
Chapter 5

Quantum metrics on quantum SU.2/

We now return to the general setting, and consider again two parameters t; q 2 .0; 1�
which will be fixed throughout this section. The aim of this section is to show that
.C.SUq.2//;Lmax

t;q / is a compact quantum metric space. The proof consists of several
steps and we therefore first explain the general strategy. For each M 2 N0, we recall
from Section 3.5 that the algebraic spectralM -band is defined as the subspace BM

q WDPM
mD�M Am

q � O.SUq.2// and that the spectral M -band BMq agrees with the norm
closure of BM

q with respect to the C �-norm on C.SUq.2//. The Lipschitz seminorm

Lmax
t;q WC.SUq.2//! Œ0;1�

restricts to a Lipschitz seminorm Lmax
t;q W B

M
q ! Œ0;1� with domain given by the

intersection BMq \ Lipt .SUq.2//. We start by proving that the pair .BMq ; L
max
t;q / is

a compact quantum metric space for all M 2 N0. Knowing this, the next step is to
construct a Lip-norm contraction C.SUq.2//! BMq for each M 2 N0. This sets the
stage for an application of Corollary 2.1.10, from which we will finally deduce that
.C.SUq.2//; Lmax

t;q / is a compact quantum metric space; see Theorem 5.6.1 below
for details. In the following section we first treat the case where M D 0, which
plays a special role, since this provides the connection with the Podleś sphere, whose
quantum metric structure was investigated in [2]; see also [3, 4].

5.1 The Podleś sphere revisited

Notice first of all that the spectral 0-band B0q agrees with the Podleś sphere C.S2q /.
For each m 2 Z, we recall from Section 3.5 that Hm

q � L
2.SUq.2// denotes the

Hilbert space completion of the algebraic spectral subspace Am
q with respect to the

inner product coming from the Haar state hWC.SUq.2//!C. The GNS Hilbert space
L2.SUq.2// is then isomorphic to the Hilbert space direct sum

L2.SUq.2// Š
1M

mD�1

Hm
q :

The horizontal Dirac operator DH
q WO.SUq.2//˚2 ! L2.SUq.2//˚2 restricts to the

unbounded operator

D0
q D

�
0 �@f
�@e 0

�
WA1

q ˚A�1q ! H 1
q ˚H

�1
q
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and we denote the closure byD0
q WDom.D0

q/!H 1
q ˚H

�1
q . The vertical Dirac oper-

ator DV
t WO.SUq.2//˚2 ! L2.SUq.2//˚2 restricts to the trivial operator zero on the

direct sum A1
q ˚A�1q , and the diagonal representation

� WC.SUq.2//! B.L2.SUq.2//˚2/

restricts to a representation

�0WC.S2q /! B
�
H 1
q ˚H

�1
q

�
:

We equip the Hilbert space H 1
q ˚H

�1
q with the Z=2Z-grading operator  D

�
1 0
0 �1

�
and record that the triple .C.S2q /;H

1
q ˚H

�1
q ;D0

q/ agrees with the Da̧browski–Sitarz
spectral triple (up to conjugation with the grading operator  ); see [22,61]. We remark
that we are now within the standard realm of non-commutative geometry, in so far
that .C.S2q /;H

1
q ˚H

�1
q ;D0

q/ is a genuine (even) spectral triple on C.S2q /. This is in
contrast to the situation for C.SUq.2//, where we are just relying on the spectral data
given by the horizontal and vertical Dirac operators. The Da̧browski–Sitarz spectral
triple therefore has its own Lipschitz algebra Lip.S2q / defined as®

x 2 C.S2q /
ˇ̌
�0.x/.Dom.D0

q// � Dom.D0
q/ and ŒD0

q ; �
0.x/� is bounded

¯
:

For each x 2 Lip.S2q / we apply the notation @0.x/ WD ŒD0
q ; �

0.x/�. The main result
in [2] is that the Lipschitz seminorm L0;max

q WC.S2q /! Œ0;1� defined by

L0;max
q .x/ WD

´@0.x/ x 2 Lip.S2q /

1 x 2 C.S2q / n Lip.S2q /

turns C.S2q / into a compact quantum metric space. We shall now prove that the two
settings are compatible, in the sense that the restriction of Lmax

t;q to C.S2q / agrees
with L0;max

q .
Recall that �

1
2 denotes the algebra automorphism @k�1 ı ık�1 WO.SUq.2// !

O.SUq.2//while JWO.SUq.2//!O.SUq.2// denotes the antilinear antihomomorph-
ism x 7!.ık@k/.x

�/which extends to the antilinear unitary operatorJ onL2.SUq.2//;
see Section 4.5 for more details.

Lemma 5.1.1. For each x; y 2 O.SUq.2// it holds that J�
1
2 .y/�Jƒ.x/ D ƒ.xy/.

Proof. This follows from a straightforward computation, using that ık.x/�Dık�1.x�/

and @k.x�/ D @k�1.x/� for all x 2 O.SUq.2//.

Proposition 5.1.2. The inclusion C.S2q / � C.SUq.2// in an isometry with respect to
the seminormsL0;max

q WC.S2q /! Œ0;1� andLmax
t;q WC.SUq.2//! Œ0;1�. In particular,

it holds that Lip.S2q / � Lipt .SUq.2//.
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Proof. By restricting the Haar state, we obtain a GNS representation �0WC.S2q /!
B.H 0

q /, and we denote by L1.S2q / � B.H 0
q / the enveloping von Neumann algebra

�0.C.S2q //
00. By standard von Neumann algebraic techniques, the inclusion C.S2q / �

C.SUq.2// extends to a normal inclusion �WL1.S2q /! L1.SUq.2// with the prop-
erty that �.x/ � � D x � � for � 2 L2.S2q / � L

2.SUq.2//.
Let x 2 Lip.S2q / be given. We recall from [4, Lemma 3.7] that the operator

ı0.x/ WD u@0.x/u� belongs to M2.L
1.S2q // and we may thus define the element

�.@0.x// WD u��.ı0.x//u 2M2.L
1.SUq.2///:

It clearly holds that k�.@0.x//k D k@0.x/k. Moreover, we remark that whenever � 2
H 1
q ˚H

�1
q � L

2.SUq.2//˚ L2.SUq.2// it holds that u � � 2 H 0
q ˚H

0
q and hence

that

�.@0.x//IyI� D IyI �.@0.x//� D IyI@0.x/� for all y 2 L1.SUq.2//: (5.1)

Let now � 2 O.SUq.2//˚2. We aim to show that x � � 2 Dom.DH
q /\Dom.DV

t / and
that we have the identities

ŒDH
q ; x�� D �.@

0.x//� and ŒDV
t ; x�� D 0: (5.2)

This suffices to prove the present theorem: indeed, since x 2 Lip.S2q / both twists
involved in the definitions of @Vt .x/ and @Hq .x/ are trivial. Moreover, if one proves the
relations in (5.2) for � in the core O.SUq.2//˚2, an approximation argument shows
that x.Dom.DH

q // � Dom.DH
q /, x.Dom.DV

t // � Dom.DV
t / and that the relations

in (5.2) hold on the two domains.
Let us start out by proving the claims relating to the vertical Dirac operator.

Without loss of generality, we may assume that � 2 An
q ˚Am

q for some n; m 2 Z.
Since x 2 C.S2q /, it follows that x� 2 Hn

q ˚H
m
q . But Hn

q ˚H
m
q � Dom.DV

t / and
the relevant commutator ŒDV

t ; x�� is trivial since the restriction of DV
t to Hn

q ˚H
m
q

is given by multiplication with the diagonal matrix 
t
�nC1

2

�
n�1
2

�
t

0

0 �t
�m�1

2

�
mC1
2

�
t

!
:

Next we focus on the claims relating to the horizontal Dirac operator. Let first � 2
Dom.D0

q/ and z 2 O.SUq.2// be given. We begin by showing that

IzI� 2 Dom.DH
q / and ŒDH

q ; IzI �� D I@
H
q .@k.z//I�: (5.3)

Since A1
q ˚A�1q is a core for Dom.D0

q/ we may, without loss of generality, assume
that � 2A1

q ˚A�1q . We then remark that IzI�D 	z	� 2 O.SUq.2//˚O.SUq.2//
and that Lemma 4.5.3 therefore implies that

ŒDH
q ; IzI �� D 	@Hq .@k.z//	�

2
q;0�:
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The desired formula for the commutator ŒDH
q ; IzI �� then follows by noting that

�q;0 restricts to the identity operator on A1
q ˚A�1q . To proceed, we denote the two

columns in u� by v1 2 A1
q ˚A�1q and v2 2 A1

q ˚A�1q , thus

v1 D

�
a

�qb�

�
and v2 D

�
b

a�

�
:

For our fixed element � 2 O.SUq.2//˚2, we therefore choose y1; y2 2 O.SUq.2// �
L2.SUq.2//˚2 such that

� D u�u� D v1 � y1 C v2 � y2 D �I�
1
2 .y1/

�I � v1 � I�
1
2 .y2/

�I � v2;

where the last equality follows from Lemma 5.1.1 (suppressing the embedding ƒ
for notational convenience). To ease the notation, put z1 WD ��

1
2 .y1/

� and z2 WD
��

1
2 .y2/

�. We then have that

� D Iz1I � v1 C Iz2I � v2 and x� D Iz1I � xv1 C Iz2I � xv2:

Since v1 and v2 belong to A1
q ˚A�1q �Dom.D0

q/ and x 2 Lip.S2q /we know that xv1
and xv2 2 Dom.D0

q/. We thus obtain from (5.3) that x� 2 Dom.DH
q / and moreover

that

DH
q x� D Iz1I �D

H
q xv1 C Iz2I �D

H
q xv2 C I@

H
q .@k.z1//Ixv1

C I@Hq .@k.z2//Ixv2

D Iz1I � @
0.x/v1 C Iz2I � @

0.x/v2 C Iz1IxD
H
q v1 C Iz2IxD

H
q v2

C xI@Hq .@k.z1//Iv1 C xI@
H
q .@k.z2//Iv2

D Iz1I � @
0.x/v1 C Iz2I � @

0.x/v2 C xD
H
q Iz1Iv1 C xD

H
q Iz2Iv2

D �.@0.x//� C xDH
q �;

where the last equality follows from (5.1). This ends the proof of the present propos-
ition.

Corollary 5.1.3. We have the identity .B0q ; L
max
t;q / D .C.S

2
q /; L

0;max
q /. In particular,

it holds that .B0q ; L
max
t;q / is a compact quantum metric space.

Proof. It suffices to establish the identity .B0q ; L
max
t;q / D .C.S2q /; L

0;max
q / since [2,

Theorem 8.3] already shows that .C.S2q /;L
0;max
q / is a compact quantum metric space.

We have B0q D C.S
2
q / and, by Proposition 5.1.2, Lip.S2q /� B

0
q \ Lipt .SUq.2// with

L0;max
q .x/ D Lmax

t;q .x/ for all x 2 Lip.S2q /. We therefore only need to show that B0q \
Lipt .SUq.2//�Lip.S2q /. Denote by �WH 1

q ˚H
�1
q !L2.SUq.2//˚L2.SUq.2// the

inclusion of Hilbert spaces. It can then be verified that ��DH
q � D0

q �
� and from this

inclusion it follows that ��DH
q �D

0
q �
�. Similarly, we have the inclusion �D0

q �D
H
q �

of unbounded operators.
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The above inclusions can now be applied to see that

�0.x/� D ���.x/�� 2 Dom.D0
q/

for each x in B0q \ Lipt .SUq.2// and each � in Dom.D0
q/. Moreover, it holds that

D0
q�

0.x/� DD0
q �
��.x/�� D ��@Hq .x/�� C �

��.x/�D0
q� D �

�@Hq .x/�� C �
0.x/D0

q�:

This shows that x 2 Lip.S2q / and the corollary is proved.

Remark 5.1.4. The algebraic counterpart to Proposition 5.1.2 is basically a triviality.
Indeed, for x 2O.S2q /we have that @t;q.x/D

�
0 �q�1=2@f .x/

�q1=2@e.x/ 0

�
D @0.x/, and

it moreover holds that 
0 �q�

1
2 @f .x/

�q
1
2 @e.x/ 0

!�  
0 �q�

1
2 @f .x/

�q
1
2 @e.x/ 0

!
D @0.x/�@0.x/ 2M2.O.S

2
q //:

We thereby obtain that

Lt;q.x/
2
D k@t;q.x/

�@t;q.x/kC.SUq.2// D k@
0.x/�@0.x/kC.S2

q /
D L0q.x/

2;

where L0q denotes the variation of L0;max
q whose domain is O.S2q /.

5.2 Spectral projections and twisted derivations

Let � W S1 � C.SUq.2//! C.SUq.2// be a strongly continuous action of the circle
on quantum SU.2/. In this section we are investigating the relationship between the
spectral projections coming from � and the twisted �-derivations

@Hq and @Vt WLipt .SUq.2//! B
�
L2.SUq.2//˚2

�
introduced in Chapter 4. As a first consequence of these efforts, we shall establish,
in Proposition 5.2.4 below, that the sum of twisted �-derivations @t;q D @Hq C @

V
t is

closable.
We suppose that there exists a 2�-periodic, strongly continuous one-parameter

unitary group .Ur/r2R acting on the Hilbert space L2.SUq.2//˚2 such that

(1) Ur�.x/U�r D �.�.eir ; x// for all r 2 R and x 2 C.SUq.2//, where � is the
diagonal unital �-homomorphism introduced in Section 3.4.

(2) ŒDH
q ; Ur � D 0 D ŒD

V
t ; Ur � for all r 2 R;

(3) �.z; �L.w; x// D �L.w; �.z; x// for all z; w 2 S1, x 2 C.SUq.2//.
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Since the map r 7! Ur is strongly continuous, we obtain that the map r 7! UrT U�r
is weakly continuous for every T 2 B.L2.SUq.2//˚2/. For each n 2Z we may there-
fore define the n-th spectral projection…�

nWB.L
2.SUq.2//˚2/!B.L2.SUq.2//˚2/,

implicitly, by the formula

h�;…�
n.T /�i D

1

2�

Z 2�

0

h�; UrT U�r�ie
�irndr; �; � 2 L2.SUq.2//˚2: (5.4)

We remark that the spectral projections separate points; i.e. that for an operator T in
B.L2.SUq.2//˚2/, it holds that T D 0 if and only if …�

n.T / D 0 for all n 2 Z. It
follows from our conditions that the spectral projection

…�
nWB.L

2.SUq.2//˚2/! B.L2.SUq.2//˚2/

induces a spectral projection …�
nWC.SUq.2//! C.SUq.2// satisfying that

…�
n.�.x// D �.…

�
n.x// for all x 2 C.SUq.2//:

The spectral projection on C.SUq.2// is given by the norm-convergent Riemann
integral

…�
n.x/ D

1

2�

Z 2�

0

�.eir ; x/ � e�irndr: (5.5)

Lemma 5.2.1. For each n 2 Z and x 2 Lipt .SUq.2//, it holds that

…�
n.x/ 2 Lipt .SUq.2//

and we have the identities

…�
n.@

H
q .x// D @

H
q .…

�
n.x// and …�

n.@
V
t .x// D @

V
t .…

�
n.x//: (5.6)

In particular, it holds that the spectral projection …�
nWC.SUq.2//! C.SUq.2// is a

contraction for our Lipschitz seminorm, meaning that

Lmax
t;q

�
…�
n.x/

�
6 Lmax

t;q .x/ for all x 2 C.SUq.2//:

Proof. Let n 2 Z. The fact that …�
n becomes a contraction for the seminorm Lmax

t;q

is going to follow from the identities in (5.6) together with the fact that the spectral
projection …�

n is a norm-contraction. Let x 2 Lipt .SUq.2// be given. We focus on
showing that …�

n.x/ is horizontally Lipschitz and that the identity …�
n.@

H
q .x// D

@Hq .…
�
n.x// is satisfied. The vertical case follows by a similar argument.

We first record that the assumption (3) on � implies that

�L.e
ir ;…�

n.x// D …
�
n.�L.e

ir ; x// for all r 2 R:
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Hence, Lemma 3.6.2 shows that …�
n.x/ is analytic of order � log.q/=2 and that the

identities

…�
n

�
�L.q

1
2 ; x/

�
D �L

�
q

1
2 ;…�

n.x/
�

and …�
n

�
�L.q

� 1
2 ; x/

�
D �L

�
q�

1
2 ;…�

n.x/
�

are satisfied. Let now �; � 2 Dom.DH
q / be given. We may then compute as follows:˝

DH
q �; �L

�
q

1
2 ;…�

n.x/
�
�
˛

D
1

2�

Z 2�

0

˝
DH
q �; Ur�L.q

1
2 ; x/U�r�

˛
� e�irn dr

D
1

2�

Z 2�

0

˝
�; UrD

H
q �L.q

1
2 ; x/U�r�

˛
� e�irn dr

D
1

2�

Z 2�

0

˝
�; Ur@

H
q .x/U�r�

˛
� e�irn dr

C
1

2�

Z 2�

0

˝
�; Ur�L.q

� 1
2 ; x/U�rD

H
q �
˛
� e�irn dr

D
˝
�;…�

n

�
@Hq .x/

�
�
˛
C
˝
�; �L

�
q�

1
2 ;…�

n.x/
�
DH
q �
˛
:

This shows that �L.q
1
2 ;…�

n.x//� 2 Dom..DH
q /
�/ D Dom.DH

q /, and moreover that
…�
n.x/ is horizontally Lipschitz with @Hq .…

�
n.x// D …

�
n.@

H
q .x//.

Our prime example, where the above lemma applies, is given by the 2�-periodic
strongly continuous one-parameter unitary group .ULr /r2R defined by

ULr

�
�

�

�
D

�
eir.k�1/ � �

eir.mC1/ � �

�
� 2 H k

q ; � 2 H
m
q ; (5.7)

This unitary group induces the left circle action on C.SUq.2// in the sense that

ULr �.x/U
L
�r D �

�
�L.e

ir ; x/
�

for all r 2 R and x 2 C.SUq.2//: (5.8)

For each n2Z we denote the corresponding spectral projection by…L
n . The following

lemma now verifies that the last assumption (2) is indeed satisfied.

Lemma 5.2.2. It holds that ŒDH
q ; U

L
r � D 0 D ŒD

V
t ; U

L
r � for all r 2 R.

Proof. Recall that O.SUq.2//˚2 is a core for both of the unbounded selfadjoint oper-
ators DH

q and DV
t . Moreover, we know that O.SUq.2// agrees with the algebraic

linear span of the algebraic spectral subspaces Ak
q , k 2 Z. It therefore suffices to

prove the relevant commutator identities on vectors of the form
�
�
�

�
with � 2 An

q and
� 2 Am

q for some n; m 2 Z. The vanishing result for the commutator with the ver-
tical Dirac operator DV

t is then clearly satisfied, so we focus on the horizontal Dirac
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operator DH
q . In this case, the vanishing result follows since

DH
q

�
�

�

�
D �

 
q�

1
2 @f k�1.�/

q
1
2 @ek�1.�/

!
2 AmC2

q ˚An�2
q :

The assumptions in Lemma 5.2.1 are therefore met, and it yields the following:

Corollary 5.2.3. Let x 2 Lipt .SUq.2//, n 2 Z. It holds that…L
n .x/ 2 Lipt .SUq.2//

and we have the identities

@Vt .…
L
n .x// D …

L
n .@

V
t .x// and @Hq .…

L
n .x// D …

L
n .@

H
q .x//:

In particular, it holds that Lmax
t;q .…

L
n .x// 6 Lmax

t;q .x/.

Proposition 5.2.4. The sum of twisted �-derivations

@t;q D @
H
q C @

V
t WLipt .SUq.2//! B

�
L2.SUq.2//˚2

�
is closable.

Proof. We first record that (4.6) yields that

max
®
k@Hq .x/k; k@

V
t .x/k

¯
6 k@t;q.x/k 6 k@Hq .x/k C k@

V
t .x/k

for all x 2 Lipt .SUq.2//.
To see that @t;q is closable it thus suffices to show that @Hq and @Vt are both clos-

able. We focus on showing that @Hq is closable since the proof is almost the same
for @Vt . For m 2 Z, we first remark that the restriction @Hq W Lipt .SUq.2// \ Amq !
B.L2.SUq.2//˚2/ is closable: indeed, for each x 2 Lipt .SUq.2// \ Amq and each
� 2 Dom.DH

q / we obtain from Lemma 3.6.3 that

@Hq .x/� D D
H
q �L.q

1
2 ; x/� � �L.q

� 1
2 ; x/DH

q � D q
m
2 DH

q x� � q
�m

2 xDH
q �:

The fact that the relevant restriction is closable then follows from the selfadjoint-
ness of DH

q . An application of Corollary 5.2.3 now shows that @Hq WLipt .SUq.2//!
B.L2.SUq.2//˚2/ is closable. Indeed, as already remarked, for a bounded operator
y 2 B.L2.SUq.2//˚2/ it holds that y D 0 if and only if…L

n .y/D 0 for all n 2 Z.

5.3 Spectral bands as compact quantum metric spaces

We fix again our two parameters t; q 2 .0; 1� together with an M 2 N0. We are now
going to establish that the spectral bandBMq D

PM
mD�M A

m
q becomes a quantum met-

ric space when equipped with the Lipschitz seminormLmax
t;q WB

M
q ! Œ0;1� introduced
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in Definition 4.3.5. To this end, we utilise the general theory about finitely generated
projective modules developed in Section 2.3. We emphasise that the domain of the
restriction Lmax

t;q WB
M
q ! Œ0;1� is substantially larger than the algebraic spectral band

BM
q . We start out by stating (and reproving) a well-known result regarding the spec-

tral subspaces .Amq /m2Z (see e.g. [30, Proposition 3.5]). Recall that…L
mWC.SUq.2//!

C.SUq.2// denotes the spectral projection defined in (5.5) associated with the circle
action �L.

Lemma 5.3.1. For any x 2 C.SUq.2// and any m 2 Z it holds that

…L
m.x/ D

8<:
Pm
iD0.u

m
i0/
� �…L

0 .u
m
i0 � x/ m > 0Pjmj

iD0

�
u
jmj

i jmj

��
�…L

0

�
u
jmj

i jmj
� x
�
m < 0

In particular, we obtain that Amq is finitely generated and projective as a right module
over A0q D C.S

2
q /.

Proof. By continuity and density, it suffices to check the identity for x 2 O.SUq.2//
and by linearity we may furthermore assume that x 2 Ak

q for some k 2 Z. If m > 0,
then umi0 2 A�mq (cf. (3.16)) and hence umi0x 2 Ak�m

q . Hence both sides are zero if
m¤ k and formD k the identity follows from the fact that um is a unitary matrix. The
final statement about projectivity now follows, since the identity just proven shows
that the map Amq ! .A0q/

˚.mC1/ given by x 7! u�0 � x provides an embedding of
Amq as a direct summand in a finitely generated free module. The case m < 0 follows
analogously.

To show that .BMq ; L
max
t;q / is a compact quantum metric space, we wish to apply

Theorem 2.3.3, and we therefore need to compare the Lipschitz seminorm Lmax
t;q with

the operator norm on quantum SU.2/ (see Assumption 2.3.2). This comparison takes
place in the next two lemmas.

Lemma 5.3.2. For every m 2 Z, it holds that Amq � LipVt .SUq.2// and

@Vt .x/ D

�
Œm=2�tx 0

0 �Œm=2�tx

�
for all x 2 Amq :

Proof. Let m 2 Z and x 2 Amq be given. We then know from Lemma 3.6.3 that x is
analytic of order � log.t/=2. Let now n; k 2 Z and y 2 An

q ˚Ak
q be given. We then

have that

�L.t
1
2 ; x/ � y D t

m
2 x � y 2 AmCnq ˚ AmCkq � Dom.DV

t /:

Using the relation Œr C s�t � t�r Œs�t D t sŒr�t , which is valid for all r; s 2 R, a direct
computation shows that�

DV
t �L.t

1
2 ; x/ � �L.t

� 1
2 ; x/DV

t

�
y D

�
Œm=2�t � x 0

0 �Œm=2�t � x

�
� y:
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This proves that the twisted commutator

DV
t �L.t

1
2 ; x/ � �L.t

� 1
2 ; x/DV

t

is well defined on the core O.SUq.2//˚2 for the vertical Dirac operator and that it
extends to the bounded operator Œm=2�t

�
x 0
0 �x

�
. From this it follows immediately that

�L.t
1
2 ; x/ preserves Dom.DV

t / and that @Vt .x/ D
�
Œm=2�tx 0

0 �Œm=2�tx

�
as desired.

Remark 5.3.3. As an aside, we remark that it is now easy to verify that the algebraic
formula for @Vt obtained in Lemma 4.3.1 actually extends to the whole Lipschitz
algebra, in the sense that

@Vt .x/ D

�
@3t .x/ 0

0 �@3t .x/

�
for all x 2 Lipt .SUq.2//: (5.9)

By Remark 4.3.4, we already know that the off-diagonal elements in @Vt .x/ are zero
and that the upper left-hand entry is @3t .x/. Conjugating @Vt .x/ with the unitary
S WD

�
0 1
1 0

�
interchanges the diagonal entries, so it suffices to show that S@Vt .x/S D

�@Vt .x/. A direct computation shows that the unitaries .ULr /r2R defined in (5.7) sat-
isfies

SULr D
�
e2ir 0

0 e�2ir

�
ULr S for all r 2 R

and since @Vt .x/ is diagonal it commutes with the unitary
�
e2ir 0
0 e�2ir

�
. Using this, it

is not difficult to see that

…L
n .S@

V
t .x/S/ D S…

L
n .@

V
t .x//S for all n 2 Z:

By Lemma 5.3.2 we know that (5.9) is valid whenever x belongs to a spectral sub-
space, and since …L

n commutes with @Vt (see Corollary 5.2.3) we therefore obtain
that

…L
n .S@

V
t .x/S/ D S…

L
n .@

V
t .x//S D S@

V
t .…

L
n x/S D �@

V
t .…

L
n x/ D �…

L
n .@

V
t .x//:

Since the spectral projections separate points, it follows that S@Vt .x/S D�@
V
t .x/ and

hence that (5.9) holds.

Lemma 5.3.4. For each m 2 Z, it holds that jŒm=2�t j � k…L
m.x/k 6 Lmax

t;q .x/ for all
x 2 Lipt .SUq.2//.

Proof. The result follows from Corollary 5.2.3 and Lemma 5.3.2 via the estimate

jŒm=2�t j � k…
L
m.x/k D k@

V
t .…

L
m.x//k 6 Lmax

t;q .…
L
m.x// 6 Lmax

t;q .x/:

Lastly, in order to apply Theorem 2.3.3, we need to verify that Assumption 2.3.2 (5)
is satisfied, which is the contents of the following lemma.
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Lemma 5.3.5. Let v 2 Lipt .SUq.2// and let M 2 N0. Then the left-multiplication
operator

m.v/WBMq \ ker.…L
0 /! C.SUq.2//

is bounded with respect to the seminorm Lmax
t;q .

Proof. We first remark that Lemma 5.3.4 shows that there exists a constant DM > 0

such that kxk 6 DM � L
max
t;q .x/ for all x 2 BMq \ ker.…L

0 /. Next, it follows from
Lemmas 3.6.5 and 4.3.7 that

Lmax
t;q .v � x/ 6 kvkt;q � Lmax

t;q .x/C L
max
t;q .v/ � kxkt;q

6

 
kvkt;q C

MX
mD�M

.tm=2 C qm=2/DM

!
� Lmax

t;q .x/

for all x 2 BMq \ ker.…L
0 /. This proves the present lemma.

We are now in position to state and prove the main result of this section, which
shows that the spectral bands are compact quantum metric spaces. Notice that it
follows from Lemma 5.3.1 that the spectral bands are finitely generated projective
modules. In fact, with a little extra effort it can be proved that they are free (but this
does not help to ease the argumentation).

Theorem 5.3.6. Let M 2 N0. The spectral band BMq � C.SUq.2//, the conditional
expectation…L

0 WC.SUq.2//!C.S2q / and the Lipschitz seminormLmax
t;q WC.SUq.2//!

Œ0;1� satisfy Assumptions 2.3.1 and 2.3.2. In particular, it holds that the restriction
Lmax
t;q WB

M
q ! Œ0;1� provides BMq with the structure of a compact quantum metric

space.

Proof. It follows from Lemma 5.3.1 that BMq satisfies Assumption 2.3.1: indeed we
may apply the elements in C.SUq.2//, defined, for eachm 2 ¹�M;�M C 1; : : : ;M º
and each i 2 ¹0; 1; : : : ; jmjº, by

vim WD

´
umi;0 m > 0

u�mi;�m m < 0
and wim WD v

�
im:

Notice in this respect that 1D v00 D w00 and that…L
0 .vim/D 0D…

L
0 .wim/ as soon

as .i; m/ ¤ .0; 0/ (cf. (3.16)). To see that conditions (1)–(5) in Assumption 2.3.2
are satisfied, notice that (1) follows from Corollary 5.2.3, while (2) follows from
Corollary 5.1.3. Condition (3) is a consequence of Lemma 5.3.4 and condition (4) is
trivially satisfied since vim; wim 2 O.SUq.2// for all m 2 ¹�M;�M C 1; : : : ; M º
and i 2 ¹0; 1; : : : ; jmjº. Condition (5) is exactly the contents of Lemma 5.3.5 and
Theorem 2.3.3 therefore shows that .BMq ; L

max
t;q / is a compact quantum metric space.
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Knowing that the spectral bands are compact quantum metric spaces, our next
main goal will be to show that the same is true for quantum SU.2/. We wish to do
so by an application of Corollary 2.1.10, but verifying that the assumptions there are
indeed fulfilled turns out to be a slightly delicate matter. One of our objectives will
be to construct an “anti-derivative” of the twisted �-derivation @Vt WLipt .SUq.2//!
B.L2.SUq.2//˚2/. To this end we need the theory of Schur multipliers, and we gather
all the results needed within this context in the following section.

5.4 Schur multipliers

Let k � k2W `2.Z/! Œ0;1/ denote the usual Hilbert space norm on the Hilbert space
of `2-sequences indexed by Z. The standard basis vectors in `2.Z/ are denoted by ei ,
i 2 Z. We recall the following essential result due to Grothendieck:

Proposition 5.4.1 (Grothendieck). Let H and K be Hilbert spaces and assume that
they are Z-graded asH D

L1
iD�1Hi andK D

L1
iD�1Ki such that each bounded

operator T 2 B.H;K/ is represented by a matrix .Tij /i;j2Z. Let 'WZ � Z! C be
given and assume that there exist a.i/; b.i/ 2 `2.Z/ for every i 2 Z such that

(1) c.a/ WD supi2Z ka.i/k2 <1 and c.b/ WD supi2Z kb.i/k2 <1;

(2) '.i; j / D ha.i/; b.j /i for all i; j 2 Z.

Then for every T 2 B.H; K/ the matrix .'.i; j /Tij /i;j2Z also defines a bounded
operator from H to K and the map M.'/WB.H;K/! B.H;K/, which associates
to T the bounded operator with matrix .'.i; j /Tij /i;j , is completely bounded with
cb-norm at most c.a/c.b/.

Under the hypotheses of the theorem above, the map ' is called a Schur multi-
plier. For a more elaborate treatment of the theory of Schur multipliers the reader
is referred to [65], but for the readers’ convenience we sketch the proof of Proposi-
tion 5.4.1 here.

Proof. Defining aWH ! `2.Z/ y̋H D
L
i2Z `

2.Z/ y̋Hi by a..�i /i / WD .a.i/˝ �i /i
and bWK! `2.Z/ y̋K by b..�i /i / WD .b.i/˝ �i /i , one sees that a and b are bounded
with kak6 c.a/ and kbk6 c.b/. Moreover, one verifies that M.'/.T /D b�.1˝ T /a

and hence we get kM.'/k 6 c.a/c.b/. The same argument works over matrices, so
we indeed obtain that kM.'/kcb 6 c.a/c.b/.

For each t; q 2 .0; 1�, we wish to construct an anti-derivative of

@Vt WLipt .SUq.2//! B
�
L2.SUq.2//˚2

�
;
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which will be given in terms of a Schur multiplier 't WZ � Z! C defined by the
formula

't .i; j / WD

´
1

Œ.i�j /=2�t
i ¤ j

0 i D j:
(5.10)

In order to show that 't WZ � Z! C is indeed a Schur multiplier we start out by
recording a well-known lemma on q-numbers (including the proof for lack of a good
reference):

Lemma 5.4.2. It holds that Œn=2�q > n

q1=2Cq�1=2 for all q 2 .0; 1� and n 2 N.

Proof. Let n 2 N be given. The inequality clearly holds for q D 1, so assume that
q 2 .0;1/. We first notice that Œn�q > n. Indeed, for nD 2k even this inequality follows
since

Œ2k�q � 2k D .q
�2kC1

C q2k�1 � 2/C .q�2kC3 C q2k�3 � 2/

C � � � C .q�1 C q � 2/ > 0

and for n D 2k C 1 odd we obtain the inequality since

Œ2k C 1�q � .2k C 1/

D .q�2k C q2k � 2/C .q�2kC2 C q2k�2 � 2/C � � � C .q�2 C q2 � 2/

> 0:

We then obtain that

Œn=2�q D
qn=2 � q�n=2

.q1=2 � q�1=2/.q1=2 C q�1=2/
D

Œn�q1=2

q1=2 C q�1=2
>

n

q1=2 C q�1=2
:

Lemma 5.4.3. Let t 2 .0; 1�. The function 't WZ � Z! C is a Schur multiplier and
we have the estimate

kM.'t /kcb 6
� � .t1=2 C t�1=2/

p
3

on the cb-norm of the associated completely bounded operator.

Proof. In order to apply Proposition 5.4.1, we define the sequences

a.i/ WD

1X
kD�1

't .i; k/ � ek and b.i/ WD ei

for all i 2 Z and note that 't .i; j / D ha.i/; b.j /i. For each i 2 Z, we then apply
Lemma 5.4.2 to obtain the estimate

ka.i/k22 D ka.0/k
2
2 D 2

1X
kD1

1

Œk=2�2t
6 2

1X
kD1

.t1=2 C t�1=2/2

k2
D
�2.t1=2 C t�1=2/2

3
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on the Hilbert space norm. Since we moreover have that kb.i/k22 D 1 for all i 2 Z,
the relevant estimate on the cb-norm now follows from Proposition 5.4.1:

kM.'t /kcb 6 sup
i2Z
ka.i/k2 6

� � .t1=2 C t�1=2/
p
3

:

We shall also need a systematic method for approximating elements inC.SUq.2//
by elements in the spectral bands BMq , M 2 N0. This approximation will also take
place by means of Schur multipliers. For each M 2 N0, we define the function
M WZ � Z! C by the formula

M .i; j / WD

´
MC1�ji�j j

MC1
ji � j j 6 M

0 ji � j j > M:
(5.11)

Lemma 5.4.4. For eachM 2N0, the function M WZ�Z! C is a Schur multiplier
and we have the estimate

kM.M /kcb 6 1

on the cb-norm of the associated completely bounded operator.

Proof. We are going to apply Proposition 5.4.1. Let M 2 N0 be given, and define,
for each i 2 Z, the sequences

a.i/ D b.i/ WD
1

p
M C 1

�

iCMX
kDi

ek :

We record that ka.i/k22 D 1 D kb.i/k
2
2. Let now i; j 2 Z be given, and assume first

that i 6 j . We then compute that

ha.i/; b.j /i D
1

M C 1
�

*
iCMX
kDi

ek;

jCMX
lDj

el

+
D

´
1

MC1

PiCM
kDj 1 j 6 i CM

0 j > i CM

D

´
MCi�jC1
MC1

j � i 6 M

0 j � i > M
D M .i; j /:

For j6i we get from the above identities that ha.i/;b.j /iDha.j /;b.i/iDM .j; i/D
M .i; j /. The proof is therefore complete.

For each number ı 2 .0; 1/ we define the null-sequence of positive real numbers
.".ı;M//1MD0 by putting

".ı;M/ WD 2
1
2 � .ı

1
2 C ı�

1
2 / �

 
M

.M C 1/2
C

1X
kDMC1

1

k2

! 1
2

for all M 2 N0:

(5.12)
In particular, we record that ".ı; 0/ D � �.ı1=2Cı�1=2/

p
3

.
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Lemma 5.4.5. Let ı 2 .0; 1/. It holds thatM.'t /.1 �M.M //


cb 6 ".ı;M/

for all M 2 N0 and all t 2 Œı; 1�.

Proof. Let M 2 N0 and t 2 Œı; 1� be given. We are going to apply Proposition 5.4.1
to the function �t;M WZ � Z! C given by the formula

�t;M .i; j / WD 't .i; j / �
�
1 � M .i; j /

�
D

8̂̂<̂
:̂

ji�j j
.MC1/�Œ.i�j /=2�t

0 < ji � j j 6 M

0 ji � j j D 0
1

Œ.i�j /=2�t
ji � j j > M:

For each i; j 2 Z we define the sequences

a.i/ WD

1X
kD�1

�t;M .i; k/ � ek and b.j / D ej :

Applying Lemma 5.4.2, we may estimate the Hilbert space norm of a.i/ as follows:

ka.i/k22 D ka.0/k
2
2 D

1X
kD�1

j�t;M .0; k/j
2

D 2 �

1X
kDMC1

1

Œk=2�2t
C

2

.M C 1/2
�

MX
kD1

k2

Œk=2�2t

6 2
�
t

1
2 C t�

1
2

�2
�

 
1X

kDMC1

1

k2

!
C

2M

.M C 1/2
�
�
t

1
2 C t�

1
2

�2
6 2

�
ı

1
2 C ı�

1
2

�2
�

 
M

.M C 1/2
C

1X
kDMC1

1

k2

!
D ".ı;M/2:

This shows that �t;M is a Schur multiplier satisfying the estimate kM.�t;M /kcb 6
".ı;M/ on the cb-norm of the associated completely bounded operator. The result of
the present lemma now follows by noting that M.�t;M / DM.'t / � .1 �M.M // by
construction.

We end this subsection by re-introducing spectral projections in the context of
Schur multipliers. For each n 2 Z we define the Schur multiplier

ınWZ � Z! C ın.i; j / WD ın;i�j : (5.13)

The associated operator M.ın/ is then completely contractive and can be interpreted
in terms of spectral projections. To explain this, suppose that H D

L1
mD�1Hm is a
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Z-graded Hilbert space and define the unitary operator Vr WH ! H by

Vr

 
1X

mD�1

em � �m

!
WD

1X
mD�1

em � e
irm�m

for every r 2R. This yields a 2�-periodic strongly continuous one-parameter unitary
group .Vr/r2R and it holds that

h�;M.ın/.T /�i D
1

2�

Z 2�

0

h�; VrT V�r�ie
�irndr

for all T 2 B.H/ and �; � 2H . Thus, M.ın/ is the n-th spectral projection associated
with our 2�-periodic strongly continuous unitary group .Vr/r2R; cf. (5.4).

5.5 Projecting onto the spectral bands

Throughout this section we again fix the parameters t; q 2 .0; 1�. We are going to
apply the theory of Schur multipliers to the Z-grading

L2.SUq.2//˚2 D
1M

mD�1

�
HmC1
q ˚Hm�1

q

�
: (5.14)

This Z-grading is simply the spectral subspace decomposition associated with the
circle action on L2.SUq.2//˚2 induced by the 2�-periodic strongly continuous one-
parameter unitary group .ULr /r2R introduced in (5.7). For M 2 N0 and n 2 Z, we
consider the Schur multipliers M ; ınWZ � Z! C introduced in (5.11) and (5.13)
and apply the following notation for the completely bounded operators they induce:

ELM WDM.M /; …L
n WDM.ın/WB

�
L2.SUq.2//˚2

�
! B

�
L2.SUq.2//˚2

�
:

This notation is compatible with our already existing notation for spectral projections
by the remarks at the end of Section 5.4. We emphasise that both…L

n and ELM induce
operators on C.SUq.2// via the relations

…L
n .�.x// D �.…

L
n .x// and ELM .�.x// D �.E

L
M .x//

for all x 2 C.SUq.2//. Notice in this respect that

ELM D

MX
mD�M

M C 1 � jmj

M C 1
…L
m:

The aim of this subsection is to prove that ELM is an Lmax
t;q -contraction onto the

spectral M -band BMq and that ELM approximates the identity map on the Lmax
t;q -unit
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ball better and better as M grows, thus setting the stage for an application of Corol-
lary 2.1.10.

We are also interested in the completely bounded operatorZ V

t

WB.L2.SUq.2//˚2/! B.L2.SUq.2//˚2/

defined by the formula Z V

t

T WDM.'t /. � T /; (5.15)

where we recall that  WD
�
1 0
0 �1

�
2 B.L2.SUq.2//˚2/ and that 't WZ � Z! C was

introduced in (5.10). Remark that the Schur multiplier M.'t / is also defined relative
to the spectral subspace decomposition given in (5.14). We record that M.'t / induces
a bounded operator on C.SUq.2//: indeed, for each m 2 Z and x 2 Amq we have the
formula

M.'t /.x/ D

´
1

Œm=2�t
� x m ¤ 0

0 m D 0
;

from which it follows that M.'t / preserves O.SUq.2// and hence also C.SUq.2//
by boundedness. We start out by proving that

R V
t

serves as an anti-derivative with
respect to @Vt providing a non-commutative analogue of the fundamental theorem of
calculus.

Proposition 5.5.1. It holds thatZ V

t

@Vt .x/ D .1 �…
L
0 /.x/ for all x 2 Lipt

�
SUq.2/

�
:

Proof. Let x 2 Lipt .SUq.2// be given. First note that if x 2 Lipt .SUq.2// \ Amq for
some m 2 Z, then the statement follows from Lemma 5.3.2: indeed, in this case we
have thatZ V

t

@Vt .x/ D

Z V

t

�
Œm=2�tx 0

0 �Œm=2�tx

�
D Œm=2�t �M.'t /.x/ D .1 �…

L
0 /.x/:

To prove the general statement, it suffices to show that

…L
n

�Z V

t

@Vt .x/

�
D …L

n .1 �…
L
0 /.x/ for all n 2 Z:

Let thus n 2Z be given. Since both…L
n and M.'t / are Schur multipliers with respect

to the same Z-grading onL2.SUq.2//˚2, they commute. Moreover, we notice that the
grading operator  preserves the spectral subspaceHmC1

q ˚Hm�1
q �L2.SUq.2//˚2

for all m 2 Z and hence it holds that left multiplication with  commutes with …L
n .
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The relevant identity therefore becomes a consequence of Corollary 5.2.3 through the
following computation:

…L
n

�Z V

t

@Vt .x/

�
D

Z V

t

@Vt .…
L
n x/ D .1 �…

L
0 /…

L
n .x/ D …

L
n .1 �…

L
0 /.x/:

The next step is to prove that ELM is a contraction for Lmax
t;q , thus verifying part of

the hypotheses in Corollary 2.1.10.

Lemma 5.5.2. Let M 2 N0 and x 2 Lipt .SUq.2//. It holds that ELM .x/ 2 B
M
q \

Lipt .SUq.2// and Lmax
t;q .E

L
M .x// 6 Lmax

t;q .x/.

Proof. We start out by recalling that ELM D
PM
mD�M

MC1�jmj
MC1

…L
m. It therefore fol-

lows from Lemma 5.4.4 and Corollary 5.2.3 that ELM .x/ 2 Lipt .SUq.2// \ BMq and
that

Lmax
t;q .E

L
M .x// D k@t;q.E

L
M .x//k D kE

L
M .@t;q.x//k 6 k@t;q.x/k D Lmax

t;q .x/:

We now show that the sequence of Lmax
t;q -contractions .ELM /

1
MD0 approximates

the identity map on the Lmax
t;q -unit ball, thus verifying the last hypothesis in Corol-

lary 2.1.10. In fact, this approximation can be obtained uniformly in the deformation
parameters t;q 2 .0;1�. For each ı 2 .0;1/we recall the definition of the null-sequence
of positive real numbers .".ı;M//1MD0 from (5.12).

Proposition 5.5.3. Let ı 2 .0; 1/. It holds that

kx �ELM .x/k 6 ".ı;M/ � Lmax
t;q .x/

for all M 2 N0, .t; q/ 2 Œı; 1� � .0; 1� and x 2 Lipt .SUq.2//.

Proof. We apply Proposition 5.5.1 in combination with Lemma 5.4.5 to obtain that

k.1 �ELM /.x/k D k.1 �E
L
M /.1 �…

L
0 /.x/k D

.1 �ELM / Z V

t

@Vt .x/


6
.1 �M.M //M.'t /

 � k � @Vt .x/k 6 ".ı;M/ � Lmax
t;q .x/

for all M 2 N0, t 2 Œı; 1� and x 2 Lipt .SUq.2//.

5.6 Quantum SU.2/ as a compact quantum metric space

We are now ready to show that quantum SU.2/ becomes a compact quantum metric
space when equipped with the Lipschitz seminorm Lmax

t;q WC.SUq.2//! Œ0;1�.

Theorem 5.6.1. The pair .C.SUq.2//;Lmax
t;q / is a compact quantum metric space for

all t; q 2 .0; 1�.
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Proof. For each M 2 N0 we know from Theorem 5.3.6 that the spectral band BMq
becomes a compact quantum metric space when equipped with the restricted Lipschitz
seminorm Lmax

t;q WB
M
q ! Œ0;1�. We may then apply Corollary 2.1.10 using the com-

pact quantum metric spaces .BMq ; L
max
t;q /, together with the unital linear maps ELM W

C.SUq.2//! BMq and the inclusions �M WBMq ! C.SUq.2//. That the assumptions
in Corollary 2.1.10 are indeed met by this data follows from Lemma 5.5.2 and Pro-
position 5.5.3.

Corollary 5.6.2. The pair .C.SUq.2//;Lt;q/ is a compact quantum metric space for
all t; q 2 .0; 1�

Proof. Since the Lt;q-unit ball is contained in the Lmax
t;q -unit ball this follows from

Theorems 5.6.1 and 2.1.5.

We can also show that the spectral bands converge towards quantum SU.2/ in the
quantum Gromov–Hausdorff distance. In fact, as the following theorem shows, the
convergence can even be obtained in a uniform manner with respect to the deform-
ation parameters t; q 2 .0; 1�. For each ı 2 .0; 1/ we recall the definition of the
null-sequence of positive real numbers .".ı;M//1MD0 from (5.12).

Theorem 5.6.3. Let ı 2 .0; 1/. It holds that

distQ
�
.C.SUq.2//; Lmax

t;q /I .B
M
q ; L

max
t;q /

�
6 ".ı;M/

for all M 2 N0 and .t; q/ 2 Œı; 1� � .0; 1�. Moreover, for all �; � 2 �.C.SUq.2/// it
holds that

dmax
t;q .�; �/ 6 2 � ".ı;M/C dmax

t;q

�
�jBM

q
; �jBM

q

�
for all M 2 N0, all .t; q/ 2 Œı; 1� � .0; 1�.

Proof. By Lemma 5.5.2 and Proposition 5.5.3, the unital positive operator

ELM WC.SUq.2//! BMq

satisfies the assumptions in Corollary 2.2.5 with D D 0 and " D ".ı;M/. The first
statement therefore follows from Corollary 2.2.5 and the second from Corollary 2.2.7.

We may also provide an estimate on the diameter (see Definition 2.1.4) of quantum
SU.2/ in terms of the diameter of the Podleś sphere.

Proposition 5.6.4. For all t; q 2 .0; 1� it holds that

diam
�
C.SUq.2//; Lmax

t;q

�
6
2� � .t1=2 C t�1=2/

p
3

C diam
�
C.S2q /; L

0;max
q

�
:
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Proof. By [70, Proposition 5.5] we have that

diam
�
C.SUq.2//; Lmax

t;q

�
D 2 � distQ

�
.C.SUq.2//; Lmax

t;q /I .C; 0/
�
:

Using the triangle inequality for the quantum Gromov–Hausdorff distance we then
obtain that

diam
�
C.SUq.2//; Lmax

t;q

�
6 2 � distQ

�
.C.SUq.2//; Lmax

t;q /I .C.S
2
q /; L

0;max
q /

�
C diam

�
C.S2q /; L

0;max
q

�
:

The result of the proposition now follows from Corollary 5.1.3 and Theorem 5.6.3 in
the case where M D 0.

Remark 5.6.5. In [3, Theorem 4.18] we proved that the family of Podleś spheres
..C.S2q /; L

0;max
q //q2.0;1� varies continuously in the quantum Gromov–Hausdorff dis-

tance, and thus, in particular, that the function

.0; 1� 3 q 7! diam
�
C.S2q /; L

0;max
q

�
D 2 � distQ..C.S2q /; L

0;max
q /I .C; 0//

is continuous. An application of Proposition 5.6.4 therefore shows that the function
.t; q/ 7! diam.C.SUq.2//; Lmax

t;q / is bounded on compact subsets of .0; 1� � .0; 1�.


