Chapter 5

Cohomological properties of almost coherent sheaves

The main goal of this chapter is to establish that almost coherent sheaves share sim-
ilar cohomological properties to classical coherent sheaves. In particular, we prove
almost versions of the proper mapping theorem (both for schemes and nice formal
schemes), of the formal GAGA theorem, of the formal function theorem, and of the
Grothendieck duality. The formal GAGA theorem is arguably quite surprising in the
almost coherent context because almost coherent sheaves are rarely of finite type, so
none of the classical proofs of the formal GAGA theorem applies in this situation.
We resolve this issue by adapting a new approach to GAGA theorems due to J. Hall
(see [31]).

5.1 Almost proper mapping theorem

The main goal of this section is to prove the almost proper mapping theorem which
says that derived pushforward along a proper (topologically) finitely presented mor-
phism of nice (formal) schemes preserves almost coherent sheaves.

The idea of the proof is relatively easy: we approximate an almost finitely pre-
sented Ox -module by a finitely presented one using Corollary 4.3.5 or Theorem 4.7.6
and then use the usual proper mapping theorem. For this, we will need a version of the
proper mapping theorem for a class of non-noetherian rings, which we review below.

Definition 5.1.1. We say that a scheme Y is universally coherent if any scheme X
that is locally of finite presentation over Y is coherent (i.e. the structure sheaf Oy is
coherent).

Theorem 5.1.2 (Proper mapping theorem [25, Theorem 1.8.1.3]). Let Y be a univer-
sally coherent quasi-compact scheme, and let f: X — Y be a proper morphism of
finite presentation. Then R fi sends D’ (X) to D* (Y) for any x € {“ 7, +,—, b}.

coh coh

We want to generalize this theorem to the “almost world”. So we pick a ring R
and a fixed ideal m C R such that m? = m and M = m @ m is R-flat. In this
section, we always consider almost mathematics with respect to this ideal.

Theorem 5.1.3 (Almost proper mapping theorem). Let Y be a universally coherent
quasi-compact R-scheme, and let f:X — Y be a proper, finitely presented morphism.
Then the following statements hold:

e The functor R fy sends D* (X) to D* (Y) forany x € {“ 7, +,—,b}.

qc,acoh qc,acoh

o The functor R fi sends D¥ _ (X)? to D’ _ (Y)* forany x € {“ 7, +,—,b}.

acoh acoh
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o The functor R fy sends D _ (X) to DT (Y).

acoh acoh
* IfY has finite Krull dimension, then R fy sends D}, . (X) to D}, . (Y) for any
xe{“”, +,—, b}

Lemma 5.1.4. Let Y be a quasi-compact scheme of finite Krull dimension, and let
f:X — Y be a finite type, quasi-separated morphism. Then X has finite Krull dimen-
sion, and fy has finite cohomological dimension on Mody.

Proof. First of all, we show that X has finite Krull dimension. Indeed, the morphism
f:X — Y is quasi-compact, therefore X is quasi-compact. So it suffices to show
that X locally has finite Krull dimension. Thus, we can assume that X = Spec B and
Y = Spec A are affine, and the map is given by a finite type morphism A — B. In
this case, we have dim ¥ = dim A and dim X = dim B. Thus, it is enough to show
that the Krull dimension of a finite type A-algebra is finite. This readily reduces the
question to the case of a polynomial algebra dim A[ X7, ..., X,]. Now [3, Chapter 11
Exercise 6] implies that dim A[X1, ..., X,] <dim A4 + 2n.

Now we prove that f has finite cohomological dimension. We note that it suffices
to show that there is an integer N such that, for any open affine U C Y, the cohomol-
ogy groups H' (Xy, ) vanish fori > N and any Ox,, -module ¥ . We recall that f
is quasi-separated, so Xy is quasi-compact, quasi-separated and dim Xy < dim X for
any open U C X. Therefore, it suffices to show that on any spectral space X, we have
H (X,¥) =0fori > dim X and ¥ € Ab(X). This is proven in [57, Corollary 4.6]
(another reference is [68, Tag 0A3G]). Thus, we conclude that N = dim X does the
job. |

Proof of Theorem 5.1.3. We divide the proof into several steps.

Step 0: Reduction to the case of bounded below derived categories. We note that f
has a bounded cohomological dimension on Mod}l;. Indeed, for any quasi-compact
separated scheme X and ¥ € Modj,, we can compute H (X, ¥) via the alternating
Cech complex for some finite affine covering of X. Therefore, if X can be covered
by N affines, the functor f, restricted to Mod(;(C has cohomological dimension at
most N.

Now we use [68, Tag 0D6U] (alternatively, one can use [46, Lemma 3.4]) to
reduce the question of proving the claim for any ¥ € Dy acon(X) to the question
of proving the claim for all its truncations t=¢¥ . In particular, we reduce the case
of ¥ € Dgc,acon(X) to the case where ¥ € D+qc,acoh(X ). Similarly, (using Proposi-
tion 3.5.23), we reduce the case of F¢ € D,on(X)? to the case of F¢ € D:zoh(X)“.

Using Lemma 5.1.4, a similar argument also allows us to reduce the case of
F € Dyeon(X) to the case of ¥ € D (Y) when Y has finite Krull dimension.

acoh

Step 1: Reduction to the case of quasi-coherent almost coherent sheaves. Using the
projection formula Lemma 3.3.5 (resp. Proposition 3.5.23), we see that, in order to
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show that R f, sends D;th
fices to show the analogous result for D

sequence

(X) to DY (Y) (resp. D (X)4 to D, (Y)?), it suf-

;; acoh (X ). Moreover, we can use the spectral

EZY = RP £, 309(F) = RPH4 f,(F)

to reduce the claim to the fact that higher derived pushforwards of a quasi-coherent,
almost coherent sheaf are quasi-coherent and almost coherent.

Step 2: The case of a quasi-coherent, almost coherent Qx-module ¥. We show
that R’ £, ¥ is a quasi-coherent, almost coherent 9y -module for any quasi-coherent,
almost coherent @x-module ¥ and any i . First, we note that R £, ¥ is quasi-coherent,
as higher pushforwards along quasi-compact, quasi-separated morphisms preserve
quasi-coherence.

Now we show that Rf f«F is almost coherent. Note that it is sufficient to show
that R’ £, F is almost finitely presented, as Y is a coherent scheme (this follows from
Lemma4.1.15 and Lemma 4.1.16). We choose some finitely generated ideal my C m
and another finitely generated ideal m; C m such that my C m?. Then we use Corol-
lary 4.3.5 to find a finitely presented Qx-module § and a morphism

0.8 > F
such that Ker(¢) and Coker(¢) are annihilated by m;. We define Ox-modules
K = Kerg, M :=Img, @ := Coker g,
so we have two short exact sequences

0> K-> ->M-—0,
O M—->F ->@—0

with sheaves K and @ killed by m;. This easily shows that the natural homomor-
phisms

R fx(¢):R f,§ - R f,, F

have kernels and cokernels annihilated by m%. Since my C m% we conclude that
mo(KerR! fx(¢)) = 0 and mo(CokerR’ fx(¢)) = 0. Moreover, we know that R? £,
is a finitely presented @Oy-module by Theorem 5.1.2 (§ is a coherent Ox-module
since X is a coherent scheme). Therefore, we use Corollary 4.3.5 to conclude that
R £, ¥ is an almost finitely presented @y -module for any i > 0. [

The next goal is to prove a version of the almost proper mapping theorem for nice
formal schemes. But before doing this, we need to establish a slightly more precise
version of the usual proper mapping theorem for formal schemes than the one in [25].
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Theorem 5.1.5 (Proper mapping theorem). Let R be as in Set-up 4.5.1, A a topolog-
ically finitely presented R-algebra, T: X — Spf A a topologically finitely presented,
proper morphism, and ¥ a coherent Ox-module. Then H (¥, ¥) is a coherent A-
module and the natural morphism

H(Z. 7)% = R'fu(F)
is an isomorphism for any i > 0.

Proof. First, we use [25, Theorem 1.11.1.2] to conclude that Rf, ¥ € D, (Spf A).

coh

Therefore, Theorem 4.8.15 implies that M := RI'(Spf A, Rf.F) lies in D _ (4),

acoh
and

MEA ~ Rf, 7.
Moreover, Lemma 4.8.13 implies that the natural map
H (X, %) ~ H (M)® - R,
is an isomorphism. Finally, we conclude that
H (%, ) ~ H°(¥,H (¥, )*) ~ H(X,R'f,. %)
must be coherent because R* {4 F is coherent. ]

Theorem 5.1.6 (Almost proper mapping theorem). Let %)) be a topologically finitely
presented formal R-scheme for R as in Set-up 4.5.1, and let 1: X — %)) be a proper,
topologically finitely presented morphism. Then the following assertions hold true:

*  The functor R sends D* (%) to D* *Y) for any x € {“ 7, +,—, b}.

qc,acoh qc,acoh
*  The functor Rfy sends D}, (X)? to D}, (V)¢ for any x € {“ ", +,—, b}.
o The functor Ri. sends D;Oh(%) to D:;oh QI))

o IfYo:="Y) xspt r (Spec R/ 1) has finite Krull dimension, then Rf, sends D}, , (¥X)
to D* (V) for any x € {7, +,—,b}.

Moreover, if Y) = Spf A is an affine scheme and ¥ is an adically quasi-coherent,
almost coherent Ox-module, then H* (X, ¥) is almost coherent over A, and the nat-
ural map H*(X, F)2 — R"§.F is an isomorphism of Osy-modules forn > 0.

Lemma 5.1.7. Let %) be a quasi-compact adic formal R-scheme, and let {: X —
) be a topologically finite type, quasi-separated morphism. Suppose furthermore
that the reduction Yo = %) Xspr g (Spec R/ 1) (or, equivalently, the “special fiber”
Y= Xspf R Spec R/Rad(1)) is of finite Krull dimension. Then X has finite Krull
dimension, and {« is of finite cohomological dimension on Modx.

Proof. The proof is identical to that of Lemma 5.1.4 once we notice that the underly-
ing topological spaces of §)), Yy, and ) are canonically identified. ]
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Also, before starting the proof of Theorem 5.1.6, we need to establish the follow-
ing preliminary lemma:

Lemma 5.1.8. Let f: X — %) = Spf A be a morphism as in Theorem 5.1.6 with
affine %)), and let ¥ € Modg be an adically quasi-coherent, almost coherent sheaf.
Then Rt F is an adically quasi-coherent, almost coherent Osy-module if

(1) the A-module H1 (X, ) is almost coherent for any q > 0, and
(2) for any g € A with 1 = Spf Ayg), the canonical map

Hq(.%, .77) ®4 A{g} — Hq(.%u, f’r‘),
is an isomorphism for any g > 0.

Proof. Consider an A-module M :=HY(%, ¥) that is almost coherent by our assump-
tion. So, Lemma 2.12.7 guarantees that M is [-adically complete, and so M2 is an
adically quasi-coherent, almost coherent @x-module. Now note that R?{, ¥ is the
sheafification of the presheaf

U HI(Xy, F).
Thus, there is a canonical map M — H°(%Y), R, ¥ ) that induces a morphism
M? - RIf, F.

The second assumption together with Lemma 2.8.1 and Lemma 2.12.7 ensure that
this map is an isomorphism on stalks (as the sheafification process preserves stalks).
Therefore, M2 — RZ{, ¥ is an isomorphism of @g-modules. In particular, R7f, %
is adically quasi-coherent and almost coherent. ]

Proof of Theorem 5.1.6. We use the same reductions as in the proof of Theorem 5.1.3

to reduce to the case of an adically quasi-coherent, almost coherent Ox-module ¥ .

Moreover, the statement is local on ), so we can assume that §Y) = Spf A is affine.
Now we show that both conditions in Lemma 5.1.8 are satisfied in our situation.

Step 1: H1(X, ¥) is almost coherent for every g > 0. Fix a finitely generated ideal
mo C m and another finitely generated ideal m; C m such that my C m%

Theorem 4.7.6 guarantees that there are a coherent Og-module §y,, and a mor-
phism ¢, : §m,; — F such that its kernel and cokernel are annihilated by m;. Then
it is easy to see that the natural morphism

HY(%, Gu,) — HI(X, F)

has kernel annihilated by m? and cokernel annihilated by m;. In particular, both
the kernel and cokernel are annihilated by mg. Since my was an arbitrary finitely
generated sub-ideal of m, it suffices to show that H (X, §,,,, ) are coherent A-modules
for any g > 0. This follows from Theorem 5.1.5.
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Step 2: The canonical maps H1(X, ¥) ®4 Aygy — HY(Xu, F) are isomorphisms for
any g € A, q >0, and 1 = Spf A(,). Lemma 4.7.5 guarantees that ¥ admits an FP-
approximation ¢: § — ¥ . Using Lemma 4.5.14, we get the short exact sequences of
adically quasi-coherent sheaves

0O K—->8§§—>M-—0,
O—-M—->F —-@Q—0,

where X and @ are annihilated by 1" for some n > 0. So X and @ can be identified
with quasi-coherent sheaves on X, := X xgpr 4 Spec A/1 n+1 Therefore, the natural
morphisms

HY (X, K) ®4 Agy = HY (X, K) @ pnt1 (A/1"F)g — HI (X n, K),
HY (X, Q) ®4 Aggy ~ H(%,, Q) @ 4,11 (A/1" 1)y — H (X0, Q)

are isomorphisms for ¢ > 0. The morphism
HY(X,6) ®4 Afgy > H (X4, 9) (5.1.1)

is an isomorphism by Theorem 5.1.5. Consequently, the five lemma and A-flatness
of A(gy imply that the morphism

Hq('%v M) ®A A{g} - Hq(-%ll, 'M)

is an isomorphism for any ¢ > 0 as well. Applying the five lemma again (and A4-
flatness of A(g}), we conclude that the morphism

HY(%,%) ®4 A{g} —HI(Xy, )

must be an isomorphism for any g > 0 as well. |

5.2 Characterization of quasi-coherent, almost coherent complexes

The main goal of this section is to show an almost analogue of [68, Tag OCSI]. This
gives a useful characterization of objects in Dgc’acoh(X ) on a separated, finitely pre-
sented R-scheme for a universally coherent R. This will be crucially used in our proof
of the almost version of the formal GAGA theorem (see Theorem 5.3.2).

Our proof follows the proof of [68, Tag OCSI] quite closely, but we need to make

certain adjustments to make the arguments work in the almost coherent setting.

Theorem 5.2.1. Let R be a universally coherent ring with an ideal m such that

m? = m and W = m ®g wm is flat. Suppose that ¥ € Dyc(P%) is an element such

that RHompn (., %) € Doy (R) for P = @y Oi). Then F € D .0, (P'R).
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Proof. We follow the ideas of [68, Tag 0CSG]. Denote the dg algebra RHomy (£, )
by §. A computation of cohomology groups of line bundles on P, implies that S
is a “discrete” non-commutative algebra that is finite and flat over R. Now [68,
Tag 0BQU]' guarantees that the functor

— ®% P:D(S) — D (P)
is an equivalence of categories, and its quasi-inverse is given by
RHom(P, —): Dy (P) — D(S).

So, if we define M := RHom(P, ) € D(S), our assumption implies that the image
of M in D(R) lies in D, (R).

Therefore, it suffices to show that, for any N € D(S) such that its image in D(R)
lies in D,_; (R), we have that N ®I§ P lies in D .o, (PR)-

We use the convergence spectral sequence

Ey? = }PHI(N) ®% P) = HPTUN &% P)

to conclude that it suffices to assume that N is just an S-module. Now we fix a finitely
generated ideal m; C m and a finitely generated ideal mo C m such that m; C mj.
Then Lemma 2.8.4 implies that there is a finitely presented right S-module N’ with a
morphism f: N’ — N such that Ker f and Coker f are annihilated by tig. Then the
universal coherence of R and [68, Tag OCSF] imply that N’ ®% P € Dq‘c’wh (PR).
Now we note that the functor

- ®% P:D(S) — Dy (PR)
is R-linear, so the standard argument shows that the cone of the morphism
f RPN ®% P - N§ P

has cohomology sheaves annihilated by m; C mj. Since m; C m was an arbitrary
finitely generated ideal, Lemma 2.5.7 implies that N ®I§ PisinDy, ., (Pk) and this
finishes the proof. ]

Lemma 5.2.2. Let R be a universally coherent ring, let X be a finitely presented
separated R-scheme, and let K € Dy (X). If RT'(X, E ®5X K) is in D, (R) for
every E € D (X), then K € D .y (X).

Proof. We follow the proof of [68, Tag OCSL]. First, we note that the condition that
K e D;c’acoh(X ) is local on X because X is quasi-compact. Therefore, we can prove
it locally around each point x. We use [68, Tag 0CSJ] to find

Note that they have slightly different notations for R and S.
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* anopen subset U C X containing x,

e anopen subset V C P%,

e aclosed subset Z C X xg P with a point z € Z lying over x,
(X xr PR),

with a lot of properties listed in the cited lemma. Even though the notation is pretty
heavy, the only properties of these objects that we will use are that x € U and that

* anobject E € D

coh

Rg«(Lp*K ®“ E)ly =R(U — V)«(K|v).

The last formula is proven in [68, Tag 0CSK] and we refer to this lemma for a dis-
cussion of the morphism U — V that turns out to be a finitely presented closed
immersion.

That being said, it is sufficient to show that K|y is almost coherent for each
such U. Moreover, the formula Rg. (Lp*K @' E)|y = R(U — V)« (K|p), the fact
that U — V is a finitely presented closed immersion, and Lemma 2.8.4 imply that it
suffices to show that R(U — V)«(K|v) = Rg«(Lp*K &" E)|y lies in D_ .., (V).
In particular, it is enough to show that Rg.(Lp*K ®' E) € D acon (PR)-

Now we check this using Theorem 5.2.1. For doing so, we define a sheaf & :=
D7 _, Opn (i) and observe that

RHomp: (P, Rg«(Lp*K QL E)) = R[(P",Rg«(Lp*K QY E) ®I@Pn PY)
= RI'(P",Rg«(Lp*K ®" E @" Lg* "))
= RI(X xg P}, Lp*K @ E ®@"“ Lg*P")

= RT(X.Rp.(Lp*K @" E ®@" Lg*P"))

=Rl (X, K ®p, Rp«(E ®"Lg*PY)),

where the second equality and the fifth equality come from the projection formula
[68, Tag OSEU]. Now we note that the proper mapping theorem (see Theorem 5.1.2)
implies that Rp.(E ®% Lg*?") € D_, (X). So our assumption on K implies that

coh

RHomp: (P, Rg+(Lp*K @ E)) = RT (X, K ®f, Rp«(E @"Lg*PY)) € D (R).
Now Theorem 5.2.1 finishes the proof. |

Theorem 5.2.3. Let R be a universally coherent ring, let X be a separated, finitely
presented R-scheme. If ¥ € D (X) is an object such that RHomy (P, ') € D ;. (R)
forany P € Perf(X), then ¥ € ch acoh (X). Analogously, if RHomy (P, ') € Dacoh(R)
for any P € Perf(X), then ¥ € D? (X).

qc,acoh
Proof. With Lemma 5.2.2 and the equality RHomy (£, ) = RI'(X, Y ®I@x F)

at hand, the first part of the theorem is absolutely analogous to [68, Tag OCSH]. The
second part now follows directly from [68, Tag 091S] and [4, Lemma 3.0.12]. [
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5.3 The GAGA theorem

The main goal of this section is to prove the formal GAGA theorem for almost coher-
ent sheaves. It roughly says that any adically quasi-coherent, almost coherent sheaf
on a completion of a proper, finitely presented scheme admits an essentially unique
algebraization, and the same holds for morphisms of those sheaves.

We start by recalling the statement of the classical formal GAGA theorem. We
fix an [-adically complete noetherian ring A and a proper A-scheme X. Then we
consider the /-adic completion X as a formal scheme over Spf A. It comes equipped
with the natural morphism ¢: X — X of locally ringed spaces that induces a functor

¢*: Cohy — Cohg.

The GAGA theorem says that it is an equivalence of categories. Let us say a few words
about the classical proof of this theorem. It consists of three essentially independent
steps: the first is to show that the morphism c is flat; the second is to show that the
functor ¢* induces an isomorphism

c¢*:H (X,F) —» H (%, ¢*F)

for any F € Cohy and any integer i. The last is to prove that any coherent sheaf
9 € Cohpy admits a surjection of the form €; O (n;)™ — §. Though the first two
steps generalize to our set-up, there is no chance of having an analogue of the last
statement. The reason is easy: existence of such a surjection would automatically
imply that the sheaf § is of finite type, however, almost coherent sheaves are usually
not of finite type.

This issue suggests that we should take another approach to GAGA theorems
recently developed by J. Hall in his paper [31]. The main advantage of this approach
is that it first constructs a candidate for algebraization, and only then proves that this
candidate indeed provides an algebraization. We adapt this strategy to our almost
context.

We start with the discussion of the GAGA functor in the almost world. In what
follows, we assume that R is a ring from Set-up 4.5.1. We fix a finitely presented
R-scheme X, and we consider its /-adic completion X that is a topologically finitely
presented formal R-scheme. The formal scheme ¥ comes equipped with the canoni-
cal morphism of locally ringed spaces

c:(X,0%) —> (X, 0x)
that induces the pullback functor
Lc*:D(X) — D(%).

We now want to check that this functor preserves quasi-coherent, almost coherent
objects. This verification will be necessary even to formulate the GAGA statement.
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Lemma 5.3.1. Let R be a ring as in Set-up 4.5.1, A a topologically finitely presented
R-algebra, and X a finitely presented A-scheme. Then the morphism c is flat, and
the funtor ¢*: Mody — Modx sends (quasi-coherent and) almost coherent sheaves
to (adically quasi-coherent and) almost coherent sheaves. In particular, it induces
functors

Lc™: qc acoh (X) - DZC acoh (%)
forany x € {“”,+,—,b}.

Proof. The flatness assertion follows from [25, Proposition 1.1.4.7 (2)]. Flatness of ¢
implies that it suffices to show that ¢*(G) is an adically quasi-coherent, almost coher-
ent Ox-module for a quasi-coherent, almost coherent Oy-module G. This claim is
Zariski-local on X. Thus we can assume that X = Spec A is affine, so G ~ M for
some almost finitely presented A-module M. This case is done in Lemma 4.6.3. =

Theorem 5.3.2. Let R be a ring as in Set-up 4.5.1, A a topologically finitely pre-
sented R-algebra, and X a finitely presented, proper A-scheme. Then the functor

Lc*: (X) = Dy eon(X)

qc acoh

induces an equivalence of categories for x € {“ 7, 4+, —, b}.

Corollary 5.3.3. Let R, A and X be as in Theorem 5.3.2. Then the functor

Lc™: (X)* - D, (%)

acoh

induces an equivalence of categories for x € {“ 7, +,—, b}.

Corollary 5.3.4. Let R, A, and X be as in Theorem 5.3.2, and let K € Dgc acon(X).
Then the natural map

Bk:RT (X, K) — RI(X,Lc*K)
is an isomorphism. Moreover, Bk is an almost isomorphism for K € D,con(X).

Proof. Note that the case of K € Dyon(X) follows from the case of K € Dgc,acon(X)
due to Lemma 3.2.17 and Proposition 3.5.23. So, it suffices to prove the claim for
K e ch,acoh(X)-

Now since we are allowed to replace K with K[i] for any integer i, it suffices to
show that the map

HO(RI'(X, K)) ~ Homy (Ox, K) — Homg(O%,Lc*K) ~ H*(RT' (%, Lc*K))

is an isomorphism. This follows from Theorem 5.3.2 together with the observation
that Ox¢ ~ Lc*Oy. ]
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Our proof of Theorem 5.3.2 will follow Jack Hall’s proof of the GAGA theorem
very closely with some simplifications due to the flatness of the functor ¢*. As he
works entirely in the setting of pseudo-coherent objects, and almost coherent sheaves
may not be pseudo-coherent, we have to repeat some arguments in our setting.

Before we embark on the proof, we need to define the functor in the other direc-
tion. Recall that the morphism of locally ringed spaces ¢ defines the derived pushfor-
ward functor

Rey: D(X) — D(X).

This functor is £-exact as ¢: X — X is topologically just a closed immersion. In partic-
ular, it preserves boundedness of complexes (in any direction). However, that functor
usually does not preserve (almost) coherent objects as can be seen in the example of
RexOx = c«O%. A way to fix it is to use the quasi-coherator functor

ROx:D(X) — Dy (X)

that is defined as the right adjoint to the inclusion ¢: Dy (X) — D(X). It exists by
[68, Tag OCRO]. We define the functor

Rege: D(X) — Dye(X)

as the composition Rege := RQx o Rey.
Combining the adjunctions (Lc*, Rcy) and (1, RQx), we conclude that we have
a pair of the adjoint functors:

Lc*: Dge(X) 2 D(X) Rege.
That gives us the unit and counit morphisms
n:id — RegeLe™ and &: Le*Rege — id.

For future reference, we also note that the above adjunction and the monoidal property
of the functor L¢* define a projection morphism

n6.7:G ®I@X (RcgeF) = Rege(Le*G ®]@3€ F)
forany G € Dyc(X) and any ¥ € D(X). Before discussing the proof of Theorem 5.3.2,

we need to establish some properties of these functors.

Lemma 5.3.5. Let R be a ring as in Set-up 4.5.1, A a topologically finitely presented
R-algebra, and X a finitely presented A-scheme. Then there is an integer N = N(X)
such that Reqe carries ch'facoh (%) to DqSC”JrN (X) (resp. Dg‘é::c]oh (%) to D([fé’"JrN](X )
for any integer n. In particular, the natural map

T7Rege ¥ — ¢ (chch”_Nf)

is an isomorphism for any ¥ € D acon(X) and any integer a.
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Proof. We explain the proof that Reqc carries DZ”, ., (¥) to quc'”'N (X); the case of
Dl (%) is similar. We fix an object ¥ € D= (%) and note that Re, F = ¢4 F

qc,acoh qc,acoh
since c is topologically a closed immersion. Thus, [68, Tag 0CSA] implies” that it

suffices to show that
H (RT(U,Re,¥)) = H (RT(U, ¢+ F)) =0
for any open affine U C X and any i > n. Therefore, we see that
H (RT(U,Re, %)) = H(R[(U, 7)) = H (U, Fp).

and thus Lemma 4.8.11 implies that H’ ((7, $|(7) = 0 for any i > n. This finishes the
proof of the first claim in the lemma.
The second claim of the lemma follows from the first claim and the distinguished
triangle
rSaN=-lg g 5 zaNg  sa-N-lg

Namely, we apply the exact functor Reg, to this distinguished triangle to get that
Rege (t59V71F) — RegeF — Rege (129N F) — Rege (r=NV 717 [1))
is a distinguished triangle in Dyc(X) and that Reg (r=¢N71%) € D="1(X). This
implies that the map
TR F — 129 Reo(t29N F)
is an isomorphism. |

Lemma 5.3.6. Let X be as in Theorem 53.2, ¥ € ch acoh(X) and G € D (X)

Suppose that for each i there is some n; such that I"i #* () = 0 and 1™ ¢} (G)
Then the natural morphisms ng and €¢ are isomorphisms.

Proof. We prove the claim only for & as the other claim is similar.

Reduction to the case when ¥ € Dé’c acoh (X): First, we note that it suffices to show
that the natural map
2% — 2L Rege F
is an isomorphism for any integer a. Moreover, we also note that 7-exactness of
Lc¢* and Lemma 5.3.5 imply that there is an integer N such that the natural map
T29Lc*RegeF — 12%Le*Reg 724N F is an isomorphism for any integer a. In par-
ticular, we have a commutative diagram

e Ny Lc*chc(tz"_N?’)

| |

T24F — 5 1Z9Lc*Rege F =~ 12Le*Reg 24N F,

ZWe note that the proof of [68, Tag 0CSA] works well with a = —oo as well.
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where the vertical maps induce isomorphisms in degree > a. Therefore, it suffices to
prove the claim for 724~V . So we may and do assume that ¥ is bounded.

Proof for a bounded ¥ : The case of a bounded ¥ easily reduces to the case of an
adically quasi-coherent, almost coherent @x-module ¥ concentrated in degree 0. In
that situation, we have I¥+t1% = 0 for some k. This implies that ¥ = iy . Fr =
Riy . Fy for the closed immersion ix: X — X. Now it is straightforward to see that
the canonical map

Rij «Fr — Lc™*Rege(Rig 1 Fk )

is an isomorphism. The key is flatness of ¢ and the observation that Rey (Rig « ) is
already quasi-coherent, so the quasi-coherator does nothing in this case. |

Lemma 5.3.7. If G € Dy (X) and ¥ € D(X), then the natural projection morphism
76,5:G ®g, ReeF = Rege(Le*G ®p, F)

is an isomorphism if G is perfect.

Proof. [31, Lemma 4.3]. ]

Now we come to the key input ingredient. Although Rc is quite abstract and
difficult to compute in practice, it turns out that the almost proper mapping theorem
allows us to check that this functor sends D__ . .. (¥) to D__ . . (X). This would give

us a candidate for an algebraization.

qc,acoh qc,acoh

Lemma 5.3.8. Let R be a ring as in Set-up 4.5.1, A a topologically finitely presented
R-algebra, and X a finitely presented, proper A-scheme. Then Ry sends D;c,acoh (%)
to D} (X) for x € {—, b}.

qc,acoh

Proof. We prove only the bounded above case as the other one follows from this
using Lemma 5.3.5. We pick any ¥ € D . ;,(¥) and use Theorem 5.2.3 to say that
it is sufficient to show that RHomy (P, Rcx F) € D (R) for any perfect complex
P € Perf(X). For this, we consider the following sequence of isomorphisms:

RHomy (P, Rcgc ) = RHomg (Lc*P, )
_ *p\V oL
= RHomg (O%, (Lc P) Ry F)
— * Vv L lrod
=R (%, (Lc*P)Y ®p, F).

Then we note that & := (Lc¢*P)Y is a perfect complex of Ox-modules, and therefore
°®L F lies in Dq_C acon (). Thus, RI'(¥, P F) lies in Dy, (R) due to the
almost proper mapping theorem (see Theorem S 1 6) |

Finally, we are ready to give a proof of the GAGA theorem.

Proof of Theorem 5.3.2. For clarity, we divide the proof into the verification of sev-
eral claims.
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Claim 0O: It suffices to show the theorem for x = —, that is, for bounded above
derived categories. Indeed, flatness of ¢* implies that L¢c* preserves boundedness
(resp. boundedness above, resp. boundedness below), so it suffices to show that the
natural morphisms

16:G = RegcLe*G,
eg:Lc*Rege ¥ — F

are isomorphisms for any G € Dy acon(X) and F € D acon(%).
We fix N as in Lemma 5.3.5. Then flatness of ¢* and Lemma 5.3.5 guarantee that

Reg Le*t29G e DIl X)),
Lc*Reg t24F € D@l (x).

Therefore, we see that 7 is an isomorphism on J’ for i < a if and only if the
same holds for 7,<a—15. Since a was arbitrary, we conclude that it suffices to show
that ng is an isomorphism for G € D ., (X ). Similar argument shows that it suffices
to show that g is an isomorphism for ¥ € D ,.,;,(X). So it suffices to prove the
theorem for * = —.

Before we formulate the next claim, we need to use the so-called “approximation
by perfect complexes” [68, Tag 0SEL] to find some P € Perf(X) such that 2P ~
Ox /I ~ Ox, and whose support is equal to Xo. We note that it implies that all coho-
mology sheaves J' (P) are killed by some power of /. We also denote its (derived)
pullback by & := Lc*P.

Claim 1: If G € D ., (X) such that G ®I@X P >~ 0, then we have G =~ 0. Similarly,
if ¥ € Dy yeon(X) such that ¥ ®I(§3€ P >~ 0, then F >~ 0. We choose a maximal
m (assuming that G % 0) such that #™(G) # 0. Then we see that H™ (G ®';9X P) ~
H"™(G) ®oy Ox, = H™(G)/I. Also, (¥™(G)/I)(U) = H"™(G)(U)/I ~0onany
open affine U. So Nakayama’s lemma (see Lemma 2.5.19) implies that #™(G)(U) ~
0 for any such U. This contradicts the choice of m. The proof in the formal set-up is

the same once we notice that #°(P) = Og/I.

Claim 2: The map ng: G — ReqcLe*G is an isomorphism for any G € D acon (X)-
Claim 1 implies that it is sufficient to show that the map

£6 ®, P:G ®, P— RegLe*G @y, P (5.3.1)

is an isomorphism. Recall that the cohomology sheaves of P are killed by some power
of I. This property passes to G ®I@X P, so we can use Lemma 5.3.6 to get that the
map
. L , L
£, P* G®g, P~ Rege(Le™ (G ®oy P))
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is an isomorphism. Now comes the key: we fit the morphism £Gel, P into the follow-
ing commutative triangle:

£6®%p, P

L \ * L
G®y > RegLc™G ®oy P

L
G® T, Lk
X P.Lc*G

Rege(Le*(G ®159X P)) ——— Rege(Le*G ®g% Lc*P),

where the bottom horizontal arrow is the isomorphism map induced by the monoidal
structure on Lc ™. Moreover, we have already established that the left vertical arrow is
an isomorphism, and the right vertical arrow is an isomorphism due to Lemma 5.3.7.
That shows that the top horizontal must also be an isomorphism.

Claim 3: The map ez :Lc*Reqc ¥ — F is an isomorphism for any ¥ € D acon (X)-
We use Claim 1 again to say that it is sufficient to show that the map

e ®(L93€ Lc*P:Le*Rege 7 ®I@3€ Lc*P — F ®I@% Lc*P
is an isomorphism. But that map fits into the commutative diagram:

Sg-®L Lc*P
Le*Rego ¥ ®f Le*P —— 5 F @ Lc*P

zJ/ )I;fr ®L(93e Lc*P

LC* (RCqC ®L P) W LC Rch (5(7 ®Ié‘£ LC*P)
where the vertical morphism on the left is the canonical isomorphism induced by the
monoidal structure on L¢*, the bottom morphism is an isomorphism by Lemma 5.3.7,
and the right vertical morphism is an isomorphism by Lemma 5.3.6. This implies that
the top horizontal morphism is an isomorphism as well. This finishes the proof. =

5.4 The formal function theorem

In this section, we prove the formal function theorem for almost coherent sheaves as
a consequence of the formal GAGA theorem established in the previous section.

For the rest of the section, we fix a ring R as in Set-up 4.5.1 and a finitely pre-
sented or a topologically finitely presented R-algebra A.

Remark 5.4.1. Both A and A are topologically universally adhesive by [25, Propo-
sition 0.8.5.19], and they are (topologically universally) coherent by [25, Proposi-
tion 0.8.5.23].
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For the next definition, we fix a finitely presented A-scheme X and an Oy-
module F .

Definition 5.4.2. The natural I-filtration F*H! (X, ¥) on H (X, ¥) is defined via
the formula

F'H (X, F) = Im(H (X, ["F) — H (X, F)).

The natural I-topology on H (X, ) is the topology induced by the natural /-
filtration.

Lemma 5.4.3. Let X be a finitely presented A-scheme, ¥ a quasi-coherent almost
finitely generated Ox-module, and § C ¥ a quasi-coherent Ox -submodule of ¥ .
Then, for any n, there is an m such that ¥ Ng C I"§.

Proof. 1t suffices to assume that X is affine, in which case the claim follows from
Lemma 2.12.6. [

Lemma 5.4.4. Let X be a finitely presented A-scheme, ¥ and § quasi-coherent
almost finitely generated Ox -modules, and ¢:'§ — ¥ an Ox-linear homomorphism
such that Ker(¢) and Coker(¢) are annihilated by 1€ for some integer c. Then, for
every i > 0, the natural I -topology on H (X, ) coincides with the topology induced
by the filtration

FilgH' (X, ¥) = Im(H (X, I"9) — H' (X, F)).
Proof. Consider the short exact sequences

0—-K—>86—>H—0,
0O—-H—->F -Q—0,

where K and @ are annihilated by /€. The first short exact sequence induces the
following short exact sequence:

0> KNIM"g > 1I"g > I"H -0

for any m > 0. Lemma 5.4.3 implies that X N ["™§ C €K = 0 for m > 0. Therefore,
the natural map /"™§ — [™H is an isomorphism for m > 0. Note that # is almost
finitely generated and quasi-coherent, so we can replace § with K to assume that ¢
is injective.

Clearly, Fil’;Hi (X, %) C FkH! (X, ¥) for every k. So it suffices to show that, for
any k, there is m such that F"H! (X, ¥) C Fil{; Hi (X, F). We consider the short exact
sequence

0—-86NI"F - I"F - 1"Q — 0.
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Ifm>c,wegetthat§ N I™F = I"™F because [°Q ~ 0. Now we use Lemma 5.4.3
to conclude there is m > ¢ such that

I"F =§nI"F C I*.
Therefore, F"H! (X, ¥) C Filif;H" (X, 7). ]

Lemma 5.4.5. Let X be a finitely presented A-scheme, ¥ and § quasi-coherent
almost finitely generated Ox-modules, and ¢: § — F an Ox -linear homomorphism
such that Ker(¢) and Coker(¢) are annihilated by 1€ for some integer c. Suppose
that the natural I -topology on H' (X, §) is the I-adic topology. Then the same holds
forH (X, F).
Proof. Clearly, I"H! (X, ¥) C F"H' (X, ). So it suffices to show that, for every n,
there is an m such that F"H! (X, ¥) C I"H! (X, F).

The assumption that the natural /-topology on H’ (X, §) coincides with the I-

adic topology guarantees that F¥H (X, §) C I"H! (X, §) for large enough k. Pick
such k. Lemma 5.4.4 implies that

F"H (X, %) c Im(H (X, I*8) - H (X, 7))
for large enough m. So we get that
F"H (X, %) C Im(H (X, I*9) — H (X, 7))
C Im(I"H (X, 9) > H(X.¥)) C I"H' (X, F)
for a large enough m. ]

Theorem 5.4.6. Let X be a proper, finitely presented A-scheme, and ¥ a quasi-
coherent, almost coherent Ox-module. Then the natural I-topology on H (X, F)
coincides with the I -adic topology for any i > 0.

Proof. Lemma 4.7.3 guarantees that there are a finitely presented Qx-module ¥ and a
morphism ¢:§ — F such that /" (Ker¢) = 0 and /" (Coker ¢) = 0 for some integer
n > 0. Lemma 5.4.5 then ensures that it suffices to prove the claim for §. In this case,
the claim follows [25, Proposition 1.8.5.2 and Lemma 0.7.4.3] and Remark 5.4.1. =

Now we consider a proper, finitely presented A-scheme X, and an almost coher-
ent Oy-module ¥ . We denote the [-adic completion of X by X, so we have the
following commutative diagram:

X ——X

fl lf (5.4.1)

Spf(f/l\) — Spec A.
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Then we consider four different cohomology groups

H (X, c*F), H(X, F), H(X, F) ®4 A, and imH' (X,,, %),
n

and note that they are related via the following A-linear homomorphisms:

H (X, F)®4 A —L 5 H(X, F)
n l l@’ (5.4.2)
H (X, c*F) —— lim, H (X, F).
Y&

We show that all these morphisms are (almost) isomorphisms:

Theorem 5.4.7. In the notation as above, all maps oy, BY%, v, ¢4 are almost
isomorphisms for any almost coherent Ox-module ¥ . If ¥ is quasi-coherent, almost
coherent, then these maps are isomorphisms.

Proof. Once again, we divide the proof into several (numbered) steps.

Step 0: Reduction to the case of a quasi-coherent, almost coherent sheaf ¥. We
observe that Lemma 3.3.1, Lemma 3.2.17 and the fact that limits of two almost iso-
morphic direct systems are almost the same, allow us to replace ¥ with m ® ¥ to
assume that ¥ is quasi-coherent and almost coherent.

Step 1: a} is an isomorphism. This is just a consequence of Lemma 2.12.7, as we
established in Theorem 5.1.3 that H' (X, ) is an almost coherent A-module.

Step 2:A/3 ’37 is an isomorphism. We note that the assumptions on 4 imply that the map
A — A is flat by [25, Proposition 0.8.218]. Thus, flat base change for quasi-coherent
cohomology groups implies that H: (X, ¥) ®4 A~H (X 7, F ). Therefore, we may
and do assume that A4 is I -adically complete. Then the map H' (X, ¥) — H* (X, ¢* %)
is an isomorphism by Theorem 5.3.2.

Step 3: af;F is injective. Theorem 5.4.6 and Corollary 5.3.4 imply that the 7-adic
topology of H* (X, ¥) coincides with the natural /-topology. Therefore,

H (X, F)
Im(H (X, ["*1F) > H(X, F))

H (X, %) ~ lim
n

Clearly, we have an inclusion

H (X, %)

: : H' (X, Fp).
Im(H’(X,I”+1fF)—>H’(X,37))(_> (Xn. F2)

Therefore, we conclude that ozf;,; is injective by left exactness of the limit functor.
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Step 4: y; is surjective. Recall that ¥ =~ limy F; because ¥ is adically quasi-
coherent. Therefore, [25, Corollary 0.3.2.16] implies that it is sufficient to show that
there is a basis of opens 8B such that, for every U € B,

H U, %) =0fori > 1,

and
HO(U, Fr41) — HO(U, F%) is surjective for any k > 0.

Vanishing of the higher cohomology groups of adically quasi-coherent sheaves on
affine formal schemes (see [25, Theorem 1.7.1.1]) implies that one can take 8 to be
the basis consisting of open affine formal subschemes of X. Therefore, we get that y;
is indeed surjective for any i > 0.

Step 5: oz;; and y; are isomorphisms. This follows formally from commutativity of
Diagram (5.4.1) and the previous steps. |

5.5 Almost version of Grothendieck duality

For this section, we fix a universally coherent ring R with an ideal m such that
it := m ®g m is R-flat and m? = m. Since R is universally coherent, there is a
good theory of a functor f' for morphisms f between finitely presented, separated
R-schemes.’

Proposition 5.5.1. Let f: X — Y be a morphism between separated, finitely pre-
sented R-schemes. Then f' sends D L(Y) to D' L (X).

qc,aco qc,aco

Proof. The only thing that we need to check here is that f' preserves almost coher-
ence of cohomology sheaves. This statement is local, so we can assume that both X
and Y are affine. Then we can choose a closed embedding X — A}, — Y. So, it
suffices to prove the claim for a finitely presented closed immersion and for the mor-
phism A} — Y.

In the case f: X — Y a finitely presented closed immersion, we know that for
any ¥ € DE(Y),

/'¥ ~ RHomy (fuOx. F).

Since Y is a coherent scheme and f is finitely presented, we conclude that f.Ox

is an almost coherent Oy -module. So, f"f = RHom y (f+Ox,F) € Dyc,acon(X) by
Corollary 4.4.11.

3This theory does not seem to be addressed in the literature in this generality, however, all
arguments from [68, Tag ODWE] can be adapted to this level of generality with little or no extra
work. See [71, Section 2.1-2.2] for more detail.
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Now we consider the case of a relative affine space f: X = A} — Y. In this
case, we have f'% ~Lf*¥ ®@X Q;’(/Y[ n]. Then L f*(¥) € DI, . (X) in view
of Lemma 4.4.7 (4), and so L f*% ®(9X QS’(/Y[ n] € D(;FC acoh (X ) because Q;’(/Y is

(non-canonically) isomorphic to Oy . ]

qc,acoh

Now we use Proposition 5.5.1 to define the almost version of the upper shriek
functor:

Definition 5.5.2. Let f: X — Y be a morphism of separated finitely presented R-
schemes. We define the almost upper shriek functor f,):D} (Y)* — DI (X)? as

Ja(F) = (f1(F))*. aqe

Remark 5.5.3. In what follows, we will usually denote the functor £, simply by f"
as it will not cause any confusion.

aqc

Lemma 5.5.4. Let f X — Y be a morphism between separated, finitely presented
R-schemes. Then f' carries D (Y)? to DF_ (X)“.

acoh acoh

Proof. This follows from Proposition 5.5.1. ]
Theorem 5.5.5. Let f: X — Y be as above. Suppose that f is proper. Then the
functor f*: aqc(Y)“ an(X)“ is a right adjoint to R f,.: D} (Y)* — D} (X)“.

aqe

(Y) due

aqe

We note that the theorem makes sense as R f; carries D} (X)¢ into D}

aqc aqc
to Lemma 4.4.9.

Proof. This follows from a sequence of canonical isomorphisms:

Homp(yya (R f+F ¢, %) >~ Hompy) (T @ Rf4F, ) Lemma 3.1.13
~ Hompy) (Rfx (W ® F).9) Lemma 3.3.5
~ Homp(x)(M ® ¥, f !(ﬁ)) Grothendieck duality
~ Hompx)a (?“,f!(ﬁ)“). Lemma3.1.13. =

Now suppose that f X — Y is a proper morphism of separated, finitely pre-
sented R-schemes, & D + (X)?, and §¢ € D;{lC(Y)“. Then we want to construct
a canonical morphism

R f.RalHom y (. f'(§)) — RalHomy (R f(¥*). §%).
Lemma 3.5.16 says that such a map is equivalent to a map
R fRalHom (¥, f*(§9)) ®, Rfx(F) — §°.
We construct the latter map as the composition

R f,RalHom x (¢, f'(§%)) ®g, Rf(F?)
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— Rf«(RalHom x (¢, f'(§9) ®g, F*) - Rfu [ — §°,

where the first map is induced by the relative cup product (see [68, Tag 0B68]),
the second map comes from Remark 3.5.15, and the last map is the counit of the
(R f, f')-adjunction.

Lemma 5.5.6. Let f: X — Y be a proper morphism of separated, finitely presented
R-schemes, ¥4 € D, (X)%, and §¢ € an(Y)“ Then the map

R f,RalHom x (¢, f'(¢%)) — RalHom y (R f,(F %), §%)

is an (almost) isomorphism in D} (X)%.

aqe

Proof. We note that R f,RalHom y (¥4, f'(§%)) lies in Daqc(Y)“ as a consequence
of Lemma 4.4.10 (4) and Lemma 4.4.9. Likewise, RalHom y (R fi (%), %) lies in
+ (Y)“% by Theorem 5.1.3 and Lemma 4.4.10 (4). Therefore, it suffices to show that

aqc

RHomy (#¢, R fxRalHom x (¥, f’(ﬁ“)))
— RHomy (#¢, RalHom y (R fx(¥¢), %))

is an isomorphism for any #¢ € D;ZC(Y)“. This follows from the following sequence
of isomorphisms:
RHomy (#¢, R fxRalHom x (¢, f!(ﬁa)))
~ RHomy (L f*#“, RalHom x (¢, f'(§%)))
~ RHomX(Lf He ®0X Fe f (ﬁ“))
~ RHomy (Rfi(Lf*#° ®g, F°).5%)
~ RHomy (#° @ Rfx(F¥%),§9)

~ RHomy (#“, RalHom y (R fx(¥ ), §%)).

The first isomorphism holds by Corollary 3.5.26. The second isomorphism holds by
Lemma 3.5.16. The third isomorphism holds by Theorem 5.5.5. The fourth isomor-
phism holds by Proposition 4.4.12. The fifth equality holds by Lemma 3.5.16. |

Theorem 5.5.7. Let f: X — Y be as above. Suppose that f is smooth of pure dimen-
siond. Then f'(=) ~ Lf*(-) ®g, Q% y[d].

Proof. Tt follows from the corresponding statement in the classical Grothendieck
duality. |

We summarize all results of this section in the following theorem:
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Theorem 5.5.8. Let R be a universally coherent ring with an ideal m such that
m:=m Qg m is R-flat and m> = m, and FPSg be the category of finitely pre-
sented, separated R-schemes. Then there is a well-defined pseudo-functor (=)' from
FPS into the 2-category of categories such that

(D) (X)' =D (X)4;

aqc
(2) for a smooth morphism f:X — Y of pure relative dimension d, we have a
natural isomorphism f' ~ L f*(—) ®%L, le(/y[d];

X
(3) for a proper morphism f:X — Y, the functor f' is the right adjoint of
Rf: D (X)¢ — DI (Y)4

aqe aqe



