Chapter 3
Well-definedness

Here we show how changing the choices in the construction above affect the resulting
space output.

3.1 Variation of approximations

First, we consider the change due to passing between different approximations. For
this section, we fix a 3-manifold with spin® structure (¥, s).
As before, let P,, @, be spectral sections of —D, D with

(Eo(D) a5 C P, C (E0(D))25sT,
(E0(D)FS . C On C (E0(D))5 _.

We may assume that |, + — pty,—| and |A, + — A, | are bounded. We call any such
sequence of spectral sections a good sequence of spectral sections.

Fix half-integers k., k_ > 5. Put £ = min{k, k_}.

Let F, =P, NQ, C (SO)ZZ’:L, as before. Fix H to be the quaternion represen-
tation of Pin(2), and let B = Pic(Y') denote the Picard torus of Y. We write (¢, S)
for the (parameterized) Conley index of a flow ¢ and isolated invariant set S; we will
usually suppress S from the notation, and /% (¢, S) for the unparameterized version;
see Appendix A.2. Finally, a further bit of notation for the statement of the following
theorem. Let Th(E, Z), for a vector bundle : E — Z, denote the Thom construction
of m.

Theorem 3.1.1. Let n,f: Pii1—> P @ Ckprn gnd nng: Ony1 — 0, ® Ckon pe
vector-bundle isometries (with respect to the ki -metric), where C ke gnd Cken gre

the trivial bundles over B of rank kp , and kg . Let n,I;V’+: Wn"_"_l — Wn+ @ Rkw.+.n

and n,I;V’_: W, —>W, & RkW.—n pe another pair of isometries. Then there is an

S -equivariant parameterized homotopy equivalence of Conley indices
. cko.ngrRAW.—.n
Nw: H(@ny1) = EB ® I(gn),

which is well defined up to homotopy for the induced map

ko.n k —.n
Vi T (Pngr) — SC ORI pug,

Furthermore, if s is a self-conjugate spin® structure and instead n,f Py —> Py @
H¥*H.2.n gnd n,,Q: Qni1— O, ® HFH.Cn | and the maps nW-* above are equivariant
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with respect to the C-action on Wy 41, Wy, and R¥w.£.n, then there is a well-defined,
up to equivariant homotopy, Pin(2)-equivariant homotopy equivalence

K n@RkW.—.n
i T (gngr) — SHTOTORIT pu g,y

’

and similarly for the parameterized version.

The restriction 1« to the S -fixed point set I(¢n41)° Yisa fiber-preserving homo-
topy equivalence to E%kW’_’" Li(p)S".

More generally, without a selection of maps 1, as above, there is an S L equi-
variant parameterized homotopy equivalence of Conley indices

n nWap1/ Wi
Ne: L(nyr1) — Dot/ Cng et g, .

so that the induced, unparameterized map

Vi I (@nt1) = Th(Qns1/On ® W,y /W, 1" (¢n))

is well defined up to homotopy, as well as a similar statement for self-conjugate s.

Proof. By Lemma 3.1.2 below and invariance of the Conley index under deforma-
tions, there is a well-defined homotopy equivalence n': 1% (¢,4+1) — I* ((p;pj_ltl), where

(p;erml is defined in Lemma 3.1.2 (and similarly for the parameterized version). Using
the invariance of the Conley index under homeomorphism, we have a well-defined
homotopy equivalence
> L) — L™,
split,n

where ¢, ;" is defined in Lemma 3.1.9. Finally, by Lemma 3.1.9, the well-
definedness of the Conley index (independent of a choice of index pair), and the
definition of the Conley index (using our choice of index pair from Lemma 3.1.9),
there is a well-defined homotopy equivalence

lit, On+1/9n Wn_ Wy
P IRy — g TR R I (gy).

In the case that we have fixed trivializations, as above, of W, /W, and Q,", /O, ,
the target of > is identified with

k n —.n
D ()

Since the flows used to define the homotopy equivalences preserve the fibers of
the S!-fixed point sets (that is, X(¢)g = 0 if ¢ = 0), we can see from the formulas
for the maps f, g, F), G, in the proof of [43, Theorem 6.2] that the restrictions of
n', n%, n3 to the S'-fixed point sets preserve the fibers.

The argument adapts immediately to the case in which there is a spin structure,
and the theorem follows. |
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Let X . be the L,zC k -orthogonal complement to P, in P,y (resp. O, in

n+1
On+1)- Similarly, let En i % be the L2+ e orthogonal complement to WjE in Wni_l_1
Let Sy =%, @ znﬂ and 2V =37t @ 277 Then Fypy = Fy ® Syt
and Wy =W, & En 1+ Write 7y, for the projection to ¥,41 with respect
to the Lk _-horm. We also write W, for the projection X, 1 With respect to
the Lk _-horm.

Let X be the approximate Seiberg—Witten vector field on F,, @ W,,, for all n, as
defined in (2.3.10). Let R be large enough as in Theorem 2.3.3.

For a path y(¢) in the total space of F, 41 @ Wy41, we write y(t) = (¢ (1) +
(1)) ® (P (1) + 0@ (1)), as an element in the fiber over b(¢) = p(y(t)), where
¢ M (1) is an element of (Fo)b@)> (1) € (Zn)b)s oW(1) € (Wn)b() and 0@ (1) €
D b-

We then write (1) = (¢ (1), o (), 0oV (¢), 0@ (¢), b(t)) to describe y in terms
of these coordinates. We also write ¢,1(¢) to refer to the path in the total space of
F,+1 determined by (¢£21(t), on+1(1),b(1)).

Lemma 3.1.2. Let X" be the vector field on the total space of (F, ® X,) ® (W, ®
=) defined by (3.1.1), where

Va1 (t) = (@ (0), 0nr1 (1), @82 (1), 02 (0), by (1))

and P,4+1(t) is the path obtained by (fiberwise) projecting yn41(t) to (F, &
Wb 0):

(1)
B0 (1) = (T )00 0) + 75, (DI 0) + er(Gusr (01).
doy
“d L) = =2 (T 75,)0041(0) + 73,1, (DO 1 (1)},
Pret ) = —xxn @) ). G
do (1)1 W
;f (t) = —x{*dw, () + 7w, c2(Put1(t)}
dw 2)

"“ (1) = —x % do), ().

Here, x is the cut-off function in (2.3.10). Then, for n sufficiently large, there is a con-
tinuous family of vector fields X, | on (the total space of) Fy+1 ® Wy41 between
Xn+1 and X,ﬂ_nl, with associated flows ¢;, , |, so that A, 41 is an isolating neighbor-
hood for all T, where

Ant1 = A xp B (3,11 R) x Br_(Z;,,1: R)
xg Bie, (S,{1: R) x5 Be_(2,{7: R).

where A is as Ay in the proof of Theorem 2.3.3.



Well-definedness 60

Proof. This is an immediate consequence of Lemmas 3.1.3, 3.1.7 and 3.1.8. [

We construct the homotopy X7, ,, with associated flow ¢* in stages.

n+1° n+1,kq k>

Lemma 3.1.3. Let X, for t € [0, 1] be defined by

¢(1)
0 = —x{(Vxy TE )G (1) + 0nt1 (1))

+ (1 = ) 7f, (Ddns1(t) + c1(Yar1(1)))
+ tnp, (D(¢n+1) + c1(Pat1(1)))},
(1) = —X{(VXHﬂ2n+1)(¢n+1 + on+1(1))

+ (=05, (DO @) + 0ns1 (1) + c1(yat1 (1))
+ s, D0n+1(t)},

d0n+1

db,
(0 = —xXH (fn1 (1)),
(1)
— 0 = —x{xdo () + w2 (ai (1)
+ (1 = D) 7w,c2(Ya+1(1)},
do), @
;t (1) = X{*dwn+1([) + (- T)EEZ_ICZ(Vn-i-I(t))}-

Here, yx is the cut-off function in (2.3.10). Then, for all n > 0, A, +1 is an isolating
neighborhood of ¢, | kg ke forall T € [0, 1].

Proof. The lemma is a consequence of Lemmas 3.1.4, 3.1.5 and 3.1.6. Indeed, let
AY = (Bi, (F,": R) xp Br_(F, ; R)) xg (Bi, (W,": R) xg Br_(W, : R))
be as in the proof of Theorem 2.3.3. Suppose that
invA,4q ¢ int A, 41,

for some 7, € [0, 1], for all n. Then there is a sequence of finite-energy approximate

trajectories 41 (), for (pn'_fll ks k_» 50 that ¥n11(0) € 04, 41. There are four cases

as in the proof of Theorem 2. 3.3; we only treat the case that

Yn+1(0) € (Sk+( n+1> R) xB By_ (Fn_+1; R))
xp (Bx_(W, n+1’ R) xp Bi_(W, 15 R))

for all n, the other cases being similar.



Variation of approximations 61
As in the proof of Theorem 2.3.3, we have a lift
o1 = @ns1,0n1):R = HY) X LE, 4 (S)x LE, 4 _(imd™)

with p(yn+1(0)) € A.
By Lemma 3.1.5 and Proposition 2.6.3, the sequence y has a subsequence con-
verging, uniformly in (£ — 1)-norm to some continuous map

il — H! (Y)XLk+ Lk —1(S)XLk+ Lk (imd™).

By Lemma 3.1.6, y is a solution of the Seiberg—Witten equations. Finally, by
Lemma 3.1.4, we obtain that the sequence ¢, (0) converged to ¢ (0) uniformly in
Li+ -norm, which is a contradiction. n

Lemma 3.1.4. Assume that we have a sequence of trajectories Y41 as in the proof
of Lemma 3.1.2, with in particular

Vn-f—l(o) € (Sk+( n+1a R) xB Bk_(Fn__l_l; R))
XB (Bk ( n+]9 R) XB Bk_(Wn_—{-l’ R))

Then there is some Ry so that

||¢n+1(0)”k++% < Ry,

for all n.

Proof. We emphasize only what must be changed from the proof of Lemma 2.7.2.
We check the case where k. is an integer. We calculate

7| It 012,

= Re(<(vXH(D YN, 1(0), (DY (0))o

+ (Va7 ) Pn41(0). 4,6 (0))i,
— (Vi Ty )Bn+1(0), 854 (0,
—((1 = O)7E, D ns1(0), §F4 1 (0,

+ (1= DA = (1= O)7F, )1 Ynr1(0), $ify 1 (0,

— (75, DB2,(0)), $7F11 Ok, — (t7, €1 Pa41(0)), 6,51, ()i,
<”Z,1+1D0n+1(0) ¢n+1(0))k+

— (1= D)z, D@51 0) + c1(a1(0). 851, O),., )-
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Following the argument of Lemma 2.7.2, we obtain

1d

S| et 017,

< CRIG, 1 Ol 41 = (71 D' bnr10). 8,4 (0,

+ ({75 DO (0), bt () ks + (F, DOng1(0), d 1 (0))k, )-
But

(7T Ep iy D' ng1 (D), 5 ()i, = ||¢n+1(l)||,2(++%-

Since [D’, s, , ;] is uniformly bounded, we obtain

(72,4 D¢n+1’¢n+1) <CR?

for some constant C independent of 7.
A similar argument applies to (75, Doyt1, P, 1)k, - The lemma then follows as
did Lemma 2.7.2. ]

Lemma 3.1.5. The sequence ((]Sn, wy) IS equicontinuous in L%(T’Z_S’w—norm.
Proof. This follows exactly as in the proof of Theorem 2.3.3. ]

By Proposition 2.6.3, any sequence which is equicontinuous in L2 Ko 0—5,~NOTM
and bounded in £-norm has a subsequence converging, uniformly in | - || ¢—1, to some
continuous map y: I — H1(Y) x L%_l(S) X L%_l(imd*).

Lemma 3.1.6. A [imit y for the sequence (¢, wy) as above, is a solution of the
Seiberg—Witten equations over Y x R.

Proof. Take T € Z~g and t € [T, T]. We have
Gnt1(t) — Put1(0)
:/(; dd’n-ﬁ-l( )d

t
= Aa+a+a+%ﬂw@&@+%mm+mmm)

+ Xg (Pn+1(5)) ds,

where _
Z, = (VXH(¢n+1(t))7TFn+1)¢n+1’
Zy = —IE, 41 D‘Ptgl—{zl - T?TFnDO'n+1(l),
Z3 = —t(ng, ., c1(Fn(t)) + 15,1 (Gn()) — wE, 1 (n (1))
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It suffices to show that the Z; terms approach 0 uniformly in L%T (—5.4> and that

7, (D@nt1) + 1T (1)) + Xpg ($n41(0))
— D($(1) + c1(F(1) + Xu ((1)).

also in L%T (5 - Indeed, if that is the case, then the limit of integrals on the right-

hand side is well defined, and

t

¢(1) — $(0) = —/0 (D¢ + c1(7(1)) + Xu (p(s))) ds, (3.1.2)

giving the conclusion of the lemma.

Exactly as in the proof of Theorem 2.3.3, we obtain that Z; converges to 0 uni-
formlyin L%, 5.,

To show that 7 g, Do, 41(¢) — 0in LzT, (—5.> WE Use an elementary observation
about projection with respect to different norms. That is, if V' is a finite-dimensional
vector space with norms || - [|; and || - ||, then for a subspace V' C V' and projection
I to V' with respect to | - ||1, then || TT1x|2/[1x|l2 < p1p2 for x € V, where pp =
supyey={I1xll2/l1x 111} and pr = supyepdllxlli/l1xll2)-

We say a collection of finite-dimensional vector spaces V; with norms || -
| - |2, is controlled if py ; p2,; is bounded above.

We claim that the orthogonal complement of F;, in (8?:'_+)a, call it F;b, with

|1,; and

norms given by the restriction of L,zch ¢ and Li+_1 x__1 (respectively), is con-

trolled. Indeed, FnJ- is a subspace of (& ;f;‘f )a- On (Sllf;"f)a, by definition we have
P1P2 < Wn,+/Mn,—. By our condition on the growth of the u, +, we then have that
P1,n02,n 1s bounded as a function of n.

We claim that 7 g, Do, 41(¢) — Oin lec+—2, k. _o- Indeed, 0y, 11(7) converges to 0

weakly in L,2€+ ¢ by definition and 07,11 (7) converges strongly to 0 in Li+_1 1

Then Daoy,41(t) converges to 0 in Li+_2’ k__p- Finally, wF, is a bounded family of

operators in Li+ _» k__p by the above argument, giving the claim. As a consequence,

2
Krl—5w"*

To show that x| D¢,§1_31 converges to 0, we note that by Proposition 2.4.2,

we also have convergence in L

I[D. s, )i L7 — L7 <C

for some constant C independent of n, for all half-integers j < k. Moreover, we
have x| qb,(llJZl = 0, and so we need only show that the sequence [z, |, D]¢;(11421

converges to zero. Given the bound on 0D¢,(11£1 from the bound on the commuta-
tor [D, s, ] above, and using the definition of the norms involved, we see that

» :
75, Dyl — 0in L2 -norm.
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A very similar argument shows that 7y, c1(yx(t)) — 0 in L2 and

Krt—5w’
also that g, c1(y»(t)) and 7wF, c1(Pn(2)) converge to cq(y(?)) in LKT (—5.> SO that

V4 3 —> 0.
A similar argument also shows the convergence in (3.1.2), and the proof is com-
plete. |

For t € [1,2], define a flow ¢ Kk ON Fov1 ® Wyyq by
¢“+’1
— (1) = = {2 = D) (Vxy @y ) TF) (Pnt1(1))

+ (5, DO (0) + €1 (Pt (1))

+ (T - 1)(VXH(¢I1+1(Z))nFn)qs}gl-zl(t)}?
d0n+1

t)=—x{2- f)(VXH(¢n+1(z))ﬂzn+1)(¢n+1(l) + on+1(1))
+ (T = DYy ¢pi1 ) TS0V 0n+1(t) + 75, Dons1 (1)},

with the other terms unchanged. Inspection shows that the total space of Fj, 4+ &
W, +1 is preserved by the flow.
Lemma 3.1.7. Forn > 0, for all T € [1,2], Ap+1 is an isolating neighborhood for

T
(pn+1,k+,k_‘

Proof. We highlight only the difference in the argument compared to the proof of
Lemma 3.1.3. We have a sequence of trajectories

Vi1 (1) = @)1 (), 0ni1 (1), @ng1 (1))

exactly as in that argument. We assume that

)/n+1(0) € (Sk+( n+1’ R) XB Bk ( n+1s R))
XB (Bk ( n+1’R) XB Bk ( +1’R))

for all n; the other cases are similar. The proofs of the analogs of Lemma 3.1.5 and
Lemma 3.1.6 are unchanged, and we obtain that a lift y,, of y, to the universal cover-

ing converges in L2 Ko f—sp-NOrmto a solution y(¢) of the Seiberg—Witten equations.

We need only prove an analog of Lemma 3.1.4, that ||¢," Ll kot d is bounded inde-
pendent of 7, n. Suppose this is false, that is, that

s 27 (0) + 0,5 (0l , 4y — oo,
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Then we study (for the case k4 € Z, the other case being similar)

1d
S5 | it o + ot oI,

= Re({(Vx, 7P (0). 6501 (),
+ (Vi (D)0 (0). (DY + o) (0))o
—(7F, 4, D' 0. 9 Oy
(A = 7p )t Par1(0)), o80T 00,
(VX TE DT (), 30T Ok,
— 2= O((Vxpy 7F,)0n11(0). oS0 (),
+ ((Vay (D) )011(0), (D)0 01t (0))o
+ (Vi 7 )0n41(0). 0, ()i, — (w4, D'Ons1(0). 0 ()i,
— (Vx84 )0n+1(0), 0,5 (0D,

— 2= (Vx5 P (0), 0,5 (0, ) (3.1.3)

All of these terms can be dealt with as in the proof of Lemma 3.1.4, with the
exception of

— (2 = D) Re((Vx,; 75, )0n+1(0), B3 21 ()i,
— 2= D Re{(Viy 5,1 )21 (0). 0,5 (O -
To bound this term, consider the expression (¢,(11JZ’1+ (1), a,f +1(0))k, as afunction of 7.
By definition, this is zero, but expanding its derivative gives

0 = Re((Vx, 7)o (1. 0, ()i
+Re((Vy,, (D) H)g 0 (1), (DY + ot (D)o
+Re(p{ T (1), (Vi wH)0ns1 (1))
+Re((DY+ {0 (1), (Vx, (D))o, (0))o
+Re((Var, 5, )Py (1. 0, (D)
(

+ Re(o T (). Vi 705,01 Ont1 ()i (3.1.4)
Recall that
v o _ v )
”Zn-i-l( XHnFn)¢n+1 = ”Zn-i-l( X T4 1) i1
7F, (Vxy 7E,)0n+1 = —7F, (Vx s, )0n+1-

Then (3.1.4), also using the estimates from the proof of Lemma 2.7.2, becomes

(Y wE)BS2 (1), 07t Oy + (@80T (), (Vxyy 705,41 )0n41 (D)), | < CR2.
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Then, using (3.1.3), we have

1d
57|l O + 0L IR, < CRUBE Ol 4

—Re(ns, ., D'0y11(0), 0,;F+1(0))k+
—Re(np, ., D/¢r(;1421(0)’ ¢r(;142’1+(t))k+ +C.

The argument from Lemma 2.7.2 gives

1d .
= 5| _ et @ + oL 0l

< CR4,55F Ol 4y =~ 13257 Ol ) ~ oy, Ol ) +C.

Thus, ||¢),(11J21Jr 0)+o +1 O)l4 +1 is bounded. The proof of Lemma 3.1.7 then follows
exactly as Theorem 2.3.3. ]

Finally, for t € [2, 3], set

1
r(ljtl( IR TR S YN
+(r- 2)(VXH(¢H+1(t))ﬂFnH)aﬁ,Slﬁl(t)
+ 78, (D1 (1) + 1 (D1 (1))
+ (T = 2) (Vg (b1 ) TFD DS (D)}
d0n+1

(t) - _X{(3 - T)(VXH(¢H+1(I))7TE;1+1)0n+l(t)

+ (T 2)( (¢(” (t))JTZn_H)O}H_l(t)}

db
0 =B =DXuGur1(0) + ¢ = 2DXu (@i, ().

with the other terms unchanged. Note that it is clear that these equations preserve the
total space of Fy,+1 & W, 41.
Lemma 3.1.8. Forn > 0, forall T € [2,3], Ay+1 is an isolating neighborhood for

T
(pn-i-l,k.:,.,k_‘

Proof. This claim is a consequence of the arguments used in Lemma 3.1.3 and 3.1.7,
and there are no new difficulties. |

Write B(Qpn+1/Qn. R) for the R-disk bundle of Q,+1/Q, over Pic(Y), etc.
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Lemma 3.1.9. Say that (A;, L) is an index pair for Xy, for some Ly, of Xy on
F, ® W,,. Then (An+1, Ln+1) is an index pair for Xfﬂ_ltl, where
A1 = Ay xp (B(Pas1/Pa ® Wit /W, R)
XB (B(Qn+1/Qn ¥ Wn_—i-l/Wn_’ R))’

for some R sufficiently large, and

L1 = LY x5 (B(Pay1/Pa @ W,/ W,T, R))
xg (0B(Qn+1/0n ® W, 1/ W, . R)).

Proof. It follows from Lemma 3.1.2 that inv(/fn \ I:n) - int(ffn \ Zn).
We next check that L,, is positively invariant in 4,. Write

(a1 (0, 031 (1), Enr (1))
in
(Fn @ Wn) XB (B(Pn+1/Pn @ Wn4:|-1/Wn+v R))
XB (B(Qnt+1/0n @ Wn_-i—l/Wn_v R))
split

for a trajectory of ¢, "\ kg e The flow on the ¥, xp W,-factor is independent of
position on the (B(Pp+1/ Pn @ anH/ Wt R)xB (B(Qns1/On®W, /W, . R))
factor, and in particular, if (¢£21 (Ty), a),(llJZl (To)) € Ly, then (qb,(llJz1 (), a),(llJZ1 (t)) e Ly
for all # > Tp, by our assumption on L.

We must then show that if {,+1(To) € 0B(Qn+1/Qn ® W, 1/ W, . R), then

Cnv1(t) € 0B(Qny1/0n ® W, 1/ W, , R1),

(€Y

or exits A,41, for all 1 > Ty, if n is large enough. We regard the path (¢ 11(0),
a),(llle(t)) as fixed, and &, 4+1(¢) as a trajectory of a vector field on the boundary

aB(Qn-H/Qn @ Wn_—{-l/Wn_v Rl)
Write &1 (1) = (b(2), 05T, ¢ 2t 627y as a section of

Va(R1) = (B(Put1/Pn @ W, /W5 R1)) X (B(Qnt1/ OQn @ Wiy /W, RY)).

We may, and do, assume without loss of generality that 7y = 0. Then if (;,‘,Q’l‘, ¢ ,(12_3’1_

€ OB(Qnt1/0n ® Wiy /Wy, R), either &7 or ¢27 has [0 k. = Ri/2.
Assume i = 1, the other case being similar.

Recall that ((;S,(11J21 (1), a),(llJZl (1), &n41(2)) is equivalent to a trajectory

Yat1 (1) = @)1 (), 0ns1 (1), @ngr (1))

split
of X0 on Fry1 @ Wayi.
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We consider

1d -
S| I @I
1d

- 2
= 57| _ o OIF
= <_(VXH n2n+1)an+l(0) - n2n+1 D/Un+l(0): 0;1_+1(O)>k_
— (Vi (D))= 041(0), (DY~ 0, Do + (VT )0 +1(0), 051 (0))

<CR*—(7z,,,D'0531(0),0,,1(0)k_
= CR? - ||C7n_+1(0)||,2€_+%-
Note that we have used that n can be taken sufficiently large that 3,4 is perpendic-
ular to the image of A.

Now, by definition of ¥, 4, we have

||Un_+1 (O)Hi_—i-%
lloy1 (017

asn — oo.

Thus, if [0, 1 (0)[lx_ > R/2, we have that ||§,(11£1_ (t)||x_ is always increasing at
t = 0 (similarly, ||§,(11+)~’1Jr () |lx,. is decreasing at 1 = 0).

This shows that L, is positively invariant in A, 4. It follows similarly that
Ly is an exit set. |

3.2 Spin® structure for family of manifolds

Since we consider a family of spin® 3-manifolds to show that the Conley index for the
flow ¢, is independent of the choice of Riemannian metric of Y in Section 3.3, we
will give the definition of spin® structure for a family of Riemannian manifolds.

Take an n-dimensional real, oriented vector space V' and an inner product g on
V. We denote by Fr(V, g) the space of orthonormal bases of (V, g) compatible with
the orientation. Choose another inner product 2 on V. We define an isomorphism
between Fr(V, g) and Fr(V, h). For {e; }/_, € Fr(V, g), put

hij = h(ei.e;) € R.

Then the matrix H = (h;;)i,j=1,..» is symmetric and positive definite. We have the
square root +/ H of H defined as follows. Since H is symmetric and positive definite,
we have the eigenspace decomposition

r
R" = P Va,.

i=1
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where A; > 0 are the distinct eigenvalues of H, and V}, are the eigenspaces. Define
~/ H to be the matrix corresponding to the linear map R” — R” defined by v > /A;v
for v € Vy,. Define a basis f1,..., f, of V by

(Fioo f) =(er...emH

We can see that f7,..., f, are an orthonormal basis with respect to 4. So we get a
map
Fr(V,g) — Fr(V, h). (3.2.1)

Take G € SO(n) and put
(€)...ep) =(e1...en)G, H' = (h(e].€}))i j=1....n-
It is easy to see that
H' =G 'HG, YH =G 'VHG.

This implies that the map (3.2.1) is an SO(n)-equivariant isomorphism.

For an oriented smooth Riemannian n-manifold (X, g), let Px o be the principal
SO(n)-bundle of oriented, orthonormal frames in 7X . Recall that a spin® structure of
(X, g) is a pair of a principal Spin() bundle Py on X and a smooth map &: Py —
Px ¢ such that the diagram

5 3
Py ———— Py,

X
commutes, and for p € Py and s € Spin(n) we have

§(p-s) =E&(p)-7(s).

Here, 7: Spin€(n) — SO(n) is the projection.
Take another Riemannian metric 4 on X. The SO(n)-equivariant isomorphism
(3.2.1) induces an isomorphism

Pxg = Py, (3.2.2)

of principal bundles. Hence a spin® structure (Py, £) of (X, g) naturally defines a
spin€ structure of (X, h).

A locally trivial family of spin® manifolds over a topological space L is a tuple
(E,G, Pg,£). The first component E stands for a locally trivial fiber bundle

X—E—>L
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over L with fiber X. For each £ € L we have an open neighborhood Uy of £ and a
trivialization
E |Ue ~ Uy x Ey.

Here, Ey is the fiber of E over £. The second component G is a fiberwise Riemannian
metric of E. Let Pg be the principal SO(n)-bundle on E whose fiber over £ is the
principal SO(n)-bundle of oriented, orthonormal frames in TE,. Note that the local
trivialization of £ on U, and the isomorphism (3.2.2) induce an isomorphism

Pgly, = Uy x Pg,

of principal bundles. The third component Prisa principal Spin®(n) bundle over E.
The fourth component £ is a smooth map

PE—>PE

such that the diagram
P —5 Py

NS

commutes and £(p, -s) = £(p) - 7(s) for p € Pg and s € Spin°(n). Moreover, we
assume that Pg is locally trivial. That is, for each £ € L there is an isomorphism

ISE|U£ gUﬁx(};ElEz)

of principal bundles such that the following diagram commutes:

ﬁEIU@ i> UZX(ISE|E5)

sl lidug x

PElUg — Uy x PE('

=

3.3 Independence of metric

In this section we prove that the approximate Seiberg—Witten flow defined in (2.3.10)
varies continuously as we vary the 3-manifold.

To make this precise, let ¥ be a locally trivial family of spin® metrized
3-manifolds with compact base space L, so that L is a CW complex. See Section 3.2
for the definition of a locally trivial family of spin® metrized manifolds. Note that
associated to F there is also a bundle over L, Pic(¥), whose fiber is the Picard-
bundle at £ € L.
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Suppose that we are given a sequence of continuously varying spectral sections
Py o, Onforl € L sothatthe P, ¢, O, ¢ are good as at the beginning of Chapter 2,
with F, ¢ = P, ¢ N O, ¢ as a fiber bundle over (the total space of) L. Let On kg
be the flow defined by projection onto F}, ¢. Here, unlike in the case of a single 3-
manifold, the flow preserves fibers of F}, ¢ over L (though the flow can of course
move over Zg, the fiber of L — L).

There is one subtlety in that now the eigenvalues of *d may vary in the family % .
In particular, we will assume the existence of increasing spectral sections Wp ,, for
—xd, and increasing spectral sections Wy ,, for xd, satisfying the analogs of (2.3.6)—
(2.3.7), and set W, = Wp , N W ,. With this notation fixed, we define WnJr and W~
as before.

Theorem 3.3.1. Let ¥, with compact base L, be a family of spin® metrized 3-mani-
folds, with fiber Fy, for b € L. Let k., k_ be half-integers with k+ > 5 and with
1

|k+ —k_| < 3. Fix a positive number R with R > Ry x_ for some Ry x_. Then

(Bi, (F," i R) xg Br_(F; : R)) xp (Bi, (W,": R) xg Br_(W, : R))

is an isolating neighborhood of the flow ¢y ¢k k_ for n > 0. Here, By (Fni; R)
are the disk bundle of F* of radius R in Lii and By, (F,F; R) xg Bx_(F,; R) is
the fiberwise product.

The proof of this theorem differs from the proof of Theorem 2.3.3 only in nota-
tion, so we will not write out the details.
In particular, we have the following corollary.

Corollary 3.3.2. Let (Y, ) be a spin® manifold, with metrics go, g1, and fix a family
of good spectral sections Py o, Qpn,0 over (Y, go). Choose a family of metrics g; con-
necting go to g1. Then there exists a family of spectral sections Py, s, Qp ; extending
Py 0, On,0 and so that the flow ®n,0,k k_ on Fy o extends to a continuously varying
flow On,t ki k_ ON F, 1, so that

(Bi, (F," i R) xg Br_(F; : R)) xp (Bi, (W,": R) xg Br_(W, : R))

is an isolating neighborhood of the flow ¢n 4k, k_ forn > 0 and all t € [0,1]. In
particular, 1(¢n 0,k k_) is canonically, up to homotopy equivalence, identified with

H(@n, 1,0k 4 k)

Proof. The claim about the existence of the extended spectral sections follows from
the homotopy description of spectral sections and the fact that [0, 1] is contractible.
The claim on isolating neighborhoods is a consequence of Theorem 3.3.1. The well-
definedness of the Conley index follows from the continuity property of the Conley
index. |
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3.4 Variation of Sobolev norms

Proposition 3.4.1. Let (k! , k') and (k2,k?) be pairs of half-integers > 5, with
|kf|r —ki| < %for i = 1,2. Fix R sufficiently large. Then there exists a family of
flows ¢, for T € [0, 1] so that

(Bgr (F,F; R) xg Bgr (F, ; R)) xp (Bgr (W,F;R) xg Bz (W, ; R))

is a family of isolating neighborhoods, where g%, is the interpolated metric (defined
below), and where (p,? = Pukcl kL and (p,% = Pn i3 k2 In particular, there is a homo-
topy equivalence

I(‘/’n,kjr,kL) - I(‘/’n,ki,kz)’

suppressing the spectral section choices from the notation. The restriction to the S'-
fixed point set is a fiber-preserving homotopy equivalence.

Proof. Define the interpolated metric g* by
g (v, y) =yl = (L= 000yt g + 70 y)e2 g2

We abuse notation and also write g° for the restriction of g¥ to subbundles, including
FXand W2

The equation (2.7.1) defines a flow ¢, with nf,, mw, replaced appropriately.
Hypothesis (2.7.2) continues to hold, with the subscripts k+ replaced with k7 . Write
g, for projection with respect to g*.

As usual, we will assume for a contradiction that

Yulo = @0, 0,) € InVA, N 0A,.
Let us treat the case that
¢ € Sngr(F,j'; R) € invA, N 34,,

where S g% (V, R), for V' a vector bundle over B, is the R-sphere bundle.

Exactly as in the proof of Theorem 2.3.3, we can extract a sequence of approxi-
mate solutions ;" = (@7, wim), fort € [—T, T, with T fixed. To see this, we need to
control d;;’g in (K7,£ — 5, w)-norm. This amounts to generalizing Proposition 2.6.1

to the following situation.

Proposition 3.4.2. Let ki, k_ be half-integers, with k+ > 5, and also set { =
mini=1,2{ki, kl_} Then

sup | Vorp i L = Li s, [ =0,
veB(TB;1)

uniformly in t.
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This proposition holds because the natural modification of the estimate at the end
of Corollary 2.5.2 holds.
Then the sequence J," (1) converges to a map

Pi[-T.T] — H'(Y) x L?_(S) x L?_,(imd*).
To verify that y solves the Seiberg—Witten equations, we observe that
(Vxy TE ) n(s) = 0

72
m LKT,K—S,IU
‘We have

-norm, as follows from Proposition 3.4.2.

”n}?,lquﬁn —Doulle— = ||7T;7’;D¢n — D¢y + Dy — Dpll¢—
< l[w% . Dlpulle—z + |1 Dgn — Dlle—s.

The first term drops out, using the rule of a sequence of controlled vector spaces, and
we obtain that 77! D, converges to D¢ uniformly in L_, on [T, T]. By the proof
of Lemma 2.7.1, the limit y is a solution of the Seiberg—Witten equations. The proof
from this point follows along the same lines as Theorem 2.3.3. ]

3.5 The Seiberg—Witten invariant

In this section we repackage the construction of SW¥,)(Y,s) to take account of the
choices made in the construction.

Definition 3.5.1. A 3-manifold spectral system (abbreviated as just a spectral system)
for a family # of metrized spin® 3-manifolds, with fiber (Y, s), is a tuple

&= (P.QWp. Wo. (18w n2 3 07 bn i ). (3.5.1)

where P = { Py}, (for n > 0) is a sequence of good (increasing) spectral sections of
the Dirac operator — D similarly, Q = {Q}, is a sequence of good increasing spec-
tral sections of D parameterized by Pic(¥'). The Wp = {Wp ,}, are good spectral
sections of the operator —xd ; similarly, Wo = {Wp ,}, are good spectral sections
of xd. We require Wp ¢ to be the sum of all negative eigenspaces of *d, as we may,
since the nullspace of *d, acting on the bundle Li(im d™), is trivial, and similarly
Wo o will be the sum of positive eigenspaces. The 7, are exactly as in Theorem 3.1.1.

We have not established that there exist good sequences of spectral sections for
xd for all families . However, they exist in many situations, as for example when
the family # is obtained as a mapping torus of a self-diffeomorphism preserving the
fiber metric. In this case, F is a family over S! and the eigenvalues of *d are constant
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functions on S!. More generally, if there is a neighborhood U of b for each b € L
such that ¥ has a local trivialization ¥ |y = U x Y preserving the fiber metric, then
the eigenvalues of *d are constants. So we have a good sequence of spectral sections
of xd.

Definition 3.5.2. The unparameterized Seiberg—Witten Floer spectrum
SWF“(¥,6, k4, k_)

of a family ¥ as in Definition 3.5.1 associated to a spectral system &, and k4 half-
integers with k+ > 5 and |k+ — k—| < 1/2, is the (partially defined) equivariant
spectrum, whose sequence of spaces is defined as follows.

Let G be a spectral system with components as named in (3.5.1). Let

D, = (dim(P, — Po),dim(Q, — Qo). dim(Wp,, — Wp ), dim(Wg ,, — Wp.0)).

whose components we denote Df; for{ =1,...,4.Recall (cf. Appendix A.3) that we
must assign, for a certain collection of representations, a space to each representation,
together with structure maps. The spaces in the Seiberg—Witten Floer spectrum are
most naturally defined at those representations cDi ® RP " ; in order to define the
spectra at other levels, we extrapolate from the definitions at these levels; see also
Remark 3.5.13.

Let Ny be the set of nonnegative integers. For (i1, i) € NZ sufficiently large,
let A(i1,i2) = (A(i1,i2)1, A(i1,12)2) denote the largest pair (D2, D;}) among pairs
(D7, Df) for which (D7, D}) < (i1, i2). We can write

.. 2 4
A(iy,12) = (Dn(il,iz)’ Dn(il,iz))

for some n(iy,iz) € No. Set SWF? . (¥,&, k4, k_) to be

i1,i2
Ci1—Al.i)1 @]Riz_A(il .i2)2
> SWIFY o (F LG ks k).

Here, SWF '[‘n(il )] (F,©, kg, k_) is the (unparameterized) Conley index with
respect to the flow @,y ip) k. k_- If (i1,12) is not sufficiently large, let SWF}, , (¥,
G, k4, k_) be a point. Define the transition map

0@, j),G+1,/) ECSWF:{j — SWF?_,_I,]',

where i + 1 # D2 for any n, as the identity (with the C factor contributing to the
leftmost factor of XC'1 71721 ), and similarly for transitions in the real coordinate.
If i + 1 = D2 for some n, we use the (17,) as defined in Theorem 3.1.1. Note that
the (1)« are only well defined up to homotopy; we choose representatives in the

homotopy class.
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In the event that the family has a self-conjugate spin® structure, and so that the
spectral section @ is preserved by j, we use H instead of C above, as appropriate, so
that SWF* is indexed on the Pin(2)-universe described in Appendix A.1. To be more
specific, we write SWF*Pin (F,©) for the Pin(2)-spectrum invariant. In particular,

SWFZ’F“(Z), viewed as an S !-space, is identified with SWFy, ;.

We will often suppress some arguments of SWF* from the notation where they
are clear from context.

At the point-set level, there is a choice of index pairs (at each level (i1, 1))
involved in Definition 3.5.2. However, the space SWF Fn](fF , G, ki, ko) is well
defined up to canonical homotopy, since the Conley index forms a connected sim-
ple system, Theorem A.2.3.

Remark 3.5.3. We would be able to repeat Definition 3.5.2 in the parameterized
setting, replacing the spectrum SWF* with a parameterized spectrum SWF, except
that it is not known that the parameterized Conley index forms a connected simple
system in K, g, the category considered in Appendix A.

The spaces SWF(; , 1(F) for (i1,i2) not a pair (D7, Dy), for some n, seem
to have rather an awkward definition, because they do not naturally represent the
Conley index of some fixed flow. However, they may be viewed as the Conley indices
of a split flow on V Xpie(g) SWF[n)(F), for V = Ci1=Di @ R2=Dii 4 vector space
equipped with a linear (repelling) flow.

More generally, associated to a spectral system &, we define the virtual dimension
of the vector bundle F,, & W, as

Dy, = (dim(P, — Po), dim(Q, — Qo). dim(W,}), dim(W,")).

We write 6(;) for the vector bundle of virtual dimension i = (i1, 12,13, 14). If the
spectral section does not produce a vector bundle in that virtual dimension, we define

6(1.1’1.2’1.371.4) = I_/ @ Fn @ Wna

where F;,, @ W, is the largest vector bundle coming from & with virtual dimension at
most (i1, i2,13,i4), and where we define V to be the trivial S! (or Pin(2), as appropri-
ate) vector bundle with dimension (i, iz, i3,14) — D,. When we need to distinguish
between the contributions of Fy, & W, and V to @(7), we call F,, ® W, the geometric
bundle, and V the virtual bundle.

We can treat &(iy, iz, i3, i4) as a vector bundle with a split flow, as discussed
above; its unparameterized Conley index is (canonically, up to homotopy) homotopy
equivalent to SWF(, ;.\ (F, ©).

Let

[_/(;’ j) — (le_il ® ((_jjz—iz ® Kj3_i3 ® Kj4—i4’
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viewed as a vector bundle with linear flow, outward in the even factors, inward in the
odd factors. Note that for any j > i (thatis, j; > i1,..., j4 > i4), there is a vector
bundle morphism

V@) ® @) - &()). (35.2)
as follows. Indeed, if A(?) = A(f), then (3.5.2) is defined by

Vi, ])® V(DuD)® Fy ® W) = (V0. ]) @ V(D) ® F, @ Wy
— V(Dp.j)® Fp ® W,.

If ] = Dp41 and i = D, the morphism (3.5.2) is Just the structure map involved in
the definition of a spectral system. For “more general J, z the morphlsm (3.5. 2) is the
composite coming from the sequence i —> Dy, — -+ = Dy, = A( ]) — j, where
the rightmost factors of V(? f) are used first.

Similarly, we define P (i) = ch DA(ll) @ Pag,), etc.

Definition 3.5.4. We call two spectral systems ©; and &, for the same family &
equivalent if there exists a collection of bundle isomorphisms,

Qpi: P(i) — P2(i),

and similarly for Q, Wp, Wy, for all i sufficiently large, satisfying the following
conditions. First, there exists some sufficiently large n, so that the ®p; (respectively
g, etc.), as i becomes large, must preserve the subbundles P’ for j = 1,2 (simi-
larly for Qn etc.). (Indeed, for sufficiently large, P! (respectively Q] etc.) will be
contained in the geometric bundles of P2 (i) (respectively Q2(i) etc.).)

Second, the ®; must be compatible with the structure maps of &1, ©; in that the
following square commutes (as well as its analogs):

idePp ;

V& PL) V& P2(i)
nl ln
PY(j) e P2(j).

We do not require the isomorphisms ®; (etc.) to preserve all of the P,,j as n varies.

Note that a morphism of spectral systems as in Definition 3.5.4 also induces maps
7@10) — &2()

for i sufficiently large, which preserve the subbundles Fn1 ® Wn1 (which lie in 62(17)
for i sufficiently large naturally), for some fixed large n, for i sufficiently large. There
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is also a commutative square:

- D -
Vo &i(i) —— V& &2()
| I
G1(j) ——5—— &2()).
J
Proposition 3.5.5. For ¥ a family of spin® 3-manifolds, n sufficiently large and

®: ©1 — G, an equivalence of spectral systems, there is a homotopy equivalence,
well defined up to homotopy,

D S'WT'[‘n](T, G1) —> S'W?f‘n](?, G5).
In fact, there is a fiberwise-deforming homotopy equivalence,
Dy SWF(F,C1) = SWF)(F,Sy),

so that @ , = v\ ®y . Here, v is the map Pic(F) — x sending Pic(¥) to a point,
and v is defined as in Appendix A. (Note that ®,, « is not claimed to be well defined.)
Analogous statements hold for Pin(2)-equivariant spectral sections.

Proof. We consider the pullback of the flow ¢, on @2(?) by the morphism (for some
large i)
®;:61(0) > G200,

defining a flow on &, (7). Following the proof of Theorem 3.1.1, we see that there is

a well-defined, up to homotopy, deformation of ®X @, to ¢,. Deformation invariance
l

of the Conley index gives a fiberwise-deforming homotopy equivalence

I(p1) = 1((P;)"p2) = I(g2),

where the isomorphism is canonical (at the point-set level). Passing to the unparame-
terized Conley index, the morphism

1"(¢1) — Iu((qD;-)*Wz)
is canonical (up to homotopy). This gives the proposition. ]

We write [&] for the equivalence class of a spectral system .

Remark 3.5.6. As usual, if Conjecture A.2.4 holds, then @, . appearing in Proposi-
tion 3.5.5, is well defined.
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Theorem 3.5.7. The equivariant parameterized stable homotopy type of
_D'21 _Dﬁ lrod lrod
5 R SWE L (7, (@)

is independent of the choices in its construction. That is, it is independent of
(1) the choice of k4, k_,
(2) the elementn > 0,
(3) a choice of spectral system S representing the equivalence class [©],

(4) the family of metrics on ¥ .

C_D’% @R—D# . 1)2 D4 .
Here, X5 stands for the desuspension by C%n @ R%n in the category
PSWg1 p. See Appendix A.1.
If the spin® structure is self-conjugate, a similar statement holds for

_D% ~_Dg Vrod rod
SE R SWE L (7, [@)).

Proof. Proposition 3.5.5 addresses changes in the spectral section. Proposition 3.4.1
addresses varying of k1. The choice of n was handled in Theorem 3.1.1, and the
metric was addressed in Theorem 3.3.1. |

Definition 3.5.8. The Seiberg—Witten Floer parameterized homotopy type
SWF(F,[G)])
is defined as the class of
=5 ORI g (7. (@),

for any n.
When the spin® structure is self-conjugate, the Pin(2)-Seiberg—Witten Floer
parameterized homotopy type SWF P’"(z)(fF , [©]) is defined as the class of

_D% ~_D’% Irod rod
SH R SWE L (7, [)).

Recall from Appendix A.3 that a weak morphism of spectra is a (collection of)
maps that is only defined in sufficiently high degrees (this is also the case for ordinary
morphisms in Adams’ [2] category of spectra).

Theorem 3.5.9. For ¥ a family of spin® 3-manifolds, and ®: ©; — &, an equiva-
lence of spectral systems, there is a weak morphism which is a homotopy equivalence
(see Appendix A.3), well defined up to homotopy:

D,: SWF(F,8,) — SWF(F, G»).
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That is, the collection of spectra
SWF*(¥,[®]) = {SWF*(¥,0)}s
forms a connected simple system in spectra, if ¥ admits a spectral system.

Proof. First, independence of SWF* (%, [©]) from the choice of Sobolev norms was
handled in Proposition 3.4.1. Moreover, variation of metric, for a particular level
SWF f‘n](?f~ , [&]), was handled in Theorem 3.3.1. We then need only show that an
equivalence of spectral systems induces a well-defined, up to homotopy, morphism

SWF*(F,@,) — SWF“(%,G,).

For this, we use Proposition 3.5.5 to define the maps levelwise, and we need only
show that the following square homotopy commutes (the squares involving other vec-
tor bundles &(i1, iz, i3, i4) are straightforward):

idA Dy,
SVISWFE(F,By) — -y SV SWF L (F, Bs)

Wn.*l l’?n.*

SWFly)(F.81) —g———t SWF},, 1(F.G2).

Here, V,, = CPn1=D3 &) RPn+17D3 | This is a consequence of the two compos-
ites involved being Conley-index continuation maps associated to deformations of
the flow. Observe that the composite deformations are related to each other by a
deformation of deformations. By [47, Section 6.3], the square homotopy commutes
(the necessary adjustments of Salamon’s argument for equivariance are straightfor-
ward). ]

As usual, subject to Conjecture A.2.4, Theorem 3.5.9 would hold in the parame-
terized case.

Moreover, it is easy to determine when two spectral systems are equivalent, as
follows.

Lemma 3.5.10. The set of spectral systems for a family ¥ of spin® 3-manifolds up to
equivalence, if nonempty, is affine equivalent to K(Pic(¥)) x K(Pic(¥')), where the
difference of systems &1, @, is sent to ([Pg — PZ],[Q8 — O2)).

Proof. By its construction, an equivalence of spectral systems is determined by its
value (®p i, @g i, Pw, i, Pwy,,i) for any sufficiently large i. In the positive spectral
section part of the spinor coordinate, to construct an equivalence ©; — S, it is suf-
ficient (and necessary) to construct an isomorphism P1(i) — P! — P2(i) — P} for
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some i large, relative to a fixed (large) n. By definition, P1(i) — P! is canonically
some number of copies of C, and so such an isomorphism exists if and only if

[P2(i) = P,] = [CHmPTO=FD),

This condition is satisfied exactly when [P} — PZ] = 0 € K(Pic(¥)), as needed.
The 1-form coordinate is handled similarly, but the bundles W,* there are always
trivial. |

In particular, we note that there is a canonical choice, subject to a choice of Qy,
and up to adding trivial bundles, of a spectral section Py, by requiring Py — Qo
trivializable. We call these normal spectral sections; the set of equivalence classes
of such is affine equivalent to K(Pic(Y)), as above.

Definition 3.5.11. An (S'-equivariant) Floer framing is an equivalence class of nor-
mal spectral sections. A Pin(2)-equivariant Floer framing is a (Pin(2))-equivalence
class of normal spectral sections. Here, a Pin(2)-equivalence of (Pin(2)-equivariant)
spectral sections is a collection of isomorphisms as in Definition 3.5.4 that are Pin(2)-
equivariant.

There are various extensions of Lemma 3.5.10. Let us state a Pin(2)- equivariant
version of the lemma.

Lemma 3.5.12. The set of Pin(2)-spectral systems for a family ¥ of spin® 3-mani-
folds up to equivalence, if nonempty, is affine equivalent to

KQ(Pic(¥)) x KQ(Pic(¥)),

where the difference of systems ©1, @, is sent to ([Py — PZ],[Q4 — Q3]). Here, KQ
is the quaternionic K-theory defined in [19,33].

Remark 3.5.13. We can define the spectrum SWF; ;. in a little different way. Fix a
sufficiently large integer n and put

i D2 i _pd
SWFY , = €7 eRT P gy

i1,i2

for (i1,i,) € Ng with i;,i, > n. The transition maps
.5 C u U
O(iy,in) (i1 +1,in)- 2 SWE; ;o — SWF} 45,

O(i1,i2),(i1,i2+1)* SRSWF | — SWF?I Jin+1

i1,02

are defined to be the identities. This spectrum is homotopy equivalent to the previous
one.

In the previous definition of SWF*, we introduced A(iy, i), which allows us to
avoid choosing a large integer n. This makes the definition of SWF* more natural.
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In the construction of SW¥,)(¥, @), we have a frame of the orthogonal com-
plement of @, in O, +1. Using the frame, we have

SWFp411(F,G) = zng"’ ORIV gy g 1(F . ).

More generally, we can choose spectral sections Q, such that the orthogonal com-
plement of @, in Q,+1 does not necessarily have a frame. In this case, we have

Kw,—.n
SWF (1) (F . ©) = £ @ntt/CnORIT gapg (7. ©),

where Q,,+1/Q, may not be trivialized. See Theorem 3.1.1. We can still define the
Seiberg—Witten Floer stable homotopy type in a suitable stable homotopy category.
The category is defined by taking R, W to be finite-dimensional, virtual G-vector
bundles over B in Definition A.1.9, so that we can take desuspensions by nontrivial
vector bundles. The Seiberg—Witten Floer stable homotopy type is defined to be the
class of

4
552/ QBRI gy g (F.©)

in the category, where # is a fixed large integer.

3.6 Elementary properties of SWF (Y, s)

Here we collect a few results about SWF (Y, ) that follow almost directly from the
definitions. We work only for a single (Y, s), but similar results hold in families.

Proposition 3.6.1. The total space of SWF f‘n] (Y, %) has the homotopy type of a finite
S1-CW complex; respectively, the total space of SWF Frl’;)in(z) (Y, 5), when defined, is
a finite Pin(2)-CW complex. As a consequence, for G = S' or Pin(2), the Seiberg—
Witten Floer spectrum SWF*S (Y, s, @) is a finite G-CW spectrum.

Proof. For this, we need to consider perturbations of the Seiberg—Witten equations.
Recall the notion of cylinder functions from [28, Chapter 11]. As in [24, Definition
2.1], given a sequence of {C; };";1 of positive real numbers and cylinder functions

{f 2 1+ let P be the Banach space
o0 )
P = {Zﬁjfj tn; €R, ZC]‘|77]'| <oo}
Jj=1 j=1

with norm defined by || >-°2, 1; fill = Y721 Inj|C;. The elements of & are called
extended cylinder functions.
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For f an extended cylinder function, let grad f = g be the L2-gradient over
Li(S) x HL(Y) x L,zc(im d*) of f. We write (ay, gy, aw) for the vertical, hori-
zontal and 1-form components of g. Define the perturbed Seiberg—Witten equations
by the downward gradient flow of £ + f, explicitly:

d

d_‘f =—Dyp@)—c1(y(?)) —av,

d

d—f =—Xu(¢) - an. 36.1)
d

_d(;) =—xdw—c(y()) —aw.

We may perform finite-dimensional approximation with the perturbed Seiberg—
Witten equations in place of (2.3.2) (with the same spectral sections as for the unper-
turbed equations). It is straightforward but tedious to check that the proof of The-
orem 2.3.3 holds also for (3.6.1), for k-extended cylinder functions f, where k >
max{ky,k_} + % The key points are [24, Proposition 2.2] and [32, Lemma 4.10].

Moreover, for a family of perturbations, the analog of Theorem 2.3.3 continues
to hold, by a similar argument. In particular, it is a consequence that SWF f‘n](Y, 3) is
well defined up to canonical equivariant homotopy, independent of perturbation.

Finally, the space of perturbations J attains transversality for the Seiberg—Witten
equations, in the sense that for a generic perturbation from #, there are finitely many
(all nondegenerate) stationary points for the perturbed formal gradient flow.

In particular, using the attractor—repeller sequence for the Conley index, together
with the fact that the Conley index for a single nondegenerate critical point is a sphere,
we observe that the Conley index 1" (¢p k. x_) for n large is a finite G-CW complex.

]

Proposition 3.6.2. For (Y, s) a spin, oriented closed 3-manifold, and & a spectral
system, we have
SWFH(Y,s,6)Y ~ SWF¥(-Y,s,8Y),

where the spectral system & is obtained by reversing the roles of P, and Q,, in ©.

Proof. This follows from the Spanier—Whitehead duality for the Conley index,
Theorem A.2.8. L

Note that it would be desirable in Proposition 3.6.2 to have a similar result in the
parameterized setting; the analog of Theorem A.2.8 in the parameterized setting has
not been established, but would suffice.

Using the latter parts of Theorem 3.1.1, we have the following corollary.

Corollary 3.6.3. The homotopy type of SWF [,1(Y, s, ©) is independent of the spec-
tral sections P, for n large. That is, instead of SWF,)(Y, s, ©) depending on a
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choice in a set affine equivalent to K(Pic(Y)) x K(Pic(Y)), SWF)(Y,s,©) is deter-
mined by a (relative) class in K(Pic(Y)).
Further,
SWF(Y,s,61) ~ T2 "C28WF |, (Y, 5, Gy),

where @1 — &, is the bundle defined by Lemma 3.5.10, and where suspension is
defined as in Remark A.1.8.

We can now prove some of the results from the introduction.

Proof of Theorem 1.1.1. By [30], the vanishing of the triple-cup product on H!(Y;Z)
implies that the family index of the Dirac operator on Y is trivial. Using this, fix a
Floer framing . In that case, Theorems 3.5.7 and 3.5.9 imply that SWF (Y, s, B)
and SWF(Y, s, ) are well defined.

Proposition 3.6.1 gives the claim about finite CW structures.

Finally, when b{(Y) = 0, the relationship with SWF(Y, ) is immediate from
the definition of SWF (Y, s, 3), since the collection of linear subspaces used in the
construction of SWF (Y, s) defines a spectral system as in Definition 3.5.1. |

Proof of Theorem 1.3.2. The argument is completely parallel to the proof of Theo-
rem 1.1.1. -

Finally, we address the claims in the introduction about complex oriented
cohomology theories. We start by reviewing the definition of an E-orientation of
a vector bundle, where E is a multiplicative cohomology theory (see [3] for a discus-
sion of orientability'). Indeed, let V' — X be a topological vector bundle of rank m.
Then an E-orientation is a class

u € E™(Th(V)),

so that, for all x € X and i,: S™ — V, the map associated to inclusion of a fiber
over x, i ¥u is a unit in E™(S™) = E°(S) (the latter equality being the suspension
isomorphism of the cohomology theory E).

Recall that a cohomology theory E is complex oriented if it is oriented on all com-
plex vector bundles. There is a universal such cohomology theory, complex cobor-
dism MU, in the sense that for any complex-oriented cohomology theory E, there is
a map of ring spectra MU — E inducing the orientation on E.

The utility of a complex-oriented cohomology theory E for studying the stable
homotopy type SWF (Y, s, ©1) is as follows. By Theorem 3.1.1, we have, by chang-
ing the spectral system &; to &,, that there is an (S!-equivariant) parameterized
equivalence

SWEFY,s,G) —> 281" C28WF(Y, s, B,). (3.6.2)

'nLab also has a nice discussion, which our presentation follows.
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In Chapter 6, after having considered the 4-dimensional invariant, we will intro-
duce anumber n(Y, s, g, Py) associated to a spectral section Py of the Dirac operator
over Y, and a metric g on (Y, s). By its construction, n(Y, s, g, Po) = n(Y, s, g,[S])
is an invariant of a spectral system up to equivalence [©], and its main property is that
it changes appropriately to counteract the shift in (3.6.2). That is,

n(ng’v g, [@1]) - n(Y’ S, 4, [62]) = dlm[61 - 62]5

as follows immediately from (6.2.1).
For E an S!-equivariant cohomology theory, let

FE*(Y,s,©;) = E* 2105880 (), SWF(Y, 5, B1)).

We call FE* (Y, s, ©1) the Floer E-cohomology of the tuple (Y, s, ©1).

More generally, we can also consider the notion of an equivariant complex ori-
entation. This is more complicated to state; we follow [12] for the definition of
equivariant complex orientability. That is, let A be an abelian compact Lie group, and
fix a complete complex A-universe U (see Appendix A). A multiplicative equivariant
cohomology theory E(-) is called complex stable if there are suspension isomor-
phisms:

oy: ER(X) — EIT™V (V) A X)

for all complex (finite-dimensional) A-representations V' in U. The natural transitiv-
ity condition on the oy is required, and the map oy is required to be given by multipli-
cation by an element of EdmV () (necessarily a generator). A complex orientation
of a complex stable theory E4 is a cohomology class x(¢) € EJ(CP(U, CP(e)))
that restricts to a generator of

EX(CP(a ®¢),CP(e)) = EX(S* ).

for all 1-dimensional representations «.
Building on the equivalence (3.6.2), we have the following claim.

Theorem 3.6.4. Let E be an equivariant complex-oriented (nonparameterized)
homology theory. Then, for any two spectral systems S1, ©,, there is a canonical
isomorphism

E*nSWF(Y,s,8;)) —> E*(nEZ® 1 SWEF(Y, s, 3,)).
Inparticular, FE*(Y,s,©,) is independent of ©1, and defines an invariant FE*(Y,s).

Proof. The theorem is a consequence of the fact that, for an ex-space (X, r, s) over a
base B, and a complex m-dimensional vector bundle V' over B, with v as usual the
basepoint map B — *,

nEEX = Th(r*V). (3.6.3)
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This equality is a direct exercise in the definitions. In fact, if (X, r,s) is an S L_ex-
space, with base B on which S! acts trivially, the equality also holds at the level of
S 1—spaces, where V is an S 1—equivariant vector bundle over B, inherited from its
complex structure (so that the pullback 7*V is an S !-equivariant vector bundle over
the S'-space X).

We have by (3.6.2),

EX(WSWF(Y,s,8,)) = E*(nZ® " C28WEF(Y, s, 3,)).

By (3.6.3),
E*(nSWF(Y,s,81)) = E*(Th(r* (&) — &y))),

where 7 is the restriction map of the ex-space SWF (Y, s, ©,). However, the complex
orientation on E induces an isomorphism,

E*(Th(r*(81 — @,))) — E* 1= (sWF(Y, 5, &,)),

which is exactly what we needed (the last isomorphism above, in the equivariant case,
follows from the construction of Thom classes in [12, Theorem 6.3]).
The last claim of the theorem is then a consequence of the definition of FE*. =

The most important equivariant complex orientable cohomology theory for us
will be equivariant complex cobordism MU g, defined by tom Dieck [50] for a com-
pact Lie group G. It turns out, if G is abelian, that MU ¢ is the universal G -equivariant
complex oriented cohomology theory, in the sense that any equivariant complex ori-
ented cohomology theory Eg accepts a unique ring map of ring spectra MUg — Eg
so that the orientation on Eg is the image of the canonical orientation on MUg.
See [12].

We define FMU*(Y, s) and FMU, (Y, s) by

FMU*(Y,s) = MU*"2"Y:5:88) (), SWF (Y, 5, ©)),
FMU%, (Y.5) = MU, 529 (0 SWF (Y. 5, ©)),

for some spectral sections ©. By Theorem 3.6.4 and the complex orientation on MU
and MU g1, these are well defined independent of a choice of &, and this proves
Theorem 1.2.1.

For a spin structure s, we have the Pin(2)-equivariant Seiberg—Witten Floer stable
homotopy type SWF Pin(2) (Y, s, ®). To define Pin(2)-equivariant cohomology theory
FMU;m(Z)(Y, $), we need to show that

m;;(z;)(Y,s,@) (v;S'W.’FPi“(z) Y,s,®))

*
Pin(2)"

since Pin(2) is not abelian. We do not

is independent of the choice of &, which requires an orientation on MU But we

*
Pin(2)

in this memoir.

cannot apply the argument in [12] to MU

discuss orientations on MU%.
Pin(2)



