the incidence function . . . ... ... 26
1.9 Isomorphisms of graphs. Automorphism groups . .............. 26
1.10 Complements: some basic structures . . . .................... 31
2 Someremarkablegraphs ............. ... .. ... ... ... ... ... 33
2.1 Bipartite graphs . . . . .. e 33
2.2 Trees and arbOre€SCENCES . . . v v v v v vttt ittt ettt e et e e 37
2.3 Digraphswithnocircuits. . ... ... ..ottt i et 45
2.4 Euler graphs and Hamiltonian graphs . .. ................... 47
3 (Di)graphs and data structures ............................. 59
3.1 Recursive procedures . ... ... ...t 59
3.2 The return of trees and arborescences ...................... 65
3.3 Time complexity of algorithms on binary arborescences. . ........ 92
34 Backtographs. . ... ... ... ... e 93
3.5 Complements .. ... it e e 99
4 Connectedness and flowsinnetworks . . . . ..................... 109
4.1 Vertex-connectedness and edge-connectedness . ... ............ 109
4.2 2-vertex-connected graphs . .. ....... ... ... .. . . o ... 112
4.3 2-edge-connected graphs . .. ....... ... .. ... 119
44 Flowsinanetwork . ... ... ... ... e 121
4.5 Applications of flowsinanetwork ............. ... ... .. ... 132

4.6 Complements: Kirchhoff’slaws .. ....... ... ... ... ... .. ... 136



Contents  xiv

Planar graphs .. ... ... ... .. .. . . ... . . ... 139
5.1 Drawings . ..ot i e 139
5.2 Planargraphs. . . ... .. . e e 141
5.3 Maximal planar graphs and polyhedra . . . ... ....... ... ... ... 163
5.4 Comparisonof embeddings .. ......... ... ... ... ... ... ... 169
5.5 Kuratowski’s theorem and Wagner’s theorem . .. .............. 171
5.6 Dualgraphs. ... ... .. .. e 180
5.7 Crossings, thickness and genusofagraph ................ ... 183
5.8 Elements of plane topology and geometry ................... 191
Graphs and linear algebra. . . .. ............................ 201
6.1 Graphsandmatrices . ... ......... . ... 201
6.2 Vectorspacesand graphs. ... ........ ... .. ... 208
6.3 Circulation . ..... ... .. .. e 214
6.4 Planargraphs. . ... ... .. . e e 217
6.5 Backgroundinlinearalgebra ............. ... ... ... ... ... 221
Colouring . .. ... .. ... . . e 231
7.1 Vertex colourings . . . ... v vt e 231
7.2 Edgecolourings . .........uiiiii e 247
7.3 Graphmorphisms. . . ... ... e 253
7.4 Perfectgraphs . ... ... ... .. 258
7.5 Listcolourings. . .. ..o it e 261
7.6 Chromatic polynomials . ... ........ ... ... ... ... 263
Matching and factorisation .. .............................. 267
8.1 Definitions and first properties . ... ......... ... ... 267
8.2 Matchings in bipartite graphs . . .. ... ... .. L L o o L. 273
8.3 Matchings in arbitrary graphs . . . . . ... ... .. . o L L., 277
8.4 Factorisation . . ... ... ...ttt e 283
8.5 Some applications of matchings ... ....................... 286
8.6  Generalisation of the notionof factor. . . . ................... 293
Graphs and group theory ... ......... ... ... ... .. ... .. .. ... 297
9.1 Permutation Sroups. . . .. ... .ottt e 297
9.2 The automorphism group of a graph and of its line-graph . . . .. . ... 299
9.3 Coloured Cayley graphs . . ....... ... . .. ... 306
9.4 Konig’'sproblem . ...... ... ... . e 308
0.5 Group actions . . ... .vvvtn it e 313

9.6 Transitive graphs . ... ... ... i e e 316



Contents xv

10 Spectral theory and applications . ........................... 319
10.1 The spectrumofagraph ......... ... ... ... ... ... ... .... 319
10.2 The graph Laplacian . . .. ....... ... ... .. ... 333
10.3 The spectraof regulargraphs . . ........ ... ... ... ... ... ... 340
10.4 Ramanujan graphs . . ... . ... ... ... 347
10.5 Non-oriented Cayley graphs. . . ........ ... .. .. .. . ..... 355

11 Random graphs . ... ....... ... ... . .. i, 365
11.1 Models of random graphs . ........... ... ... .. ......... 365
11.2 Statistical properties of graphs . . .......... ... .. ... .. ... 370
11.3 Properties asymptotically satisfied by almost all graphs .. ........ 372
11.4 Main structural properties of random graphs . . .. .............. 374
I1.5 Phase transition . . . ... ... ..ttt ittt 379
11.6 Summary of the steps of the evolutionof §(n; p) .............. 383
11.7 Someremarks .. ...... ... ... .. 386
11.8 Background in probability theory . ... ...... ... ... ... ...... 387

12 Weighted graphs and their applications . ...................... 399
12.1 Weighted graphs . .. ... ... ... .. .. 399
12.2 The Laplacian in physics . . . . . ... .ottt e i e 400
12.3 From physics to graphs: the harmonic Laplacian . . . .. ... ... .... 401
12.4 Dirichlet’sproblem. . ... ....... ... ... . ... 406
12.5 Random walksingraphs . ........ ... ... ... .. .. . ... .... 408
12.6 Electrical networks . . . ... ... ... .. . . L 431
12.7 Cheeger’sinequality . . .. ... ...ttt 438

13 Other perspectives . .. ... ... ... .. .. 445
13.1 Tutte polynomials. .. ....... ... ... .. . . 445
13.2 Ramsey theory . ....... ... .. . i 458
133 Matroids . . .« vt e e e 463
13.4 Hypergraphs . . ... ... . . e 468

References. . . . . ... ... . . 471

Index . .. ... .. 475



