Chapter 3

Neumann-Dirichlet Schrodinger operators

The first part of this chapter is devoted to resolvent estimates for the operator

d2
N _ .
Ly~ =-S5 +iBU (3.0.1a)
which is defined on
D(£®) = {u e HX0.1) | u(1) = u/(0) = 0}. (3.0.1b)

We note that to estimate the inverse norm of the Orr—Sommerfeld operator (1.1.7b)
we need a bound of both A;}a and (:C?;’Q —A)~!, and in addition, to obtain resolvent
estimates for the special Schrodinger operators of the next chapter.

For convenience of notation we omit in the sequel the reference to the Dirichlet
condition at x = 1 and use £ instead of 2.

Let A = u + iv. Recall the definition of x, from (2.4.5). From [2], for instance,
we know that the main contribution to the resolvent norm comes from a small region
near x = Xx,. We begin this section by estimating the resolvent norm of QC?} in
the case where U(0) — v > /3_1/ 2. In this case one may approximate U — v by a
linear potential of the form U’(x,)(x — x,). In Section 3.2, we consider the case
|U0) — v| < B~Y/2 where U — v will be approximated by the quadratic potential
U”(0)x2/2 + U(0) — v. Finally, Section 3.3 is devoted to some L' estimates that are
necessary in Chapter 4.

3.1 Resolvent estimates for U(0) — SA > p~1/2

With x,, defined in (2.4.5), we introduce
Sy = U (x)]. 3.1.1)

We further define k7 € C to be the leftmost eigenvalue of
d2

£, =L
+ dx?

+ix (3.1.2)
in H2(R4) N H{ (R4). The first proposition is similar to [3, Proposition 5.2]. Unlike
[3] which defines the problem on (—1, 4+1) with Dirichlet conditions at x = %1, we
consider the operator on (0, 1) with a Neumann condition at x = 0, which corresponds
to a restriction to the space of even functions on (—1, 1), and a Dirichlet condition
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at x = 1. Furthermore, the velocity field is not strictly monotone as in [3]. Neverthe-
less, for x, > B~1/* (or equivalently for U(0) — v > B~'/?) we can still make good
use of the estimates in [3].

Proposition 3.1.1. Let U € C?([0, 1]) satisfy (2.1.3) and p € (1,2]. Then there exist
positive Y, a, C, Cp, and Bo such that, for all B > Bo, U0) —v > ap='2, and
f e L*(0,1),

sup [[(£F — BV 2 = € min((3, 817211 f 2. [3uBI 71 £ lloo).
p=r3,>3p=1/3

(3.1.3a)
Furthermore, for f € L?(0,1),
sup —(xf” 7| = e I (3.13b)
n=Y3,>3p1/3 3vBl e

Proof. Step 1. For Y > 0, we prove that there exist positive B9, ag, and C such that
forall B> Bo, U(0) —v > aB~%,a > agand & < Y3,%>~1/3 we have

(g = BO" fllz2+ [3uBI” 1/3|| (x” B flla < CISWBITN f o

3.1.4)
As U(0) — v > aB~1/2, it holds that
x> L qll2g=t, (3.1.5)
- C
For future reference we note, in addition, that
1
Exv < g < Cx,. (3.1.6)

We split the proof of (3.1.4) into two parts according to the sign of v — U (%)

Step 1.1. The case when U(1/2) < v < U(0) —af~2. We note that in this case
x, € (0, %). Let ¥ be given as in (2.4.16) by

R 0 |x| < 1,
x(x) = ! 1 (3.1.7)
L |x[> 3.
Set further for x € [0, 1]
XE@) = 20x/xy — Dlg, (E(x — xp)). (3.1.8)

and ¥ can be chosen such that

foi= 1= ()2 = () € C([0. 1), (3.1.9)
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Note that y; is supported on (0, 3x, /4) whereas x;' is supported on (5x, /4, 1). The
complementary cutoff function y, is supported on (x, /2, 3x,/2). The cutoff func-
tions defined in (3.1.8) allow us to obtain estimates for v separately on the intervals
(0, x,/2), (3x,/2, 1) (via integration by parts), and (x,,/2, 3x,/2).

More precisely, let (v, f) € D(:Cga) x L2(0, 1) satisfy (o(“,’gE —A)v = f.Set

U(x) X € (xy/2,3x,/2),
U(x) = U /2) + U/, /2)(x —x) X <%, (3.1.10)
UBxy/2) + U'(3xy/2)(x — x,) x> .
Let then
. > .
Loor =75 +iBUL. (3.1.11a)
be defined on the domain
D(£p,r) = {u € H*(R) | xu € L3(R)}. (3.1.11b)

We now apply the unitary dilation operator (corresponding to the change of vari-
able y = x/xy)

Tou(x) = xv_l/zu(x/x,,), (3.1.12)
to obtain
a—1¢ [ —2 d2 .5 Ty
7, Lp0r Ty = X, (— it z,B,,Uv(y)), (3.1.13)
where R
~ U, -
Uy(y) = ”(L;y) and B, = Bx;. (3.1.14)

v
As there exist positive m, M such that for v satisfying the assumptions of our pro-
position
0<m=<|U(y)|<M VyeR, (3.1.15)

and in view of the uniform bound
10, Iz < C. (3.1.16)

we may apply [3, Proposition 5.1] to the family of operators
2

> 2 -
Lir = a2t iBU,(y) (3.1.17)

to obtain for ,3 > ,30

- e ad s e C
swp (| Zg —BD T+ B S~ B = =
RA<TB—1/3 y
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where o i
B=pB,=pxt and L=x,2. (3.1.18)

We observe that, by (3.1.5), for any given ¢ > 0 there exists ag > 0 such that E > Bo
is satisfied for @ > ay. Taking the inverse dilation transformation, we obtain

sup I(£p0r—B1) "+ (Bxy) 12

(Lpvr—p07"| =
RA<Yx2/3p—1/3

H dx - (x ﬂ)2/3
Given that [3, Proposition 5.1] allows for an arbitrary Y, we can replace x, by ¢,
to obtain

1 1/3 1
el N I (830" | pmpi | = a5 ﬁ)m
(3.1.19)
We now write
(L& = BOGv) = Tof — 27,0 = T)v. (3.1.20)

We can then conclude from (3.1.19) and (3.1.20) that
= &~ 1=1/310% .Y c = =/
[xvvll2 + (B3]~ 1 Gvv)ll2 < W(levfllz + 207,012 + 175 vll2)-
4
3.1.21)
Note that (3.1.21) implies, by (3.1.6), that

. _ . C - —
1Zvvllz + [Bx] 21 Gv)ll2 < s (1 2+ 5 M N2+ x5 [[vl2).

[Bxv]
(3.1.22)
To estimate v on (0, 3x,,/4) and (5x, /4, 1) we write
(LF — BV ) = a6 f =200 = (). (3.1.23)

The real part of the inner product with X,jf v, after integration by parts, is given by

I 13 = 10O I3 + wBllxy vlI3 + Ry v, 6 f). (3.1.24)

whereas the imaginary part assumes the form

FRNU — v 2y Evl3 + 23((E) v, (Fv)) = +3(Fv xE f). (3.1.25)

As, by (2.8.8), |U —v['2yE = & x, xiF, (3.1.25) yields first

ﬂlelxv vl < lxsvllz Iy £l + —||v||z 1G5 v) -
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Combining the above with (3.1.24) we obtain

1
B3 = vl I 1

C 1 1
+ = lolla (—lvlls + 5 IxEvlls + vl Ik £12)-
Xy Xy )

where
ng,+ = max(up,0). (3.1.26)

For 1 < T“v2/3;8_1/3, we may conclude, using (3.1.6), that
H S

1

chxla vz <

C 1 1
vl 112 + ol (vl + B vl + vl e/ 12).
v v

which implies
C
(Bx3)?

+ 12
vl <

1 1 1
IS8+ €5 (5 + = 0l
ﬂxv xl) ,ngv3
By (3.1.5), there exists C > 0 such that

1
—2/3_-2
m <Ca X, .

Bix,
Hence, we may conclude that there exists C > 0 such that, ifa > 1 and U(0) — v >
a1,

C
lxEvlla < —lxE £z + BV v]l2). (3.1.27)

~ Bx3

Combining (3.1.27) and (3.1.22) leads to, with the aid of (3.1.5),

lvllz < C(ABXA™" + [Bx] ) £ 2
+ (B33 + B33 lvll2 + B2 3 ')
< C(IBx )21 £ 1o + 182531 Il2) + Ca3 vl

Thus, there exists ag > 1 and C > 0 such that for a > ay we obtain
lll2 < C([Bxo] 221 fll2 + [B2x17 310 ]12). (3.1.28)
We now use (3.1.22) together with (3.1.5) to establish that

IGov)ll2 < CAB 21 f N2 + [BxI1 2 0ll2) + Ca3 o'l (3.1.29)
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By (3.1.24), as uB < C(x»B)3, it holds that

1 L1 1
1GaF0Y N2 = € (ol 4+ x5 B olla + 19160, 13 )12
v
which leads to

~r 1 1 _1
1GEEY 2 = € (vl + (Bx)F vl + Bx) 3 f ). (3130)
v
Then we use (3.1.27), to get first that

1 3(Bx,)3
oyl = € (- +

and then conclude from (3.1.5) that
_ _1
G0 2 < € M vl + (Bx) 731 f1l2)- (3.1.31)
Combining (3.1.29) and (3.1.31) yields

otk + ¢ (g + o

Sz,

102 < C (Gt + (B2 wlla + Bl 211 £ 112) + Ca™3 v/l
Using again (3.1.5) we obtain the existence of ag that for a > ag
IV ll2 < € M vlla + [Bx] 21 1)

Substituting (3.1.28) into the above yields the existence of ag > 0 that for all @ > ay

10/l < CLBxu] 211 £ 2. (3.1.32)
By (3.1.28) and (3.1.32) we then obtain

vl < C([Bx]7> + 821 [Bx] )1 f 2,

which implies, using (3.1.5),

lvll2 < € (Bx] 21 Il2- (3.1.33)
Having in mind (3.1.6) we finally obtain from (3.1.32) and (3.1.33)

lvll2 + 3817211V < CISu B[ £ 2, (3.1.34)

which is precisely (3.1.4).

Step 1.2. The case v < U(1/2). We recall that x,, = 1 for v < 0 and observe that
Xy > % in this step. Hence, we need to define only a pair of cutoff functions. We thus
set

x2(x) = X(2x). (3.1.35)
and J2 = /1 — x5, which is supported on [0, 1/4].
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Then, we may write as in (3.1.27)

I72vll2 < CBTMIS N2 + B2 []l2]. (3.1.36)

Similarly, we obtain as in (3.1.31)

.y C
[Ge20)'ll2 < W[Ilfllz + Blvl2l.
Suppose that
Y < [U'(1/4)/|U'(1)|]N&;. (3.1.37)

For later reference we note that (3.1.37) implies that Y < [U’(1/4)/3,]?/>%k1. As
in (3.1.21) we can also conclude, from [3, Proposition 5.2], that

- C
x2vll2 + B2 G2v) 12 < W(Ilfllz + 1l + llvll2).

Combining the above we may proceed as in the Step 1.1 to conclude (3.1.4) and the
L?-bound on the right-hand side in (3.1.3a).

To complete the proof of (3.1.3a) we need to establish an £ (L2, L*°) bound for
(28 -0

Step 2. For
Y < [|U'(1/16)|/|U" () [>/?%iy, (3.1.38)

we prove that there exist positive B¢, ag, and C such that for all 8 > By, U(0) — v >
aﬂ_%, a>agand pn < Y3,%3B~1/3 we have
_ ~ 21— d _ ~ a1—
IG5 = BT SN2 + 13081 Pl (£ = BV 2 = CISuBI™C1 f 1o
(3.1.39)
Step 2.1. We consider the case 0 < x,, < 1/2. Considering a pair (v, f) € D(éﬁ?) X
L*°(0, 1) satisfying (éﬁ%} — BA)v = f, we then write as in (3.1.20)
(Lo = BD(I) = Tof =27,V = Tyv. (3.1.40)
Letw; € D(fﬂ,v,R) satisfy
(Lpor — BVWI = o f. (3.1.41)
Let £ AR be defined by (3.1.17). We now apply [3, Lemma 5.5] to the operator

‘fﬁR - igﬁv(l). Note that, due to (3.1.15) and (3.1.16), there exists r > 1 such

that the potential y — U,(y) —U,(1) belongs to §?2 (see [3, equation (2.32)] for the
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definition of this class). Note further that [3, Lemma 5.5] holds under the assumption
Y > 0. Hence, for any @ > 0 there exists of C such that

- — c
sup (€55 — BV '8ll2aq < T/G”g”oo (3.1.42)
Ri<TB—1/3 B

We apply (3.1.42) with @ = 2, 3(») = x2/2(xv £)(xy¥), & = x;21 and B = Bx* to
establish after a change of variable that

C
lwillz200.2x,) < mm=z7e Il f loo- (3.1.43)
L2(0,2xy) ['de]S/G o)

Let further w, € D(fﬁ,v,R) satisfy
(£p.0r — Bw2 = =270 = fyv.
From (3.1.13) we get that

>~

C -
lwall2 < W(Hx;v’nz +175vll2)- (3.1.44)
%

Combining (3.1.44) with (3.1.43) yields as y,v = w; + w5 and Supp ¥, C (0,2x,)
17v0ll2 = 1200l 20.20,)
< C (IBxl /1 £ loo + 82531211 oy 200l
sy 330y Vll2 + 55 01D ). (3.145)
Given the support of y; it holds that

s fllz < CxY2) flloos

and hence we can conclude from (3.1.27) that

_ C
lzvl2 = 25 [ 1 lleo + B 10]2]. (3.1.46)
v

To obtain a similar bound for )(‘Jf v we obtain with the aid (2.8.9)

1
TR SC/

2_ 32 = .-
3 X2 =Xy T Xy

dx C
<

Consequently, we can conclude that

FIU =]V,

_ C
106Dl < Il 10 = v 2l il 10 = w20l < =751l
X
' (3.1.47)
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We now use (3.1.25) to obtain that
1T —vV20l5 < CB7 e Il l Gl v) 2 + 1GED v 1L Tloo)
which implies that for any n > 0, we have
_ _ 1
10 =120l = 87" (m 10l + L 1GE 0 I3+ 10?01 s )

(3.1.48)
By (3.1.24) and (3.1.5) we have that

IGaro) 115 < CIBXTR 0I5 + 1GED vl f oo (3.1.49)

Note that by (3.1.5) we can conclude that x;2 < [Bx,]?/3. Substituting (3.1.49) into
(3.1.48) yields for any n > 0

L 1U = v]'2013

1 1
= OB (0 + BRI + (S + 1)1 0l S eo).

Setting n, = x, (,Bx,,)% we observe that , > % by (3.1.5), and hence
I 1U = vl'2ul3 < CB7HB xR IlE + 10> 0l f ) (3.1.50)

We then obtain, for any p > 0,

11U = v1Y20)3 < C (1B 2013 + B2 ol + %nfuio)
which, with the aid of (3.1.47), leads to

L 1U = v]V23

~ _ — 1
< C(IBxI 10l + 9872 i 1U = w10l + 112 ).

Setting p = [2C]~!B2x, finally leads to
LU = w203 < C((Bx]> 2103 + [B7x] ML 112) (3.1.51)

Since for some positive C it holds by (2.8.9) that " |U — v|1/2 > C~'x, ] we can
conclude that

lxdolla < CBV2x* vl + B71x %2 £ o) (3.1.52)
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Combining (3.1.46) with (3.1.45) and (3.1.52) then yields with the aid of (3.1.5)

Ivll2 < € ((Bx3217! + [Bx ]/ f lloo + [Bx3170]12
S R [ PEERMS PR PESRERRY B3)
=< € (IBx) ™00 f lloo + @™ olla + 18231211 1y 2 V'l
S e S)
Hence, there exist ag > 0 and C > 0 such that for all a > ao

ol < C(IBxol ™ 1 flloo + [B>6517 21 xp 3xayv'll2 + 11530 330 'll2]).-
(3.1.53)
Set
Xy () = 720 /x — D) IR, (E(x —x)),

where } is defined by (2.4.16). We note that by its definition ¥, = 1 on [0, 3x") and
supp ¥, C (—oo, 22). Similarly, ¥; = 1 on [ i C (3, 400).
Proceeding as in the proof of (3.1.24) integration by parts yields, since v satisfies

a Neumann condition at x = 0 and Dirichlet condition at x = 1, and since we have
(1,)'(0) =0,

G015 = 1G) VI3 + mBIG VI3 + R(GET v, 75 f)-

The above identity implies, as 4 < T ), ,3_%,
IGF50) 15 < CAeBPP+ x5, 0I5+ 11U = v 75 vl 11U =v 72 25 21l f lloo-

By (2.8.9) there exists 0 < v; < U(0) such that for all v; < v < U(0) —ap~ "2 it
holds that

/8 g C
U = v|~257 e * & (3.1.54)
2_ 2
0 x2—x Xy

Similarly,

1y c
U —v"V257 12 <c/ @ = (3.1.55)
9

2 2 =
x,/8 Xp — X Xy

For 0 < v < v; (3.1.54) and (3.1.55) still hold given the support of )?;—L Consequently,
we may conclude that

G 0) 115 < CUuBI + x5, D15 + x5, 20 = v 255 vll2ll f lloo- (3.1.56)
As in (3.1.25) it holds that

FHIU =o' 75013 + 23(G5) v, G v)) = S(Fyv. 45 ).
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which implies
BIIU — vV 55 vl3
< f—vllvllzll()?fv)’llz + 11U =2l U =72 05 20 f lloo-
Consequently, by (3.1.54),
U = w235 005 < CABxT vll2| (75 ) ll2 + (B2 HIF130). (3157)
Substituting (3.1.57) into (3.1.56) then yields, with the aid of (3.1.5),
1G5 )13
< C(IBP0l3 + [Bo] 1L 12 + B2l ol 1G5 0) 12711 f o).
By the above inequality we may conclude, first, that
IG5 0) 15 < C(1BxT?P0l5 + 2082 1 F 113 + x5 (1G5 ) 211v]12)).

and then, for any n > 0,
1G5 = € (B2 1013 + 208217 1£ 12 + nll G o) 13 + %x;zuvn%)-
Using again (3.1.5), for n small enough, we finally obtain
I(E5 )15 < C(IBxT 015 + 2[Bx0] 1 £ 113)-
From the above it can be easily verified that
esp 350y 0l + s 2500l
< G50 2 + 1 ) 12 < CABx ) P vllz + [Bx] 721 f llso)- (3.1.58)
Substituting (3.1.58) into (3.1.53) yields, using (3.1.5)
lwll2 < C(IBx] 611 f lloo + [Bx317 2 10]l2).
Hence, there exists ag > 0 such that we obtain for a > ag
loll2 < € [Bxul ™1l flloo- (3.1.59)
Step 2.2. The case x,, > 1/8. Let
Y < [|U'(1/16)|/|U" (D) *%Ri;. (3.1.60)

We set
M = x(=(x —x,)/xy), (3.1.61)
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which is supported on (x,, /4, 1] and satisfies 7, = 1 on (x,,/2, 1]. Then, as
(L3 = BAD@w) = Ao f = 27,0 = v, (3.1.62)

we may use [3, Propositions 5.2 and 5.4] (both hold for U € §2 though stated for
U € 8}), to obtain that

~ C ~
vl < W(ﬁ YOI f lloo + 1730 ll2 + 17 0112)- (3.1.63)

We note that (3.1.60) implies Y < [|U’(x,/4)|/3,]2/>%k; forall 1/8 < x, < 1. Let
Ty = /1 =12 € C*(R,[0, 1]). Note that 7, is supported on [0, x,,/2]. Consequently,
we may obtain, as in (3.1.46) but for x,, > %,

17wl < CB71ILfll2 + B2 (vll2].

Combining the above with (3.1.63) yields

C _
Ivllz = 257 —= (B8N f oo + 1xy saxn 20V 2)-

We now use a variant of equation (3.1.58) (which is valid also for x,, > 1/8) to bound
[11(x, /4,x,/2)V’ ||2 to obtain, with the aid of (3.1.5),

C
ol = g7 17 o

Together with (3.1.4) the above inequality establishes (3.1.3a).
Step 3. We prove (3.1.3b), when
T < irEf ](|U/(xv/2)|/|U’(xv)|)2/3m,21. (3.1.64)
1

Xy €10,

Note that for p =2 (3.1.3b) readily follows from (3.1.4). In the following we then
assume p € (1,2). Suppose first that x,, < 1/2. As above, we consider a pair (v, f)
in D(£3) x L?(0, 1) satisfying (£3 —Af)v = f. Let

€3+ H*(x,/2.3x,/2) N Hy (x,/2.3%,/2) = L*(x,/2.3x,/2)
be associated with the same differential operator as éﬁgl. Let
ff; cH?(1/2,3/2) N Hy(1/2,3/2) — L*(1/2,3/2)

be associated with the same differential operator as £ AR in (3.1.17). We recall from
[3, Proposition 5.2] that for any g € L?(1/2,3/2) it holds

2—1/3

sup

S‘tisTEﬂm ”d (ii) 'BA) gH _B‘”P lgll2- (3.1.65)
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As in (3.1.20) it holds that
(€3 = BO(Tov) = Ju f = 27,0" = Tyv,

and hence by applying the inverse of the dilation (3.1.12) to (3.1.65) we can conclude
that

s oYl < C -2te =1 =1
1Gov) [l < CIBxI07 (1 Nl + 1750 12 + I Z0v]l2). (3.1.66)
By (3.1.4) we then obtain
- _2+p _ _ _ _
1(Fo) [l < CIBxu]™ 707 (14 B713x43 + 2135 7803)| £ 1.

From (3.1.5) we easily conclude that

~ N/ _2tp
1o llp < CIBxT |1 f o (3.1.67)
We now seek an estimate for )(;*Lv’ . To this end, we use integration by parts to obtain
R(EU = v)v, (£F = BA)v)

= FIxEIU —v[Y2 3 + REU E + 20 =) () )v )
— uBllxEIU — v 0|2 (3.1.68)

Since

U'@)] = ClUG) = UO)? < C(UE) = v[Y2 +1U0) —v]'?). (3.1.69)
we can conclude that

106U V]2 < Cxllvllz + 451U = v[2vll2).
Furthermore, given the support of ( Xf)’ we obtain by (2.8.6)
165U =) (15 lloo < CIO? = x) (3 lloo < Coxar
Combining the above with (3.1.68) yields that
IElU — v V203

< (U = v)ll2ll fll2 + € (B PPl xE U — vV 20]|3 + [xo 0]l
+ x5 1U = v 2021 [12). (3.1.70)

As
(U —v)v. (£4 — BA)v) = BII(U —v)v|3 + S(U'v,v"), (3.1.71)

we obtain by (3.1.69) that

BIU —vyvl5 < C(BTIFI5 + U = vIV2vlz + xullvlla]lv]12).
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Furthermore, since
U —v|"?v]3 < %[x;ZM(U — vl + x7[v]i3], (3.1.72)
we can write
BIU —vyvll3 = C(BTHIAIZ + Drollvllz + 25U = v)vlla][0']]2).
Hence,
BIU —vvlz < CBTHLLIZ + xollvll2llvll2 + 71252 I10115).  (3.1.73)
Using (3.1.4) gives the following estimates for ||v||2 and ||v/||2
W'l < C Bl 2l fll2 and  vllz < € [T f o (3.1.74)
Substituting the above into (3.1.73) yields
BIU —v)vll3 < CB + 7152 BI D)L 13-
From the above, recalling that 8 %x,, is bounded from below, we conclude that
U —v)vll2 < CB7 f 2 (3.1.75)
Next, we write, using (3.1.74) and (3.1.75),
IV = w1201 = S8 5321 =yl + B 0l < — L1,
v

(3.1.76)
Substituting (3.1.76) together with (3.1.75) into (3.1.70) yields with the aid of (3.1.74)

X |U = w2013 < B 115 (3.1.77)
‘We now observe that
3xu/4 dx C
_y1=1/2,—4
U = v~ 20, 18 < Cfo 2 =iz = gt (3.1.78)

Similarly,

_ 1 dx
U =122 sc/ (3.1.79)

< 9
sy /4 (X2 —x2]9/2 7 471
which is obtained with the aid of (2.8.9) for v > v; (for v < v; the above bounds are
trivial). Consequently, we obtain that
1GE 1y = 151U = 0120 21 [Mo.32, /a1 + Vs, | U = 720 22

C
< —5 1/l (3.1.80)

B1/2x,%"
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Similarly, we write that

A

IGEY vl < NI — o120 a0 3001 + Yl = 01200 22
< /12

6
Xy

_% ’35/6
To obtain the second inequality we have used (3.1.76). Together with (3.1.80) and
(3.1.5) the above yields

_3p—2
I ll, < CB 2% 27 |1 fla- (3.1.81)

Combining the above with (3.1.67) yields the existence of a¢ such that (3.1.3b) holds
forall a > ay.

Consider next the case x,, > 1/2 (in which no dilation transformation is neces-
sary). Let

Y < (|U'(1/4)|/|U"(D)))*>Ri;. (3.1.82)
We now set
W=\ 12+ (62
Then, as

(ffg) — BA) () =1, f = 200" — .
We obtain using [3, Proposition 5.2] and (3.1.4) that

C
1@l < —5 11 £l
6p

Since (3.1.81) holds true for y, v in the case x,, > 1/2, we can combine it with the
above to extend the validity (3.1.3b) to this case as well.

Given (3.1.37), (3.1.38), (3.1.60), (3.1.64), and (3.1.82) it follows that there exists
T > 0 for which Proposition 3.1.1 holds true. |

Remark 3.1.2. Asin [3, Proposition 5.1] we can obtain better estimates for the case
where i < 0. Thus, setting ;7 = 11in (3.1.24) yields for u < 0

0115 + [l BlIvlz = R(v., f). (3.1.83)
From here we conclude that

lvll2 < [wlBI~HILf

which is stronger that (3.1.3) when |u| > p~1/3.
Note that for © < 0

2, (3.1.84)

012 < Nl B2 £ )2 (3.1.85)
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3.2 Resolvent estimates for |U(0) — SA| = O(B~1/2)

In this case, we will approximate U — v by its quadratic potential
x> U"(0)x2/2 4+ U(0) —v
and then use a proper resolvent estimate established by R. Henry in [16].
More precisely, we prove the following proposition.

Proposition 3.2.1. Let U € C3([0, 1]) satisfy (2.1.3),a > 0and Y < /=U"(0)/2.
Then there exist C > 0 and Bo > 0 such that, for all B > o,

© i feLl®1),

_ _ d _
sup (L2 = BO T flla + B30 = B 1
n<YB~1/2 X
lv—U(0)|<aB~1/2

+ BRI = BT f 1)
< Cmin(B™2) £ 2. 7% £ lls0). (3.2.1a)

© f(x—xy)7f € L?(0.])

Ry RS Y]
[v—U(0)|<ap~1/2

pfeg =]

< Cﬂ‘”‘”# g (3.2.1b)
Proof. All the estimates established in this proof assume that
w<YB Y% and U®©O)—af~V? <v < U©O) +ap~ "2 (3.2.2)
By the second condition it holds that
0<x, < CB 5. (3.2.3)

Consequently, for any v; < U(0), there exists B¢ such that, for all 8 > B¢, we have

v>v; and x, <1/4. 3.2.4)
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Step 1: £(L?, L?) estimate. By [16, Theorem 1.3] we immediately obtain that, under
(3.2.2),

IEF — BV fll2 < CBT2| £l (3.2.5)

To prove the second inequality in (3.2.1a), let £ € L?(0,1) and v € D(éﬁ%}) satisfy

(éfl%E — BA)v = f. Taking the scalar product with v, an integration by parts yields for
the real part, with the aid of (3.2.2),

1'l5 = uBlvll3 + % (v, ) < CBY2 03 + 8721 F115)-

By (3.2.5) we can then conclude that

| Ceg —pa ], < cB 070 (3.26)

which together with (3.2.5) establishes the & (L2, L?) estimate in (3.2.1a).

Step 2: £(L>°, L?) estimate. Next, we obtain an £ (L, L?) estimate for (éﬁ%} —
BA)~! under (3.2.2). Let ¥ be given (2.4.16). As before, we set

Xy (x) = 2(yB*x),

for some positive
y <[8C,+ 11 < 1.

In particular, y satisfies
0<y<[883x, + 1]\

We note that y, satisfies
suppyy C [2xv + %ﬂ_%, 1) and [y)] < C)/,B%. (3.2.7)
Set further y, = /1 — 3 € C*°(R) and note that j, satisfies
suppi, C [0, %ﬂ—i) and |7,| < CyBH+. (3.2.8)

Let f € L?(0,1)and v € D(éﬁﬂm) satisfy (éﬁgE — Bl = f.
We begin by estimating y, v. An integration by parts yields

1O 15 = Iy vl5 = mBllxyvllz = Rxyv, xy f), (3.2.9)
from which we conclude, given that uf 1/2 and y are bounded from above,

1y 0) 113 < ol flleo + CBY 210115, (3.2.10)
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Furthermore, we have that
—BIIU =" 0015 + 230150, (1y0)) = 3ty 0, 2y £)-
Hence, with the aid of (3.2.10), we can conclude that
BINU —vI"2xyvll3 < CEB 0113 + vl f lloo)-
We now write (note that x, x2, = x)
lxyvll < 12y lU = vIT2 201U = v] 2 2y 0]

For x € [x, + 174, 1), it holds by (2.9.6), (2.9.7), and (3.2.4)

1 1 1
|U(x) —v| > E(x_xv)z TR

which implies, for 8 > B,

1 1
f 1|U—v|‘1dst/ y2dy < CBY*.
X

BT 14
We can then conclude, using (3.2.7), that

122y 1U = |72, < CBYE.
Hence, by (3.2.12) and (3.2.13) we obtain that

lxyvlh = CBE G2 Y4 vl + ol 21 F 1),
from which we conclude that
vl < CBTE vl + B3] flloo)-
Substituting the above into (3.2.12) then yields
U =12 xyvllz < CBTVHY 2 vll2 + B3] £ lloo)-

Since by (3.2.14),
1 _
U —v|1/2)(y > E'B 1/4va

we may write
xyvllz < CG 20l + B3N f lloo)-

We now attempt to estimate y,v. As

(&5 = BGFyv) = Ty f — 27,0 = Tyo,

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)

(3.2.19)
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we may conclude from [16, Theorem 1.3] (which can be used since U € C3([0, 1])
and Y < [-U"(0)]/2/2), that

IZyvlla < CBTY2( 7y fll2 + 17,0 12 + 1 Fvll2)
<CB8| flloo + B4V + v 0]l2).

To obtain the second inequality we used the fact that supp y, < (0, C ,8_%). Combin-
ing the above with (3.2.18) yields the existence of Yo > 0 such that for all y € (0, yy),

lvlla < CB™8)| flloo + ¥B™ 410 112). (3.2.20)
As in (3.2.10) (replacing y, by 1), we obtain that
115 < lollill £lleo + CBY? (0113 (3.2.21)
By (2.9.24), applied withg = 1 and u = ,3_%, and (3.2.2) it holds that
I =v+ip™ 7215 = (U — v+ 7 < CBYY.
From the above we conclude that

ol < U = v + 727210 = v + 8712120

< CBVE(NU — v 2 xyvll2 + 11U = "2 Fyv]l2 + B4 0])).
By (2.8.9) (which is valid by (3.2.4))

|U—V|1/2nyc sup |x2—x5|1/zfcﬂ—l/4’
xe(0,Cp~H)

we obtain, with the aid of (3.2.16) that
Iolli < CB™Evllz + B> flloo)- (3.2.22)
Substituting (3.2.22) into (3.2.21) yields
W'l < CB*vll2 + B flloo),
which when substituted into (3.2.20) yields for sufficiently small y¢ and y € (0, yo)
Ivll2 < CB~"3)| flloos (3.2.23)

and then
1012 < CB738|| f oo (3.2.24)

Substituting (3.2.23) into (3.2.22) yields

ol < CB74)| f oo (3.2.25)
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By (3.2.11) it holds that
BINU = v xyvll3 < C@B 0113 + iy vll2ll £ 12),
from which we conclude by combining it with (3.2.5)
U = vyl < CB4) £ 2.
Consequently,
vl < U = w72y U = w2 gyvll2 < CB7/5) f 2.

Use of (3.2.15) has been made to obtain the second inequality.
Since by (3.2.5)

1720l < CB7 V3 vl < CB~3)| f (3.2.26)

we may conclude that
iy < €871 £ 1, (3.2.27)

which together with (3.2.25) completes the proof of (3.2.1a).
Step 3: Proof of (3.2.1b). To prove (3.2.1b) we set
f=k=-x)g

where g € L2(0, 1).
Then, as in (3.2.10), we use (3.2.9) to obtain

G113 < 11(x = x0) xyvll2liglla + CBYZv]3.
By (3.2.7) and (3.2.14) there exists C > 0 such that, for all x € [0, 1],
0= (x = x)xy (x) < Cw = UE)" 1y (). (3.2.28)

Hence,
G )15 < C(NU = v xyvl2ligll2 + B2 1Iv]13).
Next, we use (3.2.11) to obtain, as in (3.2.12), with the aid of the above and (3.2.28)

BINU = v vl < C(vB 21013 + 2y 1U = I ?0ll2lgll2),
from which we conclude that
U = v yvlla < CBTA @ Pllvlla + B2 ]l). (3.2.29)
Combining the above with (3.2.17) yields

lxyvllz < CG Y2 olla + B gll2). (3.2.30)
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Furthermore, with the aid of (3.2.15) we can conclude that

lgoll < IHU =172 2 11U = vV gyl

< CO2BT B vl + BEgll2)- (3.231)
‘We now use (3.2.19) to obtain, as in (3.2.20),
7yvllz < CB™ gl + v~ I + V2 (v]l2). (3.2.32)
Combining (3.2.32) with (3.2.30) yields for sufficiently small y
2 < € (B lgla + vB~ 410 (3.2.33)
Then we write
V113 = uBllvlz +R(v, £) = pBllvll3 + R((x —xu)v, g). (3.2.34)

To estimate the second term on the right-hand side of (3.2.34) we first note that by
(3.2.28), (3.2.3) and (3.2.8),

1Ge = x0)vllz < |(x = x0) gyvllz + [ (x = x0) gy vll2

< CUIIU =v["2xyvlla + 7 I0]12).
With the aid of (3.2.29) we then obtain
| = x)vllz = CE 4 wllz + B2 g ). (3.2.35)
Hence, by (3.2.34) and since u < Cf —1/2 we may conclude that
[v'll2 < CBllvll2 + B7121g112). (3.2.36)
Substituting (3.2.36) into (3.2.33) yields for small enough y,
Ioll2 < CB7*gl2. (3.2.37)
By (3.2.37), the first inequality of (3.2.26), and (3.2.31) we obtain
lollh < €877l (3.2.38)
Together with (3.2.37) and (3.2.36), (3.2.38) verifies (3.2.1D). ]

3.3 L1 estimates for U(0) — IA > p~1/2

It is not difficult to show that the resolvent of the operator —d?/dx? 4+ ix is not
bounded in £(L%°(R), L!(R)), a fact that can be easily established from the identity

( d? L ) 1 2x%2—1 L X
- +ix = i )
dx? Y21 [X241]92 0 X241
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For the resolvent of the operator éﬁ?’g on (0, 1), this unboundedness manifests itself
through a logarithmic dependence on  as we can clearly see in the following pro-
position.

Proposition 3.3.1. Let U € C2([0,1]) satisfy (2.1.3). There exist Y >0,a >0, C > 0,
and By > 1 such that, for B > Bo, SA < U(0) —aB~ V2, KA < 3,22 YB3, and
f € L*®(0,1) we have

I(£g® = B0 £l < € min (3,811 £ 112, 13,81 " log B £ ). (3.3.1)

Proof. We assume that T > 0 is sufficiently small so that Proposition 3.1.1 holds
true. We begin by recalling that by (3.1.5), for any N > 0, there exists ap > 0 such
that for all @ > ag, we have under the conditions of the proposition,

Bxy > Bxy > N,

where x, is defined by (2.4.5). Let (v, f) € D(:ﬁ?}) x L*°(0, 1) satisfy (éligE —
BA)v = f.By (2.8.49) applied with & = B~1/3x2/3 and ¢ = 2, it holds that

I = v+l 7HG < Cox P12,
We may then conclude that

ol < 10 = v +i[Bxy 213 (U — v + i [Bx, 2Pl
< CBYOx,SO[|(U — v)vlla + [Bx, 2173 v]l2). (33.2)

By (3.1.75) and (3.1.3a)
ol < CIBxT™>C |1 f - (33.3)
By (2.8.62) we can conclude that
I = +ilBx 212 = 11U —v +i[Bx217) 7 < X%IOg(ﬂXf)-
Hence, we can complete the proof of (3.3.1) by writing
Il < IU = v +i[Bx, 217 ) 72| (U = v + i [Bx2713) o]l
< %[bg(ﬁx;‘)]l/z[llw —v"?vll2 + [Bx, 2176 v o,
v

which implies

C
lolh < =75 ogBNV2MIIU = vV 2vll2 + [Bx, %/ lv]l2]. (3.3.4)
Xy
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We note that by (3.1.3a) (which holds for a > agy with a¢ large enough) and (3.1.5)
we have

—1
18,2174 oll2 < CB7 0 21 f lloo-

Hence, we obtain from (3.3.4)
c 1/2 1/2 —1,.-1/2
iy = =7 0ogBN 2T — vV 2vll2 + B~ x, 211 f lloo]- (3.3.5)
Xy

To complete the proof we need an estimate for |||U — v|'/?

to (3.1.8) we let

v||2. In a similar manner

25 () = R — xRy (£(x —x)) with s = [Bx,]'/>,

where ¥ is defined by (3.1.7). An integration by parts yields, as in (3.1.24),
1GE0) 15 = 10 15 = mBlas vl3 = RO 15 f).
from which we conclude, given that u8 < Cs?
I 13 < vl S lleo + Cs>[0]13.
Furthermore, (see (3.1.25)), we have that
FBINU — vV xFvll3 + 23(G) v, (Fv)) = S(xFv xs ), (33.6)

and hence, with the aid of above, we obtain that

U = vIY2 250l < CBT B2 10115 + 150l f loo)-
By (3.1.3a), we then have

U =2yl < C 287 flloo + B7V 2101 21A 1K), B3

oo

Let js = \/1 — (xH)% = (x7)?. Since s = [Bx,]"/3 it holds that

- 1 _ 1 _
suppxs C [xv - E(ﬂxv) 1/3, Xy + E(ﬂxv) 1/3)'

As
U —v["?Fsvll2 < C [Bx,] Vox 22| Fsvll2 < CB™Y0x 1 |vl2,

we may use (3.1.3a) once again to obtain

_1
U = v 750ll2 < Cxy 287 f lloo-



Neumann-Dirichlet Schrodinger operators 98

Combining the above with (3.3.7) yields
U = v"2v0]5 < C (x5 287 flloo + B2 10121 £ I1LL3). (3.3.8)

Substituting (3.3.8) into (3.3.5) yields, for any 1 > 0,

vl < 1/2[log(/3)]”2(ﬂ 20 f lloe + BTV IV 21 12)

1 - _ 1
< S ogBN 2 (B2 f oo + 87221 llo + nllvl))-
xé/z n
Choosing n > 0 such that

Cnp~1 231 2 llog(B))'12 = 3,

we obtain

(3.3.9)

Combining the above with (3.3.3), completes the proof of the proposition. |

If U —v # 0in [0, 1] it can be easily verified (see (3.1.75)) that
I(=d?/dx* +if[U =D~ < B~

In contrast, when U(x) = v for some x € (0, 1) the best estimate we can obtain (see
(3.1.3)) is
I(—d?/dx* +ip[U —v]) '] < B>,

The zero of U — v at x = x,, thus, has a significant effect on the resolvent norm.
Nevertheless, if f(x,) =0and f is small in the neighbourhood of x, one may expect
that ||(—d?/dx? 4+ iB[U — v])~! f||2 would be smaller in that case.

This heuristic argument is manifested, more precisely, in the following proposi-
tion.

Proposition 3.3.2. Let U € C2([0, 1]) satisfy (2.1.3). There exist YT > 0, C > 0,
a >0, and By > 0 such that, for B > Bo, v < U(0) —aB~V2, u < Y3,22p~1/3,
and f € L?(0,1) such that (x — x,)~' f € L?(0, 1), we have

f

— Xy

IR =07 I = C@PT |

(3.3.10)
2

and

[Gwes -] = e L

(3.3.11)
X — Xy
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Proof. Let (v, f,)) € D(;ﬁg*) x L2(0,1) x C satisfy (xg* —BMv = f.

Step 1. We prove (3.3.10).
Set

f=-vg

Given that u < Y 3,2/3B71/3, it follows from (3.1.3) that there exists u € D(iﬂm)
satisfying
(&3 — Bhu =g. (3.3.12)

Let
w= U —vu.

Then, it holds that
(l’?} —BMw = f —2U0vw' —U"u.

Consequently,
v=w+ (£ — )T QU Y + U"u). (3.3.13)

We now recall (3.1.69)
U] < ClU=U©)]'"? < CIU =v]"? + xy).
By the above and (3.1.3a) it holds that

(£ — BV QU + U,
< C 3B (xull |2 + 11U — w20 ||2 + [|u])2). (3.3.14)

Let Xf be defined by (3.1.8). Clearly, in view of (3.1.9) and the fact that U’ (0) = 0,

U =120l < 651U = w20 2+ 151U = v] 20 |12+ Cox 2.
(3.3.15)
By (3.1.77), applied to the pair (u, g), (3.3.15), and (3.1.3b) we then have

xollu'llz + U = vVl < CB™2 + 332871 ) gl . (3.3.16)
Using (3.1.3a) together with (3.3.14) and (3.3.12) then yields, as x, > ,3_1/4,
I(E} — B QU + U"w)ll2 < CB g2 (33.17)
By (3.1.75), applied to the pair (u, g), it holds that
lwll2 = CB7" gll2. (33.18)
Substituting the above together with (3.3.17) into (3.3.13) yields

lvllz < CB™ gl
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Since

1
U@ =yl 2 Gxulr =l

it holds that
Igllz < Cx;7 M I (x = x0) ™" f 2.

and hence, we can now conclude (3.3.10) from the above and (3.3.18).

Step 2. We prove (3.3.11).
Taking the real part of the scalar product with (v, (éﬁ? — BA)v) we write

10113 = puBlvll3 + R((x — xp)v, (x —x,) " f).
From here we deduce that
V113 < utBlvl3 + 1{(x —x)v, (x — x0) ' £, (3.3.19)

where
U+ = max(u,0). (3.3.20)

Since |x — x,,| < C |U — v|'/2 we obtain by (3.3.10), as x, > =% and 4 <
C gl p,

W13 < CB & =x) 7" flla + 11U = v 20llall(x = x) 7' fll2). (33.21)
By (3.1.25) it holds that
BINU = vV x5 vll3 < o Mv a1z + 1 = x)vllall(x = x) 7 .
Hence, in view of (3.1.9),
BINU =[5 < CO M vl IV 12 + BxglIvl3) + (= x)vllall(x = %) " f 2
Since by (3.3.10) it holds that
Bxilvlz < CB7 I(x —x0) 7 115,
we may obtain that
BIU —v|V20]3 < C(x, 287 1 (x = x) ™" fl201V]l2
+ (U =)o)l (x=x) 7 flla 4B I (x—x) T F113).
From the above we conclude, as x, > /4,
T —v]20]3 < CE IVIE + B2 — x) L FIR). (3.3.22)
Substituting the above into (3.3.21) yields
Iv'll2 = CBT 2 (x = x) 7 f 2.

verifying (3.3.11). ]
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We now seek an estimate for (£ — fA)~! in £(H', L"). To this end we write

f=7f—f(x)+ f(xy),and estimate first (£5 — BA) "1 (f — f(xy)) using (3.3.10).
Then, we estimate (£ — A) ! f(x,) by observing first that the leading order term

is —if (x)[BU + i)™ for |u| > x; 213,
Proposition 3.3.3. Let U € C2([0, 1]) satisfy (2.1.3). Then there exist Y > 0, C > 0,

a >0, and By > 0 such that, for B > Bo, U(0) —v > a2, and n < 3,,2/3T,B_1/3
and f € H'(0,1) we have

f(x)
BIU — v — i max(—pu, x3/>f=1/3)]

<C[3B 1S 2
1

(LF - S +i

(3.3.23)
Proof. Letu = (éﬁ%B —BA)LS.
Step 1. We prove (3.3.23) in the case —p < x2/>g=1/3,
We apply the decomposition
v=uti TAG) (3.3.24)

BU —v—ixy =13y
Then,
(&3 — B = f +if7 fx)(EF — BOU —v —ixPp713)7h).
‘We next observe that
(2} —BOU —v—ix) g7
(-A+iU) 2|U" |2 . u”
(U—v—ix2Pp=1/3) (U—v—ixZPp-1/3)3 (U —v—ixt?p-1/3)2

and that
i —iU) (U —v—ix23p=13 7 4
= (U —v—ixg? ™) =il +iv) = UL+ U —v —ix) P73,

Consequently, it holds that

(&3 — B = f = f(x) + f(xu)h. (3.3.25)
where
" 712
h=i ; 2/3 —2i |U |2/3
BU —v —ix; " p1/3)2 B(U —v —ixZPp=1/3)3
pt g

—1 . (3.3.26)
U—v—ix2/3p-1/3
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Since for U € C2([0, 1]) satisfying (2.1.3), we have
1
|U(x) —v[ > nglx — Xyl (3.3.27)

we may conclude that for k > 1,

! dx ! dx ~ k=1
5(:[ < Cxy*[px,] 5.
[0 |U—v—ix2/3,3_1/3|k 0 X§|X—xv|k +x2k/3ﬂ_k/3 v v

v v

(3.3.28)
For later reference we mention that for k = 1
[1 dx
o |U—v+ix2/3g-1/3|
<C[1/2x" dx +/‘1 dx ]
Tolado x—x |+ a2 oy XX
C
< x—[log(x;‘ﬂﬂl“) + 1]. (3.3.29)

v

Using (3.3.28) and the fact that x, > &B'/4, together with (3.1.69), it can be

verified that there exist positive C and 8 such that for § > B¢ and |u| < Xy /3 g1/3,

k]2 < € [Bx] 7. (3.3.30)
Consequently, by (3.3.1)
I(E5 — B 'A< C(Bx,) 7" (33.31)
By (3.3.10) and Hardy’s inequality (2.2.8) it holds that
IEF = BN = Fl < 1R = BV = £
< cpxt |[ZLE2 <t ir e

Substituting the above, together with (3.3.31) into (3.3.25) yields

lollr < CBx) T ULS N2+ 1D < CBx) ™ 1 2

Step 2. We prove (3.3.23) in the case u < —x5/3,3_1/3.

In this case we consider instead the decomposition

Then we obtain

(&5 — B = f +if7" fx) (£ — BV +iH)7).
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2|U/|2 N U//
(U +i)? " (U+ir?

(&3 —BOU +id)~ = ip

we obtain that

(&7 — B = f = f(x) + f(x)h. (3.3.32)
where , P
~ U U
h=ir——— =2 3.3.33
"BUTin: WU +ir? (3.3.33)
and proceed in a similar manner using the lower bound for |u|. |

An immediate consequence of Proposition 3.3.3 now follows by using (3.3.29).

Corollary 3.3.4. Under the conditions of Proposition 3.3.3, it holds (with sufficiently
large a) that

&R =B f 1l = CLSBT (1 f o + LfGeo)llog(x¥2B1%)). (33.34)

We conclude this section by another auxiliary estimate which will be useful in
Sections 5.10 and 5.11.

Proposition 3.3.5. Let U € C3([0, 1]) satisfying (2.1.3),a >0and Y < /-=U"(0)/2.
Then there exist C > 0, Bo > 0 such that, for all B > B,

sup (1&g = BOTHU =) f 2
u<TB~/2
v<U(0)+ap~1/2
d
—1/2| 4 oD —1r7 _
+ 872 = BTN U =0 f o)
<CB7 /2. (3.3.35)

Note that if we apply (3.3.10) (for v < U(0) — agBf~'/? with some sufficiently
large ag) or (3.2.1b) (in the case |[v — U(0)| < aoB~'/?) we obtain that

IE3° =BT U —v) fll2 < CB7 1+ x, Y17 £ 2.
which is weaker than (3.3.35).
Proof. Letv € D(xgz,s) such that
(£5° = A = (U —v) f. (3.3.36)

Letw € D(i’i?’i)) satisfy
(L5~ pyw =
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It can be easily verified that
(£3° = BA(U —v]w) = (U —v) f —2U"w' - U"w.

Hence,
v=(U-vw+ (L3 - N~ QUW + U"w). (3.3.37)

Let ag > 0. Consider first the case where U(0) — agf~/? < v < U(0) + aof~"/2.
By (3.1.71) (with v replaced by w) and since by (2.1.3) we have |U’(x)| < x, it holds
that

BIW —v)wl3 < CEHLI5 + I = x)wllz + xollwl2]w]l2).
We can now use (3.2.35), given that x,, < Cﬂ_1/4, to obtain

BIU —=vywl3 < CENFI5 + 871 f N2 + 874 lwla]lw'll2).

We may now apply (3.2.1a) to the pair (w, f) to conclude that
U =vywlz < CBIf - (3.338)

In (3.1.75) we have established that there exists @ > 0 such that (3.3.38) holds also
whenever v < U(0) — af ~1/2 ynder the conditions of Proposition 3.1.1.

Next, we use once again either (3.2.1a) (in the case when |v — U(0)| < ap~'/?)
or (3.1.3a) (in the case when v < U(0) — a,B_l/z), with f replaced by U”w, to obtain
that

(25 = B (U w2 < CAV2[1 + x, 8423w
<CA ML+ xB PN f 2
<CB'fla. (33.39)
Finally, we write
1&g = BV~ U2 < (L = A (U = U’ o))z
+HIE® = BT U (x)w) 2.
For the second term on the right-hand side we have by (3.2.1a) and (3.1.3)
(£ 2 =BT U (xp)w) 2 < CB™ 2wy [142, 84722 [w/ |, < C B f |2

For the first term we use instead either (3.2.1b) or (3.3.10) with f = [U’ — U’(x,)]w’
and then (3.2.1a) and (3.1.3) for the second one to obtain

H U -U'(xy) ,
- w
X — Xy

Iy 2 =0 (U = U (x)w) 2 <CB~*

L=CBTS e
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Hence,
g = BO™ U w2 < CB I £ 2. (3.3.40)

By (3.3.37), (3.3.38), (3.3.39), (3.3.39), and (3.3.40), we then conclude
lvllz < CB7I S 2 (3.3.41)
The estimate of v’ in (3.3.35) follows immediately from the identity
1113 = uBlvl3 + R{v, (U =) f),

together with (3.3.41) and the fact that u < YB~1/2. n



