Chapter 6

The quantum Berezin transform

We now introduce the second key ingredient in the analysis of the quantum met-
ric structure of SU,(2), namely an analogue of the classical Berezin transform (see
e.g. [73] and references therein) in this context. The Berezin transform was already
essential in Rieffel’s seminal results in [71], where he proves that the 2-sphere can
be approximated by matrices. The Berezin transform also played a pivotal role in the
analysis of the quantum metric structure on the Podle$ spheres S2, ¢ € (0, 1], in [3,4].
In the present context it will serve to firstly establish the fact that the maximal and
minimal Lip-norm, L7 and L 4 introduced in Definition 4.3.5, actually give rise to
the same quantum metric structure (see Corollary 6.4.2 below). Secondly, the Berezin
transform provides us with finite dimensional quantum metric spaces which we will
show approximate quantum SU(2) in a suitably uniform manner. This, in turn, will
be the key to our main continuity result, Theorem D.

6.1 Definition of the Berezin transform

Throughout this section, we fix the deformation parameter g € (0, 1]. The other para-
meter ¢ € (0, 1] is irrelevant in this section, since we are currently only concerned
with the C *-algebras and not the Lip-norms. For each N, M € Ny we then define the
element

1 N+M .
EM .= NS ;v a’ - (r + 1), € O(SU,(2)), (6.1)

and consider the state )(AN’[: C(SU4(2)) — C given by )(ANI(x) = h((é%)*xéf‘\;’).
That )(AN’I is indeed a state follows from the formulae in (3.15) since ug, = (a*)"
for all n € Ny. In order to analyse these states in more detail, it is convenient to
first introduce a new circle action. Consider again the left and right circle actions or,
and og on C(SUy(2)) defined on generators by

or(z,a):=za, or(z,b):=zb and og(z,a):=za, ogr(z,b)= z7 b, (6.2)
A direct computation shows that
o(z,x):= aR(z,GL_l(z,x)) zeS! xe C(SU4(2))

defines a strongly continuous circle action on C (SU, (2)) which preserves O (SU,(2)),
and we let 19, m € Z, denote the spectral projections associated with o (cf. Sec-
tion 5.2). The circle action o is relevant in connection with the states )(% and € since,
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as we will see below, these only detect its fixed point algebra. We first determine the
fixed point algebra in terms of the standard linear basis of O (SU,(2)).

Lemma 6.1.1. The fixed point algebra of the circle action o on C(SU,(2)) agrees
with the norm closure of the linear span

spang {(b*b)™(a*)*, a* (b*b)™ |k, m € No}.

Proof. Since o fixes a, a* and b*b, it is clear that the span in the statement of the
lemma is contained in the fixed point algebra. For the opposite inclusion, one may use
the standard linear basis (3.1) together with the spectral projection I : C(SU,(2)) —
C(SU,4(2)). Indeed, it holds that

0 form #1

Lemma 6.1.2. Let N, M € No. We have that € = € o T1§ and ¥ = xM o IIg.

Proof. This follows immediately since €(0(z,x)) = €(x) and )(ANJ (o(z,x)) = )(ANI (x)
forallze S'andx € C (SUg(2)). In the case of € it suffices to check the relevant

identity on the generators a and b and in the case of )(ANI the relevant identity follows
since 0(2,5}{,”) = 511\‘,” and h(o(z, x)) = h(x). [

Lemma 6.1.3. We have the convergence result limy, pr—so0 )(%I = € with respect to
the weak™ topology on §(C(SUy(2))).

Proof. By Lemmas 6.1.1 and 6.1.2, we only need to treat elements of the form
(b*b)"(a*)* and a*(*b)™, fork,m € Ny.
Since states preserve the involution and
(B*b)™ (@*)k = g~2km @)k (b* )™
it is enough to check the claim on elements of the form (a*)* (h*b)™. But since
spanc {(b*b)" |m € No} = spanc{(a*)"a" |n € No},

we may, equivalently, verify the convergence on elements of the form (a*)¥*"a™. Let
now k,n € Ny be given. We are left with the task of showing that

; M s\k+n _n\ _ s\k+n _ny _
N,Ilt}flgooXN((a) a") =e((@*)"a") = 1.
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Let us recall the inner product formulae from (3.15) as well as the fact that (a*)™ =
ugo for all m € Ny. For each N, M € No with M = k we may thus compute as
follows:

N+M
1 . . - -
XI[{]/I((a*)k-i-nan) — T Z (l + 1)111/2(J + 1>t11/2h((a*)z+k+nan+])
i,j=N
N+M—k

1

(l + 1);/2(1 +k+ 1);/2h((a*)i+k+"ai+k+”)

[
<
+

lng

o MR G+ k1)
M+1 = (i +k+n+1)y

Let now ¢ > 0 be given. Since limy_, L")q = 1 for all / € Ny we may choose

(I+s
Ny € Ny such that

G+ D20k +i 4+ 1))?

n+k+i—+l)y

—1’<8/2

for all i = Ny. Furthermore, we may choose M, = k such that MLH < g/2 for all
M = My. Forall M = My and N = N, we then estimate that

N+M—-k, ,. .
(@) —1 < —— 3 (i g 20k 15
N M+1 = (i +k+n+1),
M—k+1
M +1

<eg/2+¢e/2=c¢.
This proves the proposition. |

We are now ready to introduce the analogue of the Berezin transform in our g-
deformed setting:

Definition 6.1.4. The quantum Berezin transform in degree N, M € Ny is the com-
pletely positive unital map S % :C(SU,4(2)) — C(SUy(2)) given by

B (x) = (1@ x¥)A).

Remark 6.1.5. In [3], a quantum Berezin transform was introduced for the stand-
ard Podle$ sphere S q2 in a manner very similar to the one above; see also [31] for an
alternative and much more general construction of a Berezin transform on quantum
homogeneous spaces. In [3], the states defining the Berezin transform were denoted
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hn, N € Ny, and given by hp(x) := (N + 1) h((@*)N xa™) for all x € C(SZ) -
C(SU,(2)). We therefore have that hy = & ~le 52)- In particular, the restriction of
BY N0 C(S; 2) agrees with the Berezin transform B introduced in [3]. When ¢ = 1, we
recovered the usual Berezin transform on the classical 2-sphere; see [3, Section 3.2]
for details on this. Note also that a Berezin transform for quantum homogeneous
spaces was introduced in [72] in the setting of Kac-type quantum groups. Since
SU,4(2) is only of Kac-type when g = 1 the constructions in [72] unfortunately do
not apply directly in our context. However, as we shall see below, the more ad hoc
definition above shares a number of properties with the construction in [72].

6.2 The image of the Berezin transform

In connection with our investigation of the quantum Gromov—Hausdorff continuity of
the family (C(SUq(2)), L7g)1.9¢(0,1], @ detailed understanding of the image of the
Berezin transform j % turns out to be imperative. In this section we therefore describe
this image explicitly in terms of polynomial expressions in the generators a, b, a*, b*
for O(SU,4(2)).

For each r, s € Ny, we introduce the linear functional ¢,s: C(SU;(2)) — C
given by

¢r,s(x) := h((@")*xa").

These linear functionals are then related to our states )( (see (6.1)) by the formula

1 N+M
X% M +1 Z \/ r+ <S+ l)q"pr,s’ N, M € Np. (6.3)
r,s=N

We now wish to determine the image of the Berezin transform ,81]‘\;’ . To this end we
first analyse the linear functionals ¢, ; in more details.

Lemma 6.2.1. Letn,r,s € Noand 0 < i, j < n. It holds that ¢rs(uj;) = 0 and that
ors(uj;) #0 (n—2j=r—sandi = jand j <s).
Proof. First note that by (3.14) we have the identities
ors(u;) = h((a*)sufiar) =h(v(@@")- (a* Suf’l) =q > h(a" (a* Su?j).
Applying the formulae (3.11) we obtain that

.
= niy (k)25 and
(6.4)

min{Z, j,s}

2k
(@*)’-uj; = Z iy (k) - uj” k]+§c’
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where all the coefficients appearing are strictly positive. Now note that 2(uj;) = 0
for all m > 0 and h(ul,) = 1. We see from the formulae in (6.4) that if the matrix
coefficient u, appears in the double sum expressing a” (a*)* - uj;, then there are
terms of the form u{y in the sum expressing (a*)* - uz;. This in turn implies that
s = jandi = j. We thus arrive at the following expressions:

h(ar(a*)S.u’?) = An—2j+5,0,0(0) - tn,j,j (J) - h( 00 01T r) i=J.J<s
Y 0 elsewhere

) Ar000) - pn, () i=J,jS<s,n=r—s+2j
0 elsewhere.

This proves the lemma. =

Lemma 6.2.2. Let N, M € Ny and m € Z with |m| > M. It holds that ﬂ%(x) =0
forall x € A7

Proof. Since ,Bf‘v’l preserves the involution and A7' = (A_m)* we may suppose that

m < —M . Furthermore, we may assume that x = uzj for some j € Ny andi €
{0,1,...,2j —mj since A7 is spanned by such matrix coefficients by (3.16). It then
follows from Lemma 6.2.1 that

2j—m
M 2j 2 2j— M 2j—
By (x) = Z ug, " AN ”kj ) :”ij] " (“]]j ") =o.

Indeed, forallr,s € {N,...,N + M} wehave2j —m—2j=—m>M=r—s5. nm

Lemma 6.2.3. Let N, M € Ny and let m € {0, ..., M}. Let moreover j € Ngy and
i €{0,1,...,2j + mj}. It holds that

BMWET™) £0 & j €{0,....N + M —m).

(u21+m

In this case yy ) > 0 and we have the formula

BN (] ™) = N ().

Similarly, we have that

BN (i tn) #0 6 j €{0.....N + M —m).

2j+m
In this case yy (uj “m.j+m) > 0 and we have the formula
,BM( 2j+m) . 2j+m ( 2j+m )
N \*i,j4+m) — “i,j4+m AN j+m,j+m .



The quantum Berezin transform 86

Proof. Letk €{0,...,2j + m} be given. Using Lemma 6.2.1 together with (6.3) we
obtain that (u2]+m) # 0ifand only if k = j and there existr,s € {N,...,N + M}
withr —s =m and J < s. Since we have assumed that M > m > 0 we then see that

(u21+m) #* Oifandonlyifk =jandj€{0,1,...,N + M —m}. Inthis case, we
moreover have that y ¥ (u;; 27 +m) > 0. The first claim of the lemma (regarding u7/ )
therefore follows since

2j+m

2]+m 2]+m 2]+m _ .2j+tm M 2j+m
BN (u Z u; k] ) =u " ).

The remaining claim is now a consequence of the positivity of the linear maps ]1{,4 :
C(SU4(2)) — C(SU4(2)) and )(% :C(SU,4(2)) — C. Indeed, we know from (3.10)

2j+ i 2+
that (u;"™)* = (=) 3] i .

Lemma 6.2.4. Let N, M € Ny and letm € {0,1,..., M}. It holds that

BN (A;™) = spanc{ul ™" [0<j SN+ M —m, 0<i <2j +m)

ﬂN(Am)—spanC{uf]]i':t|0§j SN+M-m,0<i<2j+m}.

The vector space dimensions are given by
dimc (BY (4;,™)) = (N + M + 1)(N + M + 1 —m) = dimc (BY (47)).
In particular, we have that ,3% (A’,;) - A’q‘ forallk € {—M,—-M +1,...,M}.

Proof. We first remark that the algebraic spectral subspace +,™ is spanned by matrix
coefficients of the form u2]’+m with j € Ngandi € {0,1,...,2j + m} by (3.16).
Similarly, since A7 = (A m)* it follows from (3.10) that Am is spanned by matrix
coefficients of the form ul ¥, +m ™ with j € Ngandi €{0,1,.. 2 j + m}. The first claim
regarding the images is then a consequence of Lemma 6.2.3. The relevant formula
for the dimension of the subspaces ,Bf‘v’f (4,™) and ,311\‘,” (A7) now follows from the
computation

N+M-—m
dime (BN (A1) = dimc (BN (4;™) = Y Q2j+m+1)
j=0
=(N+M—-m+1)(N+M+1). n

The images of the spectral bands under the Berezin transforms will serve as our
finite dimensional (also known as “fuzzy”) approximations, analogous to the fuzzy
spheres from [55,71] and their g-deformed counterparts in [3]. It will, however, also
be convenient to have a description available in terms of the generators of SU,(2)
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and we therefore opt to use this as the formal definition. To this end, recall from [3,
Definition 3.5] that the quantum fuzzy sphere in degree N € Ny is defined as

Fuzzy (S;)
:= spang {(bb*)i (ab*)’, (bb*) (ba*)’

i.j€No, i+j<N}<OS).
(6.5)
We now make the following definition:

Definition 6.2.5. Let N,m € Ny. We define the fuzzy spectral subspaces as the finite
dimensional vector spaces

m
Fuzzy (A7) := Zakbm_k -FuzzN(S;) C Ay and
k=0

Fuzzy (A;™) = ) (a*)*(b*)™" ™ - Fuzzy (S]) € A,
k=0

Moreover, for K € Ny we define the fuzzy spectral K-bands as
K
FuzzN(BqK) = Z Fuzzy (A7) € £qK.
m=—K

Note that since Fuzzy (S q2) increases with N € No, the same is true for Fuzzy (A7)
for all m € Z. As mentioned above, the spaces just defined are intimately related to
the quantum Berezin transform as the following result shows:

Proposition 6.2.6. Let N, M, K € Ny. It holds that B 5‘\,4 (A7) = Fuzzy 1 pr—m| (A7)
forallme{—M,..., M}. Inparticular ,311{,’1 (BqK) CFuzzy+m (Bf) whenever M = K
and Fuzzy (BqK ) is an operator system (without any constraints on N, K € Ny).

Proof. Let m € Z with |m| < M be given. We focus on the case where m € Ny
since the case where m < 0 follows from similar arguments. We begin by recalling
from [3, Lemmas 3.4 and 3.7] that

Fuzzy 1 p-m(S2) = spanc{u;! [0< j S N+ M —m, 0<i <2j}.  (66)
Similarly, we recall from Lemma 6.2.4 that
ﬂ%(A;”) = spanc{uiéi',’; 0<j<SN+M-m, 0<i<2j+m}.

For m = 0, the identity Fuzzy + y—m (A7) = B % (A7) therefore follows immediately.
We may thus suppose that m > 0. Let us start out by proving the inclusion

Fuzzy a1-m(A) S BN (A7) (6.7)
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Foreachl,i, j € Ng withi < 2j + [ it follows from (3.11) that

2j+1 2j++1) 2(-D+01+D)
a-Ujy € SpanC{ui+1,j+(l+1)’ Ui j—1+0+1) } and

2j+1 2j4+(I+1)  2(G—-D+U+1)
b-ui” 7y, € spanc {ui,j—i-(l—i-l)’ Ui 1714+ [

Hence, forallk € {0,...,m}, j € {0,....N + M —m}andi € {0,...,2/} itholds
that

akbm_kuizf € spanc{ui’].:','; ‘O$j SN+M-m,0<i<2j +m} :,BJA\}[(AZ“).

By definition of Fuzzy 4+ m—m(Ag'), the inclusion in (6.7) therefore follows. In order
to show that Fuzzy 4+ y—m (A7) = B f‘v’f (A7), it now suffices to establish that

dime (Fuzzy 1 -m(A)) = dime (BY (A7)).

Rewriting the definition of the quantum fuzzy sphere from (6.5) slightly we obtain

Fuzzy 4 p-m(S2)

= spanc{a’b' (b*)'t/, (a*)/ b (b*) |i.j €N, i +j <N+ M —m).
(6.8)

From the two extremes, k = 0 and k = m, in Definition 6.2.5 we obtain that

My = {a™ b (b*) T, (@*) BT (b*) i j eNo, i + j S N + M —m}

C Fuzzy 4+ m-m(A7)-
Similarly, fixing j = 01in (6.8) and letting k vary in {1, ...,m — 1} we obtain that
My = {a* o™ ") [1<k<m—1,0<i <N +M—m)

C Fuzzy + m-m(A7).

Since m = 1, we see from (3.1) that the set M; U M, consists of linearly independent
vectors and its cardinality is given by

N+M—-m+1
(m—l)-(N—|—M—m—|—1)—|—2-< > i)
i=1

=(N+M-m+1)-(N+M+1),

which is exactly dimc (8 % (A7) by Lemma 6.2.4. This completes the proof of the
first part of the lemma.
The last two statements of the lemma follow from the first part. Firstly, for M > K
we have that
K K
BN (B = D Fuzzyipyim|(A]) S ) Fuzzyim(Ay) = Fuzzym(B)).
m=—K m=—K
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Secondly, for arbitrary N, K € Ny, FuzzN(Bf) is an operator system since the
Berezin transforms are *-preserving:

Fuzzy (A7) = ,BK,"‘(AZ’)* = ﬂ‘lf,"l(A;m) = Fuzzy (4,"). n

Corollary 6.2.7. Letm € Z and N, K € Ny. It holds that dimc (Fuzzy (A7) = (N +
Im| + 1)(N + 1). In particular, both dimc (Fuzzy (Ag')) and dimc (Fuzzy (Bf)) are
independent of q € (0, 1].

Proof. The first identity follows from Lemma 6.2.4 since Fuzzy (A7') = ﬂ‘;,"l (A7)
by Proposition 6.2.6. Since Fuzzy (A7) S Ag' one has that

K
dime (Fuzzy (Bf)) = ) dime (Fuzzy (A7),
m=—K

and dimc (Fuzzy (Bf )) is therefore also independent of ¢ € (0, 1]. [

Inspecting the proof of Proposition 6.2.6, we obtain an explicit linear basis for the
fuzzy spectral subspaces:

Corollary 6.2.8. Foreach N € N and m € Z the fuzzy spectral subspace Fuzzy (A7)
admits a linear basis consisting of a subset of the standard linear basis (3.1) for
O (SU,4(2)) which is independent of the value of q. Concretely the basis can be chosen
as follows:

Form > 0itis given by
{a/Tmb (B*) T, (a*) b (B*) i, j €No, 0<i+j <N}
U {a*b R %) [k e {l,....m =1}, i €{0,....N}}.

» Form = 0itis given by
{a/b (b)Y, (@*)/ B (b*) | j efl,....N}, i €{0,....N — j}}
U {b'(b*) |i €{0.....N}}.
e Form < 0itis given by
{@)?™"b" ™ (b*), alb' (b*)' T/ ™ |i,j € Nog, 0<i+ j < N}
U {(@®* o *)y R b*) |k ed{l,....-m —1}, i €{0.....N}}.
The fuzzy approximations of the 2-sphere originated in physics [29, 55, 56] and
have the feature of carrying an action of SU(2). In the g-deformed setting fuzzy
approximations of the Podle$ sphere have also been studied in the mathematical phys-

ics literature; see [5,27,28]. In some sense these ideas can be traced back to the work
of Podles [66].
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Similarly to the quantum fuzzy spheres, our fuzzy spectral band also carries a
coaction of quantum SU(2):

Proposition 6.2.9. For each N, K € Ny, the operator system
Fuzzy (BF) € 0(SU4(2))
is O(SUy(2))-coinvariant.

Proof. Forevery x € Fuzzy (B ‘f ) we need to show that
A(x) € O(SU4(2)) ® Fuzzy (BJ).
Letm e {—K,—K + 1,..., K}. We shall in fact see that
A(x) € O(SU4(2)) ® Fuzzy (A7)
whenever x € Fuzzy (A7). Indeed, since Fuzzy (A7) = ,3'1(,"‘(/12’) by Proposition

6.2.6, the relevant inclusion follows from Lemma 6.2.4 together with the formula for
the coproduct on matrix coefficients. ]

Remark that for ¢ = 1, the comultiplication on @ (SU(2)) is dual to the group
multiplication. Letting A denote the left regular action of SU(2) on @(SU(2)) and
evg: O (SU(2)) — C denote the evaluation at a point g € SU(2), we have the formula
Ag—1 f = (evg @ DA(f) forall f € O(SU(2)). Thus, in this case the coinvariance
in Proposition 6.2.9 does indeed correspond to invariance of Fuzzy (BIK ) under the
left regular action of SU(2).

In the section to follow, we need to apply the Berezin transform, which is at
the moment only defined on C(SU,(2)), to elements in the von Neumann algebra
L*(SUg4(2)). Since A extends to a normal *-homomorphism at the von Neumann
algebraic level and each )(ANI is normal (being a vector state in the GNS repres-
entation), the slice map formula (1 ® )(5‘\,’1 )A(x) also makes sense at the level of
L*(SU,4(2)). We could therefore simply extend the Berezin transform ,B% to
L>°(SU4(2)) using the same formula. However, it will be important to view this
extension as a composition of a finite-dimensional projection and the original Berezin
transform and we therefore take this point of view as our point of departure.

For each finite dimensional subspace F € O(SU,(2)) we let Pr: L?(SU,(2)) —
L?(SU,(2)) denote the orthogonal projection with image A(F) € L?(SU,(2)). We
then define the linear map @ p: B(L?(SU,(2))) — O(SU,(2)) by the formula

A@p(T)) := Pp(T - A(1)) forall T € B(L*(SU,(2))). (6.9)

We record that Im(®r) = F and that @ is WOT-norm continuous, where we recall
that WOT refers to the weak operator topology on B(L?(SU,(2))). Notice, moreover,
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that g, ®r, = g, Pp, = P, when Fo, F; € O(SU,(2)) are finite dimensional
subspaces with Fy C F;. For each N, M € Ny, we have that ,3%(3;”) C !8;” C
O (SU,4(2)) is a finite-dimensional subspace and we apply the notation

SN 1= Py ppr) B(L(SU(2))) — O(SUq(2))
for the associated linear map. Recalling from Proposition 6.2.6 that

B (BY) < Fuzzy 4 m(B)).

we now define the extended Berezin transform 5 11{,4 :L*°(SU4(2)) = Fuzzy + m (B é"l )
by setting B
BM (x) := pM (@M (x)) forall x € L®(SU,(2)). (6.10)

Lemma 6.2.10. Let N, M € Ny. The extended Berezin transform 311{,’1 is ucp (unital
completely positive) and satisfies that % (x) = 5‘\,4 (x) for all x € C(SU4(2)).

Proof. We will start by showing that the extended Berezin transform does indeed
extend the Berezin transform. By norm-density and linearity, it suffices to verify that
ﬁ%(@%(u:?j)) = ,B%(u:’j) foralln € No and i, j € {0,...,n}. If uj; is not one of
the matrix coefficients spanning f 11{,4 (B;” )= Znﬁfz_ uB % (A7) then we obtain from
Lemmas 6.2.2, 6.2.3 and 6.2.4 that both sides of the claimed identity are equal to zero
(recall here that the different matrix coefficients are orthogonal to one another when
embedded in L?(SU,(2))). Conversely, if uf; € B3 (B2'), it holds that ®} (u};) =
uj;;, and the relevant identity therefore holds trivially.

We now focus on showing that 3 1{;’ is completely positive. We first note that this
is indeed the case for the Berezin transform % , being defined as the composition
of the unital *-homomorphism A with the slice map induced by the state )(AN’I . Let
x € L*®(SU,4(2)) ® M4 (C) be given. Then there exists a net (xq)q in C(SUy(2)) ®
M (C) converging in the strong operator topology to x. The net (x}xq)q therefore
converges in the weak operator topology to x*x and since <I>% is WOT-norm continu-
ous we obtain the net ((,Bf‘v’[ ® 1g)(x}xq))q converges in norm to (,5% ® 17)(x*x).
Since each (B % ® 14)(x}xy) is positive and the positive cone is norm closed we may
conclude that (,3~11{,” ® 14)(x*x) is positive. This proves that the extended Berezin
transform is completely positive. |

6.3 Estimates on the Berezin transform

Our next aim is to analyse the interplay between the Berezin transforms and the twis-
ted derivations defining the Lip-norms L;'*. At the algebraic level, i.e. with L;4
instead of L;7", this analysis is slightly less complicated (see the remarks preceding
Proposition 6.3.4), but at the analytic level things are more subtle. In the first series of
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lemmas below, we show how one may, nevertheless, reduce certain questions to the
algebraic setting by means of the projections ® r introduced in (6.9).

Throughout this section, we fix the two parameters ¢ and ¢ in (0, 1] unless expli-
citly stated otherwise.

Lemma 6.3.1. Let &, € O(SU4(2))®2. Then there exists a finite-dimensional sub-
space Fo € O(SU,(2)) such that

(&, 047 ()n) = (£, 95 (P (x))n) and (€87 (x)n) = (§.07 (Pr (x))n)

whenever F € O(SU,(2)) is a finite-dimensional subspace with Fo C F and x €
Lip,(SUq(2)).

Proof. First consider y,z € O(SUy(2)) and let F € O(SU,(2)) be any finite dimen-
sional subspace containing the vector y - v(z)* € O(SU,(2)). Using that the Haar
state is a twisted trace (see (3.13)), we then have that

(yox-z) =(y-v(@)*. x) = (y-v(©@)" Pr(x)) = (y. Pr(x) - z) (6.11)

for all x € C(SUy(2)).

Let us now focus on the case of the horizontal Dirac operator. The argument is
similar for the vertical Dirac operator. Let x € Lip,(SU,(2)) and £, € O(SU,(2))®2.
By definition of 851 (x) and by Lemma 3.6.4 we have that

(8,95 (x)n) = (£, DH o1, (q2, x)n) — (£, on.¢ =2, ) D[ y)
= (D, T, xTyn) — (6. TyxT, Dl )
= (F;lﬂfé,xf‘qn) - (qu’xrq_lequHU)-

Since the unbounded operators I'y, T ' D both preserve the subspace O (SU, (2))®?
we obtain the result of the lemma by applying the observation from (6.11) and running
the last computation backwards. |

Lemma 6.3.2. Let n,i, j € Ny satisfy that i, j < n. It holds that uf};, € B3l (B})
forall NyM € No with N + M = n and M = |2j — n|. In particular, for any finite
dimensional subspace F' € O(SU4(2)) we may choose a Ko € No such that F' C
BE(BX) forall K = K.

Proof. Let NNM € Ny with N + M > n and M = |2j — n| be given. Put m :=
|2j —n| so that M = m. Suppose first that m = n — 2j. We then have that u};, =

u?jf"“m and it follows from Lemma 6.2.4 that u; € ,Bf‘v” (4,™) < ,3% (B;’I), since
j<2j=n—m< N+ M —m. Suppose nextthat m =2j —n.Putk := j —m

and notice that k = 0 since k = n — j. We then have that u}; = uH ™" = 24" and

ii  ~ Yik+m
it again follows from Lemma 6.2.4 that ufj € ﬂ% (A;") sincek =j—-—m<n—m<
N+ M —m. ]
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We define the linear map §: Lip, (SU,;(2)) — M2 (L*>°(SU,4(2))) by putting
8(x) :=u-0q,4(x)-u* forall x € Lip,(SUg(2)).

Note that § does indeed take values in the von Neumann algebra M, (L*°(SU,(2)))
since 0y, = 3;/ + 85 takes values here by Corollary 4.5.5. We moreover remark that
3 extends the twisted *-derivation

§3 52
§ = (_51 _53) 10(SU,4(2)) - M2(O(SU,(2)))

as can be seen by an application of Proposition 4.7.4.

Lemma 6.3.3. For each N, M € Ny there exists a Ky € Ng such that

(1) ®M8(x) = PN S(PE (x)) for all x € Lip,(SU4(2)) and K = K.

(2) MY (x) = dM0Y (DK (x)) for all x € Lip,(SU4(2)) and K = K.
Proof. We will only carry out the argumentation for § since the remaining case fol-
lows by a similar but slightly easier argument.

Consider the finite dimensional subspace B3 (B) € O(SU,(2)) andletd € N
denote its dimension. Let us choose a subset {{x |k =1,2,...,d} C ,311{,’1 (Bé”)

so that {A(¢x) | k = 1,2,...,d} constitutes an orthonormal basis for the subspace
A(B f‘vl (Béu )) € L?(SU,4(2)). The map CIDANI is then given by the expression

d
ON(T) = Y &AGk). TA(D)) T €B(L*(SU,(2))).
k=1

For every vector ¢ € L?(SU,(2)) we apply the notation

(¢ (0
0= (0) and ¢!':= (Zj) € L*(SU,4(2))®2,

and let ¢;; € M»(C) denote the standard matrix units for i, j € {0, 1}. The linear map
CID% can then be described at the level of 2 x 2-matrices by the expression

1 d
ON(T) = Y D eij - G(A)). TAL)Y) forall T € My (B(L*(SUy(2)))).
i,j=0k=1

In particular, we have that

1

d
> e A 8()A D))

i,j=0k=1

N (8(x))

1 d
30> ey el AL 0g.q (DU A1)

i,j=0k=1
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for all x € Lip, (SUg(2)). It therefore follows from Lemma 6.3.1 that we may choose
a finite-dimensional subspace Fy € O (SU,(2)) such that

DY (5(x)) = N (8(PF (x)))

for all finite dimensional subspaces FF € O(SUy;(2)) with Fy € F and all x €
Lip,(SUg4(2)). The result of the present lemma is now a consequence of Lemma 6.3.2.
[

Let N, M € Ny be given. Recall that the Berezin transform ,3% :C(SU4(2)) —
C(SU,4(2)) is defined by slicing the coproduct A on the right tensor-leg with a state,
while endomorphisms of the form 6, with n € U, (su(2)) are defined by slicing the
coproduct on the left tensor-leg. An application of the coassociativity of A therefore
shows that ,81]‘\;1 (65(x)) =&y (ﬂ% (x)) forall x € O(SU4(2)) and n € Uy(su(2)). In
particular, we obtain that

BN (8(x)) = (BN (x)) forall x € O(SU,(2)). (6.12)

Furthermore, for each element x belonging to an algebraic spectral subspace 4y’ for
some m € Z, we get from Lemmas 4.3.1, 6.2.2 and 6.2.4 that

MV _ [m/2],ﬂM(x) 0 _ oV, aM
IBN (at (x)) - ( 0 N —[m/2]t,311{,4(x)) - at (IBN (x)) forallz € (0’ 1]'
We may thus conclude that

B (87 (x)) = 3] (BN (x)) forall x € O(SU,(2)).

As a consequence of the analysis carried out above, we shall now see that these iden-
tities remain valid also at the level of the Lipschitz algebra. Recall, in this connection,
that ,81]‘\,4 denotes the extension of % to L°>°(SUy(2)) introduced in (6.10).

Proposition 6.3.4. For M, N € Ny, the following identities are valid:
(1) (BN (x)) = BN 8(x) for all x € Lip,(SUy(2));
(2) 0Y (BM (x)) = BN 3] (x) for all x € Lip,(SU4(2)).

Proof. We focus on proving the identity regarding the map §. A similar argument-
ation applies to the twisted *-derivation 9} . Let x € Lip,(SU4(2)) be given. By
Lemmas 6.3.2 and 6.3.3, we may choose a K € Ny such that ﬂf‘v’[(Béu) - ﬂé((BqK)
and such that
PN S(x) = N §(DF (x)).

We now remark that <I>§ (x) € O(SU,4(2)) and that CDANI CD(I)( = d>% .

Applying these facts together with (6.12) and Lemma 6.2.10 we obtain the desired
result:

BM §(x)=BM oM 5(x)=pN M 5(DK (x))=5(BN M 0K (1)) =8 (BN (x)). =
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In the special situation where t = g we have the identity u - 94,4 - u* = 6 and,
as we saw above, the map § commutes with the Berezin transform. As the following
result shows, this has the effect that the Berezin transform becomes a contraction for
the associated Lip-norm L g7, There is no reason to expect this to be the case when
t # ¢q, but Proposition 6.3.10 below provides an estimate on how far away the Berezin
transform is from being a contraction for the Lip-norm L7*.

Corollary 6.3.5. Let N, M € Ny. The Berezin transform
BN :Lip,(SUq(2)) — O(SU4(2))

. ; . max. . ;
is a Lip-norm contraction for L'y i.e. we have the inequality

Ly (BN () < Ly(x)
for all x € Lip,(SUq(2)).
Proof. Let x € Lip,(SU4(2)). By Corollary 4.5.5, we have that
§(x) = u-0g4(x) -u* € M,(L®(SUL(2)))

and by Lemma 6.2.10 the map ,g% L*>®(SU,4(2)) = C(SU,4(2)) is ucp, and hence
a complete contraction. Using this together with Proposition 6.3.4, we obtain the
relevant inequality:

LI (BM () = [$BN )| = |BM G| < 18Il = LM™(x). =

We now return to the general setting, and will prove that the Berezin transform
suitably approximates the identity operator on the Lip-unit ball. Most of the results
below will be needed in two versions: one version for all of quantum SU(2) and one
version which is fine tuned to hold on the spectral bands. For K € Ny, we will also use
dy,q and d7 to denote the metrics on the state space § (BqK ) arising from the restric-
tion of the seminorms L; 4 and L;'7* to the spectral band Bf having domains Blf
and BqK N Lip, (SU4(2)), respectively. Hence, for u, v € §(C(SU,4(2))) we specify
that

dig* (. v) == sup{lp(x) —v(x)| | x € C(SU4(2)), LY (x) < 1}
Al g, v 1) = sup{lpx) — ()l | x € B, LI (x) < 1},

and similarly for d; 4. Note that by Lemma 5.3.2 it holds that the domain of the

max

restricted seminorm L3’

|5 K is independent of #, in that we have
Lip,(SU,4(2)) N BX = Lip” (SU,(2)) N B, (6.13)

where LipH (SU4(2)) is the algebra of horizontally Lipschitz elements introduced in
Definition 4.3.2.
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Proposition 6.3.6. Let N, M, K € Ny. It holds that

||,3N x)—x| < dmax()(% €) - L7 (x) forall x € C(SU4(2)) and
BN (x) — x|l < d"*(x¥ g e|BK) LT™(x) forallx € BX.

Proof. When proving the two statements we may focus on the case where x belongs
to Lip,(SU4(2)) or Lip,(SU,(2)) N BqK since the seminorms on the right-hand side
otherwise take the value infinity. Notice first that for every y € C(SU,(2)) it holds
that

1yl = sup{lge,, (W | €. n € L2(SU4(2)), &l Inll = 1}, (6.14)

where we recall that ¢, denotes the linear functional x +— (£, p(x)n). Let now
x € Lip,(SU,(2)) be given and let &, n € L?(SU4(2)) be unit vectors. Using the
identity (6.14), it suffices to show that

|be.n (BN (x) = )| < d*(xi .€) - LT (x).

This inequality follows from Proposition 4.6.6 and the Fubini Theorem for slice maps
[76] via the estimates:

e (B (x) — x)| = |(xN — )(pe.p ® DA®X)]
< AN . €) - LT ((pe. ® DA(X))
dmaX(XN 6) LmaX(x)

This proves the first part of the statement.

Ifx e BqK then A(x) € C(SU4(2)) ®min Bf since each of the algebraic spectral
subspaces is a left comodule for @ (SU,;(2)). In the last computation in the proof
above we therefore have (¢¢, ® 1)A(x) € BX | and hence the rest of the argument
carries over to prove the remaining inequality. |

As indicated above, we now wish to estimate how far the Berezin transform is
from being a contraction for the Lip-norm Ly7*. In general, there is no hope to com-
mute the Berezin transform directly past the operation u - d; 4 - u™ as we could when
t = g. However, as Proposition 6.3.6 shows, the Berezin transform approximates the
identity operator well on the Lip-unit ball, and this makes it possible to obtain strong
estimates nevertheless. The analytic norm || - ||;4 introduced in Section 3.6 will be
used as a tool in the analysis below, and we first provide an estimate on its values on
the entries of the fundamental unitary u € M (O (SU,(2))). We denote these entries
by Uijj, i,j = 0, 1.

Lemma 6.3.7. Foreveryi, j € {0, 1}, it holds that

11
||ulj||fq 2+ and

q
1
Lde(ulJ) — Lmdx S [1/2][ + q 2
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Proof. Leti, j €{0, 1} be given. Using that O'L(S%,uij) = s"'_%uij forall s € (0, 00),
the result of the lemma follows from the estimate

i1 cq 1 1
1q < max{q’~ 344 ,q_’+7+t_/+?}$q_7+t 2

luiilleg = lluij
together with the estimates
Lyg (i) = Lyg (uy) = ||3V(”11) + 8H(ulj)||
< 103 i) || + max{q 2 |8 (uip) . g0, (uip) I} < [1/2) + 72,
where the last inequality follows from (3.3). ]

In the following lemma we recall that H(I;: C(SU4(2)) = C(S, ;) denotes the spec-
tral projection onto the Podles sphere; see (3.17).

Lemma 6.3.8. Let x € ker(HOL). We have the estimate

- (tV2 4 1712)

V3

Proof. Without loss of generality, we may assume that x € ker(Hé) N Lip, (SU4(2))
since the right-hand side of the desired inequality is equal to infinity otherwise. By
Proposition 5.5.1 we then get that x = [ tV Y (x). It thus follows from Lemma 5.4.3

and the definition of | tV from (5.15) that

v (V2 41712
x| < 10V (x < - ( Lm"ﬂlx X ™
Il ||[ - 8Y (o)l = ).

With the above auxiliary results at our disposal, we may now start estimating
the error arising when commuting the Berezin transform past conjugation with the
fundamental unitary. This will be relevant when estimating the L};*-operator norm
of the Berezin transform. An important point of the following lemma is that we are
able to control the error term by means of a continuous function in ¢ and q. For the

statement, we recall that y := ((1, 9)-

Ixll <

Lde(x)

Lemma 6.3.9. Let K € Ny. There exists a continuous, positive function gg: (0, 1] x
(0, 1] — (0, 00) such that

||ﬂ%(uVXu*) - Mﬂ%(yx)u* || < gK([,q) . d;?;x(xxle’ €|B§) LmaX(x)
forall N,M € Ny, all t,q € (0,1] and all x € BX N ker(IT§).

Proof. Without loss of generality we may focus on the case where x €Lip,(SU,(2))N
BqK N ker(HOL ), since the right-hand side is otherwise equal to infinity. An application
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of Proposition 6.3.6 shows that the following inequalities hold for all N, M € Ny and
all z,q € (0, 1]; notice in this respect that u,-jxuzj € Bf forall i, j,k € {0,1}:

|BY (uyxu*) — upd (you||
1

D |18 (uijxug;) —wip By ()u, |

i,j.k=0
1 1
Z ||:81AVl(uijquj) —ugjxug; | + Z i (x = ﬁ%(x))ultj [
i,/ k=0 i,/ k=0
1
<dmaX(XN g €|BK) Z (L7g (wijxuy;) + LTG(x)).

i,j,k=0
Applying Lemmas 4.3.7 and 6.3.7 we estimate that
Lmax(“zjxukj) Lmax(“t}) xMle,q - llukslleg + i
a1 xleg L”“‘X(uk,)

s2([1/% )G H77)  xllg (g2 AT L),

|t,q Lmax(x) ||uk] ”t q

The result of the lemma is now a consequence of Lemmas 3.6.5 and 6.3.8: indeed,
we have that

Il < Z % +q%) - IIx|

m=—K

(V2 42
< 3 (F gty T = Do), .
m=—K

Proposition 6.3.10. Let K € Ny. Then, there exists a continuous positive function
hg:(0,1] x (0, 1] — (0, o) satisfying that

(1) hx(q,q) = 0 forall q € (0, 1] and;
(2) the following estimate holds

Lma"(ﬂN (x)) < (1 +hk(t,q)- dma"()(N |BK €|Bq K)) - L7 (x)

forall N,M € Ny, allt,q € (0,1] and all x € Lip,(SUq4(2)) N BqK.

Proof. We start out by choosing the continuous positive function gg: (0, 1] x (0, 1] —
(0, 00) according to Lemma 6.3.9. We then define the continuous positive function
hg:(0,1] x (0, 1] = (0, c0) by putting

K
hi(t,q) =2 |Im/2]: —[m/24| - g (¢, 9)

m=1

and note that hg (¢, q) = 0 for all ¢ € (0, 1] as desired.
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Let N, M € Ny and t,q € (0, 1] be given. Let moreover x € Lip,(SU,(2)) N BX,
and remark that by (6.13), x € Lip,(SU4(2)) N BqK as well. We define the element
y =9} (x) — 83 (x) and notice that y € BX N ker(IT§) by Lemma 5.3.2. We moreover
emphasise the identities

O1,q(x) — 0g,q(x) = 0/ (x) =3} (x) = yy, wherey = (§ ).
Using Propositions 4.7.4 and 6.3.4 we now compute as follows:
u- g (BN (X)) - u
=u- @ —0))(BM () -u* + (BN (x))
=u- BN (0 —0))(x)) - u* + BN (5(x))
= u- BN (ry) - u* — BN (uyyr®) + BN (- (9rq — 0g.0)(x) - u*) + BN (8(x))
=u- BN (yy)-u* — BN (uyyu™) + BN (u-9:(x) -u).

Combining the above computation with Lemma 6.3.9, recalling that E g,” is a complete
contraction by Lemma 6.2.10, we obtain that

Lmax(ﬁN ()C)) HM ﬂN (yy) u _:BN (u)/yu )H +LmaX(x)
< gk (t.q)- dmdx(XN |BK 6|BI<) LY () + L7 (x).

The result of the present proposition follows from the equality y = Zrl,f ——x(m/2]; —
[m/2],) - 1L (x) so that

L (y) < Z |[m/2]: = [m/2)g] - L7 (M5 (x))

m=—K

<2Z|m/2,— [m/2]q| - LT (x),

m=1

where the last inequality follows from Corollary 5.2.3. |

6.4 Approximation in the quantum Gromov-Hausdorff distance

As a result of the analysis carried out in this section, we shall see that the quantum
Gromov—-Hausdorff distance between the two compact quantum metric spaces
(C(SU4(2)), LYY and (C(SU4(2)), Ly,q) is in fact equal to zero; cf. Corollary 6.4.2
below. When considering the quantum Gromov—-Hausdorff convergence questions in
Chapter 7, this result will allow us to work exclusively at the algebraic level, which
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will simplify matters significantly. We start out with a technical estimate, from which
a number of our main results will follow.

Proposition 6.4.1. Let § € (0, 1). For every ¢ > 0 there exists a Ky € Ny and a
constant C = 0 such that

disto((BN (Bg ) Li.g): (C(SUg(2), L) < d7ig* (x| pxo- €lpio) - € + 2

forall N,M € Ngand allt,q € [8, 1]. Moreover, if X € C(SUy, (2)) is a sub-operator
system such that Dom(Ly'g*) N X is norm-dense in X and pM v (B KO) C X, then it
holds that

dist (X, L7%): (C(SU4(2)), LT4)) < d"*(xN |Bfo’6|BfO) C+e

forallt,q €[5, 1].

Proof. Let ¢ > 0 be given and choose Ko € Ny such that £(6, Ko) < ¢; see (5.12)
for the definition of ¢(§, K) for K € Ny. For every N, M € Ny we remark that the
seminorms L, 4 and L}7* agree on the sub-operator system f % (Bf 9) € C(SUL(2)).
This is a consequence of Lemmas 6.2.2 and 6.2.4. By Proposition 6.3.10, we may
choose a constant Cy = 0 such that

LY (BN (0)) < (14 Co-d*(x¥ 1, Ko €] KO)) LY (x) (6.15)
for all N, M € Ny, all ¢,¢q € [, 1] and all x € Lip,(SU4(2)) N Bfo. Combining
Proposition 5.6.4 with Remark 5.6.5 we may choose the constant C = 0 such that

Co - diam(C(SU,(2)), LY5) +1 < C forallz,q € [8,1].

Let now N, M € Ny and ¢, g € [§, 1] be given. Define the unital map ® := ﬂ% o
EIIQO: C(SU4(2) — ,311‘\;’ (Bfo) and note that ® is positive since E{;O = M(yk,) isa
unital contraction (Lemma 5.4.4) and B % is positive by construction. We then obtain
from Propositions 5.5.3, 6.3.6 and Lemma 5.5.2 that

Ix — @) < llx — Eg, (O + I EE, (x) — BN (EE, ()l
< e(8, Ko) - L5 (x) + d" (x¥ | Ko, € KO) LY*(Eg, (x))

(8 + dmax( AN |B§°’€|Bfo)) Lmax(x)

for all x € Lip,(SU4(2)). Another application of Lemma 5.5.2 together with (6.15)
moreover shows that

LY2(®(x)) < (1+ Co-d"™(xN |B§O,E|B§O)) L7 (x)

for all x € Lip,(SUg4(2)).
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Using Corollary 2.2.5 we then see that

distq((BN (Bf©), L1q): (C(SU4(2), LT))

< d;?;x(XAN/foOyElB;{O) . (CO 'diam(C(SUq(z))’Lrt]jaqX) + 1) Te

max (., M
<dig (xw |B;<0,€|B(5<0) -C +e.

This proves the first part of the present proposition. The second part of our proposition
now follows from Remark 2.2.6. |

Corollary 6.4.2. Lett,q € (0,1]. The metrics d;,q and d;°y* agree on the state space
$(C(SU4(2))). In particular, it holds that

distq((C(SU4(2)). L1,¢): (C(SU4(2)). LYS ) =0.

Proof. Let pu,v € $(C(SU4(2))). We trivially have that dy 4 (1, v) < dfg* (i, v), so
we need to prove the opposite inequality.

For every K, N, M € Ny we recall that the seminorms L; 4 and L‘t‘}g" agree on
the sub-operator system ,3% (Bf ) € C(SU,4(2)) (see Lemmas 6.2.2 and 6.2.4). We
thereby obtain that the two metrics d; 4 and d;;* agree on the state space $ (8 1{,” (Bf ).

Let & > 0 be given. Combining the proof of Proposition 6.4.1 with Corollary 2.2.7
we may choose a Ky € Ny and a constant C = 0 such that

dt“,?x(u, V) < d;?;x(X%|Bfo7 Ele") -C +e/2+dig(p,v)

for all N, M € Np. Next, by Theorem 5.6.1, d;g* metrises the weak™ topology on
3(C(SU,4(2))) and by Lemma 6.1.3 it follows that limy, a7 0 d;{‘;x()(%, €) =0. We
may thus choose N, M € Ny such that

Cdl (AN |pko- €l i) < Cdl (N . €) < /2.

Combining these two estimates we obtain that

di (w,v) < e +dig(p,v).

Since & > 0 was arbitrary we have proved that d;"0* (i, v) = dr,q(u, v).

The fact that the quantum Gromov—Hausdorff distance between (C(SUq(2)), L7
and (C(SU4(2)), L;,4) is equal to zero now follows from [70, Corollary 6.4] (see also
the discussion near Theorem 2.2.3). [ ]

We also record a corollary which is an analogue to Corollary 6.4.2 for the spectral
bands. Since the proof is similar but easier than the proof of Corollary 6.4.2 we are
leaving it out.
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Corollary 6.4.3. Let K € Ng and let t,q € (0, 1]. The metrics dy,q and d;'j* agree
on the state space S (B qK ). In particular, it holds that

disto((BS, LT3 5x): (BY, Liglgx)) = 0.

Lastly, we single out the following consequence of Proposition 6.4.1, which shows
that our fuzzy approximations do indeed approximate quantum SU(2) in the quantum
Gromov—Hausdorff distance.

Corollary 6.4.4. Lett,q € (0, 1]. It holds that

N,}}‘Eoo disto ((Fuzzy (BF), L1,q): (C(SUg(2)), L)) = 0.

Proof. Let e > 0 be given. By Proposition 6.4.1, there exist a Ko € Ny and a constant
C = 0 such that

disto (BN (BX0). L1 4): (C(SU4(2)). LT%)) < C 'dtn,lgx(XAN”Bfo’ele“) +¢&/2

for all N, M € Ny. By Theorem 5.6.1 and Lemma 6.1.3 we may choose Ng, My € Ny
with My = K such that

C .d;fl;"()(%|3(5<o,e|350) <C -d;‘;x(XANl,e) <g/2 forall N = Nyand M = M,.

For N = Ny + My and K = K we obtain from Proposition 6.2.6 that
B (Bf®) S Fuzzy s by (BR) € Fuzzn (B°) S Fuzzw (B,
and the last part of Proposition 6.4.1 therefore shows that

distQ((FuZZN (Bf), Lt,q); (C(SUq (2)), LTZX)) <&,

forall N = Ny + My and all K > K. [ ]

Remark 6.4.5. The case where t = g = 1 is of particular interest since C(SU;(2)) =
C(SU(2)) and the Lip-norm L"]* computes the Lipschitz constant arising from twice
the round metric d g3 on SU(2) = S3 C R%: see Section 4.4 for details. Corollary 6.4.4
therefore provides a finite-dimensional approximation of C(S?3) by subspaces invari-
ant under the SU(2)-action (see Proposition 6.2.9). This yields an S3-analogue of
Rieffel’s original result [71, Theorem 3.2] for the 2-sphere.



