Chapter 4

No-slip Schrodinger operators

4.1 Preliminaries

Given the fact that —¢” + o?¢ does not necessarily belong to D(:ﬁgk’s), we estab-
lish, in this chapter, resolvent estimates for the same differential operator but with
one boundary condition replaced by an integral condition which will be satisfied by
—¢" + a%¢ (cf. see also [3, Section 6] and the discussion around equation (1.2.8) in
the introduction.)

This chapter follows the same path as in [3, Section 6] but this time for symmetric
flows in (—1, +1) (so that U’(0) = 0), to which end we consider the interval (0, 1)
and a Neumann condition at x = 0.

Let
e __d*
;ﬁﬂ = _W + Z,BU,
be defined on
D(£5) = {u € H*(0.1) | ({.u) = 0.2/(0) = 0}, @.1.1)

where ¢ € H?2(0, 1).

We will later (see (4.7.1)) confine the discussion to the case where {,(x) =
cosh(ax)/ cosha.

More precisely, we introduce

Up:={¢ e H*0.1)]| ¢ (0) =0.¢(1) =1} 4.1.2)
andfor 8 >0,y > 0,0 > 0and A € C, the subset
Ui (B, A, 7.0) = {¢ € Uo, [Elloo < BV, ¢ I L2—p—7.1) < 9/31/61}3/4}, (4.1.3)

where
Ag =1+ |A|BY3. (4.1.4)

Let Ai denote Airy’s function (See [1, Section 10.4]) and Ay the generalized Airy
function

. +w .
C oz Ag(z) = e“’/6/ Ai(e™/r) dt. (4.1.5)
z
(See [1, 10.4] or in [3, Appendix A.2]). We then set

§ = {Z | Ap(iz) = 0}.
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It is established in [3, Appendix A.2] that § (which is denoted there by $;) is non-
empty. In [22] (cf. also [3, Appendix A]) it is shown that

¥ := inf Rz > 0. (4.1.6)

zeS

4.2 Resolvent estimates for |U(0) — v| > g~1/2

We can now state the following proposition.

Proposition 4.2.1. Let U € C2([0, 1]) satisfy (2.1.3). Let further y < 1/4. Then, there
exist ¥ >0, Bo >0, a > 0, and 8y > 0 such that, for all B > By, 6 € (0, Oy, and
A € C satisfying

max(|U0) —v|~Y3, DBY3RA <Y (4.2.1)

and
|U(0) —v| > ap™V?, (4.2.2)

there exists a constant C > 0 such that, for any f € H'(0,1), L e U1(B, A, ,0), and
v E D(:ﬁ?) satisfying

(£f — pry = f. 4.2.3)
it holds that
(D] = C B2 1Y Eloa

x min ([xu 81|l £ 2. [U©) — v["2BI7 Il f 1,2 + | £ (o) Tog(1 + x, 81)]),
4.2.4)

where x, is defined by (2.4.5), and that

()] < C B2 el — B0 f . 4.2.5)
Furthermore, for any p > 1 and v < U(0) — aB~"/? it holds that

()] < CAF2 B2 o BT [ llooll £ N2 + 1€ 11,5 (1 + [logv + ima]) | £ (xo)]],
(4.2.6a)

where
m = —max(—u,x§/3ﬂ_l/3). (4.2.6b)

Finally, if in addition (x — x,)”' f € L?(0,1) and v < U(0), then we have

()] = CB23 Y (1Ll |U(0) — v| 71/ H%

. (4.2.7)
2
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Note that since 3, = |U’(x,)| ~ x, ~ [U(0) — v]"/2 for v < U(0), (4.2.1) is
similar to the condition set on N A in (3.1.19). Here, we use a different notation since
we need to address the case v > U(0) as well.

Proof. As in [3, equation (6.20)] we begin by a decomposition of v into a boundary
term associated with x = 1 and a solution of the same equation satisfying a Dirichlet
condition at x = 1. We estimate the boundary term by using a linear approximation
of U near x = 1 (recall that by (2.1.3) U(1) = 0 and U’ (1) = —1). Let for 8 > 0 and

rLeC,
- - A(BYPeTIT/O[(1 — x) —iA
Vap(x) = e 'm0 (p L ) ]), (4.2.8)
Ao(iB1/3 1)
which is (note that 1; = Y4, with Jy = 1, in [3, equation (6.8b)]) the decaying
solution as x — —oo of
2

(=5 + Bl =1+ M) F =0 in(=0o,).

dx?

[1 Forydx = pI8,

4.2.9)

Note further that by (4.1.6) & 2,8 is well defined whenever RA < ¥{. For later refer-

ence we recall from [3, equation (8.87)] that for any 31, there exists C > 0 and B¢
such that, for RA < (97 —8;)87"/3 and B > B,

1 ~

5A,§/2 < W s = C)L;,/Z. (4.2.10)
To guarantee that the Neumann condition at x = 0 is satisfied we further set

Yap(x) = Yap(x)x(1—x), “.2.11)

where y is given by (2.6.20), which we recall here for the convenience of the reader

1<y,
X(I)_{o t > 3/4.

Consequently, v, g is supported on [1/4, 4+1] and ¥, g = 1;)&,/3 on [1/2,1]. We
omit the subscript (A, 8) when no ambiguity is expected. Consider a pair (0, &) €
L2(0,1) x D(cf%?) such that

az . .
h= (—ﬁ—l—zﬂ(U—l—zk))w (4.2.12)

and
(L3 —BA) T =h. (4.2.13)

We note that the assumptions of the proposition, and in particular (4.2.1) and (4.2.2)
allow us to apply Propositions 3.1.1, 3.3.1, 3.3.2, and 3.3.3 throughout the proof.



No-slip Schrodinger operators 110

Step 1. We prove that
BY0N52 + 18] < € max(B2/32 %4 p5/3), (4.2.14)

By (4.2.9) it holds that
h=iBlU—-(0=)]v+ " 0=x)¥ =21 =x)%" in(0,1). (42.15)

We note that by [3, equation (6.17)] there exists T > 0 (in the statement of the pro-
position) such that whenever /301 < T
10 =% Yaglls < 10 =) Taglla = C Az ¢ B~O+2/6 fork e [0, 4).
(4.2.16)
Furthermore, since by [3, Proposition A.1] (or more precisely by [3, equations (A.4),
(A.6), (A.19), (A.20)] and the display below [3, equation (A.29)]) it holds that

Ai(e'™/[x 4 i 1))

P(x,A) = Ai(eiz”/3)k)

= [1 + %((—/\)_1/2)62 — X_lx)]e—(—l)l/zx + wy.

where

e forpg >0
A€ V(po) :={NMA = po} N{IA| > 3po},

» the square root of —A is chosen such that
R(=1)2 >0,
 and the remainder w; € H (R ) satisfies
Ix*wilz2®,) + Ix*wi 2@,y < C A4,
Consequently, for all A € V(o) it holds by [3, equation (A.20)] that
et Wlla + A7 2 [t < C A,
Let 0 < uo < &1 (given by (3.1.2)). Then, there exists C (i) > 0 such that

sup [lx* Ai(e"™C[x +iA])|12 < C.
[Al<310

and, since all the zeroes of Ai(e?2"/3)) are located in the half-plane WA > &1, we
have, since jt¢ < k1, that

sup
[Al<3p10
RA<wuo

1
—| < C.
Ai(e’z”/3/\)‘ -



Resolvent estimates for |[U(0) — v| > p~1/2 111

Consequently, by the above inequalities, relying on the sole condition that A < g,

there exists C > 0 such that
I Wlp + [1+ [APTV4 x40 < C [1+ A5,

Note that _
Vap(x)
Va.p(1)

Using dilation, translation, and (4.2.10) the above yields

= W(B'3(1 - x),B3).

~ 3—2k
11— x)* P plli2oony < Cags U2/,
Hence, rewriting (4.2.15) in the form
h=iB[U— (=) + ((1—x)72)"(1 = )1 —x)*y
21 =07 =)L = x)*P,

we obtain
|h(x)] < C[B(1 — x)*[Y(x)] + (1 —x)* [/ ()],
and hence by (4.2.16) with k = 2 and (4.2.17) with k = 3,

Inll2 < € pYe25Y"

Recall from (2.4.5) the definition of x,,:

4.2.17)

(4.2.18)

(4.2.19)

U(xy) =vfor0<v <U(Q), x, =1ifv <0and x, = 0if v > U(0).

We split the proof of (4.2.14) into two steps, depending on the value of x,,.

Step 1.1. x, > 1/4. In this case we have by (4.2.13), (3.1.3a), (3.1.75), and (3.3.1)

(note that §y > Jy—1(1/4) > 0 in this case) that
B72N002 + (U = v)illa + B6N5]1 < C B4 A2
By (4.2.19) we then obtain
B2 52 + U — )il + B0l < CB/0A5Y4,
readily yielding (4.2.14).
Step 1.2. 0 < x, < 1/4. We recall that x, > Ca'/2871/*. We write
(&R = BA (D) = xh =24 = 75,

to obtain by (3.1.3a) and (3.3.1)

- . C . .
182 + [Bxu]Cll X0l < W(lehllz + 19ll2 + [[5]12)-
v

(4.2.20)

(4.221)
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Let 7 = /1 — x2 where y is chosen such that ¥ € C*°(R). We note that the support of
X belongs to [1/2, +00). Then, an integration by parts yields, as in (3.1.24)—(3.1.25)

IGED) I3 = 173113 + mBll 70113 + R(TD. Fh), (4.2.22)
and, observing that the sign of (U — v) is constant on the support of ¥,
—BIU —v|"2 7015 + 2315, (70)') = 370, jh). (4.2.23)
Combining (4.2.22), (4.2.23), given the support of ¥ and the fact that x,, < 1/4,
yields
BNz < CUBI2 1GHD) 2 + 170 12llAl2) < CUATIZ + IGF0)' 113 + 170 1121lA]l2)
< 2C(I9113 + pBIFOII3 + 17012 11A112)-

Observing that u < Y, ,3_% <C ,3‘%, we may conclude the existence of 8¢ > 0
and C > 0 such that for all 8 > B

17502 < CB~  (IAll2 + BY2|5]2). (4.2.24)

Combining (4.2.24) with the control of || x> given in (4.2.21) yields for sufficiently

large Bo
152 < CB IRl + [Bxo] 22 xhll2 + [9]]2)). (4.2.25)

By (3.2.34) (with v = ¥ and f = h) and the fact that u < Cﬂ_1/3x5/3 We can con-
clude that
15712 < C(UBx)2 11512 + 1915 11A115"). (4.2.26)

Since by (4.2.2) Bx,, is large for sufficiently large B¢, substituting (4.2.26) into (4.2.25)
yields
192 < CLB™" + [Bxo]™* )2 + [Bxu] > [l xh12].

Hence, using the fact that x,, > /4,

1512 < CB Ihll2 + 8721 xh2). (4.227)
By (4.2.15), (4.2.16), and (4.2.17), we obtain, since y is supported on [0, 3/4],
~ _5 _1 _
lxhllz < € [BI(L=)*Wll2 + 11 =)'y lla] < CB20,7 (0,2 + B2,
(4.2.28)
Substituting (4.2.28) together with (4.2.19) into (4.2.27) gives
15l < [15]l2 = CB/6a5%*, (4.2.29)

completing the proof of (4.2.14), for 0 < x,, < 1/4 as well.
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Step 1.3: U(0) — v < —aBf~'/2. Since
S(P0. (LY — BAD) = —BIl(v — V)2 105 + 23(x'5. (xB)).  (42.30)
we may conclude that
Bllw —U)"2x13 < lxl2llxhll2 + C 5201 (x) - (4.2.31)

As
R(x*0. (&5 — BOT) = (x0)' I3 — Bl xol3 — 11513,

we can conclude that
1G) 2 < C (g 2l + 1512 + bl >kl %),
where g 4 is defined in (3.1.26). Substituting the above into (4.2.31) yields
Bl — 2 g 13 < N0 2l xhllz+C (g 221512+ 1513+ 1ol l xhl).

Since v — U > v — U(0) in [0, 1] we may now conclude that

[ (lxhllz + (g% + [BO = UO)])vl2). 4232

e c—
~ Bv=U(0)
Given that (4.2.24) remains valid for v > U(0) it holds that
15012 < lxbll2 + 170112 < X8l + CB~ (k]2 + B2 [5]]2).
Consequently, there exists g such that for 8 > B¢ we may write
19112 < llx0ll2 + CB~ IA]l2. (4.233)
Substituting the above into (4.2.32) yields, for some sufficiently large B¢ and 8 > B¢
lxoll < CB™H v = UO) ™ (xhll2 + [v = U©O]V)BT2[h]l2).  (4.2.34)
By (4.2.28) and (4.2.19) we then obtain (note that [A| > U(0) as v — U(0) > ap~'/?)
Ixll2 < € B7*3. (4.2.35)
Substituting the above into (4.2.33) yields
15l < 5], < CB5/6a5/*

Step 2. We prove (4.2.4) and (4.2.6).
Step 2.1. We prove (4.2.4) in the case v < U(0).
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Consider the pairs (v, f) € D(:ﬁ%) x L2(0, 1) satisfying (4.2.3) and (y, ) sat-
isfying (4.2.8)—(4.2.13). As in [3, equation (6.20)] there exists (A4, u) € C x D(éﬁ%})
such that

v= A —0) +u, (4.2.36)

where

u= (L3 -V (4.2.37)

Taking the inner product with ¢ yields in view of (4.1.1)
AL (¥ — 1)) = —(C.u). (4.2.38)

By (4.1.3) and (4.2.20) it holds that for any 0 < y < 1/4 there exist positive C and
Bo such that
(6.9)] < CB” [[9]l < Cp=/7" (4.2.39)

for all 8 > fy.
Then, we write

(Cv) = (Ly)+ (- Ly). (4.2.40)

For the first term on the right-hand side of (4.2.40), we may rely on [3, equation (6.28)]
to obtain

(Ly) =—B13 4+ 0(B~*). (4.2.41)
Observing that
Ly =) < CIlA—x0)* 2 < CAZ74p72,

we obtain

(1,y) = =713 4+ 9(B7*/3). (4.2.42)

For the second term on the right-hand side of (4.2.40) we have

(& = L) < 18 2a—p—r 1A =02l + A+ 18 1)1V 21 0,1-87)-

(4.2.43)
By [3, equation (6.27)] it holds that
IVl 0,1-g-v) < B3 —x)3y | < C'B3)’—4/3’
and that
”(1 _ x)l/Zw”l < C,B_I/ZAEIM. (4.2.44)

Consequently, we obtain from (4.2.43) that (recall that ¢ € U;(8, A, y, 0))

E—1,9)| < Co(BB/3 + pHr=4/3), (4.2.45)
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As
(. (¥ —0) =(Ly)+{¢—1),v¥)— (1),
we can conclude from (4.2.45), (4.2.42), and (4.2.39) that

(G (W — )| = B3I = Cob —CBY 1 —CB~ = CR 3. (4.2.46)

We choose 6y = 1/2Cy, and since y < 1/4, there exists By such that under the
assumptions of the proposition we can conclude from (4.2.38) and (4.2.46) that

4] < CB'P|(g,u)] < CB [ [loollulls- (4.2.47)

For v < U(0) we may use (3.3.34), the fact that x, > CS~"/*, and the £ (L', L?)
estimate in (3.3.1) to obtain that

4] = CliElloo min (x> B2 fll2,06, B2 f Ihz + 1f () [ og(x B/4)]).

(4.2.48)
We can now conclude (4.2.4) from (4.2.48), (4.2.10), (4.2.11), and the fact (see
(4.2.36)) that v(1) = Ay (1).

Step 2.2. We prove (4.2.6)
To prove (4.2.6) we now write

1 Y[ = ¢(xy)]dx
<§U v+zm =l V)/ v+zm U—v+im’

where m is defined in (4.2.6b). For the coefficient of {(x,) in the first term on the
right-hand side we write

/1 dx 1 /1[ 1 1 ]dx
o U—v+im 2%, ) LIUO)-UI2-%, [U©0)-U]V2+5x,1"""

(4.2.49)
where
% = [U0) —v +im]"2.
An integration by parts yields
/1 dx
o [UO)—-UY2+5,
2[U(0) — U]Y/? N
= IO tog (@) 012 5,)|.
1 /2,
_ / (M) log ([U(0) — U]M2 & %,) dx. (4.2.50)
0

Given that
loo < C,

|

U/
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it holds, for u > —1 that
) /1 (2[U(O) —UJ'/2
0 v’
We now observe that
2(U(0) — U]'2

),log ([U©) — U]V? + &,) dx) <¢€. 4.2.51)

log ([U(0) — U]'/2 & xv)‘;

Ul
= [ U,,z(o)] log (% %) +2/U(0) log ([U(0)]"/? % %,). (4.2.52)
Given that
log (— %) —log(+%,) =in
and

1
WO = Fo| = = v + i),

we obtain, by substituting (4.2.52) together with (4.2.51) into (4.2.50), given that
éxv < Xv,

v)d - —_
‘/ é—(xv)+);m‘ = Cx, 'L+ [log v + i ][ loo- (4.2.53)

For u < —1 it holds that
Sx)dx | _ C
) Tl B [
U—v+iml™ |ul

in accordance with (4.2.53).
For the second term we have by (3.3.27), for any p > 1

1 1 2=1 =
¢ —C(xy)dx |x —xy| 7 dx C
[ e <, [ B < S
o U—v+im 0 Xp|x — xp] Xy
Combining the above with (4.2.53) yields

(65— )| = S0+ Dol + 2wl G @259
By the first inequality of (4.2.47) it holds that
1= | [elurio g ZEE ] o vl g )

(4.2.55)
Substituting (4.2.54) into (4.2.55) yields with the aid of (3.3.23)

Al < CB727x, G lloo | f1l2 + (1 + [Tog v + iw| T DIIE]1,p] £ (x0)[]. (4.2.56)

We can now conclude (4.2.6) from (4.2.56), (4.2.10), (4.2.11), and the fact that v(1) =
Ay (1).
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Step 2.3. We prove (4.2.4) in the case v > U(0).
In this case we write

lulli < (v —=0)"2 |2 (v = U)?ul,,

and as

1 dx ~
—-u)'? 2<c/ ————— <Clv-U©0)]"2
[(v—U)""%|5 < A lv—U(0)]
we may conclude that
lully < C v = UO]Y* (v — U)?ul). (4.2.57)

We now use (4.2.30) with y = 1,9 = u and h = f to obtain that

Bl —U)"ul3 = =3(u, f). (4.2.58)
Consequently,
0= 0)" 2l = sl 1112
and hence, by (4.2.57) we obtain that
lJully = an“oo = Wﬂfﬂl,z- (4.2.59)
Next, we use the fact that
v—U(©) <v—-U(x) forx e]0,1], (4.2.60)
to obtain from (4.2.58) that
1
Il = go—ra I/l (4261
As A
dx C

1
_U —12 < C / < ,
=R =C | e =o0r = v-uope
we may write
lulls < 1(U =) M2lU = vulla < Clo = UO] U —v)ulz.  (4.2.62)
By (3.1.71) (applied with v = u) and (3.1.69) combined with (4.2.60), it holds that
BIU —v)ull3 < (U = vyulall fllz + CIU =) 2ull2 ]2
< W =vulallfllz + CIU = vyully 2. (42.63)
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Furthermore, by (3.2.34) and (4.2.1)
Il < g2l + ey 21 F 11 < € = UO)BY2 a2 + flully 1 115
We now use (4.2.61) to deduce from above
'2 < C [ =UO) B2+ 0 =U©O) 7)1 £,
which implies using (4.2.2)
Il < €= U©O) 22| /. (4.2.64)

Substituting (4.2.61) and (4.2.64) into (4.2.63) yields

Cc

— — 1/2 3/2
56— ooy @~ ulTI L

BIU —vyull3 < (U = v)ulall fll2 +

from which we conclude using (4.2.2) that
-1 -1/3 2/3 9
(U =vulla =CA 1+ 7" =UO]"]| fl2 = Ellfllz.
Substituting the above into (4.2.62) yields together with (4.2.2)

A~

A2 =

C C
Jullh < Blv — U(O)* Bl — UO)]172)5/6 /12,

which, together with (4.2.59) proves that
lully < € min ((Bv = U] || fll2, (BIv = UO]>) 7 £]11,2).
As Yy g(1) = %L,ﬂ(l) we may infer from (4.2.10)

1
o S IWapDl = C A5 (4.2.65)

and hence we can conclude by (4.2.36) and (4.2.47) (which remains valid for v >
U(0)) that

()] = Ay (D] = €AY min((B = VO] 2,5, 8711 £ 1.2)
which verifies (4.2.4) for v > U(0).

Step 3. We prove (4.2.5).
The proof of (4.2.5) which reads

(D] < C A5 Y3 ¢uls.

follows immediately from the first inequality in (4.2.47), from (4.2.10), and again
from the fact that v(1) = Ay (1).
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Step 4. We prove (4.2.7). To prove it for x,, < 1/4 we set
f=x=-x)g.

3xyp A~
dx C

=< >

Xy

and assume that g € L2(0, 1). Recall the definition of yF and %, from (3.1.8). Since
x2—x2 7

by (3.1.78)~(3.1.79)
! dx 4

-2 £ 12
U =vI™ x5 ||2§C/5§U e +C/0

we can conclude that
IGeE)2ully < U = o7 20 E 1 11U = vV xFulls < Cx7 V2|0 — vV xEull,.

By (3.3.22) and (3.3.11) we then obtain
1GE)%ulh < C(Bxo) ™ Cllullz + B~ 2 g]l).
Hence, by (3.3.10) (which reads |Ju|l> < C [3,B8]7! llg]l2), we can conclude that
v

16wl < CABxT7® + (872D Igll-
(4.2.66)

Given that x,, > é B~/ we obtain that
IGeE)ully < CB7 "%y 2 )glla.

Employing again (3.3.10) we write
Zvullz < Jullz < ClBxu] " lIgll2-
(4.2.67)

Consequently, since y, is supported on [x, /2, 3x, /2]
Combining (4.2.67) with (4.2.66), (4.2.5), and (4.2.47) yields (4.2.7) for the case
[

122ulls < x}2 1 Foullz = CB7x; 2 gl
Xy < 1/4.
In the case x, > 1/4, (4.2.7) immediately follows from (3.3.10) and the fact that
lullr < llull.
4.3 Resolvent estimates for |U(0) — SA| = O (B~1/2)

4.3.1)

Here, we introduce, for 8 > 0, A € C,and 6 > 0,
Ua(B,6,2) = {¢ € o | I¢'ll2 < 68511/},

where Uy is introduced in (4.1.2). In the present context A lies in a bounded set and
I¢']2 < CopM*.

hence
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Proposition 4.3.1. Let U € C3([0,1]) satisfy (2.1.3), Y < /=U"(0)/2, uy >0, and
a > 0. Then, there exist By > 0 and 6y > 0 such that for all B > B, 6 € (0,00], A € C
satisfying

U©0) —aB™V? <v < U(©0) + ap~"/? (4.3.2a)

and
—uy <p < YRV (4.3.2b)

for any ¢ in Us(B, 0, 1), and (f,v) € H'(0,1) x D(éﬁ?) satisfying (4.2.3), it holds
that

v = CliElloo min(B™ ¥ £ 1122 87411 lloo)- (4.3.3)
Furthermore, for f satisfying (x — x,)~! f € L?(0, 1) we have
v()] = B eloo| L] @34
x—xyl2

Proof. By (4.2.12), (4.2.13), (4.2.19), and (3.2.1a) in Proposition 3.2.1 it holds that
52 + 8311511 < CB™ 2|1l < €2 a57". 4.3.5)
Since |A| > U(0)/2 we obtain for 8 > B with 8¢ large enough
6112 + B2 1100 < Cp™' PB4 = cpmT2, (43.6)
Given that for ¢ € U,(8, 6, A) it holds that
1o < (14 ClIll2) < C(1L+ OBYERY*), (4.3.7)
and hence we can conclude, from (4.3.3) and (4.3.4), that
Illee < CBY*. 4.3.8)
We then obtain, using (4.3.6),
D) < ElloolBlly < C B71Y/24 (4.3.9)
Furthermore, we have, using (4.2.44) and the fact that |||, < 68/4 that

=Ly < 1120 1L = x) 2yl < Cop/3. (4.3.10)

Since v is still expressible by (4.2.36), we can now conclude, as in (4.2.47), with
(4.2.39) and (4.2.45) respectively replaced by (4.3.9) and (4.3.10) that there exist 8
and B such that, for 8 < 6y and § > B, it holds that

|A] < CBY3||¢|loollul1, (4.3.11)

where u is given by (4.2.37).
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We now use (3.2.1a) in Proposition 3.2.1 to obtain that
|41 < Cliglloo min(B™7 241 £ 12, 872 flloo. B~/ 116 = 20) 7" f112).
Consequently, by (4.2.36) and (4.2.10) we obtain that
(D] < C AF 21 lloo min(B™72*] £ ll2. 872 £ lloo- B~ 2411 (x = x) ™ £ ).
Given that (4.3.2) provides a uniform bound on ||, we have
AE/Z < CIBI/G’
hence we can conclude that

()] = ClIE oo min(B™ 8 £ 12 874 flloos BEN(x —=x) 7 fl2).  m

4.4 Resolvent estimates for negative i A

Although Propositions 4.2.1 and 4.3.1 provide estimates when the spectral parameter
A belongs to domains in C that include A < 0, one can obtain a better estimate if
we assume MA < —puo for some fixed wo > 0, or at least RA < —C [U(0) — v] for
v < U(0).

Proposition 4.4.1. Let U € C?([0, 1]) satisfy (2.1.3). Let further a, j1o, and vy denote
positive constants. Then, there exist C > 0, Bo > 0, and 6y > 0 such that for all
B = Po, 0 €(0,6p] and A = p + iv € C satisfying

—vo <V < U(0) +ap~ /2 (4.4.1)

and
M= —lo (4.4.2)

for any £ € Uy(B, 0, L), given by (4.3.1), and any pair (f,v) € L?(0,1) x D(i?)
satisfying (4.2.3), it holds that

(D] < C B2l f Il2- (4.4.3)
Proof. Asin (4.2.36) we write
v=AW —7) +u,

where A € C, ¢ = ¥, g is given by (4.2.11), v by (4.2.13), and u by (4.2.37).
As £ € U,(B,6, 1), we obtain, given that —vy < v < U(0) —aBf~"/2, and in view
of (4.4.2), (4.3.7), and (4.2.14)

(8. 5)] < ElloollTls < CB2512 < € p2/3, (4.4.4)



No-slip Schrodinger operators 122

Note that while both Propositions 4.2.1 and 4.3.1 assume @ > —po, both (4.2.14) and
(4.3.7) are valid for u < —p¢ as well.
In the case
U©) —ap™? <v < U0) +ap™V/2,

we proceed as in the proof of (4.4.4) but use (4.3.5) instead of (4.2.14) and (4.2.19)
which continues to hold in this case. Hence, we obtain the weaker estimate

(¢.5)| < C p~11/24,

Combining the above with (4.4.4) yields the existence of C > 0 such that for any A
satisfying (4.4.1) and (4.4.2) it holds that

(2, 5)] < Cp~/24, (4.4.5)
Furthermore, as in (4.3.10) we write
(E =L)< 1 2l =)y,
from which we conclude, using the fact that ¢ € U, (8, 6, 1) and (4.2.44)
(€= 1y)] = COBYOAY > p2a5 1%,
Consequently, it holds that
(¢ —Ly)| = Cop™'">. (4.4.6)
Hence, as in (4.3.11) we obtain that, choosing 8y small enough
4] < CB' ¢ o ull1- 447
To estimate |lu||; we observe that
Rlu, (5 — BAu) = |lw'[l3 — uBllull3, (4.4.8)

where :C%} is defined in (3.0.1), from which we conclude that

1
llly < fullz = == 1 2 (4.4.9)
e

The proof of the proposition can now be completed by using (4.2.10) and the fact that
v(1) = Ay (1). Thus, by (4.2.10) we obtain from (4.4.7) that

()] < CBAY% ¢ lloo Il (4.4.10)
Since for © < —pg it holds by (4.4.1) that

Al < [u] + [v] = Clul,
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we may conclude that

(D] < CBY2uM2||¢]loo llullr-

Hence, by (4.4.9) we can conclude that

)] < CBT2 )™ 21 lloll £ 112 = CB7Y2 110l 72 1 lloo I £ 12

The proposition is proved. ]

We next consider the case —g < u < —W for some k; > 0. While (4.2.5)
and (4.3.3) hold true under this assumption, it is necessary, in the next section, to
obtain better estimates since Proposition 2.8.1 is inapplicable in this case.

Proposition 4.4.2. Let U € C?([0, 1]) satisfy (2.1.3). Let further a, k1, vo and jio
denote positive constants. Then, there exist C > 0, Bo > 0, and 6y > 0 such that, for
all B > Bo, 8 € (0,00) and A = p + iv € C satisfying (see (4.2.2) and (4.4.1))

—vg < v < U(0) + ap~"/? (4.4.11)
and o
o < p < PO = (4.4.12)
K1

SJorany ¢ € U,(B, 0, ), and any pair (v, f) € D(&‘if) x L2(0, 1) satisfying (4.2.3),
it holds that

()] < C ¢ lloo min(|u|"V2B7Y2 Flloo, 174872 fll2).  (4.4.13)
Proof. Step 1. We prove that
()] < C [ *B7Y2)¢ ool £ 1I2- (4.4.14)

As in the proof of Proposition 4.4.1 and since for sufficiently small 6y, (4.4.10) still
holds under the assumptions of this proposition we obtain that

()] < CBYPAL (18 lloo lully < € B¢ ool (4.4.15)

where u is given by (4.2.37). Note that under (4.4.11) and (4.4.12), |A]| is bounded.
To obtain an estimate for ||u||; we now write

lully < 10 +iD)TH2 1(U + idull,. (4.4.16)

By (3.1.75) and (4.4.8) we have that

A~

C
(U +iMully < [[(U =v)ullz + [u] ul2 < Ellfllz. (4.4.17)
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By (2.9.24) (with ¢ = 2) it holds that
U +i)7'5 < C 2.
Consequently, we may conclude from (4.4.16) and (4.4.17) that
lully < C lul 4B~ 11 f 2.
Substituting into (4.4.15) then yields (4.4.14).
Step 2. We prove that
)] < C ™27 (¢ ]loo [1.f lloo- (4.4.18)
Suppose that f € L°°(0, 1). Then by (4.4.8) it holds for negative values of u that
I3 + 1l Bl < Hluella ) f lloo- (4.4.19)

Set
YEG) = FHIBIY2(x — %) e, (£(x — X)),
where ¥ be given by (2.4.16).
Note that )(kIr is supported in (x, + [|14|8]71/2/4, +0c) whereas X is supported
in (—oo, x, — [|;|B]~1/2/4). Let further i = \/1 — (X;)Z - ()(E)Z. Note that by
(4.4.12) it follows that we can choose B¢ such that for all 8 > B¢

xy — [l B7Y2/2 > 0. (4.4.20)

Hence, the support of ) g is contained in

1 _ 1 _
(0 = S0RIBI2 0 + S TIIBT™?) € 0.1,
As in (3.1.25) (with x;- replaced by x7), we now obtain

BINU = vV xul3 < 201G ulla g la + Tullil f oo (4421

Consequently, by (4.4.21) and the definition of )(f we conclude that

BINU — vV xgull3 < Clul™?lul2llw 2 + [ulli ] f lloo-
By (4.4.19) we then have
U = v x5ull3 < € B~ ulli ] f lloo- (4.4.22)

By (4.4.11) and (4.4.12) we have that

1
rel B2 <x} < Clul. (4.4.23)
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Given the definition of g we obtain that

U =vl=C( sup [U'(01) Bl
XEsuppx g

Hence, by (4.4.23) and (4.4.20) we can conclude that

U = w2 7pull3 < Cxy |l B2 |lull3-
Combining the above with (4.4.22) now yields

11U = v["2ullz < € 872 ully/) £ 122
By (2.9.24) (with ¢ = 1) it holds that

IU +i2) V22 = (U +id)~ Yy < C ||~V

Consequently,
lulli < (U + i) V22 (U + i) ?ul»
< Clul™Y4[INU = v 2ulls + |2 ]|ull2]
A — — 1
< Clu[™V4 B2 )2 £ 12,
Hence,

Il < C 1l 2B 1 f Nloo,

which, when substituted into (4.4.15), establishes (4.4.18).
Together with (4.4.14) the above inequality completes the proof of the proposi-
tion. ]

4.5 Rapidly decaying functions

When considering large values of o in the next section, it is useful to consider, as
in [3], the operator JE? where ¢ decays rapidly away from the boundary at x = 1. Set
then for A € C and positive 8, 0, «

Us(B.0.0.2) = {£ € Ua(B.6.1) | [{()] < e ™9 ¢]|oo. VX € [0. 1]}, (4.5.1)
where U, (B, 6, A) is introduced in (4.3.1).

Proposition 4.5.1. Let U € C3([0, 1]) satisfy (2.1.3). Let further a > 0, po > 0, and
T < /=U"(0)/2. Then, there exist C > 0, Bo > 0, and 6y > 0 such that for all
B> Bo, 0 €(0,00), all > 1 and A € C satisfying

—po <MA < YBTV/? (4.5.2)
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and :
SUO) <v <U©) + ap=/2, (4.5.3)

forallt € Us(B,0,a,A), and for all pair ( f,v) € L?(0,1) x D(:ﬁ?) satisfying (4.2.3),
it holds that
()] < Ca™ 2 (B2 + ) [ENloo |1 2. (45.4)

Proof. Step 1. Control of v(1). Since (4.3.9) and (4.3.10) remain valid under our
assumptions (4.5.2) and (4.5.3), we can follow the same procedure as in Proposi-
tion 4.3.1 to obtain

()] = € BRI u)| < CBY2 (¢ u)l. 4.5.5)
where u is given by (4.2.37).
Step 2. 'We prove under (4.5.2) and (4.5.3) that
lullz < € B2 f 2. (4.5.6)
We first consider the case where
U0)/2 <v < U0) —a; B7Y2, (4.5.7)

where a; > a will be determined in the sequel. In this case, we can use (3.1.3) which
reads (for §, = |U’(xy)|)

lulla < C(SvB) 221 f Il

and holds under the condition u < Y gvz/ 3 B~1/3 for some sufficiently small Yo > 0.
Note that for v — U(0) > a1 f~"/2 there exists C > 0 such that

1 _
Sy = TGi/zﬂ s

Consequently, there exists C > 0 such that (3.1.3) is applicable for all
p = CaPp102

For sufficiently large a; > a the above set of  values contains (4.5.2) and hence we
can conclude (4.5.6) when (4.5.7) holds true.
We now look at the case

U®0) —a1B7Y? < v < U0) +af~V2,

Here, we can apply (3.2.1a) (with a replaced by a;) to obtain (4.5.6) which, combined
with (4.5.5), leads to

o] = C liZllooll S 1l2-

Note that at this stage it is sufficient to assume that £ € U, (8,6, a, A).



Rapidly decaying functions 127
Step 3. With x,, € (0, 1) satisfying
U%,) = % (4.5.8)
we prove that
[(Gu)| < Ca V2 BTV2(B7V2 4 7)) g o [ £ - (4.5.9)
Consider the decomposition

(Cou) = (112(0,5,)0 u) + (1, ¢ u).

We first obtain using (4.5.6) that

(11200.8,)8 u)| < 11200508 l2 lullz < € @™ /2 712 e *A=5) e |l £ 2.

(4.5.10)
Moreover, it holds that
C
(A ngw)l = ClEl2 N, nullz = —75 1l [, 1yull2- 4.5.11)
Let P
Tv(x) = x( - > )1R+ (x — xyp), (4.5.12)
Xy — Xy

where y is given by (2.4.16). Note that y, is supported in the interval (x, + (X, —
Xy)/4, +00) and equals 1 on [(x;, + X3,)/2, 1]. Integration by part yields

1G5 = 1yulls + wBll Zvull3 + R (Fvu. fo ), (4.5.13a)
and, given that (U — v) has constant sign on the support of y,,
—BIU = 1" foull3 + 23(Fou, Gw)) = Svut, 1o ). (4.5.13b)
Combining the above we obtain, given the support of ¥,

I7vull3 < CIU = w2 75ull3 < CB7 [lullll Gou) ll2 + I Xvull2ll o £ 2]
_ 1 v ~ v
< CA [lullzClullz + g3 1wl + 1l > 130 £11,)
+ w2l £ 1l2]- 4.5.14)

From here we deduce that

> 2
vl

— v v 1 > 1 v v
< CB Nulla(ullz + BY*wullz + vuly 15w £ 1377 + livuell2 1o £ 112].
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which implies
Il = € (G50 113 + 5 lul). (45.15)
B B
Combining (4.5.15) and (4.5.6) leads to
1, nullz < vl < € B~ fl2. (4.5.16)

For later reference we note that by (4.5.13a) and (4.5.16) it holds that

M, ' ll2 < 1Gw)ll2 < C B2 £ (4.5.17)
Combining (4.5.16) with (4.5.10) and (4.5.11) yields (4.5.9), which, together with
(4.5.5) yields (4.5.4). [ ]

4.6 Auxiliary estimates

We recall that for (A, 8) € C x Ry, ¥ = v g is given by (4.2.11). We now set, for
x €(0,1)

Vg (x)
Va.p(1)

The following auxiliary estimate will become useful in the next section.

Lemma 4.6.1. Let vy € (0,U(0)), a > 0, and Y < /—U"(0)/2. Then there exist C
and By such that, for B > B,

Uap(x) = 4.6.1)

v e (UO) =71, U©0) +ap™V?) and n<YB™V? (4.6.2)

such that
1R~ B Tpla + B2 R B g, < C A @63)
For convenience of omit the subscript (4, 8) from 1%, g in the sequel.
Proof. Letv € D(i?) satisfy
(&} — v = 7. (4.6.4)

Let o > 0. We begin by considering the case u > —puo. Let further y, be given by
(4.5.12). As in (4.5.15) we obtain

I7vvll2 < CIB7Y2|vll2 + BV 2]

By (4.5.6) it holds that
lvll2 < CB™2(1¥ 2.
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Furthermore, using (4.2.16) (with k = 0) and (4.2.10) we have for |A| > |v| > U(0)/2
11|z < € ag"4p=1e < CpY4, 4.6.5)

Hence, we obtain that
I vvll2 < CB/4. (4.6.6)

Furthermore, since by (4.5.13a)

1Gv) ll2 < g 12 1 0wvllz + Cv il + v 13 219157, (4.6.7)

where ug 1 is given by (3.1.26), we can conclude from (4.6.6) that

1Gov) 2 < CBT3* + |v]2). (4.6.8)
Let
o=+1-x (4.6.9)
Clearly,
(L3 — BV (Hvv) = =2 = 28,0 + 2o (4.6.10)

By (4.6.6) it holds that
lull2 < CUZwvllz + B~4).
Furthermore, we have, by (4.6.8) together with (4.6.6) for the last line, that

10ll2 < I1GEov) 12 + | Goo) |
<CB* + lla + (G
<CB* 4+ vl + 1) D).

We now apply either (3.2.1a) or (3.1.3) (see the proof of Proposition 4.5.1, Step 2) to
(4.6.10) to obtain

IZvvll + 8741 (Rvv) Il
< CBV2(lvlla + 1V l2 + 120% ]12)
< CB2B7 +11(2o0) ll2 + 1(Zo0) N2 + 170 ]12)-
Hence,
I7vvllz + B~V (o) ll2 < CBTV2B7* + || 70V 2)-
By (4.2.16) and (4.2.10) we obtain that

1Z¥lla < CB/4,
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and hence
Ivvllz + B4 Gov) [l < CB™/4.

Combining the above with (4.6.6) and (4.6.10) yields (4.6.3).
Consider now the case where u < —ug. Here, we use (3.1.84) and (3.1.85),
applied to the pair (v, ¥), and then (4.6.5) to obtain that

lolla + 87210l < €A [Pl < C /4,
establishing, thereby, (4.6.3) for the case u < —po. |

Remark 4.6.2. Let for (A, ) € C xRy, g(x) = h(x)x(1 — x)/y¥ g(1) where h is
given by (4.2.15). By the same arguments used to establish (4.6.3) we may conclude
under the assumptions of Lemma 4.6.1 that there exists C and ¢ such that for 8 > ),

v e (U©O) =71, U0) +ap™?) and —po <p < TR
we have

. _ d 1 _
IF =B gllo + B2 @R - B0 =B @e)

4.7 Resolvent estimates for large o

In this section, we will adapt the results of Section 6.3 in [3] to the present setting,
involving a Neumann condition at x = 0. For & > 0, we consider 3, to be the solu-

tion of .
-+ a*3 =0 for x € (0, 1),
{ 3(31): 1 :nd 3(0) = 0. oy @7.D
The solution of (4.7.1) is given by
3a(x) = cosh(ax)/ cosh(w), 4.7.2)

and hence, for large o decays exponentially fast away from x = 1.

Proposition 4.7.1. Let 0; > 0, U € C2([0, 1]) satisfy (2.1.3), and Y < \/=U"(0)/2.
Let further {1, > 0 be given by [3, equation (6.57)], Then, for any T > 0, there exist
Bo > 0and C > 0 such that, for B > Bo and o0 > 6, /3,

C
sup I(&EE — )~ < . (4.7.3)
9tA<min(Y—1/2, b BY/2[1 + /6|U(0) — v|1/3]

B3 m—T—a2=2/3/2])
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Proof. The proof follows the same lines of the proof of [3, Proposition 6.11], and
hence we bring only its main ingredients.

Let§ = of~"/3 and

F(A,0) = / e Ai(e'™®(x +i)))dx.
R

Let further U3
F(B'/°1,0)
A0 = ——=
‘We then define
Vo = (B, A, 0)y,

where ¥ = ¥, g is defined in (4.2.11), and
he = w(B. A, 0)h,
where 4 is defined by (4.2.12). Set
bg = (£} — BV he.
By [3, equation (6.79)] for any Y > 0 there exists C > 0 such that

" (B, 2,0)| =C6 V6 =6, (4.7.4)
RA<B—1/3[,;n—T—a2B—2/3/2]

oll1 < - . YN

Note that for any T > 0, there exist B¢ and a such that for 8 > B¢ and v < U(0) —
af~'/2, we have

VIO gvr2 < min(1, U(0) — o] ),

which allows for the application of (4.2.14).
Suppose now that (v, g) € D(:ﬁaﬁ"‘) x L2(0, 1) satisfy

(i%"‘ — By =g.
Then as in [3, equation (6.20)] or (4.2.36)—(4.2.37) we may write v in the form
v=A(Yg — i) +u, (4.7.6)

where
u= (£} - pV7"¢.
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Taking the inner product of (4.7.6) with 34 yields

AQRa, (Yo —g)) = (3a. u).

As in [3], using the approximation 3¢ ~ e *(1=*) (see the display below [3, equa-
tion (6.95)] and its proof with minor changes), we then show that

(Ga. (Yo — D)) = B73[1 + O(B7/3)].

Consequently,
|4 < CB'| (3o u)]. 4.7.7)

To complete the proof we need an estimate for |(34, #)|. The proof in the case
v < U(1/2) is identical with the derivation of [3, equation (6.93)], given that (3.1.3)
together with (3.1.84) give [3, equation (5.4)] in this case. Hence, we consider here
only the case where v > U(1/2).

We thus write, with the aid of either (3.1.3) or (3.2.5)

_ _pgl/3
|G Ljo,2,74)| < Ce™ 2|1 5, qull2 < Ce 72 g, (4.7.8)
where X,, is given by (4.5.8) so that U(x,) = v/2. Furthermore,
C
| Bas Ly, = [I3ell1 s, 171 lloo < Wlll[m]ulloo. 4.7.9)
Since u(1) = 0 it holds that
Mz, qulles < I, aquell2 iz, a2’ ll2-
By (4.5.16) and (4.5.17), and (4.7.9) we then have
C
|(3as 1z 1qu)| < W”gﬂz-

Substituting the above, together with (4.7.8) into (4.7.7) yields

|4 gl

C
| = 9ﬁ3/4
By (4.7.6), (4.2.16), (4.2.14), and (4.3.6) we then have
C ~
[vll2 < W(IIWIIz + [[gll2)lIgll2 + llull2- (4.7.10)
By (4.2.16) with k = 0 and (4.7.4) it holds that

ggerallvella < cx“ﬂ e,



Resolvent estimates for large « 133
By (4.3.6) and (4.7.4) it holds that

| _
WHUGHZ <C B3

Finally, (3.1.3) and (3.2.1a) establish the existence of Y > 0 such that

C
lull2 < BI2[1 + BV/S|U(0) — v]1/7] lgll2

| 4.7.11)

for all U(0)/2 < v < U(0) + ap~1/2.
For v > U(0) + af~'/? we can use (4.5.13b) with ¥, = 1 and f = g to obtain

[l |||g||z,

C
2 <z
BIUO) —v
and hence (4.7.11) holds true for all v > U(0)/2.

Combining the above yields

C
||v||2 E 131/2[1 +131/6|U(0) _V|1/3] ”g”z’

verifying thereby (4.7.3). ]



