Appendix A

Absolute continuity with respect to the shifted measure

A.1 Preliminary lemmas

In this appendix, we prove that the ®3-measure p in the weakly nonlinear regime
(Jo| < 1), constructed in Theorem 1.2.1 (i), is absolutely continuous with respect
to the shifted measure Law(Y (1) + 0.3(1) + W(1)), where Y is as in (3.1.2), 3 is
defined as the limit of the antiderivative of 3N in (3.2.3) as N — oo, and the auxiliary
process W is defined by

1

W) = (1 —A)‘lfo (V)_TS((V)_%_gY(z/))Sdz/ (A.1.1)

for some small € > 0. For the proof, we construct a drift as in the discussion in [4, Sec-
tion 3]. See also [54, Appendix C]. The coercive term W is introduced to guarantee
global existence of a drift on the time interval [0, 1]. See Lemma A.1.2 below. We
closely follow the presentation in Appendix C of our previous work [54].

First, we recall the following general lemma, giving a criterion for absolute con-
tinuity. See [54, Lemma C.1] for the proof.

Lemma A.1.1. Let i, and py, be probability measures on a Polish space X . Suppose
that p,, and py, converge weakly to p and p, respectively. Furthermore, suppose that
Sor every € > 0, there exist §(¢) > 0 and n(e) > 0 with §(¢), n(e) — 0 as ¢ — 0 such
that for every continuous function F : X — R with0 < inf F < F < 1 satisfying

Un({F < e}) = 1—=46(e)

forany n > ny(F), we have

lim sup / F(u)dpn(u) < n(e).

n—>oo

Then, p is absolutely continuous with respect to [L.

By regarding 3V in (3.2.3) and ‘W in (A.1.1) as functions of ¥, we write them as
SACOIOENIEF VS CIOR

b 1 (A.1.2)
WE)@) = (1— A /O (V) A (V)R ) ar

and we set 35 (Y) = 7y 3V (Y). Then, from (A.1.2), we have

3N +0)—3n(Y)=(1-A)"7yQONYN + OF). (A.1.3)
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where @y = 7y 0. We also define Wy (Y)(t) by

t

Wy (Y)() = (1 —A)—lnN/O (V)26 ((V) 26 YN (1)) dr . (A.1.4)

Next, we state a lemma on the construction of a drift ®.

Lemma A.1.2. Leto € R and Y € L2([0,1]; H'(T?3)). Then, given any N € N, the
Cauchy problem for ©:

{®+o(1—A)—1nN(2®NYN+®§V)+WN(Y+®)—T=o ALS)

0(0) =0

is almost surely globally well-posed on the time interval [0, 1] such that a solution
® belongs to C([0,1]; H'(T3)). Moreover, if||T||iz([O LHD < M for some M >0
and for some stopping time t € [0, 1], then, for any 1,5, px< 00, there exists C =
C(M, p) > 0 such that

E[1O172 0.0:1)] = CM. p). (A.16)

where C(M, p) is independent of N € N.

A.2 Absolute continuity

In this section, we prove the absolute continuity of the ®3-measure p with respect
to Law(Y (1) + 0 3(1) + W(1)) by assuming Lemma A.1.2. We present the proof of
Lemma A.1.2 at the end of this appendix. For simplicity, we use the same shorthand
notations as in Chapters 3 and 4, for instance, Y = Y (1), 3 = 3(1), W = W(1), and
Wy = Wa(1).

Given L > 1, let §(L) and R(L) satisfy (L) — 0 and R(L) — oo as L — oo,
which will be specified later. In view of Lemma A.l.1, it suffices to show that if
G : €7199(T3) — R is a bounded continuous function with G > 0 and

P{G(Y +03n + Wy) = L}) > 1-8(L), (A.2.1)
then we have
lim sup/exp(—G(u))de(u) < exp(—R(L)), (A.2.2)
N —o0

where py denotes the truncated @g—measure defined in (1.2.11). Here, think of
Law(Y + 03~n + Wu) as the measure upy, weakly converging to u = Law(Y +
o3+ W).
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By the Boué-Dupuis variational formula (Lemma 3.1.1) and the change of vari-
ables (3.2.4), we have

- log( [ oG- R%(u))du(u))

— inf E[G(Y+TN+03N)+13;>V(Y+TN+03N)

TN eH}
1 b N 2
w5 [T oRa],

where IQX, is as in (3.2.25). We proceed as in Section 3.2, using Lemmas 3.2.2
and 3.2.3 with Lemma 3.1.2, (3.2.17), and the smallness of |a|. See (3.2.9), (3.2.16),
and (3.2.19). Thus, we have

tog( [ exp=Gtw - Ry (0t )

|
> inf E[G(Y + YN 4 03n) + —/ ||TN(t)||§11dt:| —C;  (A23)
TNeH} 20 Jo x

for some constant C; > 0. For TN € H; let ®N be the solution to (A.1.5) with Y
replaced by YV For any M > 0, define the stopping time 737 as

= min(l,min{r ;/ 1YY (@)12,,dt = M},
O X
min{r:/ &Y @)1, dt =2C(M,2)}), (A.2.4)
O X

where C(M, 2) is the constant appearing in (A.1.6) with p = 2. Let
oY @) := Y (min(t, tar)). (A.2.5)

From (3.1.2), we have Y(0) = 0, while 3V (0) = 0 by definition. Then, from the
change of variables (3.2.4) with ®(0) = 0, we see that TV (0) = 0. We also have
Wx (0) = 0 from (A.1.4). Then, substituting (A.1.3) into (A.1.5) and integrating from
t =0to1 gives

Y +TY 403y =Y + 0N + 038 +00) + Wy (Y +08)  (A26)

on the set {tyy = 1}.
From the definition (A.2.5) with (A.2.4), we have

and thus the Novikov condition is satisfied. Then, Girsanov’s theorem [21, The-
orem 10.14] yields that Law(Y + @f‘v,,) is absolutely continuous with respect to



Absolute continuity with respect to the shifted measure 136

Law(Y); see (A.2.10) below. Let Q = QGII\Vl the probability measure whose Radon—
Nikodym derivative with respect to IP is given by the following stochastic exponen-

tial:
dQ (&N 0.AY®) =5 Jo 105 O, di
—_ e X x

= A.2.8
1P ( )
such that, under this new measure Q, the process
WO (1) = W(t) + (V)0 () = (V)Y + O3)(0)
is a cylindrical Wiener process on L?(T 3). By setting
YO (1) = (V) "' WO (1),
we have .
YOM(t) = Y (1) + ON (1). (A.2.9)

Moreover, from Cauchy—Schwarz inequality with (A.2.8) and the bound (A.2.7), and
then (A.2.9), we have

1

dP SN >
PY + 0} € £) = [ 1y oy er ggd@ = On (R4 < £))

=Cu(P({Y € E}))% (A.2.10)

for any measurable set E.
From (A.2.3), (A.2.6), and the non-negativity of G, we have

(A23)> inf E[(G(Y + 0N +03nY +ON) + Wy (Y +03))
TN eH}

1 [t
s ) ||TN<r>||§,;dr)1{W:n

+ (G(Y + YN +03w)

1 [t
+ %0 | IITN(Z)H?,;dt)l{Wq}]—C1

> inf E[G(Y + 08 + 03N +O5) + Wy (Y +Op)) - Liry =1
TN eH,

1t N
T30 ), 1T (t)Ili,;dt-l{w«}]—Cr
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Then, using the definition (A.2.4) of the stopping time t3s and applying (A.2.10)
and (A.2.1), we have

(A23) = w\i/rgﬂl E [L Ly =G+, 103 n (Y +ON )+ Wy (Y 10N )= 1)

M
T 50 Y <nnii ||®A’$(t)||21df<20(M’2)}] -

> inf {L(IP’({IM = 1)) — Cu(L)?)
TN ecH]}

M LI
+—P{{m <1}N / ||®A1\,;(t)||21dt<2C(M,2) —C.
20 0 Hx
(A.2.11)
In view of (A.1.6) with (A.2.4) and (A.2.5), Markov’s inequality gives

1 . ™
P(/O 6% @1 dr = | ||®1’C’4(t)||§,;dt22C(M,2))§

which yields

)

N =

]P)({TM <1)n {/01 163 (0112, dt < 2C(M,2)}) >P({my < 1}) — % (A2.12)

Now, we set M = 20L. Note from (A.2.4) that P({tyy = 1}) + P({tyr < 1}) = 1.
Then, from (A.2.11) and (A.2.12), we obtain

- log( [ expi=Ga - Rfv(u))du(u))

> inf {L(P({TM =1}) - C18(L)2) + L(P({W <= %)} —a

TN eH]}
1 , 1
=L 3 Cié(L)2 ) —-Cy.

Therefore, by choosing §(L) > 0 such that CICS(L)% — 0 as L — oo, this shows
(A.2.2) with

1
R(L) = L(E - Ci&(L)i) —Cy+1logZ,

where Z = limy_, o0 Z denotes the limit of the partition functions for the truncated
®3-measures py .

A.3 Proof of Lemma A.1.2

We conclude this appendix by presenting the proof of Lemma A.1.2.



Absolute continuity with respect to the shifted measure 138

Proof of Lemma A.1.2. By Lemma 2.1.3 (i) and Sobolev’s inequality, we have

I(1=A)"'2ONYN + O3) D) 1
S 1QONYN + OF) (D)l g
<||@N(l)|| 1+€||YN(I)|| —%—soo—'—”@ (f)|| g

N ||®N(t)||H;, ||YN(f)||W_l_g,oo + ||®N(I)I|HX1 (A.3.1)

2

for small ¢ > 0. Moreover, from (A.1.1), we have

IWn (V@) + OOy S V)2 YN @50 + 1(V) 720N ()5
S IYvl +1ON O3 (A32)

—7—8 o
W

Therefore, by studying the integral formulation of (A.1.5), a contraction argument
in L>®°([0, T]; H'(T?3)) for small T > 0 with (A.3.1) and (A.3.2) yields local well-
posedness. Here, the local existence time T depends on [|@(0)| g1, || T|| LZHD and
| Y || 1 where the last term is almost surely bounded in view of Lem-

—4 ]
2 £,00
X

ma 3. l .2 and (2.1.4).
Next, we prove global existence on [0, 1] by establishing an a priori bound on the
H '-norm of a solution. From (A.1.5) with (A.1.4), we have

2dt ||®(t)||H1 = —0/ QON (YN (1) + O (1)On (1)dx
- /qr3((V)‘2‘S(YN(t) +ONn1)’ (V)"2 7O (1)dx
+[ (VYO(1) - (V)Y (t)dx. (A.3.3)
T3

The second term on the right-hand side of (A.3.3), coming from W is a coercive term,
allowing us to hide part of the first term on the right-hand side.
From Lemma 2.1.1 and Young’s inequality, we have

[ conom® + ehunennas
SION Ol +1OvOIL + TN O, (A3

for small ¢ > 0 and some ¢ > 0. We now estimate the second term on the right-hand
side of (A.3.4). By (2.1.3), we have

346e
||®N(l)||L3 < ||®N(t)||;";28 ||®N(l)|| 3+2€ »

< OnO3: + eo||®N(t)lle,%,8,6 + Ce (A3.5)
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for small €, &9 > 0. As for the coercive term, from (3.2.32) and Young’s inequality,
we have

/m((vri—%Yw) +ON (1)) (V)2 ON ()dx
S Y RO MOE

e / (V)42 (1)3 (V)2 @ (1) dx
T3

1 6 s
= 10N OISy~ VN O | O8O,y
1
> ;L||@N(l)||6 RIS O] . (A.3.6)
W 2 : w2 .

Therefore, putting (A.3.3), (A.3.4), (A.3.5), and (A.3.6) together we obtain

d 2 2 Y 2 6
2 10Oz S IOy + IT O + YOIy +IYOI ) o+ 1.

By Gronwall’s inequality, we then obtain

1O < W12 00 .01 + 1YW 1
H L2([0,t];HY) Le(oaLes 2 s)

+ Y |° L+, (A3.7)

—5—¢&.6

LS([0,1;Wy 2 )

uniformly in 0 < ¢ < 1. The a priori bound (A.3.7) together with Lemma 3.1.2 allows
us to iterate the local well-posedness argument, guaranteeing existence of the solution
® on [0, 1].

Lastly, we prove the bound (A.1.6). From (A.3.1), (A.3.2), and (A.3.7), we have

lo(1 = A" QONYN + OF) + W (Y + O 120,011

ST 500 11y + YN[ +1 (A.3.8)
L2([0,7];Hy) Lq([o,l];t’;%_%s)

for some finite ¢, cp > 1 and for any 0 < t < 1. Then, using the equation (A.1.5), the
bound (A.1.6) follows from (A.3.8), the bound on Y, and the following corollary to
Lemma 3.1.2:

E[||Yx|? g, <o

La(o,16, 2 2%
for any finite p,q > 1, uniformly in N € N. |
Remark A.3.1. A slight modification of the argument presented above shows that

the tamed ®3-measure v constructed in Proposition 4.1.1 is absolutely continuous
with respect to the shifted measure Law (Y (1) + o 3(1) + W(1)). In this setting, we
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can use the analysis in Section 4.2 (Step 1 of the proof of Proposition 4.1.1) to arrive
at (A.2.3). The rest of the argument remains unchanged. As a consequence, the o-
finite version ps of the @g-measure defined in (4.1.9) is also absolutely continuous
with respect to the shifted measure Law(Y (1) + 0.3(1) + W(1)) for any 6 > 0.



