Chapter 2

Punctured maps

2.1 Definitions

2.1.1 Puncturing

Definition 2.1. Let Y = (¥, My) be a fine and saturated logarithmic scheme with
a decomposition My = M o= P. A puncturing of Y along & C My is a fine
sub-sheaf of monoids

Myo C M Dox P

containing My with a structure map ayo : Myo — Oy such that
(1) The inclusion p® : My — Mye is a morphism of logarithmic structures on Y .

(2) For any geometric point X of Y let sz € Myo x be such that sz & Mz ®ox Px.
Representing sz = (mx, px) € Mz Dox !P)-fp, we have ayo(sz) = oy (mz) =
0in OY,)E.

Denote by Y° = (¥, Myo). We will also call the induced morphism of logarith-
mic schemes p : Y° — Y a puncturing of Y along &, or call Y ° a puncturing of Y
along &. We refer to Figure 2.1 for illustration.

We say the puncturing is trivial if p is an isomorphism.

Remark 2.2. In all examples in this paper, & is a DF (1) log structure, that is, there
is a surjective sheaf homomorphism N — &. In this case the condition a4 (mz) = 0
is redundant. Indeed, for sz = (mz, pz) &€ Mz o= &P, suppose ayo(sz) = 0. Note
that the DF (1) assumption implies that p;' € Px, so that oy (mz) = ay (mz, 1) =
ayo(Sx - p;l) = 0. More generally, the same argument works if & is valuative.

For more general puncturings, the second vanishing condition « ¢ (mz) = 0 in
Definition 2.1 (2) is not automatic, but is needed to obtain good behavior under base-
change (Proposition 2.8). Our log stacks M (X /B, 1) in Section 5.2.2 naturally carry
such a more general puncturing. While these more general log structures have no
further use in this paper, they may be of use elsewhere.

Note also that if & is a DF (1) log structure and y is a geometric point of Y, then

My ®N C Myo5 C My; ®@Z, MyoyN ({0} x Zg) = 0. 2.1)

We will see in Lemma 2.21 how such monoids can easily be encoded in the dual
tropical picture.

Remark 2.3. Puncturings M° of M @@gx P are not unique. In a widely distributed
early version of this manuscript as well as in [31], we found it instructive to work with
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Figure 2.1. A puncturing Y © of a monoid M = My . Note that the part with negative projection
in &P#P (open circles) is not necessarily saturated.

a uniquely defined object M7 we call here the final puncturing. It may be defined as
the direct limit
MT = lim M°,
—
MOEA
over the collection A of all puncturings of M @@= &. This exists in the category of
quasi-coherent, not necessarily coherent, logarithmic structures. It has the advantage
of being independent of any choice. Its disadvantage, apart from not being finitely
generated, is in that its behavior under base change is subtle.
We emphasize that

(1) all puncturings used in this paper, with the exception of the remark above, are
fine, and in particular they are finitely generated.

(2) On the other hand, the puncturings we use are rarely saturated, even though
the logarithmic structure they puncture are themselves saturated. The rea-
son is that base change of a saturated puncturing can lead to a non-saturated
puncturing. Imposing a saturation condition would therefore lead to a subtle
fiberwise saturation procedure. Instead, we find that the notion of pre-stability
of Definition 2.6 below suffices to control these logarithmic structures and
their moduli.

Remark 2.4. In the introduction, we motivated punctures as arising from restrictions
of log structures on log smooth curves to irreducible components. Indeed, this is one
way of producing punctures: see Proposition 5.2 for details. However, since we allow
fine rather than fine saturated log structures for the puncturing, it is clear that not all
the punctures we consider are of this form. See also Lemma 2.21 for a description of
the submonoids of My, @ Z that can arise.
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It is worth making a historical remark here. When we began this project, we
first considered what we called “pre-nodal” log structures in which we allowed pre-
cisely those log structures coming via restriction from a log smooth curve. However,
we found the moduli space of pre-nodal log maps was very poorly behaved, almost
never Deligne—-Mumford. The notion of punctured points along with the notion of
pre-stability of Definition 2.6 resolved these technical difficulties, and made gluing
possible.

2.1.2 Pre-stable punctured log structures

In case a puncturing is equipped with a morphism to another fine log structure there
is a canonical choice of puncturing. The following proposition follows immediately
from the definitions.

Proposition 2.5. Let X be a fine log scheme, and Y as in Definition 2.1, with a choice
of puncturing Y ° and a morphism f : Y° — X. Let Y ° denote the puncturing of Y
given by the subsheaf of Myo generated by My and f°(f*Mx). Then

(1) We have My, is a sub-logarithmic structure of Myeo.

(2) There is a factorization

(3) Given Y{ — Y3 — Y with both Y7, Y2° puncturings of Y, and compatible
morphisms f; : Y;° — X, then Y1° = Y2°

Definition 2.6. A morphism f : Y° — X from a puncturing of a log scheme Y is
said to be pre-stable if the induced morphism Y ° — Y ° in the above proposition is
the identity. In particular, one has f = f.

Proposition 2.5 yields the following criterion for pre-stability of a morphism from
a punctured log scheme, see Figure 2.2.

Corollary 2.7. A morphism [ :Y° — X is pre-stable if and only if the induced
morphism of sheaves of monoids *Mx & My — Myo is surjective.

2.1.3 Pull-backs of puncturings

Proposition 2.8. Let Z and Y be fs log schemes with log structures Mz and My,
and suppose given a morphism g : Z — Y. Suppose also given an fs log structure
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Figure 2.2. A morphism of the previous puncturing ¥ ° which is not pre-stable, with f® My
generated by (2, —1). The submonoid generated by My and f” My, shown in solid dots, is a
different puncturing Y © which is pre-stable.

Py on'Y and an induced log structure Pz := g*Py on Z. Set
7! — (Z, Mz EB@; sz), Y = (Z’ My @0; ;PY)_

Further, let Y ° be a puncturing of Y’ along Py . Then there is a diagram

z°e & ye

|, |

7 -5 Ly

| ]

ZT>Y

with all squares Cartesian in the category of underlying schemes, the lower square
Cartesian in the category of fs log schemes, and the top square Cartesian in the
category of fine log schemes. Furthermore, Z° is a puncturing of Z' along $z, and
g° is pre-stable.

Proof. We define Z° to be the fiber product Z’ x*,, Y ° in the fine log category. The
bottom square is Cartesian in all categories as &y is assumed saturated. Thus it is
sufficient to show (1) the upper square is Cartesian in the ordinary category, that is,
the underlying map of Z° — Z’ is the identity and (2) Z° is a puncturing of Z’.

Note that the fiber product Z’ Xy, Y ° in the category of log schemes is defined
as (Z, M := Mz @g*u,, & Mye). This pushout need not, in general, be integral,
so we must integralize. Note there is a canonical isomorphism

ME = MZ, Dy, & Myo = M,
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given by (s1,52) = s1 - (g')°(s2), where (g')" : g* M}, — M%), is induced by g'.
The integralization M™ of M is then the image of M in M8, which thus can be
described as the subsheaf of Mgzp, generated by Mz and (g')*(g* Myo). Note Mz
and (g')°(g* Myo) both lie in M Dox !P%p, and hence we can replace MP with
this subsheaf of M#P in describing M™,

It is now sufficient to show that we can define a structure map o : M™ — O
compatible with the structure maps oz’ : Mz — Oz and ayo : g*Myo — Oz. If
s € M™ s of the form s1 - (g7)?(s2) for s; € Mz and s, € g* Myo, then we define

a(s) = az/(s1) - aye(sz).

We need to show this is well defined. If s, € g* My, then (g')’(s2) € Mz, and thus
as g’ is a log morphism,

a(s) = az/(s1) - ayo(s2) = az/(s1) - ez () (52)) = az: ().

In particular, «(s) only depends on s, and not on the particular representation of s as
a product, provided that s, € g*My.

On the other hand, if s, € (g*Myo) \ (g*:My-), then ayo(s) = 0 by definition
of a puncturing. So in this case a(s) = 0. Hence to check that « is well defined,
it is enough to show that if s = s1 - (g')"(s2) = s} - (¢')"(s}) with s, € g* My but
sh & &* My, thenaz:(s1) - aye(s2) = az:(s1 - (€')"(s2)) = 0. Writing 5; = (m;, pi),
s;=(mj, p;) using the descriptions Mz' =Mz oz Pz, g* My> Cg* My Do Py,
we note that we must have m, g (m,) = m gb(m’Z). As s, & g* My, by Condition (2)
of Definition 2.1 we necessarily have ay (m5) = 0. Hence az (m’ g"(m})) = 0, so
az(mi1g°(m2)) = 0. We deduce that oz (s1(g’)’(s2)) = 0, as desired. This shows o
is well defined.

Finally, it is clear from the above description that Z° is a puncturing. By Corol-
lary 2.7, the pre-stability of g© follows from the surjectivity of

g_l(‘AZY")@MZ _)g_l(‘/\zY°)@fg MZ = J\ZZO,

—L(My)
where @' denotes the fibered coproduct in the category of fine monoids. |

Definition 2.9. In the situation of Proposition 2.8, we say that Z° is the pullback of
the puncturing Y °.

Corollary 2.10. Consider the situation of Proposition 2.8, and suppose in addition
given a pre-stable morphism f : Y° — X. Then the composition f o g° : Z° — X
is also pre-stable.

Proof. This follows immediately from the definition of pre-stability and the construc-
tion of Z° in the proof of Proposition 2.8. ]
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2.1.4 Punctured curves

Throughout the paper, we will essentially only be interested in puncturing along
logarithmic structures from designated marked points of logarithmic curves. Let
m : C — W be alogarithmic curve in the sense of [41].

(1) The underlying morphism x is a family of ordinary pre-stable curves with
pairwise disjoint sections pq, ..., p, of & disjoint from the critical locus
of .

(2) = is a proper logarithmically smooth and integral morphism of fine and satu-
rated logarithmic schemes.

(3) If U CC is the non-critical locus of & then Mc |Q%£*e/\/_(w EB@:;I Pix«Ny.
Note that by (3), all marked points receive a non-trivial logarithmic structure. We

write ac : Mc — O¢ for the structure map of the logarithmic structure on C. We
call a geometric point of C special if it is either a marked or a nodal point.

Definition 2.11. A punctured curve over a fine and saturated logarithmic scheme W
is given by the following data:

o P
(C°SCcSWp=(p1.....pn) (2.2)

where

(1) C — W is a logarithmic curve in the sense of [41] with its collection of
pairwise disjoint sections pj, ..., p, of the underlying curve as above.

(2) C° — C is apuncturing of C along &, where P is the divisorial logarithmic
structure on C induced by the divisor | J;_; pi (W).

When there is no danger of confusion, we may call C° — W a punctured curve.
Sections in p are called punctured sections, or simply punctures. If W = Spec k with
Kk a field, we also speak of a punctured point. We also say C° is a puncturing of C
along the punctured sections p.

If locally around a punctured point p; the puncturing is trivial, we say that the
punctured point is a marked point. In this case, the theory will agree with the treatment
of marked points in [2, 15, 30].

Examples 2.12. (1) Let W = Spec k be the point with the trivial logarithmic struc-
ture, and C be a non-singular curve over W. Choose a closed point p € C and a
puncturing Mco of C at p. Then Mco = &, as Mco C PEP can have no sections s
with aco(s) = 0. Thus, in this case the only puncturing C° — C is the trivial one.
(2) Let W = Spec(N — k) be the standard logarithmic point, and C be a non-
singular curve over W, so that Mc = OF @ N, where N denotes the constant sheaf
on C with stalk N. Again choose a closed point p € C with defining ideal (x).
Let Mco C m*Mw @ox P be a puncturing. Let s be a local section of Mce
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Figure 2.3. The solid puncturing on the left extends to k[e]/(¢2) but no further—the circled
elements are the ones allowed for k = 1. Its pullback (see below) via 2 = ¢ is pictured on the
right—it is defined on k[&]/(&%) but does not extend further.

near p. Write s = ((¢,n), x™) with ¢ € (93[,, n € N. If m < 0, then Condition (2)
of Definition 2.1 implies that

aﬂ*(Mw)(q)?n) = 0’
so we must have n > 0. Thus we see that
:A/_(co,p C {(n,m) eNGZ|m=0ifn =O}.

Conversely, any fine submonoid of the right-hand-side of the above inclusion which
contains N @ N can be realized as the stalk of the ghost sheaf at p for a puncturing.
Note the monoid on the right-hand side is not finitely generated, and is the stalk of
the ghost sheaf of the final puncturing, see Remark 2.3.

(3) Let W =Speck(e]/(5*"), and let W be given by the chart N — k[e] /(5 +1),
1 — ¢. Let Cy be a non-singular curve over Spec k with the trivial logarithmic struc-
ture, and let C = W x Cp. Choose a section p : W — C, with image locally defined
by an equation x = 0. Condition (2) of Definition 2.1 now implies that a section s of
a puncturing Mco near p takes the form ((¢,n), x™) where ¢ € (Dé’p, and0<n <k
implies m > 0. In particular,

Mcop, C{nm)eN®Z |m>0ifn <k},

and any fine submonoid of the right-hand side containing N @& N can be realized as
the stalk of the ghost sheaf at p of a puncturing. See Figure 2.3.

2.1.5 Pull-backs of punctured curves

Consider a punctured curve (C° — C — W, p) and a morphism of fine and saturated
logarithmic schemes & : T — W. Denote by (Cr — T, pr) the pullback of the log
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curve C — W viaT — W. By Proposition 2.8, we obtain a commutative diagram

Cp——C°

a l

Cr——C (2.3)

Tr——Ww

where the bottom square is cartesian in the fine and saturated category, and the square
on the top is cartesian in the fine category, and such that C;. is a puncturing of the
curve C7 along p7. See again Figure 2.3.

Definition 2.13. We call C; — T the pullback of the punctured curve C° — W
along T — W.

2.1.6 Punctured maps
We now fix a morphism of fine and saturated logarithmic schemes X — B.

Definition 2.14. A punctured map to X — B over a fine and saturated logarithmic
scheme W over B consists of a punctured curve (C° — C — W, p) and a morphism
f fitting into a commutative diagram

C°L>X

N

W ——B

Such a punctured map is denoted by (7 : C° — W,p, f) or (C°/W,p, f).

The pullback of a punctured map (C°/W, p, f) along a morphism of fine and
saturated logarithmic schemes 7" — W is the punctured map (C; /T, pr, fT) con-
sisting of the pullback C; — T of the punctured curve C — W and the pullback f7
of f.

Definition 2.15. A punctured map (C° — W, p, f) is called pre-stableif f :C° — X
is pre-stable in the sense of Definition 2.6.

A pre-stable punctured map is called stable if its underlying map, marked by the
punctured sections, is stable in the usual sense.

Proposition 2.16. Let (C°/ W, p, f) be a punctured map over W.

(1) The locus of points of W with pre-stable fibers forms an open sub-scheme
of W.
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(@) If f : C° — X is pre-stable, then the pullback fr : C; — X along any
morphism of fine and saturated logarithmic schemes T — W is also pre-
stable.

Proof. The map f : C° — X induces a morphism of fine logarithmic structures
e’ [T My Box Mc — Mce.

The pre-stability of f is equivalent to the condition that f* @ p” is surjective by
Corollary 2.7. Statement (1) can be proved by applying Lemma 2.17 to the neighbor-
hood of each puncture. Statement (2) follows immediately from Corollary 2.10. m

Lemma 2.17. Let Y be a scheme, and Y : M — N be a morphism of fine log
structures on Y. Then the locus Y' C Y over which 1//" is surjective forms an open
subscheme of Y .

Proof. We thank the anonymous referee for suggesting the following simplified proof.
Since both M and N are Oy -torsors over M and N respectively, the surjectivity
of wb is equivalent to the surjectivity of the induced morphism M — N of ghost
sheaves. Since the statement is local on ¥, we may assume that A is globally gener-
ated.

Suppose y € Y is a geometric point over which ﬂy — a\_fy is surjective. Then
each global section of N lifts to a section of JM in an étale neighborhood of y. Since
re, N ) is finitely generated, there is a common étale neighborhood of y over which
all the global sections of .V lift to M. This finishes the proof. |

The most interesting aspect of punctured curves is the appearance of negative
contact orders, defined as follows.

Definition 2.18. The contact order of a punctured map (C°/W,p, f) to X — B
over a log point W = Spec(Q — k) at p € p is the composition

_ b T
up + My, £ () L, 00227 2.4)

with the second map the canonical inclusion. We say that the contact order u, is
negative if up,(Mx, r(p)) € N.

The difference with the case of logarithmic stable maps [30, Definition 1.8] is the
appearance of Z instead of N. The tropical interpretation of this condition will be
discussed in Section 2.2 below. Note that if (C°/ W, p, f) is pre-stable, the contact
order at p € p is negative if and only if p is not a marked point.

Example 2.19. Here is a simple example featuring a negative contact order. Let X
be a smooth surface, D C X a non-singular rational curve with self-intersection —1
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X

Figure 2.4. The (—1)-curve and its monoid.

inducing the divisorial log structure X on X. Let C — W be the punctured curve of
Example 2.12 (2), with C = P!, Let J : € — X be an isomorphism of C with D.
This can be enhanced to a punctured map ¢ C° — X as follows.

We first define £ : f My =N—>McoCE=N ® Zp by 1~ (1,—1), where
Z, denotes the sky-scraper sheaf at p with stalk Z. Note that the inverse image of
1 € I'(X, My) under the projection map My — My is the Ox-torsor contained in
My corresponding to the line bundle Oy (—D), and thus 1 € T'(C, f*My) similarly
yields the O -torsor corresponding to O¢ (1), using —D? = 1. On the other hand, the
torsor contained in Mco corresponding to (1, 0) is the torsor of O¢, and the torsor
corresponding to (0, 1) is the torsor of the ideal O¢ (—p). Hence (1,—1) € T'(C, Mco)
corresponds to O¢ (1). Choosing an isomorphism of torsors then lifts the map f® to
amap f°: f*Mx — Mco inducing a morphism f : C° — X (Figure 2.4).

Note this morphism does not lift to C’ — W’ = Spec(k|¢]/(£2)) as in Exam-
ple 2.12 (3), since we cannot even lift f b at the level of ghost sheaves. Indeed, (1,—1)
is not a section of the ghost sheaf of (C’)°.

Remark 2.20 (Geometric implication of negative contact orders). Let f:C°/W — X
be a punctured map with W = Spec(Q — k). Suppose p € C is a punctured point
which is not a marked point, and let C’ be the irreducible component containing p,
with generic point 7. Then, intuitively, C’ has negative order of tangency with certain
strata in X, and this forces C’ to be contained in those strata.

Explicitly, let P, = Mx .f(p) and let uy : P, — Z be as in Definition 2.2. Then

if § € P, with u,(§) < 0, we must have pr, ofp(S) # 0, as there is no element of
Mco .p C O & Z of the form (0,n) withn < 0. Thusif y : P, — My ,f () denotes
the generization map, we must have u,, ~1(Z <o) N x~1(0) = @. This restricts the strata
in which f(C’) can lie.

For example, if X = (X, D) for a simple normal crossings divisor D with irre-
ducible components Dy, ..., Dy, then P, = ;. r(pyep, N- The value u, on the
generator of P, corresponding to D; is the contact order with D;. Then f(C’) must
lie in the intersection of those D; that have negative contact order at p.

A critical aspect of this phenomenon is discussed in Section 2.5, see especially
Proposition 2.52 and Example 2.54.
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2.2 The tropical interpretation

We now introduce the tropical picture, which gives the underlying organizing lan-
guage for punctured Gromov—Witten theory. We assume familiarity with the discus-
sion in ordinary logarithmic Gromov—Witten theory as presented in [3, Section 2].
We review in Section 2.2.1 the notations and basic concepts briefly while discussing
the modifications needed for including non-trivial punctures.

2.2.1 Tropical punctured maps

In Appendix C we define tropicalization as a functor associating to a fine log algebraic
stack a generalized cone complex X (X). There is one stratum of |X(X)| for each
logarithmic stratum of X, the latter defined as a maximal connected locally closed
subset Z C | X| with My|z locally constant. For each logarithmic stratum Z we
choose, once and for all, a geometric point Xz with image in Z. Then X (X) is defined
as the diagram with only one cone

0z = Hom(Myx 3, ,R>0) 2.5)

for each logarithmic stratum Z, along with all its faces, and arrows induced by all
sequences of generization morphisms and all face inclusions, including inverses of
those that are isomorphisms. Note that due to monodromy, X (X ) may contain non-
trivial arrows 0 — o. The group

Auty (x)(0) = {0 — o arrow in Z(X)}

is a subgroup of the permutation group of the set of rays of o, hence is always finite.
Note that the map
oz/ Autgx)(0z) — |Z(X)|

induced from 0z — |X(X)| may still not be injective due to arrows from strata of
X whose closure intersect the closure of Z and that are not induced by monodromy
on Z. Accordingly, the image of ¢ in |X(X)| may be a finite quotient even on its
interior.

By abuse of notation, X (X) denotes both the distinguished presentation or the
equivalence class as a generalized cone complex. When writing 0 € ¥ (X) we refer
to the chosen presentation, so there is a unique logarithmic stratum Z C X with
0 = o0z. For any geometric point X with image in Z we have the cone

Ox = Hom(c/‘/_(X’X-, RZO)

together with an isomorphism
Oz — Ox,
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but this isomorphism is only unique up to pre-composition with arrows 0z — oz in
¥ (X). In other words, the isomorphism 6z — 0% is unique up to the action of the
monodromy group Auty,(x)(oz) of the logarithmic stratum Z.

For o0 € X (X) we denote by

Xo = {x € X | there exists an arrow 0 — 03 in E(X)} cX (2.6)

the closed set of points x € X with o connected to oz = Hom(eAT(X’;c, Rso) by a
sequence of generizations and inverses of invertible generizations of the stalks of
My . We endow X, with the reduced induced scheme structure. In practice, say when
X is log smooth over a log point, X is the closure of the logarithmic stratum given
by o0 € X(X). For brevity, we refer to the X, as strata of X, but note that from the
point of view of stratified spaces, and differing from the use in Appendix C, these are
at best closures of strata. Note also that for o = {0} we obtain X{oy = X assuming
3 (X) connected, even if there is no geometric point X of X with JT{X’ £ =0.

A stable logarithmic map (C/ W, p, f) gives rise via functoriality of the tropical-
ization functor X to the diagram

) =Y s (x)

Z(n)l l (2.7)

(W) —— Z(B)

We will almost exclusively consider such diagrams in which W is covered by a single
chart and X (W) has a single maximal cone w = (M%,u—,)R for w some geometric
point of W. Then it is shown in [3, Proposition 2.25] that X (;r) along with the genera
of the irreducible components of the geometric fiber Cy is a (family of) abstract
tropical curves over w, also written (G, g, ). Here G is the dual intersection graph of
Cy with sets V(G), E(G), L(G) of vertices, edges and legs, and the maps

g:V(G)—> N, {:E(G)— Hom(wz,N) \ {0},

record the genera of the irreducible components of Cy; and the lengths of edges as
functions on w, respectively, see [3, Definition 2.19]. If G arises from the tropical-
ization of a log curve over a geometric logarithmic point, we denote elements of
V(G), E(G), L(G) both by their graph-theoretic notations as vertices v, edges E, and
legs L, or the corresponding algebraic geometric notations as generic points 7, nodes
¢, and marked points p. By abuse of notation, we view homomorphisms wz — N
also as homomorphisms w — R respecting the integral structure. Conversely, from
(G, g, ), the cone complex
r=r(G,%
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Figure 2.5. The length of a bounded leg varies piecewise linearly under linear variations of the
adjacent vertex. The figure shows the intersection of the situation with an affine hyperplane.

recovering X (C) has one copy of w for each v € V(G), a cone
wWg = {(s,k) ewxRso|A< E(E)(s)} (2.8)

for each edge £ € E(G), and a copy of w x R for each leg. Note that legs have
infinite lengths for any parameter s € wr when viewing I' as a family of metric
graphs.

The only change in the punctured setup is that a leg may now have finite length.
Indeed, if L € L(G) corresponds to a non-trivial puncture with puncturing submonoid
Q° C Q @ Z, then (Q°)g = wr with

wr ={(s.1) € ® xRxg | A < L(L)(s)} (2.9)

defined in analogy with (2.8) by a length function £(L) : @ — Rs¢ with £(L) # 0.
Note, however, that £(L) is now only piecewise linear as illustrated in Figure 2.5.
Here a continuous function £ : @ — R on w € Cones is piecewise linear if there
exists a fan subdivision of w such that £ is the restriction of a linear form on each
cone of the fan. For the following relation to monoids recall (2.1) from Remark 2.2.

Lemma 2.21. Let Q be a sharp toric monoid and o = Q. Assume further that Q° C
Q @ Z is a finitely generated submonoid with Q & N € 0°, 0° N ({0} x Z <o) = @.
Then there exists a nonzero, concave, piecewise linear function

{:w — Rsp
with rational slopes such that
() ={(s,M) €0 xRs0 | 0 <A < L(s)}. (2.10)

Each such { : @ — Rxq arises in this fashion, and two submonoids Q7, Q5 <
Q@ Zwith Qi ®N € 07, Q7 N ({0} x Z<g) = 0,1 = 1,2, lead to the same { if
and only if (Q7)*" = (Q3)*.
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Proof. Let (s,A) € (Q°)g. Thensince Q & N € Q°, necessarily s € = Qg and
A > 0. Conversely, (s,0) € (Q°)y forall s € w, and in fact,

w x {0} € (0°)%

is a facet. Since Q° # Q @ N no ray of (Q°)y is vertical, that is, agrees with
R>o - (0,1). Thus the union of the maximal cells of d(Q°)g neither contained in
® % {0} nor in dw x R form the graph of a piecewise linear function £ : ® — R>¢ as
in the statement of the lemma. Convexity of (Q°)g implies that £ is concave. Finally,
£ # 0 for otherwise (0, —1) € Q. contradicting Q° N ({0} x Z <o) = 0.
Conversely, given a nonzero, concave, piecewise linear £ : @ — R with rational
slopes, the cone o on the right-hand side of (2.10) contains w x {0} as a facet. Hence

0V Cw'xR=Q0rxR and QOrxRs9Co".

The case Qr X R>¢ = 0 does not occur since 0 # @ x Rx¢ by finiteness of the
values of £. Moreover, £ 7 0 implies o is a full-dimensional cone, and hence (0, —1) ¢
oV,oro¥ N ({0} x Z~o) = @. This shows that knowing ¢ retrieves the convex hull

of 0°in Or X R, hence the set of integral points of its saturation (Q °)%". ]

Definition 2.22. (1) A (family of) punctured tropical curves over a cone w € Cones
is a graph G together with two maps

g:V(G) >N, {:E(G)UL°(G)— Map(w,Rxg)

for some subset L°(G) € L(G), with £(E) € Hom(wz, N) \ {0} for E € E(G) and
£(L) : o - Rsg for L € L°(G) nonzero, concave, piecewise linear, with rational
slopes. We refer to elements of L°(G) as finite or punctured legs, all other legs as
infinite or marked.

(2) A (family of) punctured tropical maps over w € Cones is a map of generalized
cone complexes h : I' — X(X) for ' = T'(G, £) the cone complex defined by a
punctured tropical curve (G, g, £) over w.

For readability and as in [3] throughout, we assume for the rest of this subsection
that X (X) is simple [3, Definition 2.1]. This means that for each o € (X)) the map
o — |X(X)| is injective. We will treat the general case in Section 2.6. As in [3,
Proposition 2.26], it then follows readily from the definitions that the tropicalization
of a punctured map to X over a logarithmic point Spec(Q — k) with « algebraically
closed is a punctured tropical map over Q.

Given a punctured tropical map, one extracts associated discrete data as in [3,
Remark 2.22]. These are an image cone map

o :V(G)UE(G)UL(G) — =(X) @.11)
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Figure 2.6. A curve in the fiber of a one-parameter family of surfaces (a threefold) and its
tropicalization. There are two components, represented by vertices; one node represented by an
edge; one regular marked point represented by an infinite leg and one puncture represented by
a finite leg, which, by pre-stability, extends exactly as far as the cone allows.

associating to each object of G the (distinguished representative of the) minimal cone
of ¥ (X) it maps to, and, referring again to the notation in Section 1.6, contact orders

Ug = UE € Na(E)a Up = UL € Na(L) (2.12)

for edges £ = E; € E(G) and for legs L = L, € L(G), respectively.

Contact orders are defined by the image of the tangent vector (0, 1) in the tangent
space N, X Z of wg or wy, under h. The contact order for an edge E depends, up
to sign, on a choice of orientation on E, which we suppress in the notation. For legs,
this definition is consistent with the definition of contact orders of punctured maps in
Definition 2.18.

Note that the contact order u, € Ng (1, of a marked point p € Cy liesin o (Lp).
Conversely, a non-trivial puncture is forced by aleg L = L, if for any parameter value
s € w, the line segment A ({s} x [0,£(L)(s)]) inside the image cone (L) € X (X ) does
not extend to a half-line.

There is a simple tropical interpretation of pre-stability saying that images of legs
extend as far as possible inside their image cones. See Figure 2.6 for an illustration.
We call such tropical punctured maps pre-stable.

Proposition 2.23. Let (C°/W,p, f) be a pre-stable punctured map over a log point
W = Spec(Q — k) and h = 2(f) : I'(G,{) — X(X) its tropicalization. For each
finite leg L € L°(G), we write wp, € w X Rsq as in (2.9). Then for all s € o, we have

h(s,L(L)(s)) = h(s,0) + £(L)(s) - ur € do (L),

while h(s,£(L)(s)) + eur, € a (L) forall e > 0.
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Proof. Let p — C be the punctured point defined by L, and write w = QF, 0 = Py
for P = Mx, f(p)- The map iy : o — o defined by /£ is dual to

fib(ﬁ):P—>M0j= 0°CO®Z.

By pre-stability, Q° is generated by Q @ N and by the image of f ; 5) Dually, we
obtain N
oL = (0% = (0 x Rso) N AL (o).

Now wy, is the convex hull of w x {0} and of {(s,£(L)(s)) € @ x Rs¢}, the graph of
£(L) as a map w — R>¢. This shows that no point (s, £(L)(s)) maps to an interior
point of ¢, and the line segment in o connecting 4 (s, 0) with i(s, £(L)(s)) can not be
extended, as claimed. [

Note that while )’ N (N, x Z)* only computes the saturation of Q°, the tropical
picture also contains the map P — Q @ Z. In the pre-stable case, Q° is then the sub-
monoid generated by the image of this map and by Q @ N, so can be fully computed
tropically.

2.2.2 Types of punctured maps

As in [3, Definition 2.23] for stable logarithmic maps, we now capture the combina-
torics underlying punctured maps and their tropicalization by the notion of type.

Definition 2.24. (1) The type of afamily of tropical punctured maps h : I' =T'(G,£) —
3 (X) over w € Cones is the tuple

T =(G,g,0,u)

consisting of the associated genus-decorated connected graph (G, g), the image cone
map o from (2.11) and the collection u = {ug4, up}p 4 = {UE, urL}E, 1 of contact
orders from (2.12). In particular, for x € E(G) U L(G) we require Uy € Ng(x). We
also sometimes write u(x) instead of u, when referring to a contact order given by a
type rather than by a punctured map.

(2) The type of a punctured map (C/W,p, f) to X at a geometric point W of W
is the type of the associated tropical map I' — ¥ (X) over w = (Mvw,w)R-

Thus the type records the combinatorial data associated to & : ' — X (X), but
forgets the length function £ : E(G) U L°(G) — Map(w, R>y).

For a punctured map over a logarithmic point, one sometimes also wants to keep
the curve classes A(v) = f_([C(v)]) for C(v) C C the irreducible component of
C given by v € V(G). Here A(v) is a class of curves in singular homology of the
corresponding stratum X (), or in some other appropriate monoid of curve classes,
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written HZ"”(X(,) for 0 € X(X) in any case." We refer to [33, Basic setup 1.6] for
a listing of the properties of H2Jr assumed throughout. Adding this information, one
arrives at the notion of decorated type

T =(1,A) =(G,g,0,u,A). (2.13)

Finally, just as in logarithmic Gromov—Witten theory, generization of punctured
maps gives rise to contraction morphisms of graphs: Let (C°/ W, p, f) be a punctured
map to X and let w’ — w be a specialization arrow of geometric points of W. Denote
byh:T =T(G,f) > Z(X)and /' : TV =T(G’',¢') - Z(X) the tropicalizations of
the strict restrictions of (C°/W,p, f) to w, w’. Then as in [3, eq. (2.15)], generization
defines a contraction morphism of the associated decorated graphs

¢:(G.g —~ (G'.g),

given by contracting those edges £ = E; € E(G) with corresponding node g — C ;
not contained in the closure of the nodal locus of C ;. By abuse of notation we write
¢ also for the maps

V(G) = V(G'), L(G)— L(G)., EG)\Es "> E(G)

defining ¢. Here E4 C E(G) is the subset of contracted edges. Analogous to [3,
Definition 2.24] there is a corresponding natural notion of contraction morphism of
(decorated) types of tropical punctured maps

1=(G.go.uw)—1 =(G g o ),

2.14
= (G,g.0,u,A)—> 1t/ = (G g o u A (2.14)

Under such contraction morphisms, legs never get contracted. Moreover, identify-
ing L(G) = L(G’), the contact order u(L) € Ng(r) of a leg of G is the image
of W' (L) € Ny/(ry under the inclusion of lattices Ng/(1) = Ng(r) induced by the
face map /(L) — o (L). An analogous statement applies to contact orders of non-
contracted edges.

Proposition 2.25. Let (C°/ W, p, f) be a stable punctured map to X over some
logarithmic scheme W and (1, Ayp) with 1y = (Gg, 85,0 w, Uy ) its decorated type
at the geometric point w — W according to Definition 2.24 and (2.13).

Then if W' — w is a specialization arrow of geometric points of W, the map

(t5.Aw) = (to/, Ay)

induced by generization is a contraction morphism.

IThe notation allows defining H2+ Xo) = H2+ (X) for all 0 € ¥(X), by interpreting
classes of curves in a stratum X as classes of curves in X.
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Proof. The proof is essentially identical to [3, Lemma 2.30], noting that the proof
of [30, Lemma 1.11] also works for contact orders at punctures. [ ]

2.2.3 The balancing condition

The above discussion fits well with the tropical balancing condition at vertices of the
dual graph of C°. In fact, the statement [30, Proposition 1.15] holds unchanged as
there is no balancing condition at the endpoint of a leg L € L(G). As we will need
the balancing condition to prove boundedness, we review this statement here. We
note that the balancing conditions discussed here are heavily used in applications such
as [33], [27, Section 4] or [32], as balancing severely limits the possible combinatorial
types.

Suppose given a stable punctured map (C°/ W, p, f) with W = Spec(N — «)
the standard log point over an algebraically closed field, and denote by (G, g, o, 1)
its type. Let g : D — C be the normalization of an irreducible component D with
generic point n of C. One then obtains, with M = f * My, composed maps

X n *x (7 .~ deg

t, (D, g" M) > PicD — Z
C N % {7 .~ deg
T, :I'(D,g"Mco) > PicD — Z

with the first map on each line given by taking a section of the ghost sheaf to the
corresponding (9%—torsor, the inverse image of this section in g*M or g*Mco. These
are compatible: the pullback of f”to D, ¢ : g* M — g*Mco, induces @ : g*M —
g¥*Mco and a commutative diagram

(D, g* M) —2— (D, g* Mco)

The map rf is given by f and M, so depends on the logarithmic geometry of
f : C° — X; however if i contracts D, then ‘C,‘7X = 0. On the other hand, rnc is
determined completely by the geometry of D € C and g*Mco as follows. We use
the notation in [30, Section 1.4]. For each point ¢ € D over a node of C we have
,/\/_(co,,; = S, the submonoid of N? generated by (0, ¢5), (¢4,0) and (1, 1). The
generization map x4 : Mco,;3 — Mco 7 = N is given by projection to the second
coordinate: y,(a,b) = b. In what follows, we use ¢ always to denote points over
nodes and p to denote punctured points. We then have

I'(D.g*Mco) S {(”q)qeﬁ |ng € Se,and xq(ng) = xq(ng) forq.q' € 5} ©® @ Z.
peD
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This inclusion induces an equality at the level of groups. The equation y,(ng) =
Xq'(ngr) allows us to write b = b; = yx4(n4) independent of g. We then obtain, with
proof identical to that of [30, Lemma 1.14].

b—
Lemma 2.26. ‘L'nC (((aq. b)q€57 (np)pgﬁ)) = - Zpeﬁ np + quﬁ e;lq

>

The equation ‘E1‘7X = rnc o is a formula in Np := F(ﬁ, g* M)*, which is
described in [30, eqgs. (1.12), (1.13)] as follows. Let ¥ C D be the set of points x
in D mapping to a special point of C. Thus ¥ can be identified with the subset of
E(G) U L(G) of edges or legs adjacent to the vertex v corresponding to 7. For any

point x € D, we write Py := Mx ¢(x). Then

ND=1i_niP;=<@P;)/~

xeDh X€eX

where for any a € P,;* and any x, x’ € X,
0,...,0,tx,7(a),0,...,0) ~(0,...,0,1y 5(a),0,...,0).

Here tx,, : Py — Py is the dual of generization, and the non-zero entries lie in the
position indexed by x and x’ respectively. Thus an element of Np is represented
by a choice of tangent vector ny € Ng(x) = P, one for each preimage x € D of
a special point of C; and two such choices are identified if they can be related by
repeatedly subtracting a tangent vector in Ny (y) = P, from one of the 1y and adding
it to another.

We then have, exactly as in [30, Proposition 1.15], the balancing condition:

Proposition 2.27. Suppose (C°/W,p, f) is a stable punctured map to X /B with
W = Spec(N — k) a standard log point. Let D C C be an irreducible component
with generic point n and ¥ C D the preimage of the set of special points. If rf €
(D, g* M&)* is represented by (tx)xex, then

(Ux)xex + (Tx)xex =0
in Np = T'(D, g* M)*.

Remark 2.28. With regard to the above interpretation of elements of Np in terms
of the type of (C°/ W, p, f), Proposition 2.27 says the following. The degree data
of the @ -torsors contained in g* .M defines a tuple of tangent vectors 7x € Ng (x),
one for each edge or leg x € E(G) U L(G) adjacent to the vertex v corresponding to
n, well-defined up to trading elements of Ny (,) via the embedding Ng (v) > Ny (x)
defined by the face morphism o (v) — o (x). Then (1) 7, + u, lies in the image
of Py — Py, and (2) the traditional tropical balancing condition holds in P for
Tx + Uy, x running over the set of special points.
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Traditional tropical geometry arises for the case that X is a toric variety with its
toric log structure. Then M}g(p is the sheaf of rational functions that are invertible on
the big torus. Monomial functions define trivial O -subtorsors of MY . Denoting by
N the cocharacter lattice of the torus, we thus have a canonical monomorphism

N* - T'(X, M¥) — T(X, MT)

with composition with r identically zero. Composing the equation displayed in
Proposition 2.27 with the mduced map Np — N then yields the traditional balancing
condition ), iy = O for it the image of u under the embedding Ng(x)y = N.

The following is an encapsulation of balancing which gives easy to use restric-
tions on curve classes realized by punctured maps with given contact orders. For the
statement we denote by £ the torsor corresponding to s € I'(X, r/\Z}g(p), that is, the
inverse image of s under the homomorphism M5 P .AZ ' and write £ for the cor-
responding line bundle. Furthermore, the germ of sat f ( pi) lies in ng M;g(p o)
and hence defines a homomorphism Pj. — Z, which we write as (-, ).

Proposition 2.29. Suppose given a punctured map (C°/ W, p, ) for W a log point.
Let (G, g,0,u) be the type of this map, and let D C C be an irreducible component of
the domain, corresponding to v € V(G). Let py, ..., py € p be the punctured points
of C° contained in D, and let q, . .., qm be the nodes of C contained in D but which
are not nodes of D. This gives rise to contact orders up,;, Uq,, noting that for the
contact orders of the nodes, we orient the corresponding edge away from v. Then we

have
n m

deg(i*;fis)]Q = —Z(upl.,s) — Z(uqi’s),

i=1 i=1
Proof. First, by making a base-change, we can assume W is the standard log point.
Note f £ must be isomorphic to the line bundle £ 7o(s) associated to the torsor
corresponding to £ (s).
Now the total degree of £ F(s) Can be calculated using Lemma 2.26 and details
of the proof of [30, Proposition 1.15]. Let g : é — C be the normalization of D, and
let n be the generic point of D. Then

deg(f 0 g)* &5 = deg g*éﬁfb(s) =1 (p(5))

_Z_( ans 14 ng>S s)) — Z(upi,s),

qED pi€5

in the notation of [30, Lemma 1.14, Proposition 1.15], and the last equality com-
ing from the proof of [30, Proposition 1.15]. Here V; : P, — N is the map f b
Mx, f() = Mc,y, and similarly V;,, where 1, is the generic point of the other branch



Basicness 31

of C at the node ¢g. By [30, eq. (1.9)], %(Vn — Viy) = —ug, where ug is the contact
order of the node g with corresponding edge oriented away from v. Note that self-
nodes of D appear twice in this sum, with opposite sign, and hence cancel. This then
yields the desired formula. u

Corollary 2.30. Suppose given a punctured curve (C°/W,p, f) with W a log point,
P = {p1...., pn}. Then we have

n

deg f* & = —Z(upi,s).

i=1

Proof. This is obtained from the previous proposition by summing over all irreduci-
ble components of C. ]

2.3 Basicness

A key concept in logarithmic moduli problems is the existence of basic or minimal
logarithmic structures. The existence of such distinguished logarithmic structures on
the base space of families is a necessary condition for a logarithmic moduli problem
to be represented by a logarithmic algebraic stack. A good notion of basicness should
be an open property, and hence is typically defined by a condition at geometric points.

The definition of basic stable logarithmic maps from [30, Section 1.5] is based on
universality of the associated family of tropical maps. The original definition in [30,
Definition 1.20] phrases this property in terms of the dual monoids and only indi-
cates the tropical interpretation in [30, Remark 1.18]. A proof of the equivalence of
the definitions in the present notation is given in [3, Proposition 2.28]. This equiva-
lence of descriptions really only reflects the anti-equivalence between the categories
of fs monoids and of rational polyhedral cones. In the following, we freely use this
equivalence of categories when referring to material from [30].

The definition of basicness in the punctured case is formally the same as for stable
logarithmic maps. Here we take the concrete, tropical view. For readability, we again
assume that X is simple, deferring the general discussion to Section 2.6.

Definition 2.31. A pre-stable punctured map (C/W, p, f) is basic at a geometric
point w of W_if the associated family of tropical maps

h:T =T(G,{) — 3(X)

over (,/\/_(W’,;,)]l\é is universal among tropical maps of the same type (G, g, o, u). This
means that each family of stable tropical maps of type (G, g, a,u) over some cone w
arises by pullback from 4 : ' — X (X) via a unique map w — (ﬂw,u-))ﬁvg in Cones.
Basicness without specifying w refers to basicness at all geometric points.
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The monoids e/17(1/1/,,1—, obtained from basic punctured maps also formally have the
same description as for stable logarithmic maps described in [30, Proposition 1.19]
and [3, Proposition 2.28]. We provide a full proof of this description emphasizing the
tropical perspective.

Proposition 2.32. Let (C°/W,p, f) be a basic, pre-stable punctured map over a
logarithmic point Spec(Q — k) with k an algebraically closed field, and let (G, g, 0 ,0)
be its type. For each generic point n € C with v = v, € V(G) the associated vertex
write

Py = My, sy = (6(v)z)".

Then the map

0¥ — {((Vn)nv (Lg)q) € HP;’ X HN | Vo=V =44 -u(q)} (2.15)
n a

given by the duals of (JT_,';)_1 ) f_nb : Py — O and of the classifiying map ]_[q N— Q0
of the log smooth curve C /W, is an isomorphism. Here q runs over the set of nodes
of C and, in the equation, 1, 7' are the generic points of the adjacent branches, with
the order chosen as in the definition of u.

Proof. Denote by w € Cones the cone defined by the right-hand side of (2.15). We
first construct a tropical punctured map

ho: T =T(G,4y) — Z(X)
over w as follows. Define
Lo(E) :wz — N, ho(v):wz — P, (2.16)

for E = E4 € E(G) and v = vy € V(G) as the projections to the g-th factorin [ ], N
and to P,;’ = 0(v)z, respectively. For an edge E = E, with adjacent vertices v, v’
and associated cone wg from (2.8), the map &g is defined by

(ho)E : wg — (P )r = 0 (E),
(s,4) = ho(v)(s) + A - u(E) = ho(v')(s) + (bo(E) — A)(—u(E)),

with the sign of u(E) chosen according to the orientation of E. In this definition, we
view ho(v(s)), ho(v'(s)) as elements of (P,)r via the face inclusions P,’, P,;C —
PqV. The equality holds by the relation in the definition of w by the right-hand side of
equation (2.15). In particular, (k) g restricts to ig(v), ho(v”) on its two faces defined
by v, v'.

Finally, for a leg L = L, € L(G) with adjacent vertex v € V(G), the length
function £¢(L) and the map (%) defined on (wy,)z is uniquely determined by /¢ (v)
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and by the contact order u(L) via pre-stability (Proposition 2.23). This finishes our
construction of a pre-stable tropical punctured map /¢ over .

Conversely, if 4 : T = I'(G,{) — X(X) is a tropical punctured map of type
(G, g, 0,u) over some cone w’ € Cones, the map

o = w, s> (h(y($),£(Eg))nq-

with v, : @ — T the section of I' — «’ defined by v, € V(G’), is readily seen to be
the unique morphism in Cones producing /4 by pullback from /. |

Definition 2.33. The fs monoid Q defined by (2.15) is called the basic monoid asso-
ciated to the type T = (G, g, 0 ,u), while its dual Q" € Cones (or Q with the integral
structure understood) is called the associated basic cone.

Note that while the definition of the basic monoid makes sense for all types, the
length function £4(E) constructed in (2.16) in the proof of Proposition 2.32 may be
zero for some edge E. In this case, the universal tropical domain I'(G, £o) in the
proof of Proposition 2.32 is not the domain of a tropical punctured map according
to Definition 2.22. The basic monoid is therefore only meaningful if there exists at
least one tropical punctured map of the given type.” Observe also that just as marked
points do not enter the definition of basicness, there is no role for punctures in the
statement of Proposition 2.32.

Proposition 2.34. Let (C°/ W, p, f) be a pre-stable punctured map. Then
Q= {w e |W| | {w} xw (C°/W.p, f) is basic}
is an open subset of |W |.
Proof. This is identical to [30, Proposition 1.22]. [

Proposition 2.35. Any pre-stable punctured map to X — B arises as the pullback
from a basic pre-stable punctured map to X — B with the same underlying ordi-
nary pre-stable map. Both the basic pre-stable punctured map and the morphism are
unique up to a unique isomorphism.

Proof. The proof is almost identical to [30, Proposition 1.24]. Let (7w : C — W, p, f)
be a pre-stable punctured map over B. For each geometric point w — W one obtains
a tropical punctured map

hg : Ty — Z(X)

over wy = (QAT(W’@)HV{, of some type (G, 85,0 &, Uy ). By Proposition 2.25, gener-
ization w € cl(w’) (i.e. existence of a specialization arrow w’ — w as in Appendix C)

2The analogue of this statement in [30] is the condition GS(M) # @.
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leads to a contraction morphism (2.14)
(Gp.85.0w.Up) = (G, 8w/, 05, Wyr).

This contraction morphism induces an embedding of I'ys as a subcomplex of I'y
such that /5 becomes the restriction of /5. These maps are compatible with the
classifying maps to the dual of the respective basic monoids in Proposition 2.32,
producing a cartesian diagram of pre-stable tropical punctured maps.

As in the proof of [30, Proposition 1.24], this situation produces monoid sheaves
M, M5 on C and W, respectively, and a commutative diagram

1 Mx M Mco

T e

7MY —— 7 My

In case B has a non-trivial log structure, all morphisms are compatible with mor-
phisms from the pullback of Mp. Continuing as in [30, Proposition 1.24], we can
now define the desired basic log structures by fiber product:

bas __ _ (s bas bas __ _ (s bas
:M = eMW X=MW M 5 Mco — eMCO XMCO Mco.

Each of these defines a log structure with the structure map being the composition of
the projection to the first factor followed by the structure map for that log structure.
The pair of induced morphisms

Toas © Cog = (C, MES) — Woas = W, MEE),  fras : Coe — X

have tropicalizations at any geometric point w of W given by the universal pre-
stable tropical punctured map to X(X) over X(B) of type (G, &5, 0w, uy). Thus
(Cs/ Woas, P, f) is a basic punctured map to X. By the construction by fiber prod-
ucts of monoid sheaves, it follows that f,,s commutes with the morphisms to B,
and that (C°/ W, p, f) is the pullback of (C ./ Whas, P, f) by W — Wi, The con-
structed basic punctured map is also pre-stable since (C°/ W, p, f) is and by the
definition of ME?S as a fiber product. Finally, the universal property of the basic
monoid with regard to pre-stable tropical punctured maps in Proposition 2.32 implies
uniqueness. ]

Remark 2.36. Following [30], our construction of the basic pre-stable punctured
map in the proof of Proposition 2.35 argues pointwise and uses compatibility with
generizations to obtain the universal diagram of ghost sheaves. However, the exis-
tence of an étale sheaf with the stated stalks and generization maps is never checked,
notably in the proof of [30, Lemma 1.23]. We use this occasion to close this gap.
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The basic monoids and generization homomorphisms define a contravariant func-
tor
Pt(W) - Mon, wt— Qg (2.18)

from the category of geometric points Pt(W') with specialization arrows, recalled at
the beginning of Appendix C, to the category of monoids. A specialization arrow
w — w’ maps to an epimorphism of monoids Q5 — QO given by localization at a
face and subsequently dividing out the subgroup of invertible elements. In any case,
from a functor as in (2.18) one can define an étale sheaf M by associating to an
étale map i : U — X the monoid

CAT(baS(U) — colimu-]—>h Qu‘) ’

together with the obvious restriction maps. Here the colimit is taken over all factor-
izations of w : Spec x(w) — X over h. The gap in [30] concerns the implicit claim
that for a geometric point w of X the natural map

L/ b
Qu_z _ Mwas

is an isomorphism.

This claim is étale local in W. Hence we can assume that the given (non-basic)
log structure My on W is a Zariski log structure with a global chart that is neat at
some geometric point w. We may also assume that the logarithmic stratum containing
w lies in the closure of all other strata, and that the restriction map

T(W, Mw) — Mw.
is an isomorphism. By [52, Proposition I1.2.1.2] we obtain a continuous map
g:|W|— S = Spec My

from the topological space underlying W to the monoidal scheme of prime ideals of
Mw., a finite topological space, together with an isomorphism

g_leT{S — J(W.

Here Mg is the structure sheaf of Spec M w5 a sheaf of sharp monoids.’

Note that a finite topological space is an Alexandrov space. Thus a subset is closed
iff it is closed under specialization, and sheaves (of sets, say) are indeed given by
contravariant functors from the category of points to Sets, see e.g. [46, Section 2].

3We have reinterpreted the statement in [52] as a statement for Kato fans to avoid dealing
with invertible elements, which are irrelevant for our discussion.
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The universal property of basic monoids provides a monoid homomorphism
Qs = Mw,s.
hence a morphism of monoid spectra
k : S = Spec c/\ZW,H-, — Spas = Spec Q.

Compeatibility of the basic monoids and their universal property with generization
now shows first that (k o g)_ld\zSIms is a sheaf of monoids with stalks equal to the
basic monoids on W and having the expected generization homomorphisms, hence
defines ﬂ'f;s, and second that the composition

M = (ko g)"' Ms,,, = ¢~ Ms — Mw
stalkwise restricts to the classifying homomorphisms for My .
A similar argument on C provides the remaining parts of Diagram (2.17).

Proposition 2.37. An automorphism ¢ : C°/W — C°/W of a basic pre-stable
punctured map (C°/W,p, f) with ¢ = id¢e is trivial.

Proof. This is identical to [30, Proposition 1.25]. [

2.4 Global contact orders and global types

A fundamental ingredient in the definition of logarithmic Gromov—Witten invariants
is the global specification of contact orders at the marked points. The local behaviour
of contact orders in families of stable logarithmic maps is captured by the notion of
morphism of types (2.14), implying that generization leads to the possible propaga-
tion of contact orders via face inclusions in X (X ). The global definition can be subtle
in the presence of monodromy, as the following examples show.

Example 2.38. This example is modeled on the well-known toric construction of the
Tate curve. Let Y be the three-dimensional toric variety (not of finite type) defined by
the fan consisting of the collection of three-dimensional cones

B = {R50(1,0,1) + Rxo(n + 1,0, 1) + Rso(n,1,1) + Ro(n + 1,1,1) | n € Z}

and their faces. Projection onto the third coordinate yields a toric morphism ¥ — A1,
After a base-change

Y=Y x a1 Speck[¢] — Spec k][],

one may divide out Y by the action of Z defined as follows. This action is generated
by an automorphism of ¥ induced by an automorphism of ¥ defined over A!. This
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Flip

Figure 2.7. Tropicalization of a Zariski logarithmic scheme with contact order monodromy:
=2

automorphism is given torically via the linear transformation Z3 — Z3 given by the
matrix

1 0 ¢
0 -1 1
0 0 1

where £ is a fixed positive integer. We then define X = Y /Z, with log structure
induced by the toric log structure on Y (Figure 2.7).

Then X — Spec k(] is a degeneration of the total space of a G,-torsor over an
elliptic curve, the torsor corresponding to a 2-torsion element of the Picard group of
the elliptic curve. As long as £ > 2, X has a Zariski log structure. Further, 3(X) is a
cone over a Mobius strip composed of £ squares. If one takes u = (0, 1,0) € o#P for
any three-dimensional cone in X (X), then propagating u via chains of face inclusions
identifies ¥ with —u due to the twist in the M6bius strip.

Example 2.39. A variant of the previous example that we learnt from Jonathan Wise
also produces monodromy of infinite order.
Let 0 C R* be the cone generated by the following column vectors:

vy =(0,0,0,1)", vy, =(0,1,0,1)", wv3=1(0,0,1,1)", w4 =(0,1,1,1)",
v5=(1,0,1,1)’, ve = (1,1,1,1)", vy, =(2,1,0,1)", wvg=(2,2,0, 1)’.
The linear transformation of R* with matrix

0 -1
-1

S O O =
—_—O = N

1
0 1
0 0
fulfills

Avy = vy, Avy =vg, Avz=vs5, Avy = vg.
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Thus Aty = 1, for the two facets
T1 = (UI,U27U3,U4>, T2 = (US»U6’U7"U8>

of 0.
Now 5P N 75 is the lattice spanned by

x =2v3—v; =2v¢—vg = (0,0,2,1), y=v,—v; =v6—v5=1(0,1,0,0).

The restriction of A to this sublattice is a shear transformation, hence is of infinite
order:
Ax =x—y, Ay =y.

It is not hard to define a log structure on the nodal cubic curve X with ,/\/_Q, P
o N Z* at the node ¢, and the generization maps to the two branches of C at ¢ dual
to the inclusions 71, 7 < 0. Then X = (X, Mx) has infinite monodromy.

By pulling back My to a two-nodal curve of arithmetic genus 1, with the map
to X contracting a P!, produces an example with Zariski log structure and infinite
monodromy.

Note that the feature of infinite monodromy can not be seen from the underly-
ing topological space of the tropicalization X (X). In fact, as a topological space, o
is the cone over a polyhedron & C R3 that is the convex hull of two disjoint facets
with four vertices each, the intersections of 71, 7, with the affine hyperplane x4 = 1
for x1,..., x4 the coordinates on R*. Thus |Z(X)| is the cone over the cell com-
plex obtained from E by identifying these two facets. But replacing vy, vg with
(2,0,0,1),(2,1,0,1)" and adapting A accordingly produces an example with home-
omorphic |X(X)| and without monodromy.

In the presence of monodromy as in Examples 2.38 and 2.39, the naive defi-
nition of global contact orders by a reduced subscheme Z C X and a section s €
['(Z, (M| z)*) not extending to any larger subscheme from [30, Definition 3.1]
does not work. We provide here an alternative treatment based on a notion of tangent
vectors for the generalized cell complex X (X) that suffices for the definition of finite
type moduli spaces and of certain punctured Gromov—Witten invariants also in cases
with monodromy. Some applications such as gluing (Theorem 5.8) in rare cases may
require the more refined definition presented in Appendix A. For the sake of sim-
plicity of presentation, we merely indicate what has to be modified to treat such rare
cases.

2.4.1 Global contact orders

For 0 € ¥(X) denote by X;(X) the star of o, considered as the category X (X)
under o, i.e., the category with objects face embeddings 0 — ¢’ in X (X) and arrows
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given by morphisms ¢/ — ¢” commuting with the given morphisms from ¢. Thus
the star X, (X) is formed by all cones oz = Hom(eAT(X’ %, R>0) with X running over
the geometric points of X. Associating to (6 — ¢’) € X (X) the free abelian group
Ny, viewed as a set, gives a diagram in the category of sets indexed by X, (X).
This diagram can be viewed as the diagram of integral tangent vectors of X, (X).
Taking the colimit in the category of sets provides a set of homomorphisms MX, 5 —
Z for geometric points X of X, compatible with all generization homomorphisms.
Elements of this colimit therefore provide a way to specify compatible sets of contact
orders along the stratum X, independently of monodromy.

Definition 2.40. Let o0 € X(X) and N, : X5(X) — Sets be the diagram in the cat-
egory of sets mapping o — ¢’ to Ngs. A global contact order for o € X(X), or for
the corresponding stratum X, € X, is an element u of

Cy(X) 1= colim®*N, = colim(sfis,a,Ng/,

the set of contact orders for o. For 6’ € Z5(X), or for a geometric point X of X, we
denote by
oo’ - Nov = Co(X), o5 : Noiz — Co(X)

the canonical maps.

A global contact order is a contact order for some ¢ € X (X). The set of global
contact orders is denoted €(X) := ]_[aez(X) Cq (X).

We say a contact order i for o € X (X) has finite monodromy if for all (6 — ¢”) €
Yo (X) the set ), (1)  No is finite.

A global contact order u € €4 (X)) is monodromy-free if for all (¢ — 0”) € T (X)
there exists at most one u € Ny with i = 154/ (1).

To be explicit, we spell out the definition of (,3 for X a geometric point of X, .
Let Z € X be the smallest logarithmic stratum containing the image of x. Then since
Z N X, # @, the definition of X (X)) provides an isomorphism

Ox = Hom(w_{X’,—C, RZO) i) Hom(ﬂx,;Z,Rzo) =0z

together with a face map 0 — 0z, unique up to arrows 0 — o and 6z — 0z in X (X).
Then i, 5 is defined by composing the induced isomorphism of lattices Ny. ~ Ny,
with (54, . The definition of €, (X)) is designed to make all maps 4z independent of
choices. In particular, a contact order as in (2.4) and (2.12) has an associated global
contact order.

Note that if My has monodromy along X, there is a non-trivial group G of
arrows 0 — ¢ in X(X). In this case, the map 55 : No — €4(X) factors over the
quotient Ny, — Ny/G of the induced linear action of G on N,. In particular, two
tangent vectors u,u’ € N, define the same global contact order it = (54 (U) = Lo (U')
if they are related by monodromy along X, .
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Given a punctured map (C°/W,p, f)to X and s : W — C a punctured or nodal
section, each geometric point w of W has an associated contact order u () at s(w),
giving the contact orders u,, u, of (2.12) of the associated tropicalization:

Us(w) - Mx,i(s(u-j)) — 7.

Recall also that the contact order for a node, defined in [30, eq. (1.8)], depends on the
choice of an ordering of the two branches of C ; through the node ¢, justas ug = uy
depends on the choice of orientation of the edge E. Now for any o € X (X) with
im( i os) € Xy and any w — W, we obtain the induced global contact order

ug (W) = o £ (s(w)) (Us()) (2.19)

The following lemma shows that fixing global contact orders in families of punctured
maps is both an open and closed condition. In particular, prescribing global contact
orders for strata, formalized in the notion of marking below (Definition 3.4), works
well in moduli problems.

Lemma 2.41. Let (C°/W,p, f) be a punctured map, s : W — C a punctured or
nodal section, and o € X (X) withim(f os) € X,. Then the function W — u? (w)
from (2.19), associating to a geometric_point w of W the global contact order of
(Co/w,pw. fo) for o, is locally constant.

Proof. The existence of neat charts for the punctured map f : C° — X [52, Theo-
rem I11.1.2.7] shows that the composition

sTUFTIMy — 5T Mee — Z,

is a morphism of constructible sheaves of sets. See also [52, Theorem I1.2.5.4]. This
composition defines the contact order as a function on W. Hence the subset of W
with f of a given contact order is a constructible set. It remains to show that con-
tact orders are compatible with generization. Consider a specialization w’ of w, with
f os(w’) = X’ a specialization of f os(w) = X. By Proposition 2.25 the face embed-
ang Noi — No_, dual to generiz;tion, which is an arrow in i, maps the contact
order uz € Ny to uz € Ny, Hence 155 (uz) = tox(uz), as needed. ]

Definition 2.42. Let (C°/W,p, f) be a punctured map, and s : W — C a punctured
or nodal section with im( f o s) € X, for some o € X(X). Then (C°/W,p, f) is
said to have global contact orderii € G, (X) for o along s if for each geometric point
w of W the function in (2.19) fulfills uJ (w) = u.

Remark 2.43. A previous version of this paper contained a notion of evaluation stra-
tum for a global contact order. This was meant as the analogue of the pullback via
X — Ax of the image of Z;, — #Ay in the notion of contact orders based on the
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Artin fan of X developed in Appendix A.2. We decided to remove this part for sev-
eral reasons.

First, the given treatment was ad hoc since unlike in the notion based on Artin
fans, there is no good functorial characterization of schematic evaluation strata based
on families of punctured curves. This lack of a universal property is due to possi-
ble obstructions to deformations of punctured maps not coming from obstructions to
deformations of the evaluation point.

Second, contact orders are naturally selected after fixing a reference stratum, see
Section 3.2 below. In the most important case of realizable types of punctured maps
(Definition 2.44 (2) below), the reference stratum already defines a reduced closed
subscheme of the evaluation stratum for the given contact order. Thus defining a non-
reduced evaluation stratum is pointless in this case. Indeed, so far there has not been
any use of non-reduced evaluation strata in practice, and notably not in the applica-
tions mentioned in the introduction.

Third, should there ever be a need to define a non-reduced evaluation stratum, it
can easily be defined via the theory of contact orders developed in Appendix A.

2.4.2 Global types

As emphasized throughout the paper, a central aspect of the theory of punctured maps
involves the underlying combinatorics in terms of tropical geometry. On the level of
moduli spaces, this aspect is captured by the notion of marking by tropical types.
For this purpose, we need a global version of the type of punctured maps (Def-
inition 2.24). Crucially we replace contact orders by the global contact orders from
Definition 2.40. For readability, we again restrict to the case of simple X first. The dis-
cussion of the additional data needed for the general case is contained in Section 2.6.

Definition 2.44. (1) A global type (of a family of tropical punctured maps to (X))
is a tuple
7 =(G,g,0,0)

consisting of a genus-decorated connected graph (G, g) and two maps
o :V(G)UE(G)UL(G)— 2Z(X), u:E(G)ULG)— CX)

with u(x) € €4 (y) for each x € E(G) U L(G). A (type of) punctured maps has an
associated global type by replacing the contact orders by the associated global contact
orders. Morphisms of global types are defined analogously to morphisms of types of
tropical punctured maps in (2.14).

If the composition of @ with the natural map €(X) — €(B) equals 0, we say t
is a global type for X /B or relative B.
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(2) A global type 7 is realizable* if there exists a tropical map to X (X) with
associated global type t.

(3) A decorated global type T = (t, A) of tropical punctured maps is obtained by
adding a curve class A as in (2.13).

(4) A class of tropical punctured maps for a connected X is a decorated global
type with a graph G with only one vertex v, no edges, and all strata o (x) = {0}. We
write a class of tropical punctured maps as 8 = (g,u, A) with g e N, 4 € H2+ (X)
andu: L(G) — Gy (X). The class of a decorated global type is the class of tropical
punctured maps obtained by contracting all edges and keeping the set of legs, but
with associated strata 0 € ¥(X) and each global contact order the image under the
canonical map

Cor)(X) = Cyo(X).

For a class 8 of a global type we write 8 = (g, k, A) with k = |L(G)| for the class
of the underlying ordinary stable map. B

If X is disconnected, one takes one class of tropical punctured map for each
connected component of X .

We will often drop the adjective “tropical” and refer to a global type, decorated
global type, or class of punctured maps.

The following lemma will only be used in the proof of Proposition 3.24, which in
turn is only used in the dimension formulas of Proposition 3.30.

Lemma 2.45. Let (G, g,0,0) be a realizable global type, and assume all logarithmic
strata Zo C X for o € im(a) are monodromy-free. Then there is a unique type T =
(G, g, 0,u) of punctured maps with associated global type (G, g, 0 ,0).

Proof. Indeed, realizability implies in particular that for each x € E(G) U L(G), the
contact order u, € €4 (x)(X) lies in the image of the natural map Ny (x) = Cg (x)(X).
However, it follows immediately from the definition of €, (X) that the map Ny —
€4 (X) is injective for each 0 € X (X). [

A sufficient condition for the absence of monodromy in Lemma 2.45 is of course
that X is simple.

Remark 2.46 (Relation with types). There are two differences of the notion of global
type to the notion of type in Definition 2.24. First, contact orders are replaced by
global contact orders. Second, the requirement u(x) € €4 () (X) for x € E(G)UL(G)
does not imply uy € Ny (x). The lack of the latter condition for edges makes it impos-
sible to define a basic monoid just depending on a global type.

4The term signifies that the combinatorial data underlies a tropical object. It should not be
confused with realizability in tropical algebraic geometry, which signifies that a tropical object
is the tropicalization of an algebraic object.
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However, some useful discrete data remain. For simplicity we assume X is sim-
ple again, deferring the discussion of the general case to Section 2.6.4. Consider a
tropical punctured map I' — X (X), with associated type t’ = (G’, g, 6/, u’), basic
monoid Q. as in (2.15), and dual monoid Q, underlying the corresponding moduli
of tropical maps. We have an associated global type T = (G', g, ', @) as in Def-
inition 2.44 (1) obtained by replacing the contact orders u'(x) with their images in
Cs x) (X).

Now fix a contraction morphism ¢ : T/ — t to a global type T = (G, g, 0, ),
with set of contracted edges Ey. We claim that there is a well-defined face Q7
of Q7 see (2.20), with dual localization (2.21), not requiring a morphism of types
lifting 7" — 7. Fix a point of Q}, given as a tuple (Vy, £E)vev(6),EcE(G)- Then
(Vo.LE)v,E € Q) if and only if

(1) the position V;, of any vertex v maps to the cell o (¢(v)) associated to ¢ (v) €
V(G) by 7, and
(2) if E € V(G’) is an edge contracted by ¢ then £ = 0.

Here we replaced generic points 7 and nodal points ¢ in (2.15) by vertices v € V(G')
and edges £ € E(G’). It is critical that o (¢(v)) is a well-defined face of o (v). This
is where we use the simplicity assumption. Define Q- as the dual of this face, given
precisely as:

0y ={(Vo.lg) € QY | YV € V(G') 1 V, € a(9(v)) (2.20)
VE€E¢I€E =0}.
We then obtain a localization morphism

Xerr P Qv = Orp, (2.21)

just as for basic monoids associated to types of tropical punctured maps [3, Defini-
tion 2.31 (3)]. The difference is that now both Q.. and ., depend not only on the
morphism ¢ : T" — 7 of global types, but also on the lift of T’ to a type 7’ of tropical
punctured maps.

2.5 Puncturing log-ideals

The punctured points which are not marked points impose extra important constraints
on the possible deformations of a punctured curve, hence of punctured stable maps,
captured by an ideal in the base monoid. This is a key new feature of the theory which
we now describe.

2.5.1 Review of idealized log schemes

We review here the notion of idealized log schemes from [52], as this notion is con-
siderably less common in the literature.
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Given a sheaf of monoids M on a scheme X, we use the term log-ideal for a
sheaf of monoid ideals X C M. The sheaf of monoid ideals X is said to be coher-
ent (see [52, Proposition 11.2.6.1]) if locally on X, X is generated by a finite set of
sections.

An idealized log scheme is data (X, My, ax, Kx) where (X, Mx, ax) is an
ordinary log scheme, with ay : My — Oy the structure map, and Ky < My a log-
ideal such that Ky C a5 '(0). A morphism of idealized log schemes f : (X, Xx) —
(Y, Ky) is a morphism f : X — Y of log schemes such that

PN Kr) € Kx.

See [52, Definition II1.1.3.1].

If f:X — Y is a morphism of log schemes and Ky C My is a log-ideal, we
adopt the notation of [52] by writing f*(Ky) C My as the log-ideal generated by
FP(f~Y(Ky)). We say amorphism f : X — Y of idealized log schemes is idealized
strict [52, Definition II1.1.3.2] if Kx = f°*Ky.

If W is a fine log scheme and K C My is a log-ideal, then K is invariant under
the multiplicative action of ©3,, and the quotient X = K/ Oy is alog-ideal in My .
As the stalks of My are finitely generated monoids, the stalks of K are then finitely
generated ideals.

Lemma 2.47. Let (W, Mw) be a fine log scheme and KX C My a log-ideal. Then
the following are equivalent:

(1) K is a coherent sheaf of ideals;

(2) for any geometric points x, y of W with y — X a specialization arrow, the
stalk K is generated by the image of the generization map Kz — Kj.

Proof. (1)=(2): Suppose K is a coherent sheaf of ideals. Then given geometric
points as in the statement of the lemma, there is an open neighborhood U of X and a
finite set of sections S C I'(U, My ) generating K|y . In particular, y lifts to a geo-
metric point of U and hence K3 and K are both generated by S. In particular, the
generization map Kz — Kj is surjective.

(2)=-(1): Suppose the generatedness statement always holds. Since My is fine,
for any geometric point x of W, one may find an étale neighborhood U with a chart
¢ : QO - My |y inducing an isomorphism Q — ﬂw,,—c. Let K C Q be the inverse
image of Xz under this isomorphism, and let S € K be a finite generating set.
Then ¢(S) provides a subset of I'(U, My ), necessarily generating an ideal sub-
sheaf K’ of K. However, because of the assumed surjectivity, it follows immediately
that X' = K. [

Many notions in log geometry have idealized versions. In particular, there are
notions of idealized log étale and idealized log smooth morphisms, defined using ide-
alized versions of formal lifting. We send the reader to [52, Section IV.3.1] for details.
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Morally, an idealized log smooth morphism is one modeled on a morphism between
torus invariant subschemes of toric varieties; alternatively it is a morphism X — Y
such that there is a closed substack Zy,y of a relative Artin fan Ay, y [5, Corol-
lary 3.3.5] defined by a monomial ideal such that the induced morphism X — Ax,/y
factors through a smooth morphism X — Zx,y. See Proposition B.2 for precise
statements as needed in this paper.

Proposition 2.48. If X — B is log smooth, and B is log smooth over k or is a log
point, then every stratum X, of X is idealized log smooth over B, where 0 € X (X).
Here we endow Xy with its reduced induced subscheme structure, and with the log
structure induced by the closed embedding X, — X.

Proof. Since the statement is étale local in B, we may assume there exists a global
chart B — Ag = Spec k[Q]. Note also that by Proposition C.11, X is irreducible,
hence is set-theoretically the closure of a geometric generic point 77 of X .

Define the log ideal X C My, on X, by

K(U) = {s € Mx, (U) | ax, (s) = O}

To check that (X4, K) — (B, 0) is idealized log smooth near a point x € X, we
consider a chart for X — B as in Proposition B.4, an étale neighborhood 7 : U — X
of x fitting into a commutative diagram

Ug—>BXAQ :A)P—MAP

~

B—— g,

with all horizontal arrows strict, g : U — B X4, Ap smooth, P* = {0}, and a lift
X of x to U mapping to the closed (deepest) stratum of Ap. Then we obtain an
isomorphism ¢ : P — MX,; = (0y/)z. Each specialization arrow 7 — X defines a
face inclusion 0 — 0%, hence a closed reduced substack Z C Ap with

h(g™ (B xap Z)) € S,

where Z, is the logarithmic stratum of X with closure X, . Thus if F; € P denotes
the dual faces of P defined by such specializations, then by the definitions of KX and
XO' >

v(P\U Fi) = Kz C My . (2.22)

Note this gives an alternative, stalkwise definition of the log ideal X, using the rea-
soning in Remark 2.36.
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To show the claim on idealized smoothness, it thus remains to show that the
preimage in U of the closed reduced substacks of 4 p are reduced for then the sub-
scheme of U defined by P \ |J; F; agrees with 771 (X5).

Now a closed reduced substack Z C 4 p maps onto a closed reduced substack T
of g, which by our assumptions on B pulls back to a reduced subscheme S C B.
Therefore B X4, Z = S x5 Z is reduced since S — T is smooth, and so is its
preimage in U. u

2.5.2 Log-ideals of punctured curves

Let (m : C° — W, p) be a punctured curve. For each of the punctures p : W — C
consider the composition

v p*Mco - My @Z — 7 (2.23)

of fine monoid sheaves, with the first map induced by the canonical monoid inclusion
p*Mco — Mw @ Z and the second map the projection. Denote by I, C p*Mco
the sheaf of ideals generated by (v,) ™ (Z o).

Definition 2.49. The puncturing log-ideal Kw C My of the punctured curve (7 :
C° — W, p) is the ideal sheaf

@)™ (Ip) € Mw.
p

with p running over all punctures.

In the context of the definition we abuse notation when writing 7” for the com-
position

b
Mw I TeMco = T pup* Mco = p*Mco,

where as usual p*Mco denotes the pullback log structure, while the right arrow
is induced by the adjunction unit morphism 1 — p4p~! of the associated abelian
sheaves.

We sometimes also refer to the quotient Kw of Kw by Oy, as the puncturing
log-ideal, but will then write Kw < My for clarity.

An illustration for the definition is contained in Figure 2.8.

This picture indicates an equivalent way to identify Ky . For the stalkwise char-
acterization we may do a strict base change to a geometric point of W and hence
assume W is a log point. For a marking p on a component of C° with generic point
n, consider the generization map ¢, 5 : J\Zco,p — c/\/_(co,n ~ My Identify My as a
submonoid of Mce , via 7°, making ¢, , an idempotent homomorphism on Mc-
with image My . An element m € My is in Ky if and only if there is a marking p
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Figure 2.8. An idealized punctured point (ideal lightly shaded) and the resulting log ideal (the
horizontal shaded ray). If there are several punctures, one takes the ideal generated by these
horizontal regions.

and an element 1 € (1)~ (Z <o) such that ¢, , (1) = m, where u, : ﬁco,p — Z is the
contact order associated to the identity morphism. Indeed, if there is n € (1)1 (Z _,)
and n’ € Mco , with 7°(m) = n + n’ then, writing n” = n + ¢,,(n’) we have
m = ¢pn(n”); conversely, if m = ¢,p(n”) with u,(n”) = —b < 0 then, using the
notation of (2.23), we have 7°(m) = n” + b - (0, 1).

Lemma 2.50. The puncturing log-ideal Kw of a punctured curve (x : C° — W, p)
is coherent.

Proof. We verity the characterization of Lemma 2.47. Let X, y — W with X € cl(y).
Fix a generization map yxj : Kz — JZ; and let mj € JE;. We wish to construct
msxz € JZ;C with )(;U‘;(m;) = my.

We refer to the following commutative diagram of generizations and contact

orders:
= — XXy =Xnzny —

‘MW,)_C = ‘MC"JISC ‘MC"JIy = ‘MW,)_’
¢pxnx)[ T‘ﬁp;ny
_ ] i ]
Mcoypx prpj/ Co7py

Note that my € X 5 means that there is a puncture pj; lying on a component with
generic point 73 of Cy and an element m; € (upy)_l(zd,) whose generization is
Ppyny (mp;) = my. _

Since Mo is coherent, there is an element m,. € Mco ;3 such that

Xpxzpy (Mpg) = Mpg.
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Note that 1 © ¥p: p; =Up;, see Lemma 2.41. This implies m, . € (up:) " (Z o).
Write mz 1= ¢pin: (mp;). By definition mz € Kx.

We obtain that m5 = ¢psn; © Xpspy (Mpc) = Aneny Ppens Mps) = Aneny (Mz) =
Xz5(mz), as needed. ]

Puncturing log-ideals behave well under pull-backs.

Proposition 2.51. Let (w : C° — W,p) be a punctured curve, (nr : C; — T,pr)
its pullback via h : T — W and Kw, K the respective puncturing log-ideals. Then
Kr =h*Kw.

Proof. Denote by g : C7. — C° the pullback of 4 to the curves. By coherence of Ky
and K7 it suffices to check that for each geometric point f — T, the image of X W,h(7)
under };? generates J?T,,-. Denote by w = h(f). For a puncture p of C° consider the
commutative diagram

— =b _ _
MW,u‘; ”—> Mco,p(u-,) E— eMW,u_) DL ——7

P T

My —— Mc2 pr iy —— Mri @ L —— 1

The two left squares are cocartesian in the category of fine monoids by the definition
of pullback of punctured curves. This shows first that I p.w) generates I, 7, and
in turn that hb((ﬁb)_l(II,’u-,)) generates (ﬁ;)_l(IpT,;). Taking the union over all

punctures finishes the proof. |

Here comes the crucial vanishing property putting restrictions on deformations of
punctured curves.

Proposition 2.52. Let (C°/W,p) be a punctured curve and Kw < My its punctur-
ing log-ideal. Then it holds
aw (Kw) = 0.

Proof. Let I, = v;l (Zi <o) C p*Mco be the ideal sheaf defined after (2.23). Defi-
nition 2.1 (2) implies (p*aco)(I,) = 0. Pulling back via 7° : My — p* Mco thus
yields

aw (7)1 (Ip)) = (p*ace) () = 0.

The claimed vanishing follows by taking the union over the punctures p. |

Proposition 2.52 demonstrates the announced statement that the base of a family
of punctured curves is naturally an idealized log scheme (or stack).

Corollary 2.53. For a punctured curve (C°/ W, p) with Ky its puncturing log-ideal,
the triple (W, My , Kw) is a coherent idealized log scheme.
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Example 2.54. Let (C°/ W, p) be a punctured curve over the logarithmic point W =
Spec(Q — k), with O = N2, C a smooth and connected curve and with only one
punctured point p with

Mco, =(Q®N)+N-(a,0,—-1)+N-(0,b,-1)C Q ®Z,

for some a, b € N \ {0}. Then the puncturing log-ideal Ky is generated by (a, 0),
(0, b). This implies that if we view W as the strict closed subspace of A2 =
Speck|[t1, ;] with its toric log structure, then the maximal subscheme of A? to which
(C/W,p) extends is given by the ideal (¢{, zé’) C k[t1, 12].

2.5.3 Log-ideals of punctured maps
We define puncturing log-ideals only for pre-stable punctured maps.’

Definition 2.55. The puncturing log ideal Kw of a pre-stable punctured map
(C°/W,p, f) is the puncturing log-ideal of the punctured domain curve (C°/ W, p),
as defined in Definition 2.49.

It is clear from the definition and Proposition 2.51 that puncturing log ideals of
punctured maps are stable under base change, and they also enjoy the vanishing prop-
erty aw (Jw) = 0 from Proposition 2.52.

We finish this subsection by giving a tropical interpretation in the spirit of Propo-
sition 2.23 of the radical of the puncturing log-ideal K of a pre-stable punctured
map, see Proposition 2.57. This interpretation is based on the following technical
result concerning monoid ideals.

Lemma 2.56. Suppose given a sharp toric monoid Q, and a collection of sharp toric
monoids Py, , ..., Py, along with monoid homomorphisms ¢p, : Pp, — O @ Z with
Up, 1= PIy o@p,. Let ev; := (pry ogp, ) : Qg — (Pp; ). Let the ideal I C Q be the
monoid ideal

r
1= U (pry o@p, (m) | m € Py, and up, (m) < 0).
i=1

For o a face of the cone QF, let A, = Spec k[oL N Q] be the closed toric stratum
of Spec k[ Q] corresponding to . Then there is a decomposition

Spec ]k[Q]/x/— = U Ay

SIf (C°/ W, p, f) has associated pre-stable map (C°/ W, p, f) (Proposition 2.5), the ideal
Kw of Definition 2.49 associated to C°/ W may strictly include the corresponding ideal asso-
ciated to C°/ W,
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where the union is over all faces o of Qg such that if x € Int(0), then ev; (x) + su,, €
(Pp; ) for € > O sufficiently small and 1 <i <r.°

Proof. Let I,, C Q be the monoid ideal
Iy, = (pry 0@y, (m) | m € Py, satisfies up, (m) < 0).

Of course V(I) = (); V(Ip;). We first show that if o satisfies the given condition,
then A, C V(Ip,) for each i. The monomial ideal defining A5 is Q \ (c+ N Q),soit
is enough to show that o N I,,, = @. Choose an x € Int(0). Let g € I,,, be a generator
of Ip,, that is, there exists an m € Pp, such that g = pr(¢p; (m)) and up,, (m) < 0.
Since m € Pp; and ev;(x) + eup; € (Pp;)y for some & > 0, we have

0 < (evi(x) + cup, ,m).

Thus (up,,m) < 0 implies (ev;(x), m) > 0, or (x, pry(¢p, (m))) = (x,q) > 0, as
desired.

Conversely, suppose that A; € V(1) for some face o of Q. but there exists an i
and some x € Int(0) such that ev; (x) + cup; & (Pp, )y forany & > 0. Then there exists
anm € Pp, such that (ev; (x) + eup,,m) < 0 forall ¢ > 0. Since (ev;(x),m) > 0, we
must have (ev;(x),m) = 0 and u,, (m) < 0. Thus ¢ = pr (¢p, (m)) lies in I,,. We
have

(x.q) = (evi(x),m) =0,

s0 ¢ € ot In particular, z¢ does not vanish on A, contradicting A, € V(I). ]

Proposition 2.57. Let (C°/W,p, f) be a punctured map to X over the logarithmic
point W = Spec(Q — k),

h:T =T(G,{) — 2(X)

the associated tropical curve over @ = Qp, and (G, g, o, u) its type. Denote by

VKw C O the radical of the puncturing log-ideal of (C°/W.p, f).
Then a face Q' C Q lies in Q \ v Kw if and only if for any punctured leg L €
L(G) it holds’

UL)((Q)*F Nwz) #0.
In other words, Q' determines a face (Q')* N wz, of wyz, and each point of this face

corresponds to a tropical map. Thus we require that the length function £(L) of each
punctured leg be non-vanishing on this face of wz.

See Example 2.58 below.
7 Again, see Example 2.58 below.
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Proof. By pre-stability, Kw is generated by those g € Q such that there exists a punc-
ture p; > C of C°andm € JZX,f(p[) with f?(m) = (¢,a) anda = up, (m) < 0. Thus
Kw = I in Lemma 2.56 applied with Py, = My, £ (p)- Using the characterization of
punctured legs in the pre-stable case in Proposition 2.23, the statement to be proved is
then a reformulation of the conclusion of Lemma 2.56 in terms of tropical maps. m

Phrased more geometrically, the conclusion of Proposition 2.57 says that exactly
those faces of the basic cone of a tropical punctured map (Definition 2.33) can pos-
sibly arise from a generization of punctured maps if the puncturing legs remain of
positive length.

We end this section with an example highlighting the fact that the natural base
spaces in punctured Gromov—Witten theory are possibly reducible spaces due to the
puncturing ideals. See Theorem 3.25 and Remark 3.27 for the general picture under-
lying this phenomenon.

Example 2.58. Algebraic setup. Take B = Spec k, and consider X a smooth sur-
face with log structure coming from a smooth rational curve D € X with D? = 2.
Consider a type of punctured maps of genus 0, underlying curve class [D], and four
punctures, pi, ..., pa, with contact orders —1, —1, 2 and 2 respectively. Consider a
punctured curve f : C° — X where C = C; U C, U Cj3 has three irreducible com-
ponents and two nodes g; = C; N Ca, g» = C; N C3. We assume pq, p3 € Cy,
P2, pa€Cs. Finally, f identifies C; with D and contracts C, and Cs. Orienting
the node ¢; from C l_to C;, it is not difficult to check such a curve exists with
Ug, = Ug, = 1 (Figure 2.9).

The tropical curve. The corresponding tropical curve I" has three vertices, vy, v3, V3,
edges E,4,, Ey,, and legs E,,, ..., E,,. The moduli space of tropical curves of this
type is R2 ), with coordinates p, £1, £», where p gives the distance of the image of v;
from the origin of X (X) = R, and €1, £, give the lengths of the edges E;,, Eqy,.
In particular, the basic monoid for this punctured log curve is Q = N3, generated by
P, E] . 62.

The punctured ideal. In this case we may easily calculate the puncturing ideal (Defi-
nition 2.55). We have contributions from each of the two punctures. Using the defini-
tion, we note that at the puncture p;, i = 1 or 2, the map ¢z 0 xy,p; : Pp; =N — Q
is dualtoev; : Qg — (Pp;)" = Ry evaluating the tropical curve parametrized by a
point at Q at v, or v3, see Lemma 2.56. Thus for m € Qy, ev; (m) = p(m) 4 £; (m).
Dually @7 0 xp,p; : P — Q is given by 1 = p 4+ {;. As up, (1) = —1,i = 1,2,
we see the puncturing ideal K is generated by p + ¢4, p + £,. Writing k[Q] =
k[x, y, z], with the three variables corresponding to p, £1, £, respectively, we see
Speck[Q]/K = Speck[x, y, z]/(xy, xz), which has two irreducible components of
differing dimension.
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X D2
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Figure 2.9. The algebraic map and its tropical counterpart. Here p = 1, £; = 2, and {5 = 1.

The participating and excluded cones. The decomposition | J, A; of Lemma 2.56
translates to the statement that the cones excluded in this decomposition are the origin,
the £;-axis, and the £,-axis. Indeed, these are the cones where at least one puncture is
positioned with its tail at the origin, hence forced to have length 0, which is excluded
by Proposition 2.57.

The components of the algebraic moduli space. Note that deformation theory pro-
vides two deformation classes of the punctured map. The first smooths one or both
of the nodes, resulting in a punctured map with at least one pair py, p3 or pz, pa
now being distinct points on the component of the domain mapping surjectively to
D. Since this component contains a negative contact order point, its image cannot be
deformed away from D by Remark 2.20.

The second deformation class keeps the domain of f fixed, but deforms the image
of C; away from D, so that it meets D transversally in two points. The remaining
components C, and C3 are then contracted to the points of intersection of f(Cy)
with D. It is then no longer possible to smooth the nodes.

The data captured by the ideal. This local reducibility of moduli space happens
despite the obstruction group H'(C, f*®x) for deformations with fixed domain
(see Chapter 4) being zero. The point of the puncturing ideal is that it captures
these intrinsic singularities of the moduli space. These obstructions really come from
obstructions to deforming the punctured domain curve.

The general picture explaining this phenomenon is developed in Section 3.5. In
particular, Example 3.32 revisits the present example from the general perspective.
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2.6 Targets with monodromy

We now drop the assumption that X is simple and discuss what is needed to treat the
general case.

2.6.1 Tropicalization of punctured maps with non-simple targets

Let (C°/W,p, f) be a punctured map over a logarithmic point W = Spec(Q — «)
with « algebraically closed. Then the inclusion of a nodal point g or punctured point
p into C° is a geometric point of C that we denote by ¢ and p, respectively. For
a node g of C, the generic points 7, 7 € Spec O¢ z of the two branches of C at ¢
provide two specialization arrows of geometric points (see Appendix C)

1—>q. 7 —4q.
unique up to order and precomposition with an isomorphism in the category of geo-
metric points in Spec Oc 3. The node ¢ is a self-intersection point of C iff 77, 77’ have
the same image in C, that is, iff they are isomorphic as geometric points of C. In

any case, denoting by G the dual intersection graph of C°, each specialization arrow
7 — X with x € E(G) U L(G) gives rise to a face inclusion

QY = M5 > M5 (2.24)

The equality on the left-hand side is the canonical isomorphism obtained since C° is
a log smooth curve over Spec(Q — «).
Applying f yields a specialization arrow f(77) — f(X¥) and a corresponding face
embedding
Y% YA

Our tropicalization procedure for f : C° — W requires us to choose, for each x €
V(G) U E(G) U L(G) with associated geometric point X of C, an isomorphism

Hom(My, f(z). R0) — 0 (x) (2.26)

in X(X). Composing these isomorphisms or their inverses with the arrow in (2.25)
defines an arrow

L 10 (1) = 0 (x)
in X(X). If ¥(X) is simple there is only one arrow o (1) — o (x) in X(X). In the

general case, the iy, are part of the data defining the tropicalization, up to the simul-
taneous action of

G = I Auts(x) (0 (x)) (2.27)
x€V(G)UE(G)UL(G)
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on the choices of isomorphisms (2.26). Note that G may not act transitively on the
set of arrows o () — o (x), and then the specialization morphism 77 — X in C at a
node or marked point distinguishes a G-orbit of such arrows.

We emphasize that if x = ¢ is a node there are two such arrows, regardless if ¢
is self-intersecting or not, one for each branch of C at ¢g. Thus the proper labelling
would not be by pairs (7, g) but by half-edges of the dual intersection graph G of
C°. By abuse of notation we nevertheless denote these two half-edges by (g, 1) and
(q. 7).

Given a node g with adjacent geometric generic point 77, we can compose fﬁb :
My, @ — Mc 5 with the identification Mc 7 = Q and the isomorphisms (2.26),
and dualize to obtain the map of cones

Vy: QY —a(n).

The defining equation [3, eq. (2.22)] of the contact order u, € 0(q) at ¢ now takes
the form
tgn © Viy —tgn o Vy = L(Ey) - uq, (2.28)

an equality in Hom(QVY, o(q)). Here 1’ is the other geometric generic point of
Spec Oc, as above.

The pair (Vy,, Vy), or equivalently (V;,, £(E,),uq), determines the tropicalization
of (C°/W,p, f) at g. At a marked point p, the tropicalization is similarly defined by
Vy, and the contact order u,,.

Taken together, we obtain the following description of the tropicalization of

(C°/W.p. /).

Proposition 2.59. The tropicalization of a punctured map (C°/ W, p, f) to X with
W = Spec(Q — «) an algebraically closed logarithmic point is given by the abstract
tropical curve (G, g, 1), i.e. the tropicalization of C°/ W, and the tuple

(Vn» Uy, an)n,xy

as discussed. Here n € V(G), x € E(G) U L(G), with n adjacent to x for ixy, and
the data is subject to (2.28). A self-intersecting node q produces two arrows Ly, as

commented on above. The tuple (Vy, Ux, txy)y,x iS unique up to the obvious action of
G from (2.27) on the set of tuples.

Conversely, a tropical punctured map over w € Cones consists of two maps I' - w
and I' — X(X) of generalized cone complexes. Lifting both maps locally near the
strata of |I'| labeled by vertices, edges and legs to maps of cone complexes provides
a tuple (Vy, ux, txn)n,x that is again unique up to the action of G. Thus we have a
one-to-one correspondence between tropical punctured maps and G-orbits of tuples
(V. ux, tyx)y,x. Note in particular that each individual contact order uy € o (x),
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x € E(G) U L(G), is only defined up to the action of Auts(x)(c(x)), but more
information is retained when considering contact orders simultaneously and together
with the set of face inclusions ty,. Here is a simple example illustrating the effect of
monodromy on the procedure.

Example 2.60. This is a modification of the Whitney umbrella example in [4, Sec-
tion 5.4.1]. Let C be the nodal cubic with its log smooth structure over the standard
log point Spec(N — k). Define X as the quotient of (A! \ {0}) x C by the Z/2-
action that swaps the two branches of C at the node and acts by multiplication by
—1 on A! \ {0}. We can view X as a non-trivial, log smooth fibration over (A! \
{0}) x Spec(N — k) with all fibers X isomorphic to the nodal cubic C. Thus X
is irreducible with two logarithmic strata with closures X and X, respectively.
Denoting by 79, 71 geometric generic points for these strata, we have eAT{X,ﬁO =N,
My 7, = N2. The tropicalization = (X) has a presentation with two non-zero cones

2
o9 = Rzo, o1 = RZO’

and non-trivial arrows the two face inclusions o9 — o7 and the automorphism o; —
01 swapping the two coordinates.

The inclusion C — X of a closed fiber defines a stable log map with unique
generic point 1, one node ¢, and no marked points. We have o () = 09, 0 (¢) = o1,
and a unique arrow (2.26) in X(X) for x = 7, hence a unique map of cones V; :
QY = Rxs¢ — 0y. There are, however, two choices of isomorphisms

Hom(MX,L(é)szo) —o0(q) =o01.

Each such choice gives two arrows (4, tgy’ : 09 — 01 and a contact order u,. If one
choice gives
(Vo g tgns tgn')

for the tuple in Proposition 2.59, the other choice swaps t4y, L4y’ and replaces u, by
—ug4. This is indeed the action of G = Z /2 on the set of tuples as stated in the same
proposition.

The relation to the Whitney umbrella ¥ = V(x?z — y?) € A3 is as follows.
Endow Y with the restriction of the divisorial log structure on A3 defined by Y. We
view Y \ V(z) as a fibration over A! \ {0} by one-nodal rational curves via projection
to the z-coordinate. Then there is an étale map Y \ V(z) — X of degree two of fiber
spaces over A! \ {0} that separates the branches of the fibers of X — A\ {0}.

2.6.2 Types of punctured maps with non-simple targets

One way to define the type of a punctured map in general is as an equivalence class of
tropicalizations which identifies two tropical punctured maps whenever they fit into
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one family. The action of the automorphism group G on a face map t,, in Proposi-
tion 2.59 is induced by propagation along appropriate families. Thus in the general
case, the type of a punctured map at a geometric point, or of a tropical punctured
map, in addition to (G, g, o, u) needs to specify these face maps ., at least up to the
overall action by G. This leads to the following modification of Definition 2.24.

Definition 2.61. (1) A framed type (of a family of tropical punctured maps) is a tuple
(G,g,0.,u) withu(x) € Ny (x) forall x € E(G) U L(G) as in Definition 2.24, together
with arrows® in X (X),

txy 1 0 (V) > 0 (x),

forall x € E(G) U L(G) and v € V(G) an adjacent vertex.

(2) The type (of a family of tropical punctured maps) is an equivalence class of
framed types under the obvious action of G on the set of framed types, as obtained
from Proposition 2.59. The notation for a framed type is (G, g, 0, u,t) with ¢t =
(va)x,v~

The type of a punctured map (C°/W,p, f) to X at a geometric point w of W is
the type of the associated tropical map I' — X (X) over w = (ﬂVW,w)R.

Note that G acts trivially on the domain data (G, g), the strata map o and on
global contact orders. So for framed types the action is on the tuple (u(x), tx,) with
x running through E(G) U V(G) and v through vertices adjacent to x. In particular,
since the group G acts also trivially on the space ¢, of global contact orders for
o0 € X(X), the definition of global type in Definition 2.44 remains unchanged.

We skip the obvious decorated versions of the notions of types in the general case.
These just add the data of curve classes to vertices.

2.6.3 Contraction morphisms of types for non-simple targets

The definition of contraction morphism of types
¢:1=(G,go,u)—1=(G,g o 1)

from [3, Definition 2.24] imposes the condition that /(¢ (x)) is a face of o (x) for
all x € V(G) U (E(G) \ Eg) U L(G). In the general case, this condition has to be
replaced by the choice of an arrow

o'(¢(x)) > o (x)

in X (X) as part of the data defining ¢p. We obtain the following definition.

8In the case of a self-intersecting node x = ¢ there are two such arrows, which as before
we do not distinguish by the notation.
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Definition 2.62. (1) Let t = (G, g,0,u,t), ' = (G',g', o', v/, (') be two framed
types. A contraction morphism of framed types T — T’ is a contraction morphism
¢ : (G,g) — (G',g) of genus-decorated graphs together with arrows

tx 10/ ($(x)) = o (x)

in ¥(X) forall x € V(G) U (E(G) \ Eg) U L(G). We require that the ¢, are com-
patible with ¢, ¢/, that is, the diagrams

o' (p(v)) —== o (v)

l‘;ﬂxm(v) l‘xv (2.29)

o' (p(x)) —— o (x)

commute, for all x € (E(G) \ E4) U L(G) and all v € V(G) an adjacent vertex.’

(2) An equivalence class for the obvious action of the group G from (2.27) acting
on the set of contraction morphisms with domain framed types with given (G, g, )
defines the notion of contraction morphism of types.

There is again no change in the definition of contraction morphism of global types
compared to the case with simple X.

As in the discussion of types in the preceding Section 2.6.2, we have again skipped
spelling out the trivial generalization to the decorated versions.

Contraction morphisms arise from specializations in families of punctured maps,
as proved in the case of simple X in Proposition 2.25. Here is the version for the
general case.

Proposition 2.63. Let (C°/W,p, f) be a stable punctured map to X over some
logarithmic scheme W, and let W' — w be a specialization arrow of geometric
points of W. Let (t,A) with Tt = (G, g, 0,u,t) be the decorated framed type of
(C/W,p, f) at the geometric point W of W according to Definition 2.61(2) by a
choice of arrows (2.26). Let similarly (z',A") with v = (G', g, ¢’,u’) be the deco-
rated framed type of (C°/W,p, f) at W', for the induced choice of arrows (2.26).
Then the map
(t,A) — (¢, A))

induced by generization is a contraction morphism.

Proof. The proof is again identical to the proof of [3, Lemma 2.30] save keeping
track of the choices of arrows in X (X). ]

Note that L/d) )W) is uniquely determined by the diagram from ¢y, txy, (x-
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2.6.4 The basic monoid and tropical moduli in general

The definition of basicness (Definition 2.31) makes sense in complete generality by
replacing “type” by “a framed type representing the type of (C°/W, p, f) at the
geometric point w”. Indeed, given a framed type, the space of tropical curves of the
given framed type is a subspace of the set of tuples (1, {,) with entries taking values
in strongly convex rational polyhedral cones and subject to some integral equalities,
hence is parametrized by a strongly convex rational polyhedral cone itself. This cone
has been made explicit in Proposition 2.32 in the case of simple X . Here is the restate-
ment of this proposition with reference to a framed type.

Proposition 2.64. Let (w : C°/W,p, f) be a basic, pre-stable punctured map over a
logarithmic point Spec(Q — k) with k an algebraically closed field. Denote by G the
dual intersection graph of C°. For each x € V(G) U E(G) U L(G) with associated
geometric point X of C° and smallest stratum o (x) € X(X) containing f(X) choose
an isomorphism

P s My, ) — (0(x)z)Y,

dual to an arrow in X(X) as in (2.26). Denote by (G, g, 0,u,1t) the framed type
of (m : C°/W,p, f) defined by this choice according to the discussion leading to
Proposition 2.59. Then the map

0" = (Vo) t)o) € [Toz x [TN I tan 0 Vy = tan 0 Viy = & - u(@)}
n q

(2.30)
with Vy-entry the dual of (n_f,)_l o f_ﬁb o ,u;l 20 (n)y — Q and Ly-entries given by
the dual of the classifiying map ]_[q N — O of the log smooth curve C/W, is an
isomorphism. Here 1 and q run over the set of generic points and nodes of C, respec-
tively. The equation in the bracket holds in Ng (4) for all nodal points q with adjacent
generic points 1, 1 ordered according to the orientation of E, (with the usual ambi-
guity of notation concerning self-intersecting nodes).

Proof. The proof is identical to the proof of Proposition 2.32 once the refined tropi-
calization procedure of Section 2.6.1 is taken into account. |

With this description of the basic monoid in the general case the proof of Propo-
sition 2.34, which proves that basicness is an open condition, generalizes without
problems.

The final point we want to discuss concerns the monoid quotient

Xeo' 2 Qv = Qv (2.31)

of basic monoids from (2.21) obtained from a framed type t’ and contraction mor-
phism T/ — 7 of the associated global type. The basic monoid Q. depends only on
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the framed type, as spelled out in (2.30). But note that the group G from (2.27) gen-
erally acts non-trivially on the right-hand side of (2.30), so the basic monoid is not
intrinsic to the type.

Similarly, the description of Q;,/ in (2.20) requires the knowledge of the image
of the arrows (y : 0 (¢(v)) — o’(v), hence works only for a contraction morphism
of framed types as follows. Let (C°/ W, p, f) be a basic punctured map and w a
geometric point of W. Then a choice of isomorphisms in (2.26), or equivalently of
it = (Lx) in Proposition 2.64, provides a framed type ' = (G’,g’,¢’, v/, ') and an
isomorphism of :/\/_(;,’Vu-} with the submonoid Q) € [, 0'(n)7 x [[, N on the right-
hand side of (2.30). Let ¢ : T — 7 be a contraction morphism of the global type T’
associated to 7’ to some other global type T = (G, g, o, u). Then each choice to of
arrows

ty:o(p(v)) = a’'(v), veV(G)

in X (X) provides a face QY (ts) € Qv as in (2.20), hence a dual localization mor-
phism

X‘cr’(l‘u l.) : MW,u_) — Qt’ — Q-”/(l.)
as in (2.31). Thus this quotient of MW,,I, depends on both the choices of g and t,.
Note that Q. # 0 only if there exists a degeneration of tropical punctured maps of
framed type T compatible with the restriction on the images of vertices given by (.

The schematic restriction to punctured maps of global type t is then locally
reflected in the monoid ideal

Iy = ﬂ(){rr/ (/L’ lO))_l(er’(l) \ {0}) - e/qW,li)- (2.32)

Note that unlike in the simple case, Speck[Q ]/ [ may now be a reducible scheme.
See Definition 3.4 (3) for the use of this ideal in a moduli context.



