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In this book, we study the behavior of moduli spaces of holomorphic disks with
Lagrangian boundary condition under a multiple symplectic cut. From the point of
view of almost complex manifolds, such a multiple symplectic cut is equivalent to
multi-directional neck-stretching. The behavior of pseudoholomorphic maps under
such neck-stretching was studied by Eleny Ionel in [47], and continued from the sym-
plectic point of view in a series of papers by Brett Parker [65–73]. In parallel, a the-
ory of logarithmic Gromov–Witten invariants have been developed by Abramovich–
Chen–Gross–Siebert [2], among others. In the neck-stretching limit, limits of holo-
morphic maps are equipped with tropical graphs, meaning a graph in some affine
manifold in which the edges are geodesics. The main result in the works mentioned
above is an expression for counts of holomorphic curves as a sum over tropical graphs.

The purpose of this monograph is to develop a similar theory for the counts of
holomorphic disks with Lagrangian boundary condition that appear in Floer theory.
Because the structure constants in Floer theory are not themselves invariants, such a
theory must be developed at the chain level. We prefer to work in a Morse model for
Lagrangian Floer theory, which means that we develop a theory from scratch rather
than depending on the previous work of, for example, Parker. We use the opportunity
to give an explicit treatment. The transversality scheme using stabilizing divisors is
built into the exposition. We believe that these features will make future generaliza-
tions and modifications easier to carry out.

The applications are both computational and theoretical. By way of computa-
tions, we give in the book various examples of computations of disk potentials for
Lagrangians in del Pezzo manifolds and flag varieties. These computations were
known before by various methods, but the approach here allows simple combinatorial
calculations.

Our initial motivation for this work was a theoretical application: the weak un-
obstructedness of moment fibers of almost toric manifolds. However, this result ended
up being split off into a separate paper for reasons of space. Weak unobstructedness
is the condition necessary for Floer theory of a Lagrangian submanifold to be well
defined. Our result is a generalization of weak unobstructedness of toric moment
fibers proved by Fukaya–Oh–Ohta–Ono [37].

We do not treat in this book Lagrangians that intersect the neck regions. This
generalization can be used to develop tropical disk counts for tropical Lagrangians,
in the sense of Mikhalkin [61], and should be considered another possible chapter in
a sequel, whether to be written by ourselves or other authors.
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