Chapter 2

Almost commutative algebra

This chapter is devoted to the study of almost coherent modules. We recall some basic
definitions of almost mathematics in Section 2.1. Then we discuss the main proper-
ties of almost finitely generated and almost finitely presented modules in Section 2.5.
These two sections closely follow the discussion of almost mathematics in [26]. Sec-
tion 2.6 is dedicated to almost coherent modules and almost coherent rings. We show
that almost coherent modules form a weak Serre subcategory of R-modules, and they
coincide with almost finitely presented ones in the case of almost coherent rings.
We discuss base change results in Section 2.8. Finally, we develop some topological
aspects of almost finitely generated modules over “topologically universally adhesive
rings” in Section 2.12.

2.1 The category of almost modules

‘We begin this section by recalling basic definitions of almost mathematics from [26].
We fix a “base” ring R with an ideal m such that m? = m and it = m ®g m is flat.
We always do almost mathematics with respect to m.
Lemma 2.1.1. Let M be an R-module. Then the following are equivalent:

(1) The module M is the zero module.

(2) The module mi @ g M is the zero module.

(3) The module @ @ g M is the zero module.

(4) The module M is annihilated by ¢ for every € € .

Proof. Note that the multiplication map m ® g m — m is surjective as m? = m. This
implies that we have surjections

M RM > mQQRp M — mM.

This shows that (3) implies (2), and (2) implies (1). It is clear that (2) implies (3), and
(1) is equivalent to (4). So the only thing we are left to show is that (1) implies (2).

Suppose that mM =~ 0. Pick an arbitrary basic elementa ® m € m @ g M with
a € m, m € M. Since m? = m, there is a finite number of elements Vi eoos Vies
X1,...,Xr € m such that

k
a = inyi.

i=1



Almost commutative algebra 18

Then we have an equality

k k
a®m=2xiyi®m=2xi®yim=0. [

i=1 i=1

Definition 2.1.2. An R-module M is almost zero, if any of the equivalent conditions
of Lemma 2.1.1 is satisfied for M.

Lemma 2.1.3. Under the same assumption as above, the “multiplication” morphism
m Qg M — M is an isomorphism.

Proof. We consider a short exact sequence
0—>m—>R— R/mi — 0.
Note that (R/m) ® g m = m/m? = 0, so we get a short exact sequence
0— Torf(R/m,m) —m—m— 0.

Since Torfz (R/m, m) is almost zero, Lemma 2.1.1 says that after applying the
functor — @ g  we get an isomorphism

Mprm~m Qg .

Since mi is R-flat, we also see that m ® g M injects into fii. Moreover, it maps iso-
morphically onto its image m = 1t as m? = wm. Taken together, it shows that

m@prm >~ .
It is straightforward to see that the constructed isomorphism is the “multiplication”

map. ]

We denote by X g the category of almost zero R-modules considered as a full
subcategory of Modg.

Corollary 2.1.4. The category g is a Serre subcategory of ModRg."

Proof. This follows directly from criterion (3) from Lemma 2.1.1, flatness of m and
[68, Tag 02MP]. [

This corollary allows us to define the quotient category’ Mod% := Modg/X g
that we call as the category of almost R-modules. Note that the localization functor

(—)*:Modg — Mod%

'We refer to [68, Tag 02MN] for the discussion of (weak) Serre categories.
2We refer to [68, Tag 02MS] for the discussion of quotient categories.


https://stacks.math.columbia.edu/tag/02MP
https://stacks.math.columbia.edu/tag/02MN
https://stacks.math.columbia.edu/tag/02MS
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is an exact and essentially surjective functor. We refer to elements of Mod% as almost
R-modules or R*-modules. We will usually denote them by M ¢ to distinguish almost
R-modules from R-modules.

To simplify the exposition, we will use the notation Mod% and Modga inter-
changeably.

Definition 2.1.5. A morphism f : M — N is an almost isomorphism (resp. almost
injection, resp. almost surjection) if the corresponding morphism f¢ : M4 — N%is
an isomorphism (resp. injection, resp. surjection) in Mod%.

Remark 2.1.6. For any R-module M, the natural morphism 7:1m Qg M — M is
an almost isomorphism. Indeed, it suffices to show that

m ®r Kerm ~ 0 and mt ® g Coker 7 ~ 0.
Using R-flatness of fii, we can reduce the question to showing that the map
MAIRAMOIRMORM > Qr M

is an isomorphism. This follows from Lemma 2.1.3.

Definition 2.1.7. Two R-modules M and N are called almost isomorphic if M?¢ is
isomorphic to N in Mod%.

Lemma 2.1.8. Let f: M — N be a morphism of R-modules, then the following hold:

(1) The morphism f is an almost injection (resp. almost surjection, resp. almost
isomorphism) if and only if Ker( f) (resp. Coker( f), resp. both Ker( f) and
Coker( f)) is an almost zero module.

(2) We have a functorial bijection Hompg (tt @ g M, N) ~ Homyoq, (M4, N9).

(3) Modules M and N are almost isomorphic (not necessarily via the mor-
phism f)ifand only if i Qg M ~ W Qg N.

Proof. (1) just follows from definition of the quotient category. (2) is discussed in
detail in [26, page 12 (2.2.4)].

Next we show that (3) follows from (1) and (2). Remark 2.1.6 implies that M
and N are almost isomorphic if T @ g M ~ 11 Qg N.

Suppose that there is an almost isomorphism ¢: M ¢ — N¢. It has a representative
f:m ®r M — N by (2). Now (1) together with the R-flatness of it implies that
MR M Qr M Qr M — M Qg N is an isomorphism. Lemma 2.1.3 ensures
that It ® g M ~ 1, so W @g [ gives an isomorphism

MR f MR M — m Qg N. m
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We now define the functor of almost sections
(—)«:Mod% — Modg
via the formula
(M%), = Homygeqe, (R%, M%) = Homg (11, M)

for any R%-module M“ with an R-module representative M. The construction is
clearly functorial in M, so it defines the functor (—)«: Mod% — Modg.

The functor of almost sections will be the right adjoint to the almostification func-
tor (—)?. Before we discuss why this is the case, we need to define the unit and counit
transformations.

We start with the unit of the adjunction. For any R-module M, there is a functorial
morphism

M «: M — Homg(i, M) = M}

that can easily be seen to be an almost isomorphism.
This allows us to define a functorial morphism

ena x: (N$)* — N¢

for any R*-module N¢. Namely, the map ny,«: N — NZ is an almost isomorphism,
so we can invert it in the almost category and define

enaqw = (%07 (NH* — N,
Now we define another functor
(—)1:Mod% — Modg
that will be a left adjoint to the almostification functor (—)?. Namely, we put
(M%), = (M%), Qr T <« M ®pg @

for any R?-module M“ with an R-module representative M. This construction is
clearly functorial in M ¢, so it does define a functor. Similarly to the discussion above,
for any R-module M, we define the transformation

ey (M) =mM Q@M —> M

as the map induced by the natural morphism @t — R. Clearly, €3,y is an almost
isomorphism for any M . Therefore, this actually allows us to define the morphism

nna: N — (Mg N)* >~ (Nf)?

as nna, = (&% !)_1. We summarize the main properties of these functors in the fol-
lowing lemma:
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Lemma 2.1.9. Let R and w be as above. Then the following hold:
(1) The functor (—)« is the right adjoint to (—)%. In particular, it is left exact.

(2) The unit of the adjunction is equal to Ny «, the counit of the adjunction is
equal to ea . In particular, both are isomorphisms.

(3) The functor (<) is the left adjoint to the localization functor (—)%.
(4) The functor (—);:Mod% — Modg is exact.

(5) The unit of the adjunction is equal to nya 1, the counit of the adjunction is
equal to epg,). In particular;, both are almost isomorphisms.

Proof. This is explained in [26, Proposition 2.2.13 and Proposition 2.2.21]. |

Corollary 2.1.10. Let R and m be as above. Then (—)*: Modg — Mod% commutes
with limits and colimits. In particular, Mod% is complete and cocomplete, and filtered
colimits and (arbitrary) products are exact in Mod%.

Proof. The first claim follows from the fact that (—)¢ admits left and right adjoints.
The second claim follows the first claim, exactness of (—)¢, and analogous exactness
properties in Modg. u

The last thing we need to address in this section is how almost mathematics
interacts with base change. We want to be able to talk about preservation of vari-
ous properties of modules under a base change along a map R — S. The issue here
is to define the corresponding ideal g as in the definition of almost mathematics. It
turns out that the most naive ideal mg := mS does define an ideal of almost mathe-
matics in S, but this is not entirely formal and crucially uses our choice of definition
for an ideal of almost mathematics.

More precisely, if one starts with a flat ideal m C R, then the ideal mg C S is
not necessarily flat. However, we show that flatness of it implies flatness of mg. For
this reason, it is essential to not impose the stronger condition on m to be R-flat in
the foundations of almost mathematics.

Lemma 2.1.11. Let f: R — S be a ring homomorphism, and let mgs be the ideal
mS C S. Then we have the equality m% = mg and the S-module Mg :=mgs s Mg
is S-flat.

Proof. The equality mé = mg follows from the analogous assumption on m and
the construction of mg. Regarding the flatness issue, we claim that mg ® g mg ~
(m®r S) ®s (m ®g S). That would certainly imply the desired flatness statement.
To prove this claim, we look at the following short exact sequence:

0—>m—>R—>R/m —0.
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We apply — ®g S to get a short exact sequence
0— Torf(R/m, S)>m®r S > mS — 0.

We observe that TorR (R /m, S) is almost zero, so both Tor®(R/m, §) ® s mS and
Torf (R/m,S) ®s (m ®g S) are zero modules due to Lemma 2.1.1. So we use the
functors — @ (m ®r ) and — ® g WS to obtain isomorphisms

(m ®rS) ®s (Mg S) ~mS Qg (M g S) = (mS) ®s (mS).
Thus we get the desired equality. ]

Lemma 2.1.12. Let f: R — S be a ring homomorphism, and let F:Modg — Modg
be an R-linear functor (resp. let F': Mod(l)g — Modg be an R-linear functor). Then F
sends almost zero R-modules to almost zero S-modules.

Proof. Suppose that M is an almost zero R-module, so eM = 0 for any & € . Then
eF (M) = 0 because F is R-linear, so F(M) is almost zero by Lemma 2.1.1. [

Corollary 2.1.13. Let f: R — S be a ring homomorphism, and let F: Modr —
Modg be a left or right exact R-linear functor (resp. let F: Mod%3 — Modg be a left
or right exact R-linear functor). Then F preserves almost isomorphisms.

Proof. We only show the case of a left exact functor F: Modg — Modg, all other
cases are analogous to this one. We choose any almost isomorphism f: M’ — M"”
and wish to show that F(f) is an almost isomorphism. For this, we consider the
following exact sequences:

0>K—>M - M —0,
0>M-—>M'"— Q—0.

We know that K and Q are almost zero by our assumption on f. Now, the above
short exact sequences induce the following exact sequences:

0— F(K)— F(M') - F(M) — R'F(K),
0— F(M)— F(M") — F(Q).

Lemma 2.1.12 guarantees that F(K), R'F(K), and F(Q) are almost zero S-modules.
Therefore, the morphisms F(M') — F(M) and F(M) — F(M") are both almost
isomorphisms. In particular, the composition F(M’) — F(M") is an almost isomor-
phism as well. |



Basic functors on categories of almost modules 23
2.2 Basic functors on categories of almost modules

The category of almost modules admits certain natural functors induced from the
category of R-modules. It has two versions of the Hom-functor and the tensor product
functor. We summarize the properties of these functors in the following proposition:

Proposition 2.2.1. Let R, m be as above.

(1) We define the tensor product functor — ® ga — Mod% x Mod% — Mod% as
(M, N%) — (M ®g N")*.
Then there is a natural transformation of functors

Mod g x Mod ~®r- s Modg

0
(—)¢ X(_)al / l(_)a

Mod% x Mod% > Mod%

_®R“_

that makes the diagram (2, 1)-commutative. In particular, there is a functorial
isomorphism (M Qg N)? >~ M% Q@pra N for any M, N € Modpg.

(2) There is a functorial isomorphism
Hompga (M?, N%) ~ Homg (it @ M, N),

for any M, N € Modg. In particular, there is a canonical structure of an
R-module on the group Hompga (M %, N%); thus it defines the functor

Hompga (—, —):Mod}, x Modga — Modg.

(3) We define the functor alHompga (—, —): Mod(l)fa x Modra — Modga of al-
most homomorphisms as

(M?,N%) — Hompga (M, N%)%.
Then there is a natural transformation of functors

Hompg (—,—)

Mod} x Modg > Mod g
(—)”x(—)“l / l(—)“
Mod 3, x Modga s Mod ga

that makes the diagram (2, 1)-commutative. In particular, it yields an isomor-
phism alHompga (M %, N%) =% Homg (M, N )¢ for any M, N € Modg.
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Proof. (1). We define
pmN: (M ®g N ) — (M ®g N)*
to be the morphism induced by
M ~m®RrM — Mand N ~m®r N — N.

It is clear that pps v is functorial in both variables, so it defines a natural transforma-
tion of functors p. We also need to check that pps, v is an isomorphism for any M
and N. This follows from the following two observations: pps,y is an isomorphism if
and only if pps, vy ®g T is an isomorphism; and py, vy ® g T is easily seen to be an
isomorphism as W ® g W — W is an isomorphism.

(2) is just a reformulation of Lemma 2.1.8 (2).

In order to show (3), we need to define a functorial morphism

pm.n:Hompg(M, N)* — alHompga (M¢, N?).
We start by using the functorial identification from (2):
alHompga (M %, N%) =* Homg (1t @ M, N)“.

Namely, we define pps, v as the morphism Homg (M, N)* — Homg(mi ® M, N)*
induced by the map mt ® M — M. This is clearly functorial in both variables, so it
defines the natural transformation p.

We also need to check that pps,y is an isomorphism for any M and N. This boils
down to the fact that Homg(—, N) sends almost isomorphisms to almost isomor-
phisms. This, in turn, follows from Corollary 2.1.13. [

Remark 2.2.2. It is straightforward to check that whenever N¢ has a structure of
an S%-module for some R-algebra S, then the R4-modules alHompga (M ¢, N¢) and
M*?% ®ga N have functorial-in-M ¢ structures of S?-modules. This implies that
the functors — ® g« N¢, alHompga (—, N¢) naturally land in Mod, i.e., they define
functors

— ®ga N?:Mod% — Mod$ and alHompga (—, N*): Modz”” — Mod$.
Similarly, Homga (—, N¢) defines a functor Mod% — Mods.

The functor of almost homomorphisms is quite important, as it turns out to be the
inner Hom functor, i.e., it is right adjoint to the tensor product.

Lemma 2.2.3. Let f: R — S be a ring homomorphism, and let M? be an R*-module
and N%, K be S*-modules. Then there is a functorial S-linear isomorphism

Homga (M Qga N%, K%) ~ Hompga (M*?, alHomga (N, K%)).
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Proof. This is a consequence of the usual ®-Hom-adjunction, Proposition 2.2.1, and
the fact that mi®? ~ f1. Indeed, we have the following sequence of functorial isomor-
phisms:

Homga (M Qpga N, K*) >~ Homg (it @ g M ®g N, K)
~ Homgs((M @ g M) ®g (m ®r N), K)
~ Homg (1 ® g M, Homg (Wt g N, K))
~ Hompga (M, alHomga (N?, K)).

The first isomomorphism follows from Proposition 2.2.1 (1), (2), the second isomor-
phism follows from the observation m®? ~ f, the third isomorphism is just the
classical ®-Hom-adjunction, and the last isomorphism is a consequence of Proposi-
tion 2.2.1 (2), (3). [ ]

Corollary 2.2.4. (1) Let N be an R*-module, then the functor — @ pa N¢ is left
adjoint to the functor alHompga (N¢, —).

(2) Let R — S be a ring homomorphism. Then the functor — @ ga S*:Mod% —
ModS is left adjoint to the forgetful functor.

Proof. Part (1) follows from Lemma 2.2.3 by taking S to be equal to R. Part (2)
follows from Lemma 2.2.3 by taking N¢ to be equal to S¢. ]

Definition 2.2.5. The following types of R%-modules will be used throughout the
memoir:

* An R%-module M* is flat if the functor M* ® g« — Mod%, — Mod% is exact.

* An R%module M? is faithfully flat if it is flat and N¢ Q@ ga M* ~ 0 if and only
if N4 ~ 0.

e An R-module M is almost flat (resp. almost faithfully flat) if an R*-module M ¢
is flat (resp. faithfully flat)

e An R%-module 1 is injective if the functor Hompga (—, 1%): Mod‘;"’p — Modpr
is exact.

* An R?-module P? is almost projective if the functor alHompga (P%,—):Mod% —
Mod$% is exact.

Lemma 2.2.6. The functor (—)*: Modgr — Mod% sends flat (resp. faithfully flat,
resp. injective, resp. projective) R-modules to flat (resp. faithfully flat, resp. injective,
resp. almost projective) R*-modules.

Proof. The case of flat modules is clear from Proposition 2.2.1 (1). Now suppose that
M is a faithfully flat R-module. Recall that M ® g —: Modr — Modpg is an exact
and faithful functor. Therefore, if M ® g N is almost zero, it implies that so is N.
Thus Proposition 2.2.1 (1) ensures that M ¢ is almost faithfully flat.
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The case of injective modules follows from the fact that (—)¢ admits an exact left
adjoint functor (—);. The case of projective modules is clear from the definition. m

Lemma 2.2.7. The functor (—);: Mod% — Modg sends flat R*-modules to flat R-
modules.

Proof. This follows from the formula M @ g N ~ (M? ®ga N¢), for any R“-
module M4 and an R-module N. ]

Warning 2.2.8. If M“ is a faithfully flat R*-module, the R-module M," may not be
faithfully flat. For instance, R“ is a faithfully flat R%-module, but R{ = i is not a
faithfully flat R-module. For example, Tt ® g R/m >~ 0.

Corollary 2.2.9. Any bounded above complex C** € Comp™ (R?) admits a resolu-
tion P*% — C*% by a bounded above complex of almost projective modules.

Proof. We consider the complex C !"a € Comp™ (R); it admits a resolution by a com-
plex of free modules p: P* — C,”“. Now we apply (—)“ to this morphism to obtain
the maps
Po,a p_) (C!o,a)a <i C.,Ll'

The map ¢ is an isomorphism in Comp(R?%) by Lemma 2.1.9, and p? is a quasi-
isomorphism by construction. Thus, ! o p%: P*% — C*“ is a quasi-isomorphism
in Comp(R“). We conclude by noting that each term of P*¢ is almost projective by
Lemma 2.2.6. ]

2.3 Derived category of almost modules

We define the derived category of almost modules in two different ways and show
that these definitions coincide. Later we define certain derived functors on the derived
category of almost modules. We pay some extra attention to showing that the functors
in this section are well defined on unbounded derived categories.

Definition 2.3.1. We define the derived category of almost R-modules as D(R?) =
D(Mod%}).

We define the bounded version of the derived category of almost R-modules
D*(R?) for x € {+, —, b} as the full subcategory consisting of bounded below (resp.
bounded above, resp. bounded) complexes.

Definition 2.3.2. We define the almost derived category of R-modules as the Verdier
quotient D(R)“ := D(Modg)/Ds , (ModRg).
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We recall that X is the Serre subcategory of Modg that consists of almost zero
modules, and Dy, (Modg) is the full triangulated category of elements in D(Modg)
with almost zero cohomology modules.

We note that the functor (—)*: Modg — Mod% is exact and additive. Thus, it can
be derived to the functor (—)*:D(R) — D(R?). Similarly, the functor (—);: Mod% —
Modp, is additive and exact, so it can be derived to the functor (—);: D(R%) — D(R).
The standard argument shows that (—), is a left adjoint functor to the functor (—)¢
since this already happens on the level of abelian categories. Now we also want
to derive the functor (—)s: Mod% — Modg. In order to do this on the level of
unbounded derived categories, we need to show that D(R?) has enough K-injective
objects.

Definition 2.3.3. A complex of R?-modules 7 is K-injective if
Homg ga)(C**, 1*%) =0

for any acyclic complex C *“ of R%-modules.

Remark 2.3.4. We remind the reader that K(R“) stands for the homotopy category
of R%-modules.

Lemma 2.3.5. The functor (—)*: Comp(R) — Comp(R?) sends K-injective R-
complexes to K -injective R%-complexes.

Proof. We note that (—)“ admits an exact left adjoint (—); thus [68, Tag 08BJ] ensures
that (—)“ preserves K-injective complexes. [

Corollary 2.3.6. Every object M*¢ € Comp(R?) is quasi-isomorphic to a K -injec-
tive complex.

Proof. We know that the complex M ® € Comp(R) is quasi-isomorphic to a K-injec-
tive complex /° by [68, Tag 090Y] (or [68, Tag 079P]). Now we use Lemma 2.3.5 to
say that /*“ is a K-injective complex that is quasi-isomorphic to M *4. |

As the first application of Corollary 2.3.6, we define the functor (—)«: D(R?) —
D(R) as the derived functor of (—)«: Mod% — Modg. This functor exists by [68,
Tag 070K].

Lemma 2.3.7. (1) The functors
(-
D(R) £—s D(R?)
=)

are adjoint. Moreover, the unit (resp. counit) morphism

(M%), — M (resp. N — (N)?)


https://stacks.math.columbia.edu/tag/08BJ
https://stacks.math.columbia.edu/tag/090Y
https://stacks.math.columbia.edu/tag/079P
https://stacks.math.columbia.edu/tag/070K
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is an almost isomorphism (resp. isomorphism) for any M€ D(R), Ne D(R?).
In particular, the functor (—)¢ is essentially surjective.

(2) The functors

D(R) & D(R%)

)%

are adjoint. Moreover, the unit (resp. counit) morphism
M — (M%), (resp. (Nx)* — N)
is an almost isomorphism (resp. isomorphism) for any M€ D(R), N D(R?).

Proof. We start the proof by showing (1). First, we note that the functors (—), and
(—)? are adjoint by the discussion above. Now we show that the cone of the counit
map is always in Dy, (R). As both functors (—)* and (—); are exact on the level
of abelian categories, it suffices to show the claim for M € Mod‘,’e. But then the
statement follows from Lemma 2.1.9 (5). The same argument shows that the unit
map N — (NVy)? is an isomorphism for any N € D(R%).

Now we go to (2). We define the functor (—).:D(R%) — D(R) as the right derived
functor of the left exact additive functor (—)«: Mod% — Modg. This functor exists
by [68, Tag 070K] and Corollary 2.3.6. The functor (—), is right adjoint to (—)¢ by
[68, Tag ODVC].

We check that the natural map M — (M%), is an almost isomorphism for any
M € D(R). We choose some K-injective resolution M 5 71°. Then Lemma 2.3.5
guarantees that M ¢ — [°*¢ is a K-injective resolution of the complex M “. The map
M — (M%), has a representative

1° = (I*9),.

This map is an almost isomorphism of complexes by Lemma 2.1.9 (2). Thus, the map
M — (M%), is an almost isomorphism. A similar argument shows that the counit
map (Nx)? — N is an (almost) isomorphism for any N € D(R?). ]

Theorem 2.3.8. The functor (—)%:D(R) — D(R?) induces an equivalence of trian-
gulated categories (—)%:D(R)* — D(R%).

Proof. We recall that the Verdier quotient is constructed as the localization of D(R)
along the morphisms f: C — C’ such that cone(f) € Dx,(R). For instance, this is
the definition of Verdier quotient in [68, Tag O5RI]. Now we see that a morphism
f%C% — C' is invertible in D(R?) if and only if cone(f) € Dx.(R), by the
definition of X g and the exactness of (—)%. Moreover, (—)¢ admits a right adjoint
such that (—)? o (=), — id is an isomorphism of functors. Thus, we can apply [27,
Proposition 1.3] to say that the induced functor (—)%: D(R)¢ — D(R?) must be an
equivalence. |


https://stacks.math.columbia.edu/tag/070K
https://stacks.math.columbia.edu/tag/0DVC
https://stacks.math.columbia.edu/tag/05RI
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Remark 2.3.9. Theorem 2.3.8 shows that the two notions of the derived category
of almost modules are the same. In what follows, we do not distinguish D(R?) and
D(R)? anymore.

2.4 Basic functors on derived categories of almost modules

Now we can “derive” certain functors constructed in the previous section. We start
by defining the derived versions of different Hom functors, after that we move to the
case of the derived tensor product functor.

Definition 2.4.1. We define the derived Hom functor
RHompga (—, —): D(R*)? x D(R?) — D(R)

asitis done in [68, Tag 0A5SW], using the fact that Comp(R“) has enough K-injective
complexes.
We define Ext modules via the following formula:

Extpa (M, N?) := H' (RHomga (M*, N*)) € Modg,
for M*, N* € Mod%.

Explicitly, for any M%, N4 € D(R?), the complex RHompga (M4, N%) is con-
structed as follows: We choose a representative C** — M? and a K-injective res-
olution N4 — I*“. Then we set RHomga (M %, N%) = Hom$%,(C*“, I*¢). This
construction is independent of the choices and is functional in both variables. We
refer to [68, Tag 0ASW] for the details.

Remark 2.4.2. We see that [68, Tag 0A64] implies a functorial isomorphism
H' (RHompga (M*, N%)) ~ Hompgya (M“, N°[i]).

Lemma 2.4.3.

(1) There are functorial isomorphisms
HomD(R)a (Ma s Na) ~ HomD(R) (M!a s N)

and
RHompga(M?, N*) >~ RHomg(My, N)
forany M, N € D(R).

(2) For any chosen M® € Mod$%, the functor RHomga (M2, —):D(R)* — D(R)
is isomorphic to the (right) derived functor of Hompga (M4, —).
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Proof. The first claim easily follows from the fact that (—)¢ is a right adjoint to the
exact functor (—);. We leave the details to the reader.
The second claim follows from [68, Tag 070K] and Corollary 2.3.6. |

Definition 2.4.4. We define the derived functor of almost homomorphisms
RalHompga (—, —): D(R%)? x D(R%) — D(R?)

as
RalHompa (M“, N¢) := RHompga (M“, N*)* = RHomg (M}, N)*.

We define the almost Ext modules as R*-modules defined by
alExthe (M, N*) := H' (RalHomga (M?, N%))
for M*, N? € Mod%.

Definition 2.4.5. For K*%, L*% € Comp(R?), we define the complex of almost
homomorphisms alHom'%. (K¢, L*%) as follows:

alHom'za (K*¢, L*%) = l_[ alHompga (K~9%, LP%)
n=p+q

with the differentials
d(f) =dpea o f - (—l)nf odge.a.

Lemma 2.4.6. Let P*? be a bounded above complex of R*-modules with almost pro-
Jjective cohomology modules and let M ** — N *% be an almost quasi-isomorphism
of bounded below complexes of R*-modules. Then the natural morphism

alHom%. (P*%, M*%) — alHom%. (P *%, N*%)
is an almost quasi-isomorphism.

Proof. We note that as in the case of the usual Hom-complexes, there are convergent®
spectral sequences

E}/ = H/ (alHom}a (P74, M*%)) = H'*/ (alHom®a (P*, M *%))

E’il’j =H/ (alHom%a (P, N*Y) = Hit/ (alHompa (P*%, N*%)).

Moreover, there is a natural morphism of spectral sequences E;” — E’}/. Thus, it
suffices to show that the associated map on the first page is an almost isomorphism

3Here we use that P*-¢ is bounded above, M *-¢ and N *-¢ are bounded below.
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at each entry. For this, we use the fact that alHomga (P 5%, —) is exact to rewrite the
first page of this spectral sequence as

E}/ = alHomga (P, H/ (M*))
and the same for E/ ’1] . So the question boils down to showing that the natural mor-
phisms

alHompga (P4, H/ (M *)) — alHomga (P~ H/ (N *?))

are almost isomorphisms. But this is clear as M*% — N*“ is an almost quasi-
isomorphism. u

Lemma 2.4.7. Let Pl' i Pz. ** be an almost quasi-isomorphism of bounded above
complexes with almost projective cohomology modules and let M ** be a bounded
below complex of R*-modules. Then the natural morphism

alHom%. (P, M **) — alHom¥ya (P, M*%)
is an almost quasi-isomorphism.

Proof. We choose some injective resolution M *¢ — [*¢ of the bounded below com-
plex M *¢. Then we have a commutative diagram

alHom¥yq (P, M*%) —— alHomY%a (P, M *%)

| |

alHom¥ya (P, 1*%) —— alHom¥a (P, M *%).

The bottom horizontal arrow is an almost quasi-isomorphism by the standard cat-
egorical argument with injective resolutions. The vertical maps are almost quasi-

isomorphism by Lemma 2.4.6. |
Proposition 2.4.8. (1) There is a natural transformation of functors
D(R)* x D(R) ——kED__, p(R)
(—)“x(—)“l / l(—)“
D(R%)*® x D(R%) s D(R?)

that makes the diagram (2, 1)-commutative. In particular,
RalHompga (M %, N%) =* RHomg(M, N)*

forany M, N € D(R).
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(2) For any chosen M“ € Mod%, the functor RalHompga (M, —): D(R?) —
D(R?) is isomorphic to the (right) derived functor of alHompga (M4, —).

(3) For any chosen N% € Mod%, the functor RalHompga (—, N%): D™ (R%)*P —
D(R?) is isomorphic to the (right) derived functor of alHompga (—, N¢).

Proof. In order to show Part (1), we construct functorial morphisms
om.n:RHomg (M, N)* — RalHomga (M%, N?),
for any M, N € D(R). We recall that there is a functorial identification
RalHompga (M %, N*) =% RHomg(M/', N)* = RHomg(m ®g M, N)“.
So we define
om.N:RHomg (M, N)* — RHomg(t g M, N)*

as the morphism induced by the canonical map i @ g M — M. This is clearly func-
torial, so it defines the stated natural transformation of functors. The only thing we
are left to show is that pps v is an almost isomorphism for any M, N € D(R).

We recall that RHomg (M, N) is isomorphic to Hom%(C*, I*®) for any choice of
a K-injective resolution of N—7* and any resolution M —C*. Since i ® g C*is a
resolution of ™ ® g M due to the R-flatness of @, we reduce the question to showing
that the natural map

o:Hom%(C*, I*) - Homy (i g C*, I°®)

is an almost quasi-isomorphism of complexes. For this, it suffices to show that « is
an isomorphism of complexes. Now note that the degree-n part of « is the map

1_[ Homg(C™4,1%7) — l_[ Hompg (i @ g C79,17).
p+q=n p+q=n

Since (infinite) products are exact in Mod%, and any (infinite) product of almost
zero modules is almost zero, it is enough that we show that each particular map
Hompg(C™4,17) — Hompg (1t ® g C~¢, I?) is an almost isomorphism. This follows
from Proposition 2.2.1 (3).

Part (2) is similar to Part (2) of Lemma 2.4.3.

Part (3) is also similar to Part (2) of Lemma 2.4.3, but there are some subtleties
due to the fact that Mod% does not have enough projective objects. We fix this issue
by using [68, Tag 06XN] instead of [68, Tag 070K]. We apply it to the subset & of
bounded above complexes with almost projective terms. This result is indeed appli-
cable in our situation due to Corollary 2.2.9 and Lemma 2.4.7. |

Now we deal with the case of the derived tensor product functor.
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Definition 2.4.9. We say that a complex K*¢ of R*-modules is almost K-flat if the
naive tensor product complex C*“ ® %, K*¢ is acyclic for any acyclic complex C *¢
of R%-modules.

Lemma 2.4.10. The functor (—)%: Comp(R) — Comp(R?) sends K-flat R-comp-
lexes to almost K-flat R*-complexes.

Proof. Suppose that C*¢ is an acyclic complex of R*-modules and K* is a K-flat
complex. Then we see that

C* @%a K* = (C* ®% K*)*
= (MRrRC* R K*)* = (M ®rC*%) Q% K*)*.
The latter complex is acyclic as it ® C* is acyclic and K* is K-flat. |

Corollary 2.4.11. Every object M *¢ € Comp(R?) is quasi-isomorphic to an almost
K-flat complex.

Proof. We know that the complex M*® € Comp(R) is quasi-isomorphic to a K-flat
complex K* by [68, Tag 06Y4]. Now we use Lemma 2.4.10 to say that K*¢ is an
almost K-flat complex that is quasi-isomorphic to M *-¢. u

Definition 2.4.12. We define the derived tensor product functor
— ®%. —:D(R)* x D(R)* — D(R)*
by the rule (M %, N%) — (M, ®1Le Ny)? for any M%, N¢ € D(R)“.

Proposition 2.4.13. (1) There is a natural transformation of functors
—®L—
D(R) x D(R) R > D(R)

0
(- x(_)al / l(_)a

D(R)* x D(R)* s D(R)

_®I;?“
that makes the diagram (2, 1)-commutative. In particular, there is a functorial
isomorphism (M ®1Le N)* ~ M* ®1Lea N? forany M, N € D(R).

(2) For any chosen M € Mod%, the functor M ®IL2a —:D(R)* — D(R)% is
isomorphic to the (left) derived functor of M* Q@ pa —.

Proof. The proof of Part (1) is similar to that of Proposition 2.2.1 (1). We leave the
details to the reader.

The proof of Part (2) is similar to that of Proposition 2.4.8 (2). The claim follows
by applying [68, Tag 06XN] with & being the subset of almost K-flat complexes.
This result is indeed applicable in our situation due to Corollary 2.4.11 and the almost
version of [68, Tag 064L]. n
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Lemma 2.4.14. Let M*, N, K¢ € D(R)?, then we have a functorial isomorphism
RHompga (M® @k, N%, K%) ~ RHomga (M*, RalHomga (N¢, K%)).

In particular, the functors RalHompga(N¢, —):D(R)* ——= D(R)*: — ®ﬁa N4
are adjoint.

Proof. The claim follows from the following sequence of canonical identifications:

RHompga (M® @k, N%, K%)

~ RHomg (i @ g M) % (it ®& N), K) Lemma 2.4.3 (1)
~ RHompg (1 ® g M, RHompg (11 ®g N, K)) [68, Tag 0ASW]
~ RHompga (M %, RHompg (1t ®g N, K)%) Lemma 2.4.3 (1)
~ RHompga (M %, RalHomga (N?, K%)). Definition 2.4.4 [

Definition 2.4.15. Let f: R — S be a ring homomorphism. We define the base

change functor
— ®%. S“D(R)* - D(S)°

by the rule M4 — (M, (X)IL2 $)¢ for any M* € D(R)4.
Proposition 2.4.16. (1) There is a natural transformation of functors

L
-®ks

D(R) > D(S)

(—)al / l(—)“

D(R)* s D(S)*

_®%u SH

that makes the diagram (2, 1)-commutative. In particular, there is a functorial
isomorphism (M ®5§ S)t ~ M ®§3a S@ for any M € D(R).

(2) The functor — ®@%, S¢:D(R)* — D(S)? is isomorphic to the (left) derived
functor of — (X)IL?,z S4.

Proof. The proof is identical to Proposition 2.4.13. |

Lemma 2.4.17. Let R — S be a ring homomorphism, let M* € D(R)%, and let
N? € D(S)?. Then we have a functorial isomorphism

RHomga (M* ®%, §¢ N%) ~ RHomga (M4, N9).
In particular, the functors Forget: D(S)¢ <—= D(R)*: — ®k%, S are adjoint.

Proof. The proof is similar to that of Lemma 2.4.14. |
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2.5 Almost finitely generated and almost finitely presented modules

In this section, we discuss the notions of almost finitely generated and almost finitely
presented modules. Our discussion closely follows [26]. The main difference is that
we avoid any use of “uniform structures” in our treatment; we think that it simplifies
the exposition. We recall that we fixed some “base” ring R with an ideal m such
that m? = m and @ = m ® g m is flat, and we always do almost mathematics with
respect to this ideal.

Definition 2.5.1. An R-module M is called almost finitely generated, if for any € € m
there are an integer n, and an R-homomorphism

R”SLM

such that Coker( f') is killed by &.

Definition 2.5.2. An R-module M is called almost finitely presented, if for any
e, 8 € m there are integers n, s, m s and a complex

R™Mes £, pnes i) M

such that Coker( 1) is killed by & and §(Ker f) C Im g.

Remark 2.5.3. Clearly, any almost finitely presented R-module is almost finitely
generated.

Remark 2.5.4. A typical example of an almost finitely presented module that is
not finitely generated is M = P,,>; Oc/ pY/"O¢ for an algebraically closed non-
archimedean field C of mixed characteristic (0, p).

The next few lemmas discuss basic properties of almost finitely generated and
almost finitely presented modules. For example, it is not entirely obvious that these
notions transfer across almost isomorphisms. We show that this is actually the case,
so these notions descend to Mod%. We also show that almost finitely generated and
almost finitely presented modules have many good properties that are similar to those
of usual finitely generated and finitely presented modules.

Our first main goal is to get alternative criteria for a module to be almost finitely
generated (resp. almost finitely presented) and show that this notion descends to the
category of almost modules.

Lemma 2.5.5. Let M be an R-module, then M is almost finitely generated if and

only if for any finitely generated ideal wiy C m there is a morphism R* — M such
that wmg(Coker f) = 0.
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Proof. The “if” part is clear, so we only need to deal with the “only if” part. We
choose a set of generators (o, ..., &,) for an ideal my. By assumption, we have
R-morphisms

fi:R" — M

such that g; (Coker f;) = 0 for all i. Then the sum of these morphisms

f ::éﬁ:Rani - M

i=1

defines a map such that g (Coker f) = 0. Since 1 was an arbitrary morphism, this
finishes the proof. u

Lemma 2.5.6. Let M be an almost finitely presented R-module, and let ¢: R" — M
be an R-homomorphism such that wq(Coker ¢) = 0 for some ideal vy C m. Then
for every finitely generated ideal wiy C mym there is morphism : R™ — M such
that

R L RS M

is a three-term complex and w(Ker ¢) C Im(y).

Proof. Since M is almost finitely presented, for any two elements 1, £, € m1, we can

find a complex

A LI

such that &1 (Coker /) = 0 and &, (Ker /) C Im g. Now we choose an element § € m;
and wish to define morphisms

a:R™ — R"and §: R" — R™
suchthatp oo = §f and f o B = &;1¢.

R %, s pm Ty

ﬂllna /

To achieve this goal, we define @ and 8 in the following way: we fix a basis
€1,...,em, of R™! abasise],..., e, of R”, and then put & and B to be the unique
R-linear morphisms such that

ale;) = y; € R*  for some y; such that ¢(y;) = §f(e;),

ﬂ(e]’») = xj € R™! for some x; such that f(x;) = 6190(3})-

Itis clear that g o = §f and f o B = €1¢ as it holds on the basis elements.
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We define the morphism ¥: R" & R™2 — R” by the rule
Y(x,y) =aof(x)—(e18)x +aog(y).
Now we show that
@ oy = 0ande g8 Kerg C Im .
We start by showing that ¢ oy = 0: it suffices to prove that
(xog)(y) € Kerg for y € R™2, and (« o B)(x) — (¢16)x € Kerg for x € R".

We note that we have an equality

(poaog)(y)=35(fog)(y)=380=0,
so (o g)(y) € Ker(¢). We also have an equality

(po(aop—e18)(x) = (poaop)(x)—e1dp(x)
= 8(f o p)(x) —&1d¢p(x)
= Je1p(x) — 18p(x)
=0.

This shows that (@ o B)(x) — (¢16)x € Ker(p) as well.

We show that (e1628) Ker ¢ C Im(¥): we observe that for any x € Ker ¢ we have
B(x) CKer f as f o f = e1¢. This implies that e, 8(x) € Im g since &, Ker f C Img.
Thus, there is y € R™2 such that g(y) = e28(x), so (@ o g)(y) = e2c 0 B(x). This
shows that

Y(—e2x,y) = —e2(c 0 f)(x) + £1820x + (a2 0 g)(y)
= —&3(x 0 B)(x) + €1628x + e2(x 0 B)(x) = e1620x.

We conclude that e16,8x € Im(y) for any x € Ker(p).

Finally, we recall that iy is a finitely generated ideal, and that mip C m;m =
m;m? C m;. This means that we can find a finite set /, and a finite set of elements
€i.1,€i,2 € m,d; € my such that my is contained in the ideal J := (&;,1€;,28i)ier (the
ideal generated by all products €; 1&;28;). The previous discussion implies that for
eachi € I, we have a map v; : R¥ — R" such that

poy; =0 and (g,16i208;)(Kerp) C Imy;.
By passing to the homomorphism

v =P vi: RZ* — R,

iel
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we get a map ¥ such that ¢ o ¢y = 0 and mo(Ker¢) C Im(y). Therefore, y does the
job. |

Lemma 2.5.7. Let M be an R-module. Then the following conditions are equivalent:
(1) The R-module M is almost finitely presented.

(2) For any finitely generated ideal vy C m there exist a finitely presented R-
module N and a homomorphism f: N — M such that mo(Ker f) = 0 and
mo(Coker ) = 0.

(3) For any finitely generated ideal iy C m there exist integers n,m and a three-

term complex

& rn Ly

such that mg(Coker f) = 0 and mo(Ker f) C Img.

Proof. 1t is clear that (3) implies both (1) and (2).

We show that (1) implies (3). Since M is an almost finitely generated R-module,
Lemma 2.5.5 guarantees that, for any finitely generated ideal m’ C m, there exists a
morphism R"LM such that m’(Coker ) = 0.

We know that g C m = m?; this easily implies that there is a finitely generated
ideal m; C m such that my C mym C my. So, using m’ = nty, we can find a homo-
morphism R"% M such that i (Coker ) = 0. Lemma 2.5.6 claims that we can also
find a homomorphism y: R — R" such that

MY rn S m

is a three-term complex and mg(Ker¢) C Im . As g C my and wi; (Coker p) = 0,
we get that mig(Coker ¢) = 0 as well. This finishes the proof since nty was an arbitrary
finitely generated sub-ideal of m.

Now we show that (2) implies (3). We pick an arbitrary finitely generated ideal
mg C m, and we try to find a three-term complex

rm S pn Ly

such that mg(Coker f) = 0 and mo(Ker /) C Im(g). To achieve this, we use the
assumption in (2) to find a morphism 4: N — M such that N is a finitely presented
R-module, my(Coker #) = 0, and mo(Ker ) = 0. Since N is finitely presented, we
can find a short exact sequence

7
R & R LN o,
It is straightforward to see that a three-term complex

:=ho f’
R 5 gn LTy
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satisfies the condition that mg(Coker f) = 0 and mo(Ker ) C Im(g). ]

Lemma 2.5.8. Let M be an R-module, and suppose that for any finitely gener-
ated ideal my C m there exists a morphism f: N — M such that mo(Ker f) =0,
mo(Coker f) =0, and N is almost finitely generated (resp. almost finitely presented).
Then M is also almost finitely generated (resp. almost finitely presented).

Proof. We give a proof only in the almost finitely presented case; the other case is
easier. We pick an arbitrary finitely generated ideal iy C m and another finitely
generated ideal m; C m such that my C m% Then we use the assumption to get a
morphism

f:N—>M

such that w; (Ker /) = 0, iy (Coker f) = 0 and N is an almost finitely presented
R-module. Lemma 2.5.7 guarantees that there is a three-term complex

Rm R & N

such that m; (Coker g) = 0 and mi; (Ker g) C Im /. Then we can consider a three-term

complex

Rl opr 5008y

it is easily seen that m?(Coker f’) = 0 and m?(Ker /') C Im(h). Since mo C m?,
we conclude that mo(Coker f/) = 0 and mg(Ker /) C Im(h). This shows that M is
almost finitely presented. |

Lemma 2.5.9. Let M be an R-module and let {N;};c; be a filtered diagram of
R-modules. Then

(1) the natural morphism
)/1?,,: colim; Homg (M, N;) — Homg (M, colimy N;)

is almost injective for an almost finitely generated M ;

(2) the natural morphism
)/1?,,: colim; Homg (M, N;) — Hompg (M, colim; N;)
is an almost isomorphism and
Var: colim Exty (M, N;) — Extg (M, colim N;)
is almost injective for an almost finitely presented M .

Proof. We give a proof for an almost finitely presented M ; the case of an almost
finitely generated M is similar.
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Step 1: The case of a finitely presented M. In this case, )/1?4 is an isomorphism and V}b
is injective due to [68, Tag 064T] and [68, Tag 0GEW].

Step 2: General case. We fix a finitely generated ideal mo C m. Since mo C m = m*,
there is a finitely generated ideal nt; such that mo C m‘l‘. So we use Lemma 2.5.7 (2)
to find a finitely presented module M’ and a morphism f: M’ — M such that Ker( f")
and Coker( /) are annihilated by n1;. We denote the image of f by M” and consider
the short exact sequences

0>K—->M —->M"—-0,
0O->M'"—-M—>Q—0

with K and Q being annihilated by m;. Applying the functors colim; Hompg(—, N;)
and Hompg(—, colim; ;) and considering the associated long exact sequences, we
see that

b;: colim; Exth (M, N;) — colimy Extiy(M’, N;)

and
ci: Exthy (M, colimy N;) — Exti(M’, colimy N;)

have kernels and cokernels annihilated by m% for any i > 0. Now we consider a
commutative diagram

. yi .
colimy Extiz (M, N;) M > Extls (M, colim; N;)
b,jT Tci
colimy ExtiR(M, N;) " b ExtiR(M, colim;y Nj)
M

By Step 1, we know that Vziw is an isomorphism for i = 0 and injective for i = 1.
Moreover, we know that b; and ¢; have kernels and cokernels annihilated by m%
Then it is easy to see that Coker(yy), Ker(yy ), and Ker(y;,) are annihilated by
m‘l‘. In particular, they are annihilated by my C m‘l‘. Since 1 was arbitrary finitely
generated sub-ideal mg C m, we conclude that yJ, is an almost isomorphism and y;,
is almost injective. |

Lemma 2.5.10. Let M be an R-module.
(1) If, for any filtered diagram of R-modules {N;}iey, the natural morphism

colim; Homg (M, N;) — Hompg (M, colimy N;)

is almost injective, then M is almost finitely generated.
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(2) If, for any filtered system of R-modules {N;}, the natural morphism
colim; Homg (M, N;) — Hompg (M, colimy N;)
is an almost isomorphism, then M is almost finitely presented.

Proof. (1) Note that M =~ colim; M; is a filtered colimit of its finitely generated
submodules. Therefore, we see that

colim; Homg (M, M/ M;) ~* Homg(M, colim; (M/M;)) ~ 0.

Consider an element ¢« of colimy Homg (M, M/ M;) that has a representative the quo-
tient morphism M — M/M,; (for some choice of i € I). Then, for every ¢ € m,
ea = 0 in colim; Homg (M, M/ M;). Explicitly, this means that there is j > i such
that eM C M;. Now we choose a surjection R"/ — M to see that the composition
f:R"Y — M gives a map with e(Coker f) = 0. Now note that this property is pre-
served by replacing j with any j’ > j. Therefore, for any mg = (¢1,.. ., &,), We can
find a finitely generated submodule M; C M such that mig M C M;. Therefore, M is
almost finitely generated.

(2) Fix any finitely generated sub-ideal mgy = (¢1,...,&,) C m. We use [68,
Tag OOHA] to write M ~ colimpy M) as a filtered colimit of finitely presented R-
modules. By assumption, the natural morphism

colimpy Homg (M, M) — Hompg(M, colimy M) = Homg(M, M)

is an almost isomorphism. In particular, €;idys is in the image of this map for every
i = 1,...,n. This means that, for every ¢;, there are an element A; € A and a mor-
phism g;: M — M}, such that

fa; 0 g = eiidpy,

where f3,: M, — M is the natural morphism to the colimit. Note that the existence
of such a g; is preserved by replacing A; with any A} > A;. Therefore, using that
{M,} is a filtered diagram, we can find an index A with maps

gi:M — M),
such that f) o g; = g;idps. We consider the morphism
Fi = gio fi —eidy, : My — M.
We note that Im(F;) C Ker( f}) because

frogio fo— faeiidy, =€ f —ei fo = 0.
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We also have ¢; Ker(f}) C Im(F;) because F;|ker(r;) = €:id. Therefore, ) ; Im(F;)
is a finite R-module such that

mo(Ker f3) C ZIm(Fi) C Ker(f3).

Therefore, f: M’ := M, /(3_, Im(F;)) — M is a morphism such that its source M’
is finitely presented, 1o (Ker f) = 0, and mo(Coker f) = 0. Since my C m was an
arbitrary finitely generated sub-ideal, we see that M is almost finitely presented. m
Corollary 2.5.11. Let M be an R-module. Then

(1) M is almost finitely generated if and only if the natural morphism

colimy alHomg(M“, N{) — alHomg(M“, colim; N{*)

is injective in Mod%, for every filtered diagram {N*};c1 of R*-modules;
(2) M is almost finitely presented if and only if the natural morphism

colimy alHomg(M“, N{*) — alHomg(M“, colim; N{*)

is an isomorphism in Mod%, for every filtered diagram {N{};cr of R°-
modules.

Proof. 1t formally follows from Lemma 2.5.9, Lemma 2.5.10, Proposition 2.2.1 (3),
and Corollary 2.1.10. ]

Corollary 2.5.12. Let M and N be two almost isomorphic R-modules (see Defini-
tion2.1.7). Then M is almost finitely generated (resp. almost finitely presented) if and
only ifsois N.

Proof. Corollary 2.5.11 implies that M is almost finitely generated (resp. almost
finitely presented) if and only if M is. Since M|" >~ N\*, we get the desired result. m

Corollary 2.5.13. Let R — S be an almost isomorphism of rings. Then the forgetful
functor Mods. — Modya is an equivalence for x € {* 7, aft, afp}.

[T3L

Proof. Corollary 2.5.11 ensures that it suffices to prove the claim for * = as the
property of being almost finitely generated (resp. almost finitely presented) depends
only on the category Mod g« and not on the ring R itself.

Corollary 2.2.4 (2) guarantees that the forgetful functor admits a right adjoint
— ®pga S%: Mod‘,’2 — Mod‘;. Therefore, it suffices to show that the natural morphisms

M > M4 Q Ra S

and
N% Qpa S — N4
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are isomorphisms for any M € Mod% and N € ModS. This is obvious from the fact
that R — S is an isomorphism of R?-modules. ]

Definition 2.5.14. We say that an R*-module M“ € Mod% is almost finitely gen-
erated (resp. almost finitely presented) if its representative M € Modpg is almost
finitely generated (resp. almost finitely presented). This definition does not depend
on the choice of a representative due to Corollary 2.5.12.

We now want to establish certain good properties of almost finitely presented
modules in short exact sequences. This will be crucial later in developing a good
theory of almost coherent modules.

Lemma 2.5.15. Let0 — M’ 5 M 1) M" — 0 be an exact sequence of R-modules.
(1) If M is almost finitely generated, then so is M".
(2) If M’ and M" are almost finitely generated (resp. finitely presented), then so
is M.
(3) If M is almost finitely generated and M" is almost finitely presented, then M’
is almost finitely generated.

(4) If M is almost finitely presented and M’ is almost finitely generated, then M
is almost finitely presented.

Proof. This can be easily deduced from Lemma 2.5.9 and Lemma 2.5.10 via the five
lemma (or diagram chase). We only note that the Ext! part of Lemma 2.5.9 (2) is
crucial to make the argument work. |

Corollary 2.5.16. Let 0 — M’ % me 1) M"? — 0 be an exact sequence of R?-
modules. Then all conclusions of Lemma 2.5.15 still hold.

Proof. We use Lemma 2.1.9 (4), (5) to see that the sequence
1ay ! ay W 1a
0—> (M™) — (M) — (M™), —0

is exact and almost isomorphic to the original sequence. Moreover, Corollary 2.5.12
says that each of those modules Ny is almost finitely generated (resp. almost finitely
presented) if and only if so is the corresponding N¢. Thus, the problem is reduced to
Lemma 2.5.15. ]

Lemma 2.5.17. Let M, N% be two almost finitely generated (resp. almost finitely
presented) R*-modules, then sois M* @ ra N¢. Similarly, M @ N is almost finitely
generated (resp. almost finitely presented) for any almost finitely generated (resp.
almost finitely presented) R-modules M and N.
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Proof. We show the claim only in the case of almost finitely presented modules; the
case of almost finitely generated modules is significantly easier. Moreover, we use
Proposition 2.2.1 (1) to reduce the question to showing that the tensor product of two
almost finitely presented R-modules is almost finitely presented.

Step 1: The case of finitely presented modules. 1f both M and N are finitely pre-
sented, then this is a standard fact proven in [17, IT Section 3.6, Proposition 6].

Step 2: The case of M being finitely presented. Now we deal with the case of a
finitely presented R-module M and an almost finitely presented R-module N. We
fix a finitely generated ideal mo C m and a finitely generated ideal m; such that
mgy C m% Now we use Lemma 2.5.7 (2) to find a finitely presented module N’ and
a morphism f: N’ — N such that Ker( /) and Coker( f) are annihilated by mg. We
denote the image of f by N and consider the short exact sequences

0>K — N - N'—>0,
0—>N'"—-N -0 —0,

with K and Q being annihilated by mg. After applying the functor M ® g —, we get
the following exact sequences:

MR RK —>M@rN — M Qr N —0,
TorR(M, Q) > M @g N" - M @g N - M Qg Q — 0.

We note that M Q¢ K, Torf (M, Q),and M ® g Q are annihilated by ntg. Now it is
straightforward to conclude that the map

MRrf MN — M®N

has kernel and cokernel annihilated by m; C m(z,. Moreover, M ® N’ is a finitely
presented module by Step 1. Since mt; was an arbitrary finitely generated subideal
of m, we conclude that M ® N is almost finitely presented due to Lemma 2.5.7 (2).

Step 3: The general case. Repeat the argument of Step 2 once again using Step 2 in
place of Step 1 at the end, and Lemma 2.5.8 in place of Lemma 2.5.7 (2). |

Lemma 2.5.18. Let M be an almost finitely presented R-module, let N be any R-
module, and let P be an almost flat R-module. Then the corresponding natural map
Homg(M,N) g P — Homg(M, N ®g P) is an almost isomorphism.

Similarly, Homga (M4, N?) @ ga P* — Hompga (M4, N* Q ga P?%) is an almost
isomorphism for any almost finitely presented R*-module M?, any R*-module N¢,
and an almost flat R*-module P?.

Proof. Proposition 2.2.1 (1) and (3) ensure that it suffices to prove the claim for the
case of honest R-modules M, N, and P.
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Step 1: The case of a finitely presented module M. We choose a presentation of M :
R" - R™ - M — 0.
Then we use that P is almost flat to get a morphism of almost exact sequences:

0 — Homgr(M,N) ® g P — Homg(R™,N) ® g P — Homg(R",N) Qg P

l | l

0 — Homgr(M,N ®r P) — Homg(R™,N ® g P) — Homg(R", N ®r P).

Clearly, the second and third vertical arrows are (almost) isomorphisms, so the first
vertical arrow is an almost isomorphism as well.

Step 2: The general case. The case of an almost finitely presented module M fol-
lows from the finitely presented case by approximating M by finitely presented R-
modules. This is similar to the strategy used in Lemma 2.5.17; we leave the details to
the reader. ]

The last ingredient we will need is the interaction between properties of an R-
module M and its “reduction” M/I for some finitely generated ideal / C . For
example, we know that for an ideal / C rad(R) and a finite module M, Nakayama’s
lemma states that M /I = 0 if and only if M = 0. Another feature is that an /-adically
complete module M is R-finite if and only if M/I is R/I-finite. It turns out that both
facts have their “almost” analogues.

Lemma 2.5.19. Let I C m Nrad(R) be a finitely generated ideal. If M is an almost
finitely generated R-module such that M/IM ~ 0. Then M >~ 0. If M/IM =2 0,
then M =4 0.

Proof. We use the definition of an almost finitely generated module to find a finite
submodule N containing I M . If M /I M is isomorphic to the zero module, then inclu-
sion IM C N C M implies that N = M. Thus M is actually finitely generated, now
we use the usual Nakayama’s lemma to finish the proof.

If M/IM is merely almost isomorphic to the zero module, then we see that the
inclusion /M C M is an almost isomorphism. In particular, mtM is almost isomor-
phic to 1M . Using that m? = m, we obtain an equality

mM = m’M = m(IM) = [(mM).

Thus we can apply the argument from above to conclude that tu M = 0. This finishes
the proof as mM =% M. [
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Lemma 2.5.20. Let R be I-adically complete for some finitely generated I C m.
Then an I -adically complete R-module M is almost finitely generated if and only if
M/IM is almost finitely generated.

Proof. [26, Lemma 5.3.18] [

2.6 Almost coherent modules and almost coherent rings

This section is devoted to the study of almost coherent modules which are “almost”
analogues of classical coherent modules. We show that these modules form a weak
Serre subcategory in Mod . Then we study the special case of almost coherent mod-
ules over an almost coherent ring. In this case, we show that almost coherent modules
are equivalent to almost finitely presented modules.

We recall that we fixed some “base” ring R with an ideal m such that m? = m
and M = m Qg m is flat, and we always do almost mathematics with respect to this
ideal.

Definition 2.6.1. An (almost) R-module M is almost coherent if it is almost finitely
generated and every almost finitely generated almost submodule N¢ C M ¢ is almost
finitely presented.

Remark 2.6.2. An almost submodule f: N¢ — M?* does not necessarily give rise
to a submodule N’ C M for some (N')? >~ N“. The most we can say is that there is
an injection fy: (N%)y — (M%), whose almostification is equal to the morphism f
(this follows from Lemma 2.1.8 (2)).

Lemma 2.6.3. Let R — S be an almost isomorphism of rings. Then the forgetful
functor Mod%s" — Modsa" is an equivalence.

Proof. This follows directly from Corollary 2.5.13 and Definition 2.6.1. ]

Lemma 2.6.4. Let M? be an almost R-module with a representative M € Modg.
Then the following are equivalent:

(1) The almost module M*® is almost coherent.

(2) The R-module (M%), is almost finitely generated, and any almost finitely
generated R-submodule of (M), is almost finitely presented.

(3) The R-module (M%), is almost finitely generated, and any almost finitely
generated R-submodule of (M%), is almost finitely presented.

Proof. First of all, we note that Corollary 2.5.12 guarantees that M is almost finitely
generated if and only if so is (M%).. Second, Lemma 2.1.9 implies that the functor
(—)« is left exact. Therefore, any almost submodule N4 C M“ gives rise to an actual
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submodule (N%)4 C (M%), that is almost isomorphic to N. In reverse, any submod-
ule N C (M%), gives rise to an almost submodule of M“. Hence, we see that all
almost finitely generated almost submodules of M¢ are almost finitely presented if
and only if all actual almost finitely generated submodules of M, are almost finitely
presented (here we again use Corollary 2.5.12). This shows the equivalence of (1)
and (2). The same argument shows that (1) is equivalent to (3). ]

Note that it is not that clear whether a coherent R-module is almost coherent. The
issue is that in the definition of almost coherent modules we need to be able to handle
all almost finitely generated almost submodules and not only finitely generated ones.
The lemma below is a useful tool to deal with such problems; in particular, it turns
out (Corollary 2.6.7) that all coherent modules are indeed almost coherent, but we do
not know a direct way to see that.

Lemma 2.6.5. Let M be an R-module. Then M is an almost coherent module if one
of the following holds:

(1) For any finitely generated ideal vy C m, there exist a coherent R-module N
and a morphism f: N — M such that wio(Ker f) = 0 and mo(Coker f) =0.

(2) For any finitely generated ideal my C wm, there exist an almost coherent
R-module N and a morphism f: N — M such that wo(Ker f) = 0 and
mo(Coker ) = 0.

Proof. We start the proof by noting that M comes with the natural almost isomor-
phism M — M. Since both assumptions on M pass through this almost isomor-
phism, Lemma 2.6.4 implies that it suffices to show that M, := M? is almost coher-
ent.

Lemma 2.5.7 guarantees that M, is almost finitely generated. Thus, we only need
to check the second condition from Definition 2.6.1. So we pick an arbitrary almost
finitely generated R-submodule M; C M, and wish to show that it is almost finitely
presented. We choose an arbitrary finitely generated ideal m C mt and another finitely
generated ideal mt; C mu such that gy C m%

We use Lemma 2.5.8 to find a morphism ¢: R" — M7 such that m; (Coker¢) = 0.
We denote by eq, ..., e, the standard basis of R” and by x; := ¢(e;) the image of e;
in M;. We also choose a set of generators (g1, ..., &) of the ideal ;.

By assumption, there is a morphism f: N — M, with a(n) (almost) coherent
R-module N such that m(Coker f) = 0 and m; (Ker ) = 0. This implies that
g;x; is in the image of f foranyi =1,...,m,j = 1,...,n. Let us choose some
vi,j € N such that f(y; ;) = &x;, and define an R-module N’ as the submodule
of N generated by all y; ;. By construction, N’ is a finite R-module. Since N is a
(almost) coherent module, we conclude that N’ is (almost) finitely presented.
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We observe that f/ := f|y- naturally lands in M, and we have m; (Ker /') =0
and m?(Coker f') = 0. Since mo C m?3, this shows that the morphism

N’L)Ml

has kernel and cokernel killed by m(. Lemma 2.5.8 shows that M; is almost finitely
presented. u

Question 2.6.6. Does the converse of Lemma 2.6.5 hold?
Corollary 2.6.7. Any coherent R-module M is almost coherent.

The next thing we want to show is that almost coherent modules form a weak
Serre subcategory of Modg. This is an almost analogue of the corresponding state-
ment in the classical case.

Lemma 2.6.8. Let R and m be as above. Then

(1) an almost finitely generated almost submodule of an almost coherent module
is almost coherent;

(2) let o: N* — M* be an almost homomorphism from an almost finitely gener-
ated R?*-module to an almost coherent R*-module, then Ker ¢ is an almost
finitely generated R*-module;

(3) let p: N — M? be an injective almost homomorphism of almost coherent
R%-modules, then Coker ¢ is an almost coherent R*-module;

@) let o: N* — M*? be an almost homomorphism of almost coherent R*-mod-
ules, then Ker ¢ and Coker ¢ are almost coherent R*-modules;

(5) given a short exact sequence of R*-modules 0 > M'* — M?% — M"* — 0,
if two out of three are almost coherent, so is the third.

Proof. (1) This is evident from the definition of an almost coherent almost module.
(2) Let us define N”* := Im ¢ and N'* := Ker ¢, then Corollary 2.5.16 implies
that N”’¢ is an almost finitely generated almost submodule of M%. Furthermore, it is
almost finitely presented since M ¢ is almost coherent. Thus, Corollary 2.5.16 implies
that N/ is almost finitely generated as well.
(3) We denote Coker ¢ by M"?, then we have a short exact sequence

0> N> M*—> M" 0.

Corollary 2.5.16 implies that M is almost finitely generated. Let us choose any
almost finitely generated almost submodule M{* C M" and denote its pre-image
in M“ by M{. Then we have a short exact sequence

0—> N%—> M{ > M{*—0.
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Corollary 2.5.16 guarantees that M is an almost finitely generated almost submodule
of M. Since M is almost coherent, we see that M{ is an almost finitely presented
R?-module. Therefore, Corollary 2.5.16 implies that M is also almost finitely pre-
sented. Hence, the R%-module M "¢ is almost coherent.

(4) We know that N'* := Ker ¢ is almost finitely generated by (2). Since N is
almost coherent, we conclude that N is almost coherent by (1). We define N"? :=
Im ¢ and M := Coker ¢, then we note that we have two short exact sequences

0—>N?*—> N> N'" 0,
0> N"" > M% > M" - 0.

We observe that (3) shows that N is almost coherent, then we use (3) once more to
conclude that M" is also almost coherent.

(5) The only thing that we are left to show is that if M’* and M"* are almost
coherent, so is M“. It is almost finitely generated by Corollary 2.5.16. In order to
check the second condition from Definition 2.6.1, we choose an almost finitely gen-
erated almost submodule M{ C M?. Let us denote by M, its image in M"“, and
by M“ the kernel of this map. So we have a short exact sequence

0— M{® —> M{ - M{* —0.

Corollary 2.5.16 guarantees that M;" is an almost finitely generated almost submod-
ule of the almost coherent R*-module M"¢. Hence, (1) implies that M{¢ is almost
coherent, in particular, it is almost finitely presented. Moreover, we use (2) to see
that M|? is an almost finitely generated almost submodule of M’¢. Since M is
almost coherent, we conclude that M/ is almost finitely presented. Finally, Corol-
lary 2.5.16 shows that M is almost finitely presented as well. This finishes the proof
of almost coherence of the R*-module M“. ]

Corollary 2.6.9. Let M? be an almost finitely presented R*-module and let N¢ be an
almost coherent R*-module. Then M?* ® ga N¢ and alHompga (M %, N%) are almost
coherent.

Proof. We use Proposition 2.2.1 (1) and (3) to reduce the question to showing that
M ®pgr N and Homg (M, N) are almost coherent R-modules for any almost finitely
presented R-module M and almost coherent R-module N.

Step 1: The case of a finitely presented module M. In this case, we choose a presen-
tation of M as the quotient

R" - R" - M — 0.
Then we have short exact sequences

N*" > N" > M QrN =0
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and
0 - Homg(M,N) - N™ — N".

We note that Lemma 2.6.8 (5) implies that N and N" are almost coherent. Thus,
Lemma 2.6.8 (5) guarantees that both M ® g N and Homg (M, N') are almost coher-
ent as well.

Step 2: The general case. The argument is similar to the one used in Step 2 of the
proof of Lemma 2.5.17. We approximate M by finitely presented R-modules. This
gives us approximations of M?¢ ® ga N¢ and alHompga (M ¢, N¢) by almost coherent
modules. Now Lemma 2.6.5 guarantees that these modules are almost coherent. We
leave the details to the interested reader. |

We define Mod’*" (resp. Modss") to be the strictly full* subcategory of Modg
(resp. Mod ra) consisting of almost coherent R-modules (resp. R-modules).

Corollary 2.6.10. The category Mod’s*" (resp. Modss") is a weak Serre subcategory
of Modrg (resp. Modga ).

Corollary 2.6.10 and the discussion in [68, Tag 06UP] ensure that Do (R) and’
D.con(R)? are strictly full saturated® triangulated subcategories of D(R) and D(R)%
respectively. We define D;goh(R) := Dyeon(R) N DT(R) and similarly for all other
bounded versions.

Lemma 2.6.11. Let M € D(R) be a complex of R-modules. Then M € D,con(R) if
one of the following holds:

(1) for every finitely generated ideal wmy C m, there are N € Deon(R) and a
morphism f: N — M such that my (Hi (cone(f))) = 0 foreveryi € Z;

(2) for every finitely generated ideal my C m, there are N € Dycon(R) and a
morphism f: N — M such that my (Hi (cone(f))) = 0 foreveryi € Z.

Proof. This is an easy consequence of Lemma 2.6.5 applied together with the defini-
tion of D,con(R). [ ]

The last part of this subsection is dedicated to the study of almost coherent rings
and almost coherent modules over almost coherent rings. Recall that coherent mod-
ules over a coherent ring coincide with finitely presented ones. Similarly, we will
show that almost coherent modules over an almost coherent ring turn out to be the
same as almost finitely presented ones.

A strictly full subcategory is a full subcategory that is closed under isomorphisms.

SThese are, respectively, full subcategories of D(R) and D(R)“ of complexes with almost
coherent cohomology modules.

A strictly full subcategory D’ of a triangulated category D is saturated if X @ Y € D’
implies X, Y € D’.


https://stacks.math.columbia.edu/tag/06UP
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Definition 2.6.12. We say that a ring R is almost coherent if the rank-1 free module
R is almost coherent as an R-module.

Lemma 2.6.13. A coherent ring R is almost coherent.
Proof. Apply Corollary 2.6.7 to the rank-1 free module R. |

Lemma 2.6.14. If R is an almost coherent ring, then any almost finitely presented
R-module M is almost coherent.

Proof. Step 1: If M is finitely presented over R, then we can write it as a cokernel
of a map between free finite rank modules. A free finite rank module over an almost
coherent ring is almost coherent due to Lemma 2.6.8 (5). A cokernel of a map of
almost coherent modules is almost coherent due to Lemma 2.6.8 (4). Therefore, any
finitely presented M is almost coherent.

Step 2: Suppose that M is merely almost finitely presented. Lemma 2.5.7 guarantees
that, for any finitely generated moy C 11, we can find a finitely presented module N
and amap f: N — M such that Ker f and Coker f are annihilated by mo. We know
that NV is almost coherent by Step 1. Therefore, Lemma 2.6.5 (2) implies that M is
almost coherent as well. ]

Corollary 2.6.15. Let R be an almost coherent ring. Then an R-module M is almost
coherent if and only if it is almost finitely presented.

Proof. The “only if” part is clear from the definition, the “if” part follows from
Lemma 2.6.14. u

Our next big goal is to show that bounded above almost coherent complexes over
an almost coherent ring are exactly “almost pseudo-coherent complexes™ in some
precise way. More precisely, any element M € D__, (R) can be “approximated” up
to any small torsion by complexes of finite free modules.

Proposition 2.6.16. Let R be an almost coherent ring and let M € D™(R). Then
M € D, (R) if and only if, for every finitely generated ideal o C m, there are a
complex F* of finite free R-modules, and a morphism

fF*—> M

such that m (Hi (cone(f))) = 0 foreveryi € Z. Moreover, if M € DCSO(;(R), one can
choose F* € Comp="(R).

Proof. The “if” direction is Lemma 2.6.11. So we only need to prove the “only if”
direction. For this direction, we fix a finitely generated ideal mo C m and another
finitely generated ideal mi; C m such that mo C m?.
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Without loss of generality, we may and do assume that M € D=°(R), and then
we choose a complex M* € Comp=(R) that represents M. Now we prove a slightly
more precise claim:

Claim. Foreveryn € Z, there is a complex of finite free modules F,} with a morphism
Jui Ep — M® such that
(1) F; e Comp™%(R);
(2) o= "tF* = F*  and c=""" f, = fu_1, where 0=""1 is the naive trun-
cation;
(3) kernels and cokernels of H ( f,,) are annihilated by w, fori > n + 1;
(4) the cokernel of H" ( f,,) is annihilated by m.

Proof of the claim. We argue by descending inductionon . If n > 1, F'* = 0 works.
Now we suppose that we can construct F,;, and wish to construct F,;_,. Consider the
morphism f; presented as a commutative diagram

d;;? dn+1

F

0 s 0 )F,f )F’:"H—)...

T

M2 ——— M > > MMl —
dn72 dnfl qn dn+1
M M M M

,
N
L

Firstly, Ker(d;) is almost coherent as a kernel between finitely presented modules
over an almost coherent ring. Secondly, the R-module

B" := Ker(Ker(d}) — H"(M))

is also almost coherent as a kernel between almost coherent modules. Therefore, there
are a finite free R-module F*~! and a morphism

d:F" ' — B"

such that m; (Cokerd’) = 0. Since H”~! (M) is almost coherent, we can find a finite
free R-module F”"~! and a morphism

A:F”n_l s Hn—l(M)

such that ma; (CokerA) = 0. Let v: F"*~! — Z"~1(M*) be any lift of A to the module
of closed elements Z"~1(M*®) = Ker(d}, 1). We define

f//n—l. F//n—l N Mn—l

to be the composition of v with the inclusion Z"~1(M*®) — M"1,
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Now we wish to define F,;_, and f,,_;. We start with F,_,; we put F," | = F"
ifm>n, F', =0if m <n —1, F,?__ll = F"~1 @ F""=1 and define the only

non-evident differential
d’}:_ll Fr?—_ll — F/n—l D F//n—l — Fr:l

to be zero on F”"~! and equal to d’ on F™~!. It is evident that d% o %' =0, so
this structure defines a complex Fn'_1 of finite free R-modules.
We are only left to define f,—;. We must put f,”, = f" if m >n —1 and

T, =0if m < n —1, so the only question is to define fn”__ll. By construction, we

have f(d'F™~1') c d};'M"~!, so we can find
f/ 1.F/n—l _ Mn—l
M
such thatd"' o f/ | = f" od'. Thus we define
nn_—11: Fr:‘l_—ll — F/n—l @ F//n—l N Mn—l

tobe f,_, on F m=1 and fi,onF m=1 Then it is evident from the construction
that f,°_, is a morphism of complexes, i.e. , it fits the diagram

0 Fn—l d’};l Fr d’;’ Fn-l—l d’;’+l
n—1 n—1 n—1
-1 —+1
J/ lf;{ll J/ y{l—l lfn—l
Mn—2 Mn—l s M" \ Mn+1
% 7 7
dn—2 dn—l dn dn+l
M M M M

By construction, the kernel and cokernel of H”( f,,—1) are annihilated by i, and
the cokernel of H*~1( f,—1) is annihilated by m;. So this finishes the proof of the
claim. ]

Now the morphism f: F* — M*® simply comes as the colimit of f,, i.e.,
f =colim f,: F* = colim F, — M*®.

It is not hard to see that the cohomology groups of cone(f) are annihilated by
my C mi. =

Corollary 2.6.17. Let R be a coherent ring and M € D?(R). Then M € D?_ (R) if

acoh

and only if, for every finitely generated ideal miy C m, there is a complex N € Dé’oh(R)
together with a morphism f: N — M such that mo(H! (cone( f))) = 0 for all i.
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Proof. The “if” direction is Lemma 2.6.11. So we only need to deal with the “only
if” direction. Assume that M € D?(R). Then Proposition 2.6.16 implies that there
are F € D, (R) and a morphism f: F — M such that mo(H’ (cone(f))) = 0 for
all i. Now we can replace F by F' := 12?F to get the desired approximation with
F' eDE,(R). n

Proposition 2.6.18. Let R be an almost coherent ring, and let M®, N¢ be objects
in D, (R). Then M* ®%, N* € D, (R)“.

acol

Proof. Proposition 2.4.13 ensures that it suffices to show that M ®1Le N €D, (R)
for M, N € D_, (R). Clearly, we can cohomologically shift both M and N to assume
that they lie DY (R).

Now we fix a finitely generated ideal mi; C mt and use Proposition 2.6.16 to find
an exact triangle

F*—> M — Q,
where F* € D=°(R) is a complex of finite free modules and H’ (Q) are all annihilated
by m;. Then it is easy to see that the kernel and cokernel of the map
H(F*®%K N) - H (M ®% N)
are annihilated by mi]H. Now we note that, clearly,
F* Rk N~ F % N

lies in D_; (R) because F* is a complex of finite free modules. For each pair of an
integer i > 0 and a finitely generated ideal my C m = m’*!, we can find another
finitely generated ideal 1y such that mg C m’IH. Therefore, the map

H(F*®% N) - H (M ®% N)

is a morphism with an almost coherent source and 1y-torsion kernel and cokernel.
Therefore, Lemma 2.6.5 (2) implies the claim. [

Proposition 2.6.19. Let R be an almost coherent ring, and let M* € D, (R)%,
N¢ e DI (R)?. Then RalHompga(M%, N%) € DI (R)%.

acoh acoh

Proof. The proof is similar to that of Proposition 2.6.18. We use Proposition 2.4.8
and the same approximation argument to reduce to the case M = F* is a bounded
above complex of finite free modules. In this case, the claim is essentially obvious
due to the explicit construction of the Hom-complex Hom% (F*, N). ]

Proposition 2.6.20. Let R be an almost coherent ring, let M € D, (R), let N €
D1 (R), and let P be an almost flat R-module. Then the natural map

RHomgr(M,N) g P — RHomg(M, N ®r P)
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is an almost isomorphism.

Similarly, RHomga(M%, N%) ®%, P4 — RHomga(M%, N* ®%, P%) is an
almost isomorphism for any M € D, (R)%, N® € D*(R)%, and P? an almost
flat R%-module.

Proof. The proof is similar to that of the above lemmas. ]

Corollary 2.6.21. Let R be an almost coherent ring, let M be an object in D ; (R)“,

let N¢ be an object in DT (R)%, and let P be an almost flat R*-module. Then the
natural map

RalHomga (M?, N%) @k, P® — RalHomga (M9, N® @ga P?)

is an isomorphism in D(R?).

2.7 Almost noetherian rings

The main goal of this section is to define the almost analogue of the noetherian prop-
erty. We also verify some of its basic properties. Even though most of the basic
facts about noetherian rings carry over to the almost world, we warn the reader that
Hilbert’s Nullstellensatz seems to be more subtle in the almost world (see Warn-
ing 2.7.9); we are able to establish it only in some very particular situations in Sec-
tion 2.11.

As in the previous sections, we fix a ring R with an ideal m such that m?> = m
and m = m Qg m is flat, and we always do almost mathematics with respect to this
ideal.

Definition 2.7.1. A ring R is almost noetherian if every ideal I C R is almost finitely
generated.

The main goal is to show that every almost finitely generated module over an
almost noetherian ring is almost finitely presented. In particular, an almost noetherian
ring is almost coherent.

Lemma 2.7.2. Let R be an almost noetherian ring, and M C R"™ an R-submodule.
Then M is almost finitely generated.

Proof. We argue by induction on n. The base of induction is n = 1, where the claim
follows from the definition of an almost noetherian ring.

Suppose we know the claim for n — 1, so we deduce the claim for n. Denote by
R"! C R"™ afree R-module spanned by the first n — 1 standard basis elements of R”",
and denote by M’ := M N R"™! the intersection of M with R"~!. Then we have a
short exact sequence

0->M - M—>M"—-0,
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where M is naturally an R-submodule of R ~ R"/R"~!. By the induction hypoth-
esis, M’ is almost finitely generated. Then M” is almost finitely generated by almost
noetherianness of R. Thus, M is almost finitely generated by Lemma 2.5.15 (2). =

Lemma 2.7.3. Let R be an almost noetherian ring. Then any almost finitely gener-
ated R-module M is almost finitely presented.

Proof. Pick any finitely generated sub-ideal g C m. By Lemma 2.5.5, there is an
R-linear homomorphism

fR"—> M

such that mg(Coker f) = 0. Consider N := Ker(f). Lemma 2.7.2 ensures that N is
also almost finitely generated, so there is an R-linear homomorphism

g:R"™ - N
such that mg(Coker g’) = 0. Therefore, the composition
R & R Loy

is a three-term complex with nig(Coker ) = 0 and mo(Ker ) C Im(g). Since g
was an arbitrary finitely generated sub-ideal in m, we conclude that M is almost
finitely presented by Lemma 2.5.7 (3). |

Corollary 2.7.4. A ring R is almost noetherian if and only if any almost finitely
generated R-module M is almost finitely presented.

Proof. If R is almost noetherian, then any almost finitely generated R-module is
almost finitely presented due to Lemma 2.7.3.

Now we suppose that every almost finitely generated R-module is almost finitely
presented, and we wish to show that R is almost noetherian. Consider an ideal I C R.
Then R/ is clearly a finitely generated R-module, in particular, it is almost finitely
generated. Therefore, it is almost finitely presented by our assumption on R. Now the
short exact sequence

0—>1I—-R—>R/I—>0

and Lemma 2.5.15 (3) imply that / is almost finitely generated. ]

Corollary 2.7.5. Let R — R’ be an almost isomorphism of rings. Then R is almost
noetherian if and only if R’ is.

Corollary 2.7.6. Let R be an almost noetherian ring, and M an almost finitely gen-
erated R-module. Then any submodule N C M is almost finitely generated.
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Proof. Consider the short exact sequence
0—>N-—>M-—>M/N —0.

By construction, M/N is almost finitely generated and, therefore, almost finitely
presented by Lemma 2.7.3. So Lemma 2.5.15 (3) implies that N is almost finitely
generated. ]

Corollary 2.7.7. Let R be an almost noetherian ring. Then R is almost coherent.

Proof. Lemma 2.6.4 guarantees that it suffices to show that Ry >~ 1 is almost finitely
generated and every finitely generated submodule of R) is almost finitely presented.
The first property is trivial since R; is almost isomorphic to R, and the second one
follows from Lemma 2.7.3. ]

Corollary 2.7.8. Let R be an almost noetherian ring. Then an R-module M (resp.
an R%-module M?) is almost coherent if and only if it is almost finitely generated.

Proof. 1t suffices to prove the claim for an honest R-module M. Corollary 2.7.7 and
Corollary 2.6.15 imply that M is almost coherent if and only if it is almost finitely
presented. Now Lemma 2.7.3 says that M is almost finitely presented if and only if it
is almost finitely generated. This finishes the proof. ]

Warning 2.7.9. Unlike the case of usual noetherian rings, Hilbert’s Nullstellensatz is
more subtle in the almost world. In particular, we do not know if a polynomial algebra
in a finite number of variables over an almost noetherian ring is almost noetherian.
However, we will show that Hilbert’s Nullstellensatz holds for perfectoid valuation
rings in Section 2.11.

Example 2.7.10. Let By be the period ring from [22, Definition 1.6.2]. Then [69,
Corollary 8.16] implies that the rings B;F are almost noetherian for any closed interval
I C (0, 00). Another family of examples of almost noetherian rings will be con-
structed in Section 2.11.

2.8 Base change for almost modules

In this section, we discuss the behavior of almost modules with respect to base
change. Recall that, for a ring homomorphism ¢: R — S, we always do almost math-
ematics on S-modules with respect to the ideal g = mS; look at Lemma 2.1.11
for details.

Lemma 2.8.1. Let ¢: R — S be a ring homomorphism, and let M? be an almost
finitely generated (resp. almost finitely presented) R*-module. Then the S®-module
Mg = M?® ®ga S is almost finitely generated (resp. almost finitely presented).
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Proof. The claim follows from Lemma 2.5.7 (2) and the fact that, for any finitely
generated ideal my C mg, there is a finitely generated ideal mo C m such that
my C moS. We give a complete proof only in the case of finitely presented mod-
ules because the other case is an easier version of the same argument.

First, we note that it suffices to show that M ®g S is almost finitely presented.
Now we note that, for any finitely generated ideal m; C mg, there is a finitely gener-
ated ideal my C 1 such that m{) C mS. Therefore, it suffices to check the condition
of Lemma 2.5.7 (2) only for ideals of the form m(S, where my C m is a finitely
generated sub-ideal. Then we choose some finitely generated ideal mt; C 1 such that
my C m% and use Lemma 2.5.7 (2) to find a finitely presented module N and a map
f:N — M such that mi; (Ker f) = m;(Coker ) = 0. Consider an exact sequence

0—->K—>N i) M—-Q0—0
and denote the image of f by M’. Then we have the following exact sequences:

K®rS—>NQrS—>M QrS—0,
Torf(Q,S)—>M'®RS—>M®RS—>Q®RS_

Since K ®r S, Torf(Q, S) and Q ®g S are killed by m;S, we conclude that
Coker(f ®g S) and Ker(f ®g S) are annihilated by m?2S. In particular, they are
killed by m(S. Since N ®g S is finitely presented over S, Lemma 2.5.7 finishes the
proof. ]

Corollary 2.8.2. Let R — S be a ring homomorphism of almost coherent rings, and
let M“ be an object of D, (R)*. Then M*¢ ®1LQ(, S eD_ ., (5%

Proof. The proof is similar to that of Proposition 2.6.18. We use Proposition 2.4.16
and a similar approximation argument based on Proposition 2.6.16 to reduce to the
case M ~ F*, where F* is a bounded above complex of finite free modules. In this
case, the claim is essentially obvious. [

Lemma 2.8.3. Let S be an R-algebra that is finite (resp. finitely presented) as an
R-module, and let M? be an S*-module. Then M? is almost finitely generated (resp.
almost finitely presented) over R? if and only if it is almost finitely generated (resp.
almost finitely presented) over S¢.

Proof. As always, we first reduce the question to the case of an honest S-module M .
Now we use the observation that it suffices to check the condition of Lemma 2.5.7 (2)
only for the ideals of the form 1S for some finitely generated ideal gy C mt C R.
Then the only non-trivial direction is to show that M is almost finitely presented
over § if it is almost finitely presented over R. This is proven in a more general
situation in Lemma 2.8.4. ]
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Lemma 2.8.4. Let S be a possibly non-commutative R-algebra that is finite as a
left (resp. right) R-module, and let M be a left (resp. right) S-module that is almost
finitely presented over R. Then M is almost finitely presented over S (i.e., for every
finitely generated ideal miy C m, there exist a finitely presented left (resp. right) S-
module N and a map N — M such that Ker f and Coker f are annihilated by my).

Remark 2.8.5. This lemma will actually be used for a non-commutative ring S in
the proof of Theorem 5.2.1 that, in turn, will be used in the proof of formal GAGA
for almost coherent sheaves Theorem 5.3.2. Namely, we will apply Lemma 2.8.4 to
S =Endpvy (OB O(1) D --- D O(N)).

Besides this application, we will usually use Lemma 2.8.4 when R and S are
almost coherent commutative rings. In this case, the proof of Lemma 2.8.4 can be
significantly simplified.

Proof. We give a proof for left S-modules; the proof for right S-modules is the same.
We start the proof by choosing some generators x1,. . ., x, of S as an R-module. Then
we pick a finitely generated ideal my C m and another finitely generated ideal nt;
such that mg C m% We also choose some generators (g1, ..., &) = my and find a
three-term complex

RER L M
such that niy (Coker /) = 0 and mi;(Ker ) C Im g. Next we consider the images

vi = f(e;) € M of the standard basis elements in R™. Then we can find some
Bi.j.s.r € R such that

m
£sXiyj = Y Bijsr - yr With B o, € R

r=1

foranys =1,...,k;i=1,...,n; j =1,...,m. Furthermore, we have ¢ “relations”

m
Zai,jyj = 0 with o € R
j=1

such that for any relation Z;’;l b;y; = 0 with b; € R and any ¢ € m, we have that
the vector {eb; }7-, € R™ lives in the R-subspace generated by vectors {a; ;}7-, for
J =1,...,2.Or, in other words, if Y7_; & jy; = 0 then 6(3_7L; o je;) € Im(g)
for any ¢ € m;.

Now we are finally ready to define a three-term complex

grmitt Xy gm 2y,

We define the map ¢ to be the unique S-linear homomorphism such that ¢(e;) = y;
for the standard basis in S”*. We define v as the unique S -linear homomorphism such
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that

U (fijs) = esXiej — Zﬂws reerand Y (f)) = Zal,JeJ

r=1

for the standard basis

c Snmk-i—t'
Then we clearly have that ¢ o ¢ = 0 and that wi; (Coker ¢) = 0. We claim that
m?(Kerg) C Imy.

Let <p(z;"=1 ciei) = 0 for some elements ¢; € S. We can write each

n
ci =Y rijxjwithri j € R 2.8.1)
J=1
because x1, ..., X, are R-module generators of S. Consequently, the condition that

@(3_iL, cie;) = 0 is equivalent to Y, - r; jx;y; = 0. Now recall next that for any
s =1,...,k we have

m
EsXjYi = E ﬂj,i,s,r *Vr-
r=1

Therefore, multiplying equation (2.8.1) by &5, we get an equality
m m
0= SS(Z ri,jiji) = Zri,j (Z Bjis.r -yr) = Z(Z Ti,j j,i,s,r)yr
i,j i,j r=1 r=1 1i,j

This means that for any s’ = 1,... k, the vector {es(3_; ; r,-,‘,-,B‘,-,i,s,r)};"zl € R™
lives in an R-subspace generated by vectors {o;,; }7 ;. In particular, for any r and s,
es'(D_;.j 7i,j Bjisrer) is equal to ¥ (some sum of f;') by the definition of .

After unwinding all definitions, we get the following:

m
8s/8s<z ciei)
i=1
= SS/ES(ZI”, ,x]e,)
(Zrzj(gsx]ez Zﬁ]tsrer‘i‘zlgjtsrer))
= &y (Z ri,j (gsxjei - Zﬂj,i,s,rer)) + &y (Z(Z rl-,jﬂj,i,s,r)er>
i,j r r i,j

= w(gs/ Z r,-,jfj,i,s) + w<s0me sum of fl’)

i,J
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So we see that m? Ker(¢) C Im . In particular, we have mg Ker(p) C Im .
Now we replace the map ¢: S — M with the induced map

@: Coker(y) > M

to get a map from a finitely presented left S-module such that Ker(¢) and Coker(¢)
are annihillated by m. |

2.9 Almost faithfully flat algebras

In this section, we study the almost faithfully flat morphisms of algebras. This notion
turns out to be quite subtle in the almost world due to the following two observa-
tions: The first observation is that, for an almost faithfully flat morphism R — S, the
R{-module S{ is always flat, but not necessarily faithfully flat (see Warning 6.1.8).
Another observation is that Sy usually does not have a structure of an R-algebra.

For these reasons, it is not evident how to relate almost faithful flatness of an
R-algebra S to some classical faithful flatness. In order to make this possible, we
replace the (—);-functor with another functor (—)y that takes into account the R-
algebra structure on S. This functor will send almost faithfully flat R-algebras into
faithfully flat R-algebras, however, it will not, in general, send flat R-algebras into
flat R-algebras. However, this functor will suffice for the purpose of studying almost
faithfully flat morphisms.

In this section, we follow [26] pretty closely.

For the rest of the section, we fix a ring R with an ideal of almost mathematics m.

Definition 2.9.1. A homomorphism of R-algebras A — B is almost flat (resp. almost
faithfully flat) if B? is a flat (resp. faithfully flat) A*-module (see Definition 2.2.5).

Lemma 2.9.2. Any (faithfully) flat A-algebra B is almost (faithfully) flat.
Proof. This follows directly from Lemma 2.2.6. |

Lemma 2.9.3. Let A be an R-algebra and f: A — B a morphism of R-algebras.
Then B is almost faithfully flat over A if and only if B¢ is a flat A*-module and
A?* — B? is universally injective, i.e., for any A%*-module M, the natural morphism
M4 — M?® ®4a B? is injective in Mod§.

Proof. Suppose that B is almost faithfully flat. Then B¢ is a flat A*-module by def-
inition. So we only need to show that A* — B¢ is universally injective. Pick any
M? € Mod§ and consider the A%-module

N% :=Ker(M?* — M? ®4a B?).
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Flatness of B¢ implies that the morphism

N @4a B - M? ®4a B
is injective. Now we also note that the morphism

N% ®qa B* > M ®4a B

is equal to zero by our choice of N¢. This implies that N¢ ® 4 B* >~ 0. Since B¢ is
faithfully flat over A%, we conclude that N¢ ~ 0.

Now we suppose that B¢ is a flat A%*-module and A4 — B¢ is universally injec-
tive. Thus, for any A4-module M ¢, we have an injection M4 — M ®4a B%. So if
M? ®4a B* ~ 0, we conclude that M ¢ ~ 0. Thus B“ is faithfully flat over A%. m

Corollary 2.9.4. Let A be an R-algebra and f: A — B a morphism of R-algebras.
Then B is almost faithfully flat over A if and only if B* and Coker( f%) are flat A%-
modules.

Proof. By Lemma 2.9.3, it suffices to show that f¢ is universally injective if and only
if Coker(f¢) is A%-flat. Next we observe that, for any A*-module M ¢, we have the
isomorphism Ker(M® — M® ®4a B4) ~ H™1(M“ ®%, Coker(f%)). In particular,

H™Y(M? ®%a Coker(f?)) ~ 0

for any A%-module M if and only if the functor — ® 4« Coker( f*): Modj — Mod%
is exact. In other words, A* — B? is universally injective if and only if Coker( f¢)
is flat over A“. ]

Now we define the functor (—)y: Algr — Algr. We start by constructing an R-
algebra structure on R @ A{ = R @ (m ®g A) by defining the multiplication as

r®a)- ' ®d)=(r')® (rd +r'a+ ad)

and the summation law coordinate-wise. One easily checks that this is a well-defined
(unital, commutative) R-algebra structure on R @ Af. We consider the R-submodule
14 of R & A, generated by elements of the form (mn,—m @ n ® 14) for m, n € m.

Lemma 2.9.5. The R-module 14 C R & AY is an ideal.

Proof. It suffices to show that, for any element (r,x ® y ® @) in R & A?, the product
FrPxQyQa) - (mn®-men 1ly)

lies in I4 for any m, n € m. By definition,

rFrex®y®a) - mn®-menQ ly)
=(rmn) @ (—mInQly+xmO qyn®@a—xmQ yn Qa)
=r(mn®-menQly) e ly. ]
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Definition 2.9.6. The functor (—)y;: Algr — Algp is defined as
A (R® AY) /14
with the induced R-algebra structure.

For any R-algebra 4, there is a functorial R-algebra homomorphism R & Af —
A defined by
réo(men®a)—r+mna.
Clearly, this homomorphism is zero on /4, so it descends to an R-algebra homomor-
phism n: Ay — A.
Lemma 2.9.7. (1) For any R-algebra A, the natural morphism n: Ay — A is an
almost isomorphism.
(2) A morphism of R-algebras f: A — B is almost injective (as a morphism of
R-modules) if and only if fi: An — By is injective.
(3) For any morphism of R-algebras f: A — B, there is a canonical isomor-

phism of Ay-modules Coker( fi1) >~ Coker( f):.
(4) The functor (—)n: Alggr — Alggr commutes with tensor products.

Proof. (1) We recall that the morphism A; — A is an almost isomorphism. In par-
ticular, it is almost surjective. Thus, Ay — A is also almost surjective. Now we
check almost injectivity. Suppose n(a) = 0 where a = r & Zle m; @n; a; €
R ® 1wt ® Aanda € Ay is the class of a in Ayy. Then the condition n(a) = 0 implies
that there is an equality

k
r—+ Zminiai =0
i=1
in A. In particular, for every ¢ € m, we have er = Z;‘Zl(—mi)(snia,-) in A. Thus,
we see that

k k k
ca =¢erd® Zm,- Qn; ea; = Z(—m,-)(sn,-a,-) <) Zmi Qn;ea; 1y
i=1

i=1 i=1
k

= Z((—mi)(fniai) ®m; Qenja; ® lA) € 4.
i=1

Therefore, ea = 0 for every ¢ € m. In particular, 7, is almost injective.
(2) and (3) Consider a commutative diagram

An /1IN By

A |
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Since n4 and np are almost isomorphisms, we see that f is almost injective if and
only if fy is almost injective. So we are left to show that fy is injective if f is almost
injective, and Coker( f11) = Coker( f),. For this, we consider a commutative diagram
of short exact sequences

0 > Iy > R @ A > Ap > 0
la liderg lf”
0 > Ip > R&® B > Bn > 0.

Clearly, « is surjective, Ker(id & f)) = Ker( fi) = Ker(f ), and Coker(id & f;) =
Coker( fi) = Coker(f);. Thus, the Snake lemma implies that

Ker(f); — Ker( fiy)

is surjective and
Coker( fi1) — Coker(f):

is an isomorphism. Thus fy is injective if f is almost injective, and Coker( fi;) =

Coker( f ).
(4) This is an elementary but pretty tedious computation. We leave it to the inter-
ested reader. ]

Corollary 2.9.8. For any R-algebra A, the forgetful functor Mod . — Modzﬁ is an

[Tl

equivalence for x € {* ”, aft, afp, acoh}.

Proof. For x = “”, the claim follows from Lemma 2.9.7 (1), Corollary 2.5.13, and
Lemma 2.6.3. u

Corollary 2.9.9. Let f: A — B be an almost faithfully flat morphism of R-algebras.
Then fu: Ay — By is faithfully flat.

Proof. Let us denote by Q the cokernel of f as an A-module. Then Lemma 2.9.3
and Lemma 2.9.7 (2), (3) ensure that fi;: Ay — By is injective and Coker( fy) =
Coker( f)1. Now Corollary 2.9.4 and Lemma 2.2.7 applied to Af; ~ A“ imply that
Coker( fi1) = Coker(f), is a flat Ayy-module. This already implies that B is a flat
Ayp-module as an extension of two flat Ay-modules. To see that it is faithfully flat, we
note that flatness of Coker( fy1) implies that

M —-> M R4y B

is injective for any Ay;-module M. So M ®y4,, By >~ 0 if and only if M =~ 0. In other
words, By is a faithfully flat A;;-module. ]

Warning 2.9.10. The functor (—)yy does not send flat A-algebras to flat Ay -algebras.
See [26, Remark 3.1.3].
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For future reference, we also show that the base change functor interacts espe-
cially well with the Hom-functor in the almost flat situation.

Lemma 2.9.11. Let R — S be an almost flat morphism of rings, let M be an almost
finitely presented R-module, and let N be an R-module. Then the natural map

Homg(M,N) ®g S — Homg(M ®r S, N ®r S)
is an almost isomorphism.
Proof. This follows from the classical ®-Hom adjunction and Lemma 2.5.18. ]

Lemma 2.9.12. Let R be an almost coherent ring, let R — S be an almost flat map
of rings, and let M € D, (R), N € DT (R). Then the natural map

RHomg (M, N) ®§ S — RHomg (M ®ILQ S,N ®§ S)
is an almost isomorphism.

Proof. We recall that we always have a canonical isomorphism RHompg (K, L) ~
RHomg (K ®§ S, L) for any K € D™(R) and any L € DT (S). This implies that it
suffices to show that the natural map

RHomg(M, N) ®% § — RHomg(M, N ®% §)

is an almost isomorphism. This follows from Proposition 2.6.20. |

2.10 Almost faithfully flat descent

The main goal of this section is to show almost faithfully flat descent for almost
modules.
For the rest of the section, we fix a ring R with an ideal of almost mathematics m.
In this section, for any morphism A — B of R-algebras, we denote the tensor
product functor — ® 4« B¢ simply by

f*:Mod§ — Mod.

In particular, if A — B is a morphism of R-algebras, the canonical “co-projection”
morphisms p;: B — B ®4 B induce morphisms

pi:Modz — Mod3g 5
fori € {1,2}. The same applies to the “co-projections”
* a a
pi.j*Modgg, p — Modgg g, B

for i # j € {1,2,3}.



Almost commutative algebra 66

Definition 2.10.1. The almost descent category Desc /4 for a morphism of R-alge-
bras A — B is the category whose objects are pairs (M?, ¢), where M4 € Mod§
and

¢: pY(M?) — p3(M?)
in an isomorphism of (B ®4 B)“-modules such that py 5(¢) = p3 3($) o pi, ().

Morphisms between (M4, ¢ar) and (N¢, ¢ ) are defined to be B4-linear homomor-
phisms f: M? — N such that the diagram

k ¢ k
PF(M®) —=—— p3(M“)

ot (f)l lp; )

PHNG ———— p3(N%)
commutes.

Remark 2.10.2. Explicitly, an object of the descent category Desc /4 18 @ BY-mod-
ule M¢ with a (B ®4 B)?-linear homomorphism ¢: M? ®4a B¢ — B% ®ga M?
satisfying the “cocycle condition”.

There is a natural functor
Ind: Modj — Desc 4

that sends M? to f*(M%) = M? ® 4« B* where we make the canonical identification
¢:pT [T (M?) >~ p5 f*(M?) coming from the equality f o p; = f o ps.

To define the functor in the other direction, we note that we have the natural B4-
module morphisms ;: M¢ — p*(M*?) fori € {1, 2}. Explicitly, they are defined as
morphisms induced by ¢; (m) =m ® 1 and 1, (m) = 1 ® m. Therefore, given a descent
datum (M¢,¢) € Descy /4> We can define an A“-module

‘_71.
q 1=

Ker(M?, ¢) = Ker(M % M ®4a BY)
that is functorial in Desc‘l’; /A Therefore, this defines a functor

Ker: Descy, . — Mody.

We show that Ker and Ind are quasi-inverse to each other and induce an equiva-
lence between Desc /A and Mod{ for an almost faithfully flat morphism f: 4 — B.

Theorem 2.10.3. Let f: A — B be an almost faithfully flat morphism. Then
Ind: Modj — Descy 4

is an equivalence, and its quasi-inverse is given by Ker: Descf /4~ Modj.
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Proof. Corollary 2.9.8 and Corollary 2.9.9 imply that we may replace f with f to
assume that f is faithfully flat. Then the claim follows from the classical faithfully
flat descent (see [14, Theorem 6.1/4]) and the observation that the classical versions
of Ind and Ker carry almost isomorphisms to almost isomorphisms. |

On a similar note, we show that the Amitsur complex for an almost faithfully flat
morphism is acyclic.

Lemma 2.10.4. Let f: A — B be an almost faithfully flat morphism of R-algebras,
and M € Mod%. Then the Amitsur complex

0—)Ma—)Ma®Au Ba—)Ma®Aa Ba®Aa B? — ...

is an exact complex of Mod$ -modules (see the discussion around [68, Tag 023K] for
the precise definition of differentials in this complex).

Proof. Corollary 2.9.8 and Corollary 2.9.9 imply that we may replace f with fj to
assume that f is faithfully flat. Then the claim follows from [68, Tag 023M]. ]

Now we show that some properties of A%-modules can be verified after a faith-
fully flat base change.

Lemma 2.10.5. Let f: A — B be an almost faithfully flat morphism of R-algebras,
and let M? be an A*-module. Then M is an almost finitely generated (resp. almost
finitely presented) A%-module if and only if M? ® gqa B? is an almost finitely gener-
ated (resp. almost finitely presented) B*-module.

Proof. Corollary 2.9.8 and Corollary 2.9.9 imply that we may replace f with fy to
assume that f is a faithfully flat morphism. Then a standard argument reduces the
questions to the case of an honest A-module M, i.e., we show that an A-module M
is almost finitely generated (resp. almost finitely presented) if so is the B-module
M ®4 B.

We start with the almost finitely generated case. So we assume that M ®4 B is
almost finitely generated over B and wish to show that M is almost finitely generated
over A. Our assumption implies that, for any ¢ € m, we can choose a morphism
g:B" - M ®4 B such that ¢(Coker g) = 0. Let us consider the standard basis
€1,...,e, of B" and write

g(ei) = Zmi’j ®bi,j withmi’j € M,bi,j € B.
J

We define the A-module F as the finite free A-module with the basis e; ;. Then we
define the morphism
h: F — M
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as the unique A-linear homomorphism with /(e; ;) = m; ;. It is easy to see that
e(Coker(h ®4 B)) = 0. Since f is faithfully flat, this implies that e(Coker h) = 0.
We conclude that M is almost finitely generated as € was an arbitrary element of .

Now we deal with the almost finitely presented case. We pick some finitely gener-
ated ideal my Cm, and another finitely generated ideal m; C i such that my C njnu.
We try to find a three-term complex

am 5oqn Loy

such that mg(Coker ) = 0 and mo(Ker ) C Img.
The almost finitely generated case established above implies that M is almost
finitely generated. In particular, we have some morphism

aLom
such that ni; (Coker f) = 0, thus m; (Coker(f ®4 B)) = 0 as well. Therefore, we can
apply Lemma 2.5.6 to find a homomorphism g’: B™ — B" satisfying the conditions
mo(Ker(f ®4 B)) CIm(g") and (f ®4 B) o g’ = 0. This implies that g’ lands inside
Ker(f ®4 B) = Ker(f) ®4 B due to A-flatness of B.
Now we do the same trick as above: we write

glei) = Zmi,j ® bi’j withm; ; € Ker(f),bi,j € B,
J

we define an R-module F as a finite free A-module with a basis ¢;, ;, and then we
define the morphism
g: F — Ker(f)

as the unique A-linear morphism such that g(e; ;) = m; j. With that, we can see
that mo(Ker(f ®4 B)) C Im(g ®4 B). Since B is faithfully flat, we conclude that
mo(Ker f) C Im(g) as well. This shows that a three-term complex

FE anlim
does the job. Therefore, M is an almost finitely presented A-module. |

Corollary 2.10.6. Let f: A — B be an almost faithfully flat morphism of R-algebras,
and let M? be an A*-module. Suppose that M* @4« B? is an almost coherent
B%-module. Then so is M.

Proof. This follows directly from Lemma 2.6.3 and Lemma 2.10.5. ]

Lemma 2.10.7. Let f: A — B be an almost faithfully flat morphism of R-algebras,
and let M? be an A%-module. Then M is a flat (resp. faithfully flat) A%-module if
and only if M* ®4a B® is a flat (resp. faithfully flat) B*-module.
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Proof. The classical proof works verbatim in the almost world. We leave the details
to the reader. ]

2.11 (Topologically) Finite type K *-algebras

This section is devoted to the proof that (topologically) finite type algebras over a
perfectoid valuation ring K are almost noetherian. We refer to Appendix B for the
relevant background on perfectoid valuation rings.

For the rest of the section, we fix a perfectoid valuation ring K * (see Defini-
tion B.2) with perfectoid fraction field K, associated rank-1 valuation ring O = K°
(see Remark B.3), and ideal of topologically nilpotent elements m = K°° C K.
Lemma B.12 ensures that m is flat over K+ and Tt ~ m? = m. Therefore, it makes
sense to do almost mathematics with respect to the pair (K*, m). In what follows,
we always do almost mathematics on K +-modules with respect to this ideal.

Warning 2.11.1. The ideal m C K™ is not the maximal ideal of K. Instead, it is
the maximal ideal of the associated rank-1 valuation ring Og.

Lemma 2.11.2. Let KT be a perfectoid valuation ring. Then the natural inclusion
1: KT — Ok is an almost isomorphism.

Proof. Clearly, the map 1: K™ — g is injective, so it suffices to show that its co-
kernel is almost zero, i.e., annihilated by any ¢ € m. Pick an element x € Ok, then
ex € m C K. Therefore, we conclude that e(Coker ¢) = O finishing the proof. m

The first main result of this section is that any (topologically) finite type algebra
over Kt is almost noetherian.

Lemma 2.11.3. Let K+ be a perfectoid valuation ring, and n > 0 an integer. Then
the Tate algebra K™ (T, ..., T,) is almost noetherian.

Proof. First, we note that O (T, ..., T,) ~ KT(Ty,...,T,) ®g+ Ok. Therefore,
Lemma 2.11.2 implies that the natural morphism

KYTy,....T,) » Og(Ty,.... Ty)

is an almost isomorphism. So Corollary 2.7.5 ensures that it suffices to show that
Ok (T, ..., T,) is almost noetherian.

Pick any ideal I C Og(Ty,...,T,) = K{(T1,...,T,)° and 0 # ¢ € m. Now [43,
Satz 5.1] (or [11, Lemma 6.4/5]) applied to B = K(T1,...,T,), E = O (T1,...,T,),
E' =1, and o = |¢|g guarantees that there is a finite submodule E” C I such that
el C E”. Since ¢ was an arbitrary element of m, we conclude that / is indeed almost
finitely generated. |
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Corollary 2.11.4. Let Kt be a perfectoid valuation ring, w € m, and n > 0 an
integer. Then the polynomial algebra (K™ /@™)[Ty, ..., T,] is almost noetherian for
anym > 1.

Proof. It easily follows from Lemma 2.11.3, Corollary 2.7.4, and Lemma 2.8.3. =

Theorem 2.11.5. Let K™ be a perfectoid valuation ring, and A a topologically finite
type KT -algebra. Then A is almost noetherian.

Proof. Since A is topologically finite type over K, there exists a surjection
fKHTy,....,T,) > A—0.

Pick an ideal / C A and consider its pre-image J = f~1(I). Then J is almost finitely
generated over K+ (Ty, ..., T,) by Lemma 2.11.3. Therefore, Lemma 2.5.15 (1)
ensures that / is almost finitely generated over K+ (T7,. .., T,). Finally, Lemma 2.8.3
ensures that / is almost finitely generated over A. |

Now we are going to show that any finite type K *-algebra is almost noetherian.
Before doing this, we need a couple of preliminary lemmas.

Lemma 2.11.6. Let R be a rank-1 valuation ring with a non-zero topologically nilpo-
tent element w € R, and M a finite R[T1, ..., T,]-module. Then M [w*°] = M [@€]
for some ¢ > 0.

Proof. The R[Ty, ..., T,]-module M’ := M /M @] is finitely generated. Further-
more, M’ is R-flat because it is torsion free (and R is a valuation ring). Therefore,
[68, Tag 053E] ensures that M’ is finitely presented over R[T1, ..., Ty]. Thus, we
conclude that M [w®] is finitely generated. In particular, M [w®>°] = M [w€] for
some N. |

Lemma 2.11.7. Let R be a rank-1 valuation ring with a non-zero topologically nilpo-
tent element w € R, M afinite R[T1,. .., T,]-module, and N C M an R[T1,. .., T,]-
submodule. Then there is a non-negative integer ¢ such that

NNw™ M =w™(N Nw°M)
for everym > 0.

Proof. Lemma 2.11.6 ensures that there is a suitable ¢ such that (M/N)[@w ] =
(M/N)[w€]. Therefore, [25, Lemma 0.8.2.14] guarantees that, indeed,

NNo™ M =o™(NNwM)

for every m > 0. [
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Lemma 2.11.8. Let Kt be a perfectoid valuation ring, and n > 0 an integer. Then
the polynomial algebra KT [Ty, ..., T,] is almost noetherian.

Proof. Similarly to the proof of Lemma 2.11.3, it suffices to treat the case Kt = Ok
a perfectoid valuation ring of rank-1 with a pseudo-uniformizer w.

Now we fix anideal I C A := Ok][T,..., T,] and wish to show that [ is almost
finitely generated. Recall that the polynomial algebra K[T71, ..., T,] is noetherian by
Hilbert’s Nullstellensatz. Therefore, the ideal

1[$]cK[Tl,...,Tn]

is finitely generated. So we can choose a finitely generated sub-ideal J C [ such that
any element of //J is annihilated by a power of @, i.e., (I /J)[w®>] = I/J. Clearly
1/J is a submodule of a finite A-module A/J, so Lemma 2.11.6 easily implies that

1/ =/ D™ =U1/])[w]

for some ¢ > 0. In other words, w€l C J. Now we use Lemma 2.11.7 to get an
integer ¢’ such that
INw“AcC ol CJ.

We note that 7/(I N w® A) is an ideal in A/w* A, and therefore it is almost finitely
generated over A/ w< A by Corollary 2.11.4. Lemma 2.8.3 guarantees that it is also
almost finitely generated over A.

The inclusion / Nw< A C J implies that //J is a quotient of an almost finitely
generated A-module 7/(I N w® A), and so is also almost finitely generated. Finally,
the short exact sequence

0->J—>I1—->1/J—-0

and Lemma 2.5.15 (2) imply that 7 is almost finitely generated as well. |

Theorem 2.11.9. Let K+ be a perfectoid valuation ring, and A a finite type K-
algebra. Then A is almost noetherian.

Proof. 1t follows from Lemma 2.11.8, similarly to how Theorem 2.11.5 follows from
Lemma 2.11.3. u

2.12 Almost finitely generated modules over adhesive rings
This section discusses some basic aspects of almost finitely generated modules over

adhesive rings. The results of this section will be crucial in defining and verifying
certain good properties of adically quasi-coherent, almost coherent sheaves on “good”
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formal schemes in Section 4.5. One of the essential ingredients that we will need later
is the “weak” version of the Artin—Rees lemma (Lemma 2.12.6) and Lemma 2.12.7.
Recall that these properties are already known for finite modules over adhesive rings.
This is explained in a beautiful paper [24]. The main goal of this section is to extend
these results to the case of almost finitely generated modules.

That being said, let us introduce the set-up for this section. We start with the
definition of an adhesive ring:

Definition 2.12.1. [24, Definition 7.1.1] An adically topologized ring R endowed
with the adic topology defined by a finitely generated ideal / C R is said to be (/-
adically) adhesive if it is noetherian outside’ I and satisfies the following condition:
for any finitely generated R-module M, its [ °°-torsion part M [ °°] is finitely gener-
ated.

Remark 2.12.2. Following the convention of [24], we do not require a ring R with
adic topology to be either I -adically complete or separated.

Set-up 2.12.3. We fix an [ -adically adhesive ring R with an ideal m such that / C m,
m? = m and ™ = m ®g m is flat. We always do almost mathematics with respect

to the ideal m.

The main example of an adhesive ring is a (topologically) finitely presented
algebra over a complete microbial valuation ring. This follows from [24, Proposi-
tion 7.2.2] and [24, Theorem 7.3.2]. For example, any topologically finitely presented
algebra over a complete rank-1 valuation ring is adhesive.

Lemma 2.12.4. Let R be as in Set-up 2.12.3, and let M be an I -torsionfree almost
finitely generated module. Then M is almost finitely presented. Similarly, any satu-
rated submodule® of an almost finitely generated R-module is almost finitely gener-
ated.

Proof. As M is almost finitely generated, we can find a finitely generated submod-
ule N C M that contains migM for a choice of a finitely generated ideal g C m.
Since N is a submodule of M, it is itself /-torsion free. Then [24, Proposition 7.1.2]
shows that N is finitely presented. Then Lemma 2.5.7 (2) implies that M is almost
finitely presented.

Now let M be an almost finitely generated R-module, and let M’ C M be a
saturated submodule. Then M /M’ is almost finitely generated by Lemma 2.5.15 (1)
and it is /-torsion free. Therefore, it is almost finitely presented by the argument
above. Then Lemma 2.5.15 (3) guarantees that M’ is almost finitely generated. |

"By definition, this means that the scheme Spec A \ V(/) is noetherian.
8A submodule N C M is saturated if M/ N[I°°] = 0.
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Lemma 2.12.5. Let R be as in Set-up 2.12.3, and let M be an almost finitely gen-
erated R-module. Then the I°°-torsion module M [I°] is bounded (i.e., there is an
integer n such that M[I"] = M[I°°]).

Proof. Since M is almost finitely generated and the ideal / C m is finitely gener-
ated, we conclude that there exists a finitely generated submodule N C M such that
IM C N.Then I(M[I®®]) C N[I®], and N[I®°]is finitely generated by adhesive-
ness of the ring R. In particular, there is an integer n such that N[/ °°] is annihilated
by 1. This implies that any element of M [I°°] is annihilated by /71, [

Lemma 2.12.6. Let R be as in Set-up 2.12.3, and let M be an almost finitely gener-
ated R-module. Suppose that N C M is a submodule of M. For any integer n, there
is an integer m such that N N 1™ M C I"N. In particular, the induced topology on
the module N coincides with the I -adic one.

Proof. If M is finitely generated, then this is [24, Theorem 4.2.2]. In general, we
use the definition of almost finitely generated module to find a submodule M’ C M
such that M is finitely generated and IM C M’. We define N’ :== N N M’ as the
intersection of those modules. Then the established “weak” form of the Artin—Rees
lemma for finitely generated R-modules provides us with an integer m such that
N'NnI™M' C I"N'. In particular, we have

"M AN cI™™' 0NN CI'"N' CI"N.
Then we conclude that
I"PMANCI™MnM NNCI™MNN CI"N.
Since n was arbitrary, we conclude the claim. ]

Lemma 2.12.7. Let R be as in Set-up 2.12.3, and let M be an almost finitely gen-
erated R-module. Then the natural morphism M Qg R — M is an isomorphism.
In particular, any almost finitely generated module over a complete adhesive ring is
complete.

Proof. We know that the claim holds for finitely generated modules by [24, Proposi-
tion 4.3.4]. Now we deal with the almost finitely generated case. We choose a finitely
generated submodule N C M such that /M C N. Lemma 2.12.6 implies that the
induced topology on N coincides with the [-adic topology on N. Thus the short
exact sequence

0>N-—>M-—>M/N—0
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remains exact after completion. Since R — R is flat by [24, Proposition 4.3.4], we
conclude that we have a morphism of short exact sequences

0 — s NQRR— M®rR —— (M/N)Q@g R —— 0

Jo» [ow [

~ —~

0 s N s M y M/N —— 0.

Note that ¢ is an isomorphism as N is finitely generated, and ¢/ is isomorphism

since it is an /-torsion module so M/N ~ (M/N) Qg R ~ ]\7/7\’ . The five lemma
implies that @p is an isomorphism as well. |

Corollary 2.12.8. Let R be as in Set-up 2.12.3, and let M € Dyeon(R). Suppose that
R is I -adically complete. Then M is I -adically derived complete.’

Proof. First of all, we note that [68, Tag 091P] implies that M is derived complete
if and only if so are H' (M) for any integer i. So it suffices to show that any almost
coherent R-module is derived complete. Lemma 2.12.7 gives that any such module is
classically complete, and [68, Tag 091T] ensures that any classically complete mod-
ule is derived complete. |

2.13 Modules over topologically finite type K *-algebras

The main goal of this section is to show that almost finite presentation of derived com-
plete modules over a topologically finite type K *-algebras can be checked modulo
the pseudo-uniformizer.

For the rest of the section we fix a valuation perfectoid ring K+ (see Defini-
tion B.2) with perfectoid fraction field K, associated rank-1 valuation ring O = K°
(see Remark B.3), and ideal of topologically nilpotent elements m = K°° C KT with
a pseudo-uniformizer € m as in Lemma B.9 (in particular, m = [ J,, wl/P" K.
Lemma B.12 ensures that mt is flat over Kt and T ~ m? = m. Therefore, it makes
sense to do almost mathematics with respect to the pair (K, m). In what follows,
we always do almost mathematics on K +-modules with respect to this ideal.

Lemma 2.13.1. Let R be a topologically finite type K™ -algebra, and M an R-
module that is w-adically derived complete. Suppose that M /wM is almost coher-
ent, then M is almost coherent as well.

9Look at [68, Tag 091NT] for the definition of derived completeness (or Definition A.1 in
case of a principal ideal 7).
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Proof. Theorem 2.11.5 ensures that R is almost noetherian, and so Corollary 2.7.8
implies that it suffices to check that M is almost finitely generated. Recall that m =
U, @!/?P" K™ for a pseudo-uniformizer z as in Lemma B.9.
The assumption on M says that M /@M is almost coherent. Therefore, there is a
morphism
2. (R/wR) — M/wM

such that w /P (Coker g) = 0. We denote its cokernel by O := Coker(g). Now we
lift g to a morphism
g RS> M

and denote is cokernel by Q := Coker(g).

Step 1: Q is annihilated by w'/?. Suppose that /7 Q # 0, so there is xo € Q such
that w /P x # 0. Firstly, we note that Q /@ ~ Q is annihilated by @ !/?, so

w'/Pxy = wx; = w' VP (w/Pxy).
Now we apply the same thing to x; to get
wl/pr — wl—l/p(wl/l)xl) — (wl—l/p)Z(wl/pXZ)_
Continue the process to get a sequence of elements x,, € Q such that
wl—l/p(wl/pxn) — wl/”xn_l.

The sequence {w '/?x;} gives an element of

wl—1/p wl—1/p

T°Q.w!™!?) = lim(- - 0 0)

that is non-trivial because @ !/?x¢ # 0. Now we note that R€ is derived w -adically
complete since R is classically w-adically complete by [11, Corollary 7.3/9] and
any classically complete module is derived complete by [68, Tag 091T]. Therefore,
Q is w-adically derived complete as a cokernel of derived complete modules (see
[68, Tag 091U]). Now [68, Tag 091S], Remark A.2, and [68, Tag 091Q] imply that
T°(Q, w'~'/?) must be zero leading to the contradiction.

Step 2: M is almost coherent. Note that Q ~ Q/wQ and Q is w'/P-torsion, so
O ~ Q. We know that Q is almost finitely generated over R/@R because it is
a quotient of an almost finitely generated module M/wM . Therefore, Q ~ Q is
almost finitely generated over R by Lemma 2.8.3. Now M is an extension of a finite
R-module Im(g) by an almost finitely generated R-module Q, so it is also almost
finitely generated by Lemma 2.5.15 (2). In particular, it is almost coherent since R is
almost noetherian. |
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Theorem 2.13.2. Let R be a topologically finite type K -algebra, and M € D(R)
a w-adically derived complete complex. Suppose that [M ]/ w] € Dz[]i(’f}f](R /@), then
M e DR

acoh

Proof. Lemma A.3 guarantees that M € DI©41(R), so we only need to show that
cohomology groups of M are almost coherent over R.
We argue by induction on d — c. If ¢ = d, then HY(M)/w ~ H([M/w]) is
almost coherent. Therefore, M ~ H? (M )[—d] is almost coherent by Lemma 2.13.1.
If d > ¢, we consider an exact triangle

=471 — M — HY(M)[—d].

We see that both =9~ M and H? (M) are derived complete by [68, Tag 091P] and
[68, Tag 091S]. Moreover, we know that HY (M) /@ ~ H? ([M/w]) is almost coher-
ent. Therefore, HY (M) is almost coherent by Lemma 2.13.1. Finally,

is a (shifted) cone of a morphism in deh(R/w) therefore, [t=¢ "' M /w] also lies in
aCOh(R /). By the induction hypothesis, we conclude that t=¢ "1 M e plcd- 1](R).

acoh

So M e DI%4(R). -

acoh

Corollary 2.13.3. Let R be a topologically finite type K"’-algebra and M € D(R) a
w-adically derived complete complex. Suppose that [M*/w] € D e, d](R /@)%, then

acoh
M4 e DA Ry,

acoh

Proof. Note that m ® M is derived complete by Lemma A.4. So the claim follows
from Theorem 2.13.2 applied to m @ M. ]
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