
Chapter 2

The inviscid operator

2.1 Preliminaries

We begin by presenting the notation, frequently used in the sequel

hf; giL2.a;b/ D

Z b

a

Nf .x/g.x/ dx:

Note that when .a; b/ D .0; 1/ the abbreviated notation hf; gi is used instead of
hf; giL2.0;1/.

Next, recall that the differential expression of the inviscid operator (also called
the Rayleigh operator) is given by

A�;˛
def
D .U C i�/

�
�
d2

dx2
C ˛2

�
C U 00; (2.1.1)

where � 2 C and ˛ 2 R.
Note that, for any � 2 D.BD

�;˛;ˇ
/, we have

A�;˛� D lim
ˇ!1

ˇ�1BD
�;˛;ˇ�:

We consider here only spaces of even functions in .�1; 1/, hence, as explained in the
introduction, we restrict the operator to .0; 1/ and consider the Neumann condition at
0 and the Dirichlet condition at 1. We thus define A

N;D
�;˛

as follows:

• for <� ¤ 0 or when <� D 0 and =� … Œ0; U.0/�, on

D.A
N;D
�;˛

/ D
®
� 2 H 2.0; 1/ j �0.0/ D 0 and �.1/ D 0

¯
; (2.1.2a)

• for <� D 0 and =� 2 Œ0; U.0/�

D.A
N;D
0;˛ / D

®
� 2 H 2..0; 1/; .U � =�/2dx/ j �0.0/ D 0 and �.1/ D 0

¯
;

(2.1.2b)
which is equipped with the norm

kuk
D.A

N;D
0;˛

/
D

Z 1

0

Œju00j2�C Œju0j2 C juj2�.U � =�/2 dx:
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Hence, in the following, we restrict attention to the interval Œ0; 1� assuming in this
section that U 2 C 3.Œ0; 1�/ and satisfies the condition:

U.1/ D 0; (2.1.3a)

max
x2Œ0;1�

U 00.x/ < 0; (2.1.3b)

U 0.0/ D 0: (2.1.3c)

We normalize U so that
U 0.1/ D �1: (2.1.3d)

For convenience of notation we omit the superscripts N and D in the sequel whenever
there is not any fear of ambiguity. Since

AU
�;˛ D A�U

N�;˛
;

the analysis in this section applies to the case where minx2Œ�1;1� U 00.x/ > 0 replaces
equation (2.1.3b) as well.

In this section, we obtain a variety of estimates for A�1
�;˛

that are necessary in
order to obtain bounds in the same parameter regime for B�1

�;˛
. We note that since

A�;˛ D A
�N�;˛

the results in this section do not depend on the sign of <�.
Let �D�C i�. We begin by summarizing the results of this section in Figure 2.1.

We map in this figure the regions in the .j�j; �/ plane where the various estimates of
A�1
�;˛

can be found. We refer the reader to Section 1.2 where the consideration that
led us to split the � plane to these regimes are briefly explained. We note that the
results of Sections 2.6–2.11 are valid for any ˛ � 0. Section 2.3 addresses the case
˛ D � D 0, Section 2.4 addresses small ˛ values, and Section 2.5 relatively large
values of ˛. The constants determining the boundaries of the various regimes satisfy
0 < �1 < U.0/, �0 < 0, and �0 must be sufficiently large while �0 and �0 must be
sufficiently small.

2.2 Some more preliminaries

We begin by defining the following (formally) self-adjoint unbounded operator on

H 0
U .0; 1/ WD L

2..0; 1/; U 2dx/

by

MU D �U
�2 d

dx
U 2

d

dx
; (2.2.1a)
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Figure 2.1. Summary of the results in Chapter 2. For each zone in C for the parameter �, we
indicate the section where the basic inequality is proved. Recall that � D <�, and � D =�,
�0; �0; �1; �0; �0 are positive constants which are introduced in the various sections.

which is naturally associated via the Lax–Migram lemma with the quadratic form
QU , defined on

H 1
U .0; 1/ D

®
u 2 L2loc.0; 1/ j Uu 2 L

2.0; 1/ and Uu0 2 L2.0; 1/
¯

(2.2.1b)

by
QU .w/ D kUw

0
k
2
2: (2.2.1c)

Recall that U satisfies (2.1.3).

Remark 2.2.1. When U is replaced by e�� , we arrive at a well-known problem
considered in Statistical Mechanics and Morse theory (Witten Laplacians), see, for
example, [14] and references therein. As observed in [7], we arrive at a singular case
of this theory because U is vanishing at x D 1.

We can now state the following lemma.

Lemma 2.2.2. Suppose that MU is a self-adjoint operator with compact resolvent
on L2..0; 1/; U 2 dx/. If ¹�nº1nD1 denotes the non-decreasing sequence of which the
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spectrum �.MU / is consisted, then

�1 D 0

and
�2 � �

N
2 jU.0/j

2; (2.2.2)

where �N2 denotes the second eigenvalue of the radially symmetric Neumann–Lapla-
cian (i.e., the Laplacian reduced to the radially symmetric functions satisfying the
Neumann condition.) in the unit ball in R3.

Proof. The proof that �1 D 0 is trivial (the associated eigenfunction is the non-
vanishing constant function). To prove the lower bound for �2 we first observe that,
by the variational max-min characterization of the second eigenvalue,

�2 D sup
 2H1

U
.0;1/

inf
w2H1

U
.0;1/

hw;U 2 iD0

kUw0k22
kUwk22

D sup
�2H1

U
.0;1/

inf
w2H1

U
.0;1/

hw;.1�x/2�iD0

kUw0k22
kUwk22

: (2.2.3)

The second equality can be proved by writing  D .1�x/2

U 2
�. Then, we use the fact

that by the concavity of U

U.0/.1 � x/ � U.x/ � .1 � x/ .see (2.1.3b)/ (2.2.4)

to obtain

jU.0/j�2
k.1 � x/w0k22
k.1 � x/wk22

�
kUw0k22
kUwk22

� jU.0/j2
k.1 � x/w0k22
k.1 � x/wk22

: (2.2.5)

Let U0.x/ D 1 � x and �0n denote the nth eigenvalue of MU0 . By (2.2.5) and [15,
Theorem 11.12] we have that

jU.0/j2�02 � �2 � jU.0/j
�2�02 : (2.2.6)

Setting �.x/ D 1 � x we obtain that

MU0 D ��
�2 d

d�
�2
d

d�
;

which is defined on (the Neumann condition is the natural boundary condition asso-
ciated with QU0)

D.MU0/ D
®
u 2 H 2.Œ0; 1�I �2d�/ j u0.1/ D 0

¯
:

Hence, MU0 is the radially symmetric Neumann Laplacian, and we may conclude
that

�02 D �
N
2 :

The above, together with (2.2.6) yields (2.2.2).
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We next recall Hardy’s inequality on finite intervals (see, for example, [18, equa-
tion (1.25)]).

Lemma 2.2.3. Let w 2 H 1.a; b/ satisfy w.b/ D 0. Then, we have

k.Œx � a�w/0k22 D kŒx � a�w
0
k
2
2 �

1

4
kwk22: (2.2.7)

Proof. Let Qw 2 H 1.a;1/ be given by

Qw.x/ D

´
w.x/; x 2 .a; b/;

0; x � b:

Then Hardy’s inequality on RC applied to Qw implies that

k.Œx � a�w/0k2
L2.a;b/

D k.Œx � a� Qw/0k2
L2.a;1/

�
1

4
k Qwk2

L2.a;1/
D
1

4
kwk2

L2.a;b/
:

To complete the proof we first write

k.Œx � a�w/0k22 D kŒx � a�w
0
k
2
2 C kwk

2
2 C 2<hw; Œx � a�w

0
i:

An integration by parts then yields

2<hw; Œx � a�w0i D <hŒx � a�; .jwj2/0i D �kwk22:

Hence,
k.Œx � a�w/0k22 D kŒx � a�w

0
k
2
2;

which completes the proof of the lemma.

If we drop the requirement that w.b/ D 0 we can state the following lemma.

Lemma 2.2.4. Let w 2 H 1.a; b/. Then, we have

k.Œx � a�w/0k22 �
1

4
kwk22: (2.2.8)

Proof. We use Hardy’s inequality in RC for the extension

Qw.x/ D

´
w.x/; x 2 .a; b/;

w.b/ b�a
x�a

; x � b:

2.3 Estimates in the case ˛ D � D 0

We begin with the simplest possible case, for which ˛ D � D 0. We recall that

A0;0 WD �U
d2

dx2
C U 00
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is defined on

D.A0;0/ D
®
u 2 H 2..0; 1/; U 2dx/ j u.1/ D u0.0/ D 0

¯
;

corresponding to a Dirichlet–Neumann problem on .0; 1/.
Next, let W 1;p.0; 1/ denote the normed space

W 1;p.0; 1/ WD
®
u 2 Lp.0; 1/ j u0 2 Lp.0; 1/

¯
;

with its natural norm denoted by k � k1;p .
Observing that U belongs to the kernel of A0;0, we set

� D ckU C �?; (2.3.1a)

where

ck D
hU; �i

kU k22
; (2.3.1b)

in which h�; �i denotes the natural L2.0; 1/ inner product.

Lemma 2.3.1. Let U 2 C 2.Œ0; 1�/ satisfy (2.1.3). There exists C > 0 such that for
any .�; v/ 2 D.A0;0/ �W

1;2.0; 1/ satisfying

A0;0 � D v; (2.3.2a)

h1; vi D 0 and v.1/ D 0 (2.3.2b)

and
lim
x!1
x<1

�0.x/ D 0; (2.3.2c)

we have
k�?k1;2 � C kvk2 (2.3.3a)

and
jckj � C kvk

1=2
2 kvk

1=2
1;2 : (2.3.3b)

Proof. Let w D �=U . Clearly, w D ck C w? with w? D �?=U , and

A0;0 � D U
2MU w D U

2MU w? D v: (2.3.4)

Step 1. Estimate of k�0
?
k2. Taking the inner product with w? yields

kUw0?k
2
2 D hw?; vi: (2.3.5)

Since hw?;U 2i D h�?;U i D 0, we now use (2.2.2), (2.3.5), and Hardy’s inequal-
ity (2.2.7) to obtain that

k�?k
2
2 D kUw?k

2
2 � �2kUw

0
?k

2
2 � �2




�?
U





2
kvk2 � Ck�

0
?k2kvk2: (2.3.6)
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Note that by (2.1.3) and (2.2.7) it holds that

kw?k2 �



 �?

U.0/.1 � x/





2
�




 Q�?

U.0/.1 � x/





L2.�1;1/

�
2

U.0/
k Q�0?kL2.�1;1/ D

2

U.0/
k�0?k2; (2.3.7)

where Q�? 2 H 1
loc..�1; 1�/ is given by

Q�?.x/ D

´
�?.x/; x 2 Œ0; 1�;

�?.0/; x < 0:

Integration by parts yields

k�0?k
2
2 D k.Uw?/

0
k
2
2 D kUw

0
?k

2
2 � hUw?; U

00w?i � kUw
0
?k

2
2 C Ck�?k2kw?k2:

(2.3.8)
Using (2.3.5) and (2.3.7), we obtain

k�0?k2 � C.kvk2 C k�?k2/:

By (2.3.6) we then obtain
k�0?k2 � Ckvk2: (2.3.9)

Note that to obtain (2.3.9) we have used the mere fact that v 2 L2.0; 1/.

Step 2. Estimate of ck. By (2.3.2a) and the fact that A0;0�? D v, it holds that

k�00?k2 � C
�


�?
U





2
C




 v
U





2

�
:

By Hardy’s inequality (2.2.8) we then obtain that

k�00?k2 � C.k�
0
?k2 C kv

0
k2/:

Using (2.3.9) we may conclude that

k�00?k2 � Ckvk1;2: (2.3.10)

Using Sobolev embedding, (2.1.3d) and (2.3.2c) yields

jckj D j�
0
?.1/j � k�

0
?k1 � k�

00
?k

1=2
2 k�

0
?k

1=2
2 :

We can now conclude (2.3.3b) from (2.3.9) and (2.3.10).
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2.4 Estimate of .A�;˛/
�1 for <� ¤ 0 and ˛� j�j1=2

We continue with the following estimate of .A�;0/
�1 when <� ¤ 0. From (2.1.1),

we recall that

A�;0
def
D �.U C i�/

d2

dx2
C U 00;

and that its domain is defined in (2.1.2a):

D.A�;0/ D
®
u 2 H 2.0; 1/ j u.1/ D u0.0/ D 0

¯
:

We shall then consider A�1
�;˛

for ˛ small enough.

Proposition 2.4.1. Let p > 1 and U 2 C 3.Œ0; 1�/ satisfy (2.1.3). There exists C > 0

such that, for � 2 C satisfying <� ¤ 0 and j�j < U.3=4/, it holds for any .�; v/ 2
D.A�;0/ � L

p.0; 1/ satisfying A�;0 � D v that

k�k1;2 � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
: (2.4.1)

Proof. Step 1. We prove that

k�k1 � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
: (2.4.2)

Step 1.1. The estimate on Œ1=2; 1�. As, for any � 2 D.A�;0/,

A�;0� D �Œ.U C i�/�
0
� U 0��0;

we may conclude that

�.x/

U.x/C i�
D �

Z 1

x

ŒK2.x; �/ �K2.t; �/�v.t/dt CK2.x; �/

Z 1

0

v.t/ dt; (2.4.3)

where

K2.x; �/ D

Z 1

x

ds

.U C i�/2.s/
:

A first integration by parts yields

K2.x; �/ D
1

U 0.U C i�/
C

1

i�
�

Z 1

x

U 00ds

.U 0/2.U C i�/
:

An additional integration by parts further gives

�

Z 1

x

U 00ds

.U 0/2.U C i�/

D
U 00

.U 0/3
log.U C i�/ � U 00.1/ log.i�/C

Z 1

x

� U 00

.U 0/3

�0
log.U C i�/ ds:
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For j�j<U.3=4/ (a bounded set in C), there existsC > 0 such that for all x 2 Œ1=2;1�
(where U 0.x/ ¤ 0) ˇ̌̌ Z 1

x

� U 00

.U 0/3

�0
log.U C i�/ ds

ˇ̌̌
� C: (2.4.4)

To prove (2.4.4), we introduce, for � > 0, the real value x� , which is defined by

U.x�/ D � for 0 < � < U.0/; x� D 1 if � � 0 and x� D 0 if � > U.0/: (2.4.5)

Note that, for 0 < � � U.0/, x� 2 Œ0; 1/, is indeed uniquely defined by the assumed
monotonicity of U (see (2.1.3)).

Then we use the fact that for j�j<U.3=4/ (implying j�j<U.3=4/, jU 0.x�/j>0),
there exists C > 0 such that

j log.U.x/C i�/j � C Œ1C log jx � x� j�1�:

Hence,

log.U C i�/ is uniformly bounded in Lq.0; 1/ 8 1 � q < C1; (2.4.6)

readily verifying (2.4.4).
Consequently, it holds thatˇ̌̌
K2.x; �/ �

1

U 0.U C i�/
�
1

i�
�

U 00

.U 0/3
log.U C i�/C U 00.1/ log.i�/

ˇ̌̌
� C:

(2.4.7)
Let

yK2.x; �/ D K2.x; �/ �
1

i�
C U 00.1/ log.i�/: (2.4.8)

By (2.4.7), we get the existence of C > 0 such that, for any x 2 Œ1=2; 1� and j�j <
U.3=4/ we have ˇ̌

.U C i�/.x/ yK2.x; �/
ˇ̌
� C: (2.4.9)

We now write, for any x 2 Œ1=2; 1�,ˇ̌̌ Z 1

x

v

U 0.U C i�/
dt
ˇ̌̌
� C




 v

U C i�





1
;

and hence, by (2.4.6) and (2.4.7), for all x 2 Œ1=2; 1� and j�j � U.3=4/ we have, for
.p; q/ satisfying 1

p
C

1
q
D 1,ˇ̌̌ Z 1

x

yK2.t; �/v.t/dt
ˇ̌̌
� C

�


 v

U C i�





1
C k log.U C i�/kqkvkp C kvk1

�
� yC

�


 v

U C i�





1
C kvkp

�
: (2.4.10)
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Substituting (2.4.8), (2.4.9), and (2.4.10) into (2.4.3) given thatK2.x;�/�K2.t;�/D
yK2.x; �/ � yK2.t; �/ yields

k�kL1.1=2;1/ � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
; (2.4.11)

which completes the estimate of � in Œ1
2
; 1�.

Step 1.2. Estimate of k�kL1.0;1=2/. Next, we consider the case where x2 Œ0; 1=2/.
In this interval we need to address the fact that U 0.0/ D 0, as is assumed in (2.1.3a).
Here, we use the assumption j�j < U.3=4/ to obtain that for x 2 .0; 1=2/,ˇ̌̌

K2.x; �/ �K2

�1
2
; �
�ˇ̌̌
D

ˇ̌̌
yK2.x; �/ � yK2

�1
2
; �
�ˇ̌̌
� C: (2.4.12)

Since by (2.4.9) ˇ̌
.U.1=2/C i�/ yK2.1=2; �/

ˇ̌
� C;

we obtain that ˇ̌̌
yK2.1=2; �/

ˇ̌̌
� C: (2.4.13)

Combining (2.4.13) with (2.4.12) and (2.4.8) yields

kK2.�; �/kL1.0;1=2/ �
C

j�j
:

Hence, for all x 2 Œ0; 1=2� it holds that

jK2.x; �/.U C i�/.x/j �
C

j�j
: (2.4.14)

Furthermore, by (2.4.8), (2.4.12), and (2.4.13) we have thatˇ̌̌ Z 1

x

.K2.t; �/ �K2.x; �//v.t/dt
ˇ̌̌

�

ˇ̌̌ Z 1=2

x

. yK2.t; �/ � yK2.x; �//v.t/dt
ˇ̌̌
C

ˇ̌̌ Z 1

1=2

. yK2.t; �/ � yK2.x; �//v.t/dt
ˇ̌̌

�

ˇ̌̌ Z 1

1=2

. yK2.t; �/ � yK2.x; �//v.t/dt
ˇ̌̌
C Ckvk1

� yC
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
;

where, to obtain the last inequality, we used (2.4.10).
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We can then conclude thatˇ̌̌
.U C i�/.x/

Z 1

x

�
K2.t; �/ �K2.x; �/

�
v.t/dt

ˇ̌̌
� C

� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
:

Substituting the above, together with (2.4.14) into (2.4.3) yields

k�kL1.0;1=2/ � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
:

Combined with (2.4.11) the above readily yields (2.4.2).

Step 2. We prove (2.4.1). We begin by rewriting A�;0 � D v in the form

��00 D �
U 00

U C i�
� C

v

U C i�
:

Taking the inner product with � in L2.0; 1/, integration by parts yields, as �0.0/ D
�.1/ D 0,

k�0k22 D <
D
�;

U 00�

U C i�

E
C<

D
�;

v

U C i�

E
: (2.4.15)

Let y� 2 C1.R; Œ0; 1�/ satisfy

y�.x/ D

´
0 jxj < 1

4
;

1 jxj > 1
2
:

(2.4.16)

Let further Q�D 1� y�. The first term on the right-hand side of (2.4.12) can be rewritten
after an integration by part as

�<

D
�;

U 00�

U C i�

E
D <

D�U 00j�j2 y�
U 0

�0
; log.U C i�/

E
�<

D
Q��;

U 00�

U C i�

E
: (2.4.17)

For the first term on the right-hand side of (2.4.17), we writeˇ̌̌̌
<

D�U 00j�j2 y�
U 0

�0
; log.U C i�/

Eˇ̌̌̌
� Ck�k1kŒj�j C j�

0
j� log.U C i�/k1:

Using (2.4.6) together with Poincaré’s inequality leads toˇ̌̌̌
<

D�U 00j�j2 y�
U 0

�0
; log.U C i�/

Eˇ̌̌̌
� yCk�k1k�

0
k2: (2.4.18)

For the second term on the right-hand side of (2.4.17) we have, observing thatU.x/C
i� does not vanish for x in the support of Q� and j�j < U.3=4/,ˇ̌̌

<

D
Q��;

U 00�

U C i�

Eˇ̌̌
� Ck�k22: (2.4.19)
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Substituting (2.4.18) and (2.4.19) into (2.4.17) yields, again with the aid of Poincaré’s
inequality, ˇ̌̌

<

D
�;

U 00�

U C i�

Eˇ̌̌
� Ck�0k2k�k1: (2.4.20)

For the second term on the right-hand side of (2.4.15) we use Poincaré’s inequality
and Sobolev’s embeddings to obtainˇ̌̌̌

<

D
�;

v

U C i�

Eˇ̌̌̌
� k�k1




 v

U C i�





1
� k�0k2




 v

U C i�





1
: (2.4.21)

Substituting (2.4.21) together with (2.4.20) into (2.4.15) yields

k�0k2 � C
�


 v

U C i�





1
C k�k1

�
:

We can now conclude (2.4.1) from (2.4.2).

We can now state as a corollary, an estimate for A�1
�;˛

when ˛ is relatively small.

Corollary 2.4.2. Under the assumptions of Proposition 2.4.1, there exist C > 0 and
ı0 > 0 such that, for all � 2 C satisfying <� ¤ 0 and j�j < U.3=4/, for all ˛ such
that

j˛j � ı0 min.j�j1=2; log�1=2 j�j�1/;

and for any pair .�; v/ 2 D.A�;˛/ � L
p.0; 1/ satisfying

A�;˛� D v; (2.4.22)

it holds that

k�k1;2 � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
:

The proof is obtained by rewriting (2.4.22) in the manner

A�;0� D v C ˛
2�;

or
� D A�1�;0v C ˛

2A�1�;0�:

We now use (2.4.1) to obtain

k�k1;2 � C
� 1
j�j

ˇ̌̌ Z 1

0

v dx
ˇ̌̌
C




 v

U C i�





1
C kvkp

�
C C˛2

� 1
j�j
k�k1 C




 �

U C i�





1
C k�kp

�
:



Small j�j and ˛ > kU k�1
2
.=�/

1=2

C
23

Since j�j � U.3=4/ < 1, 


 1

U C i�





1
� C log j�j�1; (2.4.23)

to obtain that 


 �

U C i�





1
�




 1

U C i�





1
k�k1 � C log j�j�1k�k1:

Sobolev embeddings, given that j˛j < ı0 min.j�j1=2; log�1=2 j�j�1/, complete the
proof of the corollary when p <1 for sufficiently small ı0.

2.5 Small j�j and ˛ > kUk�1
2
.=�/

1=2

C

Set for any � 2 C and ı > 0

˛�;ı D kU k
�1
2 ..=�/C.1C 2ı//

1=2: (2.5.1)

In this section, we attempt to prove the invertibility of A�;˛ as defined in (2.1.2) for
sufficiently small j�j and ˛ � ˛�;ı .

To be able to state the result of this section we define, for p > 1 and <� ¤ 0, on
W 1;p.0; 1/ the maps

v 7! N0.v; �/ WD min
�


.1 � x/1=2 v

U C i�





1
; kvk1;p

�
(2.5.2a)

and
N1.v; �/ D

ˇ̌̌D
1;

v

U C i�

Eˇ̌̌
: (2.5.2b)

We can now state and prove the following proposition.

Proposition 2.5.1. Let r > 1, p > 1, and ı > 0 and U 2 C 3.Œ0; 1�/ satisfy (2.1.3).
There exist �0 > 0 and C > 0 such that for 0 < j�j < �0, ˛ � ˛�;ı and .�; v/ 2
D.A�;˛/ �W

1;p.0; 1/ satisfying A�;˛� D v, we have, with ck D hU; �i=kU k22 and
�? D � � ckU ,

jckj �
1C C j�j2 log j�j�1

j˛2kU k22 C i�j

�
kvk1 C C j�jN1.v; �/

�
(2.5.3a)

and

k�?k1;2 � C
h
N0.v; �/C

j�j

j˛2kU k22 C i�j
.kvk1 C j�jN1.v; �//

i
: (2.5.3b)
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Proof. Step 1. We prove the existence of �0 > 0 and C > 0 such that, for j�j � �0
and ˛ � ˛�;ı it holds that

jckj �
1C C j�j2 log j�j�1

j˛2kU k22 C i�j

�
kvk1 C C j�jk�?k1;2 C j�jN1.v; �/

�
: (2.5.4)

As
U.��00 C ˛2�/ � U 00� D v � i�.��00 C ˛2�/ (2.5.5)

or equivalently, by (2.3.2) and (2.3.4)

U 2.MU C ˛
2/w D

Uv

U C i�
C i�

U 00�

U C i�
; (2.5.6)

where MU is given by (2.2.1) and w D U�1�.
Taking the inner product with 1 and integrating by parts then yields

˛2kU k22 ck D
D
1;

Uv

U C i�

E
C i�

D
1;

U 00�

U C i�

E
: (2.5.7)

We now write D
1;

U 00�

U C i�

E
D ck

D
1;

U 00U

U C i�

E
C

D
1;
U 00�?

U C i�

E
: (2.5.8)

For the first term on the right-hand side we write, as U 0.0/ D 0 and U 0.1/ D �1,

ck

D
1;

U 00U

U C i�

E
D �ck

�
1C i�

D
1;

U 00

U C i�

E�
: (2.5.9)

Since, for =� < U.1=2/,D
1;

U 00

U C i�

E
L2.1=2;1/

D �U 00.1/ log.i�/ �
U 00.1=2/

U 0.1=2/
log.U.1=2/C i�/

�

D�U 00
U 0

�0
; log.U C i�/

E
L2.1=2;1/

;

we may conclude the existence ofC >0 and 0<�0 <U.1=2/, such that, for j�j � �0,ˇ̌̌D
1;

U 00

U C i�

E
L2.1=2;1/

ˇ̌̌
� C log j�j�1:

As ˇ̌̌D
1;

U 00

U C i�

E
L2.0;1=2/

ˇ̌̌
� C;

we obtain ˇ̌̌D
1;

U 00

U C i�

Eˇ̌̌
� C log j�j�1: (2.5.10)
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Next, we consider the second term on the right-hand side of (2.5.8) (note that
�?.1/ D 0)ˇ̌̌D

1;
U 00�?

U C i�

E
L2.1=2;1/

ˇ̌̌
D

ˇ̌̌
�
U 00�?

U 0
log..U.1=2/C i�//jxD1=2 C

D�U 00�?
U 0

�0
; log.U C i�/

Eˇ̌̌
� Ck�?k1;2:

For =� < U.1=2/, we can writeˇ̌̌D
1;
U 00�?

U C i�

E
L2.0;1=2/

ˇ̌̌
� Ck�?k1;

and hence we may conclude thatˇ̌̌D
1;
U 00�?

U C i�

Eˇ̌̌
� Ck�?k1;2: (2.5.11)

Substituting the above, together with (2.5.9) and (2.5.10) into (2.5.8) yieldsˇ̌̌D
1;

U 00�

U C i�

E
C ck

ˇ̌̌
� C j�j log j�j�1ck C Ck�?k1;2: (2.5.12)

We next rewrite (2.5.7) in the form

.˛2kU k22 C i�/ ck D
D
1;

Uv

U C i�

E
C i�

�D
1;

U 00�

U C i�

E
C ck

�
; (2.5.13)

and then observe thatD
1;

Uv

U C i�

E
D

ˇ̌̌
h1; vi � i�

D
1;

v

U C i�

Eˇ̌̌
� kvk1 C j�jN1.v; �/:

Substituting the above together with (2.5.12) into (2.5.13) yields

jckj �
1

j˛2kU k22 C i�j

�
kvk1 C C j�j

2 log j�j�1ck C C j�jk�?k1;2 C j�jN1.v; �/
�
:

Given the fact that when =� > 0, ˛ � ˛�;ı , we have

1

j˛2kU k22 C i�j
�

1

ıj�j
;

and that when =� � 0 we have

1

j˛2kU k22 C i�j
�

1

j�j
;

we obtain (2.5.4) for sufficiently small �0 > 0.
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Step 2. We prove (2.5.3).

Step 2.1. For w? D U�1�?, we prove that

kUw0?k
2
2 C ˛

2
k�?k

2
2 � Ck�

0
?k2.N0.v; �/C j�j jckj/C

ˇ̌̌
i�
D�?
U
;
U 00�?

U C i�

Eˇ̌̌
:

(2.5.14)
Taking the inner product in (2.5.5) with w? yields (note that w0 D w0

?
)

kUw0?k
2
2 C ˛

2
k�?k

2
2 D

D
�?;

v

U C i�

E
C i�

D
w?;

U 00�

U C i�

E
: (2.5.15)

We now turn to estimate the right-hand side of (2.5.15). For the first term we have,
using the fact that j�?.x/j � .1 � x/1=2k�0?k2,ˇ̌̌D

�?;
v

U C i�

Eˇ̌̌
� k�0?k2




.1 � x/1=2 v

U C i�





1
: (2.5.16)

Furthermore, splitting the domain of integration .0; 1/ into two intervals: .0; 1=4/ and
.1=4; 1/ and then integrating by parts on .1=4; 1/ yield, for 0 < j�j < �0 � U.1=2/,D

�?;
v

U C i�

E
D ��? v log.U C i�/

ˇ̌
xD 14

�

Z 1

1=4

log.U C i�/
��? v
U 0

�0
dx C

Z 1=4

0

�?
v

U C i�
dx:

(2.5.17)

Using a Sobolev embedding and Poincaré’s inequality yields for j�j � U.1=2/ˇ̌
�? v log.U C i�/

ˇ̌
xD 14

ˇ̌
� Ck�?k1kvk1 � Ck�

0
?k2kvk1;p: (2.5.18)

Furthermore, it holds thatˇ̌̌ Z 1=4

0

�?
v

U C i�
dx
ˇ̌̌
� C kvk2k�?k2; (2.5.19)

and, as in the proof of (2.4.20),ˇ̌̌ Z 1

1=4

log.U C i�/
��?v
U 0

�0
dx
ˇ̌̌
� C.kvk1;pk�?k1 C kvk1k�

0
?k2/:

Substituting the above, together with (2.5.19) and (2.5.18) into (2.5.17) we can con-
clude, with the aid of Poincaré’s inequality and Sobolev’s embeddings, thatˇ̌̌D

�?;
v

U C i�

Eˇ̌̌
� Ck�0?k2kvk1;p: (2.5.20)

Combining (2.5.20) with (2.5.16) and (2.5.2) yieldsˇ̌̌D
�?;

v

U C i�

Eˇ̌̌
� Ck�0?k2N0.v; �/: (2.5.21)
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For the second term we have, using the decomposition (2.3.1)

i�
D
w?;

U 00�

U C i�

E
D ick�

D
�?;

U 00

U C i�

E
C i�

D
w?;

U 00�?

U C i�

E
: (2.5.22)

To estimate the first term in (2.5.22) we use (2.5.11) to obtainˇ̌̌
ck�

D
�?;

U 00

U C i�

Eˇ̌̌
� C j�j jckjk�?k1;2: (2.5.23)

Substituting the above together with (2.5.22) and (2.5.21) into (2.5.15) yields (2.5.14).
The estimate of the last term in (2.5.14) is the object of the next step.

Step 2.2. We prove that for every � > 0 there exists �0 > 0 such that for all j�j � �0
it holds that ˇ̌̌

i�
D�?
U
;
U 00�?

U C i�

Eˇ̌̌
� �k�0?k

2
2: (2.5.24)

Clearly,

i�
D�?
U
;
U 00�?

U C i�

E
D i�

Z 1

0

U 00j�?j
2

U.U C i�/
dx: (2.5.25)

Recall the definition of x� in (2.4.5), and let 1 � x� � d < 1=2.

The integral over .1 � 2d; 1/. We attempt, see Step 2 of the proof of [3, Proposi-
tion 4.14], to prove that for d < 1

2
there exists yC > 0 and �0 such that for j�j � �0ˇ̌̌

i�

Z 1

1�2d

U 00j�?j
2

U.U C i�/
dx
ˇ̌̌
� yC d log jd j�1k�0?k

2
2: (2.5.26)

To estimate this integral we use the identity

1

U.U C i�/
D

1

i�

h 1
U
�

1

U C i�

i
;

to obtain that

i�

Z 1

1�2d

U 00j�?j
2

U.U C i�/
dx D

Z 1

1�2d

U 00j�?j
2

U
dx �

Z 1

1�2d

U 00j�?j
2

U C i�
dx: (2.5.27)

Integration by parts yieldsZ 1

1�2d

U 00j�?j
2

U C i�
dx D

�
U 00

U 0
j�?j

2
j log.U C i�/j

�ˇ̌̌̌
xD1�2d

�

Z 1

1�2d

�U 00
U 0
j�?j

2
�0
j log.U C i�/j dx: (2.5.28)

Next, we observe that

j�?.x/j
2
� 2dk�0?k

2
2; 0 � U.x/ � 2d; 8x 2 Œ1 � 2d; 1�: (2.5.29)
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We also note that, for �0 small enough and j�j � �0,

j log.U.1 � 2d/C i�/j � C log jd j�1: (2.5.30)

Hence, the first term on the right-hand side of (2.5.28) can be estimated as follows:ˇ̌̌�U 00
U 0
j�?j

2
j log.U C i�/j

�ˇ̌̌̌
xD1�2d

� C d log jd j�1 k�0?k
2
2: (2.5.31)

For the second term, we writeˇ̌̌ Z 1

1�2d

�U 00
U 0
j�?j

2
�0
j log.U C i�/j dx

ˇ̌̌
�




U 00
U 0





W 1;1.1�2d;1/

Z 1

1�2d

.j�?j
2
C 2j�?j j�

0
?j/j log.U C i�/j dx

� C

Z 1

1�2d

.j�?j
2
C j�?j j�

0
?j/ log.U C i�/j dx: (2.5.32)

As
k log.U C i�/kLp.1�2d;1/ � Cd1=p log jd j�1 for p 2 ¹1; 2º;

we obtain, using (2.5.29), from (2.5.32) thatˇ̌̌ Z 1

1�2d

�U 00
U 0
j�?j

2
�0
j log.U C i�/j dx

ˇ̌̌
� Cd log jd j�1k�0?k

2
2:

Substituting the above, together with (2.5.29) into (2.5.28) then yieldsˇ̌̌ Z 1

1�2d

U 00j�?j
2

U C i�
dx
ˇ̌̌
� Cd log jd j�1k�0?k

2
2: (2.5.33)

We now estimate the first term on the right-hand side of (2.5.27). Employing (2.3.7)
and Poincaré’s inequality yieldsˇ̌̌ Z 1

1�2d

U 00j�?j
2

U
dx
ˇ̌̌
� Ck�?kL2.1�2d;1/k�?=U kL2.1�2d;1/ � zC dk�

0
?k

2
2:

Substituting the above together with (2.5.33) into (2.5.27) yields (2.5.26).

The integral over Œ0; 1� 2d�. By (2.1.3) there exists C > 0 such that for all 1� x� �
d < 1=2, 


 1

U C i�





L1.0;1�2d/

�
1

U.1 � 2d/ � �
�
C

d
:

Hence, given that U 0.1/ < 0,ˇ̌̌
�

Z 1�2d

0

U 00j�?j
2

U.U C i�/
dx
ˇ̌̌
� C
j�j

d2
k�?k

2
2:
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Combining the above with (2.5.26) yields that for all 1 � x� � d , with the aid of
Poincaré’s inequalityˇ̌̌

�

Z 1

0

U 00j�?j
2

U.U C i�/
dx
ˇ̌̌
� C

�
j�j

d2
C d log jd j�1

�
k�0?k

2
2: (2.5.34)

Let � > 0. Clearly, there exists d.�/ > 0 such that for d 2 .0; d.�//

d log jd j�1 �
�

2C
:

Furthermore, for .�; d/ as above we add the condition

�0 � min
��d2
2C

; d U.0/
�
:

As
U.0/.1 � x�/ � j�j < j�j < �0 � d U.0/;

we obtain that d � 1 � x� , therefore, (2.5.24) can now be verified with the aid of
(2.5.34).

Step 2.3. We complete the proof of (2.5.3). Substituting (2.5.24) into (2.5.14) yields
for any � > 0, the existence of C > 0 and �� > 0, such that for j�j < �� , it holds that

kUw0?k
2
2 C ˛

2
k�?k

2
2 � Ck�

0
?k2.N0.v; �/C j�jjckj/C �k�

0
?k

2
2: (2.5.35)

We now attempt to bound k�0
?
k2. As

�0? D Uw
0
? C U

0w?;

and since kU 0k1 � 1 we may use (2.3.7) to obtain

k�0?k
2
2 � 2kUw

0
?k

2
2 C Ck�?k

2
2: (2.5.36)

On the other hand, by (2.2.2) and (2.2.3) we have that

k�?k
2
2 � CkUw

0
?k

2
2;

and hence, combining with (2.5.36), we obtain

k�0?k2 � CkUw
0
?k2:

Substituting the above into (2.5.35) yields, with the aid of Poincaré’s inequality and
a suitable choice of �, the existence of �0 and C > 0 such that for j�j � �0,

k�0?k2 � C.N0.v; �/C j�j jckj/: (2.5.37)

We now combine (2.5.37) with (2.5.4) to obtain (2.5.3a) and (2.5.3b).
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While a direct use of (2.5.3) will be made in the proof of (5.2.2), we shall also
need to transform N1.v; �/ into a more conventional bound, which is precisely what
we achieve in the next lemma.

Lemma 2.5.2. Let U 2C 2.Œ0; 1�/ satisfy (2.1.3), p>1, 0<�0<U.1=2/, and �0 > 0.
There exist C > 0 such that for all j�j < �0, and j�j � �0 it holds that

N1.v; �/ � jv.1/j log j�j C Ckvk1;p; (2.5.38)

where N1 is introduced in (2.5.2b).

Proof. Clearly,D
1;

v

U C i�

E
D

D
1;

v

U C i�

E
L2.0;1=2/

C

D
1;

v

U C i�

E
L2.1=2;1/

:

Integration by parts yieldsD
1;

v

U C i�

E
L2.1=2;1/

D v.1/ log.i�/ �
v.1=2/

U 0.1=2/
log.U.1=2/C i�/

�

Z 1

1=2

� v
U 0

�0
log.U C i�/ dx:

Furthermore, as � < U.1=2/ it holds thatˇ̌̌D
1;

v

U C i�

E
L2.0;1=2/

ˇ̌̌
�

kvk1

jU.1=2/C i�j
:

Consequently, by (2.5.2b), we can conclude (2.5.38) for any p > 1.

2.6 The case 0 < =� < U.0/

Lemma 2.3.1 and Propositions 2.4.1, 2.5.1 address some of the cases where j�j is
small. We now consider the case 0 < � < �1 for some �1 <U.0/, (recall that � D=�).
For later reference (see Lemma 5.2.1 and Proposition 5.4.1), we also consider the case
where � is small using a different approach than that of the previous section. We set,
for p > 1 and v 2 W 1;p.0; 1/,

N.v; �/ WD min
�


Œ.1 � x/1=2 C ��1=2.1 � x/� v

U C i�





1
;

j�j1=2.kv0kp C jv.1/j log j�j�1/C kvk2 C ��1=2kvk1
�
: (2.6.1)

For small values of j�j, since Ai�;0.U � �/ D 0 and since U.1/ � � D � � 1, we
expect A�;0 to be almost singular, and that the norm of � D A�1

�;0
v would be much

greater in the space spanned by U � �. We thus use the decomposition

� D c�
k
.U � �/C Œ� � c�

k
.U � �/�;

where c�
k

is defined by (2.6.3).
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The proof of the following proposition is somewhat similar to the proof of [3,
Proposition 4.15]. In addition to the above-mentioned difference, resulting from the
non-invertibility of A0;0, we need to address the Neumann condition at x D 0 here,
which complicates the estimate of k�0kL2.0;x�/, where x� is given by (2.4.5). This
estimate, which is addressed in step 3 of the proof, significantly contributes to its
length and complexity.

Proposition 2.6.1. Let p > 1, U 2 C 3.Œ0; 1�/ satisfy (2.1.3), and 0 < �1 < U.0/.
There exist �0 > 0 and C > 0 such that for all � D �C i� with 0 < � < �1, and
0 < j�j � �0 and ˛ � 0, we have, for all .�; v/ 2 D.A�;˛/ �W

1;p.0; 1/ satisfying
A�;˛� D v .where A�;˛ is defined in (2.1.1)/,

k� � c�
k
.U � �/k1;2 C �

1=2
jc�
k
j �

C

�
N.v; �/; (2.6.2)

where

c�
k
D
h� � �.x�/; U � �iL2.0;x�/

kU � �k2
L2.0;x�/

; (2.6.3)

in which x� is defined by (2.4.5).

Proof. Step 1. We prove that there exists C > 0 such that, for all 0 < j�j � 1 it holds
that

j�.x�/j � C
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
(2.6.4)

for all pairs .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

It can be easily verified (since A�;˛� D v) that

=

D
�;

v

U � � C i�

E
D ��

D U 00�

.U � �/2 C �2
; �
E
: (2.6.5)

As
j�.x/j2 �

1

2
j�.x�/j

2
� j�.x/ � �.x�/j

2;

we may use (2.6.5) to obtain, observing that �U 00 > 0,ˇ̌̌
=

D
�;

v

U � � C i�

Eˇ̌̌
� j�j

D
jU 00j

.U � �/2 C �2
;
1

2
j�.x�/j

2
� j�.x/� �.x�/j

2
E
: (2.6.6)

Hence,

j�j

2
j�.x�/j

2



 jU 00j1=2
U C i�




2
2
� j�j sup jU 00j




� � �.x�/
U C i�




2
2
C

ˇ̌̌D
�;

v

U � � C i�

Eˇ̌̌
:

(2.6.7)
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Since jU.x/� �j � jx � x� j, and jU 00j> 0 we can conclude, that for some positive C


 jU 00j1=2
U C i�




2
2
�
1

C

Z 1

0

1

.x � x�/2 C �2
dx:

As j�j � 1 and x� 2 Œx�1 ; 1�, we obtain after the change of variable y D .x� � x/=j�jZ 1

0

1

.x � x�/2 C �2
dx D

1

j�j

Z x�
j�j

x��1
j�j

1

1C y2
dy �

1

j�j

Z x�1
j�j

0

1

1C y2
dy:

Consequently, there exists yC > 0, such that for all j�j � 1 and � 2 .0; �1/,


 jU 00j1=2
U C i�




2
2
�
1

yC
j�j�1: (2.6.8)

A similar argument is employed in the proof of [3, Proposition 4.14] (see between
equations (4.59) and (4.60) there). By (2.6.7) we then have

j�.x�/j
2
� C

h
j�j



� � �.x�/
U C i�




2
2
C

ˇ̌̌D
�;

v

U � � C i�

Eˇ̌̌i
: (2.6.9)

To estimate the first term on the right-hand side of (2.6.9) we first observe that for
some C D C.�1/ > 0 we have, for all � D �C i� such that 0 < � < �1ˇ̌̌ 1

U.x/C i�

ˇ̌̌
�

C

jx � x� j
8x 2 .x�1=4; 1/;

where x�1 D x�
ˇ̌
�D�1

, andˇ̌̌ 1

U.x/C i�

ˇ̌̌
� C 8x 2 .0; x�1=4/:

Consequently, we may writeˇ̌̌ 1

U.x/C i�

ˇ̌̌
�

C

jx � x� j
8x 2 .0; 1/: (2.6.10)

We now apply Hardy’s inequality (2.2.8) to w D .x � x�/�1.� � �.x�// in .x� ; 1/.
It follows that 


� � �.x�/

x � x�




2
L2.x� ;1/

�
1

4
k�0k2

L2.x� ;1/
: (2.6.11)

A similar bound can be the interval .0; x�/:


� � �.x�/
x � x�




2
L2.0;x�/

�
1

4
k�0k2

L2.0;x�/
: (2.6.12)
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Consequently, 


� � �.x�/
x � x�




2
L2.0;1/

�
1

4
k�0k2

L2.0;1/
(2.6.13)

from which we easily conclude, in view of (2.6.10),


� � �.x�/
U C i�




2
2
� Ck�0k22: (2.6.14)

Substituting (2.6.14) into (2.6.9) readily yields

j�.x�/j
2
� C

�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C j�j k�0k22

�
: (2.6.15)

Using the positivity of �U 00 on Œ0; 1� and (2.6.5) for the second inequality we then
obtain that


 �

U C i�




2
2
� C

Z 1

0

.�U 00/

.U � �/2 C �2
j�j2dx �

yC

j�j

ˇ̌̌D
�;

v

U � � C i�

Eˇ̌̌
: (2.6.16)

Since

k�0k22 C ˛
2
k�k22 D <

D
�;

A�;˛�

U C i�

E
�<

D
U 00�;

�

U C i�

E
;

we may conclude from (2.6.16), Poincaré’s inequality, and (2.4.22) that

k�0k22 C ˛
2
k�k22 �

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C C




 �

U C i�





2
k�k2

�

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C

yC

j�j1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
k�0k2; (2.6.17)

from which we conclude, given that j�j � 1,

k�0k22 �
C

j�j

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
: (2.6.18)

Substituting (2.6.18) into (2.6.15) yields (2.6.4).

Step 2. We prove that for any A > 0, there exists C and �A such that, for ˛2 � A and
� such that j�j � �A and � 2 .0; �1/

k�kH1.x� ;1/ � C
h
��1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

i
(2.6.19)

holds for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

Let � 2 C1.R; Œ0; 1�/ be given by

�.x/ D

´
1 x < 1=2;

0 x > 3=4:
(2.6.20)
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With d D 1 � x� , let �d .x/ D �..x � x�/=d/ and set

� D ' C �.x�/�d : (2.6.21)

Note that by the choice of d , ' satisfies also the boundary conditions at x 2 ¹0; 1º.
It can be easily verified that

A�;˛' D v C �.x�/
�
.U C i�/.�00d � ˛

2�d / � U
00�d

�
:

By (2.6.21) we have that

w WD .U � �/�1' 2 H 2.0; 1/; (2.6.22)

and hence we can rewrite the above equality (using (2.4.22) twice) in the form

�

�
.U � �/2

� '

U � �

�0�0
C ˛2.U � �/'

D v C �.x�/
�
.U � �/.�00d � ˛

2�d / � U
00�d

�
C i�.�00 � ˛2�/

D
.U � �/v

U C i�
C �.x�/

�
.U � �/.�00d � ˛

2�d / � U
00�d

�
C i�

U 00�

U C i�
: (2.6.23)

Taking the inner product with w and integrating by parts, exploiting the fact that
'.x�/ D 0, then yields

k.U � �/w0k2
L2.x� ;1/

C ˛2k'k2
L2.x� ;1/

D

D
';

v

U C i�

E
L2.x� ;1/

� hw; �.x�/U
00�d iL2.x� ;1/

C �.x�/h'; �
00
d � ˛

2�d iL2.x� ;1/ C i�
D
w;

U 00�

U C i�

E
L2.x� ;1/

: (2.6.24)

We now estimate the four terms appearing in the right-hand side of (2.6.24), using
precisely the same procedure as in the proof of [3, Proposition 4.13]. For the first term
on the right-hand side of (2.6.24) we obtain with the aid of (2.6.21)ˇ̌̌D

';
v

U C i�

E
L2.x� ;1/

ˇ̌̌
�

ˇ̌̌D
� � �.x�/;

v

U C i�

E
L2.x� ;1/

ˇ̌̌
C j�.x�/j

ˇ̌̌D
1 � �d ;

v

U C i�

E
L2.x� ;1/

ˇ̌̌
: (2.6.25)

Since the integration is carried over .x� ; 1/ we can estimate the first term on the
right-hand side of (2.6.25) by using Hardy’s inequality (2.2.8) and (2.6.10)ˇ̌̌D

� � �.x�/;
v

U C i�

E
L2.x� ;1/

ˇ̌̌
�




� � �.x�/
x � x�





L2.x� ;1/




 .x � x�/v
U C i�





L2.x� ;1/

� Ck�0kL2.x� ;1/kvk2:
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For the second term on the right-hand side of (2.6.25) we first note that since

�.x�/ D �

Z 1

x�

�0.x/ dx;

we may conclude that
j�.x�/j � d

1=2
k�0k2: (2.6.26)

By the definition of �d , 


 1 � �d
U C i�





1
�
C

d
;

and hence, 


 1 � �d
U C i�





L2.x� ;1/

D




 1 � �d
U C i�





2
�

C

d1=2
:

Hence, by the above and (2.6.26),

j�.x�/j
ˇ̌̌D
1 � �d ;

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� d1=2k�0k2




 1 � �d
U C i�





2
kvk2 � Ck�

0
k2kvk2:

Hence, ˇ̌̌D
';

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� Ck�0k2kvk2: (2.6.27)

In addition, we may write, observing that '.1/ D 0,ˇ̌̌D
';

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� k'0kL2.x� ;1/




.1 � x/1=2 v

U C i�





1
:

Using (2.6.26), yields

k'0kL2.x� ;1/ � k�
0
kL2.x� ;1/ C j�.x�/j k�

0
dk2 � Ck�

0
k2;

which leads toˇ̌̌D
';

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� Ck�0kL2.x� ;1/




.1 � x/1=2 v

U C i�





1
: (2.6.28)

Combining (2.6.27) and (2.6.28) yields the existence of C > 0 such thatˇ̌̌D
';

v

U C i�

E
L2.x� ;1/

ˇ̌̌
� Ck�0kL2.x� ;1/N.v; �/: (2.6.29)

To estimate the second term hw; �.x�/U 00�d iL2.x� ;1/ on the right-hand side of
(2.6.24), we note that by Hardy’s inequality (2.2.8) and (2.6.26), we have

kwkL2.x� ;1/ � Ck'
0
kL2.x� ;1/ �

yC
�
k�0kL2.x� ;1/ C

1

d1=2
j�.x�/j

�
� zCk�0kL2.x� ;1/: (2.6.30)
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From (2.6.30) we then get

jhw; �.x�/U
00�d iL2.x� ;1/j � C j�.x�/jk�

0
kL2.x� ;1/: (2.6.31)

Next, we write for the third term .�.x�/h'; �
00
d
� ˛2�d iL2.x� ;1// on the right-

hand side of (2.6.24), using integration by parts (note that �0
d
.x�/ D 0 D �

0
d
.1/) and

the fact that ˛2 � A

jh'; �00d � ˛
2�d iL2.x� ;1/j � k'

0
kL2.x� ;1/k�

0
dk2 C CA k'kL2.x� ;1/

� yCA

�
1

d1=2
k'0kL2.x� ;1/ C k'kL2.x� ;1/

�
:

(For convenience we drop the notation referring to the dependence onA in the sequel.)
Consequently, by (2.6.21),

j�.x�/j jh'; �
00
d � ˛

2�d iL2.x� ;1/j

� C j�.x�/j
� 1

d1=2

�
k�0kL2.x� ;1/C

1

d1=2
j�.x�/j

�
C.k�kL2.x� ;1/Cd

1=2
j�.x�/j/

�
:

Hence, using Poincaré’s inequality and (2.6.26), yields

j�.x�/j jh'; �
00
d � ˛

2�d iL2.x� ;1/j � C
j�.x�/j

d1=2
k�0kL2.x� ;1/: (2.6.32)

To estimate the last term
�
i�
˝
w; U

00�
UCi�

˛
.x� ;1/

�
on the right-hand side of (2.6.24),

we first writeˇ̌̌D
w;U 00

�

U C i�

E
L2.x� ;1/

ˇ̌̌
�

ˇ̌̌D
w;U 00

� � �.x�/

U C i�

E
L2.x� ;1/

ˇ̌̌
C

ˇ̌̌D
w;U 00

�.x�/

U C i�

E
L2.x� ;1/

ˇ̌̌
:

We then use (2.6.30), (2.6.26), and [3, equation (4.38)], which reads, for � 2 Œ0; �1�,
with �1 < U.0/, 


 1

U C i�





2
� {C�1 j�j

�1=2; (2.6.33)

to obtain thatˇ̌̌D
w;U 00

�.x�/

U C i�

E
L2.x� ;1/

ˇ̌̌
� CkwkL2.x� ;1/j�.x�/j




 1

U C i�





2

� yC j�j�1=2d1=2k�0k2
L2.x� ;1/

: (2.6.34)

Furthermore, we have, by (2.6.14) and (2.6.30),ˇ̌̌D
w;U 00

� � �.x�/

U C i�

E
L2.x� ;1/

ˇ̌̌
� Ck�0k2

L2.x� ;1/
:
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Substituting the above and (2.6.34) together with (2.6.29), (2.6.31), and (2.6.32) into
(2.6.24) yields that there exists C > 0 such that

k.U � �/w0k2
L2.x� ;1/

C ˛2k'k2
L2.x� ;1/

� C
�
Œj�j1=2d1=2 C j�j�k�0k2

L2.x� ;1/
C

h
j�.x�/j

d1=2
CN.v; �/

i
k�0kL2.x� ;1/

�
:

(2.6.35)

As jU.x/� �j � 1
C
jx � x� j for all x 2 .x� ; 1/, we can apply Hardy’s inequality (2.2.7)

to .U � �/w0 on .x� ; 1/ to obtain

kwk2
L2.x� ;1/

� yCk.U � �/w0k2
L2.x� ;1/

� zC
��
j�j1=2d1=2 C j�j

�
k�0k2

L2.x� ;1/
C

h
j�.x�/j

d1=2
CN.v; �/

i
k�0kL2.x� ;1/

�
:

(2.6.36)

Continuing as in Step 2 of the proof of [3, Proposition 4.14] we write, using the
definition of w and ',

k�0kL2.x� ;1/ � k.U � �/w
0
kL2.x� ;1/CkU

0wkL2.x� ;1/CC d
�1=2
j�.x�/j; (2.6.37)

from which we conclude with the aid of (2.6.35) and (2.6.36) that, for sufficiently
small �A,

k�0kL2.x� ;1/ � C
�
j�.x�/j

d1=2
CN.v; �/

�
: (2.6.38)

From (2.6.38) we can conclude (2.6.19) with the aid of Poincaré’s inequality, the fact
that d � 1

C
�, and (2.6.4).

Step 3. We prove that for any A > 0, there exist C and �A such that, for ˛2 � A,
j�j � �A, and � 2 Œ0; �1/

jc�
k
j C k�kH1.0;x�/ � C

�
��1

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
C ��1=2N.v; �/

�
; (2.6.39)

holds for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

Here, we need to obtain an estimate for kwkL2.0;x�/, where we recall from (2.6.22)
that w WD .U � �/�1'.

To this end we need an estimate forw. Ox0/ for some Ox0 2 .x�=2;x�/, to be determ-
ined at later stage. Clearly, there exists Ox1 2 ..1C x�/=2; 1/ such that

j�0. Ox1/j �

p
2

d1=2
k�0kL2.x� ;1/

and
j�. Ox1/j � d

1=2
k�0kL2.x� ;1/:
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Furthermore, it holds for all x 2 .x�=2; x�/ that

j�0.x/j � j�0. Ox1/j C
ˇ̌̌ Z Ox1
x

�00.t/ dt
ˇ̌̌
:

Consequently, as

jw. Ox0/j D
ˇ̌̌�. Ox0/ � �.x�/
U. Ox0/ � �

ˇ̌̌
�

1

jU. Ox0/ � �j

Z x�

Ox0

j�0.x/j dx;

we may conclude that

jw. Ox0/j �
1

jU. Ox0/ � �j

Z x�

Ox0

h
j�0. Ox1/j C

ˇ̌̌ Z Ox1
x

�00.t/ dt
ˇ̌̌i
dx:

With the aid of (2.4.22) we then have

jw. Ox0/j �
1

jU. Ox0/ � �j

Z x�

Ox0

�
j�0. Ox1/j C

ˇ̌̌ Z Ox1
x

hU 00� � v
U C i�

C ˛2�
i
dt
ˇ̌̌�
dx:

(2.6.40)
We now writeZ Ox1

x

U 00�

U C i�
dt D �.x�/

Z Ox1
x

U 00

U C i�
dt C

Z Ox1
x

U 00Œ� � �.x�/�

U C i�
dt: (2.6.41)

To facilitate the estimate of the integral appearing in the first term on the right-hand
side of (2.6.41) we use an integration by parts to obtainZ Ox1

x

U 00

U C i�
dt D

�U 00
U 0

log.U C i�/
�ˇ̌̌x
Ox1
�

Z Ox1
x

�U 00
U 0

�0
log.U C i�/ dt:

As 0 < � < �1, U 00=U 0 and .U
00

U 0
/0 are uniformly bounded in .x�=2;1/ and in view

of the inequality
j log.U C i�/j � log jx � xvj�1 C C;

we observe that the L1-norm of log.U.x/C i�/ is bounded and that

j log.U C i�/. Ox1/j � C.j log.d2 C �2/j C 1/: (2.6.42)

Hence, we haveˇ̌̌
�.x�/

Z Ox1
x

U 00.t/

U.t/C i�
dt
ˇ̌̌
� C j�.x�/jŒ1C j log.d2 C �2/j C j log.U C i�/. Ox/j�:

For the second term on the right-hand side of (2.6.41), we have by (2.6.14)ˇ̌̌ Z Ox1
x�

U 00.t/Œ�.t/ � �.x�/�

U.t/C i�
dt
ˇ̌̌
� C j Ox1 � x� j

1=2
h Z Ox1

x�

ˇ̌̌�.t/ � �.x�/
U.t/C i�

ˇ̌̌2
dt
i1=2

� zC d1=2k�0kL2.x� ; Ox1/:
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In a similar manner we obtain thatˇ̌̌ Z x�

x

U 00Œ�.t/ � �.x�/�

U.t/C i�
dt
ˇ̌̌
� C.x� � x/

1=2
k�0kL2.x;x�/:

Consequently,ˇ̌̌ Z Ox1
x

U 00Œ�.t/ � �.x�/�

U.t/C i�
dt
ˇ̌̌
� C

�
k�0kL2.x� ; Ox1/ C .x� � x/

1=2
k�0kL2.x;x�/

�
:

Hence,ˇ̌̌ Z Ox1
x

U 00�

U C i�
dt
ˇ̌̌

� C
�
k�0kL2.x� ; Ox1/ C .x� � x/

1=2
k�0kL2.x;x�/

C j�.x�/jŒ1C j log.d2 C �2/j C j log.U C i�/.x/j�
�
: (2.6.43)

Next, we writeˇ̌̌ Z Ox1
x

�.t/ dt
ˇ̌̌
� C d1=2 k�kL2.x� ;1/ C

ˇ̌̌ Z x�

x

�.t/ dt
ˇ̌̌
:

Then, with the aid of Poincaré’s inequality we obtainˇ̌̌ Z Ox1
x

�.t/ dt
ˇ̌̌
� C d k�0kL2.x� ;1/ C j�.x�/j.x� � x/C C.x� � x/

3=2
k�0kL2.x;x�/:

Substituting the above, together with (2.6.43), into (2.6.40) yields

jw. Ox0/j �
C.1C ˛2/

jU. Ox0/ � �j

Z x�

Ox0

�
d�1=2k�0kL2.x� ;1/ C .x� � x/

1=2
k�0kL2.x;x�/

C j�.x�/jŒ1C j log.U C i�/.x/j C j log.d2 C �2/j�
�
dx:

We now write, using (2.6.42),

1

jU. Ox0/ � �j

Z x�

Ox0

j log.U C i�/.x/j dx �
C

x� � Ox0

Z x�

Ox0

Œ1C j log.x� � x/j� dx

� yC Œ1C log.j Ox0 � x� j�1/�:

Consequently, since j. Ox0�x�/.U. Ox/��/�1j is uniformly bounded for Ox02.x� ; x�=2/
and ˛2 � A,

jw. Ox0/j � C
�
j�.x�/j.1C log j Ox0 � x� j�1 C j log.d2 C �2/j/

C .x� � Ox0/
1=2
k�0kL2. Ox0;x�/ C d

�1=2
k�0kL2.x� ;1/

�
: (2.6.44)
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We can now apply Hardy’s inequality (2.2.7) to w �w. Ox0/ on the interval . Ox0; x�/ to
obtain

kw � w. Ox0/k
2
L2. Ox0;x�/

� 4k.Œx � x� �Œw � w. Ox0/�/
0
k
2
L2. Ox0;x�/

� C.�1/k.U � �/w
0
k
2
L2. Ox0;x�/

:

By (2.6.44) and (2.6.4) we then have

kwkL2. Ox0;x�/

� C
�
k.U � �/w0kL2. Ox0;x�/ C d

�1=2
k�0kL2.x� ;1/

C Œk�0k
1=2
2 N.v; �/

1
2 C j�j1=2k�0k2�.1C log.j Ox0 � x� j�1/C j log.d2 C �2/j/

C .x� � Ox0/
1=2
k�0kL2. Ox0;x�/

�
:

Note that C is independent of Ox0 2 .x�=2; x�/.
On the other hand by Poincaré’s inequality, we have

kw � w. Ox0/k
2
L2.0; Ox0/

� Ckw0k2
L2.0; Ox0/

:

Observing that 1
2
x�1 � Ox0 � x� � 1 we obtain for all x 2 .0; Ox0/

U.x/ � � � U. Ox0/ � U.x�/ �
ˇ̌̌
U 0
�1
2
x�1

�ˇ̌̌
j Ox0 � x� j:

Consequently,

kw � w. Ox0/k
2
L2.0; Ox0/

� C.x� � Ox0/
�2
k.U � �/w0k2

L2.0; Ox0/
; (2.6.45)

and hence, as Ox0 � x� ,

kwkL2.0;x�/

� C
�
.x� � Ox0/

�1
k.U � �/w0kL2.0;x�/ C d

�1=2
k�0kL2.x� ;1/

C Œk�0k
1=2
2 N.v; �/

1
2 C j�j1=2k�0k2�.1C log j Ox0 � x� j�1 C j log.d2 C �2/j/

C .x� � Ox0/
1=2
k�0kL2. Ox0;x�/

�
:

Continuing as in Step 2 of the proof of [3, Proposition 4.14] we establish that

k�0kL2.0;x�/

� C
�
.x� � Ox0/

�1
k.U � �/w0kL2.0;x�/ C d

�1=2
k�0kL2.x� ;1/

C Œk�0k
1=2
2 N.v; �/

1
2 C j�j1=2k�0k2�.1C log.j Ox0 � x� j�1/C j log.d2 C �2/j/

C .x� � Ox0/
1=2
k�0kL2. Ox0;x�/

�
: (2.6.46)
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Taking the inner product in L2.0; x�/ of (2.6.23) with w yields, as in (2.6.24)
(note that �d � 1 in .0; x�/)

k.U � �/w0k2
L2.0;x�/

C ˛2k'k2
L2.0;x�/

D

D
';

v

U C i�

E
L2.0;x�/

� hw; �.x�/U
00
iL2.0;x�/

� ˛2�.x�/h'; 1iL2.0;x�/ C i�
D
w;

U 00�

U C i�

E
L2.0;x�/

: (2.6.47)

As in the proof of (2.6.29) we obtain below for the first term on the right-hand
side of (2.6.47) ˇ̌̌D

';
v

U C i�

E
L2.0;x�/

ˇ̌̌
� Ck�0kL2.0;x�/N.v; �/: (2.6.48)

Indeed, as '0 � �0 in .0; x�/ and '.x�/ D 0, we get for x 2 .0; x�/

j'.x/j � k'0kL2.0;x�/.x� � x/
1=2
� k�0kL2.0;x�/.1 � x/

1=2;

from which we conclude thatˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
� k�0kL2.0;x�/




.1 � x/1=2 v

U C i�





1
: (2.6.49)

In addition, we can writeˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
D

ˇ̌̌D
� � �.x�/;

v

U C i�

E
L2.0;x�/

ˇ̌̌
D

ˇ̌̌D .� � �.x�//
.x � x�/

;
x � x�

U C i�
v
E
L2.0;x�/

ˇ̌̌
and then use (2.6.12) and (2.6.10) to obtainˇ̌̌D

';
v

U C i�

E
L2.0;x�/

ˇ̌̌
� Ck�0k2kvk2: (2.6.50)

Using the definition ofN.v;�/ in (2.6.1) we can now conclude (2.6.48) from (2.6.49)
and (2.6.50).

By (2.2.8) which reads in this case

kwkL2.0;x�/ � Ck�
0
kL2.0;x�/; (2.6.51)

we have for the second term on the right-hand side of (2.6.47) that

jhw; �.x�/U
00
iL2.0;x�/j � C j�.x�/jk�

0
kL2.0;x�/:

For the third term we have, using the fact that ˛2�A, (2.6.21) and Poincaré’s inequal-
ity,

j˛2�.x�/h'; 1iL2.0;x�/j�C j�.x�/j
�
k�kL2.0;x�/Cj�.x�/j

�
� yC j�.x�/j k�

0
kL2.0;x�/:
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Finally, we obtain for the last term of (2.6.47) using (2.6.10), (2.6.12) (as in the proof
of (2.6.14) but on the interval .0; x�/), and (2.6.51)ˇ̌̌

�
D
w;
U 00.� � �.x�//

U C i�

E
L2.0;x�/

ˇ̌̌
� C j�jk�0k2

L2.0;x�/
:

Hence, with the aid of (2.6.33) we conclude, as in the proof of (2.6.34),ˇ̌̌
�
D
w;
U 00�.x�/

U C i�

E
L2.0;x�/

ˇ̌̌
� C j�j k.U C i�/�1kL2.0;x�/ j�.x�/j k�

0
kL2.0;x�/

� yC j�j
1
2 j�.x�/jk�

0
kL2.0;x�/

� yC
�
j�jk�0k2

L2.0;x�/
C j�.x�/j

2
�

� zC
�
j�jk�0kL2.0;x�/ C j�.x�/j

�
k�0kL2.0;x�/:

Combining the above starting from (2.6.47) yields

k.U � �/w0k2
L2.0;x�/

C ˛2k'k2
L2.0;x�/

� C
�
j�j k�0k2

L2.0;x�/
C Œj�.x�/j CN.v; �/�k�

0
kL2.0;x�/

�
: (2.6.52)

Hence, by (2.6.46) and (2.6.4), there exists C > 0 such that for any Ox0 2 .x�=2; x�/
we have, with " D x� � Ox0,

k�0k2 � C.N.v; �/C Œ1C j�j
1=2
C d�1=2�k�0kL2.x� ;1//

C C Œj�j1=2."�1 C j log.d2 C �2/j/C "1=2�k�0k2:

We can now choose Ox0 such that " D inf.. 1
4C
/2; x�1=4/. Then under the condition

j�j1=2."�1 C j log.d2 C �2/j/ � 1
4C

, which is valid for �A which is small enough,
we obtain

k�0k2 � 3C
�
N.v; �/C d�1=2k�0kL2.x� ;1/

�
� yC

�
N.v; �/C ��1=2k�0kL2.x� ;1/

�
:

(2.6.53)
Combining (2.6.53) with (2.6.38) yields,

k�0k2 � C
�
j�.x�/j

d
C d�1=2N.v; �/

�
; (2.6.54)

from which we can conclude a bound on � in H 1.0; x�/ as stated in (2.6.39), upon
use of Poincaré’s inequality and (2.6.4).

To complete the proof of (2.6.39), we need to estimate c�
k

, which is defined in
(2.6.3) by

c�
k
D
h� � �.x�/; U � �iL2.0;x�/

kU � �k2
L2.0;x�/

:
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We note that for 0 < � < �1 the denominator in the definition of c�
k

satisfies

k.U � �/k2
L2.0;x�/

� k.U � �/k2
L2.x�1=4;x�1=2/

�
1

C
: (2.6.55)

Hence,

jc�
k
j � C




� � �.x�/
U � �





L2.0;x�/

� yC k�0kL2.0;x�/; (2.6.56)

which together with (2.6.54) yields (2.6.39).

Step 4. We prove that for any A > 0, there exists C and �A such that, for ˛2 � A,
j�j � �A, and � 2 .0; �1/ such that

k� � c�
k
.U � �/k1;2 � C�

�1=2
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

�
(2.6.57)

holds for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

Since (2.2.2) remains valid if we replace U by U � �, 1� x by x� � x, and .0; 1/
by .0; x�/ we may conclude from (2.2.2) that there exists C > 0 such that

k.U � �/w0k2
L2.0;x�/

�
1

C
k'�?k

2
L2.0;x�/

; (2.6.58)

where, in the interval .0; x�/, '�? is defined by

'�? D � � �.x�/ � c
�
k
.U � �/ D ' � c�

k
.U � �/ (2.6.59)

and c�
k

is defined in (2.6.3). Note that by construction

h'�?; U � �i.0;x�/ D 0: (2.6.60)

Furthermore, by (2.6.60) and (2.6.55)

1

C
jc�
k
j
2
� jc�

k
j
2
k.U � �/k2

L2.0;x�/
� k'k2

L2.0;x�/
: (2.6.61)

Substituting (2.6.61) and (2.6.58) into (2.6.52) (recall again that '0 � �0 in .0; x�/)
yields, with the aid of (2.6.18) and (2.6.59), for a new constant C

k'�?k
2
L2.0;x�/

C ˛2jc�
k
j
2

� C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C
�
j�.x�/j CN.v; �/

��
k.'�?/

0
kL2.0;x�/ C jc

�
k
j
��
: (2.6.62)

Let w�
?
WD .U � �/�1'�

?
. As in (2.3.8) we obtain that

k.'�?/
0
k
2
L2.0;x�/

� C
�
k.U � �/.w�?/

0
k
2
L2.0;x�/

C k'�?kL2.0;x�/kw
�
?kL2.0;x�/

�
:

(2.6.63)
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By Hardy’s inequality (2.2.8) applied tow�
?

, and since .w�
?
/0 Dw0, we may conclude

from (2.6.63), with the aid of (2.6.58), that

k.'�?/
0
kL2.0;x�/ � C.k.U � �/w

0
kL2.0;x�/ C k'

�
?kL2.0;x�//

� yCk.U � �/w0kL2.0;x�/: (2.6.64)

We now rewrite (2.6.52) with the aid of (2.6.18) in the form

k.U � �/w0k2
L2.0;x�/

� C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C Œj�.x�/j CN.v; �/�k�

0
kL2.0;x�/

�
:

Combining the above with (2.6.64) and (2.6.59) yields

k.'�?/
0
k
2
L2.0;x�/

� C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C Œj�.x�/j CN.v; �/�.k.'

�
?/
0
kL2.0;x�/ C jc

�
k
j/
�
: (2.6.65)

This yields by (2.6.39) and (2.6.4) that

k.'�?/
0
k
2
L2.0;x�/

� C ��1
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
CN.v; �/2

�
: (2.6.66)

Clearly, by Poincaré’s inequality

k� � c�
k
.U � �/k2

L2.0;x�/

� 2.k'�?k
2
L2.0;x�/

C j�.x�/j
2/ � C.k.'�?/

0
k
2
L2.0;x�/

C j�.x�/j
2/;

which implies

k� � c�
k
.U � �/k2

H1.0;x�/
� C.k.'�?/

0
k
2
L2.0;x�/

C j�.x�/j
2/: (2.6.67)

Combining (2.6.67) with (2.6.39), (2.6.4), and (2.6.66) then yields

k� � c�
k
.U � �/kH1.0;x�/ � C�

�1=2
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

�
: (2.6.68)

Next, we write with the aid of (2.6.19) and (2.6.39) (the bound on jc�
k
j),

k� � c�
k
.U � �/kH1.x� ;1/

� k�kH1.x� ;1/ C d
1=2
jc�
k
j � C

�
��1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

�
: (2.6.69)

Combining (2.6.69) with (2.6.68) and (2.6.4) yields,

k� � c�
k
.U � �/k1;2 � C�

�1=2
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
CN.v; �/

�
;

verifying (2.6.57).
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Step 5. We prove that for any 0 < �1 < U.0/ and A > 0, there exists �A > 0 and
CA > 0 such that (2.6.2) holds for ˛2 � A and j�j � �A.

For � 2 .0; �1/, let �� 2 C1.RC; Œ0; 1�/ satisfy

��.x/ D

´
0 x < x�

4
;

1 x > x�
2

(2.6.70)

and
j�0�.x/j � C.�1/ 8� 2 .0; �1/; 8x 2 .0; 1/:

Let further
Q�� D 1 � �� : (2.6.71)

We may now write, omitting the reference to � for �� and Q�� ,ˇ̌̌D
��;

v

U C i�

Eˇ̌̌
� j�.x�/j

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
C

ˇ̌̌D
�
�
� � �.x�/

�
;

v

U C i�

Eˇ̌̌
: (2.6.72)

For the first term on the right-hand side of (2.6.72) we begin by writing thatD
�;

v

U C i�

E
D �

D� � Nv
U 0

�0
; log.U C i�/

E
C
Nv.1/ log.U.1/C i�/

U 0.1/
:

Then we observe that

j log.U.1/C i�/j D j log.U.1/ � U.x�/C i�/j � C.log.d�1 C 1//;

and since d � 1 � x�1 we obtain

j log.U.1/C i�/j D j log.U.1/ � U.x�/C i�/j � yC.log.d�1//:

We can then conclude thatˇ̌̌D
�;

v

U C i�

Eˇ̌̌
�

ˇ̌̌D� � Nv
U 0

�0
; log.U C i�/

Eˇ̌̌
C C jv.1/j log jd j�1:

In view of (2.4.6) we can use Hölder’s inequality and the fact that

kvkp � kvk1 � jv.1/j C kv
0
kp

to obtain, with the aid of (2.4.6), that for any p > 1, we haveˇ̌̌D� � Nv
U 0

�0
; log.U C i�/

Eˇ̌̌
� C.jv.1/j C kv0kp/:

Consequently, there exist C > 0 such thatˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

�
kv0kp C jv.1/j log jd j�1

�
: (2.6.73)
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For the second term on the right-hand side of (2.6.72) we have, using (2.6.59) and
Hardy’s inequality (2.6.13)ˇ̌̌D

�.� � �.x�//;
v

U C i�

Eˇ̌̌
� jc�

k
j

ˇ̌̌D
�.U � �/;

v

U C i�

Eˇ̌̌
C

ˇ̌̌D
�'�?;

v

U C i�

Eˇ̌̌
� C jc�

k
j kvk1 C




 '�
?

x � x�





2




 .x � x�/ v �
U C i�





2

� yC
�
jc�
k
j kvk1 C k.'

�
?/
0
k2kvk2

�
: (2.6.74)

Substituting (2.6.73) and (2.6.74) into (2.6.72) yieldsˇ̌̌D
��;

v

U C i�

Eˇ̌̌
� C

h
j�.x�/j.kv

0
kp C jv.1/j log jd j�1/C jc�

k
j kvk1 C k.'

�
?/
0
k2kvk2

i
: (2.6.75)

As 0 < � < �1 < U.0/ and supp Q� � Œ0; x�=4�, it holds that j Q�.U C i�/�1j � C and
hence, ˇ̌̌D

Q��;
v

U C i�

Eˇ̌̌
� Ck�k1kvk1 � Ck�

0
k2kvk1: (2.6.76)

Combining (2.6.76) with (2.6.75) and (2.6.59) then yieldsˇ̌̌D
�;

v

U C i�

Eˇ̌̌
�C

�
j�.x�/j

�
kv0kpCjv.1/j log jd j�1

�
Cjc�

k
jkvk1Ck.'

�
?/
0
k2kvk2

�
:

With the aid of (2.6.4) we then obtain thatˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

�
kv0k2p C jv.1/j

2 log2 jd j�1 C jc�
k
j kvk1 C k.'

�
?/
0
k2kvk2

�
:

(2.6.77)
Substituting (2.6.77) into (2.6.39) leads to

jc�
k
j�C

�
��1Œkv0kpCjv.1/j log jd j�1Ckvk1Ck.'�?/

0
k
1=2
2 kvk

1=2
2 �C��1=2N.v; �/

�
:

(2.6.78)
Next, we substitute (2.6.77) into (2.6.57) to obtain, in view of (2.6.59)

k.'�?/
0
k2 � C

�
��1=2Œkv0kp C jv.1/j log ��1 C jc�

k
j
1=2
kvk

1=2
1

C ��1=2kvk2�C �
�1=2N.v; �/

�
: (2.6.79)

Combining (2.6.79) with (2.6.78) yields

�1=2k.'�?/
0
k2C�jc

�
k
j�C

�
kv0kpCjv.1/j log��1C��1kvk1C��1=2kvk2CN.v;�/

�
:

(2.6.80)
Substituting (2.6.80) and (2.6.4) into (2.6.77) leads to

j�.x�/j �
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
� C

�
kv0kpCjv.1/j log ��1C��1kvk1C��1=2kvk2CN.v; �/

�
: (2.6.81)
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On the other hand, given the fact that �.1/ D 0 and in view of (2.6.59), it holds that

j�.x/j D
ˇ̌̌ Z 1

x

�0.t/ dt
ˇ̌̌
� jc�

k
j.1 � x/C k.'�?/

0
k2.1 � x/

1=2:

Consequently,ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� jc�

k
j




.1 � x/ v

U C i�





1
C k.'�?/

0
k2




.1 � x/1=2 v

U C i�





1
:

(2.6.82)
Substituting (2.6.82) into (2.6.39) yields

jc�
k
j � ��2




.1 � x/ v

U C i�





1

C ��1k.'�?/
0
k
1=2
2




.1 � x/1=2 v

U C i�




1=2
1
C ��1=2N.v; �/: (2.6.83)

Then, substituting (2.6.82) into (2.6.57) leads to

k.'�?/
0
k2 � �

�1=2
jc�
k
j
1=2



.1 � x/ v

U C i�




1=2
1

C ��1



.1 � x/1=2 v

U C i�





1
C ��1=2N.v; �/: (2.6.84)

Combining (2.6.83) and (2.6.84) we may conclude

�1=2k.'�?/
0
k2 C �jc

�
k
j

� C
�
��1




.1 � x/ v

U C i�




1=2
1
C ��1=2




.1 � x/1=2 v

U C i�





1
CN.v; �/

�
:

(2.6.85)

Combining (2.6.85) with (2.6.81) and (2.6.1) yields (2.6.2) for ˛2 � A.

Step 6. There exists A0 � 0 and yC such that if ˛2 � A0, j�j � 1, � 2 .0; �1/, then

k�kH1.0;1/ � yC N.v; �/ (2.6.86)

for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

We preliminarily observe that

ı2 D sup
�2.0;�1/




��U 00
U 0





1;1

< C1;

yC0 D sup
j�j�1
�2.0;�1/

k log.U C i�/k2 < C1

and
yC1 D sup

j�j�1
�2.0;�1/




 Q�� U 00

U C i�





1
< C1;
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where �� and Q�� are defined in (2.6.70)–(2.6.71).
Taking (as in (2.4.15) for the case when ˛ D 0) the inner product of (2.3.2) with

� yields for the real part

k�0k22 C ˛
2
k�k22 D <

D
�;

v

U C i�

E
�<

D
�U 00�;

�

U C i�

E
�<

D
Q�U 00�;

�

U C i�

E
:

(2.6.87)
For the first term on the right-hand side, we can use (5.2.16) to obtainˇ̌̌

<

D
�;

v

U C i�

Eˇ̌̌
� Ck�0k2N.v; �/:

For the second term we apply Poincaré’s inequality, the finiteness of yC0 and ı2, and
the Sobolev embedding

k�k21 � 2k�k2k�
0
k2;

to conclude that for some new constant yCˇ̌̌D
�U 00�;

�

U C i�

Eˇ̌̌
�

ˇ̌̌D�U 00
U 0
�j�j2

�0
; log.U C i�/

Eˇ̌̌
� k log.U C i�/k2k�k1

�
2



� U 00
U 0





1
k�0k2 C




�� U 00
U 0

�0



1
k�k2

�
� yC k�0k

3=2
2 k�k

1=2
2 :

For the last term on the right-hand side of (2.6.87), we haveˇ̌̌D
Q�U 00�;

�

U C i�

Eˇ̌̌
� k�k22




 Q� U 00

U C i�





1
� yC1 k�k

2
2:

Consequently,

k�0k22 C ˛
2
k�k22 �

yC
�
k�0k

3=2
2 k�k

1=2
2 C k�k22 C k�

0
k2N.v; �/

�
:

Using Young’s inequality we obtain, for some A0 � 0 and yC > 0

1

2
k�0k22 � .A0 � ˛

2/k�k22 C
yC N.v; �/2: (2.6.88)

Hence, for ˛2 � A0, (2.6.86) follows immediately from the above inequality in con-
junction with Poincaré’s inequality.

Conclusion. Observing that 1
C
� � d � C�, the proof of (2.6.2) follows from

(2.6.39), (2.6.57), and (2.6.86).
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2.7 The case =� < 0

We now consider the case where =� is negative. Due to the non-invertibility of A0;0

the estimates of A�1
�;˛

become challenging in the limit =�! 0 and the bounds neces-
sarily include negative powers of � D =�.

Proposition 2.7.1. LetU 2C 3.Œ0;1�/ satisfy (2.1.3). Then there existC >0 such that
for any ˛ � 0, and .�; v/ 2D.A�;˛/�W

1;p.0; 1/ .where A�;˛ is defined in (2.1.1)/
satisfying (2.4.22), we have for all � < 0,

k�k1;2 � C.1C j�j
�1/




.1 � x/1=2 v

U C i�





1
; (2.7.1a)

and, for �1=2 < � < 0

k�0kL2.1�j�j1=2;1/ � C j�j
�3=4




.1 � x/1=2 v

U C i�





1
: (2.7.1b)

Furthermore, it holds that for all � < 0

j�.x/j � C.1 � x/1=2Œ1C j�j�1=2.1 � x/1=2�
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
: (2.7.2)

Proof. We begin by rewriting A�;˛� D v in the form

�..U � �/2w0/0 C ˛2.U � �/2w D v � i�
v � U 00�

U C i�
D
.U � �/v C i�U 00�

U C i�
;

where
w D �=.U � �/:

Taking the inner product with w on the left yields (see (2.6.24) and (2.6.47))

k.U � �/w0k22 C ˛
2
k�k22 D

D
�;

v

U C i�

E
C i�

D
w;

U 00�

U C i�

E
:

For the last term on the right-hand side we have, since U 00 < 0 and U � � > 0,

<

�
i�
D
w;

U 00�

U C i�

E�
D j�j2

D �

U � �
;

U 00�

jU C i�j2

E
< 0:

Hence,
k.U � �/w0k22 C ˛

2
k�k22 � <

D
�;

v

U C i�

E
: (2.7.3)

We now write, using the fact that U.x/ � � � C�1.1 � x � �/,

jw.x/j �
ˇ̌̌ Z 1

x

w0.t/ dt
ˇ̌̌
�

h Z 1

x

1

.U � �/2
dt
i1=2
k.U � �/w0k2

� C
.1 � x/1=2

j�j1=2.1 � x � �/1=2
k.U � �/w0k2: (2.7.4)
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Using this time the bound U.x/ � � � 1 � x � � together with (2.7.3) and (2.7.4),
we obtain (2.7.2). Integrating (2.7.4) squared over Œ0; 1� yields

kwk22 � C j�j
�1
k.U � �/w0k22: (2.7.5)

By writing � D .U � �/w, we obtain that

k�0k22 � 2 k.U � �/w
0
k
2
2 C 2 kU

0wk22;

which leads, together with (2.7.5), to

k�0k22 � C.j�j
�1
C 1/k.U � �/w0k22: (2.7.6)

We can now establish (2.7.1a) by combining (2.7.6) with (2.7.3) and the fact that
j�.x/j � k�0k2.1 � x/

1=2.
To obtain (2.7.1b) we write for �1=2 < � < 0,

k�0k2
L2.1�j�j1=2;1/

� 2 k.U � �/w0k2
L2.1�j�j1=2;1/

C 2 kU 0wk2
L2.1�j�j1=2;1/

: (2.7.7)

By (2.7.4) and the fact that for all x 2 Œ0; 1�

0 �
1 � x

j�j.1 � x � �/
�

1

j�j
;

we obtain via integration over .1 � j�j1=2; 1/ that

kU 0wk2
L2.1�j�j1=2;1/

� Ckwk2
L2.1�j�j1=2;1/

� yC j�j�1=2k.U � �/w0k22:

Substituting the above into (2.7.7) yields

k�0k2
L2.1�j�j1=2;1/

� C j�j�1=2k.U � �/w0k22: (2.7.8)

By (2.7.3) and (2.7.1a) we then obtain that for �1=2 < � < 0,

k�0k2
L2.1�j�j1=2;1/

� C j�j�1=2k�0k2




.1 � x/1=2 v

U C i�





1

� yC j�j�3=2



.1 � x/1=2 v

U C i�




2
1
;

readily verifying (2.7.1b).

2.8 The case �1 � =� < U.0/ � �0j<�j, j<�j small

In the following, we establish estimates, similar to (2.5.3), for �1 � � < U.0/� �0j�j,
for sufficiently small U.0/ � �1 and j�j.
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Proposition 2.8.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and U 000.0/ D 0. Let further
p � 2. There exist 0 < �1 < U.0/, �0 > 0, �0 > 0, and C > 0 such that for � s.t.
0 < j�j � �0 and �1 < � < U.0/� �0j�j, for all ˛ � 0 we have, for all pair .�; v/ 2
D.A�;˛/ � L

1.0; 1/ satisfying (2.4.22),

k�k1;2 �
C

j�j
1
p x

1=2�1=p
�

kvkp (2.8.1a)

and

k�k1;2 � C
log x�
j�j1=2

x
1=2
�

kvk1: (2.8.1b)

Proof. Since 0 < � < U.0/ and since by (2.4.5) U.x�/ D �, we must have that x� 2
.0; 1/.

Step 1. We prove that there exist C > 0, �0 > 0, and �1 < U.0/, such that, for all
� D �C i� such that �1 < � < U.0/ � j�j and 0 < j�j � �0 it holds that

j�.x�/j
2
� Cx�

h �
x2�
k�0k22 C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌i
(2.8.2)

for all pairs .�; v/ 2 D.A�;˛/ � L
1.0; 1/ satisfying (2.4.22).

As in (2.6.6) we writeˇ̌̌
=

D
�;

v

U � � C i�

Eˇ̌̌
� j�j

D
jU 00j

.U � �/2 C �2
;
1

2
j�.x�/j

2
� j�.x/��.x�/j

2
E
: (2.8.3)

We begin by observing that for some C > 0ˇ̌̌
U.x/ � � �

1

2
U 00.0/Œ2x�.x � x�/C .x � x�/

2�
ˇ̌̌
� C Œ.x � x�/

4
C x3� jx � x� j�:

(2.8.4)
By (2.8.4) we have

1

2
U 00.0/jx2 � x2� j � C Œ.x � x�/

4
C x3� jx � x� j�

� jU � �j �
1

2
U 00.0/jx2 � x2� j C C Œ.x � x�/

4
C x3� jx � x� j�: (2.8.5)

From the right inequality in (2.8.5), as .x � x�/3 C x3� � 2.x C x�/, we conclude
that there exists C1 > 0 such that

jU � �j � C1jx
2
� x2� j: (2.8.6)

From the left inequality in (2.8.5), there exist a0 > 0 and �1 < U.0/ such that for all
�1 < � < U.0/ and x C x� � a0 it holds that

1

2
U 00.0/jx2 � x2� j � C Œ.x � x�/

4
C x3� jx � x� j� �

1

4
U 00.0/jx2 � x2� j; (2.8.7)
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from which we can conclude that whenever x C x� � a0, we have

jU � �j �
1

C
jx2 � x2� j: (2.8.8)

On the other hand we have that, for �1 < � < U.0/ such that x�1 <
a0
2

,

inf
x�a0�x�

jU � �j

x2 � x2�
�
1

a0
inf

x�a0�x�

jU � �j

x � x�
�
jU 0.a0 � x�1/j

a0
> 0:

Combining the above with (2.8.8) and (2.8.6) yields the existence of 0 < �1 < U.0/
and C > 0 for which

1

C
.x2 � x2� /

2
� .U.x/ � �/2 � C.x2 � x2� /

2 (2.8.9)

for all x 2 Œ0; 1� and �1 < � < U.0/.
From (2.8.9) we can get thatZ 1

0

jU 00j

.U � �/2 C �2
dx �

1

C

Z 1

0

1

.x � x�/2.x C x�/2 C �2
dx:

As

sup
x2Œ1;1/

x4

.x � x�/2.x C x�/2 C �2
�

1

.1 � x2�1/
2
;

we obtain thatZ 1

0

dx

.x � x�/2.x C x�/2 C �2

�

Z 1
0

dx

.x � x�/2.x C x�/2 C �2
�

1

.1 � x2�1/
2

Z 1
1

dx

x4

D

Z 1
0

dx

.x � x�/2.x C x�/2 C �2
� C2;

where C2 WD 1

3.1�x2�1 /
2

.

Using the substitution � D x=x� it can be easily verified thatZ 1
0

dx

.x � x�/2.x C x�/2 C �2
D

1

2x3�

Z 1
�1

d�

.�2 � 1/2 C Oa2
;

where Oa D j�j=x2� .
Hence, there exists C > 0 such thatZ 1

0

jU 00j

.U � �/2 C �2
dx �

1

C

h 1
x3�

Z 1
�1

dx

.x2 � 1/2 C Oa2
� 2C2

i
: (2.8.10)
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Making use of the residue theorem yieldsZ 1
�1

dx

.x2 � 1/2 C Oa2
D 2�i

h
Res

� 1

.z2 � 1/2 C Oa2
;
p
1C i Oa

�
C Res

� 1

.z2 � 1/2 C Oa2
;�
p
1 � i Oa

�i
D
�<.
p
1C i Oa/

Oa
p
Oa2 C 1

: (2.8.11)

Consequently, given that, by (2.8.6) applied with x D 0, it holds, for sufficiently small
U.0/ � �, that

� < U.0/ � � � C1x
2
� ;

hence x2� � c0� with c0 D 1=C1 and finally that Oa � 1
c0

.
Consequently, there exists 0 < �1 < U.0/ and �0 > 0 such that for all �1 < � <

U.0/ � j�j and 0 < j�j � �0 we have for some yC > 0Z 1

0

jU 00j

.U � �/2 C �2
dx �

1

C

h 1
x3�

�<.
p
1C i Oa/

Oa
p
Oa2 C 1

� 2C2

i
�

yC

j�jx�
: (2.8.12)

In a similar manner we can also show the existence of a positive C such thatZ 1

0

jU 00j

.U � �/2 C �2
dx � zC

Z 1
0

dx

.x � x�/2.x C x�/2 C �2
dx �

C

j�jx�
: (2.8.13)

We proceed with the estimation of the right-hand side of (2.8.3) by observing that,
in view of (2.8.9)D

jU 00j

.U � �/2 C �2
; j�.x/ � �.x�/j

2
E
� C




�.x/ � �.x�/
x2 � x2�




2
2
: (2.8.14)

Applying Hardy’s inequality yields


�.x/ � �.x�/
x2 � x2�




2
2
� C




��.x/ � �.x�/
x C x�

�0


2
2
: (2.8.15)

As 


��.x/ � �.x�/
x C x�

�0


2
2
� 2




 �0

x C x�




2
2
C 2




� � �.x�/
.x C x�/2




2
2
;

and since by Hardy’s inequality (2.2.8)


� � �.x�/
.x C x�/2




2
2
�

1

x2�




� � �.x�/
x � x�




2
2
�
C

x2�
k�0k22;

we obtain that 


��.x/ � �.x�/
x C x�

�0


2
2
�
C

x2�
k�0k22:
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Substituting the above into (2.8.15) and then into (2.8.14) yieldsD
jU 00j

.U � �/2 C �2
; j�.x/ � �.x�/j

2
E
�
C

x2�
k�0k22 (2.8.16)

which, when substituted into (2.8.3) together with (2.8.12) leads to (2.8.2).

Step 2. We prove that there exist 0 < �1 < U.0/, positive �0, C , and C0, and �0 � 1
such that, for all ˛ � C0=x� , �1 < � <U.0/� �0j�j, and 0 < j�j ��0, the inequality

k�k1;2 � C
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
; (2.8.17)

holds for any pair .�; v/ 2 D.A�;˛/ � L
1.0; 1/ satisfying (2.4.22).

Let
zU D U.0/ � U and � D

p
.i�C U.0//:

Note that j�j > j�j1=2 > 0. Clearly,

1

U C i�
D �

1

. zU 1=2 � �/. zU 1=2 C �/
D �

1

2�

h 1

zU 1=2 � �
�

1

zU 1=2 C �

i
:

We now writeZ 1

0

U 00

U C i�
dx D �

1

4�

Z 1

0

U 00
h 1

zU 1=2 � �
�

1

zU 1=2 C �

i
dx:

An integration by parts now yieldsZ 1

0

U 00
h 1

zU 1=2 � �
�

1

zU 1=2 C �

i
dx

D
1

2

U 00

zU�1=2U 0
log
zU 1=2 � �

zU 1=2 C �

ˇ̌̌xD1
xD0
C
1

2

Z 1

0

� U 00

zU�1=2U 0

�0
log
zU 1=2 � �

zU 1=2 C �
dx

Since maxx2Œ0;1�. zU�1=2U 0/.x/ < 0 and since zU�1=2U 0 2C 2.Œ0;1�/we can conclude
that there exist positive C1; C2; C such thatˇ̌̌ Z 1

0

U 00

U C i�
dx
ˇ̌̌
� C1 C

C2

�

Z 1

0

Œj log zU 1=2 � �j C log zU 1=2 C �j� dx �
C

�
:

Since by (2.8.8) it holds that � �
p
U.0/ � � � x�=C , we conclude from the above

that there exists yC > 0 such thatˇ̌̌ Z 1

0

U 00

U C i�
dx
ˇ̌̌
�
yC

x�
: (2.8.18)

Taking the inner product of (2.4.22) with �=.U C i�/ yields for the real part

<

D
�;

v

U C i�

E
D k�0k22 C ˛

2
k�k22 C<

D
U 00�;

�

U C i�

E
: (2.8.19)
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We then write

k�0k22 C ˛
2
k�k22 � <

D
�;

v

U C i�

E
C

h Z 1

0

jU 00.x/j
ˇ̌
j�.x/j2 � j�.x�/j

2
ˇ̌

jU C i�j
dx C j�.x�/j

2
ˇ̌̌ Z 1

0

U 00.x/

U C i�
dx
ˇ̌̌i
:

(2.8.20)

By (2.8.18) it holds that

j�.x�/j
2

ˇ̌̌̌ Z 1

0

U 00.x/

U C i�
dx

ˇ̌̌̌
�
yC

x�
j�.x�/j

2: (2.8.21)

To estimate the first term on the right-hand side of (2.8.21) we use the inequalityˇ̌
j�.x/j2 � j�.x�/j

2
ˇ̌
� Œj�.x/j C j�.x�/j� j�.x/ � �.x�/j

together with Hardy’s inequality and (2.8.9) to obtain that for some C0 > 0Z 1

0

jU 00.x/j
ˇ̌
j�.x/j2 � j�.x�/j

2
ˇ̌

jU C i�j
dx

�




x2 � x2�
U C i�





1




 j�j C j�.x�/j
x C x�





2




 


� � �.x�/
x � x�





2

� C0Œx
�1
� k�k2 C x

�1=2
� j�.x�/j� k�

0
k2: (2.8.22)

Note that to obtain the last inequality we need the estimate


 �.x�/
x C x�





2
� C

j�.x�/j

x
1=2
�

:

Substituting (2.8.22) together with (2.8.21) into (2.8.20) yields the existence of
yC0 > 0 and C > 0 such that, for ˛ � yC0=x� ,

k�0k22 �
C

x�
j�.x�/j

2
C 2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
:

Substituting (2.8.2) into the above yields

k�0k22 �
j�j

x2�
j�.x�/j

2
C .2C Cx�/

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
:

For sufficiently large �0 (or equivalently for sufficiently small j�j=x2� ) we obtain
(2.8.17).
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Step 3. With N2.v; �/ given by

N2.v; �/ D



.1 � x/1=2 v

U C i�





1
; (2.8.23)

we prove that, for any yC0 > 0, there exist C > 0, �0 > 0, �0 > 0, and �1 > 0 such
that, for �1 < � < U.0/ � �0j�j, j˛j � yC0=x� , and j�j � �0, we have

k�0kL2.0;x�/ � C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
C x1=2� N2.v; �/

�
; (2.8.24)

holds for any pair .�; v/ 2 D.A�;˛/ �W
1;p.0; 1/ satisfying (2.4.22).

We seek an estimate for k�0kL2.0;x�/, depending on k�kL2.0;x�/. We begin, to
this end, by obtaining an L1 estimate of �0.

Estimate of k�0kL1 .We separately consider the subintervals .0;x�=2/ and .x�=2;x�/.

Estimate on .0; x�=2/. To obtain an estimate for k�0kL1.0;x�=2/ we integrate the
relation A�;˛� D v, to obtain for all x 2 .0; x�/,

j�0.x/j D
ˇ̌̌ Z x

0

�00.t/ dt
ˇ̌̌
�

ˇ̌̌ Z x

0

�U 00� � v
U C i�

C ˛2�
�
dt
ˇ̌̌
;

which leads to

j�0.x/ �
ˇ̌̌ Z x

0

� U 00�

U C i�

�
dt
ˇ̌̌
C




 v

U C i�





L1.0;x/

C ˛2k�kL1.0;x/: (2.8.25)

We then use the following decompositionZ x

0

U 00�

U C i�
dt D

Z x

0

U 00Œ� � �.x�/�

U C i�
dt C �.x�/

Z x

0

U 00

U C i�
dt: (2.8.26)

To estimate the first integral on the right-hand side of (2.8.26) we need the following
bound which follows from (2.8.4):ˇ̌̌ U 00

U � �
�

2

x2 � x2�

ˇ̌̌
�

ˇ̌̌U 00.0/
U � �

�
2

x2 � x2�

ˇ̌̌
C

ˇ̌̌U 00.x/ � U 00.0/
U � �

ˇ̌̌
� C

x�

x2� � x
2
:

Consequently,ˇ̌̌ Z x

0

U 00Œ� � �.x�/�

U C i�
dt
ˇ̌̌
�

Z x

0

jU 00j j� � �.x�/j

jU � �j
dt

� .2C Cx�/

Z x

0

j�.t/ � �.x�/j

x2� � t
2

dt; (2.8.27)

and hence, for sufficiently small U.0/ � �1,ˇ̌̌ Z x

0

U 00Œ� � �.x�/�

U C i�
dt
ˇ̌̌
� .2C Cx�/ log

x� C x

x�
k�0kL1.0;x/

� .1C Cx�/ log.9=4/k�0kL1.0;x/: (2.8.28)
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To obtain the last inequality we have used the fact that x 2 .0; x�=2/. Note that
log.9=4/ < 1. Hence, the coefficient of j�0kL1.0;x/ is smaller than one for suffi-
ciently small U.0/ � �1. Next, we write for the second integral in the right-hand side
of equation (2.8.26)ˇ̌̌
�.x�/

Z x

0

U 00

U C i�
dt
ˇ̌̌
� j�.x�/j

ˇ̌̌ Z x

0

jU 00j

jU � �j
dt
ˇ̌̌
� .2CCx�/j�.x�/j

Z x

0

dt

x2� � t
2
;

which leads to ˇ̌̌
�.x�/

Z x

0

U 00

U C i�
dt
ˇ̌̌
� yC

j�.x�/j

x�
log

x� C x

x� � x
: (2.8.29)

Substituting the above, together with (2.8.29) and (2.8.28) into (2.8.25) yields for all
t 2 .0; x� � .0; x�=2�

j�0.t/j � log
9

4
.1C Cx�/k�

0
kL1.0;t/ C C

j�.x�/j

x�
log

x� C t

x� � t

C




 v

U C i�





L1.0;x/

C ˛2k�kL1.0;x/:

Taking the supremum over t 2 .0; x� yields

k�0.t/kL1.0;x/ � log
9

4
.1C Cx�/k�

0
kL1.0;x/ C C

j�.x�/j

x�
log

x� C x

x� � x

C




 v

U C i�





L1.0;x/

C ˛2k�kL1.0;x/:

Hence, for sufficiently small U.0/ � �1, we obtain for all �1 < � < U.0/ and all
x 2 Œ0; x�=2�,

k�0kL1.0;x/ � C
�
j�.x�/j

x�
log

x C x�

x � x�
C ˛2k�kL1.0;x/ C




 v

U C i�





L1.0;x/

�
:

(2.8.30)

Estimate on .x�=2; x�/. To obtain a bound for k�0kL1.x�=2;x/ for x 2 .x�=2; x�/ we
write

j�0.x/j � j�0.x�=2/j C
ˇ̌̌ Z x

x�=2

�00.t/ dt
ˇ̌̌
:

The first term can be estimated by using (2.8.32). To obtain a bound for the second
term, we follow the same path as in (2.8.27). We getˇ̌̌ Z x

x�=2

U 00Œ� � �.x�/�

U C i�
dt
ˇ̌̌
� .2C Cx�/

Z x

x� :

j�.t/ � �.x�/j

x2� � t
2

dt: (2.8.31)

As in (2.8.28) we can conclude that

.2C Cx�/

Z x

x�=2

j�.t/ � �.x�/j

x2� � t
2

dt � .2C Cx�/k�
0
kL1.x�=2;x/ log

x C x�

3x�=2

� .2C Cx�/ log.4=3/k�0kL1.x�=2;x/:
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Hence, the coefficient of k�0kL1.x�=2;x/ is again smaller than 1 by a suitable choice
of �1. Repeating the above other steps then yields, for x � x�=2,

k�0kL1.x�=2;x/

� C
� 1
x�
j�.x�/j log

x� C x

x� � x
C˛2k�kL1.0;x/ C




 v

U C i�





L1.0;x/

Cj�0.x�=2/j
�
;

which, combined with (2.8.30) for x D x�=2, finally gives

k�0kL1.x�=2;x/ �
yC
� 1
x�
j�.x�/j log

x� C x

x� � x
C ˛2k�kL1.0;x/ C




 v

U C i�





L1.0;x/

�
:

Combining the above and (2.8.30) lead to the existence of C > 0 such that

k�0kL1.0;x/

� C
� 1
x�
j�.x�/j log

x� C x

x� � x
C ˛2k�kL1.0;x/ C




 v

U C i�





L1.0;x/

�
8x 2 .0; x�/:

(2.8.32)

Estimate of k�0kL2.0;x�/. Observing thatZ x�

0

log2
x� C x

x� � x
dx � x�

Z 1

0

log2
1C t

1 � t
dt � Cx� ; (2.8.33)

we may conclude from (2.8.32) by integrating over .0; x�/, that

k�0kL2.0;x�/ � C
�
x�1=2� j�.x�/j C ˛

2x�k�kL2.0;x�/ C x
1=2
�




 v

U C i�





L1.0;x�/

�
:

Note that 


 v

U C i�





L1.0;x�/

� .1 � x�/
� 12N2.v; �/; (2.8.34)

which leads to

k�0kL2.0;x�/ � C
�
x�1=2� j�.x�/j C ˛

2x�k�kL2.0;x�/ C x
1=2
� N2.v; �/

�
: (2.8.35)

Estimate of k�kL2.0;x�/. Set
� D ' C �.x�/;

and recall from (2.6.23) that for all x 2 .0; x�/

�

�
.U � �/2

� '

U � �

�0�0
C ˛2.U � �/'

D
.U � �/v

U C i�
� ˛2�.x�/

�
.U � �/ � U 00

�
C i�

U 00�

U C i�
:



The case �1 � =� < U.0/ � �0j<�j, j<�j small 59

Taking the inner product, in L2.0; x�/, with w defined as in equation (2.6.22) by
w WD .U � �/�1', yields as in (2.6.24)

k.U � �/w0k2
L2.0;x�/

C ˛2k'k2
L2.0;x�/

D

D
';

v

U C i�

E
L2.0;x�/

� hw; �.x�/U
00
iL2.0;x�/

� ˛2�.x�/h'; 1iL2.0;x�/ C i�
D
w;

U 00�

U C i�

E
L2.0;x�/

: (2.8.36)

We now turn to estimate the various terms on the right-hand side of (2.8.36).
For the second term in (2.8.36) we use the fact that by Hardy’s inequality and

(2.8.9) it holds that

kwkL1.0;x�/ � C



� � �.x�/
x � x�





L2.0;x�/




 1

x C x�





L2.0;x�/

�
yC

x
1=2
�

k�0kL2.0;x�/:

(2.8.37)
Consequently,

jhw; �.x�/U
00
iL2.0;x�/j � C

j�.x�/j

x
1=2
�

k�0kL2.0;x�/: (2.8.38)

For the third term in (2.8.36), it follows from that

˛2j�.x�/h'; 1ij � C˛
2x1=2� .k�kL2.0;x�/ C x

1=2
� j�.x�/j/j�.x�/j: (2.8.39)

Finally, for the last term in (2.8.36), proceeding as in the proof of (2.8.22), we obtain
by using (2.8.37) and Hardy’s inequalityˇ̌̌D
w;

U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
� j�.x�/j kwkL1.0;x�/




 U 00

UCi�





L1.0;x�/

CkwkL2.0;x�/




U 00.���.x�//
U C i�





L2.0;x�/

� C
h
j�.x�/j

j�jx
1=2
�

k�0kL2.0;x�/ C
k�0k2

L2.0;x�/

x2�

i
:

Substituting the above, together with (2.8.39) and (2.8.38) into (2.8.36) yields

˛2k'k2
L2.0;x�/

� C
h
j�.x�/j

x
1=2
�

k�0kL2.0;x�/ C
j�j

x2�
k�0k2

L2.0;x�/

i
C C˛2.x1=2� k�kL2.0;x�/ C x� j�.x�/j/j�.x�/j

C

ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
;
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from which we easily conclude that

˛2k�k2
L2.0;x�/

� C
h
j�.x�/j

x
1=2
�

k�0kL2.0;x�/ C
j�j

x2�
k�0k2

L2.0;x�/
C ˛2x� j�.x�/j

2
i

C

ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
: (2.8.40)

Substituting (2.8.40) into (2.8.35) we obtain

k�0kL2.0;x�/ � C
�
j�.x�/j

x
1=2
�

C ˛2x3=2� j�.x�/j C ˛j�j
1=2
k�0kL2.0;x�/

C x1=2� N2.v; �/C ˛x�

ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌1=2�
:

As j˛j � C0=x� , we obtain for sufficiently large �0 (implying that both j�j1=2=x� and
˛j�j1=2 are sufficiently small)

k�0kL2.0;x�/ �
yC
�
j�.x�/j

x
1=2
�

C x1=2� N2.v; �/C
ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌1=2�
: (2.8.41)

Note that, by (2.8.34),ˇ̌̌D
';

v

U C i�

E
L2.0;x�/

ˇ̌̌
� k� � �.x�/kL1.0;x�/




 v

U C i�





L1.0;x�/

� 2x1=2� k�
0
kL2.0;x�/N2.v; �/:

Combining the above with (2.8.41) and (2.8.2) yields

k�0kL2.0;x�/ � C
h�1=2
x�
k�0k2 C x

1=2
� N2.v; �/C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2i
:

For sufficiently large �0 we easily obtain (2.8.24).

Step 4. We prove that, for any C0 > 0, there exist C > 0, �0 > 0, �0 > 0, and �1 > 0
such that, for �1 < � < U.0/ � �0j�j, j˛j � C0=x� , and j�j � �0, we have

k�0k2 � C
�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
C x1=2� N2.v; �/

�
; (2.8.42)

for any pair .�; v/ satisfying (2.4.22).
Observing that U 00.U � �/ > 0 on .x� ; 1/ implies

<

D
U 00�;

�

U C i�

E
L2.x� ;1/

D

Z 1

x�

j�j2U 00.U � �/

jU C i�j2
dx � 0;

and hence we may conclude from (2.8.19), that

k�0k22 C ˛
2
k�k22 � �<

D
U 00�;

�

U C i�

E
L2.0;x�/

C<

D
�;

v

U C i�

E
: (2.8.43)
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To estimate
ˇ̌
<
˝
U 00�; �

UCi�

˛
L2.0;x�/

ˇ̌
, we now proceed as in the proof of (2.8.21)–

(2.8.22) to obtainˇ̌̌
<

D
U 00�;

�

U C i�

E
L2.0;x�/

ˇ̌̌
�
C

x�
j�.x�/j

2
C C

�
x�1� k�kL2.0;x�/ C x

�1=2
� j�.x�/j

�
k�0kL2.0;x�/: (2.8.44)

Using Poincaré’s inequality applied in .0; x�/ to .� � �.x�// yieldsˇ̌̌
<

D
U 00�;

�

U C i�

E
L2.0;x�/

ˇ̌̌
�
C

x�
j�.x�/j

2
C yC

�
k�0kL2.0;x�/ C x

�1=2
� j�.x�/j

�
k�0kL2.0;x�/: (2.8.45)

Substituting (2.8.45) together with (2.8.24) and (2.8.2) into (2.8.43) yields

k�0k22 C ˛
2
k�k22 � C

h
j�j

x2�
k�0k22 C

ˇ̌̌
<

D
�;

v

U C i�

Eˇ̌̌
C x�N2.v; �/

2
i
:

For sufficiently large �0 we readily obtain (2.8.42).

Step 5. We prove (2.8.1). We begin by deriving two conclusions of (2.8.42) and
(2.8.17) under the assumptions of the proposition. Since by (2.6.82)ˇ̌̌D

�;
v

U C i�

Eˇ̌̌
� k�0k2N2.v; �/;

where N2 is given by (2.8.23), we obtain by (2.8.42) (for j˛j � C0
x�

) and (2.8.17) (for

j˛j � C0
x�

) that, under the assumption of the proposition,

k�0k2 � CN2.v; �/; (2.8.46)

which combined with (2.8.2) yields, for bounded j�j=x2� ,

j�.x�/j � Cx
1=2
� N2.v; �/: (2.8.47)

Proof of (2.8.1a). We begin by obtaining a bound on k.U C i�/�1kq . By (2.8.9) we
have for q > 1 and �1 < � < U.0/


 1

U C i�




q
Lq.0;1/

�
C

j�jq�1=2

Z
RC

ds

Œ.s2 � a2/2 C 1�q=2
;

where a D x� j�j�1=2.
We estimate the integral on the right-hand side in the following manner:Z

RC

ds

Œ.s2 � a2/2 C 1�q=2
�

Z
RC

ds

Œa2.s � a/2 C 1�q=2

�

Z
R

d�

Œa2�2 C 1�q=2
�
1

a

Z
R

dt

Œt2 C 1�q=2
�
C

a
: (2.8.48)
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It follows that for q > 1 and �1 � � < U.0/


 1

U C i�




q
Lq.0;1/

�
C

x� j�jq�1
: (2.8.49)

Since for � < �1 we may establish (2.8.49), using (2.6.10), as in [3] we may conclude
that (2.8.49) holds for any 0 � � < U.0/.

We continue by estimating h�; .U C i�/�1vi. To thus end we writeˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� j�.x�/j




 v

U C i�





1
C




� � �.x�/
x � x�





2




 .x � x�/ v
U C i�





2
: (2.8.50)

Suppose first that v 2 Lp.0; 1/ for some p 2 Œ2;1/. Then,


 v

U C i�





1
� kvkp




 1

U C i�





q
;

where q D p=.p � 1/.
Consequently, by (2.8.49)


 v

U C i�





1
�

C

j�j
1
p x

1� 1p
�

kvkp: (2.8.51)

Next, we estimate the second term on the right-hand side of (2.8.50). Consider first
the case p D 2. Here, we write with the aid of (2.8.9)


 .x � x�/v

U C i�





2
� kvk2




 x � x�
U C i�





1
�
C

x�
kvk2: (2.8.52)

For p > 2 we have 


 .x � x�/v
U C i�





2
� kvkp




 x � x�
U C i�





Qq
;

where Qq D 2p=.p � 2/.
As above we write


 x � x�

U C i�




 Qq
Qq
� C

Z 1

0

dx

Œx C x� � Qq
�
yC

x
Qq�1
�

: (2.8.53)

Consequently, 


 .x � x�/v
U C i�





2
�

C

x
1
2C

1
p

�

kvkp; (2.8.54)

which is in accordance with (2.8.52) for p D 2.
Using (2.8.50) once again, we deduce from (2.8.51) and (2.8.54) thatˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

 
1

j�j
1
p x

1� 1p
�

j�.x�/j C
1

x
1
2C

1
p

�




� � �.x�/
x � x�





2

!
kvkp:
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By Hardy’s inequality we then haveˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

 
1

j�j
1
p x

1� 1p
�

j�.x�/j C
1

x
1
2C

1
p

�

k�0k2

!
kvkp: (2.8.55)

By (2.8.23) and (2.8.51), we have that

N2.v; �/ �



 v

U C i�





1
�

C

j�j
1
p x

1� 1p
�

kvkp: (2.8.56)

The above combined with (2.8.46) yields

k�0k2 �
C

j�j
1
p x

1� 1p
�

kvkp; (2.8.57)

which is weaker than (2.8.1a).
We obtain a better estimate in the following manner. By (2.8.55), (2.8.56), and

(2.8.42) it holds that

k�0k2 �

C

��
1

j�j
1
2p x

1
2�

1
2p

�

j�.x�/j
1=2
C

1

x
1
4C

1
2p

�

k�0k
1=2
2

�
kvk1=2p C j�j�

1
p x
� 12C

1
p

� kvkp

�
;

from which we get

k�0k2 � C
1

x
1
4C

1
2p

�

k�0k
1
2

2 kvk
1
2
p C C

�
x�1=2� j�.x�/j C j�j

� 1p x
� 12C

1
p

� kvkp
�

� yC j�j
1
p x
� 2p
� k�

0
k2 C yC

�
x�1=2� j�.x�/j C j�j

� 1p x
� 12C

1
p

� kvkp
�
:

Using the fact that j�j1=2x�1� can be assumed to be small for a suitable choice of �0,
we can then conclude that

k�0k2 � C
�
x�1=2� j�.x�/j C j�j

� 1p x
� 12C

1
p

� kvkp
�
: (2.8.58)

By (2.8.2) and (2.8.55) it holds that

j�.x�/j
2
� Cx�

�
�

x2�
k�0k22 C

�
j�j�

1
p x
�1C 1p
� j�.x�/j C

1

x
1
2C

1
p

�

k�0k2

�
kvkp

�
;

and hence we obtain that for any ı > 0 there exist Cı > 0 and �0.ı/ such that, under
the conditions of the proposition with �0 D �0.ı/,

j�.x�/j � x
1=2
� ık�0k2 C Cı

x
1=p
�

j�j1=p
kvkp: (2.8.59)
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Substituting (2.8.59) into (2.8.58) yields

k�0k2 � C j�j
� 1p x

� 12C
1
p

� kvkp:

As �.1/ D 0, we may use Poincaré’s inequality to establish (2.8.1a).

Proof of (2.8.1b). Suppose now that v 2 L1.0; 1/. Then,


 v

U C i�





1
� kvk1




 1

U C i�





1
:

Then, we may use (2.8.9) to obtain


 1

U C i�





1
� C

Z 1

0

dx

Œ.x2 � x2� /
2 C �2�1=2

�
C

j�j1=2

Z
RC

ds

Œ.s2 � a2/2 C 1�1=2
;

(2.8.60)
Then, we write, using the fact that for sufficiently large �0 we have a � 2,Z

RC

ds

Œ.s2 � a2/2 C 1�1=2
�

Z 2a

0

ds

Œa2.s � a/2 C 1�1=2

C

Z 1
2a

ds

Œ.s � a/4 C 1�1=2
� C

� log a
a

�
: (2.8.61)

Combining the above yields for �1 < � < U.0/


 1

U C i�





1
� C

log x�
j�j1=2

x�
: (2.8.62)

Note that by (2.6.10) the above estimate holds for � � �1 as well (see [3]). From
(2.8.62), we deduce immediately

x1=2�




 v

U C i�





1
� C

log x�
j�j1=2

x
1=2
�

kvk1: (2.8.63)

Next, we estimate the second term on the right-hand side of (2.8.50) in the case
p D1. Using (2.8.53) we obtain that


 .x � x�/v

U C i�





2
� kvk1




 x � x�
U C i�





2
�

C

x
1=2
�

kvk1: (2.8.64)

Combining (2.8.64) with (2.8.63), (2.8.17), (2.8.42), and (2.8.24) yields (2.8.1b).
Note that by (2.8.2) and (2.8.50) we obtain that

j�.x�/j � C log
� x�

j�j1=2

�
kvk1 (2.8.65)

This completes the proof of the proposition.
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2.9 The case U.0/ � �0j<�j � =� � U.0/C �0j<�j

In the following, we consider the case where � is very close to U.0/. Here, we need
to address the quadratic behavior of U �U.0/ near x D 0. This case deserves special
attention whenever j� � U.0/j . j�j.

Proposition 2.9.1. Let p 2 .2;C1�, �0 > 0 and U 2 C 3.Œ0; 1�/ satisfy (2.1.3). There
exist �0 > 0 and C > 0 such that, for any ˛ � 0 and any � for which 0 < j�j � �0
and U.0/ � �0j�j � � � U.0/C �0j�j, we have, for every pair .�; v/ 2 D.A�;˛/ �

L1.0; 1/ satisfying (2.4.22)

j�j
1
2pC

1
4 k�k1;2 � Ckvkp: (2.9.1)

Proof. For � � U.0/ we choose x� 2 Œ0; 1/ so that U.x�/ D �. In the case � > U.0/
we set x� D 0 and proceed in a similar manner. Obviously, the assumptions made on
U and � imply that there exists C > 0 such that

x� < C j�j
1=2 for all 0 < j�j � 1: (2.9.2)

Step 1. We prove that there exist C > 0 and �0 > 0 such that, for all � such that
0 < j�j � �0 and U.0/ � �0j�j � � � U.0/C �0j�j it holds that

j�.x�/j
2
� C j�j1=2

h
k�0k22 C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌i
(2.9.3)

for all pairs .�; v/ 2 D.A�;˛/ � L
1.0; 1/ satisfying (2.4.22).

We note that (2.8.3) can be rewritten in the form

j�j

2
j�.x�/j

2

Z 1

0

jU 00j

.U � �/2 C �2
dx

�

ˇ̌̌
=

D
�;

v

U � � C i�

Eˇ̌̌
C j�j

D
jU 00j

.U � �/2 C �2
j�.x/ � �.x�/j

2
E
: (2.9.4)

Since

.U � �/2 � C.x2 C j� � U.0/j/2 � C.x2 C �0j�j/
2
� yC.x4 C j�j2/;

we obtain that Z 1

0

jU 00j

.U � �/2 C �2
dx �

1

yC

Z 1

0

dx

x4 C �2
:

Using the substitution x D j�j1=2� yieldsZ 1

0

dx

x4 C �2
Dj�j�3=2

Z j�j�1=2
0

d�

�4 C 1
Dj�j�3=2

h Z 1
0

d�

�4 C 1
�

Z 1
j�j�1=2

d�

�4 C 1

i
:
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As Z 1
j�j�1=2

d�

�4 C 1
� C j�j3=2;

we obtain the existence of �0 > 0 and yC such that, under the conditions of this stepZ 1

0

jU 00j

.U � �/2 C �2
dx �

1

yC j�j3=2
: (2.9.5)

By (2.8.16) we have thatD
jU 00j

.U � �/2 C �2
; j�.x/ � �.x�/j

2
E
�
C

j�j




 � � �.x�/
jU � �j1=2




2
2
:

By (2.8.9) we have for all �1 < � < U.0/ for some positive �1 > 0 that (note for
sufficiently small �0 we clearly have � > U.0/ � �0j�j > �1)

jU � �j �
1

C
.x2 � x2� / �

1

C
.x � x�/

2; (2.9.6)

which remains valid also for � � U.0/ given that

jU � �j � jU � U.0/j �
1

C
x2 D

1

C
.x � x�/

2: (2.9.7)

Hence, by Hardy’s inequality (2.6.13),D
jU 00j

.U � �/2 C �2
; j�.x/ � �.x�/j

E
�
C

j�j




�.x/ � �.x�/
x � x�




2
2
�
C

j�j
k�0k22:

Combining the above with (2.9.5) and (2.9.4) yields (2.9.3).

Step 2. We prove that for any �1 > 0 there exist positive C and �0 such that, for all
� > U.0/ � �1j�j and j�j � �0 it holds that

k�0k2 � C
h
�1=4




 v

U C i�





1
C




 .x � x�/v
U C i�





2

i
(2.9.8)

holds for any pair .�; v/ 2 D.A�;˛/ � L
1.0; 1/ satisfying (2.4.22).

We begin by restating (2.8.43):

k�0k22 C ˛
2
k�k22 � �<

D
U 00�;

�

U C i�

E
L2.0;x�/

C<

D
�;

v

U C i�

E
: (2.9.9)

Then, we write

<

D
�;

U 00�

U C i�

E
L2.0;x�/

D <

D
�.x�/;

U 00�

U C i�

E
L2.0;x�/

C<

D
� � �.x�/;

U 00�

U C i�

E
L2.0;x�/

:
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For the first term on the right-hand side we use (2.9.3) to obtainˇ̌̌D
�.x�/;

U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
� C j�j1=4x1=2�

h
k�0k2 C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2i


 �

UCi�





2
:

Using (2.6.5) and the fact that U 00 < 0, we obtain that


 �

UCi�




2
2
D

Z 1

0

j�j2

.U��/2C�2
dx � C

Z 1

0

�U 00j�j2

.U � �/2 C �2
dx�

C

�

ˇ̌̌D
�;

v

UCi�

Eˇ̌̌
:

Hence, it holds that 


 �

U C i�





2
� C j�j�1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
(2.9.10)

and we can conclude thatˇ̌̌D
�.x�/;

U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
� C

h
k�0k2 C

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2iˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
:

(2.9.11)
For the second term on the right-hand side we use (2.9.10), (2.6.12), and (2.9.2) to
obtainˇ̌̌D

� � �.x�/;
U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
D

ˇ̌̌D� � �.x�/
x � x�

;
.x � x�/U

00�

U C i�

E
L2.0;x�/

ˇ̌̌
� C x�k�

0
k2




 �

U C i�





2

� yCk�0k2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
:

Hence, ˇ̌̌D
� � �.x�/;

U 00�

U C i�

E
L2.0;x�/

ˇ̌̌
� yCk�0k2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
: (2.9.12)

Substituting (2.9.12) together with (2.9.11) into (2.9.9) yields

k�0k22 � C
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
: (2.9.13)

Note that by combining (2.9.13) with (2.9.3) we can also conclude that

j�.x�/j
2
� C j�j1=2

ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
: (2.9.14)

To prove (2.9.8) we now write, with the aid of Hardy’s inequalityˇ̌̌D
�;

v

U C i�

Eˇ̌̌
�

ˇ̌̌D
�.x�/;

v

U C i�

E
C

ˇ̌̌D
� � �.x�/;

v

U C i�

Eˇ̌̌
� j�.x�/j




 v

U C i�





1
C k�0k2




 .x � x�/v
U C i�





2
:
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Combining the above with (2.9.14) givesˇ̌̌D
�;

v

U C i�

Eˇ̌̌
� C

�
j�j

1
2




 v

U C i�




2
1
C k�0k2




 .x � x�/v
U C i�





2

�
: (2.9.15)

Then, (2.9.15) and (2.9.13) imply (2.9.8).

Step 3. We estimate k 1
UCi�

kq for q � 1 and k x�x�
UCi�

kq for q � 2 for � 2 .U.0/ �
�0j�j; U.0/C �0j�j/.

We consider two separate cases by splitting .U.0/ � �0j�j; U.0/ C �0j�j/ into
two subintervals.

The case � 2 .U.0/ � �0j�j; U.0/ � ıj�j/, ı 2 .0; �0/. In this case, observing that
x� � C

�1jı�j
1
2 we use (2.8.49) to establish that for any ı > 0 there exists C such

that for all ıj�j < U.0/ � � < �0j�j it holds for all q > 1


 1

U C i�




q
q
�

C

jıj
q
2 j�jq�1=2

: (2.9.16)

In a similar manner we obtain from (2.8.60) and (2.8.61) (note that a D x� j�j�1=2 �
C�1ı

1
2 in the present regime of � values) that there exists Cı > 0 such that


 1

U C i�





1
�

Cı

j�j1=2
: (2.9.17)

Finally, we use (2.8.53) and the fact that x� � C�1jı�j
1
2 to obtain for all q � 2


 x � x�

U C i�




q
q
�

Cı

j�j.q�1/=2
: (2.9.18)

The case � 2 .U.0/� ıj�j; U.0/C �0j�j/, ı 2 .0; �0/. In this case we use (2.8.9) to
obtain that

.U � �/2 �
1

C
.x2 � x2� /

2
�
1

C

�x4
2
� x4�

�
�

1

C1
x4 � C2ı

2
j�j2:

The above inequality implies that there exist C and ı0 � �0 such that, for ı 2 .0; ı0/
and � 2 .U.0/ � ıj�j; U.0/C �0j�j/,

1

.U.x/ � �/2 C j�j2
�

C

x4 C j�j2
(2.9.19)

for all x 2 Œ0; 1�.
Consequently, for all q � 1, using the substitution x D j�j1=2� , we obtain


 1

U C i�




q
q
�

Z 1

0

C

Œx2 C j�j�q
dx�

C

j�jq�1=2

Z 1
0

d�

Œ�2 C 1�q
�

C

j�jq�1=2
: (2.9.20)
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Finally, we use (2.9.19) to obtain that


 x � x�
U C i�




q
q
� C

�
j�jq=2




 1

U C i�




q
q
C




 x

x2 C j�j




q
q

�
: (2.9.21)

We now observe that for all q > 1


 x

x2 C j�j




q
q
�

1

j�j.q�1/=2

Z 1
0

�q

Œ�2 C 1�q
d� �

C

j�j.q�1/=2
: (2.9.22)

Together with (2.9.22) and (2.9.20), (2.9.21) yields the existence of C > 0


 x � x�
U C i�




q
q
�

C

j�j.q�1/=2
: (2.9.23)

The general case. Combining (2.9.16) and (2.9.17), (2.9.20) yields, for q � 1, the
existence of C > 0, such that for jU.0/ � �j < �0j�j


 1

U C i�




q
q
�

C

j�jq�1=2
: (2.9.24)

By (2.9.18) and (2.9.23) we may conclude, for all q � 1, that there exists C > 0 such
that, for jU.0/ � �j < �0j�j 


 x � x�

U C i�




q
q
�

C

j�j.q�1/=2
: (2.9.25a)

Note that


 x � x�
U C i�





1
� C




 x � x�

jx2 � x2� j C j�j





1

� C
�


1jx�x� j<j�j1=2

x � x�

j�j





1
C




1jx�x� j�j�j1=2
x � x�

jx2 � x2� j





1

�
�

yC

j�j1=2
;

hence 


 x � x�
U C i�





1
�

yC

j�j1=2
: (2.9.25b)

Step 4. We prove (2.9.1). The proof is similar to Step 4 of the proof of Proposi-
tion 2.8.1. We estimate the right-hand side of (2.9.8) separately for p 2 Œ2;C1/ and
for p D1. Suppose first that v 2 Lp.0; 1/ for some p 2 Œ2;C1/.

For the first term on the right-hand side, we deduce from (2.9.24),

j�j1=4



 v

U C i�





1
� C

kvkp

j�j
1
2pC

1
4

: (2.9.26)

To estimate the second term we use (2.9.25) to obtain for all p � 2


 .x � x�/v
U C i�





2
�

C

j�j
1
2pC

1
4

kvkp: (2.9.27)
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Suppose now that v 2 L1.0; 1/. Then, by (2.9.24) we may conclude for the first term
on the right-hand side of (2.9.8) that

j�j1=4



 v

U C i�





1
�

C

j�j1=4
kvk1: (2.9.28)

Next, we estimate the second term on the right-hand side of (2.9.8). Using (2.9.25)
we obtain that 


 .x � x�/v

U C i�





2
�

C

j�j1=4
kvk1:

Together with (2.9.28) the above yields (2.9.1) for p D C1.

Remark 2.9.2. Note that, under the assumptions of Proposition 2.9.1, by (2.9.14),
(2.9.15), (2.9.25a) and (2.9.24) it holds that

j�.x�/j
2
� C

�
j�.x�/j kvk1 C j�j

1=4
k�0k2kvk1

�
:

Using (2.9.1) for p D C1 then yields the existence of C > 0 such that

j�.x�/j � Ckvk1: (2.9.29)

2.10 The case =� > U.0/

In the case where =� D � > U.0/, we get a better estimate of A�1
�;˛

, measured by a
negative power of j�j C .� � U.0//. More precisely, we have the following proposi-
tion.

Proposition 2.10.1. Let p 2 Œ2;C1�. There exist �0 > 0 and C > 0 such that for all
U 2C 3.Œ0; 1�/ satisfying (2.1.3), � > U.0/, j�j<�0, ˛ � 0, and .�;v/ 2D.A�;˛/�

L1.0; 1/ satisfying (2.4.22) it holds that

k�k1;2 �
C

Œj�j C j� � U.0/j�
1
2pC

1
4

kvkp; (2.10.1)

Proof. We begin by restating (2.8.19)

k�0k22 C ˛
2
k�k22 C

D U 00.U � �/�
.U � �/2 C �2

; �
E
D <

D
�;

v

U C i�

E
: (2.10.2)

Since � > U.0/, it holds by (2.1.3) that the third term on the left-hand side is positive,
and hence we can conclude that

k�0k22 � <
D
�;

v

U C i�

E
: (2.10.3)

We split the proof into two separate parts in accordance with the magnitude of .U.0/�
�/2 C �2.
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Step 1. The case .U.0/ � �/2 C �2 small. We consider here the case where

.U.0/ � �/2 C �2 < "

for some sufficiently small " > 0.
To properly bound the right-hand side of (2.10.3) in that case we need an estimate

for j�.0/j. To this end we use (2.10.2) once again to obtainD U 00.U � �/�
.U � �/2 C �2

; �
E
� <

D
�;

v

U C i�

E
;

from which we can conclude thatD U 00.U � �/

.U � �/2 C �2
; 1
E
j�.0/j2

� 2
DU 00.U � �/.� � �.0//

.U � �/2 C �2
; � � �.0/

E
C 2<

D
�;

v

U C i�

E
: (2.10.4)

We continue by bounding from below the left-hand side of (2.10.4). To this end we
observe that since

min
x2Œ0;1�

jU 00.x/j �
1

C0
> 0 and U.0/ � U.x/ �

1

2C0
x2;

we can conclude thatD U 00.U � �/

.U � �/2 C �2
; 1
E
�
1

C

Z 1

0

x2 C � � U.0/

Œx2 C � � U.0/�2 C �2
dx

�
1

C

Z 1

0

x2

Œx2 C � � U.0/�2 C �2
dx

�
1

2C

Z 1

0

x2

x4 C .� � U.0/2 C �2/
dx

�
1

2C

h Z 1
0

x2

x4 C Œ� � U.0/�2 C �2
dx � 1

i
:

Setting
x D .Œ� � U.0/�2 C �2/1=4s

yieldsD U 00.U � �/

.U � �/2 C �2
; 1
E
�

1

2C

� 1

.Œ� � U.0/�2 C �2/1=4

Z 1
0

s2

s4 C 1
ds � 1

�
�

1

yC ¹Œ� � U.0/�2 C �2º1=4
� yC :
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For sufficiently small " we obtain thatD U 00.U � �/

.U � �/2 C �2
; 1
E
�

1

2 yC ¹Œ� � U.0/�2 C �2º1=4
: (2.10.5)

To estimate the first term on the right-hand side of (2.10.4) we first writeDU 00.U � �/.� � �.0//
.U � �/2 C �2

; � � �.0/
E
�




 U 00.U � �/x2
.U � �/2 C �2





1




� � �.0/
x




2
2
:

As 


 U 00.U � �/x2
.U � �/2 C �2





1
� C




 x4 C Œ� � U.0/�x2

Œx2 C � � U.0/�2 C �2





1
� yC ;

we may use Hardy’s inequality to obtain thatDU 00.U � �/.� � �.0//
.U � �/2 C �2

; � � �.0/
E
� C k�0k22: (2.10.6)

Equation (2.10.6) together with (2.10.3) and (2.10.5) yields, when substituted into
(2.10.4),

j�.0/j2 � C.j�j1=2 C j� � U.0/j1=2/<
D
�;

v

U C i�

E
: (2.10.7)

To complete the proof we now estimate the right-hand side of (2.10.3). To this
end we write

<

D
�;

v

U C i�

E
� j�.0/j




 v

U C i�





1
C




� � �.0/
x





2




 xv

U C i�





2
:

Using Hardy’s inequality together with (2.10.7) yields

<

D
�;

v

U C i�

E
� C

h
.j�j1=2 C j� � U.0/j1=2/




 v

U C i�




2
1
C k�0k2




 xv

U C i�





2

i
:

Using (2.10.3) once again yields

k�0k2 � C
h
.j�j1=4 C j� � U.0/j1=4/




 v

U C i�





1
C




 xv

U C i�





2

i
: (2.10.8)

The proof of (2.10.1) is now verified by following the same path as in the proof
of Step 4 of Propositions 2.8.1 and 2.9.1. Thus, since

.U � �/ � C.x2 C � � U.0//;

we obtain as in (2.9.20) that for all q � 1


 1

U C i�




q
q
�

Z 1

0

C

Œx2 C � � U.0/C j�j�q
dx

�
C

Œj�C � � U.0/�jq�1=2

Z 1
0

d�

Œ�2 C 1�q

�
yC

Œj�j C � � U.0/�q�1=2
: (2.10.9)
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Hence, for all p 2 Œ2;C1�,


 v

U C i�





1
� C Œj�j C � � U.0/��

1
2p�

1
2 kvkp: (2.10.10)

As in (2.9.21) and (2.9.22) we then write for all q > 1


 x

U C i�




q
q
� C




 x

x2 C � � U.0/C j�j




q
q

�
yC

Œj�j C � � U.0/�.q�1/=2

Z 1
0

�q

Œ�2 C 1�q
d�

�
zC

Œj�j C � � U.0/�.q�1/=2
:

Note also that for q D C1 we have


 x

U C i�





1
�

C

Œj�j C � � U.0/�1=2
:

Consequently, for all p 2 Œ2;C1�


 xv

U C i�





2
�

C

Œj�j C � � U.0/�
1
2pC

1
4

kvkp: (2.10.11)

Substituting the above, together with (2.10.10), into (2.10.8) yields (2.10.1) for suffi-
ciently small " > 0.

Step 2. The case where, for some " > 0,

.U.0/ � �/2 C �2 � ":

By Poincaré’s inequality and (2.10.10), we obtainˇ̌̌
<

D
�;

v

U C i�

Eˇ̌̌
� k�k1




 v

U C i�





1

�
C

Œ.U.0/ � �/2 C �2�1=2
k�0k2kvkp

�
C

"
2�p
4 Œ.U.0/ � �/2 C �2�

1
2pC

1
4

k�0k2kvkp;

which together with (2.10.3) readily gives (2.10.1) in this case.

Remark 2.10.2. As in Remark 2.9.2 we may use (2.10.7), (2.10), and (2.10.8), under
the assumptions of Proposition 2.10.1, to obtain

j�.0/j2 � C.j�j C j� � U.0/j/



 v

U C i�




2
1
C .j�j C j� � U.0/j/1=2




 xv

U C i�




2
2
:

From (2.10.10) we then obtain the existence of C > 0 such that

j�.0/j � Ckvk1: (2.10.12)
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2.11 The case j<�j � �1 > 0

The results in the preceding subsections were all obtained under the assumption that
j�j � �0 for some sufficiently small �0. Hence, it remains to treat the case when
j�j � �1 where �1 > 0 is arbitrary. We complement Proposition 2.6.1 by addressing
the large j�j case.

Proposition 2.11.1. For any �1 > 0 and p > 1 there exists C > 0 such that for all
.�; v/ 2 D.A�;˛/ �W

1;p.0; 1/ satisfying A�;˛� D v, and for all j�j � �1, � 2 R,
and ˛ � 0,

k�kH1.0;1/ � Ck.1 � x/
1=2vk1: (2.11.1)

Proof. Since (2.6.17) holds true for any � ¤ 0 we can conclude that

k�0k2 �
�
1C

C

j�j1=2

�ˇ̌̌D
�;

v

U C i�

Eˇ̌̌1=2
: (2.11.2)

Hence, there exists C such that for j�j � �1

k�0k22 � C
ˇ̌̌D
�;

v

U C i�

Eˇ̌̌
: (2.11.3)

Consequently, as j�.x/j � k�0k2.1 � x/1=2 and j�j > �1,

k�0k22 � Ck�
0
k2k.1 � x/

1=2vk1




 1

U C i�





1
�
C

�1
k�0k2k.1 � x/

1=2vk1;

from which (2.11.1) follows with the aid of Poincaré’s inequality.


