Chapter 5

The Orr-Sommerfeld operator

5.1 Introduction

In this chapter, we prove Theorems 1.1.1 and 1.1.2 by obtaining inverse estimates
for the Orr—Sommerfeld operator (1.1.7b). As in [3], we use the estimates for the
inviscid operator #, , from Chapter 2 together with the resolvent estimates for the
Schrédinger operators éﬁ?’s) and I? from Chapters 3 and 4. In contrast with [3] we
need to consider here many different cases depending on the values of IA and «.

Figure 5.1 presents a rough sketch of the various domains where each estimate
is valid in the (¢, v) plane (v = JA). The blank domain denotes the domain in the
(o, v) plane where resolvent estimates have not been obtained. We refer the reader to
Section 1.2 for a brief explanation of the methods of the proof.

In the following we explain why the division of the («, v) plane into 10 sub-
domains is necessary. Propositions 5.12.1 and 5.12.2 deal with the case where v &
[0, U(0)] making use of the invertibility of #4;,q in these cases. The necessity of
Proposition 5.7.1 which deals with the case o > B'/3, and Proposition 5.8.1 (and
Proposition 5.8.2) which deals with the case @ <« B~1/¢ is explained in Section 1.2.
Proposition 5.6.1 deals with the case [v| < vo < U(0) and 1 < a < B/3. In this
range of « values we may effectively use the fact that ||(—d?/dx? + «?)~!|| is small
at the conclusion of the proof. Proposition 5.4.1 deals with the case v > —1/5+48 for
any 0 < § < 1/5 and « < 1. In the proof we use the same methods as in [3], till the
value of v becomes to small due to the non-invertibility of g . For [v| < g~1/5+8
and ﬂ_1/10+5/2 <« o < 1 we use Proposition 5.5.1. This range of « values allows the
application of Proposition 2.5.1 towards the end of the proof. Proposition 5.10.1 deals
with the case where |U(0) — v| < f~1/2. Here, we can approximate U by a quadratic
potential near x = 0 and use the estimates in Sections 2.9, 3.2, and 4.3. Finally, Pro-
position 5.11.1 deals with the transition from a linear behavior of U — U(x,) (x, is
defined in (2.4.5)) to a quadratic behavior near x,,.

5.2 Preliminaries

We begin by recalling from (4.6.1) the definition of the boundary terms

Ai(B3e7m/0[(1 — x) —iA])
Ai(e_iZ”/3ﬂ1/3)L)

Vap(x) = x(1—x), (5.2.1)
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Figure 5.1. Summary of the results in Chapter 5.

where we recall that y is given by (2.6.20). We also recall from [3, Section 8.3.2,
equation (8.91)] that there exists Y > 0 such that, forall > 1 and A < YB3, it
holds that

”(1 _ X)Sl%,ﬂ”l < C AE(S-!—I)/Z 13—(.3‘4—1)/37 s e [0, 3] (522)

Similarly, from [3, Proposition A.8 and equation (A.43c,d)], we can conclude the
existence of C > 0 such that

(1= x)Paplloo < C 252 B3 s €0.3]. (5.23)

We further recall the definition of the inviscid operator in equation (2.1.1), which is
the Neumann-Dirichlet realization in (0, 1) of

2

e ) d
Are Z U+ z/\)(— e +a2) +u”

for A € C and @ € R. We note that 4 o is invertible when either v ¢ [0, U(0)] or
|| > 0, either by Proposition 2.6.1 or by Proposition 4.13 in [3] which holds true
since |U”| > 0. We introduce in addition

Prpa = AL U+l . (5.2.4)
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We dedicate this section to two extensions of [3, Lemma 8.1]. These are useful in
order to establish the contribution of the boundary terms in (1.2.6). The reader is
referred to Section 1.2 for more details on the necessity of these estimates. The first
of them is the following lemma which considers the case v > f§ ~1/5 The proof is
significantly more complex than the proof of [3, Lemma 8.1] in view of the non-
injectivity of #g,g.

Lemma 5.2.1. Let U € C3([0, 1]) satisfy (2.1.3). There exist positive constants Y,
C, C, v, and By such that, for all o > 0, B > Bo, A € C for which p < Tﬂ_1/3,
w# 0, and B35 < v < vq it holds that

12 < CvT B (5.2.5)

||¢)\,ﬂ,a

and

lpa.p.(x0)] < C [IA|B]7%/4. (5.2.6)

Proof. Step 1. We prove (5.2.5) and (5.2.6) for the case o> < v=!and 0 < |u| < 1.
By (2.6.4) applied to the pair (¢, v) with v = (U + iA)¥ (see (5.2.4)), it holds
that
(x> < C (g, ). (5.2.7)

Let X, = (1 + x,)/2. To estimate the right-hand side of (5.2.7), we first obtain a
bound for ||¢'|| Leo(x,.1)- To this end, we integrate the balance (U +iA) "1, o = ¢
over (X,, 1) to obtain

C ~
19" I1n = (@2 + D) Ielign + Wl (6528)
Since ¢(1) = 0 it holds that
161210 = 1/l = X1 = € 18 Lo v (52.9)

Using (5.2.8), (5.2.9), (5.2.2) for s = 0, and the fact that (in this step) a? < |v|™!, we
obtain that

16”211y < C Wl oo, 1) + [B172). (5.2.10)

Clearly, there exists z,, € [X,, 1] such that
16/ ()] < 11 = %7219 28,1y < C I 19 125, ,0)-
Since for any x € (X,, 1) it holds that
¢ (x) = ¢' ()] < 1" L1515
we can deduce that

9" zoo,1y < CV 29 L2, 1) + 16" L1 ,.1)- (5.2.11)
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We can then conclude, using (5.2.10), that we can choose vg > 0 and C > 0 such that
forall 0 < v < vy

16/ lLoo 1) < COTY2 Y L2z, 1) + IABIT?). (5.2.12)

‘We now write

e V)| < 1. V) L2, ] + 1D V) L2050
<116/ Lo I =), 1) + 19/ 1201 = )2 11 0.5,

(5.2.13)
and then observe that
11 =02l = 10 =0)720 = 2)*FllL1,5,)
< (1=%) 21 =)Vl L1 0.5,
<Cv7? 1 =x)3Y|h. (5.2.14)
By (2.6.2) withv = (U + i)t)l/? together with (2.6.1) it holds that
C _ ~
I¢'ll> = I = )12 +v2(1 =) . (5.2.15)

Hence, by (5.2.2) with s = 1/2,1, 3, (5.2.14), and (5.2.15) we obtain that
19" 2111 =)W 21 0.5,
C _ ~ ~
= S =02+ 020 =l (0 =) |
C
vt

LA + v V2A1BT7).

=

1/5

Then, since by assumption v > 7'/, we obtain that

19/1121(1 = )2l 0.5,y < CBT/P LA, (5.2.16)
By (5.2.2) with s = 1 and (5.2.12) we have that

19/ ll oo I = )V 215,01y < € 07210 L2z, 1) + [AIBITV2) [IA1B] 7.
(5.2.17)
Substituting (5.2.17), together with (5.2.16) into (5.2.13) then yields

(. )| < CAvITY211¢ L2, 1y + UAIBITVH A1 (5.2.18)
‘We now use (2.6.19) and (2.6.1) to obtain that

19/ 1l22 e,y < C[ T2 U U)V2 + (11 = 0)Y2 + 0721 = 0)]P 1] (5.2.19)
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Substituting (5.2.19) into (5.2.18) yields, with the aid of (5.2.2) and the fact that
y> g5

g, ¥ < CO g, )Y + [IABT VAR

which immediately implies
(¢, ¥)| < COTAIBIT" + [IMBITYHIAIBIT < CABIT>2. (5.2.20)

From the above inequality, with the aid of (5.2.7), we conclude (5.2.6). Hence, by
(5.2.19), we also get that

16"l 22, 1) < C vH2[AIB] 34, (5.2.21)

To obtain an effective bound for ||¢’||> we use (2.6.53) and (2.6.1) to obtain, with the
aid of (5.2.19), (5.2.21), and (5.2.2)

I'll2 < C (I =2+ v 20 = )l + 7210 L20xy1))
< Cvl[a1B7%4, (5.2.22)

from which we conclude (5.2.5) by using Poincaré’s inequality.

Step 2. We prove (5.2.5) and (5.2.6) for the case @® > v~ and |u| < 1.

To obtain (5.2.5) for «? > |v|~! and v < v, we observe that for any 4¢ > 0 we
can choose vg such that o > Aq for v < vy, and consequently use (2.6.86) in the
form (with v = (U + iA)¥)

v
<o
I¢l2 = €[l =0)"2 40720 =)= |

= C (1 =)+ 0721 =) |-
Using (5.2.2) and the fact that v > 71/5, we obtain,
¢l < CUAIBIT* + v 2[AIBI™Y) < C [IAIBI>/4,
which implies (5.2.5) for a? > v=!. We now use (5.2.7) to obtain
l$(e)? < Clig' 2111 = )2 1. (5.2.23)
We may then conclude (5.2.6) as well by using (5.2.5) and (5.2.2).

Step 3. We prove (5.2.5) and (5.2.6) for |u| > 1.
The proof of (5.2.5) in this case follows from (2.6.17) which yields

19113 < C (¢, ).
Consequently, by (5.2.2) we obtain that

16'15 < Cllg'll2 11 = )21 < C [IAIBI*11¢' 2,
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yielding, thereby,
lp'll2 < C [IA1B13/4.

We can then complete the proof of (5.2.5) by using Poincaré’s inequality. The proof
of (5.2.6) follows from (5.2.5) and Sobolev embeddings. ]

We next consider (as in Proposition 2.5.1) the case |[A| < 1 and o large enough,
which will be sufficient to guarantee a satisfactory estimate of || A;la || despite the fact
that #g o is not injective.

Lemma 5.2.2. Let § > 0, and U € C3([0, 1)) satisfy (2.1.3). There exist positive
constants Yo, Ao, C, and By such that, for all B > Bo, all A € C \ {0} for which
—Xo < MA < B7V3Y, |SA| < Ao, and o > ay g, it holds that

Cc e - -
ey (A, B )| = 12U +iA| ﬂlﬂ R )Lﬂl/2|k|ﬂ 13) (5.2.24a)
2

A
+i)t|(
and

H(m’ﬂ’a —a@.p, oz)UH 1,2

_ Al -
< a1z 4 | AR 8723 L AT 20873, (5.2.24b
=c[xe @MU B+ ia PP ) )
where, as in (2.3.1),
(U.$2.8,0)
C”(A’ﬁva): ||U||2a ?
2

and as in (2.5.1)
ans = Ul  (1SA(1 + 28) /2.

Proof. We write as in (2.3.1) with ¢ = ¢, g o
o= U+¢.L.
Then by (2.5.3a) and (2.5.2b), there exists A such that for 0 < [A]| < Ay,

1+ C|A|?log|A| 7!

@202 12 N HIDVI A+ CRIV - (5.2.25)

eyl <

It follows from (5.2.2) (with s = 0) that for some positive C
191l < € a5"7 13 (5.2.26)
Furthermore, by (5.2.26) and (5.2.2) (with s = 1)

I + 0% < AT+ CIA =) < CAA; 2B + 251 p72/),
(5.2.27)
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Consequently, for B large enough, there exists Ao < A;/+/2 such that for any || <
V/2) it holds by (5.2.25), that

C

B Ry S NP P e lEy S VEMN
U e AR T

readily verifying (5.2.24a).
We now apply (2.5.3b) to obtain

Al

o, IUE+ A

ha = CI0=0"27 ] + TP+ CIAIIT I

which, combined with (5.2.2) (withs = 1/2 and s = 1), (5.2.26), yields

Al

<ClA B2 —— (A
Il = €257 872 + PETERREIL

51872 a5 g .

(5.2.28)
establishing, thereby, (5.2.24b). [
5.3 Resolvent estimates and Fredholm property
We recall from the introduction that

d2
N, .
BD = (25 —m)(ﬁ—oﬂ) —ipU” (53.1)

on (0, 1) with domain (see (1.1.11))

D(B) = {u e H*(0.1).u'(0) = u®(0) = Oand u(1) = u'(1) = 0} (5.32)

and
2

d :
Ep =~ +ipU. (5.3.3)
N,

Note that this domain is independent of the parameters (4, «, B), i.e., D(B;";, ﬁ) =
N,
D(By50)-

It can be easily verified that !85“ (’)3)0 is invertible. Next, we observe that

ND [N\l _
By ws(Booo) =1+Kiagp.

where K 4 p is a compact operator from L?(0, 1) to L2(0, 1). Hence, I + K; 4.8

is a Fredholm operator. Considering again the family B?a% = + Kjap) Bgf(’)?),

we can conclude that it is a Fredholm family from D(i)’g’2 (’fg) into L2(0, 1).
Since its index depends continuously on (¢, 8, A) and vanishes for (¢, 8, 1) =
(0,0,0), it must be zero for all (A, a, B) € C x R2.
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The rest of Chapter 5 is dedicated to the estimation of ((Bfffg)_l . In practice, we
first show in each section that for some subset of parameters (A, «, ),

¢ € DB (5.3.4)

where f = 82 T /3¢ It follows that B T ﬂ is injective and since its index vanishes,

we can conclude the existence of (i)’f) 3}6) 1 12(0,1) — D(O‘BO,O’O) together with
the estimate

1822+ | 825 < cOnap). (535)

5.4 Resolvent estimates for ~1/5 « [SA| < U(0)

The next proposition is somewhat similar to [3, Lemma 8.8] albeit with a significant
difference: the fact that +¢ ¢ is not invertible, which makes the estimates become
significantly more complex.

Proposition 5.4.1. Let U € C*([0, 1]) satisfy (2.1.3) and the assumption U (0) = 0.
Let 0 < 6 < 1/5, vg < U(0), and oo denote positive constants. There exist C > 0,
and Bo > 0 such that for all B > Py, it holds that

su JA £§n ° 1 + H B 1” <C —1/2-‘1—8‘ 54.1

oSaan (”( Aaﬂ) || dx ( ,10“3) )_ B ( )
g}{xsﬂ72/5ﬂ$

B/ <3A<vg

Proof. We assume throughout the proof, without any loss of generality, that 0 < § <
1/30.

Step 1. Preliminaries. Let ¢ € D(ﬂ?a’%) and f = !8? 5 ¢- Let further vy €

H?(0, 1) be defined by
vp = Arad + (U +id)p" ()Y, (54.2)

where 1/7 = 1/7”3 is given by (5.2.1). Note that by (1.1.11), (2.1.3) and the fact that
U (0) = 0, we have
vo(l) = v%)(O) =0, 5.4.3)

and hence vp € D(cf?;’i)) and we may introduce, as in [3, Lemma 8.8],
go = (£3"° — v, (5.4.4)

which is expressible in the alternative form (using the fact that f = i)’?f)ﬂ b)

go=U+id)(—f +¢"(1)3) — (U"$) —2U'tly —U"ip, (5.4.4b)
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wherein
g:=(£Lp— By (5.4.5)
and U
LD — — 2 " ~
Vg = Ui i " +a“p+ " (1)y. (5.4.6)

‘We note that
(«i‘i? — BV)in = iBU (¢ — ¢(xy)) +iBU " $(xy) — f +¢" (DG,  (54.7)

where x, is given by (2.4.5). Recall that :6%3 stands for éﬁ?’g, which is defined in
(3.0.1).

As in the proof of [3, Lemma 8.8] (see equation (8.90) there) we can integrate by
parts to obtain

WU oo, (L5 — BT — iBU"$)
= W15+ R(WU)) bo, ) — Br (U013
+BR(P" ()Y .ig). (5.4.8)

We begin the estimation of U, by obtaining a bound for the last term on the right-hand
side of (5.4.8).

Step 2: Estimate of BR(¢"(1)¥,i¢). We begin by writing ¢ as the sum
¢ =b+¢"(Hw
with 1
we) = [ €07 @ ds,

and the remainder
1
w(x) = / (E —x)[¢" (€ — ¢" () (§)] dE.

Then, we separately estimate the contribution of the terms BR(P" (), i¢"(1)w)
and SN (¢” (1), iw). By (5.2.3) it holds that
jw(x)| < C 1 —x]*.
Consequently,
(" (D ig¢"(Dw)] < C [p" (PN~ x>V 1.

and hence, by (5.2.2) with s = 2, we then obtain that

BIN(G" (DY i¢"(Dw)| < C [1+ ABPT21p" (P (5.49)
(see [3, equation (8.90)]).
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To estimate % (¢”(1)¥, i ), we first obtain by (5.4.6), for x € (0, 1),

[T )| = [§ ) / (6= Do (6) + 02 (€] ds
< C(L =2 [P0 ]12 + &[1¢'2). (5:4.10)
where to obtain the last inequality we used the fact that
Pl < 1 =0)"2¢']2 and [p)] < (1= x)? [T 2.
Using (5.2.2) with s = 5/2, we obtain
BN ()J.ib)| < Clg" (DA, BT ll2 + ¢ l2).  (5.4.11)
Consequently, from (5.4.9) and (5.4.11), we thus get, as o < «y,
BIN(" (DY, ig)| < C([1 + [ABPI721p" (1)
+ 257 BTVO DI )2 + 1¢112).  (54.12)
(See [3, equation (8.93)].)

Step 3: Estimate |¢" (1)|. Let3=34 be given by (4.7.2) and recall that ¢ € D((Bng)ﬂ).
As (3,¢" —a?¢) = 0, ¢” — a®¢ belongs to the domain of éﬁ% — BA. Hence, we may
write

(L3 — A" —a’¢) = ipU"$ + . (5.4.13)
We separately solve in D(éﬁ%) the equations (éﬁ% — BA)v = f and (i% — Bl =
iBU"¢ := f1, so that (¢" — a?¢) = vy + vy, and then apply (4.2.6) to the pair
(v1, f1) (note that the assumptions of Proposition 4.2.1 are satisfied) and (4.2.4) to
the pair (v, f) to obtain

" (D] = € A% (B'2[gll2 + o) [Tog [v + ine| ™ ] + B2 1),
(5.4.14)
where m is defined in 4.2.6b. Note that since & < a it holds that ||3]|1,, < C(xo).
Note further that

|6 (x)| [ log [v + im| ™| < Cv'/?[log|v + im|™'[ [[¢']l2 < C ¢’

Then, for any Do > 0, there exists a constant C > 0 such that for |A| > Dof~"/3

particular it holds for v > B~1/5 for sufficiently large Bo).
6" (D] < CIAY2(B2[Ipl12 + BN f1I2).- (5.4.15)
Substituting (5.4.14) into (5.4.12) yields
BIR(@" ()T.ig)| < C[A5"2 (B2 013, + B IS 13)
+ 2574 (B2 1o 12 + B2 ) (1912 + 19/112)]-

, (in



Resolvent estimates for f~1/> « |JA| < U(0) 145

from which, we conclude that for any § > 0 there exists C s > 0 such that

Bl (). i9)| < C3(A5" 2 (B 191132 + B IS 1B + 8 1T513).  (5.4.16)

Since, as in the proof of (4.2.18) (see also [3, equation (6.18)]), we have for g, intro-
duced in (5.4.5),

)] < € (BA =)+ (1 —x)° [ @), (5:4.17)
we obtain from (4.2.10), (4.2.16), (4.2.17), and (4.6.1) that
BEAGIWU +i2)8l2 + [12ll2 < CBYOALY*. (5.4.18)
Using the fact that |A| > S~'/ we can then conclude
AT +i0)gl2 + 118l < € B4/, (5.4.19)
Step 4: Estimate of ||V ||. From (5.4.8), we obtain, using (5.4.7) and the fact that
U’ 7& 0
1 N 1~ A
EII%II% < WU e, —f +¢"(HE)
—R((U") ) T, o) + B lToll5 — BR(G" (DY ig). (5.4.20)
Next, we obtain from (5.4.20) and (5.4.16) (for sufficiently small (§) that
15515 < CllIosll2(lf1l2 + 16" (DI 1181l2)
+ (gt + Dlvold + A5 2 (BP1g13, + B F13)]. (5.421)

where
pp,+ = max(up,0).
‘We now substitute (5.4.14) and (5.4.18) into (5.4.21) to obtain

1513 < C(I5ol2[I £ 12+ A5>*B2(16]11.2]
+ 25 2821013, + BT IS13) + (pv + D 0]3). (54.22)

Hence, for |A| > B~1/% we can conclude that

19515 < €[5l £l + BY*A17*Ig]l1.2)

+ (g4 + DIOolE + A2V 1015 5 + ATV f15].
(5.4.23)
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Step 5: Estimate of ||V ||. Given that v < vy, we may apply (3.3.10), (3.1.3a), and
Hardy’s inequality (2.6.13), to (5.4.7) to obtain

ool < C(I1¢l2 + BYC1p(xo)| + B2 112 + 9" (DI 1£]2]).  (5.4.24)
Using again (5.4.18) and (5.4.14) we obtain

[ooll2 <

C (14l + B¢l el + B2 fll2 + A5~ 4 (B2 M llz + B30 £112)])-
which implies for any v < vg
5ol < C(Idl2 + B o)l + B2 f12). (5.4.25)

Step 6: Estimate of ||go||2. Substituting (5.4.25) into (5.4.22) yields that

15l < € [(B"225"* + Dliglz + B|p(x)]
+ (L4 1 B Nl + g3 (B gl + 1¢112))]. - (5:4.26)
For [A| > B~/ and i < B2/ we conclude from (5.4.26) that
Il < € [(ﬂ”“w““ + Dllgllz + B0l )] + 1 12
w3 (B p (] + 9 l12)]-
Furthermore, as
(U"p)" = —U"(bo + o’ + |¢"(D|P) + 20" + U D,

we obtain from (5.4.25), the boundedness of «, (5.4.14), and (4.6.5), that

10”812 < CAZ BV Npliz+ B2I 1 11). (5.4.27)
For |A| > B~1/% the above inequality implies
1U"$) 12 < C MBI g2 + BN f1I2)- (5.4.28)
By (5.4.4b) it holds that

lgoll < C(IU +id) fll2+1" WU +iMDE[+ (U ) +[05l+Is])-

(5.4.29)
‘We now substitute into (5.4.29) the estimates (5.4.15) and (5.4.19), (5.4.28), (5.4.26),
and (5.4.23), to obtain that

lgollz = CLA+ AN 1f 112 + 13 (B¢ o) + pl1.2)
+ BT AT 6] 2)- (5.4.30)
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Step 7: Estimate the contribution of the boundary term 47\ ([U + iA]g” ()Y). We
continue as in the proof of [3, Lemma 8.8]. We first write, in view of (5.4.2)

¢ = ¢+, (5.4.31a)
where
po = Ay v ¢ =—AL([U+iAg"(Dy). (5.4.31b)
Note here that
¢ =—¢" ()1 pa- (5.4.31¢)
By (5.2.5) and (5.4.15) we have
1Pl < C [T BYHATY4 (Ipllz + B8N f12).- (5.4.32)

1/5+8 we obtain for sufficiently large Bo

Consequently, as |v| > B~
Illi2 < C o7 BTYVAATYA (B8N fll2 + ldoll2). (5.4.33)
Furthermore, by (5.2.6) and (5.4.31c), we have
@) < CLAIBT1g" (D).
Hence, by (5.4.15) we obtain
@)l < COABT Y (@12 + B~CN £ 2).

and, therefore, by equation (5.4.33) and Poincaré’s inequality we may conclude for
y > B1/5+8 and B large enough

(x| < CUMBIT* (g llz + B7/C1 f 2)- (5.4.34)
Step 8: Estimate ¢o. Substituting the above into (5.4.30) yields, with the aid of
(5.4.31), (5.4.33), and (5.4.34)
1/2 (p1/6
lgoll2 < CLA+ADNfll2 + 15 L (B 1o (x)] + dll1,2)
+ BT+ D g0 2] (5.4.35)

By either (2.6.81) or (2.11.1) (for || large) applied to the pair (vg, ¢p5) together
with (5.4.3), it holds for any 1 < g < 2 that

po(x)| < C [[lvollig + v volz + v vol:]. (5.4.36)

We now estimate ||¢o||1,2 by applying (2.6.1) and (2.6.2) to the pair (v, ¢pp). We
then conclude that there exists o > 0 such that for all || < po and 0 < v < yg it
holds that

gl < Cv7lno, (5.4.37)
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where
. —1/2 —1
np = (|vplly + v 2 vslz + v Hvslh).

For |u| > o we use (2.11.1) to obtain for 0 < v < vy
Iéoliz < ClIA—x)"vpli < Cv7lng. (5.4.38)

We can then substitute (5.4.36) and (5.4.37) or (5.4.38) into (5.4.35) to obtain for any
l<g<2

lgollz < € ([1+ ANl + (g 218 +v71]
+ BYH T ATV A Y] o). (5.4.39)

Step 9: Estimate ng. By either (3.1.3a) for —71/3 < 1 < B72/57% or (3.1.84) for

pn < —B~13 we have,
[voll = — lgoll2. (5.4.40)
B3+ [ulp
whereas by (3.1.3b), which holds for 1 < CS~'/3 and B large, we have for all 8 > B
_2+4q
Ivollg = Cg B~ %7 ligoll2. (5.4.41)
Furthermore, by (3.3.1) it holds that
lvoll < Cg B~ lIgoll2. (5.4.42)

Substituting (5.4.40), (5.4.41), and (5.4.42) into (5.4.39) yields, for § < 1/30, B¢ large
enough, and ¢ satisfying

1 _—, 5.4.43
RISy (54.43)
we obtain the existence of C > 0 such that for all 8 > B
gl = CA + [ADIS 2. (5.4.44)
We now use (5.4.40) to obtain
1+ A
loslz < C—2 i < 2R 11, (5.445)
B3 + [ulp
which is valid for all < =375,
We next use (5.4.41) and (5.4.39) to obtain
, _2+q
lvolly = CB™ 57 (1 + [AD] fll2- (5.4.46)

Finally, use of (5.4.42) and (5.4.39) yields

lvslli < CB~C1 + IADI £ 2. (5.4.47)
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For —po < < ﬂ_%_8 we have by (5.4.45), (5.4.46), and (5.4.47) that the dominant
term is the one involving ||vg ||, and hence
_2+g
np = Cp s | fl. (5.4.48)

Step 10: Prove (5.4.1). By (5.4.37) we obtain, for —pup < p < ,8_%_8,

_ _2+4qg
I¢olliz < Cv™' B754 | £ (5.4.49)

For u < —po we use (2.11.1) and the first inequality in (5.4.45) to obtain

Ilgpolli2 < Cllvsllz < CB7H £l (5.4.50)

Combining (5.4.33) with (5.4.49) and (5.4.50) yields

1 p_2te
¢l < Cv=" B 6a || 2. "

5.5 Resolvent estimates for |SA| = @ (B~1/5) and large g1/1%

-1/5

In the previous section, we considered the case where IA > , where the inverse

estimates derived in Section 2.6 for the Rayleigh operator 4, , become effective for
all @ > 0. Here, we use the estimates obtained in Section 2.5 assuming a2 > |JA|.
Since we consider here |IA| = O(B7'/5) we need to consider a2 > g71/5.

Proposition 5.5.1. Let U € C*([0, 1]) satisfy (2.1.3) and U""(0) = 0. Let further
0 < § < 1/15 and ag denote positive constants. There exist C > 0, Bo > 0, and
ao > 0 such that for all B > By, it holds that

Sup |:“(£Aaﬂ) 1” + Hd (‘B,xa‘g) 1”] =< Cﬂ_1/2+8. 5.5.1)
agB~1/10+8/2 < <q
RA<p—1/3-8
|3A|<p~1/5+8
Proof. Step 1. With go given by (5.4.4b), we prove that

lgollz < A+ AD 1 f1l2 + (A5 *BY3 + B37312 4 W4 BY) g1 2
+ B2 21 (xy)]] (5.5.2)

Let ¢ € D(iu»’)L aﬂ) f= .iu»’)L aﬂ ¢ and vp € H?(0, 1) defined by (5.4.2). As
before we write
(&3 — BLve = go.

Let U be given by (5.4.6). For the convenience of the reader we repeat here (5.4.25)

il = C( 2),
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and (5.4.26), which reads
15502 < € [B'225"* + Dlglliz + 819 (x0)]
+ (U4 1 2B f 1l + g 3 (BY01p (ol + 11 ll1.20)]-

For pu < p~1/378

with § < 1/10, we then obtain using Poincaré’s inequality

19l < € [(BV2A5""* + B2 Ig 1o + [ f 1l + B> P21 (x)]]. (5.5.3)
We next estimate ||go |2, beginning by repeating (5.4.29), which states
lgoll = CUIWU +id) fll2 + 1" DI NU +iMg] + 1T )|l + 5]l + 52D
By (5.4.14), (5.4.18), (5.4.27), (5.5.3), and (5.4.25) it holds, that

lgoll < CIA+AD 112
+ (kgl/4ﬂl/3 +,81/3_8/2 +Al19/4131/6)”¢”1,2 + (,31/2_5/2|¢(xv)|)],

which is precisely (5.5.2).
Step 2: We estimate ||vp 1,4 and |[voll1. By (5.5.2) it holds for o > —1 that

lgolla < C I/ ll2+ B 18l12 + (BY>721p(x)D)]- (5.5.4)
By (3.1.3b) we have, for any 1 < ¢ < 2 and given that |[v| < $71/5%% and § < 1/5,
lvollig < CB75% gol,.
Hence, by (5.5.4) we obtain for u > —1,
loollig < CAB™ST £+ B~ Iplha + B4 PloCe)l).  (5.5.5)

where 81(q) = (¢ — 1)/3qg — /2.
Furthermore, we have by (3.3.1) and (5.5.4), for u > —1,

luoll < CB™llignll < C(IB/°l fl2 + B 2lgllz + B7372p (x,)]]).
(5.5.6)
For u < —1 we use (3.1.84) to obtain

C
lvolh = lvelz = w2 llgol2.
A8

We then employ (5.5.2) which implies, for § < 1/10,

gl < CLA+AD IS 2+ (B33 + XMl 2 + (BY*7372|p (x,)])]
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and hence,

lvoly < C[B7 SN2+ B2l la + B2 P9 (x)]]. (55.7)
Combining (5.5.6) and (5.5.7) yields

lvols = C((BCNf 2+ B 2lplhe+ B Plp(xn)).  (5.58)

Step 3. We prove (5.5.1). We continue as in the proof of Proposition 5.4.1. Recall
from (5.4.2) that

Vo = Ared + (U +id)p" (1)

Set .
¢ =d¢o + ¢, (5.5.9)

where
po = A vo and ¢ = —A7L([U +iMe" (DY)

Step 3a: We estimate ||$|| 1,2. Note that by (5.2.4), we have
$=—¢"(D¢rpa- (5.5.10)

By (5.2.24) there exist C >0 and A9 >0, and for any ao > |U |3 (1+8)'/2, B(ag) >0
such that, for —Ag < u, [v| < B~V o > agf~1/1918/2 and B > B(ay), we have

1§12 < Cagp~1325" 219" (V). (5.5.11)
For 1 < —A¢ < 0 we obtain from (2.11.3) applied to the pair (¢, (U + iA)¢” (1)¥)

913 < ClU. ¥) ¢" (D] < C 1@ l21(1 — )2 |11 9" (1),

and hence by (5.2.2) (with s = 1/2) for the first inequality, we conclude for the second
inequality that there exists B(ag) > 0 such that for 8 > B(ag)

16/ = € 25> B71219" (1) = € a1 205" 19" (V).

Hence, (5.5.11) holds true for any u < f~1/3+% and |v] < B~1/5%3. From (5.4.14)
we then deduce

I6lh2 < Cag?B7 2B Ngllz + B2 f1l2) < CB™CN fll2 + agli¢l.2)-

Hence, for sufficiently large ay we conclude with the aid of (5.5.9)

Igll1,2 < C (BN fll2 + agléoli2)- (5.5.12)
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Step 3b: We estimate |<\ﬁ (xy)|. Using (5.5.10), the decomposition

Prpoa = @rpa—c|(X, B,)U) + (4, B,0)U,

where
<U9 ¢)L B )

VL= T

and Holder’s inequality, we may write
1B (x0) < C (vl ey, B + vV ¢apa — iR, B.)U |, ,) [8”(D)]. (5.5.13)
Then, we obtain by (5.2.24) and the fact that o > qof~/10+8/2

16 (x)| <

1/2
1/27—3/4 5—1/2 v+ v
C[M Aﬂ p +a§,8—1/5+5—|—|,u|

(A5 B2 + 45" 2100871) |19 (L
(5.5.14)

Using (5.4.14) and the fact that |A| < B71/315 we obtain

(x| < Cag2B7Pap + |25 870N (gl 2 + BCN1 f112). (5.5.15)

We now consider three different cases.

e For—p~ 15+ < < p=1/3+3 we have Ay < B% and since |v| < |1, we deduce
from (5.5.15)

o)l < CBT2 4 ([l + B8N f112)- (5.5.16)
e For —p~1/10+8/2 |y « _B~1/5+8 we have, since |v| < |u],

|l |2 + [v|
ag BV + |ul

Al < CAlpl "> + o) < CB~YoH7,

and hence, as Ag ~ |A|81/3, we can conclude (5.5.16) in this case as well.

«  Finally, for p < —~1/10+8/2 e use (2.11.2) with v = (U + i\ ¥, (5.4.31¢),
and (5.4.14) to obtain that

1/ Il2 < C |~ (A=) 29 |11 9" ()] < CIAITS 4874 (pll2+B75C11 £ 1I2),
which implies

1p(xu)] < Clv|2]1¢/ |2 < L4078 gl + B8N f12).  (5.5.17)
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Combining (5.5.17) with (5.5.16) which holds in the two first cases yields for all
w < '8—1/3—8
el < CBTH (gl 2 + BN f12). (5.5.18)

Then, by (5.5.9) and (5.5.18) it holds that
|$(xu)| < CBTYETS (B0 £ 2 + doll1.2)- (5.5.19)

Step 3c: We prove (5.5.1) for @ > —B~%. From (5.5.5) and (5.5.19) we get, for § <
1/15 and p > —1, that

_24g _2g
lollig <C (B7%0 1 fll2+ B85 ll¢lli2+ B @lgo(x)]).

Using (5.5.12) we then obtain that

_2+4q _2—q
lvollig <C(B~% [|fl2+ B % [polliz + B Plpo(xy)]).

2-¢ 1 1 1
Bl L 5/2
64 +6 37 3 1(q) +68/2,

we can finally conclude, for u© > —1, that
lvolig < C (B~ 1 £l + B ligolio + B/ o). (5520
From (5.5.8), (5.5.12), and (5.5.19) we obtain
ool < C (B™°1f 2+ B Pldolha + 87/ Plgo(x)). (5521
As in the proof of (5.5.13) we then write
o (xu)] < C (W] 1ei?] + [ ll¢o — cPUl ), (55.22)

where

i’ = (U.¢2)/1U113.

We then conclude from (2.5.3a) applied to the pair (¢, vp) that for all =873 < it
holds that

o) < C (lvolli + AN (ve, ) + ]2 vsl1q), (5.5.23)

where N;(vgp, A) is defined in (2.5.2b).
By (2.5.38) (and the fact that v (1) = 0) we then obtain that

lpo ()] < C (lvolli + B lvellig)- (5.5.24)
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Substituting (5.5.20) and (5.5.21) into (5.5.24) then yields, for u > —,3_8, sufficiently
large B, and 1 < g < (1 —38)7!
— _2+ta _2=q
()l < CAP (BT || fll2 + B l|dolh.2)- (5.5.25)
Substituting (5.5.25) into (5.5.20) then leads to
2_

_2+q _2—q
lvollig < C (B0 | fl2+ B llgol.)- (5.5.26)

Similarly, by substituting (5.5.25) into (5.5.21) we obtain that for u > —~% and
l<qg<(1-387"1

ool < CE™CIf 2+ B~ lg0llh.2). (5.5.27)
For sufficiently large ag and |v| < B~1/5%% we have
1+ ClAPlog|A™!  ~ "

+2| |20g|. | <C . . SCﬂl/S_S,

la?|U]12 + il |l |U15 — vl
and (recall that |v| < || U ||3 —v])

2 -1
MO+ CAPIg ™) s M+l o
2| U2 +iA] 2| U5 = vl + [l

Hence, we obtain from (2.5.3a) and (2.5.38) that
Rl < € [B* sl + Ivollig].
and from (2.5.3b) we obtain that
lpo — cPUlhz < Cllvolh + volligl-

Consequently, by (5.5.26) and (5.5.27) it holds that

~ -2t _2-q
I¢olliz < Clvolig + B llvall) < C (B0 | fll2+ B |dol1.2)-
It follows that, for sufficiently large Bo,
_2+4q
I¢olli2 = CB 57 || fll2. (5.5.28)
Combining (5.5.28) with (5.5.12) gives (note that 5/6 > (2 + q)/(6g))
e _2+4q
[¢ll12 = C B 57 || fll2. (5.5.29)

As ¢ = ¢o + ¢, we can deduce from (5.5.28) and (5.5.29) that for any § € (0, 1/15)
andg € (1,(1—38)"") and u > —B~% we have

_2+4gq _
Ipllia < C B0 || fl < CBY/>S. (5.5.30)
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Step 3d. We prove (5.5.1) for i < —B%. For i < —B~% we use (2.11.2), Sobolev
embeddings, and Poincaré’s inequality to obtain that

1/2 1/2 1/2
Iéolha < el 2lvall? < € B9l vl V2.

|
which implies
B lvolh. (5.5.31)
Consequently, by (5.5.8), (5.5.31), and Sobolev embeddings we obtain that
BZ (BN f N2+ B9l 2).-
Making use of (5.5.12) we establish that for sufficiently large ao and B¢
Igll12 < C BP0 f ]2,
which, together with (5.5.30), yields (5.5.1) for § < 1/15. [

5.6 Resolvent estimates for intermediate o

In this section, we provide inverse estimates for B; 4 g for 1 < a < B1/3. Let 34
be given by (4.7.2). Since ||3, ]2 < B/® in this section we may conclude by (4.1.3)
that 3 € U;. Consequently, we may still use (4.2.4) in this section to estimate ¢” (1).
Furthermore, we can use the fact that o >> 1 to obtain a much simpler proof than in
the previous section (which is valid only for bounded values of o).

Proposition 5.6.1. Let U € C*([0,1]) satisfy (2.1.3) and v, < U(0) denote a positive
constant. There exist C > 0, T > 0, o > 0, ag > 0, and o1 > 0 such that for all
B > Bo, it holds that

sup [(BE) 7 + Hd—(ﬂmﬂ) 1 =cpore. (5.6.1)

ao<a<aiBl/3
A<Tﬂ 1/3
[SA[<v2

Proof. Let f € L2(0,1), ¢ € D(B2,) satisfy

Aa,B
Brruph =/
We first recall the definition of U5 from (5.4.6)
o = —¢" +o?p + ¢" ()Y, (5.6.2)
and rewrite (5.4.7) in the form
(£5° = Bin = f +iBU ¢ + ¢"(1)&. (5.6.3)

where ¢ is given by (5.4.5).
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By (3.3.1) (which is applicable for |[v| < v, < U(0)) it holds that

£ = B0 + 6" MD)Ih < CBCN(f +¢" (D)2
Furthermore, by (3.3.23) applied with f replaced by U”¢ it holds that

N0 1/ . UN(XV)¢(XV) -1 ” A n—1
|5 = a7 Wi g T = OB Bl < CH Il
where
m = —max(—u,x§/3ﬂ_l/3).
Hence,

‘59_ U" (x,)p(xy)
U —-v+im)

We next use (4.2.4) together with (5.4.13) to obtain, as in (5.4.14), that
" (D] = C A% (B*[Ipll12 + [¢(xo) [ log B] + B2 f ). (5.65)
For a < oy /3 we may then use (5.6.5), which, combined with (5.4.18), yields, as

B ()| < vIY2[1¢' 12, (5.6.6)
¢ (D118l < CAZY* (8211 + vV 10g Blligllr2 + BN f112).  (5.6.7)

Consequently, by substituting (5.6.7) into (5.6.4), we obtain

| =C B 11+ g2+ B7/51" D] 12]2). (5:64)

- U (xw)p(xv) ~5/6
‘U:s) T U —vtim )1 <CBUSfl2+ l1ol1.2)- (5.6.8)
Taking the scalar product of (5.6.2) with ¢, and integrating by parts gives
~ U" (xy)¢(xy) a2 2 2 7 - U" (xy)p(xy)
<¢, U — m) = 1#°llz + a”llpllz + o7 (1) (. ¥) — <¢’ UT_F@%Z)

Using (5.6.8) we then conclude

. U"(xy)¢(xy)

K"b’”@ U—v+im

| <CE U1+ 19h2) I6le. 5610

We next use (5.2.2), with s = 1/2, together with (5.6.5) and a Sobolev inequality
to obtain that

10" ()(@. )| = €25 (B0l ll12 + @) log Bl + B £ 112) 19 2-

sing (5.6.6),as A, v og B <1 for B > By with sufficiently large ¢, we can
Using (5.6.6) Aﬁl/“ 1/2] 1 fi h sufficiently 1
conclude that

19" (g, ¥) < C (B~Clgl3, + BN £13). (5.6.11)
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For the last term on the right-hand side of (5.6.9) we write

M>:<¢M

> U//(xv)¢(xv)
U—-v+im U —v+imlL20,x,/2)

<¢’ U—-—v+im >L2(xu/2,1)'

+ (9.
For the first term on the right-hand side we have, since |v| < v,

‘<¢’ U" (x)¢(xv)

= : 6.12
T o | = Clo Il (56.12)

For the second term we use integration by parts to obtain

U ”(xv)¢>(xv)>
U—v+imlL2(x,/2,1)

(4. = U () (x0) 2 Tog(U — v + i)

x=xy/2

~U"@)p)(£) tog v im)

L2(xy/2,1)

from which we readily obtain

‘<¢ U//(xv)d’(xv))
U —v+imlL2(x,/2,0)

[1,2[P]lc0-

| = Cliglhlé )] = Clig

In conjunction with (5.6.12) the above inequality yields

U (xy)p(xv)
o

|1,2 ¢||oo

)| =clg
Substituting the above, together with (5.6.11) and (5.6.10) into (5.6.9) yields

1913 + 211615 < € (Ilh2 + B~/ f112) 19 llc + B7/C116

Since ¢(1) = 0 we have [|¢]|2, < 2||¢’[|2]|¢]l2 and hence, for any € > O there exists
C. > 0 such that

2
1,2

B2, < €llg’ll3 + Cellgl>.

By choosing sufficiently small € and sufficiently large By we can then conclude, with
the aid of Poincaré’s inequality,

1913+ &2llol5 < € (B™I715 + 1913).

We then obtain for sufficiently large ag and B¢ the existence of C > 0 such that, under
the conditions of the proposition,

I¢'1I3 + e®llgl3 < CB~2 | £ 1%,

from which (5.6.1) readily follows. [ ]
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5.7 Resolvent estimates for large «

For o 2 ,31/ 3, we can no longer use the estimates of the previous section, relying
on (4.2.4). In the following we thus establish estimates for the inverse of the Orr—
Sommerfeld operator, relying on (4.7.3), which is valid for o > g1/3.

Proposition 5.7.1. Let U € C*([0, 1]) satlsfylng (2.1.3), and oy denote a positive
constant. For any T < /=U"(0)/2 and any Y > 0 there exist C > 0 and Bo >0
such that for all B > By it holds that

ND \—1 1 -5/6
sup B39 + [ 82D |) < e,
w1/ <a (” Aa,B H dx )t o,B )
RA<p~'3[Am—T—2p=2/3/2]
(5.7.1)
Proof. Let3 = 34 be given by (4.7.1)~(4.7.2). Let f € L*(0,1), ¢ € D(B}">) satisfy
NO
Byw®=1

An integration by parts yields (3o, —¢” + a?¢) = 0, and hence we may conclude that
—¢" +a%p € D(éﬁ%“). Furthermore, it holds that

(L5 = BA)(—¢" + a’d) = f +iBU"$.
By (4.7.3) we then have

I =" +0223pl2 < C (B2|dl2 + B2 f12),

where 6 = af~1/3.

Hence,
16713 + 628216113 = (=" + 0287, ¢) < C (B'*113 + B2 /211 6112)-
(5.7.2)
As 6 > a,, we obtain that for sufficiently large By,
19/l < CB411 £ 2.
With the aid of Poincaré’s inequality we then obtain (5.7.1). ]

Remark 5.7.2. An improved version of (5.7.1) can be obtained by introducing the
effect of |U(0) — v| from (4.7.3)

ﬂ_5/6
L+1U(0) —v| p/e’

1 1
azﬁs}l};s [ B~ + “d_( r) H = (5.7.3)
RA<TYB1/2
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5.8 Resolvent estimates for small o

We continue by considering for some positive &g and 0 < Vg < U(0), the zone
0<a<af " |JA| <Dy, NRA<p V2 (5.8.1)

We begin by considering the case « = 0 and then obtain estimates of (0‘6’2} ﬂ) ! for

0 < a < @oB /% by treating it as a perturbation of (B?O%) 1. More precisely, we

introduce the set
m(ﬂv i)\0) = {A e C: |%A| < GO andu < ﬂ—l/Z}

and prove the following proposition.

Proposition 5.8.1. Let U € C*([0, 1]) satisfy (2.1.3). There exist C > 0, Dy > 0 and
Bo > 0 such that for all B > Bo and A € (B, Vo) it holds that

a2+ | @it + 42 @l < c a2 682)

H dx?

Proof. Step 1. Preliminaries. Let (¢, f) € D(i:»’)L 0 ﬁ) x L2(0, 1) satisfy ‘BA o ﬂ¢> =f.
Setting o« = 0 in (5.4.2) yields

vo = —(U +iM)¢" +U"¢p + (U +il)g" (). (5.8.3)
Note that v5 (1) = 0 and hence
(&3 — BMvo = go. (5.8.4)

where go is given by (5.4.4b), which we recall here for the benefit of the reader in
the equivalent form

go+ WU +id)f=U+i " ()g—(U"¢) —2U'ty —U"tn.  (5.85)
In (5.8.5), ¥ is given by setting = 01in (5.4.6), i.e.,
in = —¢" + " (Y. (5.8.6)

Step 2: We estimate |¢" (1)|. Let (¢, f) € D(:B/l 5 ﬂ) x L%(0, 1) satisfy IBA P ﬁq& =f.
An integration by parts yields

W23 = (U, Baope) - U,,(l)mw"(l)qs“)(l))

—R(U) " ¢D) + uplU") 2 13 (5.8.7)
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To estimate the second term on the right-hand side of (5.8.7) we use the identity
(which is obtained via an integration by parts of the balance B¢ ,0,4¢ = f)

(1) = —/01 F(x)dx. (5.8.8)
Hence,
P13 < C (16" Nl2 + B 7216”13 + LS 1218”112 + 16D 112116”12).
which implies
1115 < C (1" IS N2+ B218" 153 + 11/ 112119"2).- (5.8.9)
Sobolev embeddings yield
" (P < (1612 + 11¢”112) 18" |2 (5.8.10)
Combining (5.8.9) and (5.8.10) leads to
¢ (D] < CBE 2+ 1151713 + 112187 157). (5.8
By (5.4.6) and the left inequality of (4.6.5) it holds that
19”112 < CA5 4 BYE19" (1)) + [l 2. (5.8.12)
Using (5.8.11) we then obtain for 8¢ large enough
16”12 < 2ll5oll2 + CAZY* B2 £ 2. (5.8.13)

By (5.4.18) and (5.4.24) (note that (5.4.24) results from a straightforward application
of (3.3.10) and (3.1.3) to (5.4.7)) it holds that

5ol < C (Il + Bl )| + B2 fll2 + B2 (D]).  (5.8.14)
Since
16 o)l = 16 (x0) — d(D] < vV2]1¢" 2 < 1A1Y2]|¢ 2. (5.8.15)
we obtain from (5.8.13), (5.8.14), with the aid of (5.8.11) that
16”12 < C(AF 21 12 + 5872 + B211 £ 112). (5.8.16)
‘We now substitute (5.8.16) into (5.8.11) to obtain

9" (D] < C(BY 1218 12+ B2 £ 112)- (5.8.17)
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Step 3: Given some g > 0, we estimate Vg and 1729 under the additional assumption
U > —uo. We begin by recalling (5.4.22), which is still valid in the present case and
reads

15513 < € (5o l2[llf1l2 + A5>* B2 1¢1l1.2]
+ 25 2B P13, + BT 1D) + (gt + D) [0113).
Observing that g + < B1/2, where g 4 is given by (3.1.26), we conclude that
15513 < € (o l2[llf 112 + A5>* 82 1$ll1.2]
+ 25 2 (BRI, + BT 1D + B2 i0l3).  (5.8.18)
By (5.8.14), (5.8.15), and (5.8.17) it holds that
liolla < C (B0 £l + 5% 14l12)- (5.8.19)

Substituting (5.8.19) into (5.8.18) then yields that for given ¢ > O there exists C > 0
such that for —po < u < B~Y2 it holds that

1Tl < C (B741f 12+ B 11ll1.2)- (5.8.20)

Step 4: We estimate ||vo || 0o under the assumptions of Step 3. We begin by estimating
the L2-norm of go + (U +i}) f using (5.8.5). By (5.4.14), (5.4.18), and (5.4.27),
it holds that

U +i0¢" (2N + IV )| < C (BY* g2+ BN f12). (5821

Substituting (5.8.21) together with (5.8.16), (5.8.19), and (5.8.20) into (5.8.5)
yields

lgo + WU +i) fll2 < C (B~ £ 112 + B2 1111,2). (5.8.22)
Since, by a Sobolev embedding, we have
I(£% = BV =) floo
< H d ;69? A —I(U ) Hl/z (iﬁn A)_l(U ) 1/2
< | ZeEF -t w-n s e -p 4 bt
we can conclude from (3.3.10) and (3.3.11) that
I(£F = BV =) flloo < CB*(f 2. (5.8.23)

Furthermore, by (3.1.3) (for —YB~'/3 < . < B~Y/2) or (3.1.84) and (3.1.85) (for
—jto < < —=YB~1/3) we obtain

I(EF = BN i lloo < CBT*) fl2. (5.8.24)
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Consequently, by (5.8.23) and (5.8.24) we may infer that for u© > —pg
1R~ BTV +i2) flloo < CB* |1 £ 2. (5.8.25)
By (5.8.22) and (3.1.3a) it holds that
1% =BV g + [U + ANl < C (B2 fllz + 87 *g]11.2).
Furthermore, (5.8.22) and (3.1.3b) with p = 2 yield
P

(=B go + U+ = C (BTN I+ B2 )h2).

Hence, by Sobolev’s embeddings
I£Z — BV (g0 + [U + iMoo < C (B> fll2+ B2 1ll12). (5.8.26)
In view of (5.8.4) we may combine (5.8.26) with (5.8.25) to obtain, for & > — ¢ that
lvolleo = € (B7*If 12+ B2 ¢l1.2)- (5.8.27)
Step 5. We prove (5.8.2). Recall from (5.8.1) that & < =2 and |v| < Dy < U(0).

Step 5a. With 1y > 0, we prove (5.8.2) for |v| < Vg and for p satisfying

—ﬁ1/24 1/24
b

uE (—ug, —e YU (e P =12, (5.8.28)

Set
v =y o =—(U+id)p" +U"¢p,

and note from (5.4.2) (with ¢ = 0) that
v=vp—¢" (1)U + i)

An integration by parts yields
1
/ vdx =0,
0

and hence by (2.4.1) and (2.4.23) it holds that
16/ll2 < C ([volloo[l + log [T+ 16" D1V [11).
By (5.2.2), (5.8.17), and (5.8.27), we obtain for || < po that
19'll2 < CB™2419 12 + BTN £ 112).
For sufficiently large 8¢ we obtain for 8 > B
I¢ll12 < C B S 2. (5.8.29)
To obtain an estimate for ||¢” || we use (5.8.16) to obtain

16”12 < CAZZB2 £ 2. (5.8.30)
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Step 5b. With 0 < Dy < U(0), we prove (5.8.2) for |v| < Vg and |u| < e BV

Here, we write for some 0 < it < 1/2
N,D ~
By 12050 = —BHY" + f. (5.8.31)

Note that A + fif~1/2 meets the assumptions of Step Sa, and hence, we can use
(5.8.30) to obtain

16”12 < CEAY*B716" 12 + B> £ ).

For sufficiently small & and sufficiently large B¢ we obtain (5.8.30) once again. Con-
sequently,

I=B"20¢" + fll2 < ClIf]>

Hence, we can apply (5.8.29) once again to (5.8.31) to establish (5.8.29) for |u| <
—ﬁl/24
e .

Step 5c. With 0 < Dy < U(0), we prove that there exists jo > 0 such that (5.8.2)
holds for ;& < —uo and |v| < Dg. Since u < 0, we have, after two integrations by
parts,

N(p. Bro,80) = 18”15+ [lB IS5 + BIU'$. ¢'). (5.8.32)

Consequently, using Poincaré’s inequality, we obtain

C
lp"ll2 < m(ﬂ_lllfllz + [19/ll2)-

For sufficiently large 119 and By we can then conclude

C
¢l < == fll2
|AIB
Using (5.8.16) completes the proof of (5.8.2). [ ]

Using a perturbation argument we now obtain the following proposition.

Proposition 5.8.2. Let 0 < Vg < U(0). Under the conditions of Proposition 5.8.1
there exist C > 0, Qg > 0, and By > 0 such that for all B > By it holds that

d
sup (B T |+ (B T = BT (5.8.33)
a<&0ﬂ_1/6

|v|<§0
u<p=1/2
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Proof. Let (¢, f) € D(!BI1 . ﬂ) x L2(0, 1) satisfy BA . ﬁq& f. We then write

BIS = —az( - j—; +ipU + i)t))q& +f (5.8.34)
By (5.8.2) we obtain that
16”112 < C [@2257 (B~ 19" ll2 + Ipll2) + A5 B~2(1 £]12)-
Hence, for sufficiently large 8 we obtain that
16”12 < C [@58"°lpll2 + B2 f 2],
We can thus conclude that
|(- & v ipw +in)o|, = C (Blglla + 5721 110)

By (5.8.2) and (5.8.34) we then obtain

@21161l2 + B2 £ 112)-

For sufficiently small &y we may now conclude (5.8.33). ]

5.9 Some auxiliary results

This section is devoted to the proof of two auxiliary results which will become useful
in the next two sections.

Lemma 5.9.1. Let U € C*(0, 1) satisfy (2.1.3). Let further ko and v, denote positive
constants. There exist positive Bo, T, a1, and C such that, for A = p + iv, where v
and  satisfy vy < v < U(0) + koB~"/? and n < Tﬁ 12 8> Bo, 0 <a <a; B3,

and any (¢, f) € D(i)’gza%) x L2(0, 1) satisfying BA a ﬂgb f, it holds that

9"l = € (B721B7* + x| £ )2

1/2[ a—1/4 Xy -1
PR | e

+ BB+ 1T, (59.1)
where x,, is defined by (2.4.5).

Proof. Consider first the case U(0) — k1712 < v < U(0) + kof~'/? for some
k1 > 0. In this case we have x, < CB~/4. As in the proof of (5.4.14) we use the
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£(L?, L®) estimate of (4.3.3) applied to f = iBU"¢(x,) and (4.3.4) applied to
iBU"(¢p — ¢(x,)). We obtain

6" (D] < C (B721 fll2 + B> 416 (x| + B72142).-

For v; < v < U(0) — k1 f~1/? with sufficiently large k; and B, we use (4.2.4) and
(4.2.7), applied to the pair (¢” — a?¢,iBU"¢ + f) using the decomposition

iBU"¢ = iBU"(¢p — ¢(xy)) +iBU"p(xy)
and Hardy’s inequality, to obtain
¢” (D)
< C(B72a0 fll2 + B2 og(1 + xu B9 ()| + B2 2 ¢ 12).
Combining the above pair of inequalities yields (5.9.1). ]

Lemma 5.9.2. Let U € C*(0, 1) satisfy (2.1.3) and ko, Y and vy denote positive
constants. Let further

min(p,'l% 8718 >0,

59.2
13 1/8 m <0, ( )

Xu(T.p) = {
where jig 4 is defined by (3.1.26). Suppose that A = p + iv, where B~1 < ||, u <
YB~Y2 vy < v < U) + koB~/? and

Xy < X, (Y, B), (5.9.3)

where x,, is defined by (2.4.5). Then, there exist positive Yy, Bo, and C such that for
all B > Bo and YT < Yy it holds that

[oll2 = € [ Y5284 £l 4+ (=Yg + 12319 (x,)|
+ G+ T8V (5.94)

in which vy is given by (5.4.6).

Proof. Let § 1= 8§(B, ) € (0, 1/4) be much greater than f~'/*. More precisely, we
introduce for sufficiently small Y and 8 > Bo(T) with 8¢(Y) large enough

5 _ mll’l(Tl/4,LLB1/2 —1/3—1/8) >0,
0= YlpE <0

Recall the definition of y € C§°(R, [0, 1]) from (2.6.20)

() — 1 x<1/2,
=0 x> 34

(5.9.5)
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We further set ys(x) = y(x/§), and ys = 1 — ys. Note that ys is supported in
(0,35/4) and that g is supported in [§/2, +00).
Step 1: We estimate ¥505p. Using (5.4.7) we now write
(£5° = BA)(Ts00) = f3 +iBU s . (5.9.62)
where
Js =287 7 (/8)is + 821" (/8)io + Fs [-f + 4" (1DE]. (5.9.6b)
Setting y = 27'/4§ and v = Fsip in (3.2.11) yields
BINU = v 7500115 < 750012 1 f3 2
+ CAU = v isoll2(ll¢ll2 + 1(U =) 275l 1)), (5.9.7)

where we have used the identities ys x, = ¥s and s x;, = 0, and the inequality (rely-
ing on Hardy’s inequality)

(50, Zsl(d — (xy)) + d(xu)])]
< CU = v|"?js50 12142 + (U = )72 751 o (x)]).

Since by (5.9.3) and (5.9.5) there exist positive C and C such that
(U0) —v)y < Cx2 < CY3/282,
we have, for sufficiently small Y, the existence of C > 0 such that
U =275 = =8 7. (5.9.8)
C
Hence, by (5.9.7) and (5.9.8),
HU =o' 7s0ll3 < B 175002 1 /512 + CUIS'I3 + 67" lp(xn)?). (5.9.9)
which implies, using again (5.9.8),
|75l < C (G2 I fsll2 + 8711912 + 672 Ip (x)]). (5.9.10)
Consequently, by (5.9.6b) and (5.4.19)

I7s0oll2 < C (18281 (6 ILis/2,81 0 ll2 + 8215 2.5 002 + 11/ 112)
+872(g(x)| + 87 ¢l + 872874 (D]).  (5.9.11)
Substituting (5.10.13) into (5.9.11) yields in view of (5.9.5) (note that §%jup 4+ <
TI/Z)

1750205 < C([8*B1 (82 1s/2,85 0 15 + 8 *1i5/2.5100113)
+ 8B fII3 + 83 1o (xn) > + 672119 [13). (5.9.12)
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Step 2: We estimate )505. Taking the inner product of (5.4.7) with y5,(U") g
we obtain (see also (5.4.8)) that

R (135U 0o, (L) — BA)To —iBU"¢)
= D28 @) 200) 15 = llx2s U2 0l — B ll22sU") 20013
+ BR (559" (VY. i) (5.9.13)
As |[U® y,5] < C§ (given that U@ (0) = 0) we can conclude that
ID2s (U)o 13 = éll[){zs ol'll3 — C8llx2500 13- (5.9.14)
Furthermore, as |()25)'| < C8~! ¥5, we obtain, using again the fact that U ® (0) = 0,
25 @)V 5015 < CSlx250015 + 521 1500 13).
Substituting the above, together with (5.9.14) into (5.9.13), recalling that by (5.2.2)
BI(13s®" (Vi) < BI¢" (D] ¢/ I201(1 = x)* ¥l < CB 19" (V)] 142
and that by (5.4.17), (5.2.2), (5.2.3), (4.2.10), and (4.2.17)
(X2 (U") " B0, 6" (1) 7258)| < CB* | x50 ]121¢" (1)]
yields

2550 115 < C[YT'SIL 15 + 871" (D] | 12572
+ (Y824 up, ) x2s 0015+ s 15 +B7" 19" (DI1I¢"l12]-

By Poincaré’s inequality we have
228515 < C8%[x28001 3. (5.9.15)

Hence, in view of (5.9.5) and (5.9.15), we obtain for sufficiently small T

lx2s00 13 + 82l [x2500]'l15 <
CY'84I£15 + 1750003 + B7' 820" (DI(I¢'[l2 + 8 B721¢"(D)]. (5.9.16)
Substituting (5.9.1) into (5.9.16) yields, in view of (5.9.5)

lx2s50ll5+8%[x2s00) 113 < C(YT'8*| 13+ (B7/46% + 8¢/ I3+ I ZsTo113)-
(5.9.17)
Combining (5.9.12) with (5.9.17), and (5.9.5) we obtain

X250 15 + 82l [x2s00) I3 < C[Y'8*N £115 + 8B I15/2.51 0I5
+ 878821 s/2.510015 + 8l (x> + 872¢113].  (5.9.18)
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As1[s/25 < x2s.and 87872 < Y72B2u4 + T3B!, where uy = max(u, 0), we
obtain

I x259013 + 82 [x280]'113
<C[Y18HfI15 + (Y2820 + T8 [x2800) 115
+ (Y72B2ut 4+ Y8 Y lxas i3 + 83 p(xu) > + 8729 |13].

For sufficiently small Y and B5* we then conclude (as Y™28%u% < Y?) that

lx2s00 15 + 8 [x2500) 115 < C[YTE*I F115 + 873 (ea) 1> + 52116/ [13]-
(5.9.19)
Similarly, by (5.9.12) and (5.9.5) (note that § 72 < (Y22u% + Y8718, it
holds that
17s0oll5 < C((C2B%us + Y7182 (X250 I3
+(C2B2 i Y8 B D lxas o3+ (Y2B2us + Y267 H8 S 15
+6721p(x) P + 872114113)- (5.9.20)
Since y25 + {5 > & we obtain from (5.9.19) and (5.9.20) (as Y™18* < cY-5g-1/2
by (5.9.5) and since || > B71) that for Y and B! small enough
liolla < C[Y52B74)| fll2 + (Y 72/Eu3% + T28319) g (x,)|

+ (15 + T2B)¢' 1],

which is precisely (5.9.4). |

5.10 Resolvent estimates for |SA — U(0)| = O (B~1/?)

We consider, for given positive kg, @1, A = i + i v, and some positive T, the zone

A «, eC R2,0< < 1/3’ -
S(al,ﬂo,r,xo):{ (M. p) € C xRy, 0<a=a1p'? B> Bo }

< YBY2, U0) —koB~Y2 < v < U(0) + kop~Y/?
(5.10.1)

Proposition 5.10.1. Ler U € C*([0, 1]) satisfy (2.1.3) and U®(0) = 0. Let further
ay > 0and kg > 0. Then, there exist positive Y, Bo and C, such that for (A, a, B) €
8(0[1, ﬂo, v, K()), it holds

max (1, |up|4) (| (B3 1”+Hd_(£Mﬂ) 1”) <CBME. (5.102)
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Proof. Step 1: Preliminaries. We follow the same outlines as in the proof of Proposi-
tion 5.4.1. Nevertheless, given that |v — U(0)| ~ O(B~'/2), we need to address here
the quadratic behavior of U(x) — U(0) in the vicinity of x = 0 (see Section 3.2 for
instance).

Let vp be given by (5.4.6). For the convenience of the reader, we repeat (5.4.8),
which reads

(U)o, (L) — BA) I +iBU"$)
= U 205]15 + R(W")) To. )
— Bull U255 |3 + BR(" (Y. i), (5.10.3)

where y = 1/, g is introduced in (5.2.1) and ¢ € D(B;", 5 ) satisfies for f € L2(0,1)

NO ,
B wp? =1

We begin by estimating the last term on the right-hand side of (5.10.3). For technical
reasons we distinguish between the case y <—puq (for some sufficiently small o >0)
and u > —puo.

Step 2: We estimate m<¢”(1)$, id) for u > —ug. Asin Step 2 of the proof of Pro-

position 5.4.1 we write

1 1
$(x) = / (€ —x)¢"(€)dE = ¢" (Hw + / (€ —0)[¢" () — ¢" ()P (§)] dE,
where
1 ~
w(x) = / &~ 0P @) dE.
Then we write
R(P" (DT, id) = —|¢" ()2I(T, w) + R(@" ()T, i(p —¢"(Dw)). (5.10.4)

For the first term on the right-hand side we write, using the fact that w” = 1/7 and
integration by parts,

(P w) = J(w", w) = —J{@D' (O)w(0)). (5.10.5)
We now use [3, Proposition A.1] to obtain the following improvement of (5.2.2):
J(x) = e BPED0=0 4 g (o), (5.10.6)

where

11l + BY2(1 =) |y < CB7Y (5.10.7)
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Next, we write, using (5.10.1), (5.10.6), (5.10.7)

1 __ 1 _ _
_ [ T de = [ e D200 L T (6] g

0

=~ O
—lﬂ/413 1/2

[+ 0(uY»]+ 0. 5.10.8
TOE [ (" +0B™) ( )
To obtain (5.10.8) we used the identities
1 _
/ e~BPEDVRx) g g=1/2(_J) 12 () — B P2
0

and

B2 (—[p —iv]) V2 = A BTY2(U(0) + [v — U(0) +ip]) "2,

which shows the exponentially small behavior of e ~# V2DV g Mo > 0is chosen
small enough.

Furthermore, it holds that

1 . 1 N
w(0) = / E0(6)dE = —w'(0) — / (1— 69 (&) de.
0 1]
which implies by (5.2.2), (5.10.6), and (5.10.7)

ip!

1/2 —-3/2
U(O)[1+C9(|M| N+ O0B7). (5.10.9)

w(0) = —w'(0) —

Combining (5.10.8) and (5.10.9) yields
p3/2
[UO12v2
Substituting (5.10.10) into (5.10.5) yields

13—1/2
[U(0)]32v2

J{w'(0)w(0)} = [1+0(ul)] + 087, (5.10.10)

BR(Y, iw) = [1+0(u"]+ 0™,

For sufficiently large B¢ and sufficiently small po, B éﬁ(lﬁ, iw) is positive and hence,
by (5.10.4) we can conclude that

R(p"(MP,id) = Rig" ()Y, i( — ¢ (Hw)). (5.10.11)
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As in the proof of Proposition 5.4.1 (Step 2) we now apply (5.4.11), recalling that
a < a1 B1/3, 1o obtain (note that Ag > 1|U(0)|B1/3 by (5.10.1))
BR(G"().i¢) = —C B2 6" (DI (155 ]2 + B2 ¢'12)
= —CB48" DIl + B¢ 12).  (5.10.12)

Let x,, be defined by (2.4.5). By the assumption on v it holds that
xy < CBV4,
Hence, by (5.9.1)
6" (D) < C (B3 f1l2 + B *1p(x) | + B7214112). (5.10.13)
from which we conclude

BR(" (Vid) = =C (Il + B2 f 1)U ll2 + B II¢/ll2).  (5.10.14)

Step 3: We estimate Vg and U’,. Here, we follow the Steps 4 and 5 in the proof of
Proposition 5.4.1 with (5.4.15) replaced by (5.10.13).

By (3.2.1a), (5.4.7), (5.4.19), and (5.10.13), we obtain (compare with (5.4.24))
that

[3olla < CBY*|¢' |12 4+ BBl (xu)| + B7V2| f12). (5.10.15)

Substituting (5.10.15), together with (5.10.13), (5.10.14), and (5.4.19), into (5.4.20)
yields

Lo
c sl
< (B* 1912+ B> 21p(xn)l + B2 AL 12+ BY Bl 12+ B2 (x0)])
+ (14 g ) B 12 + Bl (x)| + B2 f112)?
+ (plhz+ BB 1) U512 + 872 14]12)-

Hence,

Il < C((BYE + ug (B¢l + BEloxn)l) + B7/E1 £12). (5.10.16)

Recall that
wp,+ = Bp+ = pmax(u,0).
Since (5.10.16) is unsatisfactory, given that the coefficient of 81/4|¢’||» + B3/ |¢ (x,)]

is not necessarily small, as will become clear in the sequel, we obtain an improved
estimate in the next step.
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Step 4. For || > B~! we prove under the assumptions of the proposition that

16" = ¢" (D ll2 = C[X2B7V4 £l + (T3 + B17)]g (xo)
+ G+ T2 2], G10.17

Using the definition of v given in (5.4.6), an integration by parts yields
(—¢" +¢" (DT T9) = ¢" = ¢" (Y5 + 1¢I5 + (¢" (D). o). (5.10.18)
By (5.2.2) for s = 1/2 and (5.10.13) it holds that

" (DY, a2p)| < @[¢" (D1 — )2l |9l
< Ca? (BT £l + 1) + B3¢ 112) l1¢ 12

Substituting the above into (5.10.18) yields for sufficiently large Bo

lg” — ¢" (V113 + o?ll¢’ 113
< | =¢"+¢" V250l +Ca? (B3I flla+1p ) +B7E16112) 19| 2-

For sufficiently large B¢ we then obtain that

16" —¢" (V13 < C [liol3 + 2B IS 15+ 6x)P)]. (5.10.19)
‘We now obtain (5.10.17) from (5.9.4) and the fact that o < al,Bl/3.

Step 5. We estimate ||vp||oo under the assumption of the proposition and the addi-
tional conditions || > B~ and > —puo.
Let vp be given by (5.4.2). For the convenience of the reader we recall here
(5.4.4)
N,D .
(&‘iﬂ —Bvp = go, (5.10.20a)

where (after reordering)

go=U+il)(—f +¢"(1)g) —2U'tg —U"¢" ()Y
+U"([¢" () — @] — i) — 20D —UWg. (5.10.20b)

Next, we obtain a bound for || (:C?;’@ — BA) " 'golleo by separately estimating the
contribution of each of the six terms on the right-hand side of (5.10.20b).

To obtain the L*° estimates we repeatedly use the following Sobolev embedding
inequality

lvolles < llvolly? v 13> (5.10.21)
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Writing (U +iA) = (U —v) + i we obtain by (3.1.84)—(3.1.85) (for u < 0),
(3.2.1a) (for u > 0), and (3.3.35), that

IZ5® =BT (U + i) (—f + 6" (D)o
< C(B™ 4 u* B + s B (£ 112 + 10" (D 12112)-

—1/2

Since —po < u < YB , we obtain

£ =BT U + i) (—f + 6" (DD)lloo < CB*(U £l + 16" 1]2).
(5.10.22a)
Using (3.2.1a) and (3.2.1b) we obtain, recalling that, for |v — U(0)| < kB2, we
have x, < CB~1/4,

125 = BT (U ¥g) oo
= (€5 = VIV (x) + (U'(x) = U'(x,))i oo
< C (0B 4+ B75) |05 < CB¥ U5 l2. (5.10.22b)
By (4.6.3) and (3.2.1a) we have
I(2g® = B0~ (¢" (U ) oo
= (€5 — 1)~ (U () + (U" () ~ U] o
<C (B + BB - 0T ]2) "D
By (4.2.10), (4.2.16), and (4.6.1) it holds that
(1= x)* |2 < € Az IH20 gmOr2h/e, (5.10.22¢)
Using (5.10.22¢) with k = 1 yields
I3 = BA™' (@ (DU D)oo < CB 9" (D). (5.10.22d)
For the next term we use (3.2.1a) and (3.2.1b) to obtain that
(£ =BO U (" (DY —¢"] — i0)llo <CB* (¢ ()T —¢" 2+ i)
We then use (5.9.4) and (5.10.17) to obtain that
I3 = BOT U (19" ()T — ¢"] = 59) oo
< R 2BT4 £l + (Y3334 + B3 g (1)
+ (15 +T2)¢|12]. (5.10.22¢)

As by (5.4.6) .
")y —¢" — o = ¢,
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we may also write

I3 = BV U (19" ()T — ¢"] — i) lloo = (L5 — BA) U 0?0
< &3 = BV @[ (x0)]lloo + (£5° = BVTU 0 [$ — §(x0)] oo

Then we use (3.2.1a) and (3.2.1b) together with Hardy’s inequality for the second
term to obtain,

I = BT U oo < Ca®B2(Ip(x0)| + B7/8]¢/112).  (5.10.226)

In the sequel we use (5.10.22¢) for @ > B'/8 and (5.10.22f) for & < B1/8.
We estimate the next term as in (5.10.22a) (as |[U® (x)| < Cx):

25 = B QU)o < € B892 (5.10.22¢)
Finally, we estimate the last term as in (5.10.22¢):
(£ = BT QUDP) 0o < CB2(1p(x)| + B2]I¢/I|2).  (5.10.22h)
Combining (5.10.22a)—(5.10.22h) then yields

lvolle < C[B*y(@ B £ 112 + B 410" (DI HIEI + B4 + B3 155112

+(BYI R+ BT 2 g () [+ (BB 5+ 87N 2], (5.10.23)
where
1 a < pY8,
y( p) = {T—s/zﬂus o> BB,

Substituting (5.10.13), (5.10.16), (5.4.19), and (5.9.4) into (5.10.23), yields, with the
aid of (4.6.5)

lvolleo < B~ *y(a. B)IIS 112
+ (BYT3 3% + B2 g ()| + (Bl + BTV o

By the assumption on 4, we may finally conclude

lvolleo < C(y(a, B4 f 12+ B7V* + ul2BY811p112 + (8712
+ 1338219 (x,)). (5.10.24)

Step 6. We prove (5.10.2) in the case jt > —juo and o < oo f'/%.
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Step 6a. Preliminaries. We continue as in the proof of [3, Lemma 8.8]. We first write,
asin (5.4.31)

¢ =do + b, (5.10.252)

where
¢o = Ao, ¢ =—ATL (U +iM¢" (DY) = —¢" (Dgiap. (5.10.25b)

By Propositions 2.8.1 and 2.9.1, there exists (sufficiently small) C > 0 so that we can
use (2.8.47), for || < C x2, and (2.9.14) for || > Cx2, both holding for sufficiently
small s1o. Hence, we can conclude that for any pair (7, ¢) € Wh2(0, 1) x D(Ayq)
satisfying v = ,A)A,aqg,

U
U +ik

ol = (1126, s )|+ o -0 ). s026)

We apply the above inequality to the pair (—(U + iA)¢”(1)¥, $) to obtain
B(x0)[> < Clo" (D] (1. ¥)| + xul¢”" (D1 = x) /29 [F).
Given that QVS (1) = 0 we write
(. )] < 119/ ll201(1 = )29 [y < C[IAIBT>*[1¢ 2. (5.10.27)
to obtain, with the aid of (5.2.2) and (5.4.31),
(6. )] < 119/ l1201(1 = )29 [y < C[IAIBT> 4114 1. (5.10.28)
and consequently it holds that
6> < C (B¢ l2le" (D] + xu 721" (VD). (5.10.29)
Combining (5.10.29) with (5.10.13) yields
)P < C (121112 + 20 (B2 fll2 + [ (x)| + B8 114']12))
< (BTN £ll2 + o (e + BB ]12).

Since g -
12118 2l eo)| < CE2 (el 1113 + 8216 (xo) )

1/4

for any § > 0 and x,, < C8~"/%, we can conclude that there exists C > 0 such that

forany § > 0

pCx)| < C (71l + BV 12 + Il 2]
+ @G+ BTN + o)l + 8787781 f1I2). (5.1030)
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By applying to the pair (¢, vo) (2.8.65) for U(0) — kB2 < v < U(0) —
Kol ], (2.9.29) for U(0) — ko min(|u|, B71/2) < v < U(0) + ko min(|p|, B~1/?), and
(2.10.12) for U(0) + ko|p| < v < U(0) + koB~1/2, we obtain that

max(xy, |u|'/?)

IRy

With the aid of (5.10.24) we then obtain

max(x,, [|'/?)
lpo(xy)| = C (1 + log |MU|—1/2>

x (y(@, BB S a4+ 1B+ 1 2B 3Nl 2+ 18724+ 1B B30 p (x0)),
(where 4 is given by (3.3.20)), from which we conclude by (5.10.25) that

max (x,, [u|'/?)
prldo ()| < C(l + log |Mv|—1/2)

x (Y, )B4 f Nz + B~V + 1 2BV 12 + ¢ 2]
+ (B2 1 130 13 (k)] + g (x)]]).  (5.10.31)

Combining (5.10.30) and (5.10.31) yields,

~ max(xlh |/’L|1/2)
Bl + Ipts)] < € (1+ log MEEL )

x ([B7Y24 + 1338316 1 811G (xo)] + [po (x0)]
F BV 1PBYE ST 218 N2 + s o]
+y(@. BB f1l2). (5.10.32)

Step 6b. We prove the existence of T > 0, o > 0, and B¢ > 0 such that (5.10.2)
holds for Y171 < < YB™ V2 or —po < . < =Y 1871, with B > Bo.

Let 12
s max(xy. [1]"/2)

where § > 0 is independent of .
Note that for 87! < |u| < x2, we have, for any s > 0,

|1/ \s max (xy, ||/?)
( - ) (1 + log Iul—l/z) <G, (5.10.33)

The above inequality implies (with s = 1), since x, < CS~
such that for all 8 > B,

174 the existence of Bg > 0

§7 Y|V < cpTVA. (5.10.34a)
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Furthermore, (5.10.34) with s = 1/2 leads to

max (xy, |p['/?)

(1410 == 7

)Mi/sﬁ3/16 < Cul/Bxl/2B316 < V3, (5.10.34b)
and with s = 1/12 to

max(xy, [1l1/2)Y - - A g
- )BT < G |2y = CpHAE,

|| 1/2
(5.10.34¢)
Hence, we obtain from (5.10.32) and (5.10.34) that, for sufficiently small T, 3, and
o and sufficiently large By,

(1 + log

max (x,, || /2)
|/ )
X (y(c, BB/ flla+ 1874 + 12 BB+ 11 216 2+ 19 l12]). (5.10.35)

Next, we apply (2.8.1b), for U(0) — ko2 < v < U(0) — ko], (2.9.1) for U(0) —
iomin(| |, 7/2) < v < U(0) + Ko min(| |, B7/2), and (2.10.1) for U(0) + k|| <
v < U(0) + koB~"/2, for p = 400, to the pair (¢, vp) to obtain that, for |u| >
g

$e)] + g (n)] = € (1 +log

max (x,, |p|'/?)
|| 1/2

Note that while applying (2.8.1b) we have, since x2 > % || in this case, that

(1+ log Yol < Clut™* v oo (5.10.36)

llog =451

Ll o
Xy

Then (5.10.24) and (5.10.36) yield with the aid of (5.10.25a),

max (xy, [u]'/?)

e )" (1™ v B 1 1
+ (7B B 2 + 19 l2]
+ (B2 4 BB + o). (5.1037)
Substituting (5.10.35) into (5.10.37) yields
¢l < C(1ul™*y(@. BB fII2
+ [T A BV VI 2+ s la]). (5.10.38)

We now use (2.9.13) for the pair (¢, ¢”(1)(U + i X)¥), together with (5.10.28)
to obtain that

g2 < € (1+ log

I1§'1l2 < C AIBIIT**19” (1)) (5.10.39)
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Using (5.10.13), we deduce from (5.10.39) for sufficiently large Bo

19'1l2 < CUISxn)| + [ ()] + BRI 12 + ¢ ll2] + B8] £1I2)-
(5.10.40)
We then obtain from (5.10.35)

max (x, |[/?)
|| 1/2 )

x (@ BB f A+ 1B~V 4+ 1 2B+ 1 211 12+ Ippll2]).  (5.10.41)

1'll2 = € (1 + log

To obtain the coefficient of || £ ||, we set s = 1/21in (5.10.33) to conclude for |p| < x2

max (xy, |p]'/?)

T

) = Cxlf2uV < CATH Y < Clu

Hence, combining (5.10.41) with (5.10.38) yields

19112 + llgll2 < c(mr““y(mﬂ)ﬁ—”“nfuz

max (x,, |1£|'/?)
|| 1/2

Hence, with the aid of (5.10.34), we obtain that there exist Y > 0 and B¢ > 0 (so that
Y + By is small enough) such that for either T™1871 < u < YB~V2 or —pp <
w < —=""1871 we have

19'1l2 < C w4y @. BB~ fl2 < Cy(@. BB Y2 flo.  (5.10.42)

Combined with Poincaré’s inequality (5.10.42) yields (5.10.2).

In the next step we use a shifting argument and hence it is necessary to obtain
first an estimate for ||¢” — a?¢||». By (5.10.35) and the first inequality of (5.10.42),
we obtain that

" [ﬂ_1/4 4 M:./Z,BI/S + |M|1/2](1 + log )[”5,”2 + ||¢/s)||2])-

¢ (x0)] < [p(x)| + [po ()| < Cy(a, B> *1og B £ 2 (5.10.43)
Substituting the first inequality of (5.10.42) and (5.10.43) into (5.10.15) yields
5oz < C yla. B)(B~>2log B+ |ul~*B72) || f]I.. (5.10.44)

Consequently, by (5.4.6), (5.10.13), and (4.6.5) we obtain, from (5.10.42), (5.10.43)
and (5.10.44),

[¢" —a*¢ll2 < Cy(. B)(B™/*log p + [l *B75) [ fll2. (5.1045)
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Hence, we have proven, under the additional condition that o < 1/8 that there exist
Y > 0 and By > 0 such that for all B > B¢ and either Y™!87' < u < YB~Y2 or
—po < p <=1

19" —a?¢ll2 < C[B~*1og B+ |ul* BT £ 2. (5.10.46)

For o > B1/8 (5.10.45) is deficient (in this case y(a, 8) = Y ~5/281/8) hence we
use (4.5.4) (with v = ¢” —a?¢ and f replaced by f +iBU"¢) instead of (5.10.13),
to obtain that

9" (D] < CB7* Il + B~ 1l2)-

Then, with the aid of (5.10.44) and (4.6.5) we establish (5.10.46) for & > B1/8 as
well.

Step 6¢. We prove (5.10.2) for || < Y1871, where Y > 0 has been determined in
the previous step.
Here, we use a shifting argument. We begin by writing

By ior-ipg-14¢ = [ +2077 (@ — ), (5.10.47)

and observe that A ;= A + 2Y 187! satisfies the assumptions of Step 6b. We then
have by (5.10.46), with A replaced by A,

l¢" =l < C(B™% + a7 4B )9" — @l + 11/ l2].

Consequently,
l¢" — ¢l < CBEN £
We now apply (5.10.42) to (5.10.47) to obtain, with the aid of the above inequality,

16'2 < Cy(@. BB (1 /112 + 19" — &?¢ll2) < Cy(@. BYB?1 f 2

Combining the above with Poincaré’s inequality yields (5.10.2).

Step 7: The case ju < —jio. Here, we use (4.4.3), applied to the pair (¢” — o?¢, f +
iBU"¢), and (1.1.7b) to obtain that

16" (D] < CB 1l + B2 fl2)- (5.10.48)

We then use (2.11.1) for the pair (¢, ¢”(1)(U + iA)¥), together with (5.2.2) for
s = 1/2to conclude
18l < C [ABI7>*1¢" (D). (5.10.49)

From (5.10.48) and (5.10.49), we obtain, with the aid of Poincaré’s inequality, for
sufficiently large B¢

4l < C (B~ *dll2 + B4 £1I2). (5.10.50)
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To estimate ||¢’ ||> we apply (2.11.1) to the pair (¢, vp) to obtain
Ipsll2 < C vslla- (5.10.51)

We use (5.4.7), (5.10.48), (5.4.19), and (3.1.85), applied to the pair (vp,ifU" ¢ —
f + ¢”(1)g), to obtain, that

i ll2 < C 7282191l + B0 f1I2)- (5.10.52)

By (3.1.84) applied to the pair (v, go) and (5.4.4) it holds that

C A ~ ~ 1
lvoll2 < — (A+ 1Dl fll2+1¢" DIE2) + 105 2+ [Toll2+ 16" 12+ 4 11.2)-

~ Blul
(5.10.53)
To bound ||¢” |2 we use the identity
16”113 + 14115 = (¢, ¢" — o), (5.10.54)
to obtain, with the aid of (5.4.6),
16”112 < 5ol2 + 16" (D] 1¥]2- (5.10.55)

Consequently, we obtain from the substitution of (5.4.19), (5.10.52), (5.10.55), and
(4.6.5), into (5.10.53)

lvollz < C(B7211¢" 2 + 7111 12)- (5.10.56)
Next, we apply (5.10.51) and (5.10.56) to obtain
¢l < Cllvola < C(B721¢' 12+ 8711 /112).
Combining the above inequality with (5.10.50) yields
19"ll2 < C B~ £ 2. (5.10.57)

The above inequality, combined with Poincaré’s inequality, completes the proof of
(5.11.2). n

5.11 Resolvent estimates for ~1/2 « U(0) — v < U(0) — U(1/2)

We now consider the case where /4 « x, < 1/2. More precisely, given some

positive YT and v; < U(1/2), we consider for suitable v, > 0 and B¢ the zone
(A.a.B) € CxR2, B > o, < YB~V/2

Ci1(vi, v, T, 0, =
12, e fo) {wfvfU(O)—vzﬂ‘”z,OEafmﬂl“

}, (5.11.1)

for some sufficiently small oy > 0.
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Proposition 5.11.1. Let U € C*([0,1]) satisfy (2.1.3). Let further vy < U(1/2) denote
a positive constant. Then, there exist T > 0, a1 > 0, Bo > 0, v > 0, and C > 0, such
that for (A, a, B) € €1(v1,v2, Y, a1, Bo) it holds that

d
(B + Hd—x(ﬂi’fﬁ,)—l H <C B V?logp. (5.11.2)

Proof. We refer to the notation introduced in (5.4.2)—(5.4.7) for vp, Vp and go.

Step 1. We estimate U5 and 5’9 in L2 for ;1 > —/u, for some, sufficiently small,
Mo > 0.
For the convenience of the reader we repeat here once again (5.4.8)

MU "o, (L5 — Lo +iBU"$)
= [I(U") 205013 + MU e, Vp) — BrllTol} + BR(P" (). id).
As in (5.10.12) we obtain that
BR(Y" ()Y, ig) = —=CB>*1¢" (D|(ITp]l2 + B4 ]12). (5.11.3)

Let x,, be defined by (2.4.5). Since by assumption we have x,, > Cvé/zﬁ_l/“ it holds
by (5.9.1) that, for sufficiently large v,

6" ()] = C(B7 x| f |2
+ B12x; M log(BY4x,) g (x)| + B2x, (¢ 2). (5.11.4)

For a > B1/6 we use (4.5.4) for the pair (¢” — a2¢, f + iBU"¢) to obtain, with the
aid of Poincaré’s inequality, that

19" ()] < Ca™ 2(BY2|1¢/ 12 + B2 £ ]12) (5.11.5)
By substituting (5.11.4) into (5.11.3), we get
BR(@" (DY, id) = —C (B7V*x,V2||¢ll12 + x; Hlog(BY*x,) | (x0)]]
+ B2 ) (I 2 + B22116']12). (5.11.6)

Next, by (5.4.7), (5.4.19), (5.11.4), (3.1.3a), and (3.3.10), we obtain, for the parameter
range set in (5.11.1), that (compare with (5.10.15))

[oll2 < C (x; 9" ll2 + BY6x, %0 lp(x)| + [Bx] 22 f12).  (5.11.7)
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Substituting (5.11.7) together with (5.11.6), (5.4.19), and (5.11.4) into (5.4.20) yields,
with the aid of (5.4.7)

S LA
< (x5 M0z + BY x> 1 (xu) | + [Bx) 11 £ 12)
< (ILf Nl + BY4x; 1219 12 + BY4x; M log(BY/4x,) 1 (x,)])
+max(1, 1B) (x; ¢ ll2 + BYOx7 501 (x| + [Bx] 2211 £ 2)°
+ (B2 M2 + xy  log(BM 4 x) g ()] + BI12x 56 £ 1)
x (I l12 + B3¢’ 112).

Hence,

1 ll2 < C[(BYE + 1/2B82)(x; 19 12 + B0, 56| (xu)])
+ B2 U4 s + BTVEN £ 112)- (5.11.8)

Step 2. 'We prove that

lg” — " (D)l
< C (I9oll2 + B~ 12x, %8 £ 12 + B7V2x,  log(B4x,) |9 (x0)]). (5.11.9)

Step 2.1: Prove (5.11.9) in the case 0 < a < B'/®. We write, as in Step 5 of the proof
of Proposition 5.10.1 and with the aid of (5.11.4) and (5.2.2) (with s = 1/2)

(" (D, a2)| < &2|¢" (D] I(1— )2l 19112
< Ca? (B2 750 £ 112 + B4 [x; Mog(BY4x,) | (xy)]
+x, 219" 120) 1912 (5.11.10)
Substituting (5.11.10) into (5.10.18) yields
lg” — ¢" (Y13 + o293
<[ =¢" + "WV |2 |9ll2 + Ca? (B35 £
+ B4 Mog(BY 4 x0) 1 ()| + X, 1219 [12]) 1|12

For sufficiently large B¢ we then obtain, as x, > f~1/4,

lp” — ¢" (¥l
< C (I9oll2 + a(B71312x,5/8|| f1lo + B74x, M og(BY4x,) [ (x0)])).-

For @ < B/6 (5.11.9) is readily verified.
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Step 2.2. We prove (5.11.9) in the case B/ < a < a1 /3. In this case, we obtain,
instead of (5.11.10), with the aid of (5.11.5) and again (5.2.2) (with s = 1/2) that

" ()Y, o) < Ca®2 (B4 flla+ B4/ 112) 142

Substituting the above into (5.10.18) yields, as above

16" = ¢" (DT ll2 < Cllooll2 + B7/I1f112).
Consequently, (5.11.9) is valid also for /¢ < a < oy 81/3.

Step 3. We estimate vy in L™ for u > —po. Let vg be given by (5.4.2). Recall that
by (5.10.20) (£g — BA)vp = go. To obtain an estimate for ||vp || We begin, as in
Step 6 in Proposition 5.10.1, by rewriting (5.10.20b) as the sum of five terms:

go =[(U —v)(—f +¢" ] + [in(—f +¢"(1)2)]
— 20U = U' ()] + [22U" (x0) i — U ([¢" = ¢" (V] + To)
—2U0®¢' —UWg] - [U"¢"()Y]. (5.11.11)
We separately estimate the contribution of each term on the right-hand side of equa-
tion (5.11.11), using the interpolation inequality (5.10.21). For the first term on the
right-hand side of (5.11.11), we apply (3.3.35) with f replaced by — f + ¢” (1)g. For
the second term, we use (3.1.3a), and (3.1.3b) with p = 2 (both valid for sufficiently
large v,) for —B71/2 < < YB™/2 and (3.1.84)—(3.1.85) for the case u < —f /2.
For the third term we use (3.3.10) and (3.3.11). For the fourth term we use (3.1.3) to
obtain

IEF = BA U (x0)i) oo < € xu[Brs] 72| T 2
Finally, for the fifth term we use (4.6.3) as in the proof of (5.10.22d). Combining the
above yields for x, > Cué/zﬂ_l/“
lvolleo = C [B2 4 fll2 + 10" (DI 12112)
+ [Bx] 72 (16lh2 + 19" — ¢" (D [l + [190]l2)
+ 720,20 ll2 + 7" (D],

Using (5.11.9) we then obtain
lvolleo < C B4 /12 + 16" (D] 1]2)

+ Bl 2 (g2 + 0oz + B~V 12x;  og(BY4x0) |9 (x0)))
+ B2 25112 + B (D] (5.11.12)

For the estimate of |05/, we use a combination of (5.9.4) and (5.11.7).
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Let X, := X, (Y, B) be defined by (5.9.2). Then, there exists Y > 0 such that

[YS/2B714) fllp+ (X383 032 83/16) | (x,)|

lisll2 < € +wV2+T%“%wn] Xy < Xy,
(M 19 N2 + BY6x > 0 lp ()] + [Bx) 2311 £ 1I2) otherwise.
(5.11.13)

Thus, we set
1 x, > Xy,

V(xv,fu) = {

0 x, <Xy
Substituting (5.11.4), (5.11.8), (5.11.13), (4.6.5), and (5.4.18) into (5.11.12) yields
lvolleo < € (B7/8(x2/? + Y3287V £

[y (o, K )BT Pxg 43 g2 3 M2 161316 ()|
v — — — 1/2 —
F [y (o, %) BV 2032 4 B3 2 4 g2 A L 1212 g ).

(5.11.14)
We now obtain an estimate of |¢ (x,, )| (see (5.11.18) below).
Step 4. With, as in (5.10.25)
¢ = o+, (5.11.15)
¢o = AL hvo; ¢ =—A LU +iM¢" (DY) (5.11.16)

and
C(v1,v2, Y, a1, Bo, ko)

- {(,\,a,ﬂ)efl 10©) = vl

Ko

B2 <|ul <Y V2or -

<p< —Tﬂ_l/z},
(5.11.17)
we prove that there exist C > 0, Yy, and Ko such that, for 0 < Y < Y and k¢ > Ko,

there exist ¥, = V2(Y, ko) and Bo = Bo(Y, ko) so that for v, > 7, and (A, @, B) €
€(v1,v2, Y, a1, Bo, ko) we have

16(x0)] + P (xy)]
< C log(|u|™"2x,) (IB™Y* + y (v, 3,0 B7V2x73% 4 125712119 |12
+ 782+ YT fl2). (5.11.18)

By (2.8.47) applied to the pair (¢, ([U + i A]¢” (1)¥)), which holds for (A, a, B) €
€y (v, v2, T, a1, Bo, ko) When vy > Yko, (5.11.4), and (5.2.2) for s = 1/2, we
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obtain that

[p(xu)] < C x}2|g" (D11 — )Py
< C (B¢l + B4, 2 1og(BY4x,) 16 (xy)|
+ B2 B3 £ 1), (5.11.19)

By (5.11.14) and (2.8.65) applied to the pair (¢, vp), we obtain that
o ()] = C log (i ) (B3 (x}/2 + T=52p715:12) 1,
|l /2

A+ [y Coo, X) BTV 43 4 pS1240 13y 2 B0 T3 ()|
+ [J/(Xv,??u)ﬂ_l/z —-3/2 + ,3_3/8xv_1/2 + 13—7/24x3/4
+ 12Xl 2)-

Combining the above yields, using the fact that /4

16 (x0)| + o (x))]
< C log(|ul™2x) (B4 + y(xw, 300872072 + 1 2x72) 14|12
+ [B7 42 log(BY 4 x,) + y (0, %) B, 42
+ ,3_5/24xv_1/3 + [,L_I}_/Z,BI/GX‘)_I/3]|¢(XV)|
+ BTN xS UE T2 ). (5.11.20)

< xy < 1 and that |u| < o

We proceed by showing that the coefficient of |¢(x,)| on the right-hand side of
(5.11.20) can be made arbitrarily small by choosing v, sufficiently large. We separ-
ately bound each term in the brackets.

For the second term we first observe that for x, > Yju

1/28-1/2 e have

log(|u|™"/2x,) B~13x,41% < log<T—1x5ﬁ1/2)[ﬂ1/2x5r2/3
< [log(x2B"2) +1og(Y™H][B"/2x2 7% < C[v;'* +1og Y710, ).
Furthermore, for B¢ (kg) large enough and (A, o, f) € €3(v1, v2, Y, a1, Bo, ko), it
holds that
lul~2x, < B. (5.11.21)

-1/8

Hence, for x, > , we have

log(|e| ™ 2xy) BT < B0 log (Il 2xy) = CBTHC log B,
Combining the pair of estimates, we obtain

log (||~ l/zxv)y(xwxu)ﬂ 3x _4/3 <C( ;18 +10gT 3+,3_1/610g,3).
(5.11.22)
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For the third term, we write, assuming that v, Y > 1 (which implies ,u;l/ 2x,, >

L0)>YV2 for (A, B) € €5 (v1,va, T, a1, Bo, ko)),

|—1/2 1/2ﬂ1/6 2Xu]_1/3,ui/3,31/6

= log(|u| ™" 2x,) [
< Clii/3/31/6 < crl/3

log(|p|™“xv)p

For the first term we obtain with the aid of (5.11.21)
log(||~"2x,) B~ 4 x; log(B'*x,) = CB~'/% log? B.

‘We can now conclude (5.11.18).

Step 5. We prove that there exist C > 0, Yy, and k¢ such that, for 0 < T < Yy and
Ko > Ko, we have for some 7, = 1, (Y, ko) and Bg = Bo(Y, ko) that, for v, > D, and
(A, a, B) € €(vy,v2, T, a1, Bo, ko), (5.11.2) holds true

We first use (2.8.1b) (which holds (A, «a, B) € €,) applied to the pair (¢, vp)
and (5.11.14) to obtain that

Igoll2 < € log(|ul™2x,) (B7>/8(1 + Y=/287V8x | £l
[y (0, X) B3 V6 /2450516 4 1y 2 B1/6 510 gy (x|
O, X B V2x02 4 B33 4 T2 1/4+M1/2

2)-

(5.11.23)

Using (5.11.22) (which holds for (A, a, B) € €,), and the fact that 7'/* < x,,
we write

1og<|u|—“2xv)y(xv,mﬂ—“z -
< CBVox 2R3 (10" +10g Y7103 %% + p~1/01og B)
< C(v;* +log Y1y ! +ﬁ‘1/6 logﬂ). (5.11.24)

Substituting (5.11.18) and (5.11.24) into (5.11.23), we obtain the existence of C > 0
and B¢ > 0 such that for all 8 > ¢ we have

lpllz < € (log(|ul™2x) B~ 211 f I

+ [B7Y0x 23 4 7B 1og B4vy P H10g T YA (16112 + (1 l12])-
(5.11.25)

Note that in the proof we repeatedly use the inequalities

(™2 x,) 72 log (||~ 2x,) < 1 (5.11.26)
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(which holds since |u|~1/2x, > 1 for sufficiently large v,), %vzl/zﬁ_l/“ <x, <1

(which holds for some C > 0), 4 < YB~'/2, and (5.11.21).

We now apply (2.8.46) (which holds for (A, &, B) € €, with sufficiently large v5)
to the pair (¢, ([U + iAl¢” (1)), (5.2.2) for s = 1/2, and (5.11.4) as in (5.11.19)
to obtain that

912 < C (B7V*x; 211412 + B~V 4x; M ¢ (xo)| + B7312x57C £ 1)
(5.11.27)
By (5.11.21), (5.11.18), (5.11.24), and (5.11.26) we have

16 (x,)| <
C({B~V*1og B+ x12[B7 0 log B+ v; "> + v log Y™ + YV/4B71/8Y 14|
+log(||72x,) B8 52 £112).

Hence, for s > 1/2, we have
B4 o ()] = CLW 27 + 1971397
+ B8 10g BY20, 12| £ 1] (5.11.28)
By (5.11.27) and (5.11.28) for s = 1, we obtain

19’2 < C(B™210g Bl fll2 + B34/ ]12)- (5.11.29)

Combining (5.11.29) with (5.11.25) yields if (A, o, B) € €5(v1, V2,21, Bo, Y, ko,)
that there exist positive 8o and C such that for all 8 > B¢ (the reader is referred for a
precise description of the parameter space to the statement of step 4)

19'll2 < 1¢'1l2 + ¢l < CB™ 2 10g Bl £ 2. (5.11.30)

Together with Poincaré’s inequality, (5.11.30) implies (5.11.2) under the assumptions
of Step 4.

To prove (5.11.2) in the next step for || < B~2, we need to obtain an estimate
of ||¢” — a?¢|» under the present condition on . By (5.11.28) for s = 5/6 and
(5.11.30) we obtain under (5.11.17) that for some C > 0 (here and in the sequel the
explicit dependence of C = C(kg, Y) on (kg, Y) is of little concern)

X 0p () < CB log B £ - (5.11.31)
Substituting (5.11.30) and (5.11.31) into (5.11.7) yields that

[oll2 < CB~Y*10g B fl2-
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Consequently, by (5.11.4), (5.4.6), (5.11.30), (5.11.31), and (4.6.5), it holds under the
assumptions and conclusions of Steps 4 and 5 that

lp” — a?¢ll2 < 5oz + 9" (D] ¥l
< CB7V8x, B4V  log(x, B *) log BI £ |12
< CB7 B log Bl £ |- (5.11.32)

Step 6: We prove (5.11.2) for || < B~2. We begin by writing as in (5.10.47)
Briop—20d = f +2671(¢" —?9), (5.11.33)

Hence, by (5.11.32) applied to the pair (¢, f + 2871 (¢” — a?¢)) with A replaced by
A + 2872, we have

I¢" el < C(B~* log Bll¢" — o[l + B~/ log B f |2).

Consequently, we obtain that

" —a?pla < CB~YE10g B f |2

We now apply (5.11.2) to (5.11.33) to obtain

gl < CB7Y210g Bl fIl2 + B 9" — @ ll2).

Hence,

19"l < CB7/10g BII f -

Step 7: We prove (5.11.2) in the case —pi9 < u < —%())_v. We note for below that,

under the above assumption,

Il > —— C( S vi2g=1iz, (5.11.34)

In this case, we can apply (4.4.13), by (5.4.13), to the pair (¢ — a?¢,iBU"¢ + f),
so that the L estimate is applied to iBU" ¢ and the L? estimate to . We obtain

19" (D] < CB2 I fll2 + B2 ™2 [1d o).

Hence, by (2.9.13) applied to the pair (¢, ¢”(1)(U + i X)) (see (5.10.27)) together
with (5.2.2) for s = 1/2 and (5.11.34), we obtain

I9'1l2 < CArI>* B4 f 2 + B~ * 117 2| lloo)
<CETEIS N+ v, 419 112).
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From the above we conclude, using Poincaré’s inequality, that for v, large enough
18112 + IB)] < CB1 £ ll2 + vy g ll)- (5.11.35)

We next use (2.9.29) for the pair (¢, vo) (see (5.4.31b)) to obtain from (5.11.14)

lpo ()| < Cllvolles < C(B"E1fll2 + B7*1¢ 12 + B~ 81 (x,)])

which implies for 8 > By with B¢ large enough
B (xu)| < C(B™BI £ 12+ B7V4|¢ 12 + B~V |p(x1)]). (5.11.36)

In the sequel the explicit dependence on (kg, Y') is of little concern to us and is there-
fore omitted.

Similarly, we obtain, using (2.9.1) with p = 400 for the pair (¢, vp) and
(5.11.14)

dsll2 < Clul™* vl
< Cvy BBV (B3| flla 4+ B4 N2 + BB 16 (x0)).-

Using Sobolev embedding for ¢5, we obtain for sufficiently large v,

Ipsllz < Cvy B(B™21 £ 2+ B~V |2 + 16 (x)]).- (5.11.37)

We now continue as in the derivation of (5.11.30) to obtain by (5.11.35), (5.11.36),
and (5.11.37) for v, and B large enough and 8 > B

19'll2 < 16'1l2 + ¢l < CBT2[ f 2. (5.11.38)

Step 8: The case . < —po. The proof of Step 7 in Proposition 5.10.1 furnishes
(5.10.57) without any modification. Making use of Poincaré’s inequality we then
establish (5.11.2). [ ]

5.12 Large d(3A, [0, U(0)])

In the following we consider the case where v lies outside the interval [0, U(0)]. We
consider two different regimes.

e We begin with case v — U(0) > p~1/2.
«  We then continue by assuming 8/3(—v) > 1.

We begin by introducing for some positive constants oo, Y, S and «; the zone

(o, B)€C xR2, B> By 0<a 50!0,31/3}

Fi(oo, Bo, Y, k1) :=
w<YBYV2 U®©) + K7V <v



The Orr—Sommerfeld operator 190

Proposition 5.12.1. Let U € C*([0, 1]) satisfy (2.1.3) and a9 and Y denote positive
constants. Then, there exist Bg > 0, k1 > 0, and C > 0, such that, for (A, a, B) €
F1 (Ol(), /30, v, K]), it holds that

(B~ + H; (B0 1H <cp~'/2 (5.12.1)

Proof. Step 1 For positive A¢ and @y, we prove that for x; and Bg large enough,
(5.12.1) holds true under the additional conditions that |A| < A¢ and « < &@yB'/*.
Let f € L2(0.1) and ¢ € D(B}',,) satisfy

Byd = f. (5.12.2)

Taking the scalar product of (5.12.2) with
the imaginary part

- ‘(Ujyf 7% f> = m((Ufm)”"f’”> +°‘2%<(Ufm)/’¢,>

HA(19R +eloi3 + (0 0 0)). G23)

T +l T+i1> and integrating by parts yields for

By (2.1.3) we obtain the following auxiliary estimate, which we repeatedly use in the
sequel

@y S —(n—n/2)
” (U—’_Z)L)m H HWHMSCU Vm€R+, VnE[O,Zm],
(5.12.4)
where
b= v—U©) > 0.
As
d) 7 ¢/U/ d)// ¢U// ¢(U/)2
—) ==-2 — 2 5.12.5
<U+i/\) Ui tusma " wxie Trw sy O

we need to estimate four different terms to obtain a bound for the first term on the
right-hand side of (5.12.3). We begin by writing

(@) <l
to obtain by (4.6.5) and (5.12.4)

(e

" (7).

?" - 9" ()P + ((m

<Cv2(llg" = ¢" (WPl + B7410" (D)) I¢'2-
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The contribution of the second term on the right-hand is obtained as follows:

e

T ?) s Tl 13 < CvH (I — ¢ (Y3 + BTV (1)?).

To obtain an estimate for the contribution of the third term on the right-hand side of
(5.12.5) we write

ot

<yt 1)t "
SR <CV (U +id) ¢l "]

<G W + i llllg” — " (WPl + B 48" (D).

A similar estimate is obtained for the last term on the right-hand side of (5.12.5) by
using (5.12.4) withm =2,n =2, i.e.,

M) )
< o7 (9" = 9" (WPI3 + 8721 ()P

| P P VY (A SO R A )}

from which we conclude that

M(U f ; A)N#’”) =7 (19" = "3 + B2 ()2
2L ieR). e

For the second term on the right-hand side (5.12.3), we use (5.12.4) to obtain

2|~ ¢ "y 2v—1/2 ¢ C 12 4 /
Pl ) ) 2 (], - 52
Finally, as U” (x)(U(x) — v) > 0, we can deduce that
N ,¢)> min |U" D . 5.12.8
(i) min 00| 55, 6.128)
Substituting (5.12.6)—(5.12.8) into (5.12.3) yields
M2 L 212 L ¢ 2 -1 ¢
1915 + 2915 + 5 5 | = 87| sz L 11
+ 07 (Ilg" =" (V15 + B 21" (P + 5" +e?]l¢'113)

+@ gl
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From the above inequality we conclude, for sufficiently large «; and By,

I+ 57

< CB2Nf a4+ 072197 = ¢ (DYl + BT (D] (5.12.9)

Clearly,

(L5 — BA)(=¢" +a’p) = [ +ipU"$,
where 3, is given by (4.7.1). For sufficiently large «;, (4.2.1) and (4.2.2) hold and
since 1 < YB~Y/2, we may use (4.2.4) here to obtain

19" ()] < CB™V35712| £ l2 + BY207 124/ |12). (5.12.10)

Substituting (5.12.10) into (5.12.9) yields for sufficiently «; and B¢

/ ~1/2 ¢ —-1/2y1/2 N=1/20 411 411 >
192+ 52| Gz |, < CBT IOV N + 5729 = 9" (DT ).
(5.12.11)
To estimate ||¢” — ¢” (1) ||» we set (see also (5.4.2)—(5.4.7))
Ulld) R Vo
bo = —¢” + a? ")y = : 5.12.12
bo = ¢ +a’p + e H 9P = (5.12.12)
A simple computation yields
(£53° - Ao = h, (5.12.13a)
where U
"
h=—f-— "(1)g. 5.12.13b
f=(grg) +e'me (5.12.13b)

By [16, Theorem 1.3], which can be applied to the even extension of ¥ and 4 to
(=1, 1), it holds that
9ol < CB~?|h])2.

Hence, using (5.12.4) and (4.6.5) yields, as ||¢” |2 < ||¢” —¢" () |2+ |¢” (D |V |2,

loollz = CB2(If 2 + 16" W I2ll2 + 77" 19" = ¢" (DT |2

“14147(1)] + 9732 ¢! “—IH ¢ H . (5.12.14
BT W+ + 57 g ], (1214
Consequently, by (5.4.19) and (5.12.10) it holds that
(Y P Cﬂ‘”z(llfllz + 07 ¢" =" (DY |l
v=3/2 | ~—1/201/4\|| 4! v—1H ¢ H 512.15
T T2 + 57| g |- (G1219)



Large d(JA,[0,U(0)]) 193

By (5.10.18), it holds that
16" — 6" (Y13 + ?(14'13 < CITo 13 + o?[¢" (D] ¢ [21(1 = )9 1)
Here, we recall that
U//d)
U+
Using (5.2.2) and (5.12.10), we may conclude that for sufficiently large «, it holds
that

~ A

UV = UV®

(5.12.16)

I¢” = #" V15 +el1¢'13 < C (I3 + B~/ 574 £13).

Then, we obtain from (5.12.12) and (5.12.16) that

Y/ 1 > <C ~ H d) H —5/4 .
19" 9" il = (Il + | gz |, + 87 1712)
By (5.12.15) we then obtain for sufficiently large k;
16" —¢" (DT Il2
<c(gV2 v—3/20—1/2 | x—=1/20—1/4\| 4/ H ¢ ” .
<C(BI 72+ G727 15BN 9 + | ey )

Substituting the above into (5.12.11) yields

1812+ 5] 2]

< CBVR[0 2N £l + 2B 4 5T BT g

L)

For sufficiently large x; and B¢ we then obtain (5.12.1).

Step 2. We prove that there exists A¢g > 0 and B¢ such that (5.12.1) holds under the
additional condition |A| > A.

Clearly, we must have either u < —A¢/20rv > A¢/2.

Consider first the case where u < —1¢/2. As in (5.8.15) we write

R(p. Brapd) = 19”15+ [nlBIS 15 + 2 9l5] + BIU'$.¢").  (5.12.17)

Consequently, using Poincaré’s inequality, we obtain

C
¢l < A—O(ﬂ_lllfllz + 119"1l2). (5.12.18)

For sufficiently large A¢ and B¢ we can then conclude (5.12.1).
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For v > X¢/2 we write

3¢, Baa,p9) =B(—((U—)¢", ¢') +a((U—v)¢', ¢") =M(U'¢p, ¢") = (U"$, ).
(5.12.19)
Using Poincaré’s inequality we then obtain

C

2 < m(ﬁ_IIIfIIz +11¢112).

19!l

which validates (5.12.1) for sufficiently large Ay and By.

Step 3. We prove that there exist positive Bg, 0o, and g such that (5.12.1) holds for
FoBl* <o < apBl3.

An integration by parts yields, in view of (5.4.6) (see also Step 2 of the proof of
Proposition 5.11.1)

(@.9) = 413 + 213 — ¢" (1){g. V).

Since by (5.2.2) ~ ~
e, V)] < 19llooll¥lli < CBTV? ¢ |00,

we obtain

167115 + @215 < 8ll2l1T0ll2 + CB™*[llooled” (D).

We can now conclude that

1915 + 2915 < Cle?oll3 + B721¢" (D] 1$lloo). (5.12.20)
yielding
1812 < 19121912 < 5 (19'15 +?l91)
< C@?[|Tnll3 + o ' 872" (D] 1 lloo)-
We may then infer that
[#lloo < Cle™2|Tpll2 +a™' 87216 (D))).
By (5.10.13) and (5.10.15) (both remain valid in the present case) we obtain

I$lloo < CT ' (I8lloc + B7216'12 + 877211 fII2).

For sufficiently large &y it follows that

[plloe < Caig (B~ 8llg"ll2 + B2 f1I2)- (5.12.21)
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Consequently, using (5.10.13) and (5.10.15) once again, it holds that
¢ (D] + B E 00l < CETVEIf 112 + 7514 I12)- (5.12.22)
Substituting (5.12.21) into (5.12.20) then leads to
19'113 < C@?l5ol5 + @' B~ *18" (1112 + B~/ f1l2D.
Making use of (5.12.22) we then obtain that
I¢'ll2 < €& 219/ Il + B>/ £ ).

For sufficiently large & we can then conclude (5.12.1) under the conditions of this
step.
The proposition is proved. ]

We continue by introducing, for some positive constants «g, Y, Bo and k5, the
zone

Fa(ao, Bo, T, Kk2)
= {(L, @, ) €CxR2, B> Bo,0<a < aof', pn < YB7V2 v <~k 713},

Proposition 5.12.2. Let U € C*([0, 1]) satisfy (2.1.3). Let further cg and Y denote
positive constants. Then, there exist Bg > 0, ko > 0, and C > 0, such that for all
(A, a,B) € Fa(ap, Bo, T, k2) it holds

d
[@2)7| + H%(ﬂfffﬂ)—l H < CB | M og B. (5.12.23)

Proof. Taking the scalar product of (5.12.2) with w = (U — v)~!¢, and integrating
by parts yields for the imaginary part (see (5.12.3))

=S, f) = (", ¢") + I, ¢')

+ (I = 'l +aIgl3a2 13 - u1(5

¢ U’¢
—v’ |U—|—i)t|2>)’

Hence, since (U — v)~1U” < 0 we obtain that for any § > 0 there exists C > 0 such
that

1
UG nw'[3 + v w'l3) + e?llgl3
< CE' BN+ w5+ B~ w5+ 872214151+ 87 1S (w”, ¢")1).

Step 1. With Ag > 0, we prove (5.12.23) for (A, a, B) € F2(o, Bo, T, k2) satisfying
|A] < Ao-

Step 1a. We estimate g = % (as defined by (5.12.12)). By (5.12.13) and (3.1.3)
it holds that
Iooll2 < € B2/ || (5.12.24)
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where £ is given by (5.12.13b). Hence,

il

Il <€ (1 11-+ 19" (D1 1212+ U fup |+l (U +ir)? .+ U+l

_C(||f||z+|¢”(1)|||§||z+|/\|‘1||¢”llz+Hm” mey“

(5.12.25)

To estimate the last two terms we use a decomposition of the interval of integration.
(Note that for v < —1 we have | - [[12(0,1—jv1/2) = 0and || - | L2 —jppr2,1) = [ - 122
In addition, we need the bounds

(U +i2) ™[l Looo,1-ppjir2) < Clv| ™2

and
(U +id) ™ |lLo,) < CIAI™"

We now write

IAll2 < C(||f||2 + 10" I Iglz + A7 "1z + 1M1 2 —pwpi/2.0

+ 1719201 upzy + 12172

U +idllLza—pw|i/2,1

+ |v|_1H

U+iA L2(o,1—|v|1/2))'

By Hardy’s inequality (2.2.8) it holds that

|+

< || =
L2(0,1—|v|1/2) — H U ‘ L2(01 [v|1/2)

||¢ ||L2(01 [v]1/2)-

H 1—x ‘ L2(0,1— \v|1/2)

On the interval (1 — |v|'/2, 1), we have again by (2.2.8)

H U+ zA‘Lz(l w172, 1) Cl9'l2-
Combining the above yields
2]l <
C(>If 2 + 16" MHIEN2 + AT "2 + A2 I L2 —ppprrz,ny + I8 112)-

(5.12.26)

By (5.4.15) and (5.4.19) it holds that

18" (W) I£ll2 < CIAT4BY41¢ 12+ B2 £ ]12).- (5.12.27)
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Substituting (5.12.26) and (5.12.27) into (5.12.25) we obtain
Il < C(If 2 + 1A 9" Il2
+ [+ BT 2 + A2 L2 pi/2n) - (5.12.28)
To bound ||¢”||> we use (5.10.54)—(5.10.55) and (5.12.16) to obtain

¢
U+il

By (4.6.5), (5.12.24), (5.12.28), (2.2.8), and (5.4.15) (repeatedly using the lower
bound |v| > k»87'/3) it holds that

16”12 < COAM* BT 21 fll2 + B72PIA 79" 12 + X814 119 [12).

16”12 < 19" = o2$ll2 = i ll2 + 1U” o] |, +10" 1172,

For sufficiently large 8¢ we then obtain
16”112 < CAA* B2 £ll2 + [ABIY* 19 l12)- (5.12.29)
Substituting (5.12.29) into (5.12.28) yields

Il < €I Nl + IvI7 4 BY*RA4116 12 + 1A 7219 12— ppp172.0))-

(5.12.30)
To use (2.7.1b) we must provide an estimate for
N@ws,2) = (1 =0)"2(U + i) vslh = [(1—x) o]
Thus, we use (3.1.75) and (5.12.13) to obtain
(1= x)?0o )1 < CIU —v)ds];
= CIW =022 [V = vyisla = € EL .

B

Hence, we may conclude from (5.12.30) that
(1= x)" b <

log B - - -
5 (LA 2+ 07 B4 49 2+ 1M 219 L2z, )- - (5-12.31)

Step 1b: We prove (5.12.23). Asin (5.4.31), welet ¢ = ¢ + 5, where

Cc

po = A (U +iA]ip) = A3 ve

and . R
¢ = AL @ (DU +idy).
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By (2.7.2) applied to the pair (¢, ¢”(1)[U + i A]¥) it holds that

() < C(1—x) 21+ 0721 =) 2|¢" (1)($, )| />.
Hence, integrating over (0, 1),

(6, ¥)| < CUA =029 [l + 721 = )P 1)1, )21 (D],

which implies

(6, ¥)] < CUIA =) 1 + w7210 = )P ()7 18" (D).
By (5.2.2) and (5.4.15) we then obtain

(@, ¥)| < CIABIT I¢' Nl + B7/C1 S 12). (5.12.32)

Using (2.7.3) applied to the pair (¢, ¢” (1)[U +i A]¥), together with (2.7.6), (5.12.32),
and (5.4.15) yields

1613 < C w7 A28 (119 2 + B8Nl f112)2
For sufficiently large «» (and (A, «, B) € F2(o, Bo, T, k2)) we then conclude that
1612 < € I8~ 4 U5 llz + B0 £ 12). (5.12.33)

By (2.7.8) and (2.7.3), applied again to the pair (¢, ¢” (1)[U + i A]¥), we then obtain
that

1617 21 ppji/2.1) < € WI72 187D 1, ).
Using (5.12.32), we then conclude that
16/ L2 /2.0y < C IT2B7 4 (gl ll2 + B £ ). (5.12.34)

By (2.7.1a) applied to the pair (¢po, (U+iA)vo), (5.12.31), (5.12.33), and (5.12.34),
it holds, as ¢ = ¢ + ¢, that

g2 < ClI7H I —x) 0]l

log,B
<C 3 I 2 + Tl + BY 4] 734 + ]2 8714l gh Il

+ A2 15 I 2a—w1/2,1))- (5.12.35)
For sufficiently large 8¢ we obtain from (5.12.35)

logg _ P
¢oll1,2 < CT| VNS llz 4 A2 M L2 aojvi/2.0)- (5.12.36)
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For v < —1/2, we immediately obtain from (5.12.36) that for sufficiently large B¢

1
léolha < c%ﬁwrlufnz. 65.12.37)

For v > —1/2, we substitute (5.12.36) into (5.12.31) to conclude, with the aid of
(5.12.33) and (5.12.34)

. log B _
11— x)?dp )y < CT(llfllz + A2 L2 —p(12.1)-

We can now use (2.7.1b) applied to the pair (¢, (U 4+ iA)Tp) to obtain

logB _ _
¢ 22,1 < CTM 42 + 1A 2 L2 pp2.)-

For sufficiently large 8¢ we obtain that

logf, _
||¢/3)||L2(1—|u|1/2,1) = CTM 4 £ 12,

which, when substituted into (5.12.36), yields in the case —1/2 < v

lo _
||¢©||1,2§C%'3U| £l

The above inequality, together with inequalities (5.12.33), (5.12.37) yields (5.12.23)
for |A| < Ap.

Step 2. We prove that there exists A9 > 0 such that (5.12.23) holds true for any
(A, a, B) € Fa(ao, Po, Y, k) satisfying |A| > Ay.

The proof is almost identical with Step 2 of Proposition 5.12.1. If © < —A¢/2
we obtain (5.12.18) from (5.12.17) and then (5.12.23) for sufficiently large Ag. If
v < —Ao/2 we use (5.12.19) to obtain (5.12.18) once again. [

Remark 5.12.3. Note that there exists z; > 0 such that for all x < —u; 871/3 equa-
tion (5.12.33) remains valid even in the case where k» is not necessarily large. Thus,
we may conclude that under the conditions of Proposition 5.12.2 for all k; > 0, there
exist Bo > 0, uy > 0, and C > 0, such that for all (A, «, B) € Fa(g, Bo, Y, k2)
satisfying . < —p1 B3 (5.12.23) holds true.



