
Preface

This book is about metric spaces of nonpositive curvature in the sense of Busemann,
that is, metric spaces whose distance function is convex. We have also included
a systematic introduction to the theory of geodesics and related matters in metric
spaces, as well as a detailed presentation of a few facets of convexity theory that are
useful in the study of nonpositive curvature.

We have tried to start from first principles and to give full proofs, but there are two
exceptions, which occur several times in examples that are spread through the book.
These exceptions are the following:

• we give without proof some classical well-known facts about hyperbolic
spaces Hn;

• we refer to some elements of the theory of Teichmüller space.

The material that we present in connection with these spaces is used as an il-
lustration for the general concepts that are developed. It can be asserted without
exaggeration that Teichmüller space is the most beautiful space ever, and the metric
theory of that space, in particular its convexity properties, is most interesting.

This book can be divided into three parts. Part I (Chapters 1 to 4) contains basic
material on metric spaces, Part II (Chapters 5 to 7) concerns convexity in vector spaces
and Part III (Chapters 8 to 12) concerns convexity in metric spaces and related matters.

Each chapter contains an introduction in which we describe its content. At the
end of each chapter we have included a few notes, some of them historical and others
indicating some further developments. In both cases, there is no pretention for com-
pleteness. The only reason for which a note is included is that the author of this book
thinks that it is interesting information.

Acknowledgements. This text grew up from notes I wrote for graduate courses I gave
at the Universities of Strasbourg and of Florence. The reader will easily realize that
its content owes a lot to the work of Herbert Busemann. The course in Italy was
supported by the Istituto Nazionale di Alta Matematica (Roma). I would like to thank
Raffaella Lefkou and Vincenzo Ancona who invited me to give that course.


