Chapter 2

The inviscid operator

2.1 Preliminaries

We begin by presenting the notation, frequently used in the sequel

b -
(/&) 2@, =/ f(x)g(x)dx.

Note that when (a, b) = (0, 1) the abbreviated notation {f, g) is used instead of

(f.8)r2(0,1)-
Next, recall that the differential expression of the inviscid operator (also called

the Rayleigh operator) is given by
d2
A)»,adéf(U‘i‘i/\)(_ﬁ‘Faz)—l-Uﬂ, 2.1.1)

where A € C and @ € R.
Note that, for any ¢ € D(i)’f)a ﬂ), we have

Arad = Jim 7B, 49.

We consider here only spaces of even functions in (—1, 1), hence, as explained in the
introduction, we restrict the operator to (0, 1) and consider the Neumann condition at
0 and the Dirichlet condition at 1. We thus define AT? as follows:

o for MA # 0 or when A = 0 and IA ¢ [0, U(0)], on
D(AD) = {¢ € H*(0.1) | /(0) = 0 and ¢(1) = 0}, (2.1.2a)
o for MA =0and IA € [0, U(0)]

D(Ag2>) = {¢ € H*((0.1), (U — 3X)*dx) | ¢'(0) = 0 and ¢(1) = 0},
(2.1.2b)
which is equipped with the norm

1
Il gy = [ 1+ P + I =502 d.
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Hence, in the following, we restrict attention to the interval [0, 1] assuming in this
section that U € C3([0, 1]) and satisfies the condition:

U(l) =0, (2.1.3a)
max U”(x) <0, (2.1.3b)
x€[0,1]
U'(0) = 0. (2.1.3¢c)
We normalize U so that
U'(l) = —1. (2.1.3d)

For convenience of notation we omit the superscripts Jt and ® in the sequel whenever
there is not any fear of ambiguity. Since
U _ 4-U
‘A'/'L,ot - P’

the analysis in this section applies to the case where minye[—1,1] U”(x) > 0 replaces
equation (2.1.3b) as well.

In this section, we obtain a variety of estimates for A;{x that are necessary in
order to obtain bounds in the same parameter regime for B;L We note that since

'A'/'\,Ol = ‘A)—/_\,a

the results in this section do not depend on the sign of JiA.

Let A = u + iv. We begin by summarizing the results of this section in Figure 2.1.
We map in this figure the regions in the (||, v) plane where the various estimates of
A;la can be found. We refer the reader to Section 1.2 where the consideration that
led us to split the A plane to these regimes are briefly explained. We note that the
results of Sections 2.6-2.11 are valid for any « > 0. Section 2.3 addresses the case
o = A = 0, Section 2.4 addresses small o values, and Section 2.5 relatively large
values of «. The constants determining the boundaries of the various regimes satisfy
0 < v; < U(0), vg < 0, and k¢ must be sufficiently large while o and Ay must be
sufficiently small.

2.2 Some more preliminaries

We begin by defining the following (formally) self-adjoint unbounded operator on
H{(0,1) := L?((0,1), U?dx)

by
d d
My =-U?—U?—, 2.2.1
v dx dx ( 2)
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Figure 2.1. Summary of the results in Chapter 2. For each zone in C for the parameter A, we
indicate the section where the basic inequality is proved. Recall that £ = RA, and v = JA,
L0, Vo, V1, Ao, Ko are positive constants which are introduced in the various sections.

which is naturally associated via the Lax—Migram lemma with the quadratic form
@y, defined on

H{(0,1) = {u e L} (0,1) | Uu € L?(0,1) and U’ € L*(0,1)}  (2.2.1b)
by
Qu(w) = |Uw'||3. (2.2.1¢c)
Recall that U satisfies (2.1.3).

Remark 2.2.1. When U is replaced by e~?, we arrive at a well-known problem
considered in Statistical Mechanics and Morse theory (Witten Laplacians), see, for
example, [14] and references therein. As observed in [7], we arrive at a singular case
of this theory because U is vanishing at x = 1.

We can now state the following lemma.

Lemma 2.2.2. Suppose that My is a self-adjoint operator with compact resolvent
on L2((0,1), U? dx). If {kx}5°_, denotes the non-decreasing sequence of which the
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spectrum o (My) is consisted, then
K1 = 0

and
i > AN |U(©0)% (2.2.2)

where /\év denotes the second eigenvalue of the radially symmetric Neumann—Lapla-
cian (i.e., the Laplacian reduced to the radially symmetric functions satisfying the
Neumann condition.) in the unit ball in R3.

Proof. The proof that x; = 0 is trivial (the associated eigenfunction is the non-
vanishing constant function). To prove the lower bound for k, we first observe that,
by the variational max-min characterization of the second eigenvalue,

IUw'3 : IUw'|3
Ky = sup 5 = sup 5. (2.2.3)
weH} (0,1) WEH[ (0,1) [Uw]3 peH} (0,1) WEHY(0.1) [Uwl|3
(w,U2y)=0 (w,(1—x)2¢)=0
The second equality can be proved by writing ¥ = (15§)2¢. Then, we use the fact

that by the concavity of U
UO)(1—x)<U(x)<(1—x) (see (2.1.3b)) 2.2.4)
to obtain

LI =0l Juw'3
[0 —owlz = owl3 ~

21— x)w'|3

U(0 .
v 10— x)wl

U(©)| (2.2.5)

Let Up(x) = 1 — x and K,? denote the nth eigenvalue of My,. By (2.2.5) and [15,
Theorem 11.12] we have that

[U0)]k3 < k2 < [U(0)| 3. (2.2.6)
Setting p(x) = 1 — x we obtain that

eA/(U() = _p—Z_
which is defined on (the Neumann condition is the natural boundary condition asso-
ciated with Qy,)
D(My,) = {u € H*([0, 1]; p*dp) | u'(1) = 0}.

Hence, My, is the radially symmetric Neumann Laplacian, and we may conclude
that
K3 =AY,

The above, together with (2.2.6) yields (2.2.2). ]
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We next recall Hardy’s inequality on finite intervals (see, for example, [18, equa-
tion (1.25)]).

Lemma 2.2.3. Let w € H'(a, b) satisfy w(b) = 0. Then, we have
1
I(Ix = alw)'ll3 = ll[x —alw'|5 > lewllg- (2.2.7)

Proof. Let € H'(a, co) be given by

N {w(x), x € (a,b),
w(x) =
0, x >b.

Then Hardy’s inequality on R applied to w implies that

- L
1B = alw) 12 5y = 10 = @1BY 12 00y Z 31002000y = 31007200
To complete the proof we first write
I(x = alw)ll3 = llx = alw'3 + [lwll3 + 29w, [x — a]w’).

An integration by parts then yields

2% (w, [x —alw’) = R([x —a], (w]?)) = — w3
Hence,
I(Ix — aw)'3 = lIlx —alw'|3,
which completes the proof of the lemma. |

If we drop the requirement that w(b) = 0 we can state the following lemma.

Lemma 2.2.4. Let w € H'(a,b). Then, we have
1
1(fx — alw)'[15 = ZIIU}II%- (2.2.8)

Proof. We use Hardy’s inequality in R4 for the extension

B0 = {w(x), x € (a,b),

w(b)2=2, x >b.

x—a’

2.3 Estimates inthecaseax = A =0

We begin with the simplest possible case, for which « = A = 0. We recall that

2

d
Ao = —-U— +U"
0,0 T2 +
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is defined on
D(+o,0) = {u € H*((0,1), U?dx) | u(1) = u’(0) = 0},

corresponding to a Dirichlet—-Neumann problem on (0, 1).
Next, let W1-7(0, 1) denote the normed space

WhP(0,1) :={u € LP(0,1) | u' € L?(0, 1)},

with its natural norm denoted by | - |1, .
Observing that U belongs to the kernel of o, we set

¢ =cU+é¢.L, (2.3.1a)

where U.9)
=0 (2.3.1b)

= oz

in which (-, -) denotes the natural L2(0, 1) inner product.

Lemma 2.3.1. Let U € C?([0, 1]) satisfy (2.1.3). There exists C > 0 such that for
any (¢,v) € D(o0) x WH2(0, 1) satisfying

AooP =, (2.3.22)
(Lv)=0 and v(1)=0 (2.3.2b)
and
lim ¢'(x) = 0, (2.3.2¢)
2!
we have
¢Lll12 < C |lv]2 (2.3.32)
and
eyl < € Iolly vl (2.3.3b)

Proof. Letw = ¢/U. Clearly, w = ¢ + w1 withw; = ¢, /U, and
Aoo¢ = UMy w=U*Mywy =v. (2.3.4)
Step 1. Estimate of ||¢', ||2. Taking the inner product with w yields
IUwL I3 = (wy,v). (23.5)

Since (w,,U?) = (¢, U) =0, we now use (2.2.2), (2.3.5), and Hardy’s inequal-
ity (2.2.7) to obtain that

¢L
9213 = 1UwLl < Vw1 < 6| 22| vl < ClgLlalvle  23.6)



Estimates inthe casex = A =0 17

Note that by (2.1.3) and (2.2.7) it holds that

lwell2 <

o == 1. < HU(O)a_x)
e (0 B (2.3.7)

L2(—00,1)

2
< = Y

where ¢, € H! ((—oo, 1]) is given by

loc

~ _ ¢J_(x), X € [0, 1],
L0 = {¢J_(O), x <0

Integration by parts yields

I3 = Qw3 = U5~ {Uwr, Uwy) < U5+ CligLl2llwl.

(2.3.8)
Using (2.3.5) and (2.3.7), we obtain
9 M2 < Clvllz + llgrll2)-
By (2.3.6) we then obtain
g/ 12 < Cllvll2. (23.9)

Note that to obtain (2.3.9) we have used the mere fact that v € L2(0, 1).

Step 2. Estimate of ¢j. By (2.3.2a) and the fact that #¢ o1 = v, it holds that

¢L v
=c(l7l.+I5l)
1950 = (|2, + ||,
By Hardy’s inequality (2.2.8) we then obtain that

g1 12 = CALI2 =+ lIv']l2).

Using (2.3.9) we may conclude that

lp7 112 <

Using Sobolev embedding, (2.1.3d) and (2.3.2c¢) yields

leyl = 16 (D] < 16" oo < 19713/ 1671152

‘We can now conclude (2.3.3b) from (2.3.9) and (2.3.10). ]

(2.3.10)
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2.4 Estimate of (#,4) ! for A # 0 and @ < |A|1/?

We continue with the following estimate of (#4;_9)~! when RA # 0. From (2.1.1),

we recall that

o d?
,A)“d_f—(UjLzA) S+ U

and that its domain is defined in (2.1.2a):
D(Aj0) = {u € H*(0,1) | u(1) = u'(0) = 0}.
We shall then consider A;la for & small enough.

Proposition 2.4.1. Let p > 1 and U € C3([0, 1]) satisfy (2.1.3). There exists C > 0
such that, for A € C satisfying RA # 0 and |A| < U(3/4), it holds for any (¢, v) €
D(Ay o) x LP(0, 1) satisfying A) 0 ¢ = v that

¢l = c(ﬁ(/ol vax| + | =], +Ivls) @4
Proof. Step 1. We prove that
160 < c(ﬁ /01 vdx|+| - J’; — H1 +lolp). (2.42)

Step 1.1. The estimate on [1/2,1]. As, for any ¢ € D(Ay ),
Arop = —[(U +id)¢' —U'g]',
we may conclude that

)

UG +ik /[Kz(x A) = Ko (6, D]v(@)dt + Ka(x, k)f v(r)dr, (2.4.3)

where

1
K X,A. = 5 -
2(x.4) /x (U +i1)2(s)
A first integration by parts yields
1 1 ! U’ds
Kyx,A)= ——— + — — —_—.
2N =gorin T ororm

An additional integration by parts further gives

U"ds
/ (U’)2(U+1)L)
1
log(U + i4) — U"(1) log(i ) + / (

"

(U’)3)/ log(U +iA)ds.

Sy
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For |A| < U(3/4) (abounded set in C), there exists C > 0 such that for all x € [1/2,1]
(where U’ (x) # 0)

1 U” \/
/ <W) log(U +iA)ds| < C. (2.4.4)

To prove (2.4.4), we introduce, for v > 0, the real value x,, which is defined by
U(xy) =vfor0O<v <U(), x, =1ifv <0and x, =0ifv > U(0). (2.4.5)

Note that, for 0 < v < U(0), x,, € [0, 1), is indeed uniquely defined by the assumed
monotonicity of U (see (2.1.3)).

Then we use the fact that for |A| < U(3/4) (implying |v| < U(3/4), |U'(x,)| > 0),
there exists C > 0 such that

|Tog(U(x) +iA)| < C[1+log|x —x,|7'].
Hence,
log(U + iA) is uniformly bounded in L9(0,1) V1 <g < +o0, (2.4.6)

readily verifying (2.4.4).
Consequently, it holds that

1 1 u”
K(x,\)— ——— — — — —log(U 4+ iA) + U"(1)log(iM)| < C.
2(x, 4) Uw i i W og(U +iA) +U"(1)log(i})| <
(2.4.7)
Let 1
Kr(x, 1) = Kx(x, 1) — —+ U”(1)log(i A). (2.4.8)
l

By (2.4.7), we get the existence of C > 0 such that, for any x € [1/2,1] and [A| <
U(3/4) we have
|(U +id)(x)Ka(x,A)| < C. (2.4.9)

We now write, for any x € [1/2, 1],

[ swtemt] <l
and hence, by (2.4.6) and (2.4.7), for all x € [1/2, 1] and |A| < U(3/4) we have, for
(p, q) satisfying % + é =1,

v

[ favmon|<e(| 2],

(gl )

+ og(U + i)lgllvlly + 011
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Substituting (2.4.8), (2.4.9), and (2.4.10) into (2.4.3) given that K (x,1)— K, (t, 1) =
Ky (x,A) — K7(t, A) yields

1 ! v
limarzn =€ (o7 [ vas]+ gz ]+ 10m). @an

which completes the estimate of ¢ in [%, 1].

Step 1.2. Estimate of ||@||Lo0(0,1/2). Next, we consider the case where x €[0, 1/2).
In this interval we need to address the fact that U’(0) = 0, as is assumed in (2.1.3a).
Here, we use the assumption |A| < U(3/4) to obtain that for x € (0,1/2),

Ka(x, 4) — Kz(%, A)) - ‘fz(x, 1) — 122(% A)‘ <C. (2.4.12)

Since by (2.4.9) .
(W(/2) +inR2(1/2.)| < C,

we obtain that
)KZ(I/Z,A)‘ <cC. (2.4.13)

Combining (2.4.13) with (2.4.12) and (2.4.8) yields

C
| K2(-, M)llLoo(0,1/2) < i

Hence, for all x € [0, 1/2] it holds that
, C
|K2(x, M)(U +iA)(x)| < ik 2.4.14)

Furthermore, by (2.4.8), (2.4.12), and (2.4.13) we have that

1
[ ot - Ko 2ot

<

1/2 . . 1 . .
/ (Ra(t.2) — Kz(x,x))u(z)dz) n )/I/Z(Kz(z,x) — Ro(x, M)o(1)dt

1
=| [ (Rae.2) = Ralx oo+ Cloly
1/2

R 1
= C(|Tl|‘/0 ”dx‘ + HUii/xnl + ”””P)’

where, to obtain the last inequality, we used (2.4.10).
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‘We can then conclude that

‘(U Fid)(x) /1 (Kz(m) - Kz(x,)t))v(t)dt‘

1
= C(ﬁ’/o vdx’ + HUii)LHl + ”””1’)‘

Substituting the above, together with (2.4.14) into (2.4.3) yields

v

lioan < (| [ v + | gz ], + o).

Combined with (2.4.11) the above readily yields (2.4.2).

Step 2. We prove (2.4.1). We begin by rewriting +, o ¢ = v in the form

¢//_ UN ¢+ v
U+ U+il

Taking the inner product with ¢ in L2?(0, 1), integration by parts yields, as ¢’(0) =
¢(1) =0,

U/ld)
N2 =9 D) . 2.4.15
1913 = (. 5= ) + 96 ) (24.15)
Let y € C®°(R, [0, 1]) satisfy
. 0 |x| <3
x1(x) = | (2.4.16)

Let further § = 1 — ¥. The first term on the right-hand side of (2.4.12) can be rewritten
after an integration by part as

U//¢ ’ U//|¢|2)’(\

’ | > - m((—
U+ii U’

For the first term on the right-hand side of (2.4.17), we write

‘Eﬁ«w),,log(U +i))

U//¢
U+ii

—m<¢ >/,10g(U n i)L)> - %(qu > (2.4.17)

U = Cligllllgl + |¢'1logU + i) 1.

Using (2.4.6) together with Poincaré’s inequality leads to

UBPRY 1t v il = Elalt
(Y togw 4 0) < Clold e @419

For the second term on the right-hand side of (2.4.17) we have, observing that U(x) +
i A does not vanish for x in the support of ¥ and |A| < U(3/4),

w(ig. oo o) < Clsls (24.19)
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Substituting (2.4.18) and (2.4.19) into (2.4.17) yields, again with the aid of Poincaré’s
inequality,
U//(p
g,
¢ U+il
For the second term on the right-hand side of (2.4.15) we use Poincaré’s inequality
and Sobolev’s embeddings to obtain

)| = Clg' a1 loo- (2.4.20)

v v v
(g, < H H < Il¢’ H H . 2421
‘ <¢U+ik>'_||¢||°° U+iA 1_”¢||2 U+iilh ( )
Substituting (2.4.21) together with (2.4.20) into (2.4.15) yields
=c (7l -
1912 = € (| gz, + 1911)
‘We can now conclude (2.4.1) from (2.4.2). [ ]

We can now state as a corollary, an estimate for Afa when « is relatively small.

Corollary 2.4.2. Under the assumptions of Proposition 2.4.1, there exist C > 0 and
80 > 0 such that, for all A € C satisfying RA # 0 and |A| < U(3/4), for all a such
that

|| < 8o min(|A["/, Tog ™2 |u| ™),

and for any pair (¢, v) € D(A) o) x LP(0, 1) satisfying
Al =0, (2.4.22)

it holds that

v

6112 SC(WIM/OIvdx‘+ [z, + 1ots).

The proof is obtained by rewriting (2.4.22) in the manner

Ay op =V +a’d,

or
¢ = ,A);’lov + 0520‘\);’10(17.

We now use (2.4.1) to obtain

ot < (] [ ] o, )
+ € (ol + [ gz |, + 191
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Since |v| < U(3/4) < 1,

1
<Cl -1 2.4.23
|3z, = Croglul (2423

to obtain that

< <Cl :
|7l = gzl 19 = Crog ™ g e

Sobolev embeddings, given that || < 8o min(|A|'/2,1og™"/? |u|™1), complete the
proof of the corollary when p < oo for sufficiently small §g.

2.5 Small [A] and @ > [|U||51(34)}/?
Setforany A € Cand § > 0
ars = Ul (SA) (1 +26)"/2. (2.5.1)

In this section, we attempt to prove the invertibility of ) o as defined in (2.1.2) for
sufficiently small |A]| and o > @, 5.

To be able to state the result of this section we define, for p > 1 and KA # 0, on
WLP(0,1) the maps

v > No(v, 1) := min (”(1 -2 J': = |1, ||v||1,p) (2.5.22)
and
Ny(v, A) = ‘(1 m)‘ (2.5.2b)

We can now state and prove the following proposition.

Proposition 2.5.1. Letr > 1, p > 1, and § > 0 and U € C3([0, 1]) satisfy (2.1.3).
There exist Ag > 0 and C > 0 such that for 0 < |A| < Ao, ¢ > ) s and (¢p,v) €
D(Ay o) x WEP(0, 1) satisfying Ay o¢ = v, we have, with ¢ = (U, ¢)/||U||3 and
¢1L=¢—U,

1+ CIA?log|A|!

eyl < ;
la2|U |15 + i A

[lvlly + CIAIN: (v, 1)] (2.5.3a)

and
|A|

<C[N A)F
lé1ll2 < 0o(v,4) |a2||U||§+iA|

(ol + 1AM @A) ] @530)
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Proof. Step 1. We prove the existence of L9 > 0 and C > 0 such that, for |A| < A¢
and o > o s it holds that

1+ C|A?log A7t
@ [UT + 2]

eyl = (Ivlly + ClAlllgLllz + [AIN1 (v, 2)).  (25.4)

As
U(—¢" +a?p) —U"p = v —ir(—¢" + @) (25.5)

or equivalently, by (2.3.2) and (2.3.4)

Uv U’¢
U (M Hw = i : 2.5.6
My +ew =g T rim (2.2.6)
where My is given by (2.2.1) and w = U™ '¢.
Taking the inner product with 1 and integrating by parts then yields
Uv U'¢
2 2 .
Ulger =1, )+ia(1. ) 2,57
U3¢y v TNV T (2.5.7)
We now write
U//¢ U//U UN¢J_
LA S AL L) 258
7 AL e R U (2>:8)

For the first term on the right-hand side we write, as U’(0) = 0 and U’(1) = —1,

1, %) = —¢y(1+iA{1. Ulill,/\». (2.5.9)

Since, for IA < U(1/2),

v’ L U"(1)2) .
L = —U"(1)log(iA) — ————>log(U(1/2) + iA
< U +i/\>L2(1/2,1) (1) log(i2) U'(1/2) og(U(1/2) +id)
U// / .
_ <(7) Jog(U + lk)>L2(1/2,1)’

we may conclude the existence of C > 0and 0 < A¢g < U(1/2), such that, for |A| < Ao,

U// 1
LA g
K U+iA>L2(1/2,1) = Clog|A|
As U
(1 T2z = €
U+idlL20,1/2)
we obtain
v’ Clog|A|™! 2.5.10
1, )< . s
’( U+M> = Clog|A| ( )
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Next, we consider the second term on the right-hand side of (2.5.8) (note that

$1(1) =0)

(e B

U +iAlLzasz,n
- |- UUd/’l log((U(1/2) +iA)),_, » + <(UUQ/§L)/,Iog(U + i)
< Cll¢Ll,2-

For IA < U(1/2), we can write

U//¢J_
=100
K U +iAlL20,1/2) — oLl
and hence we may conclude that
U//¢J_
1, >( <C : 2.5.11
(1525 = Clonl. @s.11)
Substituting the above, together with (2.5.9) and (2.5.10) into (2.5.8) yields
U//¢ .
,—— < C|A|log|Al™ C . 2.5.12
(1. 5=5) + a1 = Cllog ATy + Cllglna (25.12)
‘We next rewrite (2.5.7) in the form
Uv //¢
2 2 .
UJ2+ix =<1,—) A (1—) : 2.5.13
(@ IUlz +id)¢y Uil ( grial T ( )

and then observe that

¢ Uﬁk) = [(o) —ia(1 g )| < vl + AN @A),

Substituting the above together with (2.5.12) into (2.5.13) yields

ol £ ——5——(lvli + CIA[*log|A| ey + ClA + |A|N1(v, A)).
1l = gz (1P + CRPTog A1y + Clallgalia + AN 0.4)

Given the fact that when JA > 0, o > a5, we have
1 1
— = T
2| U5 +iA] ~ 8|A|
and that when IA < 0 we have

+ = L,
e?lU N3 +iA] ~ 1A

we obtain (2.5.4) for sufficiently small Ay > 0.
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Step 2. We prove (2.5.3).

Step 2.1. Forw; = U~'¢,, we prove that

¢ U'¢L >‘

U'U+il)
(2.5.14)

Taking the inner product in (2.5.5) with w yields (note that w’ = w’))
U//¢
U+il U+ iA>‘

We now turn to estimate the right-hand side of (2.5.15). For the first term we have,
using the fact that |¢ (x)| < (1 —x)V2||¢/, ||

IUWLIIE +e?16L15 < Clo/LI2(No(v, 2) + [A] ley]) + ‘1/\<

J0w] 15 + @213 = (61 5g) + 4w (25.15)

)| = 19l |1 =02 =] . (2:5.16)

U+ii U+iil

Furthermore, splitting the domain of integration (0, 1) into two intervals: (0, 1/4) and
(1/4,1) and then integrating by parts on (1/4, 1) yield, for 0 < |[A| < Ao < U(1/2),

[

v -— .
<¢l,U+M>:—¢Lvlog(U—|—lA)|x=%
1 - 1/4
o (DLVY —
— [ log(U +iA d dx.
[ Josw +in(GF) s [ Gy
2.5.17)

Using a Sobolev embedding and Poincaré’s inequality yields for |A| < U(1/2)
|[rvlog(U +id)|,_1| = Clrlloollvleo = Cligll2llv]1,p- (2.5.18)

Furthermore, it holds that

‘/1/4¢¢

and, as in the proof of (2.4.20),

‘/;/410g(U+l/\)(

Substituting the above, together with (2.5.19) and (2.5.18) into (2.5.17) we can con-
clude, with the aid of Poincaré’s inequality and Sobolev’s embeddings, that

—dx| = C [blgL (2.5.19)

) dx| = Cvllnplpelo + I0loolid )

(er g=7)| = CIoL Il (2.5.20)
Combining (2.5.20) with (2.5.16) and (2.5.2) yields
/
(61 )| = LMoo, 2. 2521)
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For the second term we have, using the decomposition (2.3.1)

iafw., UUJ:":A> = ieA(#1. U(J]r” x> +ia{wl, = ﬁ’lx)' (2.5.22)

To estimate the first term in (2.5.22) we use (2.5.11) to obtain

‘C”A<¢l’ U +Ni)t

Substituting the above together with (2.5.22) and (2.5.21) into (2.5.15) yields (2.5.14).
The estimate of the last term in (2.5.14) is the object of the next step.

)| = cirllellignla (2.523)

Step 2.2. We prove that for every € > 0 there exists Ao > 0 such that for all 1| < A¢
it holds that

‘z <¢J_ U'¢y

/12
ey [t 2 (2.524)

Clearly,

" 1 " 2
<¢L U'és )— i/\/ U191 ] (2.5.25)
0

U U+il UU +il)
Recall the definition of x,, in (2.4.5),and let 1 — x, <d < 1/2.
The integral over (1 —2d, 1). We attempt, see Step 2 of the proof of [3, Proposi-
tion 4.14], to prove that for d < 5 there exists C > 0 and A¢ such that for Al < Ao

(u/l Lwdx‘ < Cdlogld|™"|¢, |12 (2.5.26)
124 U(U +i2) 1~ e o

To estimate this integral we use the identity

1 _ 1 |:1 1 ]
UU +ir)  iAlu U +idl
to obtain that

1 " 2 1 " 2 1 /" 2

U U U

i Ulloul” / UleLl” ;. [ VALl 4y 2527
1-2d U(U + l/\) 1-2d U 1-2d U + ll

Integration by parts yields

1 U//|¢ |2 U”
d log(U A
[ e = (G ioaPlioe(w +i1)

x=1-2d
1 !
—/ (—,|¢l|2) llog(U + i) dx. (2.5.28)
124 \U
Next, we observe that

lpL(0)[> <2d|¢ 3. 0<U(x)<2d, Vx e[l -2d.1]. (2.5.29)
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We also note that, for Ao small enough and |[A| < Ao,
|log(U(1 —2d) +iA)| < Clog|d|™". (2.5.30)

Hence, the first term on the right-hand side of (2.5.28) can be estimated as follows:

<Cdlogld|™" ¢/ 13- (2.5.31)
x=1-2d

(101 Pliog(w +h)

For the second term, we write

‘/1 0 —Iml ) |10g(U+i)t)|dx‘

U” 1 , .
< | Tl nan [ 062 + 240al 181D oV + i) dx

<c / 62+ 9] 14) og(U + )] dx. (25.32)
1-2

As
Iog(U + iM)||Lr(1—24,1) < Cd P log|d|™"  for p € {1,2},

we obtain, using (2.5.29), from (2.5.32) that

[ (Gowar) s + imtar| < Caroglar 16413
1—2d
Substituting the above, together with (2.5.29) into (2.5.28) then yields
U”|¢J_|2 _
b N )<Cd1 dI e 12, 2.5.33
[ x| = catogidr g3 (2533)

We now estimate the first term on the right-hand side of (2.5.27). Employing (2.3.7)
and Poincaré’s inequality yields

U"|gL]? .
‘ U dx‘ < CllgLllzzq-2a. 6L/ Ullz2q—2a.1) < C dll) 113

Substituting the above together with (2.5.33) into (2.5.27) yields (2.5.26).

The integral over [0,1 — 2d]. By (2.1.3) there exists C > 0 such that for all 1 — x,, <

d <1/2,
1 C

H I/ + l/‘\ HLCO ‘),]—Zd = I/ - d —V = [4)

1-2d " 2
U"|¢L| | |
A — = d .
‘ /0 UWU +il) . FELLNE
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Combining the above with (2.5.26) yields that for all 1 — x, < d, with the aid of
Poincaré’s inequality

UL IA|
A Torin ‘<C 5 +dlogld[™! 3 2.5.34
[ g x| = € (s + droeld ™) 1913 (2534
Let € > 0. Clearly, there exists d(€) > 0 such that for d € (0, d(¢))
€
dlogld|™! < —.
ogld| Yo

Furthermore, for (€, d) as above we add the condition

Ao < min (% d U(O)).

As
UO)(1 —xy) < |v] < [A] < Ao =d U(0),

we obtain that d > 1 — x,,, therefore, (2.5.24) can now be verified with the aid of
(2.5.34).

Step 2.3. We complete the proof of (2.5.3). Substituting (2.5.24) into (2.5.14) yields
for any € > 0, the existence of C > 0 and A, > 0, such that for |A| < A, it holds that

|UwL I3+ e?lpLlz < ClgL2(No(. ) + Alley]) + ellg 3. (25.35)
We now attempt to bound ||¢’, ||2. As
¢ =Uw| +U'wy,
and since ||U’||co < 1 we may use (2.3.7) to obtain
lgL113 < 2[Uw! 5 + CligLl3- (2.5.36)
On the other hand, by (2.2.2) and (2.2.3) we have that
lgLls < CllUW 3,
and hence, combining with (2.5.36), we obtain
¢ 12 < ClUW! 2.

Substituting the above into (2.5.35) yields, with the aid of Poincaré’s inequality and
a suitable choice of ¢, the existence of A¢g and C > 0 such that for |A| < Ay,

¢ l2 < C(No(v,A) + [A] ey ). (2.5.37)

‘We now combine (2.5.37) with (2.5.4) to obtain (2.5.3a) and (2.5.3b). ]
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While a direct use of (2.5.3) will be made in the proof of (5.2.2), we shall also
need to transform Nj (v, A) into a more conventional bound, which is precisely what
we achieve in the next lemma.

Lemma 2.5.2. Let U € C?([0, 1]) satisfy (2.1.3), p>1, 0<vo <U(1/2), and 1o > 0.
There exist C > 0 such that for all |i| < o, and |v| < vg it holds that

Ni(v,2) = [v(D)[log[A] + Cllv]1,p, (2.5.38)
where N1 is introduced in (2.5.2b).

Proof. Clearly,

v v v
(et SO (oo
< U+ii U+iAlL20,1/2) + U+illLza/2,n
Integration by parts yields

v(1/2)
U'(1/2)

— /1/12 (%)llog(U +id)dx.

Furthermore, as v < U(1/2) it holds that

= v(1)log(il) — log(U(1/2) +i})

v
1, —>
< U+idlLza/z,n

‘ <1 v > ‘ - vl
U +idlezoa/2) ~ |U1/2) +iA|
Consequently, by (2.5.2b), we can conclude (2.5.38) for any p > 1. |

2.6 The case 0 < IA < U(0)

Lemma 2.3.1 and Propositions 2.4.1, 2.5.1 address some of the cases where |A| is
small. We now consider the case 0 < v < v; for some v; < U(0), (recall that v = IJA).
For later reference (see Lemma 5.2.1 and Proposition 5.4.1), we also consider the case
where v is small using a different approach than that of the previous section. We set,
for p > landv € WHP(0, 1),

N, 2) = min ([[(1 = 02 +v712(1 — ) - J': — H1

210l + [ Tog Ib[ ™) + [oll2 + v 2] ). - 26.1)
For small values of |A|, since #;y,,0(U —v) = 0 and since U(l) —v = v K 1, we

expect 4 o to be almost singular, and that the norm of ¢ = A;lov would be much
greater in the space spanned by U — v. We thus use the decomposition

= cl(U—v)+[p—cl (U=,
where cl‘l’ is defined by (2.6.3).
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The proof of the following proposition is somewhat similar to the proof of [3,
Proposition 4.15]. In addition to the above-mentioned difference, resulting from the
non-invertibility of +¢ ¢, we need to address the Neumann condition at x = 0 here,
which complicates the estimate of [[¢’[|12(o,x,), Where x,, is given by (2.4.5). This
estimate, which is addressed in step 3 of the proof, significantly contributes to its
length and complexity.

Proposition 2.6.1. Let p > 1, U € C3([0, 1]) satisfy (2.1.3), and 0 < vy < U(0).
There exist (o > 0 and C > 0 such that for all A = u + iv with 0 < v < vy, and
0 < || < po and o > 0, we have, for all (¢, v) € D(Ay o) x WHP(0, 1) satisfying
A).aP = v (Where Ay o is defined in (2.1.1)),

C
I¢ = cj (U =Wz +v!2lef] < = N, 2). (2.6.2)

where

o (¢ —d(x). U —=v)1200.x,)
ll U —

. , (2.6.3)
U”LZ(Oaxv)

in which x,, is defined by (2.4.5).

Proof. Step 1. We prove that there exists C > 0 such that, for all 0 < || < I it holds
that

i 2.6.4
<
ol = (6. 57 )| 2.64)
for all pairs (¢, v) € D(Ay o) x WIP(0, 1) satisfying (2.4.22).
It can be easily verified (since 4 4¢ = v) that
v U//d)
S{p, — ) = —wl————=, ). 2.6.5
S<¢ U—v—{—iu) M((U—v)z—{—pﬂ ¢> ( )

B =SB~ 19(0) — B

we may use (2.6.5) to obtain, observing that —U"” > 0,

o )| 2 il s S0P 600 - 6 P). 266)
Hence,
"2 b
ool gty [ = wiso [T E52 e o =)

(2.6.7)
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Since |U(x) — v| < |x — x,|, and |[U”| > 0 we can conclude, that for some positive C

|U// 1/2 1
Iz [ e
U+ii o (x—xy)%+pu?

As|u| <1and x, € [x,,, 1], we obtain after the change of variable y = (x, — x)/|u|

/1 1 J 1 [ / ot
o i—x)2 42 Tl S 1+y2 |M|

Consequently, there exists C > 0, such that for all [u] < landv € (0,vy),

H |U// 1/2 ”

L 2.6.8
UTin |M| (2.6.8)

A similar argument is employed in the proof of [3, Proposition 4.14] (see between
equations (4.59) and (4.60) there). By (2.6.7) we then have

e u a2 ol @69

To estimate the first term on the right-hand side of (2.6.9) we first observe that for
some C = C(vy1) > 0 we have, forall A = p + iv such that0 < v < v

0o = Il

‘ ‘< € vre@ /A
X X ) )
Ux) +idl = |x — x| Y

where x,, = x, |v=v1 , and

1
— | <C Vxe(0,x/4).
‘U(x)—ki)t‘_ ¥ € (0.xn /9

Consequently, we may write

C
< v 0,1). 2.6.10
‘U(x)+i)t‘_|x—xv| x<@.D ( )

We now apply Hardy’s inequality (2.2.8) to w = (x — x,) "} (¢ — ¢(x,)) in (x,, 1).
It follows that

¢ — ¢(xv) ‘2 | 5
T =7 . 2.6.11
‘ X — Xy L2(xy,1) — 4”¢ ||Lz(xu,l) ( )
A similar bound can be the interval (0, x,,):
¢ — ¢(xv) 2 1., 5
T =7 . 2.6.12
‘ x—x, lr2ox) ~ 4”¢ IZ2(0,x,) ( )
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Consequently,

¢ — P(xy) |2 L,
=7 2.6.13
‘ x—x, lr2e,1) — g ||L2(0,1) ( )

from which we easily conclude, in view of (2.6.10),
‘ ¢ —¢(x)) )2

U+ii li2

Substituting (2.6.14) into (2.6.9) readily yields

< Clp'|3- (2:6.14)

2= c(|f ) 2,6.15

P = (|[o. )] + el 1913). @615

Using the positivity of —U"” on [0, 1] and (2.6.5) for the second inequality we then
obtain that

v

L X
|5 f iA Hz = C/O %WW < %|(¢ m)‘ (2.6.16)

Since

Arad\ o ¢
12 2 2 — 0o, aP\ g 7
1913 + a1 = g, 7220 ) = WU, s )

we may conclude from (2.6.16), Poincaré’s inequality, and (2.4.22) that

| 1912

1915 + 0?1913 < |{¢. 5——5)| + € HUfi/\z

= ‘<¢ U +ZA>‘ + |M|1/2‘<¢’ Uiik

1/2 ,
)1 e

from which we conclude, given that || < 1,

1915 = 2= (e 53] 2.6.18)

Substituting (2.6.18) into (2.6.15) yields (2.6.4).

Step 2. We prove that for any A > 0, there exists C and 14 such that, for o> < A and
A such that || < g and v € (0, vy)

v
U+ii

Il g1 ey .1) < C[ 1/2‘<¢, )‘1/2 n N(v,)t)] (2.6.19)

holds for any pair (¢, v) € D(A; o) x WP(0, 1) satisfying (2.4.22).
Let y € C*(R, [0, 1]) be given by

1 x<1/2,
= 2.6.20
x&) {0 x > 3/4. ( )
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Withd =1 —xy,let yg(x) = x((x — x,)/d) and set
d=9¢+o(x)xa- (2.6.21)

Note that by the choice of d, ¢ satisfies also the boundary conditions at x € {0, 1}.
It can be easily verified that

Arap =V +¢x)((U +id)(xy —a’xa) — U xa).
By (2.6.21) we have that
= (U —v) g € H*(0,1), (2.6.22)
and hence we can rewrite the above equality (using (2.4.22) twice) in the form
— ((U — v)z(%),), +a?(U —v)p
= v+ ) (U =v)(xg —*xa) = U" xa) +in(¢" — o*¢)

Y ) U//
= 9 (U )0~ o xa) ~ U ) + gy

(2.6.23)

Taking the inner product with w and integrating by parts, exploiting the fact that
¢(x,) = 0, then yields

U =)W' 2, 1) T €017 2, 1

v
= TR~ PO K
U//¢

T . 2.6.24
U + I.A>L2(xwl) ( )

+ P Xy — @ ad 2,y + 0w

We now estimate the four terms appearing in the right-hand side of (2.6.24), using

precisely the same procedure as in the proof of [3, Proposition 4.13]. For the first term
on the right-hand side of (2.6.24) we obtain with the aid of (2.6.21)

‘< U—zll>L2(xu,l)‘ ‘<¢ $xv), U+l)&>L2(xv,l)‘

+ I¢(xv)|‘<1 — Xd> (2.6.25)

U+ iA>L2(Xv,1)“

Since the integration is carried over (x,, 1) we can estimate the first term on the
right-hand side of (2.6.25) by using Hardy’s inequality (2.2.8) and (2.6.10)

) ) ‘ ¢ — P(xv) |
U —|—z/\ L2(xy,1) x—xy, WIL2(xy,1)
< Cll¢'ll2xy IV 2

H (x — xp)v

)(qﬁ $xv), U+il HL2(x,,,1)
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For the second term on the right-hand side of (2.6.25) we first note that since

1
¢u»=—/¢vmm

we may conclude that

p(x)] < d? ¢/l (2.6.26)
By the definition of y,4,

ol =5

U+ii —d’
and hence,
F e e
U+illL2e,,1) U+il d1/2

Hence, by the above and (2.6.26),

o i g | 24190 g e = €
DI = Xt Gz hage | S99 12 G2 Il < €l vl
Hence,

v
< 2.6.27
s N Xl L Y LS (2:627)

In addition, we may write, observing that ¢(1) = 0,

v ’ H 1/2
< 1-—
(0 7)o | = 1926, | (=0

Using (2.6.26), yields

U—|—MH1'

19"l 22y 1) = 19120, 1) + 16 G XG 12 = Clig' ]2,

which leads to

v
, <C|¢’ H 1 - ‘/Z—H . 2.6.28
K(p U +i/\>L2(xU,1)’ = Cligllzace, | =) U+illh ( )
Combining (2.6.27) and (2.6.28) yields the existence of C > 0 such that
v
, <Cl¢’ N, ). 2.6.2
(0 T nces | = €192, N@.2) (2:629)

To estimate the second term (w, ¢(x,)U" xa)2(x,,1) ON the right-hand side of
(2.6.24), we note that by Hardy’s inequality (2.2.8) and (2.6.26), we have

~ 1
lwilizzee,.) < Cle lL2@,.1) < C(”QS/”LZ(XU,I) + Wlfﬁ(xu)l)
< Cll9'llL2(xy.1)- (2.6.30)
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From (2.6.30) we then get

(w, ¢ o)V Xa) 12(xy )| = C 1@ ]2 (x, 1) (2.6.31)

Next, we write for the third term (¢ (x,) (¢, X — &*xa)r2(x,.1)) On the right-
hand side of (2.6.24), using integration by parts (note that x/,(x,) = 0 = x/;(1)) and
the fact that % < A

Mo x — & xad 2oy < 1€ 120, X2 + Callellz2ce, 1

~ 1
<Cy (WHQD,HLZ(MJ) + ”(p”LZ(xv,l))-

(For convenience we drop the notation referring to the dependence on A in the sequel.)
Consequently, by (2.6.21),

[ (x0)| [{e, X’é —Olsz)L2(xv,1)|
1 , 1 1/2
< €l 7173 (1912 + Zi7 1001+ (Ull2ge, 1+ 21 (D) ).

Hence, using Poincaré’s inequality and (2.6.26), yields

| (xy)]
|6 eo)| @, Xy — & Xa) 2 ry 1y| < Cdl—/‘;”(p/”Lz(xu,l)- (2.6.32)

4

To estimate the last term (i /L(w, %)
we first write

oo 1)) on the right-hand side of (2.6.24),

(00" ) |
U+ i,

= ‘<w U”%L%ml)) + Kw UH%)LZ()W,I))'

We then use (2.6.30), (2.6.26), and [3, equation (4.38)], which reads, for v € [0, v1],
with vy < U(0),

1 .
<C —1/2 2.6.33
HUHAHZ— vl ( )

to obtain that

‘(w’ U ¢ (xv)

1
< P
U+ i/\>L2(xU,1)’ = Cllwlizze, i) H U+ik Hz

< Clul™2d" ¢/ 1220, - (2.6.34)
Furthermore, we have, by (2.6.14) and (2.6.30),

Kw’UN ¢ —¢(xy)

< Cllo'|I? ]
U+ili >L2(x,,,1)‘ - ”¢ ”Lz(xu,l)
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Substituting the above and (2.6.34) together with (2.6.29), (2.6.31), and (2.6.32) into
(2.6.24) yields that there exists C > 0 such that

O e P O

, ()
< C (120" 4+ 119 e,y + [ )+ N )19 200,

(2.6.35)
As|U(x)—v|> élx — x| forall x € (x,, 1), we can apply Hardy’s inequality (2.2.7)
to (U — v)w’ on (x,, 1) to obtain

Wil 2y, 1y < CINU =W 1720,

~ ¢ (x0)]
< C([ul"2d 2 + 1l oo,y + [ + NOD]1912200,.m)-

(2.6.36)

Continuing as in Step 2 of the proof of [3, Proposition 4.14] we write, using the
definition of w and ¢,

16"l 20,1y < WU =)W 125, 1) + 10U Wl L2, 1) +C d™ , (2.6.37)

from which we conclude with the aid of (2.6.35) and (2.6.36) that, for sufficiently
small p1y4,

Il 1) = € (l";(f/“z)l + N(v A)) (2.6.38)

From (2.6.38) we can conclude (2.6.19) with the aid of Poincaré’s inequality, the fact
that d > v, and (2.6.4).

Step 3. We prove that for any A > 0, there exist C and pu4 such that, for a? < A4,
lul < pa,and v € [0, vy)

v
U+ii

1/2
e+ 1911 0.0 = € (v (@ ) TN ). 2639)
holds for any pair (¢, v) € D (A o) x WHP(0, 1) satisfying (2.4.22).
Here, we need to obtain an estimate for ||w|| 2oy, )» Where we recall from (2.6.22)
that w := (U —v) L.
To this end we need an estimate for w(x¢) for some X € (xy,/2, xy,), to be determ-
ined at later stage. Clearly, there exists x; € ((1 4+ x,,)/2, 1) such that

) V2
¢ (X)) < m”fﬁ/”um,l)

and
p@ED] < d? (1| L2e, 1)-
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Furthermore, it holds for all x € (x,,/2, x,,) that

"

¢"(x)] =

Consequently, as

_ [$G0) — () o
=G0 ¢/(0)|dx,

lw(Xo) <
|U(X0) - l)| X0

we may conclude that
1 Xy 5&1
wiio)l = e [ [Gol+| [ ¢war]ax
|U(X0) - 1)| X0 x
With the aid of (2.4.22) we then have

19/l +

w(fo)| < /21 [% +a2¢] dtD dx
i (2.6.40)

1
|U( ) - | X0
We now write

UL oour U~ ()]

To facilitate the estimate of the integral appearing in the first term on the right-hand
side of (2.6.41) we use an integration by parts to obtain

/:Cl U”, dt = (U— log(U —I—M)) /:Cl (Zt) log(U +iA)dt.

U+il U’
AsO<v <y, U”/U’ and (¥ are uniformly bounded in (x, /2, 1) and in view
of the inequality

[log(U +id)| <log|x —x,|"! + C,
we observe that the L!-norm of log(U(x) + i A) is bounded and that
|log(U + iA)(£1)| < C(|log(d? + p2)| + 1). (2.6.42)

Hence, we have

v ) s
o) [ GO ] = Clpenll + osta@® + 1) + sV + 1

For the second term on the right-hand side of (2.6.41), we have by (2.6.14)

SUO[B(E) — px)] ) ol [FeO —d) 2, 112
/xu U@ +ix d"fclxl_m”[/xu U@ +iA d

A2 L2 ey 21)-
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In a similar manner we obtain that

/X” U'[p@) — ¢(xy)]

dz\ < Clxw = )18 Il L2x.x, )

U(t)+iA
Consequently,
FLUP() = p(xy)]
,/_); U(Z) + ZA. - dt‘ S C(”¢/“L2(xv,fc1) + (xv - x)1/2||¢/||L2(x’xU)).
Hence,

X1 U’
/ ¢ dl‘
x U+iA
= C(19/ 2 50 + o =219 20,

+ |p(x)|[1 + |log(d? + u?)| + |log(U + i)L)(x)l]). (2.6.43)

Next, we write

l‘ < Cd"? ¢l 2, 1) + ‘/xx d)(l)dt’.

Then, with the aid of Poincaré’s inequality we obtain

X1
/ B0) di| = Cd 19200, 1) + 160 E =) + C0r =072 2
X

Substituting the above, together with (2.6.43), into (2.6.40) yields

C(l+ a2)| /

lw(Xo)| = UGo)

1/2”¢/”L2(x‘,,1) + (xy _x)1/2||¢/”L2(x,xv)
+ lp(xu)|[1 + |log(U + iA)(x)| + |log(d* + u?)[]] dx

We now write, using (2.6.42),

1 *v C *v
[log(U +iAd)(x)|dx < ~ / [1 4+ |log(xy, — x)|]dx
X

|U(X0) —v| Jz, T Xy — Xo Jz

< C[1 +log(|%o — xu| 1.

Consequently, since |(£¢—x,)(U(%)—v)™!| is uniformly bounded for £ € (x,, X, /2)
and o2 < A,

lw(&o)| < C[l¢(x)I(1 + log |fo — x,| ™" + [log(d* + p?)])
+ (0 = 20) 219 2o xy + A0 120, ] (2.6.44)
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We can now apply Hardy’s inequality (2.2.7) to w — w(X¢) on the interval (X, x,) to
obtain

lw = w(Eo)I3 2z, x,y < HI(x = X)W = wEDD 1325, .
< CODIU =)W 32300,
By (2.6.44) and (2.6.4) we then have
1wl 220,00
< C(IU =)W' 2o,y + 47216 122080 .1)
1018152 N @, 2)2 + 129 211 + log(1%o — xu| ") + [log(d? + p2)))
+ (0 — £0) 211922 5 x0))-

Note that C is independent of Xo € (x,,/2, x,).
On the other hand by Poincaré’s inequality, we have

lw = wEo)Z2050) < CI 1220 50)-
Observing that %xvl < X¢ < x, < 1 we obtain for all x € (0, Xo)
U ~v = UGo) ~ Us) = [U"(300 )| o~ xl
Consequently,
lw = w(E0) 172092,y < Cw = 20) 2 NU =)W' 72( 40 (2.6.45)
and hence, as X¢ < x,,

lwllr2(0,x,)

< C((xy — 20) "' IU =)W [l 20.2,) + d_1/2||¢/”L2(x1,,1)
1 N _
U 122N, 22 + [1]V2]¢|2](1 + log [£o — xu| ™! + [log(d? + u?)])

+ (xy — 20)1/2||¢/||L2(20,xv))'

Continuing as in Step 2 of the proof of [3, Proposition 4.14] we establish that

16" 122(0,2)

< C((rw = %) W =Wl 200y + 472160 120 1)
1010152 N @, )2 + 129 1211 + log(1Fo — xu| ™Y + [log(d? + p2)))
+ (x0 = £0) 210" 22(g,x)) - (2.6.46)
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Taking the inner product in L2(0, x,) of (2.6.23) with w yields, as in (2.6.24)
(note that y; = 1in (0, x,)))

”(U - U)w/||iz(0,xv) + 052”(/)”22(0,)(]))

. v "
= <(P, m>L2(O,xU) - (w,¢>(x,,)U >L2(0,xu)

"

— 2P () (@, 1) 1200y + i/L<w (2.6.47)

U + i/\>L2(o,xu)'

As in the proof of (2.6.29) we obtain below for the first term on the right-hand
side of (2.6.47)

v
R < !
’(w’ U+il >L2(0,XV) ¢ ||¢ ”LZ(O,xv) N(U, A) (2648)

Indeed, as ¢’ = ¢’ in (0, x,)) and ¢(x,) = 0, we get for x € (0, x,)
()] < 16/ l200,0,) (0 = )% < 119 12(0,2,) (1 — )2,

from which we conclude that

v / ‘ 12V H
, < 1— . 2.6.49
Kgo U + i)t>L2(0,xv) =19l (1 =) U+illi ( )
In addition, we can write
v v
K(p, U+ i/\>L2(o,xU) B K(p — ), U + i)L>L2(o,xv)

_ (@ -9 x—x
e T oo

and then use (2.6.12) and (2.6.10) to obtain

v
2

<C|¢’ . 2.6.50
T o] = 19121012 (2:6.50)

Using the definition of N (v, ) in (2.6.1) we can now conclude (2.6.48) from (2.6.49)
and (2.6.50).
By (2.2.8) which reads in this case

lwliz20,x,) = ClI# 20,3 (2.6.51)
we have for the second term on the right-hand side of (2.6.47) that
(w. ¢ (0)U") 12000,y = C 1o xo)I19 2(0,x,)-

For the third term we have, using the fact that o < A4, (2.6.21) and Poincaré’s inequal-
ity,

0?6 (x0) (@, 1) 220, Cl3 (I 22(0,2,) + 180 ) < ClP )| 1912 (0., -
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Finally, we obtain for the last term of (2.6.47) using (2.6.10), (2.6.12) (as in the proof
of (2.6.14) but on the interval (0, x,,)), and (2.6.51)

U"(¢ — ¢(xv))
o L1t

<C
T o] = CIBIE N2,

Hence, with the aid of (2.6.33) we conclude, as in the proof of (2.6.34),

|/L<w, U (xy)

T | = CIIIWU + 07 2,0 16 19120,0,

C 11?16 o)l 20,009
C (ulll9' 220 r,, + IBx)P)
C (1119 Nz20,2) + 1IN 122(0,5,)-

| /\

I/\

Combining the above starting from (2.6.47) yields

(U — V)w/||i2(o,xv) + 012||(,0||22(0,XU)
< C(ul 19200,y + (9G] + NI N2000).  (2:652)

Hence, by (2.6.46) and (2.6.4), there exists C > 0 such that for any X¢ € (x,/2, x})
we have, with ¢ = x,, — X,

I¢'ll2 < C(N, A) + [1+ [+ d 216 I L2, 1))
+ ClIplM? (™ + |log(d? + 1)) + 2|14 2.

We can now choose X¢ such that & = inf((%)z, Xy, /4). Then under the condition
|| V2(e" + |log(d? + u?))) < %, which is valid for p4 which is small enough,
we obtain

16'2 < 3C (N 2) +d 721§ 12x,.1) = C(N@, D) + 7219 [l L2r,.1).
(2.6.53)
Combining (2.6.53) with (2.6.38) yields,

Pl L d 2N /\)) (2.6.54)
from which we can conclude a bound on ¢ in H 1 (0, x,) as stated in (2.6.39), upon
use of Poincaré’s inequality and (2.6.4).
To complete the proof of (2.6.39), we need to estimate cl‘l’, which is defined in
(2.6.3) by
oV = (¢ —d(xy), U — V)Lz(o xv)
I U —

v”L2(O X, )
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We note that for 0 < v < v; the denominator in the definition of cl‘l’ satisfies

1
I =200y Z MU =)o, ) 2 & (2.6.55)
Hence,
¢ — P(xy) N
v ’
eyl = CH U—v Iz = Cllo'lL20,x.)- (2.6.56)

which together with (2.6.54) yields (2.6.39).

Step 4. We prove that for any A > 0, there exists C and pt4 such that, for a? < A,
|| < g, and v € (0, vq) such that

v
U +4iA

6 —ef@ —v)la = (o ) Nwn)  @6sy

holds for any pair (¢, v) € D(A; o) x WP(0, 1) satisfying (2.4.22).
Since (2.2.2) remains valid if we replace U by U — v, 1 — x by x,, — x, and (0, 1)
by (0, x,,) we may conclude from (2.2.2) that there exists C > 0 such that

IV =0 2y = 0 oy (2.6.59)
where, in the interval (0, x,,), ¢\ is defined by
L= —p(n) — (U —v) =g —cf(U—v) (2:659)
and cl‘l’ is defined in (2.6.3). Note that by construction
(1. U =v)ox,) =0. (2.6.60)

Furthermore, by (2.6.60) and (2.6.55)

1
Sl < I PIU =200, < 19122000, (26.61)

Substituting (2.6.61) and (2.6.58) into (2.6.52) (recall again that ¢’ = ¢’ in (0, x,))
yields, with the aid of (2.6.18) and (2.6.59), for a new constant C
1081220 0, + @lc] 2

= C(|(#. )| + Do)l + N@ D16 20,00y + Ief)) - 26.62)

U +il)
Letw’ := (U — v)_lgoj_. As in (2.3.8) we obtain that

1@ 200y < CUU =)@ 22000 + 105 220,00 105 1220.)-
(2.6.63)
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By Hardy’s inequality (2.2.8) applied to w , and since (w'] )’ = w’, we may conclude
from (2.6.63), with the aid of (2.6.58), that

1@ 20,y = CAWU =)W' ll120,4,) + 105 12200.5,))
< CIU =)W'l 12(02,)- (2.6.64)

We now rewrite (2.6.52) with the aid of (2.6.18) in the form

v
"U+ik
Combining the above with (2.6.64) and (2.6.59) yields

vy |12 v

1631200 = C (| 5577)
+[lp o)l + N, VW@ 20,%,) + ICﬁl))- (2.6.65)

This yields by (2.6.39) and (2.6.4) that

1@ 1720.x,) = € ”‘I(K‘P’

I =)' a0y = € (|(# )+ 1o 0o + N M l2200.00))-

v
U+il

)‘ + N, 2)?). (2.6.66)
Clearly, by Poincaré’s inequality
16— U =)o 0,
< 2(16Y 200y + 192 < CUW@LY 1220 0y + 1600,
which implies
I¢ — e} U =100y < CU@ 2oy + 9G0P (2:667)

Combining (2.6.67) with (2.6.39), (2.6.4), and (2.6.66) then yields

v
U +i)
Next, we write with the aid of (2.6.19) and (2.6.39) (the bound on |cﬁ’ D,

16— c{ (U =l = Cv2(|g |+ Nvwn). @sss)

¢ — Cff(U - V)”Hl(x,,,l)

_ v
= Il oy + 4 lef) = € (v7/2 (o

U +il)
Combining (2.6.69) with (2.6.68) and (2.6.4) yields,

)‘1/2 N A). (2669

v
U+ii

16 et — vl = 2 ([lg )| 4 M),

verifying (2.6.57).
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Step 5. We prove that for any 0 < v; < U(0) and A > 0, there exists uyg > 0 and
C4 > 0 such that (2.6.2) holds for o < A and || < 4.
Forv € (0,v1), let ¢, € C®°(R4, [0, 1]) satisfy

0 < v
Cv(x) = Y (2.6.70)
1 x> %“
and
£, (x)] < C(v1) Vv e (0,v1), Vx € (0, 1).
Let further

by =1—1¢,. (2.6.71)

We may now write, omitting the reference to v for ¢, and Ev,

(e0. )| = lpwl[{z.

)+ [fe0 - g 52 ) @67

U+1)L U—I—l)L U+A

For the first term on the right-hand side of (2.6.72) we begin by writing that

o) = () v ) D20

Then we observe that
|log(U(1) +iA)| = [log(U(1) — U(xy) +ip)| < Cllog(d™" + 1)),
and since d < 1 — x,, we obtain
|log(U(1) +i4)| = [log(U(1) = U(xy) +ip)| = C (log(d ™).

‘We can then conclude that

ol = G2 s+ 0}l

In view of (2.4.6) we can use Holder’s inequality and the fact that
Illp = llvlleo < (I + 11l

to obtain, with the aid of (2.4.6), that for any p > 1, we have

(G toe( + )| = vl + 11,

Consequently, there exist C > 0 such that

(65

) =€l + (D ogld ). (2.6.73)
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For the second term on the right-hand side of (2.6.72) we have, using (2.6.59) and
Hardy’s inequality (2.6.13)

(@ - . Ui Tl = (“U_”)’Uim»”(a"i’ﬁﬂ
=i+ |20 1S
< &(et 1ol + 1) Talvla). 2674

Substituting (2.6.73) and (2.6.74) into (2.6.72) yields

(o0 gzl
= C[Ig DI Iy + [o(Dl1ogld ™) + lef ol + @) I2lv]2 |- 2:675)

As0 <v <v; <U(0) and suppg C [0, x,, /4], it holds that |E(U +iA)7! < C and
hence,

(E6. 55 77)] = Clolsclvll < Cl Lallvl. (2:676)
Combining (2.6.76) with (2.6.75) and (2.6.59) then yields
(0 7)€ LGl (1 + (D l1ogld ™) + lef vl + 1@ 2 lvlz].

With the aid of (2.6.4) we then obtain that

SN = LIV + [P og? |47 + [ef vl + 1) zv1a]
(2.6.77)

e
Substituting (2.6.77) into (2.6.39) leads to

el 1= C (7 1 Il + v Tog1d | + [l + @) 15 2 vl 1 +v 2N (v, 1)),

(2.6.78)
Next, we substitute (2.6.77) into (2.6.57) to obtain, in view of (2.6.59)
@) ll2 < €™ 2[1V 1, + v (D) log v + [ef V2 ||v]l}?
+ v 2 |u]la] + vTV2N (v, A)). (2.6.79)

Combining (2.6.79) with (2.6.78) yields

v 2(1(@1) a4 vlef [<C (I o+ v Togv™ + v oll1 +v7 2 [[ulla+ N (v, A)).
(2.6.80)
Substituting (2.6.80) and (2.6.4) into (2.6.77) leads to

1/2
oo =555
< C(IIVp+lvog v v ]l +v 72 v+ N(v, 1)) (2.6.81)
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On the other hand, given the fact that ¢(1) = 0 and in view of (2.6.59), it holds that

p ()| = | =110 =0 + 1) 1201 = )12
Consequently,
v v
Tl =l |+ 1erfa -0 5= |
K‘i’ U—I—ik>‘ ¢ D oraal, Tz =y U—H/\
(2.6.82)
Substituting (2.6.82) into (2.6.39) yields
= ‘2\| 1= g7
el = v =9 5=/ 1,
- a0 ———| T2N@A). (2683
1@ 1[0 = 02 | T PN ). 68
Then, substituting (2.6.82) into (2.6.57) leads to
1/2
VL < 4= 1/2( 1/2” 1—x H
(@)l < v |C||| ( U i 1/\
1l n1/2 H -1/2
1 —_ N(v,A). 2.6.84
vHa—nr o] e Nea. e

Combining (2.6.83) and (2.6.84) we may conclude
v 2@ 2 + vief |

C(v_l H(l —x)

”1/2 ,1/2 H(l )12 4 N(v,k)).

(2.6.85)

U+l)t U—I—iknl

Combining (2.6.85) with (2.6.81) and (2.6.1) yields (2.6.2) for a? < A.
Step 6. There exists Ag > 0 and C such that if &2 > Ao, || < 1,v € (0,v7), then
Plla10,1) = C N(v. ) (2.6.86)

for any pair (¢, v) € D(; o) x WHP(0, 1) satisfying (2.4.22).
We preliminarily observe that

U//
8, = sup é‘v

ve(0,vy)

Co= sup | log(U +id)| < +oo

lul=<1
ve(0,vy)

< 400,
,00

and
- U// H

U—I—z)t

Cy = sup
lul=1
ve(o,vy)
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where ¢, and Ev are defined in (2.6.70)-(2.6.71).
Taking (as in (2.4.15) for the case when o = 0) the inner product of (2.3.2) with
¢ yields for the real part

1913 + o813 = (g

Uiik>_m<§U”¢’Ufi)t>_m<EUN¢ f( ,%> -

For the first term on the right-hand side, we can use (5.2.16) to obtain

95{p. )| = Clo N . ).

For the second term we apply Poincaré’s inequality, the finiteness of 60 and 65, and
the Sobolev embedding

#1125 < 2092192,

to conclude that for some new constant C

evo 57

< (Zciop) toew + i)
< o + Do (22 o |19+ (6577 ) | 112)
< C 915”191,

For the last term on the right-hand side of (2.6.87), we have

¢
U+il

(eore. ) <won3)i S| <ol

U+il
Consequently,

1912 + @2l¢ 13 < C (161372116 15% + 1913 + ¢/ 12N (v, A)).

Using Young’s inequality we obtain, for some Ay > 0 and C>0
1 ~
912 = (Ao —a®)@ll3 + C N(v, )% (2.6.88)

Hence, for a? > Ay, (2.6.86) follows immediately from the above inequality in con-
junction with Poincaré’s inequality.

Conclusion. Observing that %v < d < Cv, the proof of (2.6.2) follows from
(2.6.39), (2.6.57), and (2.6.806). ]
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2.7 The case IA <0

We now consider the case where JA is negative. Due to the non-invertibility of 4o
the estimates of A;la become challenging in the limit IA — 0 and the bounds neces-
sarily include negative powers of v = JA.

Proposition 2.7.1. Let U € C3([0,1]) satisfy (2.1.3). Then there exist C > 0 such that
forany a > 0, and (¢, v) € D( o) x WHP(0,1) (where 4, 4 is defined in (2.1.1))
satisfying (2.4.22), we have for all v < 0,

<Cc(+ ! H 1— 1/2L| , 2.7.1
9.2 = €+ [0 =02 =] CRAR
and, for —1/2 <v <0
—3/4 12V
16/l 2 —ppr2py < C 7Y H(l—x)/ U+mH1‘ (2.7.1b)
Furthermore, it holds that for all v < 0
1/2
< C(1=)2[1 + p|"V2(1 = )1/ ) v ) . 272
9001 = CO =04 ™20 =016 ) 2:172)

Proof. We begin by rewriting # ,¢ = v in the form

(U =P + U — v = — i e L® WV A U7

U+il U+il
where
w=¢/(U—v).
Taking the inner product with w on the left yields (see (2.6.24) and (2.6.47))
w2+ 2612 = (¢ —2 )+ ipfw, L
I =13 + 1913 = (6. 57 ) + inlw 5 p7)

For the last term on the right-hand side we have, since U” < 0and U — v > 0,

4

"
m(’“(“” UU+¢;)L>) = |M|2<U¢i v’ |Ulfr ?x|2> <0.
Hence,
I =)'l + o113 < (g, ). 2:13)

We now write, using the fact that U(x) —v > C71(1 — x —v),

Lu“mﬂf[L}FEW”4WMU—wwm

(1—x)1/2
T V(1 —x —v)l/2

lw)| <

(U —v)w',. (2.7.4)
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Using this time the bound U(x) — v < 1 — x — v together with (2.7.3) and (2.7.4),
we obtain (2.7.2). Integrating (2.7.4) squared over [0, 1] yields

lwl3 < € MU —v)w'|3. (2.7.5)
By writing ¢ = (U — v)w, we obtain that
l¢"13 < 211(U —vyw'll5 + 2 |U"w]3,
which leads, together with (2.7.5), to
l¢"13 < C(vI™" + DIU —v)w'|3. (2.7.6)

We can now establish (2.7.1a) by combining (2.7.6) with (2.7.3) and the fact that

)] < 16/ [12(1 = x)'/2.
To obtain (2.7.1b) we write for —1/2 < v < 0,

||¢/||i2(1—|v\1/2,1) = 2 ”(U - V)w/”iz(l_h,‘l/z,l) + 2 ”U/w”i2(1_|v|l/2,1)- (2-7-7)

By (2.7.4) and the fact that for all x € [0, 1]

1—x 1
0< ———m— < —,
[(1—x—v) ™ |v]

we obtain via integration over (1 — |v|1/2, 1) that
||U’w||22(1_|v|1/251) = C||w||22(1_|,,\1/2,1) <Ch[™?\W - vw'|3.
Substituting the above into (2.7.7) yields
16/ W21 _opiro0y < € PIY20U = vy 2. (2.738)

By (2.7.3) and (2.7.1a) we then obtain that for —1/2 < v < 0,

2 —1/2 4/ o122 Y
19132112, = € WI7210' 2] (1 =02 |

A~ 2
= CpI2 |a-x' .

i
U+il
readily verifying (2.7.1b). ]

2.8 The case vy < JA < U(0) — ko|RA|, |RA| small

In the following, we establish estimates, similar to (2.5.3), for v; <v < U(0) — k||,
for sufficiently small U(0) — v; and |p|.
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Proposition 2.8.1. Let U € C*([0, 1]) satisfy (2.1.3) and U""(0) = 0. Let further
p = 2. There exist 0 < vy < U(0), uo > 0, ko > 0, and C > 0 such that for A s.t.
0 < |u| < poandvy <v <U(0) — k||, for all o« > 0 we have, for all pair (¢,v) €
D(Azq) x L=(0, 1) satisfying (2.4.22),

S — 2.8.1
I$ll2 < ML o]l (2.8.1a)
and
log 1t
¢z < € — 75—Vl (2.8.1b)
Xy

Proof. Since 0 < v < U(0) and since by (2.4.5) U(x,) = v, we must have that x,, €
(0, 1).

Step 1. We prove that there exist C > 0, uo > 0, and vy < U(0), such that, for all
A =u+ivsuchthatv; <v < U(0) — || and O < || < o it holds that

2 o2 v ‘
bl = Cxl G191 + (6. 57 )] (282)
for all pairs (¢, v) € D(Ay o) x L=°(0, 1) satisfying (2.4.22).
As in (2.6.6) we write
|U”|

1
U - :+ m>) = |“|<m’ S —16(x) —¢(xv)|2>. (2.8.3)

3o,
We begin by observing that for some C > 0

)U(x) —v— %U”(O)[2xv(x —x) + (x = x)?]| < Cl(x — x)* + x3|x — xp]].
(2.8.4)
By (2.8.4) we have

1
SU O = x| = Clex = x)* + 7 x — x|
1
<|U—-v| < 5U”(O)|x2 — X2+ Cl(x —x)* + x2x —x,]].  (2.8.5)

From the right inequality in (2.8.5), as (x — x,)3 + x3 < 2(x + x,), we conclude
that there exists C; > 0 such that

|U —v| < Cy|x?* — x2]. (2.8.6)

From the left inequality in (2.8.5), there exist ag > 0 and v; < U(0) such that for all
v1 < v < U(0) and x + x, < ag it holds that

1 1
5U”(O)|x2 — X2 = C[(x —x)* + x2|x —x,[] > ‘—lU”(O)|x2 - x|, (28.7)
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from which we can conclude that whenever x + x,, < ag, we have
1
U —v| zE|x2—x§|. (2.8.8)

On the other hand we have that, for v; < v < U(0) such that x,,, < %2,

U—-v 1 U—-v U'(ag — x
T R e T U T Y B
xzao—xy X2 —x2 T ag ¥=ao—xv X — Xy ao

Combining the above with (2.8.8) and (2.8.6) yields the existence of 0 < v; < U(0)
and C > 0 for which

é(x2 —x2)? < (U(x) —v)* < C(x* —x2)? (2.8.9)

forall x € [0, 1] and v; < v < U(0).
From (2.8.9) we can get that

1 |U//| 1 1 1
s 5 dx > 2 2 5 dx.
o U—-v)+u 0o (Xx=xp)?(x +x)*+p

x4 1

sup 2 2 2 = 22’
x€[1,00) (x=xp)2(x +xp)2 + 1 (1 —xvl)

we obtain that

/1 dx
0o (x=xp)2(x 4+ x,)% + pu?

- /°° dx B 1 /"o dx
“Jo (x— xv)z(x + xv)z + PLZ (1I— X51)2 o xt

o0 dx
= 2 2 > — G2
0o (x—x)*(x +x)*+ p
S S
3(1—x31)2'
Using the substitution £ = x/x,, it can be easily verified that

where C, :=

/°° dx o /00 dt
0o (x— xv)z(x + xv)2 + sz B 2x3 —00 (‘i:z - 1)2 +a?

where @ = |u|/x2.
Hence, there exists C > 0 such that

1 " (e’
1% 1 1/ dx
—_——dx > —|— ——— —2C, . 2.8.10
/0 (U—=v)2 + pu2 x—c[xg oo (X2 —1)2 + a2 2] ( )
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Making use of the residue theorem yields
&0 dx 1
- = 27ri[Res<—A VI + iCAl)
/_oo (x2—1)2 +a? (z2—-1)2+a?

1 =
+ Res(m, —1 - la)]
_ R(1+ia)
Cavar+1
Consequently, given that, by (2.8.6) applied with x = 0, it holds, for sufficiently small
U(0) — v, that

(2.8.11)

n<U@0) —v < Cyx2,

hence x2 > cop with cg = 1/Cy and finally thata < L.

Consequently, there exists 0 < vy < U(0) and po > 0 such that for all v; < v <
U0) — |u] and 0 < || < o we have for some C > 0

! u” 1 7R (V1
/ WA s L [ xR(v1+id) —2G]z . @812)
o U—-v)+u c ava*+1 | ]y

In a similar manner we can also show the existence of a positive C such that

1 |U”| _ [o© dx C
——————dx<C > ——dx < . (2.8.13)
o U—=v)>+u 0o (x—xp)2(x+xp)*+pu || xw

We proceed with the estimation of the right-hand side of (2.8.3) by observing that,
in view of (2.8.9)

(e o —paP) < | 22T sy
Applying Hardy’s inequality yields
RS
AS P(x) — H(x) P, )
xX) —¢(xy Xy
(e I ol IR [l X

and since by Hardy’s inequality (2.2.8)
‘ ¢ —¢(xv) ‘2 - LH¢ — () |2

(x 4+ xy)2 lI2 ‘2

C 712
< x—gllqS 112,

we obtain that $(5) — (x)n[2
()

X+ x,

C . 2
< — .
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Substituting the above into (2.8.15) and then into (2.8.14) yields

( 10"
(U —v)2 + p?

which, when substituted into (2.8.3) together with (2.8.12) leads to (2.8.2).

C
60— ¢ ())<= = 119'I3 (28.16)

Step 2. We prove that there exist 0 < v; < U(0), positive g, C, and Cy, and k¢ > 1
such that, for all @ > Cy/xy, V1 <v < U(0) — ko|t|, and 0 < |u| < o, the inequality

1/2
||¢||12<CK U+M>‘ : (2.8.17)

holds for any pair (¢, v) € D(Ay o) x L(0, 1) satisfying (2.4.22).
Let
U=UW0)—U and « = /(A + U(0)).

1/2

Note that |k| > |u|*/* > 0. Clearly,

1 1 1 1 1
U+ik (OV2—)(0V2 1) _ﬂ[f]l/z_x B Ul/2+K]‘

We now write

/l U// dx _ 1 1 //[ 1 B 1 ]dx
o U+iA 4k Jo OU2 —  OV24d

An integration by parts now yields

1 1 1
/ U”[~ - ]dx
0 U2 — UV2 4k

1 U U2 — g x
=-= log =
20-12yr T UV 4klx

=1 1 1 U// ’ 01/2 — K

+ —/ (., ) log = dx
=0 2Jo \U-V2U’ U2 4+«
Since maxejo.11(T ~1/2U")(x) < 0 and since U~"/2U" € C2([0, 1]) we can conclude
that there exist positive C, C,, C such that

Cy (! ~ ~ C
‘/ - dx)SCl—i——z/[|logU1/2—K|—|—10gU1/2—|—/<|]dx5—.
o U+iA Kk Jo

K

Since by (2.8.8) it holds that k > /U(0) — v > x,,/C, we conclude from the above
that there exists C > 0 such that

u” C
—. 2.8.18
‘ / U+ l)t Xy ( )
Taking the inner product of (2.4.22) with ¢ /(U + i A) yields for the real part
v ¢
" = |1¢'|3 + o253 + KU "¢, ———). 2.8.19
(0. grg) = 1915 + 2113 + (U9, ) (28.19)
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We then write
2 2 2 _ Eﬁ( v )
9113 + " llgllz < R(g, Ui

U] ()P = g () [? "
+[/0 A |Ux+l/\| }d + o (x v)|2)/ 5—:?)&0%‘]

(2.8.20)

By (2.8.18) it holds that

C
| (x,)|? dx| < x—|¢(xu)|2. (2.8.21)

/1 U//(x)
o U+il

To estimate the first term on the right-hand side of (2.8.21) we use the inequality

o) = 1o (o) ? | = (g ()] + 16 (o)l [p(x) — ¢ (x)]

together with Hardy’s inequality and (2.8.9) to obtain that for some Cy > 0

/1 U] 1g(0) > = 1§ (x0) |
0

d
U +iA] x

x* —x7 H o] + | (x)] H H H¢ ¢ (xv) ‘
X+ x, X — Xy
< Colx; M lll2 + x5 1¢ (xo)] 19]]2- (2.8.22)

Note that to obtain the last inequality we need the estimate

‘ ¢ (xy) |¢(xv)|

X+ x, Xz

Substituting (2.8.22) together with (2.8.21) into (2.8.20) yields the existence of
Co > 0 and C > 0 such that, fora > Co/x,,

C v
1 = el + 2 )
1913 = oGP +2|(¢. 5173
Substituting (2.8.2) into the above yields

|l

|¢(xv)|2 + (2 + Cxy)

1915 < (#7777

For sufficiently large ko (or equivalently for sufficiently small |u|/x2) we obtain
(2.8.17).



The inviscid operator 56

Step 3. With N, (v, A) given by

Na(v, 1) = H(l x)l/z— (2.8.23)

we prove that, for any éo > 0, there exist C > 0, o > 0, kg > 0, and v; > 0 such
that, for v < v < U(0) — ko|u|, || < Co/xy, and || < po, we have
v
ez, = € ([fo
9" 122(0,x,) = ¢ Uxik

holds for any pair (¢, v) € D(A o) x WP(0, 1) satisfying (2.4.22).
We seek an estimate for [|¢'[|12(o x, ). depending on [|¢|l12(,x,)- We begin, to
this end, by obtaining an L estimate of ¢’.

>‘1/2 + XN (0.0)) (2.8.24)

Estimate of ||¢’|| Lo-. We separately consider the subintervals (0, x,,/2) and (x,,/2, x,).

Estimate on (0, x,/2). To obtain an estimate for [[¢’||zc0(0,x, /2) We integrate the
relation 4 ¢ = v, to obtain for all x € (0, x,),

wwi=| [ owa | [ (L +a)a,

which leads to

6/ (x) < (fox (UUJ:(];A)‘”‘ + H U:m

We then use the following decomposition

TV [TUS =g 0n)]
/oU+iAdt_/O U+iA dt+¢(v)/ U+Adt (2.8.26)

To estimate the first integral on the right-hand side of (2.8.26) we need the following
bound which follows from (2.8.4):

R i R e = R

2
L1(0,x) + ol (2.8.25)

U—-—v x%2—x2 U - - x2
Consequently,
| / Vg ol / U1l — )l
U +ir - |U —v|
<(Q2+Cxy) / TROZSIL,, g
0 Xy —t

and hence, for sufficiently small U(0) — vy,

U"lp —p(xn)]
‘/ —UTin dt <(2—|—Cx,))10g

||¢ | 2o 0,%)
<1+ Cx,,)log(9/4)||¢> oo 0,x)- (2.8.28)
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To obtain the last inequality we have used the fact that x € (0, x,/2). Note that
log(9/4) < 1. Hence, the coefficient of |¢'||zc0(0,x) is smaller than one for suffi-
ciently small U(0) — v;. Next, we write for the second integral in the right-hand side
of equation (2.8.26)

oo [ <] [

which leads to

//|

L= cnipe f

|¢(Xv)| xv +x
)qﬁ(xv)/ TR dt‘ < =, (2.8.29)

Xy xv_

Substituting the above, together with (2.8.29) and (2.8.28) into (2.8.25) yields for all
t € (0,x] C (0,x,/2]

| (xv) Xy +1
log
Xy Xy —1

9
|4"(1)] < log 0+ Cxy)ll¢llLo0,) + C

2[4 llL1 0.)-

v
+ HU +iAlIL10,x) +

Taking the supremum over ¢ € (0, x] yields

¢ (xy)] log v T X
0g
X

9
" ()| oo (0,x) < log Z(l + Cx)|19'llLoo0,x) + C
Xy — X

o? Pl L1 0,x)*

1)
+ ”U—i-ik)u(o,x) +

Hence, for sufficiently small U(0) — vy, we obtain for all v; < v < U(0) and all
x €[0,x,/2],

(B X+
Xy x—x

9"l Loo(0,x) < C(

Ll(o,x))'
(2.8.30)

+ ¢l + |57

Estimate on (x, /2, x,). To obtain a bound for ||¢’|| oo (x, /2,x) for x € (x,/2, x,) we

write
X

IR G dar|.

The first term can be estimated by using (2.8.32). To obtain a bound for the second
term, we follow the same path as in (2.8.27). We get

/x Mdl‘ (2+Cv)/ Md[ (2.8.31)
Xy /2

U+il
As in (2.8.28) we can conclude that

T o) — o)l
2

2
Xy /2 Xv—t

X+ xy
3xy/2

< (24 Cuxy)1og(4/3) ¢l Lo (x, /2,5 -

2+ Cx,) dt <2+ Cxy)|¢lLoo, /2.0 l0g T
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Hence, the coefficient of ||¢’|| oo (x, /2,x) is again smaller than 1 by a suitable choice
of v;. Repeating the above other steps then yields, for x > x,,/2,

9"l oo (xy /2.%)

1
< ¢ (=gl log

Xy + X

18100 + | Tz 1o 19 C021).

Xy — X L1(0,x)

which, combined with (2.8.30) for x = x,,/2, finally gives

~ 1 Xy +x v
litenrai = € (10 log 2=+ o lo573 o)
181l oo (xy /2,6) = ™ |¢(xv)|log s e Iéllio0 + | 77 Lo
Combining the above and (2.8.30) lead to the existence of C > 0 such that
19"l oo (0.x)
< C(Fpealos 2 4 gl + || L) xe @)
— @ (xy)]| 1o o —_— b ,Xp).
- Xy Y & Xy — X L1©x U+iAdlLto,x) v
(2.8.32)
Estimate of ||¢'||12(0,x,)- Observing that
X 1
v 1+¢
/ log X gy < v, / log? ~L gt < Cxy, (2.8.33)
0 Xy — X 0 1—1¢
we may conclude from (2.8.32) by integrating over (0, x,,), that
- v
191220000 = € (53218 + 250l 20000 + 52| 57 | o )
Note that y 1
< (1 —xy)"2N,(v, 1), 2.8.34
H U+ i)L‘Ll(O,xV) = (1=x) 2 N2 (v, 4) ( )

which leads to
1912200,y < C (x5 2P (xn)| + @?xu Il 1204, ) + X2 2 Na(v, 1)) (2.8.35)

Estimate of ||¢||12(0.x,)- Set

¢ =@+ ¢(xy),
and recall from (2.6.23) that for all x € (0, x,,)

— (W= (7)) + 2w vy

_M_ 2 _ T . U//d)
=T U - U ing e
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Taking the inner product, in L2(O, Xy), with w defined as in equation (2.6.22) by
= (U —v)7 Lo, yields as in (2.6.24)

”(U - v)w/”iz(og)ﬁ)) + a2||(p||i2(oaxu)
v
_ L _ , U//
<<p U+ iA>Lz(o,xu) (w, (W)U 12(0,x,)
U”¢

U +i) )LZ(o,xu)'

— 2400 D) 1200 + iu(w (2.8.36)
We now turn to estimate the various terms on the right-hand side of (2.8.36).
For the second term in (2.8.36) we use the fact that by Hardy’s inequality and
(2.8.9) it holds that

~

¢ —P(xy) 1 C
=c[ S5 el <7
lwlizr,x,) = v —xr 2@l x T2 20 = 1172 161122 (0,x,)-
(2.8.37)
Consequently,
c Pl

(w,p(x)U") 2000y < C 1/]; 9"l L20.x,)- (2.8.38)

For the third term in (2.8.36), it follows from that
@?|p(n){p. )| = Ca?x) 219l L20.x,) + )26 )DIG()]. (2:8.39)

Finally, for the last term in (2.8.36), proceeding as in the proof of (2.8.22), we obtain
by using (2.8.37) and Hardy’s inequality

U/l¢
(v g 57)
U+idlL20,x,)

U//

U"(¢—¢(x))
m HLOO(O,xU) T

U+il

= 16! [0lL1,00)| +lwllz20,0)

LZ(Osxv)

112
16 (x)] 19172 0,x,)
= C[ES5 19200 + — 2 .
|/’L|xv v

Substituting the above, together with (2.8.39) and (2.8.38) into (2.8.36) yields

6 ()| 1l
¢l = €| 1/; 1912000 + 19 220000
+ Caz(x”zumzw,xv) BB

+ K(p U+ zA>L2(o )l
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from which we easily conclude that

|¢ (xv)|

|
12200 = C[ i 7 190 + 5

161720, + 20l (x0) ]

(2.8.40)

+ ‘<<p U + 1)L>L2(0 )l

Substituting (2.8.40) into (2.8.35) we obtain

B0
18120.00 = € (575

v

+a2x32 g (x0)| + el 292 0.1

1/2)

As |a| < Cy/x,, we obtain for sufficiently large «o (implying that both |1|'/2/x, and
a|p|'/? are sufficiently small)

A (1P (xy)]
18"l 2(0,%,) < C( 1/; + 5,2 Na (v, 2) + Ktp
Xy

+ xj/zNz(v, A) + ax,

v
<<p’ U + i)L>L2(o,xv)

1/2). (2.8.41)

v
U + iA>L2(0,xU)

Note that, by (2.8.34),

<16 = @) Iz~ | 577 s o
< 22,2192 (0,,) N2 (v, 2).

v
K(p, U + i)t>L2(0,xu)

Combining the above with (2.8.41) and (2.8.2) yields

1/2

19120 = € [“ 101 + 52 Mat0, 20+ o, 7))

For sufficiently large ¢ we easily obtain (2.8.24).

Step 4. We prove that, for any Cy > 0, there exist C > 0, o > 0, k9 > 0, and v; >0
such that, for vy < v < U(0) — ko|u|, || < Co/xy, and || < o, we have

v
U+il

19/ l|2 < C(an, Hl/z + xvl/zNz(v,x)), (2.8.42)

for any pair (¢, v) satisfying (2.4.22).
Observing that U”(U — v) > 0 on (x,, 1) implies

" ¢ /1 |¢|2U”(U —U)
RU = 2= x>0,
< 2 U+ i)k>L2(xu,1) o U +iA2 T

and hence we may conclude from (2.8.19), that

)
U +iAlL20,x,)

1913 + a2 l913 < —9i{U”9. (2.843)

+ m<¢, ﬁ)
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we now proceed as in the proof of (2.8.21)—

[
(U”‘ﬁ’ U+iA)L2(0,xv) ’
(2.8.22) to obtain

)
U+ idlL20,x,)

‘m<U//¢’
C _ -
< I + Ol I8l + % IO 191200,y (2:844)
%

Using Poincaré’s inequality applied in (0, x,,) to (¢ — ¢(x,,)) yields

)
"U 4+ iAlL20.x0)

)m<U”¢

C PN -
< AP+ C(19/ 12000 + 55 OIS 2200,y (2845)
v

Substituting (2.8.45) together with (2.8.24) and (2.8.2) into (2.8.43) yields

1913 + 1915 = C[E1615 + . 5] + wodacw. 2]

U +i)
For sufficiently large «¢ we readily obtain (2.8.42).

Step 5. We prove (2.8.1). We begin by deriving two conclusions of (2.8.42) and
(2.8.17) under the assumptions of the proposition. Since by (2.6.82)

)| = 1912 N2 0. 2,

o 557
where N, is given by (2.8.23), we obtain by (2.8.42) (for || > S—S) and (2.8.17) (for

|| < S—S) that, under the assumption of the proposition,
9l < CNa2 (v, 2), (2.8.46)
which combined with (2.8.2) yields, for bounded |u|/x2,
|6(x0)] < Cx}/>Na(v, 1), (2.8.47)

Proof of (2.8.1a). We begin by obtaining a bound on ||(U + i1)~!|,. By (2.8.9) we
have forg > 1 and v; < v < U(0)

H ‘ - C /‘ ds
U+idlLaon ~ |pula=2 Jg, [(s? —a?)? + 1]2/2°

where a = x,|u|~"/2.
We estimate the integral on the right-hand side in the following manner:

/ ds </ ds
o, (22 + 192 = Jo, a2 —ap + 1197

</ dt <1/ dt <C (2.848)
T r@2+ 192 Ta g 2+ 1927 a” T
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It follows that forg > 1 and v; < v < U(0)
q C

< — .
L4(0,1) — xy|p]97!

Since for v < v; we may establish (2.8.49), using (2.6.10), as in [3] we may conclude
that (2.8.49) holds for any 0 < v < U(0).
We continue by estimating (¢, (U + iA)~'v). To thus end we write

U+u”1+‘¢;fi?)

v
U+il

LI

)| =tec] T

‘<¢, H2 (2.8.50)

Suppose first that v € L?(0, 1) for some p € [2, 00). Then,

el = vl g,

whereg = p/(p — 1).
Consequently, by (2.8.49)

(2.8.51)

| | < —S
N =~ v .
U+iilt ;xl—% »

117 Xy
Next, we estimate the second term on the right-hand side of (2.8.50). Consider first
the case p = 2. Here, we write with the aid of (2.8.9)

‘ e H = vl < Sy (2.8.52)
—|v|l2. 8.
U+il 2 = x, "
For p > 2 we have
(x —xy)v H
<
‘ U+ii ll2~ Ivlly
where g =2p/(p — 2).
As above we write
— 1 d 6
H T / — < . (2.8.53)
U+iA 0 [x+x]4 7yt
Consequently,
(x —xp)v
H Utin H 1+1 Ivllp, (2.8.54)

which is in accordance with (2.8.52) for p = 2.
Using (2.8.50) once again, we deduce from (2.8.51) and (2.8.54) that

(8. )| < c(ﬁwm + xilﬂ; 2 2bn) \2) ol

X — Xy
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By Hardy’s inequality we then have

(o5

By (2.8.23) and (2.8.51), we have that

—)|=c ( 1|¢(xv>|+ llnas ||2)||v||p. (28.55)

V

v
N2(v,2) < H o +m”1 < — vl (2.8.56)
Il 7 x, *
The above combined with (2.8.46) yields
, C
19"ll2 < ——— Il (2.8.57)
Il xy ”

which is weaker than (2.8.1a).
We obtain a better estimate in the following manner. By (2.8.55), (2.8.56), and
(2.8.42) it holds that

lp"ll2 <

“(l

from which we get

1 1/2 3t5
B e I Bl e )
2p

1_ 1
|27 xy 27 ’

1yl
Ip'll2 = C——= o

112 10l + € (21 Geo)l + il ™o 2 T2 o))

£+
v

<C|MIqu"II¢ 2+ € (x72I¢(xo)| + 1“7 xy

1
2p

1
-3+

S =

lvllp)-

Using the fact that |¢|'/2x! can be assumed to be small for a suitable choice of ko,
we can then conclude that

-1+
16/l < C(x;21p (x)| + "7 xy >

By (2.8.2) and (2.8.55) it holds that

1
"vllp). (2.8.58)

9 ()2 = va[§||¢'||§+ (mréxv‘ Tl + o 19 ||2) Iv H
v xv

and hence we obtain that for any § > 0 there exist Cs > 0 and x((8) such that, under
the conditions of the proposition with kg = k¢(6),

1/p
X
90| = x,281¢'ll2 + Co s vl (2.8.59)
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Substituting (2.8.59) into (2.8.58) yields

1
-1+

S

16ll2 < Clul ™7, 7 fvll,.
As ¢ (1) = 0, we may use Poincaré’s inequality to establish (2.8.1a).

Proof of (2.8.1b). Suppose now that v € L*°(0, 1). Then,

< — .
ol =l

Then, we may use (2.8.9) to obtain

1 1 dx C ds
il = s |
U +ialh =" Jo (02 =2 =217 = Wl Jp, (67— a7+ 1172
(2.8.60)
Then, we write, using the fact that for sufficiently large ko we have a > 2,

/ ds - /2“ ds
Ry [(52—a?)2+11V2 7 Jo  [a%(s —a)? +1]'/2

- ds loga
* /2a [(s —a)* + 1]1/2 = C( P ) (2.8.61)

Combining the above yields for v; < v < U(0)

H < B (2.8.62)

”U+ik 1

Xy

Note that by (2.6.10) the above estimate holds for v < v as well (see [3]). From
(2.8.62), we deduce immediately

X
log futr2

gl = e bl

(2.8.63)

Next, we estimate the second term on the right-hand side of (2.8.50) in the case
p = oo. Using (2.8.53) we obtain that

(x —xp)v
ozl

C
< 5 lvleo: (2.8.64)
Xy

Combining (2.8.64) with (2.8.63), (2.8.17), (2.8.42), and (2.8.24) yields (2.8.1b).
Note that by (2.8.2) and (2.8.50) we obtain that

() < Clog(| Tl/z)ll vlloc (2.8.65)

This completes the proof of the proposition. |
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2.9 The case U(0) — ko|RA| < SA < UQ0) + ko|RA|

In the following, we consider the case where v is very close to U(0). Here, we need
to address the quadratic behavior of U — U(0) near x = 0. This case deserves special
attention whenever |v — U(0)| < |u].

Proposition 2.9.1. Let p € (2,400, ko > 0and U € C3([0, 1]) satisfy (2.1.3). There
exist Lo > 0 and C > 0 such that, for any @ > 0 and any A for which 0 < || < o
and U(0) — ko|p| < v < U(0) + ko|i|, we have, for every pair (¢,v) € D(Aj o) X
L°°(0, 1) satisfying (2.4.22)

MEas: (2.9.1)
Proof. For v < U(0) we choose x, € [0, 1) so that U(x,) = v. In the case v > U(0)
we set x,, = 0 and proceed in a similar manner. Obviously, the assumptions made on
U and A imply that there exists C > 0 such that

Xy < Clu|V? forall 0 < |u| < 1. (2.9.2)

Step 1. We prove that there exist C > 0 and p¢ > 0 such that, for all A such that
0 < |u] < poand U(0) —kolp| < v < U(0) + ko|p| it holds that

) = Clual [ 18'13 + [{o, (293)

vl

for all pairs (¢, v) € D(Ay o) x L°(0, 1) satisfying (2.4.22).
We note that (2.8.3) can be rewritten in the form

|M| v
|¢( v)|2/ (U U)2+M/2 dx
1%

U —v)? +p?

=

(e, |+ 1l 9 —d(F). 294

U—-v+ z,u>
Since

(U —v)*> < C(* + v = U(O)])* < C(x* + ko|ul)” < C(x* + ),

/1 |U”| 1 /1 dx
—dx Z = . A
o (U—v)>+p? C Jo x*+p?

Using the substitution x = |u|'/2£ yields

we obtain that

=172

/1 dx =|M|_3/2/M d§ |3/2/ /oo d§ ]
0o X*+ u? 0 E4+1 E4+1 Il 12 €4+ 1
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/ ——— < C|u?,
=172 §% + 1

we obtain the existence of pg > 0 and C such that, under the conditions of this step

1 U// 1
/ # dx > — . (2.9.5)
o (U—v)2+pu? Clul3/2

By (2.8.16) we have that

v Wywuo—¢wﬂf>fﬁiu

(@ :

¢_¢(xv)
U —v|1/2

‘2'

By (2.8.9) we have for all v; < v < U(0) for some positive v; > 0 that (note for
sufficiently small g we clearly have v > U(0) — ko|pt| > v1)

1 1
|U —v| > E(xz—xf) > E(x—x,,)z, (2.9.6)
which remains valid also for v > U(0) given that
1 1
U —v| > |U—-U©)| > 5x2 = E(x—x,,)z. (2.9.7)

Hence, by Hardy’s inequality (2.6.13),

v P(x) — p(xy)

X — Xy

2 C
-

9|3
2= ful'T P

<m lp(x) — ¢(xv)|> < “CL—|‘

Combining the above with (2.9.5) and (2.9.4) yields (2.9.3).

Step 2. We prove that for any «; > 0 there exist positive C and po such that, for all
v > U(0) — k1|p| and || < po it holds that

|7l +| (Z:Lx,-viv ] (29.8)

holds for any pair (¢, v) € D(Ay o) x L=(0, 1) satisfying (2.4.22).
We begin by restating (2.8.43):

16/l < Cu*

U f iA>L2(o,xU) + ER<¢’ ﬁ)

1913 + 913 < ~9i{U"9. (2.9.9)

Then, we write

U//¢
R
<¢’ U + i)L>L2(o,xv)
’ U//¢ U//¢
= ER<¢’(’C”)’ U+ iA>L2(0,x,,) + m("j ) iA>Lz(o,xv)'
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For the first term on the right-hand side we use (2.9.3) to obtain
U//¢
U + zk>L2(o xv)

K‘p(x“) U zx>)l/2] H U+ik Hz

< Clulx)2 (19112 + |(e.

Using (2.6.5) and the fact that U” < 0, we obtain that

1 2 1 T A2
HUfiAHiZ/O %dxicfo %d“%‘@’uim»'

Hence, it holds that

ol = o ) 29.10)

and we can conclude that
U//¢
U+il >L2(0 xv)

<l +lfe 2l e )
(2.9.11)

For the second term on the right-hand side we use (2.9.10), (2.6.12), and (2.9.2) to
obtain

(o).

U’¢ ¢ —¢(xv) (x—x,)U"¢
‘<¢ — ), U+ i)L>L2(O,x,,) o K xX—x, = U+il >L2(O,xv)
¢
/
< Cxilld'l2| g7,
~ v 1/2
li
= Cl¢/lla| (0. =)
Hence,
//
o} v 1/2
— I . 2.9.12
¢ mM>U+ML%m) Cli¢'lz (. =) (2.9.12)
Substituting (2.9.12) together with (2.9.11) into (2.9.9) yields
1915 = ¢|{e. =7 (2.9.13)
Note that by combining (2.9.13) with (2.9.3) we can also conclude that
2 1/2 v ‘
¢ (xu)|” = Clul (<¢ U+M>. (2.9.14)

To prove (2.9.8) we now write, with the aid of Hardy’s inequality

‘<¢’U—tik>‘ K‘p( ) U-+i ,\>+‘<¢ 90), U+i A)‘

< p(x -W¢H\UJKW

gl
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Combining the above with (2.9.14) gives

‘<¢’ Uii/\> = C("”% U+ik

Then, (2.9.15) and (2.9.13) imply (2.9.8).

H +1¢112 ‘ Uﬁ;iv H) (2.9.15)

Step 3. We estimate ||ﬁ||q for ¢ > 1 and || 7355 4 for ¢ > 2 for v € (U(0) —
ko], U(0) + Kol pl).-

We consider two separate cases by splitting (U(0) — ko|u|, U(0) + xo|p|) into
two subintervals.

The case v € (U(0) — ko|u|, U) — &|u|), 8 € (0, ko). In this case, observing that
x, > C7! |5M|% we use (2.8.49) to establish that for any § > 0 there exists C such
that for all §|u| < U(0) — v < ko|u| it holds for all ¢ > 1

ol = 5w
Utirla = 15)% a1z

(2.9.16)

In a similar manner we obtain from (2.8.60) and (2.8.61) (note that a = x,, |,ud|_1/2 >
1
C 1582 in the present regime of v values) that there exists Cs > 0 such that
loeal, =
U +il |12

(2.9.17)

Finally, we use (2.8.53) and the fact that x,, > C~! |8M|% to obtain for all ¢ > 2

Cs
= p|@ e

P
U+ilAlyg

(2.9.18)

The case v € (U(0) — §|u|, U(O) + ko||), 6 € (0,k0). In this case we use (2.8.9) to
obtain that
4

1 1 /x 1
W=z (2 =x)?z (5 ) = oxt = Gl

The above inequality implies that there exist C and §y < k¢ such that, for § € (0, 8g)
and v € (U(0) —8|u|, U(0) + kolu)),

1 C
<
(Ux) =v)> + [u]> — x* +|uf?

(2.9.19)

for all x € [0, 1].
Consequently, for all ¢ > 1, using the substitution x = |u|!/2&, we obtain

H H / €= /oo € ___C 000
U+inle=Jo 2+l @ S Sy @ e 7
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Finally, we use (2.9.19) to obtain that

el gl ) e
We now observe that for all g > 1
o q
H X2+ |l H |M|(q1 P /0 [gzi e 96 = WWC_I)/Z. (2.9.22)
Together with (2.9.22) and (2.9.20), (2.9.21) yields the existence of C > 0
X — Xy C
H U+il |M|(q—1)/2' (2.9.23)

The general case. Combining (2.9.16) and (2.9.17), (2.9.20) yields, for g > 1, the
existence of C > 0, such that for |U(0) —v| < ko|u]
C

H U+il H |pula—172 (2.9.24)

By (2.9.18) and (2.9.23) we may conclude, for all ¢ > 1, that there exists C > 0 such
that, for |U(0) — v| < ko|u|

X — Xy C
H U+il |M|(q—1)/2' (2.9.25a)
Note that
<l
o0 |x2 = x2| + || oo
X — Xy X—x,
(sG] P 5251 2
|x XU‘<|I’L‘ |l’L| 00 |x xu|_|M\ x2| |M|1/2
hence A
X — Xy C
2.9.25b
H U+il |,u|1/2 ( )

Step 4. We prove (2.9.1). The proof is similar to Step 4 of the proof of Proposi-
tion 2.8.1. We estimate the right-hand side of (2.9.8) separately for p € [2, +00) and
for p = oo. Suppose first that v € L?(0, 1) for some p € [2, +0).

For the first term on the right-hand side, we deduce from (2.9.24),

vl

1/4 H H 2.9.26
I U+ii |/L| ﬁ+z ( )
To estimate the second term we use (2.9.25) to obtain for all p > 2
(x —xp)v H
2.9.27
|, = e (2.9.27)

I/LIZP+4
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Suppose now that v € L°°(0, 1). Then, by (2.9.24) we may conclude for the first term
on the right-hand side of (2.9.8) that

C
/4 H H Voo 2.9.28
W gzl = s vlles (29.28)
Next, we estimate the second term on the right-hand side of (2.9.8). Using (2.9.25)

we obtain that

(x —xy)v H
< )
‘ Ut in ln= vl
Together with (2.9.28) the above yields (2.9.1) for p = +o0. [ ]

Remark 2.9.2. Note that, under the assumptions of Proposition 2.9.1, by (2.9.14),
(2.9.15), (2.9.25a) and (2.9.24) it holds that

B (x)? < C (1ol 0lloo + 114119 l12]1v]loo)-

Using (2.9.1) for p = 400 then yields the existence of C > 0 such that
¢ (x0)] = Cllv]loo- (2.9.29)

2.10 The case SA > U(0)

In the case where A = v > U(0), we get a better estimate of A;la, measured by a
negative power of || + (v — U(0)). More precisely, we have the following proposi-
tion.

Proposition 2.10.1. Let p € [2, +00]. There exist jto > 0 and C > 0 such that for all
U € C3([0,1]) satisfying (2.1.3), v > U(0), || < po, @ >0, and (¢, v) € D(Aj o) X
L°°(0, 1) satisfying (2.4.22) it holds that

C
||¢||1,2 =< i 1 ”U”p, (2101)
[l + v = U 77+
Proof. We begin by restating (2.8.19)
U"U —v)¢ ,
ik 21003 +{———s—.0) = R, . 2.10.2
613+ U818 + (= ®) =M ) @102

Since v > U(0), it holds by (2.1.3) that the third term on the left-hand side is positive,
and hence we can conclude that

2 v
o"ll2 < 9i<¢, U M). (2.10.3)

We split the proof into two separate parts in accordance with the magnitude of (U(0)—
V)2 + 2
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Step 1. The case (U(0) — v)? + p? small. We consider here the case where
UO)—v)? +pu*<s

for some sufficiently small ¢ > 0.
To properly bound the right-hand side of (2.10.3) in that case we need an estimate
for |¢(0)|. To this end we use (2.10.2) once again to obtain

<%¢) = o, U—iik)’

from which we can conclude that

U"(U —v) )
(T ovs e o)
U =)@ = $(0) G
- 2< (U — )2 + p2 P = ¢(0)> + 2§R<¢, U iA)' (2.10.4)

We continue by bounding from below the left-hand side of (2.10.4). To this end we
observe that since

1 1
in [U"(x)|>— >0 and U(0)— U(x) > — x2,
xg}éfll]l ()] > o >0 an 0)—-U(x) > Yo

we can conclude that

( U"(U —v) 1>>l/‘1 x2 +v—U(0)
U—-=v)24+p2 1= CJy x24+v—=U@0)]? + pu2

1 ! x?
> —/ dx
CJo [x24+v—U(0)]2 + u2
2

1 [1 X
P dx
2C Jo x*+ (v —=U(0)2 + pu?)

1 o0 x?
— dx —1].
220[/0 A —UOP+ 2 ]

Setting
x = (v —UO)] + pu*)"4s

yields

U"(U —v) - 1 1 o 2
<(U—v)“ruz’ >_f(([v—U(O)]zﬂtz)‘/“/o s4+1ds_l)
1 ~
Cl—UOP + 2

A%
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For sufficiently small ¢ we obtain that
( U"(U —v) 1>> 1
(U =02+ p12" 1= 20 {[v — UO)2 + pu231/4
To estimate the first term on the right-hand side of (2.10.4) we first write

(2.10.5)

(G0 o)< [0 (eSO,
R .
U —v)? + p? [x2 + v —U(0)]? + u? ’
we may use Hardy’s inequality to obtain that
(G2t s—po) <cloz. @ios)

Equation (2.10.6) together with (2.10.3) and (2.10.5) yields, when substituted into
(2.10.4),

9O = (Il + v = UO/)3%(¢ ) (2.107)

U +i)
To complete the proof we now estimate the right-hand side of (2.10.3). To this
end we write
v

o, 7)< wollgl, + 152 Ll

Using Hardy’s inequality together with (2.10.7) yields

v
(g,

¢ U+il

Using (2.10.3) once again yields

16/l = €[l + v = U

I+ 191

R (e M

U)-Ci—vi/lnz]'

|1/4)H U+ik Hl + H U+ik ”2] (2.10.8)

The proof of (2.10.1) is now verified by following the same path as in the proof
of Step 4 of Propositions 2.8.1 and 2.9.1. Thus, since

(U —v) > C(x%?+v—U(0)),

we obtain as in (2.9.20) that for all ¢ > 1

HU+i/\Hq 5/0 [x2+v—5(0)+|ﬂ|]q dx

B C o gg

T lp 4+ v =U()]]4-1/2 /o (2 + 1]
B ¢

T lnl +v = UO)a-1/2

(2.10.9)
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Hence, for all p € [2, +oo]

H U+ iA H < Cllul +v = UO] 272 |jv]l,. (2.10.10)

Asin (2.9.21) and (2.9.22) we then write for all ¢ > 1

”U—i—iAHq =¢ Hx2+v:)zcj(0)+|u|”q

< c o g4
Tl v - U(o)](q—l)/z/o 2 1 1] d§
_ C

T [l + v —U(©0)]@-D/2

Note also that for ¢ = +o00 we have

HU—{—I}{,H [|M|+VEU(O)]1/2

Consequently, for all p € [2, +o0]

C
HU+1)LH (Il + v — U025+

Substituting the above, together with (2.10.10), into (2.10.8) yields (2.10.1) for suffi-
ciently small ¢ > 0.

vl @10.11)

Step 2. The case where, for some ¢ > 0,
(U©0)—v)* +p? > e
By Poincaré’s inequality and (2.10.10), we obtain

)| < Iglo

‘m<¢’U—{liik U—lliil\Hl

C /
e el AL

¢ 16/l 0]
WO v+t

which together with (2.10.3) readily gives (2.10.1) in this case. ]

I/\

Remark 2.10.2. Asin Remark 2.9.2 we may use (2.10.7), (2.10), and (2.10.8), under
the assumptions of Proposition 2.10.1, to obtain

v 2 _ 1/2
eyt IRRUARA )

From (2.10.10) we then obtain the existence of C > 0 such that

l#0)] < Cllv]co- (2.10.12)

O < C(lul + v~ UO) | Izl
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2.11 The case |RA| > 1 >0

The results in the preceding subsections were all obtained under the assumption that
|| < po for some sufficiently small o. Hence, it remains to treat the case when
|| = p1 where wq > 0 is arbitrary. We complement Proposition 2.6.1 by addressing
the large |u| case.

Proposition 2.11.1. For any 1 > 0 and p > 1 there exists C > 0 such that for all
(¢, v) € D(Ayq) x WEP(0, 1) satisfying Aj q¢ = v, and for all || > w1, v € R,
and o > 0,

Il 10,1y < ClI(A—x)"20]1. 2.11.1)

Proof. Since (2.6.17) holds true for any u # 0 we can conclude that

¢']l2 < (1 + ¢ )K(]ﬁ Y >‘1/2 (2.11.2)
2 = | |1/2 s U in N
Hence, there exists C such that for || > g
Pl:<C ‘<¢, v >‘ 2.11.3
¢l < U+ i ( )

Consequently, as |¢(x)| < [¢/]l2(1 —x)"/2 and |p| > 1,

1
U+iA

C
1613 = Cllg'l211(1 =20 | | = =19l =20l
M

from which (2.11.1) follows with the aid of Poincaré’s inequality. |



