
Chapter 4

Almost coherent sheaves on schemes and formal
schemes

In this chapter, we develop a theory of almost coherent sheaves on schemes, and on a
“nice” class of formal schemes.

4.1 Schemes. The category of almost coherent Oa
X

-modules

In this section we discuss the notion of almost quasi-coherent, almost finite type,
almost finitely presented and almost coherent sheaves on an arbitrary scheme. One of
the main goals is to show that almost coherent sheaves form a weak Serre subcategory
in OX -modules. Another important result is the “approximation” Corollary 4.3.5; it
will play a key role in reducing many global results about almost finitely presented
OX -modules to the classical case of finitely presented OX -modules. In particular,
we follow this approach in our proof of the almost proper mapping theorem in Sec-
tion 5.1.

As always, we fix a ring R with an ideal m such that mDm2 and emDm˝R m

is R-flat. We always do almost mathematics with respect to this ideal. In what fol-
lows, X will always denote an R-scheme. Note that this implies that X is a locally
spectral, ringedR-site, so the results of Chapter 3 and in particular Section 3.3 apply.

We begin with some definitions:

Definition 4.1.1. We say that an Oa
X -module F a is almost quasi-coherent if the asso-

ciated OX -module F a
Š
' em˝ F is quasi-coherent.

We say that an OX -module F is almost quasi-coherent if F a is an almost quasi-
coherent Oa

X -module.

Remark 4.1.2. Any quasi-coherent OX -module is almost quasi-coherent.

Remark 4.1.3. We denote by Modaqc
Xa � ModXa the full subcategory consisting of

almost quasi-coherent Oa
X -modules. It is straightforward1 to see that the “almostifi-

cation” functor induces an equivalence

Modaqc
Xa 'Modqc

X =.†X \Modqc
X /;

i.e., Modaqc
Xa is equivalent to the quotient category of quasi-coherent OX -modules by

the full subcategory of almost zero, quasi-coherent OX -modules.

1The proof is completely similar to the proof of Theorem 3.1.20 or Theorem 3.4.9.
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Definition 4.1.4. We say that an Oa
X -module F a is of almost finite type (resp. almost

finitely presented) if F a is almost quasi-coherent, and there is a covering of X by
open affines ¹Uiºi2I such that F a.Ui / is an almost finitely generated (resp. almost
finitely presented) Oa

X .Ui /-module.
We say that an OX -module F is of almost finite type (resp. almost finitely pre-

sented) if so is F a.

Remark 4.1.5. We denote by Modqc;aft
X (resp. Modqc;afp

X ) the full subcategory of
ModX consisting of almost finite type (resp. almost finitely presented) quasi-coherent
OX -modules. Similarly, we denote by Modaft

Xa (resp. Modafp
Xa ) the full subcategory of

ModXa consisting of almost finite type (resp. almost finitely presented) Oa
X -modules.

Again, it is straightforward to see that the “almostification” functors induce equiva-
lences

Modaft
Xa 'Modqc;aft

X =.†X \Modqc;aft
X /; Modafp

Xa 'Modqc;afp
X =.†X \Modqc;afp

X /:

Remark 4.1.6. Recall that, in the usual theory of OX -modules, finite type OX -mod-
ules are usually not required to be quasi-coherent. However, it is more convenient
for our purposes to put almost quasi-coherence in the definition of almost finite type
modules.

The first thing that we need to check is that these notions do not depend on a
choice of an affine covering.

Lemma 4.1.7. Let F a be an almost finite type (resp. almost finitely presented) Oa
X -

module on anR-schemeX . Then F a.U / is an almost finitely generated (resp. almost
finitely presented) Oa

X .U /-module for any open affine U � X .

Proof. First, Corollary 2.5.12 and Lemma 3.3.1 imply that for any open affine U ,
F a.U / is almost finitely generated (resp. almost finitely presented) if and only if so
is .em˝ F a/.U /. Thus, we can replace F a by F a

Š
' em˝ F to assume that F is an

honest quasi-coherent OX -module.
Now Lemma 2.8.1 guarantees that the problem is local on X . So we can assume

that X D U is an affine scheme and we need to show that F .X/ is almost finitely
generated (resp. almost finitely presented).

We pick some covering X D
Sn
iD1 Ui by open affines Ui such that F .Ui / is

almost finitely generated (resp. almost finitely presented) as an OX .Ui /-module. We
note that since F is quasi-coherent, we have an isomorphism

F .Ui / ' F .X/˝OX .X/ OX .Ui /:

Now we see that the map OX .X/!
Qn
iD1 OX .Ui / is faithfully flat, and the module

F .X/˝OX .X/

� nY
iD1

OX .Ui /
�
'

� nY
iD1

OX .Ui /
�
˝OX .X/ F .X/
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is almost finitely generated (resp. almost finitely presented) over
Qn
iD1OX .Ui /. Thus,

Lemma 2.10.5 guarantees that F .X/ is almost finitely generated (resp. almost finitely
presented) as an OX .X/-module.

Corollary 4.1.8. Let X D SpecA be an affine R-scheme, and let F a be an almost
quasi-coherent Oa

X -module. Then F a is almost finite type (resp. almost finitely pre-
sented) if and only if �.X; F a/ is almost finitely generated (resp. almost finitely
presented) A-module.

Now we check that almost finite type and almost finitely presented Oa
X -modules

behave nicely in short exact sequences.

Lemma 4.1.9. Let 0 ! F 0a
'
�! F a

 
�! F 00a ! 0 be an exact sequence of Oa

X -
modules.

(1) If F a is almost of finite type and F 00a is almost quasi-coherent, then F 00a is
almost finite type.

(2) If F 0a and F 00a are of almost finite type (resp. finitely presented), then so
is F a.

(3) If F a is of almost finite type and F 00a is almost finitely presented, then F 0a

is of almost finite type.

(4) If F a is almost finitely presented and F 0a is of almost finite type, then F 00a

is almost finitely presented.

Proof. First of all, we apply the exact functor .�/Š to all Oa
X -modules in question to

assume the short sequence is an exact sequence of OX -modules and all OX -modules
in this sequence are quasi-coherent. Note that we implicitly use here that quasi-
coherent modules form a Serre subcategory of all OX -modules by [68, Tag 01IE].
Then we check the statement on the level of global sections on all open affine sub-
schemesU �X using that quasi-coherent sheaves have vanishing higher cohomology
on affine schemes. That is done in Lemma 2.5.15.

Definition 4.1.10. An Oa
X -module F a is almost coherent if F a is almost finite type,

and for any open set U , any almost finite type Oa
U -submodule G a � .F ajU / is an

almost finitely presented Oa
U -module.

We say that an OX -module F is almost coherent if F a is an almost coherent
Oa
X -module.

Lemma 4.1.11. Let X be an R-scheme, and let F a be an Oa
X -module. Then the

following are equivalent:

(1) F a is almost coherent;

(2) F a is almost quasi-coherent, and the Oa
X .U /-module F a.U / is almost coher-

ent for any open affine subscheme U � X ;

https://stacks.math.columbia.edu/tag/01IE
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(3) F a is almost quasi-coherent, and there is a covering of X by open affine
subschemes ¹Uiºi2I such that F a.Ui / is almost coherent for each i .

In particular, if X D Spec A is an affine R-scheme and F a is an almost quasi-
coherent Oa

X -module, then F a is almost coherent if and only if F a.X/ is almost
coherent as an A-module.

Proof. We start the proof by noting that we can replace F a by F a
Š

to assume that F

is a quasi-coherent OX -module.
First, we check that (1) implies (2). Given any affine open U � X and any

almost finitely generated almost submoduleM a � F .U /a, we define an almost sub-
sheaf A.M a/Š � .F jU /

a. We see that A.M a/Š must be an almost finitely presented
OU -module, so Lemma 4.1.7 guarantees that M a

Š
is an almost finitely presented

OX .U /-module. Therefore, any almost finitely generated submodule M a � F .U /a

is almost finitely presented. This shows that F .U / is almost coherent.
Now we show that (2) implies (1). Suppose that F is almost quasi-coherent and

F .U / is almost coherent for any open affine U � X . First of all, it implies that F

is of almost finite type, since this notion is local by definition. Now suppose that we
have an almost finite type almost OX -submodule G � .F jU /

a for some open U . It is
represented by a homomorphism

em˝ G
g
�! F

with G being an OX -module of almost finite type, and em˝ Ker g ' 0. We want to
show that G is almost finitely presented as an OX -module. This is a local question, so
we can assume that U is affine. Then Lemma 3.3.1 implies that the natural morphism

g.U / W em˝R G .U /! F .U /

defines an almost submodule of F .U /. We conclude that em ˝R G .U / is almost
finitely presented by the assumption on F .U /. Since the notion of almost finitely
presented OX -module is local, we see that G is almost finitely presented.

Clearly, (2) implies (3), and it is easy to see that Corollary 2.10.6 guarantees
that (3) implies (2).

Corollary 4.1.12. Let X be an R-scheme.

(1) Any almost finite type Oa
X -submodule of an almost coherent Oa

X -module is
almost coherent.

(2) Let 'WF a ! G a be a homomorphism from an almost finite type Oa
X -module

to an almost coherent Oa
X -module, then Ker.'/ is an almost finite type Oa

X -
module.

(3) Let 'WF a ! G a be a homomorphism of almost coherent Oa
X -modules, then

Ker.'/ and Coker.'/ are almost coherent Oa
X -modules.
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(4) Given a short exact sequence of Oa
X -modules

0! F 0a ! F a
! F 00a ! 0;

if two out of three are almost coherent, so is the third.

Proof. The proofs of parts (1), (2) and (3) are quite straightforward. As usually, we
apply .�/Š to assume that all sheaves in question are quasi-coherent OX -modules.
Then the question is local and it is sufficient to work on global sections over all affine
open subschemes U � X . So the problem is reduced to Lemma 2.6.8.

The proof of part (4) is similar, but we need to invoke that given a short exact
sequence of OX -modules

0! F 0aŠ ! F a
Š ! F 00aŠ ! 0;

if two of these sheaves are quasi-coherent, so is the third one. This is proven in the
affine case in [68, Tag 01IE], the general case reduces to the affine one. The rest of
the argument is the same.

Definition 4.1.13. We define the categories Modacoh
X (resp. Modqc;acoh

X , resp. Modacoh
Xa )

as the full subcategory of ModX (resp. ModX , resp. ModXa ) consisting of the almost
coherent OX -modules (resp. quasi-coherent almost coherent modules, resp. almost
coherent almost OX -modules). As always, it is straightforward to see that the “almos-
tification” functor induces the equivalence

Modacoh
Xa 'Modqc;acoh

X =
�
†X \Modqc;acoh

X

�
:

Moreover, Corollary 4.1.12 ensures that Modacoh
X �ModX , Modqc;acoh

X �ModX , and
Modacoh

Xa �ModXa are weak Serre subcategories.

The last thing that we discuss here is the notion of almost coherent schemes.

Definition 4.1.14. We say that an R-scheme X is almost coherent if the sheaf OX is
an almost coherent OX -module.

Lemma 4.1.15. Let X be a coherent R-scheme. Then X is also almost coherent.

Proof. The structure sheaf OX is quasi-coherent by definition. Lemma 4.1.11 says
that it suffices to show that OX .U / is an almost coherent OX .U /-module for any
open affine U � X . Since X is coherent, we conclude that OX .U / is coherent as an
OX .U /-module. Then Lemma 2.6.7 implies that it is actually almost coherent.

Lemma 4.1.16. Let X be an almost coherent R-scheme. Then an Oa
X -module F a is

almost coherent if and only if it is of almost finite presentation.

Proof. The “only if” part is easy since any almost coherent Oa
X -module is of almost

finite presentation by definition. The “if” part is a local question, so we can assume
that X is affine, then the claim follows from Lemma 2.6.14.

https://stacks.math.columbia.edu/tag/01IE
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4.2 Schemes. Basic functors on almost coherent Oa
X

-modules

This section is devoted to study how certain functors defined in Section 3.2 inter-
act with the notions of almost (quasi-) coherent Oa

X -modules defined in the previous
section.

As always, we fix a ring R with an ideal m such that mDm2 and emDm˝R m

is R-flat. We always do almost mathematics with respect to this ideal.
We start with the affine situation, i.e., X D SpecA. In this case, we note that

the functor e.�/WModA ! Modqc
X sends almost zero A-modules to almost zero OX -

modules. Thus, it induces the functor

e.�/WModAa !Modaqc
Xa :

Lemma 4.2.1. LetX D SpecA be an affineR-scheme. Then for any �2 ¹“ ”;aft;afp;
acohº, the functor e.�/WModA!Modqc

X induces equivalences e.�/WMod�A!Modqc;�
X .

The quasi-inverse functor is given by �.X;�/.

Proof. We note that the functor e.�/WModA ! Modqc
X is an equivalence with the

quasi-inverse �.X;�/. Now we note that Corollary 4.1.8 and Lemma 4.1.11 guar-
antee that a quasi-coherent OX -module F is almost finite type (resp. almost finitely
presented, resp. almost coherent) if �.X;F / is almost finitely generated (resp. almost
finitely presented, resp. almost coherent) as an A-module.

Lemma 4.2.2. LetX D SpecA be an affineR-scheme. Then for any �2 ¹“ ”;aft;afp;
acohº, the functor e.�/WModAa ! Modaqc

Xa induces an equivalence e.�/aWModAa !
Modaqc

Xa and restricts to further equivalences e.�/aWMod�Aa ! Mod�Xa . The quasi-
inverse functor is given by �.X;�/.

Proof. We note that e.�/WModA ! Modqc
X induces an equivalence between almost

zero A-modules and almost zero, quasi-coherent OX -modules. Thus, the claim fol-
lows from Lemma 4.2.1, Remark 4.1.3, Remark 4.1.5, Definition 4.1.13 and the anal-
ogous presentations of Mod�Aa as quotients of ModAa for any � 2 ¹aft; afp; acohº.

Now we show that the pullback functor preserves almost finite type and almost
finitely presented Oa

X -modules.

Lemma 4.2.3. Let f WX ! Y be a morphism of R-schemes.

(1) Suppose that X D SpecB , Y D SpecA are affine R-schemes. Then f �.eM a/

is functorially isomorphic to EM a ˝Aa B
a for any M a 2ModaA.

(2) The functor f � preserves almost quasi-coherence (resp. almost finite type,
resp. almost finitely presented) for O-modules.

(3) The functor f � preserves almost quasi-coherence (resp. almost finite type,
resp. almost finitely presented) for Oa-modules.
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Proof. (1) follows from Proposition 3.2.19 and the analogous result for quasi-coher-
ent OY -modules. More precisely, Proposition 3.2.19 provides us with the functorial
isomorphism

f �
�eM a

�
'

�
f �
�fM ��a

'

�
CM ˝A B

�a
' EM a

˝Aa B
a:

Now we note that (2) and (3) are local on X and Y , so we may and do assume that
X D SpecB , Y D SpecA are affine R-schemes. Furthermore, it clearly suffices to
prove (2) as (3) follows formally from it.

Now Lemma 4.2.2 guarantees that any almost quasi-coherent Oa
X -module is iso-

morphic to eM a for some Aa-module M a. Furthermore, (1) ensures that f �.eM a/ '
EM a ˝Aa B

a is an almost quasi-coherent Oa
X -module. The other claims from (2) are

proven similarly using Lemma 4.2.2 and Lemma 2.8.1.

Now we discuss that tensor product preserves certain finiteness properties of
almost sheaves.

Lemma 4.2.4. Let X be an R-scheme.

(1) Suppose that X D SpecA is an affine R-scheme. Then eM a ˝Oa
X

fN a is func-
torially isomorphic to EM a ˝Aa N

a for any M a; N a 2ModaA.

(2) Let F a; G a be two almost finite type (resp. almost finitely presented) Oa
X -

modules. Then the Oa
X -module F a ˝Oa

X
G a is almost finite type (resp. almost

finitely presented). The analogous result holds for OX -modules F ;G .

(3) Let F a be an almost coherent Oa
X -module, and let G a be an almost finitely

presented Oa
X -module. Then F a ˝Oa

X
G a is an almost coherent Oa

X -module.
The analogous result holds for OX -modules F ;G .

Proof. The proof is similar to the proof of Lemma 4.2.3. The only difference is that
one needs to use Proposition 3.2.12 in place of Proposition 3.2.19 to prove Part (1).
Part (2) follows from Lemma 2.5.17, and Part (3) follows from Corollary 2.6.9.

We show that f� preserves almost quasi-coherence of Oa-modules for any quasi-
compact and quasi-separated morphism f . Later on, we will be able to show that f�
also preserves almost coherence of Oa-modules for certain proper morphisms.

Lemma 4.2.5. Let f WX ! Y be a quasi-compact and quasi-separated morphism of
R-schemes.

(1) The OY -module f�.F / is almost quasi-coherent for any almost quasi-coher-
ent OX -module F .

(2) The Oa
Y -module f�.F a/ is almost quasi-coherent for any almost quasi-co-

herent Oa
X -module F a.
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Proof. Since F is almost quasi-coherent, we conclude that em˝ F is a quasi-coher-
ent OX -module. Thus f�.em˝F / is a quasi-coherent OY -module by [68, Tag 01LC].
Recall that the projection formula (Lemma 3.3.4) ensures that

f�.em˝ F / ' em˝ f�F :
Thus, we see that em˝ f�F ' f�.F a/Š is a quasi-coherent OY -module. This shows
that both f�.F / and f�.F a/ are almost quasi-coherent over OY and Oa

Y ; respec-
tively. This finishes the proof.

Finally, we deal with the Hom Oa
X
.�; �/ functor. We start with the following

preparatory lemma:

Lemma 4.2.6. Let X be an R-scheme.

(1) Suppose X D SpecA is an affine R-scheme. Then the canonical map

BHomA.M;N / ! Hom OX .
fM; eN/ (4.2.1)

is an almost isomorphism of OX -modules for any almost finitely presented
A-module M and any A-module N .

(2) Suppose X D SpecA is an affine R-scheme. Then there is a functorial iso-
morphism

DalHomAa.M a; N a/ ' alHom Oa
X
.eM a; fN a/ (4.2.2)

of Oa
X -modules for any almost finitely presented Aa-module M a, and any

Aa-module N a. We also get a functorial almost isomorphism

BHomA.M;N / 'a Hom Oa
X
.eM a; fN a/ (4.2.3)

of OX -modules for any almost finitely presented A-module M , and any A-
module N .

(3) Suppose F is an almost finitely presented OX -module and G is an almost
quasi-coherent OX -module, then Hom OX .F ;G / is an almost quasi-coherent
OX -module.

(4) Suppose F a is an almost finitely presented Oa
X -module and G a is an almost

quasi-coherent Oa
X -module, then Hom Oa

X
.F a;G a/ (resp. alHom Oa

X
.F a;G a/)

is an almost quasi-coherent OX -module (resp. Oa
X -module).

Proof. (1) Note the canonical morphism HomA.M; N /! HomOX .
fM; eN/ for any

A-modules M , N . This induces a morphism

BHomA.M;N / ! Hom OX .
fM; eN/:

https://stacks.math.columbia.edu/tag/01LC


Schemes. Basic functors on almost coherent Oa
X

-modules 113

In order to show that it is an almost isomorphism for an almost finitely presented M ,
it suffices to show that the natural map

HomA.M;N /˝A Af ! HomAf .M ˝A Af ; N ˝A Af /

is an almost isomorphism for any f 2 A. This follows from Lemma 2.9.11.
(2) follows easily from (1). Indeed, we apply the functorial isomorphism

Hom OX .F ;G /
a
' alHom Oa

X
.F a;G a/

from Proposition 3.2.10 (2) to the almost isomorphism in Part (1) to get a functorial
isomorphism

BHomA.M;N /a ' alHom Oa
X
.eM a; fN a/:

Now we use Proposition 2.2.1 (3) to get a functorial isomorphism

alHomAa.M a; N a/ ' HomA.M;N /a:

Applying the functor e.�/ to this isomorphism and composing it with the isomorphism
above, we get a functorial isomorphism

DalHomAa.M a; N a/ ' alHom Oa
X
.eM a; fN a/:

The construction of the isomorphism (4.2.3) is similar and even easier.
(3) is a local question, so we can assume that X D SpecA. We note that

Hom OX .F ;G / '
a Hom OX .em˝ F ; em˝ G /

by Proposition 3.2.10 (2). Thus, we can assume that both F and G are quasi-coherent.
Then the claim follows from (1) and Lemma 4.2.1.

(4) is similarly just a consequence of (2) and Lemma 4.2.2.

Corollary 4.2.7. Let X be an R-scheme.

(1) Let F be an almost finitely presented OX -module, and let G be an almost
coherent OX -module. Then Hom OX .F ;G / is an almost coherent OX -module.

(2) Let F a be an almost finitely presented Oa
X -module, and let G a be an almost

coherent Oa
X -module. Then Hom Oa

X
.F a; G a/ (resp. alHom Oa

X
.F a; G a/) is

an almost coherent OX -module (resp. Oa
X -module).

Proof. We start by observing that Hom OX .F ;G / '
a Hom OX .em˝ F ; em˝ G / by

Proposition 3.2.10 (2). Thus we can assume that both F and G are actually quasi-
coherent. In that case we use Lemma 4.2.6 (1) and Lemma 4.1.11 to reduce the
question to showing that HomA.M; N / is almost coherent for any almost finitely
presented M and almost coherent N . However, this has already been done in Corol-
lary 2.6.9.

Part (2) follows from Part (1) thanks to the isomorphisms Hom Oa
X
.F a; G a/ '

Hom OX .F
a
Š
;G / and alHom Oa

X
.F a;G a/ ' Hom OX .F ;G /

a.
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4.3 Schemes. Approximation of almost finitely presented Oa
X

-modules

One of the defects of our definition of almost finitely presented OX -modules is that it
is (Zariski)-local on X ; we require the existence of an approximation by finitely pre-
sented OX -modules only Zariski-locally onX . In particular, this definition is not well
adapted to proving global statements such as the almost proper mapping theorem. We
resolve this issue by showing that (on a quasi-compact quasi-separated scheme) any
almost finitely presented Oa

X -module can be globally approximated by finitely pre-
sented OX -modules.

As always, we fix a ring R with an ideal m such that mDm2 and emDm˝R m

is R-flat. We always do almost mathematics with respect to this ideal.

Lemma 4.3.1. Let X be an R-scheme, and ¹G ai ºi2I a filtered diagram of almost
quasi-coherent Oa

X -modules.

(1) The natural morphism


0F W colimI alHom OX .F
a;G ai /! alHom OX .F

a; colimI G ai /

is injective for an almost finitely generated Oa
X -module F a.

(2) The natural morphism


0F W colimI alHom OX .F
a;G ai /! alHom OX .F

a; colimI G ai /

is an almost isomorphism for an almost finitely presented Oa
X -module F a.

Proof. The statement is local, so we can assume thatX D SpecA is an affine scheme.
Then Lemma 4.2.2 implies that F a ' M a and G ai ' N a

i for an almost finitely
generated (resp. almost finitely presented) A-module M . Then [68, Tag 009F] and
Lemma 4.2.6 imply that it suffices to show that


0M W colimi alHomAa.M a; N a
i /! alHomAa.M a; colimN a

i /

is injective (resp. an isomorphism) in ModaR. But this is exactly Corollary 2.5.11.

Corollary 4.3.2. Let X be a quasi-compact and quasi-separated R-scheme, and
¹G ai ºi2I a filtered diagram of almost quasi-coherent Oa

X -modules.

(1) The natural morphism


0F W colimI alHomOX .F
a;G ai /! alHomOX .F

a; colimI G ai /

is injective for an almost finitely generated Oa
X -module F a.

(2) The natural morphism


0F W colimI alHomOX .F
a;G ai /! alHomOX .F

a; colimI G ai /

is an almost isomorphism for an almost finitely presented Oa
X -module F a.

https://stacks.math.columbia.edu/tag/009F


Schemes. Approximation of almost finitely presented Oa
X

-modules 115

Proof. It formally follows from Lemma 3.2.25, Lemma 4.3.1, and [68, Tag 009F]
(and Corollary 3.1.18).

Definition 4.3.3. An OX -module F is globally almost finitely generated (resp. glob-
ally almost finitely presented) if, for every finitely generated ideal m0 � m, there
are a quasi-coherent finitely generated (resp. finitely presented) OX -module G and a
morphism f WG ! F such that m0.Kerf / D 0, m0.Cokerf / D 0.

Lemma 4.3.4. Let X be a quasi-compact and quasi-separated R-scheme, and F an
almost adically quasi-coherent OX -module.

(1) If, for any filtered diagram of adically quasi-coherent OX -modules ¹Giºi2I ,
the natural morphism

colimI HomOX .F ;Gi /! HomOX .F ; colimI Gi /

is almost injective, then F is globally almost finitely generated.

(2) If, for any filtered system of adically quasi-coherent OX -modules ¹Giºi2I , the
natural morphism

colimI HomOX .F ;Gi /! HomOX .F ; colimI Gi /

is an almost isomorphism, then F is globally almost finitely presented.

Proof. Lemma 3.2.25 and Corollary 3.1.18 ensure that we can replace F with F a
Š

without loss of generality. So, we may and do assume that F is quasi-coherent. Then
the proof of Lemma 2.5.10 works essentially verbatim. We repeat it for the reader’s
convenience.

(1) Note that F ' colimI Fi is a filtered colimit of its finitely generated OX -
submodules (see [68, Tag 01PG]). Therefore, we see that

colimI HomOX .F ;F =Fi / '
a HomOX .F ; colimI .F =Fi // ' 0:

Consider an element ˛ of the colimit that has a representative the quotient mor-
phism F ! F =Fi (for some choice of i ). Then, for every " 2 m, we have "˛ D 0
in colimI HomOX .F ; F =Fi /. Explicitly this means that there is j � i such that
"F � Fj . Now note that this property is preserved by replacing j with any j 0 > j .
Therefore, for any m0 D ."1; : : : ; "n/, we can find a finitely generated OX -submodule
Fi � F such that m0F � Fi . Therefore, F is almost finitely generated.

(2) Fix any finitely generated sub-ideal m0 D ."1; : : : ; "n/ � m. We use [68,
Tag 01PJ] to write F ' colimƒ F� as a filtered colimit of finitely presented OX -
modules. By assumption, the natural morphism

colimƒ HomOX .F ;F�/! HomOX .F ; colimƒ F�/ D HomOX .F ;F /

https://stacks.math.columbia.edu/tag/009F
https://stacks.math.columbia.edu/tag/01PG
https://stacks.math.columbia.edu/tag/01PJ
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is an almost isomorphism. In particular, "i idF lies in the image of this map for
every i D 1; : : : ; n. This means that, for every "i , there are �i 2 ƒ and a morphism
gi WF ! F�i such that the composition satisfies

f�i ı gi D "i idF ;

where f�i WF�i ! F is the natural morphism to the colimit. Note that the existence
of such a gi is preserved by replacing �i with any �0i � �i . Therefore, using that ¹F�º
is a filtered diagram, we can find an index � with maps

gi WF ! F�

such that f� ı gi D "i idF . Now we consider the morphism

Gi WD gi ı f� � "i idF� WF� ! F�:

Note that Im.Gi / � Ker.f�/ because

f� ı gi ı f� � f�"i idF� D "if� � "if� D 0:

We also have that "i Ker.f�/ � Im.Gi / because Gi jKer.f�/ D "i id. So,
P
i Im.Gi / is

a quasi-coherent finitely generated OX -module such that

m0.Kerf�/ �
X
i

Im.Gi / � Ker.f�/:

Therefore, f WF 0 WD F�=.
P
i Im.Gi //! F is a morphism such that F 0 is finitely

presented, m0.Ker f / D 0, and m0.Coker f / D 0. Since m0 � m was an arbitrary
finitely generated sub-ideal, we infer that F is globally almost finitely presented.

Corollary 4.3.5. Let X be a quasi-compact and quasi-separated R-scheme, and
let F be an almost quasi-coherent OX -module. Then F is almost finitely presented
(resp. almost finitely generated) if and only if for any finitely generated ideal m0 �m

there is a morphism f W G ! F such that G is a quasi-coherent finitely presented
(resp. finitely generated) OX -module, m0.Kerf / D 0 and m0.Cokerf / D 0.

Proof. Corollary 4.3.2 ensures that F satisfies the conditions of Lemma 4.3.4. Now,
Lemma 4.3.4 gives the desired result.

Corollary 4.3.6. Let X be a quasi-compact and quasi-separated R-scheme, and F a

an almost quasi-coherent Oa
X -module.

(1) F a is almost finitely generated if and only if, for every filtered diagram
¹G ai ºi2I of almost quasi-coherent Oa

X -modules, the natural morphism

colimI alHomOa
X
.F a;G ai /! alHomOa

X
.F a; colimI G ai /

is injective in ModaR.
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(2) F a is almost finitely presented if and only if, for every filtered diagram
¹G ai ºi2I of almost quasi-coherent Oa

X -modules, the natural morphism

colimI alHomOa
X
.F a;G ai /! alHomOa

X
.F a; colimI G ai /

is an isomorphism in ModaR.

4.4 Schemes. Derived category of almost coherent Oa
X

-modules

The goal of this section is to define different versions of the “derived category of
almost coherent sheaves”. Namely, we define the categories Dacoh.X/, Dqc;acoh.X/,
and Dacoh.X/

a. Then we show that many functors of interest preserve almost coher-
ence in an appropriate sense.

Definition 4.4.1. We define Daqc.X/ (resp. Daqc.X/
a) to be the full triangulated

subcategory of D.X/ (resp. D.X/a) consisting of the complexes with almost quasi-
coherent cohomology sheaves.

Definition 4.4.2. We define Dacoh.X/ (resp. Dqc;acoh.X/, resp. Dacoh.X/
a) to be the

full triangulated subcategory of D.X/ (resp. D.X/, resp. D.X/a) consisting of the
complexes with almost coherent (resp. quasi-coherent and almost coherent, resp.
almost coherent) cohomology sheaves.

Remark 4.4.3. Definition 4.4.2 makes sense as the categories Modacoh
X , Modqc;acoh

X ,
and Modacoh

Xa are weak Serre subcategories of ModX , ModX , and ModaX respectively.

Now suppose that X D SpecA is an affine R-scheme. Then we note that the
functor

e.�/WModA !ModX
is additive and exact, thus it can be easily derived to the functor

e.�/WD.A/! Dqc.X/:

Lemma 4.4.4. Let X D SpecA be an affine R-scheme. Then the functor

e.�/WD.A/! Dqc.X/

is a t -exact equivalence of triangulated categories 2 with the quasi-inverse given by
R�.X;�/. Moreover, these two functors induce the equivalence

e.�/WD�acoh.A/ D�qc;acoh.X/WR�.X;�/

for any � 2 ¹“ ”;C;�; bº.

2Meant with respect to the standard t -structures.
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Proof. The first part is just [68, Tag 06Z0]. In particular, it shows the isomorphism
Hi .R�.X;F // ' H0.X;H i .F // for any F 2 Dqc.X/. Now Lemma 4.1.11 implies
that H i .F / is almost coherent if and only if so is H0.X;H i .F //. So the functor
R�.X;�/ sends D�qc;acoh.X/ to D�acoh.A/.

We also observe that the functor e.�/ clearly sends Dacoh.A/ to Dqc;acoh.X/. Thus,
we conclude that e.�/ and R�.X;�/ induce an equivalence between Dacoh.A/ and
Dqc;acoh.X/. The bounded versions follow from t -exactness of both functors.

Lemma 4.4.5. LetX D SpecA be an affineR-scheme. Then the almostification func-
tor

.�/aWD�qc.X/! D�aqc.X/
a

induces an equivalence D�qc.X/=D�qc;†X
.X/

�
�! D�aqc.X/

a for any � 2 ¹“ ”;C;�; bº.
Similarly, the induced functor

D�qc;acoh.X/=D�qc;†X .X/
�
�! D�acoh.X/

a

is an equivalence for any � 2 ¹“ ”;C;�; bº.

Proof. The functor .�/ŠWD�aqc.X/
a ! D�qc.X/ gives the left adjoint to .�/a such that

id! .�/Š ı .�/
a is an isomorphism and the kernel of .�/a consists exactly of the

morphisms f such that cone.f / 2 Dqc;†X .X/. Thus, the dual version of [27, Propo-
sition 1.3] finishes the proof of the first claim. The proof of the second claim is similar
once one notices that eM a is almost coherent for any almost coherentAa-moduleM a.
The latter fact follows from Lemma 4.1.11.

Lemma 4.1.11 ensures that D.A/a ' D.A/=D†A.A/. Since e.�/ clearly sends
D†A.A/ to D�qc;†X

.X/, we conclude that it induces a functor

e.�/WD�.A/a ! D�aqc.X/
a:

Theorem 4.4.6. Let X D SpecA be an affine R-scheme. Then the functor

e.�/WD.A/a ! Daqc.X/
a

is a t -exact equivalence of triangulated categories with the quasi-inverse given by
R�.X;�/. Moreover, these two functors induce equivalences

e.�/WD�acoh.A/
a D�acoh.X/

aWR�.X;�/

for any � 2 ¹“ ”;C;�; bº.

https://stacks.math.columbia.edu/tag/06Z0
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Proof. We note that Lemma 4.4.4 ensures that e.�/WD�qc;acoh.X/! D�acoh.X/
a is an

equivalence with quasi-inverse R�.X;�/. Moreover, .�/a induces an equivalence
between D†A.A/ and Dqc;†X .X/; we leave the verification to the interested reader.
Thus, Lemma 4.4.5 ensures that e.�/ gives an equivalence

D.A/a ' D.A/=D†A.A/
�
�! Dqc.X/=Dqc;†X .X/ ' Daqc.X/

a:

Its quasi-inverse is given by the functor R�.X;�/WDaqc.X/
a ! D.A/a by Proposi-

tion 3.5.23.
The version with almost coherent cohomology sheaves is similar to the analogous

statement from Lemma 4.4.4.

Lemma 4.4.7. Let f WX ! Y be a morphism of R-schemes.

(1) Suppose that both X D SpecB and Y D SpecA are affine R-schemes. Then

Lf �.eM a/ is functorially isomorphic to EM a ˝LAa B
a for any M a 2 D.A/a.

(2) The functor Lf � carries an object of D�aqc.Y / to an object of D�aqc.X/ for
� 2 ¹“ ”;�º.

(3) The functor Lf � carries an object of D�aqc.Y /
a to an object of D�aqc.X/

a for
� 2 ¹“ ”;�º.

(4) Suppose thatX and Y are almost coherentR-schemes. Then the functor Lf �

carries an object of D�qc;acoh.Y / (resp. D�acoh.Y /) to an object of D�qc;acoh.X/

(resp. D�acoh.X/).

(5) Suppose thatX and Y are almost coherentR-schemes. Then the functor Lf �

carries an object of D�acoh.Y /
a to an object of D�acoh.X/

a.

Proof. We start with Part (1). We use Proposition 3.5.20 to see the isomorphism

Lf �
�eM a

�
'
�
Lf �

�fM ��a. Proposition 2.4.16 says that
�CM ˝LA B�a'EM a ˝LAa B

a,

so it suffices to show Lf �
�fM �

'
CM ˝LA B . But this is a classical fact about quasi-

coherent sheaves.
Now we show (2). We note that Lemma 3.2.17 implies that Lf �.em ˝ F / 'em˝ Lf �.F / for any F 2 D.Y /. Thus, we can replace F with em˝ F to assume

that it is quasi-coherent. Then it is a standard fact that Lf � sends D�qc.Y / to D�qc.X/

for � 2 ¹“ ”;�º.
(3) follows from Part (2) by noting that Lf �.F a/ ' .Lf �.F a

Š
//a according to

Proposition 3.5.20.
To prove (4), we use again the isomorphism Lf �.em ˝ F / ' em ˝ Lf �.F /

to assume that F is in D�qc;acoh.X/. Then Lemma 4.4.4 guarantees that there exists
M 2 D�coh.A/ such that fM ' F . Thus Part (1) and Lemma 4.1.11 ensure that it is
sufficient to show that M a˝LAaB

a ' .M˝LAB/
a has almost finitely presented coho-

mology modules. This is exactly the content of Corollary 2.8.2.
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(5) follows from (4) as Lf �.F a/ ' .Lf �.F a
Š
//a.

Lemma 4.4.8. Let X be an R-scheme.

(1) Suppose that X D SpecA is an affine R-scheme. Then eM a ˝L
Oa
X

fN a is func-

torially isomorphic to EM a ˝LAa N
a for any M a; N a 2 D.A/a.

(2) Let F ;G 2 D�aqc.X/, then F˝L
OX

G 2 Daqc.X/ for � 2 ¹“ ”;�º.

(3) Let F a;G a 2 D�aqc.X/
a, then F a˝L

Oa
X

G a 2 Daqc.X/
a for � 2 ¹“ ”;�º.

(4) Suppose that X is an almost coherent R-scheme, and let F ;G 2 D�qc;acoh.X/

(resp. D�acoh.X/). Then F˝L
OX

G 2 D�qc;acoh.X/ (resp. D�acoh.X/).

(5) Suppose thatX is an almost coherentR-scheme, and let F a;G a 2D�acoh.X/
a.

Then F a˝L
Oa
X

G a 2 D�acoh.X/
a.

Proof. The proof is basically identical to that of Lemma 4.4.7 and is left to the reader.
We only mention that one has to use Proposition 2.6.18 in place of Corollary 2.8.2.

Lemma 4.4.9. Let f WX ! Y be a quasi-compact and quasi-separated morphism of
R-schemes. Suppose that Y is quasi-compact.

(1) The functor Rf� carries D�aqc.X/ to D�aqc.Y / for any � 2 ¹“ ”;�;C; bº.

(2) The functor Rf� carries D�aqc.X/
a to D�aqc.Y /

a for any � 2 ¹“ ”;�;C; bº.

Proof. Proposition 3.5.23 tells us that .Rf�F /a 'Rf�F a. Since .em˝ F /a ' F a,
we see that it suffices to show that the functor

Rf�.em˝�/
carries D�aqc.X/ to D�aqc.Y / for any � 2 ¹“ ”;�;C; bº. Since em˝ F is in Dqc.X/,
we conclude that it is enough to show that Rf�.�/ carries D�qc.X/ to D�qc.Y / for any
� 2 ¹“ ”;�;C; bº. This is proven in [68, Tag 08D5].

Before going to the case of the derived Hom-functors, we recall the construction
of the functorial map

 W BRHomA.M;N / ! RHom OX

�fM; eN �
for any M 2 D�.A/, N 2 DC.A/, and an affine scheme X D SpecA. For this, we
recall that the functor e.�/ is left adjoint to the global section functor �.X;�/ on the
abelian level. Thus, after deriving these functors, we see that e.�/ is left adjoint to
R�.X;�/. Thus it follows that, for any F 2 D.X/, there is a canonical morphism
BR�.X;F / ! F . We apply it to F D RHom OX

�fM; eN � to obtain the desired mor-
phism

 W BRHomA.M;N / ! RHom OX

�fM; eN �:
Lemma 4.4.10. Let X be an almost coherent R-scheme.

https://stacks.math.columbia.edu/tag/08D5
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(1) Suppose X D SpecA is an affine R-scheme. The canonical map

 W BRHomA.M;N / ! RHom OX

�fM; eN �
is an almost isomorphism for M 2 D�acoh.A/, N 2 DC.A/.

(2) Suppose X D SpecA is an affine R-scheme. There is a functorial isomor-
phism

DRalHomAa.M a; N a/ ' RalHom Oa
X

�eM a; fN a
�

forM a 2 D�acoh.A/
a, N a 2 DC.A/a. We also get a functorial almost isomor-

phism
DRHomAa.M a; N a/ 'a RHom Oa

X

�eM a; fN a
�

for M 2 D�acoh.A/, N 2 DC.A/.
(3) Suppose F 2 D�acoh.X/ and G 2 DCaqc.X/. Then RHom OX .F ;G / 2 DCaqc.X/.

(4) Suppose that F a 2 D�acoh.X/
a and G a 2 DCaqc.X/

a. In this case we have both
RHom Oa

X
.F a;G a/ 2 DCaqc.X/ and RalHom Oa

X
.F a;G a/ 2 DCaqc.X/

a.

Proof. We start with (1). We use the convergent compatible spectral sequences

Ep;q2 D
DExtpA.H
�q.M/;N / )

BExtpCqA .M;N /

E0p;q2 D Ext p
OX

�CH�q.M/; eN �) Ext pCq
OX

�fM; eN �
to reduce to the case when M 2 Modacoh

A is an A-module concentrated in degree 0.
Similarly, we use the compatible spectral sequences

Ep;q2 D
DExtqA.M;H

p.N // )
BExtpCqA .M;N /

E0p;q2 D Ext q
OX

�fM;BHp.N /�) Ext pCq
OX

�fM; eN �
to assume that N 2 ModA. Thus, the claim boils down to showing that the natural
map

BExtpA.M;N / ! Ext p
OX

�fM; eN �
is an almost isomorphism for anyM 2Modacoh

A ,N 2ModA, and p � 0. Lemma 3.1.5
says that it is sufficient to show that the kernel and cokernel are annihilated by any
finitely generated sub-ideal m0 � m.

Recall that, for any OX -modules F , G , the sheaf Ext p
OX
.F ; G / is canonically

isomorphic to the sheafification of the presheaf

U 7! Extp
OU
.F jU ;G jU /:
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Thus, in order to show that the map BExtpA.M;N / ! Ext p
OX

�fM; eN � is an almost
isomorphism, it suffices to show that

ExtpA.M;N /˝A Af ! Extp
OXf

�eMf ;fNf �
is an almost isomorphism. Now we use canonical isomorphisms

Extp
OXf

�eMf ;fNf � ' HomD.Xf /
�eMf ;fNf Œp��

' HomD.Af /.Mf ; Nf Œp�/

' ExtpAf .Mf ; Nf /;

where the second isomorphism follows using that e.�/ induces a t -exact equivalence
e.�/WD.Af / �! Dqc.SpecAf /. Thus, the question boils down to showing that the nat-
ural map

ExtpA.M;N /˝A Af ! ExtpAf .Mf ; Nf /

is an almost isomorphism. This follows from Lemma 2.9.12.
(2) formally follows from (1) by using Proposition 3.5.8 (1).
(3) is also a basic consequence of (2). Indeed, the claim is local, so we can assume

thatX D SpecA is an affineR-scheme. In that case, we use Theorem 4.4.6 to say that
F 'fM , G ' eN for some M 2 D�acoh.A/, N 2 DC.A/. Then RHom OX .F ; G / 'BRHomA.M;N / by (2), and the latter complex has almost quasi-coherent cohomology
sheaves by design.

(4) easily follows from (3) and the isomorphisms

RHom Oa
X
.F a;G a/ ' RHom OX .F

a
Š ;G /

RalHom Oa
X
.F a;G a/ ' RHom OX .F

a
Š ;G /

a

that come from Lemma 3.5.5 (1) and Definition 3.5.6.

Corollary 4.4.11. Let X be an almost coherent R-scheme.

(1) Let F 2D�aqc;acoh.X/, G 2DCaqc;acoh.X/. Then RHom OX .F ;G /2DCaqc;acoh.X/.

(2) Let F a2D�acoh.X/
a, G a2DCacoh.X/

a. Then RalHom Oa
X
.F a;G a/2DCacoh.X/

a.

Proof. The question is local on X , so we can assume that X D SpecA is affine. Then
Lemma 4.4.10, Theorem 4.4.6, and Lemma 4.1.11 reduce both questions to showing
that RHomA.M; N / 2 DCacoh.A/ for M 2 D�acoh.A/ and N 2 DCacoh.A/. This is the
content of Proposition 2.6.19.
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Proposition 4.4.12. Let f WX ! Y be a quasi-compact quasi-separated morphism
of R-schemes, F a 2 Daqc.X/

a, and G 2 Daqc.Y /
a. Then the projection morphism

(see the discussion before Proposition 3.5.27)

�WRf�.F a/˝L
Oa
Y

G a ! Rf�
�
F a
˝
L
Oa
X

Lf �.G a/
�

is an isomorphism in D.Y /a.

Proof. Proposition 3.5.14, Proposition 3.5.20, and Proposition 3.5.23 imply that we
can replace F a (resp. G a) with F a

Š
2 Dqc.X/

a (resp. G a
Š
2 Dqc.Y /

a). So it suffices
to show the analogous result for modules with quasi-coherent cohomology sheaves.
This is proven in [68, Tag 08EU].

4.5 Formal schemes. The category of almost coherent Oa
X

-modules

In this section, we discuss the notion of almost coherent sheaves on “good” formal
schemes. One of the main complications compared to the case of usual schemes is
that there is no good notion of a “quasi-coherent” sheaf on a formal scheme. Namely,
even though there is a notion of adically quasi-coherent sheaves on a large class of
formal schemes due to [25, Section I.3], this notion does not behave well. In particu-
lar, this category is not a weak Serre subcategory of OX-modules for a “nice” formal
scheme X.

Another (related) difficulty comes from the lack of the Artin–Rees lemma for
not finitely generated modules. More precisely, many operations with adically quasi-
coherent sheaves require taking completions, but this operation is usually not exact
without the presence of the Artin–Rees lemma.

We deal with this by using a version of the Artin–Rees lemma (Lemma 2.12.6)
for almost finitely generated modules over “good” rings. The presence of the Artin–
Rees lemma suggests that it is reasonable to expect that we might have a good notion
of adically quasi-coherent, almost coherent OX-modules on some “good” class of
formal schemes.

We start by giving a set-up in which we can develop the theory of almost coherent
sheaves.

Set-up 4.5.1. We fix a ring R with a finitely generated ideal I such that R is I -
adically complete, I -adically topologically universally adhesive3, and I -torsion free
with an ideal m such that I � m, m2 D m and em WD m˝R m is R-flat.

3This means that the algebra RhX1; : : : ; XniŒT1; : : : ; Tm� is I -adically adhesive for any n
and m.

https://stacks.math.columbia.edu/tag/08EU
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The basic example of such a ring is a complete microbial4 valuation ring R with
algebraically closed fraction field K. We pick a pseudo-uniformizer $ and define
I WD .$/, m WD

S1
nD1.$

1=n/ for some compatible choice of roots of $ . We note
that R is topologically universally adhesive by [24, Theorem 7.3.2].

We note that the assumptions in Set-up 4.5.1 imply that any finitely presented
algebra over a topologically finitely presented R-algebra is coherent and I -adically
adhesive. Coherence follows from [24, Proposition 7.2.2] and adhesiveness follows
from the definition. In what follows, we will use those facts without saying.

In what follows, X always means a topologically finitely presented formal R-
scheme. We will denote by Xk WD X �Spf R SpecR=I kC1 the “reduction” schemes.
They come equipped with a closed immersion ik WXk ! X. Also, given any OX-
module F , we will always denote its “reduction” i�

k
F by Fk .

Definition 4.5.2. [25, Definition I.3.1.3] An OX-module F on a formal scheme X of
finite ideal type is called adically quasi-coherent if F ! limn Fn is an isomorphism
and, for any open formal subscheme U � F and any ideal of definition 	 of finite
type, the sheaf F =	F is a quasi-coherent sheaf on the scheme .U;OU=	/.

We denote by Modqc
X the full subcategory of ModX consisting of the adically

quasi-coherent OX-modules.

Definition 4.5.3. We say that an Oa
X-module F a is almost adically quasi-coherent

if F a
Š
' em ˝ F is an adically quasi-coherent OX-module. We denote by Modaqc

Xa

the full subcategory of ModXa consisting of the almost adically quasi-coherent OX-
modules.

We say that an OX-module F is almost adically quasi-coherent if F a is an almost
quasi-coherent Oa

X-module. We denote by Modaqc
X the full subcategory of ModX con-

sisting of the adically quasi-coherent OX-modules.

Remark 4.5.4. In general, we cannot say that every adically quasi-coherent OX-
module F is almost adically quasi-coherent. The problem is that the sheaf em˝ F

might not be complete, i.e., the map em˝F ! limk em˝Fk is a priori only an almost
isomorphism.

Lemma 4.5.5. Let X be a topologically finitely presented formal R-scheme for R
as in Set-up 4.5.1, and let F a be an almost adically quasi-coherent Oa

X-module.
Then F a

k
is almost quasi-coherent for all k. Moreover, if an Oa

X-module G a is anni-
hilated by some I nC1, then G a is almost adically quasi-coherent if and only if so
is G an .

4A valuation ring R is microbial if there is a non-zero topologically nilpotent element $ 2
R. Any such element is called a pseudo-uniformizer.
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Proof. To prove the first claim, it is sufficient to show that em˝ Fk is quasi-coherent
provided that em˝ F is adically quasi-coherent. We use Corollary 3.2.18 to say thatem ˝ Fk ' .em ˝ F /k and the reduction of an adically quasi-coherent module is
quasi-coherent. Therefore, each F a

k
is almost adically quasi-coherent.

Now if G is annihilated by I nC1, then G D in;�Gn. We use the projection formula
(Lemma 3.3.5) to see that em˝ G ' in;�.Gn˝ em/. Clearly, in;� sends quasi-coherent
sheaves to adically quasi-coherent sheaves. So G a is almost adically quasi-coherent
if so is G an .

Definition 4.5.6. We say that an Oa
X-module F a is of almost finite type (resp. almost

finitely presented) if F a is almost adically quasi-coherent, and there is a covering
of X by open affines ¹Uiºi2I such that F a.Ui / is an almost finitely generated (resp.
almost finitely presented) Oa

X.Ui /-module. We denote these categories by Modaft
Xa

and Modafp
Xa respectively.

We say that an OX-module F is of almost finite type (resp. almost finitely pre-
sented) if so is F a. We denote these categories by Modaft

X and Modafp
X respectively.

Definition 4.5.7. We say that an OX-module F is adically quasi-coherent of almost
finite type (resp. adically quasi-coherent almost finitely presented) if it is adically
quasi-coherent and there is a covering of X by open affines ¹Uiºi2I such that F .Ui /

is an almost finitely generated (resp. almost finitely presented) OX.Ui /-module. We
denote these categories by Modqc;aft

X and Modqc;afp
X respectively.

Remark 4.5.8. If F a is a finite type (resp. finitely presented) Oa
X-module, then it

follows that .F a/Š is adically quasi-coherent of almost finite type (resp. almost finite
presentation).

Remark 4.5.9. We note that, a priori, it is not clear if F a is an almost finite type
(resp. almost finitely presented) Oa

X-module for an adically quasi-coherent almost
finite type (resp. almost finitely presented) OX-module F . The problem comes from
the fact that we do not require em˝F to be adically quasi-coherent in Definition 4.5.7.
However, we will show in Lemma 4.5.10 that it is indeed automatic in this case.

Lemma 4.5.10. Let X be a topologically finitely presented formalR-scheme forR as
in Set-up 4.5.1, and let F be an adically quasi-coherent OX-module of almost finite
type (resp. of almost finite presentation). Then em˝ F is adically quasi-coherent. In
particular, F is almost of finite type (resp. almost finitely presented).

Proof. Corollary 2.5.12 and Lemma 3.3.1 imply that the only condition we really
need to check is that em˝F is adically quasi-coherent. Therefore, it suffices to prove
the result for an adically quasi-coherent, almost finite type OX-module F .

Since the question is local on X, we can assume that X D Spf A is affine and
M WD F .X/ is almost finitely generated over A. Then we use [25, Theorem I.3.2.8]
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to conclude that F is isomorphic to M�. We claim that em ˝ F is isomorphic to
.em˝AM/� as that would imply that em ˝ F is adically quasi-coherent by [25,
Proposition I.3.2.2]. In order to show that em ˝ F is isomorphic to .em ˝R M/�,
we need to check two things: for any open affine Spf B D U � X the B-module
.em˝ F /.U/ is I -adically complete, and then the natural map .em˝R M/b̋AB !
.em˝ F /.U/ is an isomorphism.

We start with the first claim. Lemma 3.3.1 says that .em˝ F /.U/ is isomorphic
to em˝R F .U/. Since F is adically quasi-coherent, F .U/ 'M b̋AB , and therefore
.em˝ F /.U/ ' em˝R .M b̋AB/. Lemma 2.8.1 says that M˝AB is almost finitely
generated over B , so it is already I -adically complete by Lemma 2.12.7. Therefore,
we see that em˝R F .U/' em˝R .M˝AB/, and the latter is almost finitely generated
over B by Corollary 2.5.12. Thus, we use Lemma 2.12.7 once again to show its
completeness.

Now we show that the natural morphism .em˝R M/b̋AB ! .em˝ F /.U/ is an
isomorphism. Again, using the same results as above, we can get rid of any comple-
tions and identify this map with the “identity” map

.em˝RM/˝AB ! em˝R .M˝AB/:
This finishes the proof.

Lemma 4.5.11. Let X be a topologically finitely presented formal R-scheme for R
as in Set-up 4.5.1, and let F a be an almost finite type (resp. almost finitely presented)
Oa

X-module. Then the Oa
Xk

-module F a
k

is almost finite type (resp. almost finitely pre-
sented) for any integer k.

Proof. Lemma 4.5.5 implies that each F a
k

is an almost quasi-coherent OXk -module.
So it is sufficient to find a covering of Xk by open affines Ui;k such that F a

k
.Ui;k/ is

almost finitely generated (resp. almost finitely presented) over Oa
Xk
.Ui;k/. We choose

a covering of X by open affines Ui such that F a.Ui / are almost finitely gener-
ated (resp. almost finitely presented) over Oa

X.Ui /. Since the underlying topological
spaces of X and Xk are the same, we conclude that Ui;k form an affine open cover-
ing of Xk . Then using the vanishing result for higher cohomology groups of adically
quasi-coherent sheaves on affine formal schemes of finite type [25, Theorem I.7.1.1]
and Lemma 3.3.1, we deduce that

F a
k .Ui;k/ '

�em˝ F a
k

�
.Ui;k/

a
'
�em˝ F .Ui /=I

kC1
�a

is almost finitely generated (resp. almost finitely presented) over OXk .Ui;k/.

Lemma 4.5.12. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1, and let F a be an almost finite type (resp. almost finitely
presented) Oa

X-module. Then F a.U/ is an almost finitely generated (resp. almost
finitely presented) Oa

X.U/-module for any open affine U � X.
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Proof. Corollary 2.5.12 and Lemma 3.3.1 guarantee that we can replace F withem˝ F for the purpose of the proof. Thus, we may and do assume that F is an
adically quasi-coherent almost finitely generated (resp. almost finitely presented) OX-
module. Then, using Lemma 2.8.1 and Lemma 2.12.7, we can use the argument as in
the proof of Lemma 4.5.10 to show that the restriction of F to any open formal sub-
scheme is still adically quasi-coherent of almost finite type (resp. finitely presented).
Thus, we may and do assume that X D Spf A is an affine formal R-scheme.

So, now we have an affine topologically finitely presented formal R-scheme
X D Spf A, a finite5 covering of X by affines Ui D Spf Ai , and an adically quasi-
coherent OX-module F such that F .Ui / is almost finitely generated (resp. almost
finitely presented) Ai -module. We want to show that F .X/ is an almost finitely gen-
erated (resp. almost finitely presented) A-module.

First, we deal with the almost finitely generated case. We note that Lemma 4.1.7,
Lemma 4.5.11, and [25, Theorem I.7.1.1] imply that F .X/=I is almost finitely gen-
erated. We know that F is adically quasi-coherent, so F .X/ must be an I -adically
complete A-module. Therefore, Lemma 2.5.20 guarantees that F .X/ is an almost
finitely generated A-module.

Now we move to the almost finitely presented case. We already know that F .X/

is almost finitely generated over A. Thus, the standard argument with Lemma 2.12.7
implies that F .Ui / D F .X/ ˝A Ai for any i . Recall that [25, Proposition I.4.8.1]
implies6 that eachA!Ai is flat. Since Spf Ai form a covering of Spf A, we conclude
thatA!

Qn
iD1Ai is faithfully flat. Now the result follows from faithfully flat descent

for almost finitely presented modules, which is proven in Lemma 2.10.5.

Corollary 4.5.13. Let X D Spf A be a topologically finitely presented affine formal
R-scheme for R as in Set-up 4.5.1, and let F a be an almost adically quasi-coherent
Oa

X-module. Then F a is almost finite type (resp. almost finitely presented) if and only
if F a.X/ is an almost finitely generated (resp. almost finitely presented) Aa-module.

Similarly, an adically quasi-coherent OX-module F is of almost finite type (resp.
almost finitely presented) if and only if F .X/ is an almost finitely generated (resp.
almost finitely presented) A-module.

Lemma 4.5.14. Let XD Spf A be a topologically finitely presented affine formal R-
scheme for R as in Set-up 4.5.1, let 'WN !M be a homomorphism of almost finitely
generated A-modules. Then the following sequence:

0! .Ker'/� ! N� '�

��!M�
! .Coker'/� ! 0

is exact. Moreover, Im.'/� ' Im.'�/.

5We implicitly use here that X is quasi-compact.
6Topologically universally adhesive rings are by definition “t. u. rigid-noetherian”.
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Proof. We denote the kernel Ker ' by K, the image Im.'/ by M 0, and the cokernel
Coker' by Q.

We start with Ker '�: We note that .Ker '�/.X/ D K, this induces a natural mor-
phism ˛WK� ! Ker '�. In order to show that it is an isomorphism, it suffices to
check that it induces an isomorphism on values over a basis of principal open sub-
sets. Now recall that for any A-module L, we have an equality L�.Spf A¹f º/ D cLf ,
where the completion is taken with respect to the I -adic topology. Thus, in order
to check that ˛ is an isomorphism, it suffices to show that cKf is naturally identi-
fied with .Ker '/.Spf A¹f º/ D Ker.cNf !bMf /. Using the Artin–Rees lemma (see
Lemma 2.12.6) over the adhesive ring Af , we conclude that the induced topologies
on Kf and M 0

f
coincide with the I -adic ones. This implies thatcKf D limKf =I

nKf D limKf =.I
nNf \Kf /

and
bM 0f D limM 0f =I

nM 0f D limM 0f =.I
nMf \M

0
f /:

This guarantees that we have two exact sequences:

0! cKf !bMf !bM 0f ! 0; 0!bM 0f ! cNf :
In particular, we get that the natural map cKf ! Ker.bMf ! cNf / is an isomorphism.
This shows that K� ' Ker.'�/.

We prove the claim for Im '�: We note that since the category of OX-modules is
abelian, we can identify Im '� ' Coker.K� ! N�/. We observe that [25, Theo-
rem I.7.1.1] and the established fact above that Ker' is adically quasi-coherent imply
that the natural map F .U/=K�.U/! .Im '�/.U/ is an isomorphism for any affine
open formal subscheme U. In particular, we have .Im'�/.X/DM=K DM 0. There-
fore, we have a natural map .M 0/�! Im'� and we show that it is an isomorphism.
It suffices to show that this map is an isomorphism on values over a basis of princi-
pal open subsets. Then we use the identification F .U/=K�.U/ ' .Im'/.U/ and the
short exact sequence

0! cKf !bMf !bM 0f ! 0;

to finish the proof.

We show the claim for Coker'�: The argument is identical to the argument for Im'
once we know that Im' D Ker.G ! Coker'/ is adically quasi-coherent.

Corollary 4.5.15. Let X D Spf A be a topologically finitely presented affine formal
R-scheme for R as in Set-up 4.5.1, let M be an almost finitely generated A-module,
and let N be any A-submodule of M . Then the following sequence is exact:

0! N� '�

��!M�
! .M=N/� ! 0:
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Proof. We just apply Lemma 4.5.14 to the homomorphism M ! M=N of almost
finitely generated A-modules.

Corollary 4.5.16. Let X be a topologically finitely presented formal R-scheme for R
as in Set-up 4.5.1, and let 'W F ! G be a morphism of adically quasi-coherent,
almost finite type OX-modules. Then Ker' is an adically quasi-coherent OX-module,
Coker' and Im' are adically quasi-coherent OX-modules of almost finite type.

Corollary 4.5.17. Let X be a topologically finitely presented formal R-scheme for
R as in Set-up 4.5.1, and let 'W F a ! G a be a morphism of almost finite type
Oa

X-modules. Then Ker ' is an almost adically quasi-coherent Oa
X-module, Coker '

and Im' are Oa
X-modules of almost finite type.

Proof. We apply the exact functor .�/Š to the map ' and reduce the claim to Corol-
lary 4.5.16.

Now we are ready to show that almost finite type and almost finitely presented
OX-modules share many good properties as we would expect. The only subtle thing
is that we do not know whether an adically quasi-coherent quotient of an adically
quasi-coherent, almost finite type OX-module is of almost finite type. The main extra
complication here is that we need to be very careful with the adically quasi-coherent
condition in the definition of almost finite type (resp. almost finitely presented) mod-
ules since that condition does not behave well in general.

Lemma 4.5.18. Let 0! F 0
'
�! F

 
�! F 00! 0 be an exact sequence of OX-modules,

then the following assertions hold:

(1) If F is adically quasi-coherent of almost finite type and F 0 is adically quasi-
coherent, then F 00 is adically quasi-coherent of almost finite type.

(2) If F 0 and F 00 are adically quasi-coherent of almost finite type (resp. almost
finitely presented), then so is F .

(3) If F is adically quasi-coherent of almost finite type, and F 00 is adically quasi-
coherent, almost finitely presented, then F 0 is adically quasi-coherent of al-
most finite type.

(4) If F is adically quasi-coherent almost finitely presented, and F 0 is adi-
cally quasi-coherent of almost finite type, then F 00 is adically quasi-coherent,
almost finitely presented.

Proof. (1) Without loss of generality, we can assume that X D Spf A is an affine
formal scheme. Then F Š M� for some almost finitely generated A-module M ,
and F 0 Š N� for some A-submodule N � M . Then Corollary 4.5.15 ensures that
F 00 ' .M=N/�. In particular, it is adically quasi-coherent. The claim is then an easy
consequence of the vanishing theorem [25, Theorem I.7.1.1] and Lemma 2.5.15 (1).
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(2) The difficult part is to show that F is adically quasi-coherent. In fact, once we
know that F is adically quasi-coherent, it is automatically of almost finite type (resp.
almost finitely presented) by [25, Theorem I.7.1.1] and Lemma 2.5.15 (2).

In order to show that F is adically quasi-coherent, we may and do assume that
X D Spf A is an affine formal R-scheme for some adhesive ring A. Then let us intro-
duceA-modulesM 0 WDF 0.X/; M WDF .X/, andM 00 WDF 00.X/. We have the natural
morphism M� ! F and we show that it is an isomorphism. The vanishing theorem
[25, Theorem I.7.1.1] implies that we have a short exact sequence:

0!M 0 !M !M 00 ! 0:

Thus by Lemma 2.5.15 (2), M is almost finitely generated (resp. almost finitely pre-
sented). Then Lemma 4.5.14 gives that we have a short exact sequence

0!M 0� !M�
!M 00� ! 0:

Using the vanishing theorem [25, Theorem I.7.1.1] once again, we get a commutative
diagram

0 M 0� M� M 00� 0

0 F 0 F F 00 0;

where the rows are exact, and the left and right vertical arrows are isomorphisms.
That implies that the map M� ! F is an isomorphism.

(3) This easily follows from Lemma 2.5.15 (3), Corollary 4.5.16, and [25, Theo-
rem I.7.1.1].

(4) This also easily follows from Lemma 2.5.15 (4), Corollary 4.5.16, and [25,
Theorem I.7.1.1].

We also give the almost version of Lemma 4.5.18:

Corollary 4.5.19. Let 0! F 0a
'
�! F a

 
�! F 00a ! 0 be an exact sequence of Oa

X-
modules, then the following hold:

(1) If F a is of almost finite type and F 0a is almost adically quasi-coherent,
then F 00a is of almost finite type.

(2) If F 0a and F 00a are of almost finite type (resp. almost finitely presented), then
so is F a.

(3) If F a is of almost finite type and F 00a is almost finitely presented, then F 0a

is of almost finite type.



Formal schemes. The category of almost coherent Oa
X

-modules 131

(4) If F a is of almost finitely presented and F 0a is of almost finite type, then F 00a

is almost finitely presented.

Definition 4.5.20. An Oa
X-module F a is almost coherent if F a is almost finite type

and for any open set U, any finite type Oa
X-submodule G a � .F jU/

a is an almost
finitely presented OU-module.

An OX-module F is (adically quasi-coherent) almost coherent if F a is almost
coherent (and F is adically quasi-coherent).

Remark 4.5.21. We note that Lemma 4.5.10 ensures that any adically quasi-coherent
almost coherent OX -module F is almost coherent.

Lemma 4.5.22. Let F a be an Oa
X-module on a topologically finitely presented for-

mal R-scheme X. Then the following are equivalent:

(1) F a is almost coherent;

(2) F a is almost quasi-coherent and the Oa
X.U/-module F a.U/ is almost coher-

ent for any open affine formal subscheme U � X;

(3) F a is almost quasi-coherent and there is a covering of X by open affine
subschemes ¹Uiºi2I such that F a.Ui / is almost coherent for each i .

In particular, an Oa
X-module F a is almost coherent if and only if it is almost finitely

presented.

Proof. The proof that these three notions are equivalent is identical to the proof of
Lemma 4.5.22 modulo facts that we have already established in this chapter, espe-
cially Lemma 4.5.14.

As for the last claim, we recall that X is topologically finitely presented over a
topologically universally adhesive ring, so OX.U/ is coherent for any open affine U

[25, Proposition 0.8.5.23, Lemma I.1.7.4, Proposition I.2.3.3]. Then the equivalence
is proved by Lemma 2.6.13 and Corollary 2.6.15.

Although Lemma 4.5.22 says that the notion of almost coherence coincides with
the notion of almost finite presentation, it shows that almost coherence is morally
“the correct” definition. In what follows, we prefer to use the terminology of almost
coherent sheaves as it is shorter and gives a better intuition from our point of view.

Lemma 4.5.23. (1) Any almost finite type Oa
X-submodule of an almost coherent

Oa
X-module is almost coherent.

(2) Let 'WF a ! G a be a homomorphism from an almost finite type Oa
X-module

to an almost coherent Oa
X-module. Then Ker ' is an almost finite type Oa

X-
module.

(3) Let 'WF a ! G a be a homomorphism of almost coherent Oa
X-modules. Then

Ker' and Coker' are almost coherent OX-modules.
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(4) Given a short exact sequence of Oa
X-modules

0! F 0a ! F a
! F 00a ! 0;

if two out of three are almost coherent, then so is the third one.

Remark 4.5.24. There is also an evident version of this lemma for adically quasi-
coherent almost coherent OX-modules.

Proof. The proof is identical to the proof of Corollary 4.1.12 once we have estab-
lished Corollary 4.5.16 and the equivalence of almost coherent and almost finitely
presented OX-modules from Lemma 4.5.22.

Corollary 4.5.25. Let X be a topologically finitely presented formal R-scheme for R
as in Set-up 4.5.1. Then the category Modacoh

X (resp. Modqc;acoh
X , Modacoh

Xa ) of almost
coherent OX-modules (resp. adically quasi-coherent, almost coherent OX-modules,
resp. almost coherent Oa

X-modules) is a weak Serre subcategory of ModX (resp.
ModX, resp. ModaX).

4.6 Formal schemes. Basic functors on almost coherent Oa
X

-modules

In this section, we study the interaction between the functors defined in Section 3.2
and the notion of almost (quasi-)coherent Oa

X-modules. The exposition follows Sec-
tion 4.2 very closely.

We start with an affine situation, i.e., X D Spf A. In this case, we note that the
functor .�/�WModA ! Modqc

X sends almost zero A-modules to almost zero OX-
modules. Thus, it induces a functor

.�/�WModAa !ModXa :

Lemma 4.6.1. Let XD Spf A be an affine formalR-scheme forR as in Set-up 4.5.1.
Then .�/�WModA ! Modqc

X induces an equivalence .�/�WMod�A !Modqc;�
X for

any � 2 ¹aft; acohº. The quasi-inverse functor is given by �.X;�/.

Proof. We note first that the functor .�/�WModA ! Modqc
X induces an equivalence

between the category of I -adically complete A-modules and adically quasi-coherent
OX-modules by [25, Theorem I.3.2.8]. Recall that almost finite type modules are
complete due to Lemma 2.12.7. Thus, it suffices to show that an adically quasi-
coherent OX-module is almost finitely generated (resp. almost coherent) if and only
if so is �.X;F /. Now this follows from Corollary 4.5.13 and Lemma 4.5.22.

Lemma 4.6.2. Let XD Spf A be an affine formalR-scheme forR as in Set-up 4.5.1.
Then .�/�WModA!Modqc

X induces equivalences .�/�WMod�Aa !Mod�Xa , for any
� 2 ¹aft; acohº. The quasi-inverse functor is given by �.X;�/.
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Proof. The proof is analogous to Lemma 4.2.2 once Lemma 4.6.1 is verified.

Now we recall that, for any R-scheme X , we can define the I -adic completion
ofX as a colimit colim.Xk;OXk / of the reductionsXk WD X �R SpecR=I kC1 in the
category of formal schemes. We refer to [25, Section 1.4(c)] for more details. This
completion comes with a map of locally ringed spaces

cW yX ! X:

In the affine case, we note that 2SpecA D Spf yA for any R-algebra A.7 We study
properties of the completion map for a (topologically) finitely presentedR-algebraA.

Lemma 4.6.3. Let X D SpecA be an affine R-scheme for R as in Set-up 4.5.1. Sup-
pose thatA is either finitely presented or topologically finitely presented overR. Then
the morphism cW yX ! X is flat, and there is a functorial isomorphismM� Š c�

�fM �
for any almost finitely generated A-module M .

Proof. The flatness assertion is proven in [25, Proposition I.1.4.7 (2)]. Now the natu-
ral map

M ! H0
�
X; c�

�fM ��
induces the mapM�! c�.fM/. To show that it is an isomorphism, it suffices to show
that the map

bMf !Mf ˝Af
cAf

is an isomorphism for any f 2 A. This follows from Lemma 2.12.7, as each such Af
is I -adically adhesive.

Corollary 4.6.4. Let X be a locally finitely presented R-scheme for a ring R as in
Set-up 4.5.1. Then the morphism cW yX ! X is flat and c� sends almost finite type
Oa
X -modules (resp. almost coherent Oa

X -modules) to almost finite type Oa
X-modules

(resp. almost coherent Oa
X-modules).

Similarly, c� sends quasi-coherent almost finite type OX -modules (resp. quasi-
coherent almost coherent OX -modules) to adically quasi-coherent almost finite type
OX-modules (resp. adically quasi-coherent almost coherent OX-modules)

Proof. The statement is local, so we can assume that X D SpecA. Then the claim
follows from Lemma 4.6.3.

Now we show that the pullback functor preserves almost finite type and almost
coherent Oa

X-modules.

7We note that yA is I -adically complete due to [68, Tag 05GG].

https://stacks.math.columbia.edu/tag/05GG
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Lemma 4.6.5. Let fWX! Y be a morphism of locally finitely presented formal R-
schemes for R as in Set-up 4.5.1.

(1) Suppose that X D Spf B and Y D Spf A are affine formal R-schemes. Then
f�.M�/ is functorially isomorphic to .M ˝A B/�, for any M 2Modaft

A .

(2) Suppose again that XD Spf B and YD Spf A are affine formal R-schemes.
Then f�.M a;�/ is functorially isomorphic to .M a ˝Aa B

a/�, for any M a 2

Moda;aft
A .

(3) The functor f� sends Modqc;aft
Y (resp. Modqc;acoh

Y ) to Modaft
X (resp. Modqc;acoh

X ).

(4) The functor f� sends Modaft
Ya (resp. Modacoh

Ya ) to Modaft
Xa (resp. Modacoh

Xa ).

Proof. We prove (1), the other parts follow from this (as in the proof of Lemma 4.2.3).
We consider a commutative diagram

Spf B SpecB

Spf A SpecAm

cB

f f

cA

where the map f WSpecB! SpecA is the map induced by f#WA! B . Then we have
that M� ' c�A

fM by Lemma 4.6.3. Therefore,

f�.M�/ ' c�B
�
f �fM �

' c�B
�CM ˝A B� ' .M ˝A B/�

where the last isomorphism follows from Lemma 4.6.3.

The next thing we discuss is the interaction of tensor products and almost coherent
sheaves.

Lemma 4.6.6. Let X be a topologically finitely presented formal R-scheme for R as
in Set-up 4.5.1.

(1) Suppose that XD Spf A is affine. ThenM�˝OX
N� is functorially isomor-

phic to .M ˝A N/� for any M;N 2Modaft
A .

(2) Suppose that X D Spf A is affine. Then M a;� ˝Oa
X
N a;� is functorially iso-

morphic to .M a ˝Aa N
a/� for any M a; N a 2Modaft

Aa .

(3) Let F ; G be two adically quasi-coherent almost finite type (resp. almost
finitely presented) OX-modules. Then the OX -module F ˝OX

G is adically
quasi-coherent of almost finite type (resp. almost finitely presented).

(4) Let F a; G a be two almost finite type (resp. almost coherent) Oa
X-modules.

Then the Oa
X-module F a ˝Oa

X
G a is of almost finite type (resp. almost coher-

ent). The analogous result holds for OX -modules F ;G .



Formal schemes. Basic functors on almost coherent Oa
X

-modules 135

Proof. Again, we only show (1) as the other parts follow from this similarly to the
proof of Lemma 4.2.4.

The proof of (1) is, in turn, similar to that of Lemma 4.6.5 (1). We consider the
completion morphism cWSpf A! SpecA. Then we have a sequence of isomorphisms

M�
˝OX

N�
' c�

�fM �
˝OX

c�
�eN �

' c�
�fM ˝OSpecA

eN � ' c��CM ˝A N � ' .M ˝A N/�:
Finally, we deal with the functor Hom Oa

X
.�; �/. We start with the following

preparatory lemma:

Lemma 4.6.7. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1.

(1) Suppose X D Spf A is affine. Then the canonical map

HomA.M;N /� ! Hom OX
.M�; N�/ (4.6.1)

is an almost isomorphism for any almost coherent A-modules M and N .

(2) Suppose X D Spf A is affine. Then there is a functorial isomorphism

alHomAa.M a; N a/� ' alHom Oa
X
.M a;�; N a;�/ (4.6.2)

for any almost coherent Aa-modules M a and N a. We also get a functorial
almost isomorphism

HomAa.M a; N a/� 'a Hom Oa
X
.M a;�; N a;�/ (4.6.3)

for any almost coherent Aa-modules M a and N a.

(3) Suppose F and G are almost coherent OX-modules. Then Hom OX
.F ;G / is

an almost coherent OX-module.

(4) Suppose F a and G a are almost coherent Oa
X-modules. Then

Hom Oa
X
.F a;G a/ (resp. alHom Oa

X
.F a;G a/)

is an almost coherent OX-module (resp. Oa
X -module).

Proof. Again, the proof is analogous to that of Lemma 4.2.6 and Corollary 4.2.7
once (1) is proven. So we only give a proof of (1) here.

We note that both M and N are I -adically complete by Lemma 2.12.7. Now
we use [25] to say that the natural map HomA.M; N /! HomOX

.M�; N�/ is an
isomorphism. This induces a morphism

HomA.M;N /� ! Hom OX
.M�; N�/:
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In order to prove that it is an almost isomorphism, it suffices to show that the natural
map

HomA.M;N /b̋AA¹f º ! HomA¹f º
�
M b̋AA¹f º; N b̋AA¹f º�

is an almost isomorphism for any f 2 A. Now we note that HomA.M;N / is almost
coherent by Corollary 2.6.9. Thus, HomA.M; N / ˝A A¹f º is already complete, so
the completed tensor product coincides with the usual one. Similarly, M b̋AA¹f º '
M ˝A A¹f º and N b̋AA¹f º ' N ˝A A¹f º. Therefore, the question boils down to
showing that the natural map

HomA.M;N /˝A A¹f º ! HomA¹f º
�
M ˝A A¹f º; N ˝A A¹f º

�
is an almost isomorphism. This, in turn, follows from Lemma 2.9.11.

4.7 Formal schemes. Approximation of almost coherent Oa
X

-modules

In this section, we fix a ringR as in Set-up 4.5.1, and a topologically finitely presented
formal R-scheme X.

The main goal of this section is to establish an analogue of Corollary 4.3.5 in the
context of formal schemes. More precisely, we show that, for any finitely generated
ideal m0 �m, an almost coherent OX-module F can be “approximated” by a coher-
ent OX-module Gm0 up to m0 � m torsion. It turns out that this result is more subtle
than its algebraic counterpart because, in general, we do not know if we can present
an adically quasi-coherent OX-module as a filtered colimit of finitely presented OX-
modules. Also, colimits are much more subtle in the formal set-up due to the presence
of topology. It seems unlikely that the method used in the proof Corollary 4.3.5 can
be used in the formal set-up. Instead, we take another route and, instead, we first
approximate F up to bounded torsion and then reduce to the algebraic case.

Definition 4.7.1. A map of OX-modules �WG ! F is an FP-approximation if G is a
finitely presented OX-module, and I n.Ker�/D 0, I n.Coker�/D 0 for some n > 0.

If m0�m is a finitely generated sub-ideal of m0, a map of OX-modules �WG!F

is an FP-m0-approximation if it is an FP-approximation and m0.Coker�/ D 0.

Lemma 4.7.2. Let X D Spf A be an affine topologically finitely presented formal
R-scheme, and F an adically quasi-coherent OX-module of almost finite type. Then,
for any finitely generated ideal m0 � m, F admits an FP-m0-approximation.

Proof. Lemma 4.6.2 guarantees that F DM� for some almost finitely generated A-
module M . Then, by definition, there is a submodule N � M such that m0.M=N/.
By assumption, U WD SpecA nV.I / is noetherian, so eN jU is a finitely presented OU -
module. Then [25, Lemma 0.8.1.6 (2)] guarantees that there is a finitely presented
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A-module N 0 with a surjective map N 0! N such that its kernelK is I1-torsion. In
particular,K �N 0ŒI1�. But sinceA is I -adically complete and noetherian outside I ,
[24, Theorem 5.1.2 and Definition 4.3.1] guarantee that N 0ŒI1� D N 0ŒI n� for some
n � 0. In particular, K is an I n-torsion module.

Therefore, we have an exact sequence

0! K ! N 0 !M ! Q! 0;

whith the properties that N 0 is finitely presented, M is almost finitely generated,
m0Q D 0 and I nK D 0 for some n � 1. Now Lemma 4.5.14 says that the following
sequence is exact:

0! K� ! N 0� !M�
! Q�

! 0:

In particular,N 0� is a finitely presented OX-module, m0.Q
�/D 0, and I n.K�/.

Lemma 4.7.3. [25, Exercise I.3.4] Let X be a finitely presented formal R-scheme, F

an adically quasi-coherent OX-module of finite type, and G � F an adically quasi-
coherent OX-submodule. Then G is a filtered colimit G D colim�2ƒ G� of adically
quasi-coherent OX-submodules of finite type such that, for all � 2 ƒ, G=G� is anni-
hilated by I n for a fixed n > 0.

Lemma 4.7.4. Let X be a finitely presented formal R-scheme, F an adically quasi-
coherent, almost finitely generated OX-module, and �i W Gi ! F for i D 1; 2 two
FP-m0-approximations of F for some finitely generated sub-ideal m0 � m. Then
there is a commutative diagram

G1

H F ;

G2

q1
�1

�

q2
�2

where � and qi are FP-m0-approximations for i D 1; 2.

Proof. By assumption, there is an integer c > 0 such that Ker.�i / and Coker.�i / are
annihilated by I c for i D 0; 1. Therefore, we may replace m0 by m0 C I

c to assume
that m0 contains I c .

Now we define K to be the kernel of the natural morphism G1 ˚ G2 ! F . Note
that it is an adically quasi-coherent OX-submodule of G1 ˚ G2 due to Lemma 4.5.14.
Therefore, Lemma 4.7.3 applies to the inclusion K � G1 ˚ G2, so we can write
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K D colim�2ƒ K� as a filtered colimit of adically quasi-coherent, finite type OX-
submodules of G1˚ G2 with Im.K=K�/D 0 for some fixedm> 0 and every � 2ƒ.
We define H� D .G1 ˚ G2/=K�, it comes with the natural morphisms

��WH� ! F ;

qi;�W Gi ! H�

for i D 1; 2. We claim that these morphisms satisfy the claim of the lemma for some
� 2 ƒ, i.e., ��, and qi;� are FP-m0-approximations.

Since X is topologically finitely presented (in particular, it is quasi-compact and
quasi-separated), these claims can be checked locally. So we may and do assume
that X D Spf A is affine. Then we use Lemma 4.6.2, [25, Theorem I.3.2.8, Propo-
sition I.3.5.4] to reduce to the situation where X D Spf A, F D M�, G1 D N�

1 ,
G2 D N�

2 for some almost finitely generated A-module M , and finitely presented
A-modules N1, N2 with maps of sheaves induced by homomorphisms N1 !M and
N2!M . Then Lemma 4.5.14 says that K DK� forK DKer.N1 ˚N2!M/, and
K D colim�2ƒ K� for finitely generated A-submodules8 K� with Im.K=K�/ D 0

for some fixed m > 0 and all � 2 ƒ. So one can use Lemma 4.5.14 once again to
conclude that it suffices (due to the assumption that I c � m0) to show that, for some
� 2 ƒ, the natural morphisms .N1 ˚ N2/=K� ! M , Ni ! .N1 ˚ N2/=K� have
kernels annihilated by some power of I , and cokernels annihilated by m0.

The kernels of Ni ! .N1 ˚ N2/=K� (for i D 1; 2) embed into the respective
kernels for the natural morphisms Ni !M , so they are automatically annihilated by
some power of I for any � 2 ƒ. Also, clearly, the morphism .N1 ˚ N2/=K� ! M

has kernel K=K� that is annihilated by Im by the choice of K�.
Therefore, it suffices to show that we can choose � 2 ƒ such that qi;�WNi !

.N1 ˚ N2/=K� (for i D 1; 2) and ��W .N1 ˚ N2/=K� ! M have cokernels annihi-
lated by m0. The latter case is automatic and actually holds for any � 2 ƒ. So the
only non-trivial thing we need to check is that m0.Coker qi;�/ D 0 for some � 2 ƒ.

Let .m1; : : : ; md / 2 m0 be a finite set of generators, and ¹yi;j ºj2Ji a finite set
of generators of Ni for i D 1; 2. Denote by yi;j the image of yi;j in M . Define
xi;j;k 2 N2�i to be a lift ofmkyi;j 2M inN2�i for kD 1; : : : ; d , i D 1;2 and j 2 Ji .
Note that elements .mky1;j ; x1;j;k/ 2 N1 ˚N2 and .x2;j;k; mky2;j / 2 N1 ˚N2 lie
in K. Consequently, for some � 2 ƒ, K� contains the elements .mky1;j ; x1;j;k/ and
.x2;j;k; mky2;j /. Then it is easy to see that the cokernels of Ni ! .N1 ˚ N2/=K�
are annihilated by m0. This finishes the proof.

Lemma 4.7.5. Let X be a finitely presented formal R-scheme, F an adically quasi-
coherent, almost finitely generated OX-module. Then, for any finitely generated ideal
m0 � m, F is FP-m0-approximated.

8Here, K� D �.X;K�/, so the equality follows from [68, Tag 009F].

https://stacks.math.columbia.edu/tag/009F
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Proof. First, we note that Lemma 4.7.2 guarantees that the claim holds if X is affine.
Now choose a covering of X by open affines X D

Sn
iD1 Vi . We know that claim

on each Vi , so it suffices to show that, if X D U1 [ U2 is a union of two finitely
presented open formal subschemes and F is FP-m0-approximated on U1 and U2,
then F is FP-m0-approximated on X.

Suppose that Gi ! F jUi are FP-m0-approximations on Ui for i D 1; 2. Then the
intersection U1;2 WD U1 \ U2 is again a topologically finitely presented formal R-
scheme because X is so. Therefore, Lemma 4.7.4 guarantees that we can find another
FP-m0-approximation H ! F jU1;2 that is dominated by both Gi jU1;2!F jU1;2

for
i D 1; 2. Consider the OU1;2-modules

Ki WD Ker.Gi jU1;2 ! H / for i D 1; 2:

Lemma 4.5.14 guarantees that both Ki are adically quasi-coherent OX-modules of
finite type.9 The fact that Gi jU1;2 ! H are FP-m0-approximations ensures that
both Ki are killed by some Im form� 1. In particular, we see that Ki � Gi ŒI

m�jU1;2 ,
so they are naturally quasi-coherent sheaves on Xm�1 DX�Spf R SpecR=Im. There-
fore, one can use [68, Tag 01PF] (applied to Xm�1) to extend Ki toeK i � Gi ŒI

m� � Gi ;

where eK i are adically quasi-coherent OX-modules of finite type. Then we see that
Gi=eK i ! F jUi are FP-m0-approximations of F jUi that are isomorphic on the inter-
section. Therefore, they glue to a global FP-m0-approximation G ! F .

Theorem 4.7.6. Let X be a finitely presented formal R-scheme, F an almost finitely
generated (resp. almost finitely presented) OX-module. Then, for any finitely gener-
ated ideal m0 � m, there are an adically quasi-coherent, finitely generated (resp.
finitely presented) OX-module G and a map �W G ! F such that m0.Coker �/ D 0
and m0.Ker�/ D 0.

Proof. Without loss of generality, we can replace F by em˝ F , so we may and do
assume that F is adically quasi-coherent.

The case of almost adically quasi-coherent, almost finite type OX-module F fol-
lows from Lemma 4.7.5. Indeed, there is an FP-m0-approximation �0W G 0 ! F , so
we define �W G ! F to be the natural inclusion G WD Im.�0/! F . This gives the
desired morphism as G is an adically quasi-coherent OX-module of almost finite type
by Corollary 4.5.16.

Now suppose F is an adically quasi-coherent, almost finitely presented OX-
module. Then we use Lemma 4.7.5 to find an FP-m0-approximation �0W G 0 ! F .

9Since they are kernels of morphisms between coherent OX-modules.

https://stacks.math.columbia.edu/tag/01PF
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Now we note that any almost finitely presented OX-module is almost coherent by
Lemma 4.5.22. Therefore, Ker � is again adically quasi-coherent, almost finitely
presented. Therefore, we can find an FP-m0-approximation �00W G 00 ! Ker.�0/ by
Lemma 4.7.5. Denote by �000WG 00! G0 the composition of �00 with the natural inclu-
sion Ker.�0/! G 0. Now it is easy to check that �WCoker.�000/! F gives the desired
“approximation”.

4.8 Formal schemes. Derived category of almost coherent Oa
X

-modules

We discuss the notion of the derived category of almost coherent sheaves on a formal
scheme X. One major issue is that, in this situation, the derived category of OX-
modules with adically quasi-coherent cohomology sheaves is not well defined, as
adically quasi-coherent sheaves do not form a weak Serre subcategory of ModX.

To overcome this issue, we follow the strategy used in [49] and define another
category “Dqc.X/” completely on the level of derived categories. For the rest of the
section, we fix a base ring R as in Set-up 4.5.1.

Definition 4.8.1. Let X be a locally topologically finitely presented R-scheme. Then
we define the derived category of adically quasi-coherent sheaves “Dqc.X/” as a full
subcategory of D.X/ consisting of objects F such that the following conditions are
met:

• For every open affine U � X, R�.U;F / 2 D.OX.U// is derived I -adically com-
plete.

• For every inclusion U � V of affine formal subschemes of X, the natural mor-
phism

R�.V;F /b̋LOX.V/
OX.U/ ! R�.U;F /

is an isomorphism, where the completion is understood in the derived sense.

Remark 4.8.2. We refer to [68, Tag 091N] and [68, Tag 0995] for a self-contained
discussion on derived completions of modules and sheaves of modules respectively.

We now want to give an interpretation of “Dqc.X/” in terms of A-modules for an
affine formal scheme X D Spf A. We recall that in the case of schemes, we have a
natural equivalence Dqc.SpecA/ ' D.A/ and the map is induced by R�.SpecA;�/.
In the case of formal schemes, it is not literally true. We need to impose certain
completeness conditions.

Definition 4.8.3. Let A be a ring with a finitely generated ideal I . We define the
complete derived category Dcomp.A; I / � D.A/ as a full triangulated subcategory
consisting of the I -adically derived complete objects.

https://stacks.math.columbia.edu/tag/091N
https://stacks.math.columbia.edu/tag/0995
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Suppose that X D Spf A is a topologically finitely presented affine formal R-
scheme. We note that the natural functor R�.X;�/WD.X/! D.A/ induces a functor

R�.X;�/W “Dqc.X/”! Dcomp.A; I /:

We wish to show that this functor is an equivalence. For this, we need some prelimi-
nary lemmas:

Lemma 4.8.4. Let A be a topologically finitely presented R-algebra for R as in Set-
up 4.5.1, let f 2A be any element, and let .x1; : : : ; xd /D I be a choice of generators
for the ideal of definition ofR. Denote byK.Af Ixn1 ; : : : ;x

n
d
/ the Koszul complexes for

the sequence .xn1 ; : : : ; x
n
d
/. Then the pro-systems ¹K.Af Ixn1 ; : : : ; x

n
d
/º and ¹Af =I nº

are isomorphic in Pro.D.Af //.

Proof. The proof is the same as [68, Tag 0921]. The only difference is that one needs
to use [24, Theorem 4.2.2 (2) (b)] in place of the usual Artin–Rees lemma.

Lemma 4.8.5. Let A be a topologically finitely presented R-algebra for R as in Set-
up 4.5.1, let f 2 A be any element. Then the completed localization A¹f º coincides
with the I -adic derived completion of Af .

Proof. Choose some generators I D .x1; : : : ; xd /. Then we know that the derived
completion of Af is given by R limnK.Af I x

n
1 ; : : : ; x

n
d
/, where K.Af I xn1 ; : : : ; x

n
d
/

is the Koszul complex for the sequence .xn1 ; : : : ; x
n
d
/. Lemma 4.8.4 implies that the

pro-systems ¹K.Af I xn1 ; : : : ; x
n
d
/º and ¹Af =I nº are naturally pro-isomorphic. Thus

we have an isomorphism

R lim
n
K.Af I x

n
1 ; : : : ; x

n
d / Š R lim

n
Af =I

n
' A¹f º:

The last isomorphism uses the Mittag-Leffler criterion to ensure vanishing of lim1.

Theorem 4.8.6 ([49, Corollary 8.2.4.15]). Let X D Spf A be an affine, finitely pre-
sented formal scheme over R as in Set-up 4.5.1. Then the corresponding functor
R�.X;�/W “Dqc.X/”! Dcomp.A; I / is an equivalence of categories.

Proof. Lemma 4.8.5 implies that the definition of Spf A in [49] is compatible with the
classical one. Now [49, Proposition 8.2.4.18] ensures that our definition of “Dqc.X/”
is equivalent to the homotopy category of Qcoh.X/ in the sense of [49]. Therefore, the
result follows from [49, Corollary 8.2.4.15] by passing to the homotopy categories.

The proof of [49, Corollary 8.2.4.15] can also be rephrased in our situation with-
out using any derived geometry. However, it would require quite a long digression.

https://stacks.math.columbia.edu/tag/0921
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Definition 4.8.7. We denote by

.�/L�WDcomp.A; I /! “Dqc.X/”

the pseudo-inverse to R�.X;�/W “Dqc.X/”! Dcomp.A; I /. We note that

R�
�
Spf A¹f º;ML�

�
'M b̋AA¹f º

for any M 2 Dcomp.A; I /.

Remark 4.8.8. The functor .�/L� is not compatible with the “abelian” functor .�/�

used the previous sections.

Now we define a category Dqc;acoh.X/ and show that it is equivalent to Dacoh.A/.
Theorem 4.8.6 will be an important technical tool for establishing this equivalence.

Definition 4.8.9. We define Dqc;acoh.X/ (resp. Dacoh.X/
a) to be the full triangulated

subcategory of D.X/ (resp. D.X/a) consisting of the complexes with adically quasi-
coherent, almost coherent (resp. almost coherent) cohomology sheaves (resp. almost
sheaves).

Remark 4.8.10. An argument similar to the one in the proof of Lemma 4.4.5 shows
that Dacoh.X/

a is equivalent to the Verdier quotient Dqc;acoh.X/=Dqc;†X
.X/.

In order to show an equivalence Dqc;acoh.X/ ' Dacoh.A/, our first goal is to show
that Dqc;acoh lies inside “Dqc.X/”. This is not entirely obvious because the definition
of Dqc;acoh.X/ imposes some restrictions on individual cohomology sheaves while the
definition of “Dqc.X/” on the whole complex itself.

Lemma 4.8.11. Let X D Spf A be an affine topologically finitely presented formal
R-scheme for R as in Set-up 4.5.1. Then the functor R�.X;�/WDqc;acoh.X/! D.A/
is t -exact (with respect to the evident t -structures on both sides) and factors through
Dacoh.A/. More precisely, there is an isomorphism

Hi
�
R�.X;F /

�
' H0

�
X;H i .F /

�
2Modacoh

A

for any object F 2 Dqc;acoh.X/.

Proof. We note that the vanishing theorem [25, Theorem I.7.1.1] implies that we
can use [68, Tag 0D6U] with N D 0. Thus, we see that the map Hi .R�.X;F //!
Hi .R�.X; ��iF // is an isomorphism for any integer i , and that R�.X;F /2Dacoh.A/

for any F 2 Dqc;acoh. X /. Applying it together with the canonical isomorphism
Hi .R�.X; ��iF // ' H0.X;H i .F //, we get the desired result.

Lemma 4.8.12. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1. Then Dqc;acoh.X/ is naturally a full triangulated subcategory
of “Dqc.X/”.

https://stacks.math.columbia.edu/tag/0D6U
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Proof. Both Dqc;acoh.X/ and “Dqc.X/” are full triangulated subcategories of D.X/.
Thus, it suffices to show that any F 2 Dqc;acoh.X/ lies in “Dqc.X/”.

Lemma 4.8.11 and Corollary 2.12.8 imply that R�.U;F / 2 Dcomp.A; I / for any
open affine U � X. Now suppose U � V is an inclusion of open affine formal sub-
schemes in X. We consider the natural morphism

R�.V;F /b̋LOX.V/
OX.U/! R�.U;F /:

We note that OX.U/ is flat over OX.V/ by [25, Proposition I.4.8.1]. Thus, the com-
plex

R�.V;F /˝LOX.V/
OX.U/

lies in Dacoh.OX.U// by Lemma 2.8.1. Therefore, it also lies in Dcomp.A;I / by Corol-
lary 2.12.8. So we conclude that

R�.V;F /b̋LOX.V/
OX.U/ ' R�.V;F /˝LOX.V/

OX.U/:

Using OX.V/-flatness of OX.U/, we conclude that the question boils down to show-
ing that

Hi .V;F /˝OX.V/ OX.U/ ! Hi .U;F /

is an isomorphism for all i . Now Lemma 4.8.11 implies that this, in turn, reduces to
showing that the natural map

�.V;H i .F //˝OX.V/ OX.U/ ! �.U;H i .F //

is an isomorphism. Without loss of generality, we may assume XDVD Spf A. Then
H i .F / is an adically quasi-coherent, almost coherent OX-module, so Lemma 4.6.1
ensures that it is isomorphic to M� for some M 2Modacoh

A . Thus, the desired claim
follows from [25, Lemma 3.6.4] and the observation thatM˝OX.V/ OX.U/ is already
I -adically complete due to Lemma 2.12.7.

Now we show that the functor .�/L� sends Dacoh.A/ to Dqc;acoh.Spf A/. This is
also not entirely obvious as .�/L� is a priori different from the classical version of
the .�/�-functor studied in previous sections. However, we show that these functors
coincide on Modacoh

A .

Lemma 4.8.13. Let X D Spf A be an affine topologically finitely presented formal
R-scheme for R as in Set-up 4.5.1. Then the functor .�/L�WDacoh.A/! “Dqc.X/”
factors through Dqc;acoh.X/. Moreover, for any M 2 Dacoh.A/ and an integer i , there
is a functorial isomorphism

Hi .M/� ' H i .ML�/:
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Proof. We note that Hi .X;ML�/'Hi .M/ due to its construction. Since H i .ML�/

is canonically isomorphic to the sheafification of the presheaf

U 7! Hi .U;ML�/;

we get that there is a canonical map Hi .M/ ! �.X;H i .M�//. By the universal
property of the classical .�/� functor, we get a functorial morphism

Hi .M/� ! H i .ML�/:

Since Hi .M/ is almost coherent, we only need to show that this map is an isomor-
phism for any i . This boils down (using almost coherence of Hi .M/) to showing that
the natural morphism

Hi .M/˝A A¹f º ! Hi
�
Spf A¹f º;ML�

�
is an isomorphism for all f 2 A. Now recall that R�.Spf A¹f º;ML�/'M b̋L

AA¹f º
for any f 2A. Using thatM 2Dacoh.A/,A¹f º is flat overA, and that almost coherent
complexes are derived complete by Corollary 2.12.8, we conclude that the natural
map

Hi .M/˝A A¹f º ! Hi .Spf A¹f º;ML�/

is an isomorphism finishing the proof.

Corollary 4.8.14. Let X D Spf A be an affine topologically finitely presented for-
mal R-scheme for R as in Set-up 4.5.1. Suppose that M 2 D.A/ has almost zero
cohomology modules. Then H i .ML�/ is an almost zero, adically quasi-coherent
OX-module for each integer i . Therefore, in particular, .�/L� induces a functor
.�/L�WDacoh.A/

a ! Dacoh.X/
a.

Proof. We note that any almost zero A-module is almost coherent, thus the result
follows directly from the formula Hi .M/� ' H i .ML�/ in Lemma 4.8.13.

Theorem 4.8.15. Let X D Spf A be an affine topologically finitely presented formal
R-scheme for R as in Set-up 4.5.1. Then R�.X;�/WDqc;acoh.X/ ! Dacoh.A/ is a
t -exact equivalence of triangulated categories with the pseudo-inverse .�/L�.

Proof. Lemma 4.8.11 implies that R�.X;�/ induces the stated functor Dqc;acoh.X/!

Dacoh.A/ and that this functor is t -exact. Lemma 4.8.12 and Theorem 4.8.6 ensure
that it is sufficient to show that .�/L� sends Dacoh.A/ to Dqc;acoh.X/, this follows
from Lemma 4.8.13.

Now we can pass to the almost categories using Remark 4.8.10 to get the almost
version of Theorem 4.8.15.
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Corollary 4.8.16. Let XD Spf A be an affine topologically finitely presented formal
R-scheme for R as in Set-up 4.5.1. Then R�.X;�/WDacoh.X/

a ! Dacoh.A/
a is a

t -exact equivalence of triangulated categories with the pseudo-inverse .�/L�.

4.9 Formal schemes. Basic functors on derived categories of
Oa

X
-modules

We discuss the derived analogue of the main results of Section 4.6. We show that
the derived completion, derived tensor product, derived pullback, and derived almost
Hom functors preserve complexes with almost coherent cohomology sheaves under
certain conditions. For the rest of the section, we fix a ring R as in Set-up 4.5.1.

We start with the completion functor. We recall that we have defined the mor-
phism of locally ringed spaces cW yX !X for anyR-schemeX . IfX is locally finitely
presented over R or X D SpecA for a topologically finitely presented R-algebra A,
then c is a flat morphism as shown in Lemma 4.6.3 and Corollary 4.6.4.

Lemma 4.9.1. Let X D Spec A be an affine R-scheme for R as in Set-up 4.5.1.
Suppose that A is either finitely presented or topologically finitely presented over R.
Suppose M 2 Dacoh.A/. Then ML� ' Lc�.fM/.

Proof. First of all, we show that Lc�.fM/ 2 Dqc;acoh. yX/. Indeed, the functor c� is
exact as c is flat. Thus, Lemma 4.6.3 guarantees that we have a sequence of isomor-
phisms

H i
�
Lc�.fM/

�
' c�

�BHi .M/
�
'
�
Hi .M/

��
:

In particular, Theorem 4.8.6 ensures that the natural morphism

M ' R�.X;fM/! R�
�
yX;Lc�.fM/

�
induces the morphism ML� ! Lc�.fM/. As c� is exact, Lemma 4.8.13 implies that
it is sufficient to show that the natural map

Hi .M/� ! c�
�BHi .M/

�
is an isomorphism for all i . This follows from Lemma 4.6.3.

Corollary 4.9.2. Let X be a locally finitely presented R-scheme for a ring R as
in Set-up 4.5.1. Then Lc� induces functors Lc�WD�qc;acoh.X/ ! D�qc;acoh.

yX/ (resp.
Lc�WD�acoh.X/

a ! D�acoh.
yX/a) for any � 2 ¹“ ”;�; b;Cº.

Proof. The claim is local, so it suffices to assume that X D SpecA. Then it follows
from the exactness of c� and Lemma 4.9.1.
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Lemma 4.9.3. Let fWX! Y be a morphism of locally finitely presented formal R-
schemes for R as in Set-up 4.5.1.

(1) Suppose that XD Spf B , YD Spf A are affine formalR-schemes. Then there
is a functorial isomorphism

Lf�.ML�/ ' .M ˝A B/
L�

for any M 2 Dacoh.A/.

(2) Suppose that XD Spf B , YD Spf A are affine formalR-schemes. Then there
is a functorial isomorphism

Lf�.M a;L�/ ' .M a
˝Aa B

a/L�

for any M a 2 Dacoh.A/.

(3) The functor Lf� carries D�qc;acoh.Y/ to D�qc;acoh.X/.

(4) The functor Lf� carries D�acoh.Y/
a to D�acoh.X/

a.

Proof. The proof is similar to the proof of Lemma 4.6.5. We use Lemma 4.9.1 and
Lemma 4.8.13 to reduce to the analogous algebraic facts that were already proven in
Lemma 4.2.3.

Lemma 4.9.4. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1.

(1) Suppose that X D Spf A is affine. Then there is a functorial isomorphism

ML�
˝
L
OX

NL�
' .M ˝LA N/

L�

for any M , N 2 Dacoh.A/.

(2) Suppose that X D Spf A is affine. Then there is a functorial isomorphism

M a;L�
˝
L
Oa

X
N a;L�

' .M a
˝
L
Aa N

a/L�

for any M a, N a 2 Dacoh.A/
a.

(3) Let F , G 2 D�qc;acoh.X/. Then F ˝L
OX

G 2 D�qc;acoh.X/.

(4) Let F a, G a 2 D�acoh.X/
a. Then F a ˝L

Oa
X

G a 2 D�acoh.X/
a.

Proof. Similarly to Lemma 4.9.3, we use Lemma 4.9.1 and Lemma 4.8.13 to reduce
to the analogous algebraic facts that were already proven in Lemma 4.2.4.

Now we discuss the functor RalHom OX
.�;�/. Our strategy of showing that

RalHom .�;�/ preserves almost coherent complexes will be slightly different from
the schematic case. The main technical problem corresponds to defining the map
RalHomAa.M a; N a/L� ! RalHom Oa

X
.M a;L�; N a;L�/ in the affine case.



Formal schemes. Basic functors on derived categories of Oa
X

-modules 147

The main issue is that we do not know if .�/L� is a left adjoint to the func-
tor of global section on the whole category D.X/; we only know that it becomes
a pseudo-inverse to R�.X;�/ after restriction to “Dqc.X/”. However, the complex
RHom OX

.ML�;NL�/ itself usually does not lie inside “Dqc.X/”. To overcome this
issue, we will show that

em˝ RHom OX
.ML�; NL�/

does lie in “Dqc.X/” for M 2 D�acoh.A/ and N 2 DCacoh.A/.
Since “Dqc.X/” was defined in a bit abstract way, it is probably the easiest way to

show that em˝RHom OX
.ML�; NL�/ actually lies in Dqc;acoh.X/. That is sufficient

by Lemma 4.8.12.

Lemma 4.9.5. Let XD Spf A be a topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1. ForM;N 2Modacoh

A , there is a natural almost isomorphism

ExtpA.M;N /
� �
�! Ext p

OX
.M�; N�/

for every integer p.

Proof. We recall that Ext p
OX
.M�; N�/ is canonically isomorphic to the sheafifica-

tion of the presheaf
U 7! Extp

OU
.M�

jU; N
�
jU/:

In particular, there is a canonical map Extp
OX
.M�;N�/! �.X;Extp

OX
.M�;N�//.

It induces a morphism

Extp
OX
.M�; N�/� ! Ext p

OX
.M�; N�/: (4.9.1)

Now we note that the classical .�/� functor and the derived version coincide on
almost coherent modules thanks to Lemma 4.8.13. As a consequence, the equivalence
“Dqc.X/”'Dcomp.A; I / coming from Theorem 4.8.6 and Lemma 4.8.13 ensures that
Extp

OX
.M�; N�/ ' ExtpA.M;N /. So the map (4.9.1) becomes a map

ExtpA.M;N /
�
! Ext p

OX
.M�; N�/:

We note that ExtpA.M; N / is an almost coherent A-module by Proposition 2.6.19.
Using that almost coherent modules are complete, we conclude that it suffices to
show that

ExtpA.M;N /˝A A¹f º ! ExtpSpf A¹f º

�
M�
jSpf A¹f º ; N

�
jSpf A¹f º

�
is an almost isomorphism. Using Lemma 4.6.5 and the equivalence “Dqc.X/” '
Dcomp.A; I / as above, we see that the map above becomes the canonical map

ExtpA.M;N /˝A A¹f º ! ExtpA¹f º.M ˝A A¹f º; N ˝A A¹f º/:
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Finally, this map is an almost isomorphism by Lemma 2.9.12.

Corollary 4.9.6. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1. Then

em˝ RHom OX
.F ;G / 2 DCqc;acoh.X/

for F 2 D�qc;acoh.X/, and G 2 DCqc;acoh.X/.

Proof. The claim is local, so we can assume that X D Spf A. Then we use the Ext-
spectral sequence and Lemma 4.5.18 to reduce to the case when F and G are in
Modqc;acoh

X . Thus, Lemma 4.6.2 ensures that F D M� and G D N� for some M ,
N 2Modacoh

A . So Lemma 4.9.5 guarantees that

Hp
�
RHom OX

.F ;G /
�
'
a ExtpA.M;N /

�:

In other words,

em˝Hp
�
RHom OX

.F ;G /
�
' em˝ ExtpA.M;N /

�:

Now ExtpA.M; N /
� is an adically quasi-coherent, almost coherent OX-module as a

consequence of Proposition 2.6.19 and Lemma 4.6.1. So Lemma 4.5.10 guarantees
that em˝ ExtpA.M;N /

� is also adically quasi-coherent and almost coherent. There-
fore, em˝ RHom OX

.F ;G / 2 DCqc;acoh.X/.

Lemma 4.9.7. Let X be a locally topologically finitely presented formal R-scheme
for R as in Set-up 4.5.1.

(1) Suppose X D Spf A is affine. Then there is a functorial isomorphism

RalHomAa.M a; N a/L� ! RalHom Oa
X

�
M a;L�; N a;L�

�
;

for M 2 D�acoh.A/
a and N 2 DCacoh.A/

a.

(2) Suppose F a 2 DCacoh.X/
a and G a 2 D�acoh.X/ are almost coherent Oa

X-mod-
ules. Then RalHom Oa

X
.F a;G a/ 2 DCacoh.X/

a.

Proof. We start with (1). Proposition 3.5.8 implies that the map�em˝ RHom OX

�
M�; N�

��a
! RalHom Oa

X

�
M a;�; N a;�

�
is an isomorphism in D.X/a. Similarly, the map�em˝ RHomA.M;N /�

�a
! RalHomAa.M a; N a/�

is an isomorphism by Lemma 4.9.5. Thus, it suffices to construct a functorial isomor-
phism em˝ RHomA.M;N /L� ! em˝ RHom OX

�
ML�; NL�

�
:
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Now Lemma 4.8.13 and Corollary 4.9.6 guarantee that

em˝ RHom OX

�
ML�; NL�

�
2 Dqc;acoh.X/:

Proposition 2.6.19, Lemma 4.6.1, and Lemma 4.5.10 also guarantee that

em˝ RHomA.M;N /� 2 Dqc;acoh.X/:

Thus, Theorem 4.8.6 ensures that, in order to construct the desired isomorphism, it
suffices to do it after applying R�.X;�/. The projection formula (see Lemma 3.3.5)
and the definition of the functor .�/L� provide us with functorial isomorphisms

R�
�
X; em˝ RHomA.M;N /L�

�
' em˝ RHomA.M;N /

and

R�
�
X; em˝ RHom OX

.ML�; NL�/
�
' em˝ R�

�
X;RHom OX

.ML�; NL�/
�

' em˝ RHomOX .M
L�; NL�/

' em˝ RHomA.M;N /

where the last isomorphism uses the equivalence from Theorem 4.8.6. Thus, we see

R�
�
X; em˝ RHomA.M;N /L�

�
' R�

�
X; em˝ RHom OX

.ML�; NL�/
�
:

As a consequence, we have a functorial isomorhism

em˝ RHomA.M;N /L�
�
�! em˝ RHom OX

.ML�; NL�/:

This induces the desired isomorphism

RalHomAa.M a; N a/L�
�
�! RalHom Oa

X
.M a;L�; N a;L�/:

(2) is an easy consequence of (1), Proposition 2.6.19, and Corollary 4.8.14.


