
Chapter 5

The Orr–Sommerfeld operator

5.1 Introduction

In this chapter, we prove Theorems 1.1.1 and 1.1.2 by obtaining inverse estimates
for the Orr–Sommerfeld operator (1.1.7b). As in [3], we use the estimates for the
inviscid operator A�;˛ from Chapter 2 together with the resolvent estimates for the
Schrödinger operators L

N;D
ˇ

and L
ˇ

�
from Chapters 3 and 4. In contrast with [3] we

need to consider here many different cases depending on the values of =� and ˛.
Figure 5.1 presents a rough sketch of the various domains where each estimate

is valid in the .˛; �/ plane (� D =�). The blank domain denotes the domain in the
.˛; �/ plane where resolvent estimates have not been obtained. We refer the reader to
Section 1.2 for a brief explanation of the methods of the proof.

In the following we explain why the division of the .˛; �/ plane into 10 sub-
domains is necessary. Propositions 5.12.1 and 5.12.2 deal with the case where � 62
Œ0; U.0/� making use of the invertibility of Ai�;˛ in these cases. The necessity of
Proposition 5.7.1 which deals with the case ˛ & ˇ1=3, and Proposition 5.8.1 (and
Proposition 5.8.2) which deals with the case ˛ � ˇ�1=6 is explained in Section 1.2.
Proposition 5.6.1 deals with the case j�j < �0 < U.0/ and 1� ˛ � ˇ1=3. In this
range of ˛ values we may effectively use the fact that k.�d2=dx2 C ˛2/�1k is small
at the conclusion of the proof. Proposition 5.4.1 deals with the case � � ˇ�1=5Cı for
any 0 < ı < 1=5 and ˛ . 1. In the proof we use the same methods as in [3], till the
value of � becomes to small due to the non-invertibility of A0;0. For j�j � ˇ�1=5Cı

and ˇ�1=10Cı=2� ˛ . 1 we use Proposition 5.5.1. This range of ˛ values allows the
application of Proposition 2.5.1 towards the end of the proof. Proposition 5.10.1 deals
with the case where jU.0/� �j . ˇ�1=2. Here, we can approximate U by a quadratic
potential near x D 0 and use the estimates in Sections 2.9, 3.2, and 4.3. Finally, Pro-
position 5.11.1 deals with the transition from a linear behavior of U � U.x�/ (x� is
defined in (2.4.5)) to a quadratic behavior near x� .

5.2 Preliminaries

We begin by recalling from (4.6.1) the definition of the boundary terms

y �;ˇ .x/ D
Ai
�
ˇ1=3e�i�=6Œ.1 � x/ � i��

�
Ai
�
e�i2�=3ˇ1=3�

� �.1 � x/; (5.2.1)
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Figure 5.1. Summary of the results in Chapter 5.

where we recall that � is given by (2.6.20). We also recall from [3, Section 8.3.2,
equation (8.91)] that there exists ‡ > 0 such that, for all ˇ � 1 and <� < ‡ˇ�1=3, it
holds that

k.1 � x/s y �;ˇk1 � C �
�.sC1/=2

ˇ
ˇ�.sC1/=3; s 2 Œ0; 3�: (5.2.2)

Similarly, from [3, Proposition A.8 and equation (A.43c,d)], we can conclude the
existence of C > 0 such that

k.1 � x/s y �;ˇk1 � C �
�s=2

ˇ
ˇ�s=3; s 2 Œ0; 3�: (5.2.3)

We further recall the definition of the inviscid operator in equation (2.1.1), which is
the Neumann–Dirichlet realization in .0; 1/ of

A�;˛
def
D .U C i�/

�
�
d2

dx2
C ˛2

�
C U 00

for � 2 C and ˛ 2 R. We note that A�;˛ is invertible when either � 62 Œ0; U.0/� or
j�j > 0, either by Proposition 2.6.1 or by Proposition 4.13 in [3] which holds true
since jU 00j > 0. We introduce in addition

��;ˇ;˛ WD A�1�;˛.U C i�/
y �;ˇ : (5.2.4)
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We dedicate this section to two extensions of [3, Lemma 8.1]. These are useful in
order to establish the contribution of the boundary terms in (1.2.6). The reader is
referred to Section 1.2 for more details on the necessity of these estimates. The first
of them is the following lemma which considers the case � > ˇ�1=5. The proof is
significantly more complex than the proof of [3, Lemma 8.1] in view of the non-
injectivity of A0;0.

Lemma 5.2.1. Let U 2 C 3.Œ0; 1�/ satisfy (2.1.3). There exist positive constants ‡ ,
C , yC , �0, and ˇ0 such that, for all ˛ � 0, ˇ � ˇ0, � 2 C for which � < ‡ˇ�1=3,
� ¤ 0, and ˇ�1=5 < � < �0 it holds that

k��;ˇ;˛k1;2 � C�
�1 Œj�jˇ��3=4 (5.2.5)

and
j��;ˇ;˛.x�/j � yC Œj�jˇ�

�3=4: (5.2.6)

Proof. Step 1. We prove (5.2.5) and (5.2.6) for the case ˛2 < ��1 and 0 < j�j < 1.
By (2.6.4) applied to the pair .�; v/ with v D .U C i�/ y (see (5.2.4)), it holds

that
j�.x�/j

2
� C jh�; y ij: (5.2.7)

Let Qx� D .1 C x�/=2. To estimate the right-hand side of (5.2.7), we first obtain a
bound for k�0kL1. Qx� ;1/. To this end, we integrate the balance .U C i�/�1A�;˛�D y 

over . Qx� ; 1/ to obtain

k�00kL1. Qx� ;1/ �
�
˛2 C

C

�

�
k�kL1. Qx� ;1/ C k

y kL1. Qx� ;1/: (5.2.8)

Since �.1/ D 0 it holds that

k�kL1. Qx� ;1/ � k�
0
kL1. Qx� ;1/k1 � xkL1. Qx� ;1/ � C k�

0
kL1. Qx� ;1/�

2: (5.2.9)

Using (5.2.8), (5.2.9), (5.2.2) for s D 0, and the fact that (in this step) ˛2 � j�j�1, we
obtain that

k�00kL1. Qx� ;1/ � C .�k�
0
kL1. Qx� ;1/ C Œj�jˇ�

�1=2/: (5.2.10)

Clearly, there exists z� 2 Œ Qx� ; 1� such that

j�0.z�/j � j1 � Qx� j
�1=2
k�0kL2. Qx� ;1/ �

yC j�j�1=2k�0kL2. Qx� ;1/:

Since for any x 2 . Qx� ; 1/ it holds that

j�0.x/ � �0.z�/j � k�
00
kL1. Qx� ;1/;

we can deduce that

k�0kL1. Qx� ;1/ � C�
�1=2
k�0kL2. Qx� ;1/ C k�

00
kL1. Qx� ;1/: (5.2.11)
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We can then conclude, using (5.2.10), that we can choose �0 > 0 and C > 0 such that
for all 0 < � < �0

k�0kL1. Qx� ;1/ � C.�
�1=2
k�0kL2. Qx� ;1/ C Œj�jˇ�

�1=2/: (5.2.12)

We now write

jh�; y ij � jh�; y iL2. Qx� ;1/j C jh�;
y iL2.0; Qx�/j

� k�0kL1. Qx� ;1/k.1 � x/
y kL1. Qx� ;1/ C k�

0
k2k.1 � x/

1=2 y kL1.0; Qx�/;

(5.2.13)

and then observe that

k.1 � x/1=2 y kL1.0; Qx�/ D k.1 � x/
�5=2.1 � x/3 y kL1.0; Qx�/

� .1 � Qx�/
�5=2
k.1 � x/3 y kL1.0; Qx�/

� C ��5=2 k.1 � x/3 y k1: (5.2.14)

By (2.6.2) with v D .U C i�/ y together with (2.6.1) it holds that

k�0k2 �
C

�3=2
kŒ.1 � x/1=2 C ��1=2.1 � x/� y k1: (5.2.15)

Hence, by (5.2.2) with s D 1=2; 1; 3, (5.2.14), and (5.2.15) we obtain that

k�0k2k.1 � x/
1=2 y kL1.0; Qx�/

�
C

�4
kŒ.1 � x/1=2 C ��1=2.1 � x/� y k1k.1 � x/

3 y k1

�
yC

�4
.Œj�jˇ��11=4 C ��1=2Œj�jˇ��3/:

Then, since by assumption � > ˇ�1=5, we obtain that

k�0k2k.1 � x/
1=2 y kL1.0; Qx�/ �

zCˇ�1=5 Œj�jˇ��3=2: (5.2.16)

By (5.2.2) with s D 1 and (5.2.12) we have that

k�0kL1. Qx� ;1/k.1 � x/
y kL1. Qx� ;1/ � C .�

�1=2
k�0kL2. Qx� ;1/ C Œj�jˇ�

�1=2/ Œj�jˇ��1:

(5.2.17)
Substituting (5.2.17), together with (5.2.16) into (5.2.13) then yields

jh�; y ij � C.j�j�1=2k�0kL2.x� ;1/ C Œj�jˇ�
�1=2/Œj�jˇ��1: (5.2.18)

We now use (2.6.19) and (2.6.1) to obtain that

k�0kL2.x� ;1/ � C
�
��1=2jh�; y ij1=2 C kŒ.1� x/1=2 C ��1=2.1� x/� y k1

�
: (5.2.19)
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Substituting (5.2.19) into (5.2.18) yields, with the aid of (5.2.2) and the fact that
� > ˇ�1=5

jh�; y ij � C.��1jh�; y ij1=2 C Œj�jˇ��1=2/Œj�jˇ��1;

which immediately implies

jh�; y ij � C.��2Œj�jˇ��1 C Œj�jˇ��1=2/Œj�jˇ��1 � zC Œj�jˇ��3=2: (5.2.20)

From the above inequality, with the aid of (5.2.7), we conclude (5.2.6). Hence, by
(5.2.19), we also get that

k�0kL2.x� ;1/ � C �
�1=2Œj�jˇ��3=4: (5.2.21)

To obtain an effective bound for k�0k2 we use (2.6.53) and (2.6.1) to obtain, with the
aid of (5.2.19), (5.2.21), and (5.2.2)

k�0k2 � C
�
kŒ.1 � x/1=2 C ��1=2.1 � x/� y k1 C �

�1=2
k�0kL2.x� ;1/

�
� zC ��1Œj�jˇ��3=4; (5.2.22)

from which we conclude (5.2.5) by using Poincaré’s inequality.

Step 2. We prove (5.2.5) and (5.2.6) for the case ˛2 > ��1 and j�j � 1.
To obtain (5.2.5) for ˛2 > j�j�1 and � < �0, we observe that for any A0 > 0 we

can choose �0 such that ˛2 � A0 for � < �0, and consequently use (2.6.86) in the
form (with v D .U C i�/ y )

k�k1;2 � C



Œ.1 � x/1=2 C ��1=2.1 � x/� v

U C i�





1

D C kŒ.1 � x/1=2 C ��1=2.1 � x/� y k1:

Using (5.2.2) and the fact that � > ˇ�1=5, we obtain,

k�k1;2 � yC.Œj�jˇ�
�3=4
C ��1=2Œj�jˇ��1/ � zC Œj�jˇ��3=4;

which implies (5.2.5) for ˛2 > ��1. We now use (5.2.7) to obtain

j�.x�/j
2
� Ck�0k2k.1 � x/

1=2 y k1: (5.2.23)

We may then conclude (5.2.6) as well by using (5.2.5) and (5.2.2).

Step 3. We prove (5.2.5) and (5.2.6) for j�j � 1.
The proof of (5.2.5) in this case follows from (2.6.17) which yields

k�0k22 � C jh�;
y ij:

Consequently, by (5.2.2) we obtain that

k�0k22 � Ck�
0
k2k.1 � x/

1=2 y k1 � zC Œk�jˇ�
�3=4
k�0k2;
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yielding, thereby,
k�0k2 � yC Œk�jˇ�

�3=4:

We can then complete the proof of (5.2.5) by using Poincaré’s inequality. The proof
of (5.2.6) follows from (5.2.5) and Sobolev embeddings.

We next consider (as in Proposition 2.5.1) the case j�j � 1 and ˛ large enough,
which will be sufficient to guarantee a satisfactory estimate of kA�1

�;˛
k despite the fact

that A0;0 is not injective.

Lemma 5.2.2. Let ı > 0, and U 2 C 3.Œ0; 1�/ satisfy (2.1.3). There exist positive
constants ‡0, �0, C , and ˇ0 such that, for all ˇ � ˇ0, all � 2 C n ¹0º for which
��0 < <� � ˇ

�1=3‡0, j=�j < �0, and ˛ � ˛�;ı , it holds that

jck.�; ˇ; ˛/j �
C

j˛2kU k22 C i�j
.��1ˇ ˇ

�2=3
C �

�1=2

ˇ
j�jˇ�1=3/ (5.2.24a)

and


��;ˇ;˛ � ck.�; ˇ; ˛/U 



1;2

� C
h
�
�3=4

ˇ
ˇ�1=2 C

j�j

j˛2kU k22 C i�j
.��1ˇ ˇ

�2=3
C �

�1=2

ˇ
j�jˇ�1=3/

i
; (5.2.24b)

where, as in (2.3.1),

ck.�; ˇ; ˛/ D
hU; ��;ˇ;˛i

kU k22
;

and as in (2.5.1)
˛�;ı D kU k

�1
2 .j=�j.1C 2ı//

1=2:

Proof. We write as in (2.3.1) with � D ��;ˇ;˛

� D ck U C �?:

Then by (2.5.3a) and (2.5.2b), there exists �1 such that for 0 < j�j < �1,

jckj �
1C C j�j2 log j�j�1

j˛2kU k22 C i�j
.k.U C i�/ y k1 C C j�jk y k1/: (5.2.25)

It follows from (5.2.2) (with s D 0) that for some positive C

k y k1 � C �
�1=2

ˇ
ˇ�1=3: (5.2.26)

Furthermore, by (5.2.26) and (5.2.2) (with s D 1)

k.U C i�/ y k1 � j�j k y k1 C Ck.1 � x/ y k1 � yC.j�j�
�1=2

ˇ
ˇ�1=3 C ��1ˇ ˇ

�2=3/:

(5.2.27)
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Consequently, for ˇ0 large enough, there exists �0 < �1=
p
2 such that for any j�j �

p
2�0 it holds by (5.2.25), that

jckj �
C

j˛2 kU k22 C i�j

�
��1ˇ ˇ

�2=3
C j�j�

�1=2

ˇ
ˇ�1=3

�
;

readily verifying (5.2.24a).
We now apply (2.5.3b) to obtain

k�?k1;2 � C
h
k.1 � x/1=2 y k1 C

j�j

j˛2kU k22 C i�j
.kU y k1 C C j�jk y k1/

i
which, combined with (5.2.2) (with s D 1=2 and s D 1), (5.2.26), yields

k�?k1;2 � C
h
�
�3=4

ˇ
ˇ�1=2 C

j�j

j˛2kU k22 C i�j
.��1ˇ ˇ

�2=3
C �

�1=2

ˇ
j�jˇ�1=3/

i
;

(5.2.28)
establishing, thereby, (5.2.24b).

5.3 Resolvent estimates and Fredholm property

We recall from the introduction that

B
N;D
�;˛;ˇ

D .Lˇ � ˇ�/
� d2
dx2
� ˛2

�
� iˇU 00 (5.3.1)

on .0; 1/ with domain (see (1.1.11))

D.B
N;D
�;˛;ˇ

/ D
®
u 2 H 4.0; 1/; u0.0/ D u.3/.0/ D 0 and u.1/ D u0.1/ D 0

¯
(5.3.2)

and

Lˇ D �
d2

dx2
C iˇU: (5.3.3)

Note that this domain is independent of the parameters .�; ˛; ˇ/, i.e., D.BN;D
�;˛;ˇ

/ D

D.B
N;D
0;0;0/.

It can be easily verified that B
N;D
0;0;0 is invertible. Next, we observe that

B
N;D
�;˛;ˇ

�
B

N;D
0;0;0

��1
D I CK�;˛;ˇ ;

where K�;˛;ˇ is a compact operator from L2.0; 1/ to L2.0; 1/. Hence, I C K�;˛;ˇ
is a Fredholm operator. Considering again the family B

N;D
�;˛;ˇ

D .I CK�;˛;ˇ /B
N;D
0;0;0,

we can conclude that it is a Fredholm family from D.B
N;D
0;0;0/ into L2.0; 1/.

Since its index depends continuously on .˛; ˇ; �/ and vanishes for .˛; ˇ; �/ D
.0; 0; 0/, it must be zero for all .�; ˛; ˇ/ 2 C �R2.
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The rest of Chapter 5 is dedicated to the estimation of .BD;N
�;˛;ˇ

/�1. In practice, we
first show in each section that for some subset of parameters .�; ˛; ˇ/,

� 2 D.B
D;N
�;˛;ˇ

/) k�k1;2 � C.�; ˛; ˇ/kf k2; (5.3.4)

where f D B
D;N
�;˛;ˇ

�. It follows that B
D;N
�;˛;ˇ

is injective and since its index vanishes,

we can conclude the existence of .BD;N
�;˛;ˇ

/�1 W L2.0; 1/! D.B
N;D
0;0;0/ together with

the estimate

k.B
D;N
�;˛;ˇ

/�1k C



 d
dx
.B

D;N
�;˛;ˇ

/�1



 � C.�; ˛; ˇ/: (5.3.5)

5.4 Resolvent estimates for ˇ�1=5 � j=�j < U.0/

The next proposition is somewhat similar to [3, Lemma 8.8] albeit with a significant
difference: the fact that A0;0 is not invertible, which makes the estimates become
significantly more complex.

Proposition 5.4.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and the assumption U 000.0/D 0.
Let 0 < ı < 1=5, �0 < U.0/, and ˛0 denote positive constants. There exist C > 0,
and ˇ0 > 0 such that for all ˇ � ˇ0, it holds that

sup
0�˛�˛0

<��ˇ�2=5�ı

ˇ�1=5Cı�=�<�0

=�
�

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



� � Cˇ�1=2Cı : (5.4.1)

Proof. We assume throughout the proof, without any loss of generality, that 0 < ı �
1=30.

Step 1. Preliminaries. Let � 2 D.BN;D
�;˛;ˇ

/ and f D B
N;D
�;˛;ˇ

�. Let further vD 2

H 2.0; 1/ be defined by

vD D A�;˛� C .U C i�/�
00.1/ y ; (5.4.2)

where y D y �;ˇ is given by (5.2.1). Note that by (1.1.11), (2.1.3) and the fact that
U 000.0/ D 0, we have

vD.1/ D v
0
D.0/ D 0; (5.4.3)

and hence vD 2 D.L
N;D
ˇ

/ and we may introduce, as in [3, Lemma 8.8],

gD WD .L
N;D
ˇ
� ˇ�/vD; (5.4.4a)

which is expressible in the alternative form (using the fact that f D B
N;D
�;˛;ˇ

�)

gD D .U C i�/.�f C �
00.1/ Og/ � .U 00�/00 � 2U 0 Qv0D � U

00
QvD; (5.4.4b)
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wherein
Og WD .Lˇ � ˇ�/ y (5.4.5)

and

QvD WD
vD � U

00�

U C i�
D ��00 C ˛2� C �00.1/ y : (5.4.6)

We note that

.LN
ˇ � ˇ�/ QvD D iˇU

00.� � �.x�//C iˇU
00�.x�/ � f C �

00.1/ Og; (5.4.7)

where x� is given by (2.4.5). Recall that LN
ˇ

stands for L
N;D
ˇ

, which is defined in
(3.0.1).

As in the proof of [3, Lemma 8.8] (see equation (8.90) there) we can integrate by
parts to obtain

<h.U 00/�1 QvD; .L
N
ˇ � ˇ�/ QvD � iˇU

00�i

D k.U 00/�1=2 Qv0Dk
2
2 C<h

�
.U 00/�1

�0
QvD; Qv

0
Di � ˇ� k.U

00/�1=2 QvDk
2
2

C ˇ<h�00.1/ y ; i�i: (5.4.8)

We begin the estimation of Qv0D by obtaining a bound for the last term on the right-hand
side of (5.4.8).

Step 2: Estimate of ˇ<h�00.1/ y ; i�i. We begin by writing � as the sum

� D Ow C �00.1/w

with

w.x/ D

Z 1

x

.� � x/ y .�/ d�;

and the remainder

Ow.x/ WD

Z 1

x

.� � x/Œ�00.�/ � �00.1/ y .�/� d�:

Then, we separately estimate the contribution of the terms ˇ<h�00.1/ y ; i�00.1/wi
and ˇ<h�00.1/ y ; i Owi. By (5.2.3) it holds that

jw.x/j � C j1 � xj2:

Consequently,

j<h�00.1/ y ; i�00.1/wij � C j�00.1/j2k.1 � x/2 y k1;

and hence, by (5.2.2) with s D 2, we then obtain that

ˇj<h�00.1/ y ; i�00.1/wij � C Œ1C j�jˇ1=3��3=2 j�00.1/j2 (5.4.9)

(see [3, equation (8.90)]).
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To estimate ˇ<h�00.1/ y ; i Owi, we first obtain by (5.4.6), for x 2 .0; 1/,ˇ̌
y .x/ Ow.x/

ˇ̌
D

ˇ̌̌
y .x/

Z 1

x

.� � x/Œ�QvD.�/C ˛
2�.�/� d�

ˇ̌̌
� C.1 � x/5=2 j y .x/j.k Qv0Dk2 C ˛

2
k�0k2/; (5.4.10)

where to obtain the last inequality we used the fact that

j�.x/j � .1 � x/1=2k�0k2 and j QvD.x/j � .1 � x/
1=2
k Qv0Dk2:

Using (5.2.2) with s D 5=2, we obtain

ˇj<h�00.1/ y ; i Owi j � C j�00.1/j�
�7=4

ˇ
ˇ�1=6.k Qv0Dk2 C ˛

2
k�0k2/: (5.4.11)

Consequently, from (5.4.9) and (5.4.11), we thus get, as ˛ � ˛0,

ˇj <h�00.1/ y ; i�ij � C
�
Œ1C j�jˇ1=3��3=2j�00.1/j2

C �
�7=4

ˇ
ˇ�1=6j�00.1/j.k Qv0Dk2 C k�

0
k2/
�
: (5.4.12)

(See [3, equation (8.93)].)

Step 3: Estimate j�00.1/j. Let zDz˛ be given by (4.7.2) and recall that � 2D.BN;D
�;˛;ˇ

/.
As hz; �00 � ˛2�i D 0, �00 � ˛2� belongs to the domain of L

z
ˇ
� ˇ�. Hence, we may

write
.L

z
ˇ
� ˇ�/.�00 � ˛2�/ D iˇU 00� C f: (5.4.13)

We separately solve in D.Lz
ˇ
/ the equations .Lz

ˇ
� ˇ�/v D f and .Lz

ˇ
� ˇ�/v1 D

iˇU 00� WD f1, so that .�00 � ˛2�/ D v1 C v2, and then apply (4.2.6) to the pair
.v1; f1/ (note that the assumptions of Proposition 4.2.1 are satisfied) and (4.2.4) to
the pair .v; f / to obtain

j�00.1/j � C �
1=2

ˇ

�
ˇ1=3Œk�k1;2 C j�.x�/j

ˇ̌
log j� C imj�1

ˇ̌
�C ˇ�1=2kf k2

�
;

(5.4.14)
where m is defined in 4.2.6b. Note that since ˛ � ˛0 it holds that kzk1;p � C.˛0/.
Note further that

j�.x�/j
ˇ̌
log j� C imj�1

ˇ̌
� C �1=2

ˇ̌
log j� C imj�1

ˇ̌
k�0k2 � yCk�

0
k2:

Then, for any y�0 > 0, there exists a constant C > 0 such that for j�j � y�0ˇ�1=3, (in
particular it holds for � > ˇ�1=5 for sufficiently large ˇ0).

j�00.1/j � C j�j1=2
�
ˇ1=2Œk�k1;2 C ˇ

�1=3�kf k2
�
: (5.4.15)

Substituting (5.4.14) into (5.4.12) yields

ˇj<h�00.1/ y ; i�ij � C
�
�
�1=2

ˇ

�
ˇ2=3k�k21;2 C ˇ

�1
kf k22

�
C �

�5=4

ˇ

�
ˇ1=3k�k1;2 C ˇ

�1=2
kf k2

��
k Qv0Dk2 C k�

0
k2

��
;
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from which, we conclude that for any Oı > 0 there exists C Oı > 0 such that

ˇj <h�00.1/ y ; i�ij � C Oı

�
�
�1=2

ˇ
.ˇ2=3k�k21;2 C ˇ

�1
kf k22/C

Oı k Qv0Dk
2
2

�
: (5.4.16)

Since, as in the proof of (4.2.18) (see also [3, equation (6.18)]), we have for Og, intro-
duced in (5.4.5),

j Og.x/j � C
�
ˇ .1 � x/2j y .x/j C .1 � x/3j y 0.x/j

�
; (5.4.17)

we obtain from (4.2.10), (4.2.16), (4.2.17), and (4.6.1) that

ˇ1=3��1ˇ k.U C i�/ Ogk2 C k Ogk2 � Cˇ
1=6�

�5=4

ˇ
: (5.4.18)

Using the fact that j�j > ˇ�1=5 we can then conclude

j�j�1k.U C i�/ Ogk2 C k Ogk2 � C ˇ
�1=4
j�j�5=4: (5.4.19)

Step 4: Estimate of k Qv0Dk. From (5.4.8), we obtain, using (5.4.7) and the fact that
U 00 ¤ 0

1

C
k Qv0Dk

2
2 � <h.U

00/�1 QvD;�f C �
00.1/ Ogi

� <h..U 00/�1/0 QvD; Qv
0
Di C ˇ� k QvDk

2
2 � ˇ<h�

00.1/ y ; i�i: (5.4.20)

Next, we obtain from (5.4.20) and (5.4.16) (for sufficiently small Oı) that

k Qv0Dk
2
2 � C

�
k QvDk2

�
kf k2 C j�

00.1/j k Ogk2
�

C .�ˇ;C C 1/k QvDk
2
2 C �

�1=2

ˇ

�
ˇ2=3k�k21;2 C ˇ

�1
kf k22

��
; (5.4.21)

where
�ˇ;C WD max.�ˇ; 0/:

We now substitute (5.4.14) and (5.4.18) into (5.4.21) to obtain

k Qv0Dk
2
2 � C

�
k QvDk2

�
kf k2 C �

�3=4

ˇ
ˇ1=2k�k1;2

�
C �

�1=2

ˇ
.ˇ2=3k�k21;2 C ˇ

�1
kf k22/C .�ˇ;C C 1/ k QvDk

2
2

�
: (5.4.22)

Hence, for j�j > ˇ�1=5 we can conclude that

k Qv0Dk
2
2 � C

�
k QvDk2.kf k2 C ˇ

1=4
j�j�3=4k�k1;2/

C .�ˇ;C C 1/k QvDk
2
2 C j�j

�1=2ˇ1=2k�k21;2 C j�j
�1=2ˇ�7=6kf k22

�
:

(5.4.23)
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Step 5: Estimate of k QvDk. Given that � < �0, we may apply (3.3.10), (3.1.3a), and
Hardy’s inequality (2.6.13), to (5.4.7) to obtain

k QvDk2 � C
�
k�0k2 C ˇ

1=6
j�.x�/j C ˇ

�2=3Œkf k2 C j�
00.1/j k Ogk2�

�
: (5.4.24)

Using again (5.4.18) and (5.4.14) we obtain

k QvDk2 �

C
�
k�0k2 C ˇ

1=6
j�.x�/j C ˇ

�2=3
�
kf k2 C �

�3=4

ˇ

�
ˇ1=2k�k1;2 C ˇ

�1=3
kf k2

���
;

which implies for any � < �0

k QvDk2 � C
�
k�k1;2 C ˇ

1=6
j�.x�/j C ˇ

�2=3
kf k2

�
: (5.4.25)

Step 6: Estimate of kgDk2. Substituting (5.4.25) into (5.4.22) yields that

k Qv0Dk2 � C
�
.ˇ1=3�

�1=4

ˇ
C 1/k�k1;2 C ˇ

1=6
j�.x�/j

C .1C �
1=2

ˇ;C
ˇ�2=3/kf k2 C �

1=2

ˇ;C
.ˇ1=6j�.x� j C k�

0
k2//

�
: (5.4.26)

For j�j � ˇ�1=5 and � � ˇ�2=5 we conclude from (5.4.26) that

k Qv0Dk2 � C
�
.ˇ1=4j�j�1=4 C 1/k�k1;2 C ˇ

1=6
j�.x�/j C kf k2

C �
1=2

ˇ;C
.ˇ1=6j�.x� j/C k�

0
k2/
�
:

Furthermore, as

.U 00�/00 D �U 00
�
QvD C ˛

2� C j�00.1/j y 
�
C 2U .3/�0 C U .4/�;

we obtain from (5.4.25), the boundedness of ˛, (5.4.14), and (4.6.5), that

k.U 00�/00k2 � C�
1
4

ˇ
.ˇ1=6k�k1;2 C ˇ

�2=3
kf k2/: (5.4.27)

For j�j � ˇ�1=5 the above inequality implies

k.U 00�/00k2 � C j�j
1=4ˇ1=4.k�k1;2 C ˇ

�5=6
kf k2/: (5.4.28)

By (5.4.4b) it holds that

kgDk � C
�
k.U C i�/f k2Cj�

00.1/j k.U C i�/ OgkCk..U 00�/00/kCkQv0DkCkQvDk
�
:

(5.4.29)
We now substitute into (5.4.29) the estimates (5.4.15) and (5.4.19), (5.4.28), (5.4.26),
and (5.4.23), to obtain that

kgDk2 � C
�
.1C j�j/ kf k2 C �

1=2

ˇ;C
.ˇ1=6j�.x�/j C k�k1;2/

C ˇ1=4.j�j�1=4 C j�j1=4/ k�k1;2
�
: (5.4.30)
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Step 7: Estimate the contribution of the boundary term A�1
�;˛
.ŒU C i���00.1/ y /. We

continue as in the proof of [3, Lemma 8.8]. We first write, in view of (5.4.2)

� D �D C {�; (5.4.31a)

where
�D D A�1�;˛vDI {� D �A�1�;˛

�
ŒU C i���00.1/ y 

�
: (5.4.31b)

Note here that
{� D ��00.1/��;ˇ;˛: (5.4.31c)

By (5.2.5) and (5.4.15) we have

k{�k1;2 � C j�j
�1ˇ�1=4j�j�1=4

�
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.4.32)

Consequently, as j�j > ˇ�1=5Cı , we obtain for sufficiently large ˇ0

k{�k1;2 � C j�j
�1ˇ�1=4j�j�1=4

�
ˇ�5=6kf k2 C k�Dk1;2

�
: (5.4.33)

Furthermore, by (5.2.6) and (5.4.31c), we have

j {�.x�/j � C Œj�jˇ�
�3=4
j�00.1/j:

Hence, by (5.4.15) we obtain

j {�.x�/j � C Œj�jˇ�
�1=4

�
k�k1;2 C ˇ

�5=6
kf k2

�
;

and, therefore, by equation (5.4.33) and Poincaré’s inequality we may conclude for
� � ˇ�1=5Cı and ˇ0 large enough

j {�.x�/j � C Œj�jˇ�
�1=4

�
k�0Dk2 C ˇ

�5=6
kf k2

�
: (5.4.34)

Step 8: Estimate �D. Substituting the above into (5.4.30) yields, with the aid of
(5.4.31), (5.4.33), and (5.4.34)

kgDk2 � C
�
.1C j�j/kf k2 C �

1=2

ˇ;C
.ˇ1=6j�D.x�/j C k�Dk1;2/

C ˇ1=4.j�j�1=4 C j�j1=4/k�Dk1;2

�
: (5.4.35)

By either (2.6.81) or (2.11.1) (for j�j large) applied to the pair .vD; �D/ together
with (5.4.3), it holds for any 1 < q < 2 that

j�D.x�/j � C
�
kvDk1;q C �

�1=2
kvDk2 C �

�1
kvDk1

�
: (5.4.36)

We now estimate k�Dk1;2 by applying (2.6.1) and (2.6.2) to the pair .vD; �D/. We
then conclude that there exists �0 > 0 such that for all j�j � �0 and 0 < � � �0 it
holds that

k�Dk1;2 � C �
�1nD; (5.4.37)
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where
nD WD .kv

0
Dkq C �

�1=2
kvDk2 C �

�1
kvDk1/:

For j�j > �0 we use (2.11.1) to obtain for 0 < � � �0

k�Dk1;2 � Ck.1 � x/
1=2vDk1 � C �

�1nD: (5.4.38)

We can then substitute (5.4.36) and (5.4.37) or (5.4.38) into (5.4.35) to obtain for any
1 < q < 2

kgDk2 � C
�
Œ1C j�j�kf k2 C Œ�

1=2

ˇ;C
Œˇ1=6 C ��1�

C ˇ1=4��1.j�j�1=4 C j�j1=4/� nD

�
: (5.4.39)

Step 9: Estimate nD. By either (3.1.3a) for �ˇ�1=3 � � < ˇ�2=5�ı or (3.1.84) for
� < �ˇ�1=3 we have,

kvDk2 �
C

ˇ
2
3 C j�jˇ

kgDk2; (5.4.40)

whereas by (3.1.3b), which holds for��Cˇ�1=3 and ˇ0 large, we have for all ˇ >ˇ0

kv0Dkq � Cq ˇ
�
2Cq
6q kgDk2: (5.4.41)

Furthermore, by (3.3.1) it holds that

kvDk1 � Cq ˇ
�5=6
kgDk2: (5.4.42)

Substituting (5.4.40), (5.4.41), and (5.4.42) into (5.4.39) yields, for ı� 1=30, ˇ0 large
enough, and q satisfying

1 < q <
4

4 � 15ı
; (5.4.43)

we obtain the existence of C > 0 such that for all ˇ � ˇ0

kgDk2 � C.1C j�j/kf k2: (5.4.44)

We now use (5.4.40) to obtain

kvDk2 � C
1C j�j

ˇ
2
3 C j�jˇ

kf k2 � yCˇ
�2=3
kf k2; (5.4.45)

which is valid for all � < ˇ�
2
5�ı .

We next use (5.4.41) and (5.4.39) to obtain

kv0Dkq � Cˇ
�
2Cq
6q .1C j�j/kf k2: (5.4.46)

Finally, use of (5.4.42) and (5.4.39) yields

kvDk1 � Cˇ
�5=6.1C j�j/kf k2: (5.4.47)
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For ��0 � � < ˇ�
2
5�ı we have by (5.4.45), (5.4.46), and (5.4.47) that the dominant

term is the one involving kv0Dkq and hence

nD � C ˇ
�
2Cq
6q kf k2: (5.4.48)

Step 10: Prove (5.4.1). By (5.4.37) we obtain, for ��0 � � � ˇ�
2
5�ı ,

k�Dk1;2 � C�
�1 ˇ�

2Cq
6q kf k2: (5.4.49)

For � < ��0 we use (2.11.1) and the first inequality in (5.4.45) to obtain

k�Dk1;2 � CkvDk2 �
yCˇ�1kf k2: (5.4.50)

Combining (5.4.33) with (5.4.49) and (5.4.50) yields

k�k1;2 � C�
�1 ˇ�

2Cq
6q kf k2:

5.5 Resolvent estimates for j=�j D O.ˇ�1=5/ and large ˇ1=10˛

In the previous section, we considered the case where =�� ˇ�1=5, where the inverse
estimates derived in Section 2.6 for the Rayleigh operator A�;˛ become effective for
all ˛ � 0. Here, we use the estimates obtained in Section 2.5 assuming ˛2 � j=�j.
Since we consider here j=�j D O.ˇ�1=5/ we need to consider ˛2 � ˇ�1=5.

Proposition 5.5.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and U 000.0/ D 0. Let further
0 < ı < 1=15 and ˛0 denote positive constants. There exist C > 0, ˇ0 > 0, and
a0 > 0 such that for all ˇ � ˇ0, it holds that

sup
a0ˇ
�1=10Cı=2�˛�˛0
<��ˇ�1=3�ı

j=�j�ˇ�1=5Cı

h

.BN;D
�;˛;ˇ

/�1


C 


 d

dx
.B

N;D
�;˛;ˇ

/�1



i � C ˇ�1=2Cı : (5.5.1)

Proof. Step 1. With gD given by (5.4.4b), we prove that

kgDk2 � C
�
.1C j�j/ kf k2 C .�

�1=4

ˇ
ˇ1=3 C ˇ1=3�ı=2 C �

1=4

ˇ
ˇ1=6/k�k1;2

C ˇ1=2�ı=2j�.x�/j
�
: (5.5.2)

Let � 2 D.BN;D
�;˛;ˇ

/, f D B
N;D
�;˛;ˇ

� and vD 2 H
2.0; 1/ defined by (5.4.2). As

before we write
.LN

ˇ � ˇ�/vD D gD;

Let QvD be given by (5.4.6). For the convenience of the reader we repeat here (5.4.25)

k QvDk2 � C
�
k�k1;2 C ˇ

1=6
j�.x�/j C ˇ

�2=3
kf k2

�
;
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and (5.4.26), which reads

k Qv0Dk2 � C
�
.ˇ1=3�

�1=4

ˇ
C 1/k�k1;2 C ˇ

1=6
j�.x�/j

C .1C �
1=2

ˇ;C
ˇ�2=3/kf k2 C �

1=2

ˇ;C
.ˇ1=6j�.x� j C k�k1;2//

�
:

For � < ˇ�1=3�ı with ı < 1=10, we then obtain using Poincaré’s inequality

k Qv0Dk2 � C
�
.ˇ1=3�

�1=4

ˇ
C ˇ1=3�ı=2/k�k1;2 C kf k2 C ˇ

1=2�ı=2
j�.x�/j

�
: (5.5.3)

We next estimate kgDk2, beginning by repeating (5.4.29), which states

kgDk � C.k.U C i�/f k2 C j�
00.1/j k.U C i�/ Ogk C k.U 00�/00k C kQv0Dk C kQvDk/:

By (5.4.14), (5.4.18), (5.4.27), (5.5.3), and (5.4.25) it holds, that

kgDk2 � C
�
.1C j�j/ kf k2

C .�
�1=4

ˇ
ˇ1=3 C ˇ1=3�ı=2 C �

1=4

ˇ
ˇ1=6/k�k1;2 C .ˇ

1=2�ı=2
j�.x�/j/

�
;

which is precisely (5.5.2).

Step 2: We estimate kvDk1;q and kvDk1. By (5.5.2) it holds for � � �1 that

kgDk2 � C
�
kf k2 C ˇ

1=3
k�k1;2 C .ˇ

1=2�ı=2
j�.x�/j/

�
: (5.5.4)

By (3.1.3b) we have, for any 1 < q < 2 and given that j�j < ˇ�1=5Cı and ı < 1=5,

kvDk1;q � Cˇ
�
2Cq
6q kgDk2:

Hence, by (5.5.4) we obtain for � � �1,

kvDk1;q � C.Œˇ
�
2Cq
6q kf k2 C ˇ

�
2�q
6q k�k1;2 C ˇ

ı1.q/j�.x�/j�/; (5.5.5)

where ı1.q/ D .q � 1/=3q � ı=2.
Furthermore, we have by (3.3.1) and (5.5.4), for � � �1,

kvDk1 � Cˇ
�5=6
kgDk2 �

yC
�
Œˇ�5=6kf k2 C ˇ

�1=2
k�k1;2 C ˇ

�1=3�ı=2
j�.x�/j�

�
:

(5.5.6)
For � � �1 we use (3.1.84) to obtain

kvDk1 � kvDk2 �
C

j�jˇ
kgDk2:

We then employ (5.5.2) which implies, for ı � 1=10,

kgDk2 � C
�
.1C j�j/kf k2C .ˇ

1=3�ı=2
C j�j1=4ˇ1=4/k�k1;2C .ˇ

1=2�ı=2
j�.x�/j/

�
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and hence,

kvDk1 � C
�
ˇ�1kf k2 C ˇ

�2=3�ı=2
k�k1;2 C ˇ

�1=2�ı=2
j�.x�/j

�
: (5.5.7)

Combining (5.5.6) and (5.5.7) yields

kvDk1 � C
�
Œˇ�5=6kf k2 C ˇ

�1=2
k�k1;2 C ˇ

�1=3�ı=2
j�.x�/j�

�
: (5.5.8)

Step 3. We prove (5.5.1). We continue as in the proof of Proposition 5.4.1. Recall
from (5.4.2) that

vD D A�;˛� C .U C i�/�
00.1/ y :

Set
� D �D C {�; (5.5.9)

where
�D D A�1�;˛vD and {� D �A�1�;˛

�
ŒU C i���00.1/ y 

�
:

Step 3a: We estimate k{�k1;2. Note that by (5.2.4), we have

{� D ��00.1/��;ˇ;˛: (5.5.10)

By (5.2.24) there exist C >0 and �0>0, and for any a0>kU k�12 .1Cı/
1=2, ˇ.a0/>0

such that, for ��0 < �, j�j � ˇ�1=5Cı , ˛ � a0ˇ�1=10Cı=2, and ˇ � ˇ.a0/, we have

k{�k1;2 � Ca
�2
0 ˇ�1=3�

�1=2

ˇ
j�00.1/j: (5.5.11)

For � � ��0 < 0 we obtain from (2.11.3) applied to the pair .{�; .U C i�/�00.1/ y /

k{�0k22 � C jh
{�; y i�00.1/j � C k{�0k2k.1 � x/

1=2 y k1 j�
00.1/j;

and hence by (5.2.2) (with sD 1=2) for the first inequality, we conclude for the second
inequality that there exists ˇ.a0/ > 0 such that for ˇ � ˇ.a0/

k{�0k2 � C �
�3=4

ˇ
ˇ�1=2j�00.1/j � yC a�20 ˇ�1=3�

�1=2

ˇ
j�00.1/j:

Hence, (5.5.11) holds true for any � < ˇ�1=3Cı and j�j � ˇ�1=5Cı . From (5.4.14)
we then deduce

k{�k1;2 � Ca
�2
0 ˇ�1=3.ˇ1=3k�k1;2 C ˇ

�1=2
kf k2/ � yC.ˇ

�5=6
kf k2 C a

�2
0 k�k1;2/:

Hence, for sufficiently large a0 we conclude with the aid of (5.5.9)

k{�k1;2 � C
�
ˇ�5=6kf k2 C a

�2
0 k�Dk1;2

�
: (5.5.12)
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Step 3b: We estimate j {�.x�/j. Using (5.5.10), the decomposition

��;ˇ;˛ D .��;ˇ;˛ � ck.�; ˇ; ˛/U /C ck.�; ˇ; ˛/U;

where

ck.�; ˇ; ˛/ D
hU; ��;ˇ;˛i

kU k22
;

and Hölder’s inequality, we may write

j {�.x�/j �C
�
j�j jck.�;ˇ;˛/j C j�j

1=2


��;ˇ;˛ � ck.�;ˇ;˛/U

1;2� j�00.1/j: (5.5.13)

Then, we obtain by (5.2.24) and the fact that ˛ � a0ˇ�1=10Cı=2

j {�.x�/j �

C
h
j�j1=2�

�3=4

ˇ
ˇ�1=2 C

j�j�1=2 C j�j

a20ˇ
�1=5Cı C j�j

�
��1ˇ ˇ

�2=3
C �

�1=2

ˇ
j�jˇ�1=3

�i
j�00.1/j:

(5.5.14)

Using (5.4.14) and the fact that j�j � ˇ�1=3�ˇ we obtain

j {�.x�/j � C
�
a�20 ˇ�1=3�ˇ C j�j

1=2�
�1=4

ˇ
ˇ�1=6

��
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.5.15)

We now consider three different cases.

• For �ˇ�1=5Cı < � < ˇ�1=3Cı , we have �ˇ . ˇı and since j�j � j�j, we deduce
from (5.5.15)

j {�.x�/j � Cˇ
�1=5Cı

�
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.5.16)

• For �ˇ�1=10Cı=2 < � < �ˇ�1=5Cı we have, since j�j � j�j,

j�j j�j1=2 C j�j

a20ˇ
�1=5Cı C j�j

j�j � C.j�j j�j1=2 C j�j/ � yCˇ�1=5Cı ;

and hence, as �ˇ � j�jˇ1=3, we can conclude (5.5.16) in this case as well.

• Finally, for � � �ˇ�1=10Cı=2, we use (2.11.2) with v D .U C i�/ y , (5.4.31c),
and (5.4.14) to obtain that

k{�0k2�C j�j
�1
k.1�x/1=2 y k1j�

00.1/j � yC j�j�5=4ˇ�1=4
�
k�k1;2Cˇ

�5=6
kf k2

�
;

which implies

j {�.x�/j � C j�j
1=2
k{�0k2 � yCˇ

�9=40�ı=8
�
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.5.17)
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Combining (5.5.17) with (5.5.16) which holds in the two first cases yields for all
� < ˇ�1=3�ı

j {�.x�/j � Cˇ
�1=5Cı

�
k�k1;2 C ˇ

�5=6
kf k2

�
: (5.5.18)

Then, by (5.5.9) and (5.5.18) it holds that

j {�.x�/j � Cˇ
�1=5Cı

�
ˇ�5=6kf k2 C k�Dk1;2

�
: (5.5.19)

Step 3c: We prove (5.5.1) for � > �ˇ�ı . From (5.5.5) and (5.5.19) we get, for ı �
1=15 and � > �1, that

kvDk1;q � C
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�k1;2 C ˇ

ı1.q/j�D.x�/j
�
:

Using (5.5.12) we then obtain that

kvDk1;q � C
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�Dk1;2 C ˇ

ı1.q/j�D.x�/j
�
:

As
�
2 � q

6q
C
1

6
D
1

3
�
1

3q
D ı1.q/C ı=2;

we can finally conclude, for � > �1, that

kvDk1;q � C
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q Œk�Dk1;2 C ˇ

1=6
j�D.x�/j�

�
: (5.5.20)

From (5.5.8), (5.5.12), and (5.5.19) we obtain

kvDk1 � C
�
ˇ�5=6kf k2 C ˇ

�1=2
k�Dk1;2 C ˇ

�1=3�ı=2
j�D.x�/j

�
: (5.5.21)

As in the proof of (5.5.13) we then write

j�D.x�/j � C
�
j�j jcD

k
j C j�j1=2k�D � c

D
k
U k1;2

�
; (5.5.22)

where
cD
k
D hU; �Di=kU k

2
2:

We then conclude from (2.5.3a) applied to the pair .�D; vD/ that for all �ˇ�ı < � it
holds that

j�D.x�/j � C
�
kvDk1 C j�jN1.vD; �/C j�j

1=2
kvDk1;q

�
; (5.5.23)

where N1.vD; �/ is defined in (2.5.2b).
By (2.5.38) (and the fact that vD.1/ D 0) we then obtain that

j�D.x�/j � C
�
kvDk1 C ˇ

�ı
kvDk1;q

�
: (5.5.24)
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Substituting (5.5.20) and (5.5.21) into (5.5.24) then yields, for �>�ˇ�ı , sufficiently
large ˇ0, and 1 < q < .1 � 3ı/�1

j�D.x�/j � Cˇ
�ı
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�Dk1;2

�
: (5.5.25)

Substituting (5.5.25) into (5.5.20) then leads to

kvDk1;q � C
�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�Dk1;2

�
: (5.5.26)

Similarly, by substituting (5.5.25) into (5.5.21) we obtain that for � > �ˇ�ı and
1 < q < .1 � 3ı/�1

kvDk1 � C.ˇ
�5=6
kf k2 C ˇ

�1=2
k�Dk1;2/: (5.5.27)

For sufficiently large a0 and j�j � ˇ�1=5Cı we have

1C C j�j2 log j�j�1

j˛2kU k22 C i�j
� zC

1

j˛2kU k22 � �j
� yCˇ1=5�ı ;

and (recall that j�j < j˛2kU k22 � �j)

j�j.1C C j�j2 log j�j�1/
j˛2kU k22 C i�j

� zC
j�j C j�j

j˛2kU k22 � �j C j�j
� yC :

Hence, we obtain from (2.5.3a) and (2.5.38) that

jcD
k
j � C

�
ˇ1=5�ıkvDk1 C kvDk1;q

�
;

and from (2.5.3b) we obtain that

k�D � c
D
k
U k1;2 � C ŒkvDk1 C kvDk1;q�:

Consequently, by (5.5.26) and (5.5.27) it holds that

k�Dk1;2 � C.kvDk1;q C ˇ
1=5
kvDk1/ � yC

�
ˇ�

2Cq
6q kf k2 C ˇ

�
2�q
6q k�Dk1;2

�
:

It follows that, for sufficiently large ˇ0,

k�Dk1;2 � Cˇ
�
2Cq
6q kf k2: (5.5.28)

Combining (5.5.28) with (5.5.12) gives (note that 5=6 > .2C q/=.6q/)

k{�k1;2 � C ˇ
�
2Cq
6q kf k2: (5.5.29)

As � D �D C {�, we can deduce from (5.5.28) and (5.5.29) that for any ı 2 .0; 1=15/
and q 2 .1; .1 � 3ı/�1/ and � > �ˇ�ı we have

k�k1;2 � C ˇ
�
2Cq
6q kf k2 � Cˇ

1=2�ı : (5.5.30)
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Step 3d. We prove (5.5.1) for � � �ˇ�ı . For � � �ˇ�ı we use (2.11.2), Sobolev
embeddings, and Poincaré’s inequality to obtain that

k�Dk1;2 �
C

j�j
k�Dk

1=2
1 kvDk

1=2
1 � yC ˇık�0Dk

1=2
2 kvDk

1=2
1 ;

which implies
k�Dk1;2 � Cˇ

2ı
kvDk1: (5.5.31)

Consequently, by (5.5.8), (5.5.31), and Sobolev embeddings we obtain that

k�Dk1;2 � Cˇ
2ı
�
ˇ�5=6kf k2 C ˇ

�1=3�ı=2
k�k1;2

�
:

Making use of (5.5.12) we establish that for sufficiently large a0 and ˇ0

k�k1;2 � C ˇ
2ı�5=6

kf k2;

which, together with (5.5.30), yields (5.5.1) for ı < 1=15.

5.6 Resolvent estimates for intermediate ˛

In this section, we provide inverse estimates for B�;˛;ˇ for 1� ˛ � ˇ1=3. Let z˛
be given by (4.7.2). Since kz0˛k2 � ˇ1=6 in this section we may conclude by (4.1.3)
that z˛ 2 U1. Consequently, we may still use (4.2.4) in this section to estimate �00.1/.
Furthermore, we can use the fact that ˛ � 1 to obtain a much simpler proof than in
the previous section (which is valid only for bounded values of ˛).

Proposition 5.6.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and �2 <U.0/ denote a positive
constant. There exist C > 0, ‡ > 0, ˇ0 > 0, ˛0 > 0, and ˛1 > 0 such that for all
ˇ � ˇ0, it holds that

sup
˛0�˛�˛1ˇ

1=3

<��‡ˇ�1=3

j=�j��2



.BN;D
�;˛;ˇ

/�1


C 


 d

dx
.B

N;D
�;˛;ˇ

/�1



 � Cˇ�5=6: (5.6.1)

Proof. Let f 2 L2.0; 1/, � 2 D.BN;D
�;˛;ˇ

/ satisfy

B
N;D
�;˛;ˇ

� D f:

We first recall the definition of QvD from (5.4.6)

QvD D ��
00
C ˛2� C �00.1/ y ; (5.6.2)

and rewrite (5.4.7) in the form

.L
N;D
ˇ
� ˇ�/ QvD D f C iˇU

00� C �00.1/ Og; (5.6.3)

where Og is given by (5.4.5).
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By (3.3.1) (which is applicable for j�j � �2 < U.0/) it holds that

k.L
N;D
ˇ
� ˇ�/�1.f C �00.1/ Og/k1 � Cˇ

�5=6
k.f C �00.1/ Og/k2:

Furthermore, by (3.3.23) applied with f replaced by U 00� it holds that


.LN;D
ˇ
� ˇ�/�1.U 00�/Ci

U 00.x�/�.x�/

ˇ.U � � C im/





1
� Cˇ�1kU 00�k1;2 � yCˇ

�1
k�k1;2;

where
m D �max.��; x2=3� ˇ�1=3/:

Hence,


 QvD�
U 00.x�/�.x�/

.U � � C im/





1
� C

�
ˇ�5=6kf k2Ck�k1;2C ˇ

�5=6
j�00.1/j k Ogk2

�
: (5.6.4)

We next use (4.2.4) together with (5.4.13) to obtain, as in (5.4.14), that

j�00.1/j � C �
1=2

ˇ

�
ˇ1=3

�
k�k1;2 C j�.x�/j logˇ

�
C ˇ�1=2kf k2

�
: (5.6.5)

For ˛ � ˛1ˇ1=3 we may then use (5.6.5), which, combined with (5.4.18), yields, as

j�.x�/j � j�j
1=2
k�0k2; (5.6.6)

j�00.1/j k Ogk2 � C�
�3=4

ˇ

�
ˇ1=2Œ1C j�j1=2 logˇ�k�k1;2 C ˇ�1=3kf k2

�
: (5.6.7)

Consequently, by substituting (5.6.7) into (5.6.4), we obtain


 QvD �
U 00.x�/�.x�/

U � � C im





1
� C

�
ˇ�5=6kf k2 C k�k1;2

�
: (5.6.8)

Taking the scalar product of (5.6.2) with �, and integrating by parts givesD
�; QvD �

U 00.x�/�.x�/

U � � C im

E
D k�0k22 C ˛

2
k�k22 C �

00.1/h�; y i �
D
�;
U 00.x�/�.x�/

U � � C im

E
:

(5.6.9)
Using (5.6.8) we then concludeˇ̌̌D

�; QvD �
U 00.x�/�.x�/

U � � C im

Eˇ̌̌
� C

�
ˇ�5=6kf k2 C k�k1;2

�
k�k1: (5.6.10)

We next use (5.2.2), with s D 1=2, together with (5.6.5) and a Sobolev inequality
to obtain that

j�00.1/h�; y ij � C �
�1=4

ˇ

�
ˇ�1=6Œk�k1;2 C j�.x�/j logˇ�C ˇ�1kf k2

�
k�0k2:

Using (5.6.6), as ��1=4
ˇ

�1=2 logˇ � 1 for ˇ � ˇ0 with sufficiently large ˇ0, we can
conclude that

j�00.1/h�; y ij � C
�
ˇ�1=6k�k21;2 C ˇ

�11=6
kf k22

�
: (5.6.11)
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For the last term on the right-hand side of (5.6.9) we writeD
�;
U 00.x�/�.x�/

U � � C im

E
D

D
�;
U 00.x�/�.x�/

U � � C im

E
L2.0;x�=2/

C

D
�;
U 00.x�/�.x�/

U � � C im

E
L2.x�=2;1/

:

For the first term on the right-hand side we have, since j�j � �2,ˇ̌̌D
�;
U 00.x�/�.x�/

U � � C im

E
L2.0;x�=2/

ˇ̌̌
� Ck�k2k�k1: (5.6.12)

For the second term we use integration by parts to obtainD
�;
U 00.x�/�.x�/

U � � C im

E
L2.x�=2;1/

D U 00.x�/�.x�/
�

U 0
log.U � � C im/

ˇ̌̌
xDx�=2

� U 00.x�/�.x�/
D� �
U 0

�0
; log.U��Cim/

E
L2.x�=2;1/

;

from which we readily obtainˇ̌̌D
�;
U 00.x�/�.x�/

U � � C im

E
L2.x�=2;1/

ˇ̌̌
� Ck�k1;2j�.x�/j � Ck�k1;2k�k1:

In conjunction with (5.6.12) the above inequality yieldsˇ̌̌D
�;
U 00.x�/�.x�/

U � � C im

Eˇ̌̌
� Ck�k1;2k�k1:

Substituting the above, together with (5.6.11) and (5.6.10) into (5.6.9) yields

k�0k22 C ˛
2
k�k22 � C

�
k�k1;2 C ˇ

�5=6
kf k2

�
k�k1 C ˇ

�1=6
k�k21;2:

Since �.1/ D 0 we have k�k21 � 2k�
0k2k�k2 and hence, for any � > 0 there exists

C� > 0 such that
k�k21 � �k�

0
k
2
2 C C�k�k

2:

By choosing sufficiently small � and sufficiently large ˇ0 we can then conclude, with
the aid of Poincaré’s inequality,

k�0k22 C ˛
2
k�k22 � C

�
ˇ�5=3kf k22 C k�k

2
2

�
:

We then obtain for sufficiently large ˛0 and ˇ0 the existence of C > 0 such that, under
the conditions of the proposition,

k�0k22 C ˛
2
k�k22 � Cˇ

�5=3
kf k22;

from which (5.6.1) readily follows.
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5.7 Resolvent estimates for large ˛

For ˛ & ˇ1=3, we can no longer use the estimates of the previous section, relying
on (4.2.4). In the following we thus establish estimates for the inverse of the Orr–
Sommerfeld operator, relying on (4.7.3), which is valid for ˛ & ˇ1=3.

Proposition 5.7.1. Let U 2 C 4.Œ0; 1�/ satisfying (2.1.3), and ˛2 denote a positive
constant. For any ‡ <

p
�U 00.0/=2 and any y‡ > 0 there exist C > 0 and ˇ0 > 0

such that for all ˇ � ˇ0 it holds that

sup
˛2ˇ

1=3�˛

<��ˇ�1=3Œy�m�y‡�˛
2ˇ�2=3=2�

�

.BN;D
�;˛;ˇ

/�1


C 


 d

dx
.B

N;D
�;˛;ˇ

/�1



� � Cˇ�5=6:

(5.7.1)

Proof. Let zD z˛ be given by (4.7.1)–(4.7.2). Let f 2L2.0;1/, � 2D.BN;D
�;˛

/ satisfy

B
N;D
�;˛

� D f:

An integration by parts yields hz˛;��00C ˛2�i D 0, and hence we may conclude that
��00 C ˛2� 2 D.L

z˛
ˇ
/. Furthermore, it holds that

.L
z˛
ˇ
� ˇ�/.��00 C ˛2�/ D f C iˇU 00�:

By (4.7.3) we then have

k � �00 C �2ˇ2=3�k2 � C
�
ˇ1=2k�k2 C ˇ

�1=2
kf k2

�
;

where � D ˛ˇ�1=3.
Hence,

k�0k22 C �
2ˇ2=3k�k22 D h��

00
C �2ˇ2=3�;�i � C

�
ˇ1=2k�k22 C ˇ

�1=2
kf k2k�k2

�
:

(5.7.2)
As � � ˛2, we obtain that for sufficiently large ˇ0,

k�0k2 � Cˇ
�5=6
kf k2:

With the aid of Poincaré’s inequality we then obtain (5.7.1).

Remark 5.7.2. An improved version of (5.7.1) can be obtained by introducing the
effect of jU.0/ � �j from (4.7.3)

sup
˛2ˇ

1=3�˛

<��‡ˇ�1=2



.BN;D
�;˛;ˇ

/�1


C 


 d

dx
.B

N;D
�;˛;ˇ

/�1



 � C ˇ�5=6

1C jU.0/ � �jˇ1=6
: (5.7.3)
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5.8 Resolvent estimates for small ˛

We continue by considering for some positive y̨0 and 0 < y�0 < U.0/, the zone

0 � ˛ � y̨0ˇ
�1=6; j=�j � y�0; <� � ˇ

�1=2: (5.8.1)

We begin by considering the case ˛ D 0 and then obtain estimates of .BN;D
�;˛;ˇ

/�1 for

0 < ˛ � y̨0ˇ
�1=6 by treating it as a perturbation of .BN;D

�;0;ˇ
/�1. More precisely, we

introduce the set

W.ˇ; y�0/ WD
®
� 2 C W j=�j � y�0 and � � ˇ�1=2

¯
and prove the following proposition.

Proposition 5.8.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3). There exist C > 0, y�0 > 0 and
ˇ0 > 0 such that for all ˇ � ˇ0 and � 2W.ˇ; y�0/ it holds that

.BN;D

�;0;ˇ
/�1



C 


 d
dx
.B

N;D
�;0;ˇ

/�1



C ��1=2ˇ




 d2
dx2

.B
N;D
�;0;ˇ

/�1



 � C ˇ�2=3: (5.8.2)

Proof. Step 1. Preliminaries. Let .�; f /2D.BN;D
�;0;ˇ

/�L2.0; 1/ satisfy B
N;D
�;0;ˇ

�Df .
Setting ˛ D 0 in (5.4.2) yields

vD D �.U C i�/�
00
C U 00� C .U C i�/�00.1/ y : (5.8.3)

Note that vD.1/ D 0 and hence

.LN
ˇ � ˇ�/vD D gD; (5.8.4)

where gD is given by (5.4.4b), which we recall here for the benefit of the reader in
the equivalent form

gD C .U C i�/f D .U C i�/�
00.1/ Og � .U 00�/00 � 2U 0 Qv0D � U

00
QvD: (5.8.5)

In (5.8.5), QvD is given by setting ˛ D 0 in (5.4.6), i.e.,

QvD D ��
00
C �00.1/ y : (5.8.6)

Step 2: We estimate j�00.1/j. Let .�;f /2D.BN;D
�;0;ˇ

/�L2.0;1/ satisfy B
N;D
�;0;ˇ

�D f .
An integration by parts yields

k.U 00/�1=2�.3/k22 D �<h.U
00/�1�00;B�;0;ˇ�i �

1

U 00.1/
<. N�00.1/�.3/.1//

�<hŒ.U 00/�1�0�00; �.3/i C �ˇk.U 00/�1=2�00k22: (5.8.7)
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To estimate the second term on the right-hand side of (5.8.7) we use the identity
(which is obtained via an integration by parts of the balance B0;0;ˇ� D f )

�.3/.1/ D �

Z 1

0

f .x/ dx: (5.8.8)

Hence,

k�.3/k22 � C
�
j�00.1/j kf k2 C ˇ

1=2
k�00k22 C kf k2k�

00
k2 C k�

.3/
k2k�

00
k2

�
;

which implies

k�.3/k22 �
yC
�
j�00.1/j kf k2 C ˇ

1=2
k�00k22 C kf k2k�

00
k2

�
: (5.8.9)

Sobolev embeddings yield

j�00.1/j2 �
�
k�.3/k2 C k�

00
k2

�
k�00k2: (5.8.10)

Combining (5.8.9) and (5.8.10) leads to

j�00.1/j � C.ˇ1=8k�00k2 C kf k
1=4
2 k�

00
k
3=4
2 C kf k

1=3
2 k�

00
k
2=3
2 /: (5.8.11)

By (5.4.6) and the left inequality of (4.6.5) it holds that

k�00k2 � C�
�1=4

ˇ
ˇ�1=6j�00.1/j C k QvDk2: (5.8.12)

Using (5.8.11) we then obtain for ˇ0 large enough

k�00k2 � 2k QvDk2 C C�
�3=4

ˇ
ˇ�1=2kf k2: (5.8.13)

By (5.4.18) and (5.4.24) (note that (5.4.24) results from a straightforward application
of (3.3.10) and (3.1.3) to (5.4.7)) it holds that

k QvDk2 � C
�
k�0k2 C ˇ

1=6
j�.x�/j C ˇ

�2=3
kf k2 C ˇ

�1=2
j�00.1/j

�
: (5.8.14)

Since

j�.x�/j D j�.x�/ � �.1/j � j�j
1=2
k�0k2 � j�j

1=2
k�0k2; (5.8.15)

we obtain from (5.8.13), (5.8.14), with the aid of (5.8.11) that

k�00k2 � C
�
�
1=2

ˇ
k�0k2 C Œ�

�3=4

ˇ
ˇ�1=2 C ˇ�2=3�kf k2

�
: (5.8.16)

We now substitute (5.8.16) into (5.8.11) to obtain

j�00.1/j � C
�
ˇ1=6�

1=2

ˇ
k�0k2 C ˇ

�1=3
kf k2

�
: (5.8.17)
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Step 3: Given some �0 > 0, we estimate QvD and Qv0D under the additional assumption
� � ��0. We begin by recalling (5.4.22), which is still valid in the present case and
reads

k Qv0Dk
2
2 � C

�
k QvDk2

�
kf k2 C �

�3=4

ˇ
ˇ1=2k�k1;2

�
C �

�1=2

ˇ
.ˇ2=3k�k21;2 C ˇ

�1
kf k22/C .�ˇ;C C 1/ k QvDk

2
2

�
:

Observing that �ˇ;C � ˇ1=2, where �ˇ;C is given by (3.1.26), we conclude that

k Qv0Dk
2
2 � C

�
k QvDk2

�
kf k2 C �

�3=4

ˇ
ˇ1=2k�k1;2

�
C �

�1=2

ˇ
.ˇ2=3k�k21;2 C ˇ

�1
kf k22/C ˇ

1=2
k QvDk

2
2

�
: (5.8.18)

By (5.8.14), (5.8.15), and (5.8.17) it holds that

k QvDk2 � C
�
ˇ�2=3kf k2 C �

1=2

ˇ
k�0k2

�
: (5.8.19)

Substituting (5.8.19) into (5.8.18) then yields that for given �0 > 0 there exists C > 0
such that for ��0 � � � ˇ�1=2 it holds that

k Qv0Dk2 � C
�
ˇ�1=4kf k2 C ˇ

5=12
k�k1;2

�
: (5.8.20)

Step 4: We estimate kvDk1 under the assumptions of Step 3. We begin by estimating
the L2-norm of gD C .U C i�/f using (5.8.5). By (5.4.14), (5.4.18), and (5.4.27),
it holds that

k.U C i�/�00.1/ Ogk C k.U 00�/00k � C
�
ˇ1=4k�k1;2 C ˇ

�7=12
kf k2

�
: (5.8.21)

Substituting (5.8.21) together with (5.8.16), (5.8.19), and (5.8.20) into (5.8.5)
yields

kgD C .U C i�/f k2 � C
�
ˇ�1=4kf k2 C ˇ

5=12
k�k1;2

�
: (5.8.22)

Since, by a Sobolev embedding, we have

k.LN
ˇ � ˇ�/

�1.U � �/f k1

�




 d
dx
.LN

ˇ � ˇ�/
�1.U � �/f




1=2
2
k.LN

ˇ � ˇ�/
�1.U � �/f k

1=2
2 ;

we can conclude from (3.3.10) and (3.3.11) that

k.LN
ˇ � ˇ�/

�1.U � �/f k1 � Cˇ
�3=4
kf k2: (5.8.23)

Furthermore, by (3.1.3) (for �‡ˇ�1=3 � � � ˇ�1=2) or (3.1.84) and (3.1.85) (for
��0 � � � �‡ˇ

�1=3) we obtain

k.LN
ˇ � ˇ�/

�1i�f k1 � Cˇ
�3=4
kf k2: (5.8.24)
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Consequently, by (5.8.23) and (5.8.24) we may infer that for � � ��0

k.LN
ˇ � ˇ�/

�1.U C i�/f k1 � Cˇ
�3=4
kf k2: (5.8.25)

By (5.8.22) and (3.1.3a) it holds that

k.LN
ˇ � ˇ�/

�1.gD C ŒU C i��f /k2 � C
�
ˇ�11=12kf k2 C ˇ

�1=4
k�k1;2

�
:

Furthermore, (5.8.22) and (3.1.3b) with p D 2 yield


 d
dx
.LN

ˇ � ˇ�/
�1.gD C ŒU C i��f /





2
� C

�
ˇ�7=12kf k2 C ˇ

1=12
k�k1;2

�
:

Hence, by Sobolev’s embeddings

k.LN
ˇ � ˇ�/

�1.gDC ŒU C i��f /k1 �C
�
ˇ�3=4kf k2C ˇ

�1=12
k�k1;2

�
: (5.8.26)

In view of (5.8.4) we may combine (5.8.26) with (5.8.25) to obtain, for � > ��0 that

kvDk1 � C
�
ˇ�3=4kf k2 C ˇ

�1=12
k�k1;2

�
: (5.8.27)

Step 5. We prove (5.8.2). Recall from (5.8.1) that � � ˇ�1=2 and j�j � y�0 < U.0/.

Step 5a. With �0 > 0, we prove (5.8.2) for j�j � y�0 and for � satisfying

� 2 .��0;�e
�ˇ1=24/ [ .e�ˇ

1=24

; ˇ�1=2/: (5.8.28)

Set
v D A�;0� D �.U C i�/�

00
C U 00�;

and note from (5.4.2) (with ˛ D 0) that

v D vD � �
00.1/.U C i�/ y :

An integration by parts yields Z 1

0

v dx D 0;

and hence by (2.4.1) and (2.4.23) it holds that

k�0k2 � C
�
kvDk1Œ1C log j�j�1�C j�00.1/jk y k1

�
:

By (5.2.2), (5.8.17), and (5.8.27), we obtain for j�j < �0 that

k�0k2 � C.ˇ
�1=24

k�0k2 C ˇ
�2=3
kf k2/:

For sufficiently large ˇ0 we obtain for ˇ � ˇ0

k�k1;2 � C ˇ
�2=3
kf k2: (5.8.29)

To obtain an estimate for k�00k2 we use (5.8.16) to obtain

k�00k2 � C�
1=2

ˇ
ˇ�2=3kf k2: (5.8.30)
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Step 5b. With 0 < y�0 < U.0/, we prove (5.8.2) for j�j � y�0 and j�j � e�ˇ
1=24

.
Here, we write for some 0 < z� � 1=2

B
N;D

�Cz�ˇ�1=2;0;ˇ
� D �ˇ1=2 z��00 C f: (5.8.31)

Note that � C z�ˇ�1=2 meets the assumptions of Step 5a, and hence, we can use
(5.8.30) to obtain

k�00k2 � C.z��
1=2

ˇ
ˇ�1=6k�00k2 C ˇ

�2=3
kf k2/:

For sufficiently small z� and sufficiently large ˇ0 we obtain (5.8.30) once again. Con-
sequently,

k � ˇ1=2 z��00 C f k2 � Ckf k2:

Hence, we can apply (5.8.29) once again to (5.8.31) to establish (5.8.29) for j�j �
e�ˇ

1=24
.

Step 5c. With 0 < y�0 < U.0/, we prove that there exists �0 > 0 such that (5.8.2)
holds for � � ��0 and j�j < O�0. Since � < 0, we have, after two integrations by
parts,

<h�;B�;0;ˇ�i D k�
00
k
2
2 C j�jˇ k�

0
k
2
2 C ˇ=hU

0�; �0i: (5.8.32)

Consequently, using Poincaré’s inequality, we obtain

k�0k2 �
C

j�j
.ˇ�1kf k2 C k�

0
k2/:

For sufficiently large �0 and ˇ0 we can then conclude

k�0k2 �
C

j�jˇ
kf k2:

Using (5.8.16) completes the proof of (5.8.2).

Using a perturbation argument we now obtain the following proposition.

Proposition 5.8.2. Let 0 < y�0 < U.0/. Under the conditions of Proposition 5.8.1
there exist C > 0, y̨0 > 0, and ˇ0 > 0 such that for all ˇ � ˇ0 it holds that

sup
˛<y̨0ˇ

�1=6

j�j<y�0
�<ˇ�1=2



.BN;D
�;˛;ˇ

/�1


C 

 d

dx
.B

N;D
�;˛;ˇ

/�1


 � Cˇ�2=3: (5.8.33)
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Proof. Let .�; f / 2 D.BN;D
�;˛;ˇ

/ � L2.0; 1/ satisfy B
N;D
�;˛;ˇ

� D f . We then write

B
N;D
�;0;ˇ

� D �˛2
�
�
d2

dx2
C iˇ.U C i�/

�
� C f: (5.8.34)

By (5.8.2) we obtain that

k�00k2 � C Œy̨
2
0�
1=2

ˇ
.ˇ�1k�00k2 C k�k2/C �

1=2

ˇ
ˇ�2=3kf k2�:

Hence, for sufficiently large ˇ we obtain that

k�00k2 � C
�
y̨
2
0ˇ

1=6
k�k2 C ˇ

�1=2
kf k2

�
:

We can thus conclude that


� � d2

dx2
C iˇ.U C i�/

�
�




2
� C

�
ˇk�k2 C ˇ

�1=2
kf k2

�
:

By (5.8.2) and (5.8.34) we then obtain

k�k1;2 � C
�
y̨
2
0k�k2 C ˇ

�2=3
kf k2

�
:

For sufficiently small y̨0 we may now conclude (5.8.33).

5.9 Some auxiliary results

This section is devoted to the proof of two auxiliary results which will become useful
in the next two sections.

Lemma 5.9.1. Let U 2 C 4.0; 1/ satisfy (2.1.3). Let further �0 and �1 denote positive
constants. There exist positive ˇ0, ‡ , ˛1, and C such that, for � D �C i�, where �
and � satisfy �1 < � < U.0/C �0ˇ�1=2 and � < ‡ˇ�1=2, ˇ > ˇ0, 0 � ˛ � ˛1ˇ1=3,
and any .�; f / 2 D.BN;D

�;˛;ˇ
/ � L2.0; 1/ satisfying B

N;D
�;˛;ˇ

� D f , it holds that

j�00.1/j � C
�
ˇ�1=3Œˇ�1=4 C x� �

�5=6
kf k2

C ˇ1=2
h
ˇ�1=4 C

x�

log.1C x�ˇ1=4/

i�1
j�.x�/j

C ˇ1=2Œˇ�1=4 C x� �
�1=2
k�0k2

�
; (5.9.1)

where x� is defined by (2.4.5).

Proof. Consider first the case U.0/ � �1ˇ�1=2 < � < U.0/ C �0ˇ
�1=2 for some

�1 > 0. In this case we have x� � Cˇ�1=4. As in the proof of (5.4.14) we use the
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L.L2; L1/ estimate of (4.3.3) applied to f D iˇU 00�.x�/ and (4.3.4) applied to
iˇU 00.� � �.x�//. We obtain

j�00.1/j � C
�
ˇ�1=8kf k2 C ˇ

3=4
j�.x�/j C ˇ

5=8
k�0k2

�
:

For �1 < � < U.0/ � �1ˇ�1=2 with sufficiently large �1 and ˇ0, we use (4.2.4) and
(4.2.7), applied to the pair .�00 � ˛2�; iˇU 00� C f / using the decomposition

iˇU 00� D iˇU 00.� � �.x�//C iˇU
00�.x�/

and Hardy’s inequality, to obtain

j�00.1/j

� C
�
ˇ�1=3x�5=6� kf k2 C ˇ

1=2x�1� log.1C x�ˇ1=4/j�.x�/j C ˇ1=2x�1=2� k�0k2
�
:

Combining the above pair of inequalities yields (5.9.1).

Lemma 5.9.2. Let U 2 C 4.0; 1/ satisfy (2.1.3) and �0, ‡ and �1 denote positive
constants. Let further

Lx�.‡; ˇ/ D

´
min.‡��1=2

ˇ;C
; ˇ�1=8/ � > 0;

ˇ�1=8 � < 0;
(5.9.2)

where �ˇ;C is defined by (3.1.26). Suppose that � D �C i�, where ˇ�1 < j�j, � <
‡ˇ�1=2, �1 < � < U.0/C �0ˇ�1=2 and

x� < Lx�.‡; ˇ/; (5.9.3)

where x� is defined by (2.4.5). Then, there exist positive ‡0, ˇ0, and C such that for
all ˇ > ˇ0 and ‡ < ‡0 it holds that

k QvDk2 � C
h
‡�5=2ˇ�1=4kf k2 C .‡

�3=8�
3=4

C;ˇ
C ‡3=2ˇ3=16/j�.x�/j

C .�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

i
(5.9.4)

in which QvD is given by (5.4.6).

Proof. Let ı WD ı.ˇ; ‡/ 2 .0; 1=4/ be much greater than ˇ�1=4. More precisely, we
introduce for sufficiently small ‡ and ˇ � ˇ0.‡/ with ˇ0.‡/ large enough

ı.ˇ;‡/ WD

´
min.‡1=4��1=2

ˇ;C
; ‡�1ˇ�1=8/ � > 0;

‡�1ˇ�1=8 � < 0:
(5.9.5)

Recall the definition of � 2 C10 .R; Œ0; 1�/ from (2.6.20)

�.x/ D

´
1 x < 1=2;

0 x > 3=4:
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We further set �ı.x/ D �.x=ı/, and Q�ı D 1 � �ı . Note that �ı is supported in
.0; 3ı=4/ and that Q�ı is supported in Œı=2;C1/.

Step 1: We estimate Q�ı QvD. Using (5.4.7) we now write

.L
N;D
ˇ
� ˇ�/. Q�ı QvD/ D fı C iˇU

00
Q�ı �; (5.9.6a)

where

fı D 2ı
�1
Q�0.�=ı/ Qv0D C ı

�2
Q�00.�=ı/ QvD C Q�ı Œ�f C �

00.1/ Og�: (5.9.6b)

Setting 
 D 2�1ˇ�1=4ı�1 and v D Q�ı QvD in (3.2.11) yields

ˇk jU � �j1=2 Q�ı QvDk
2
2 � k Q�ı QvDk2 kfık2

C Cˇ k jU � �j1=2 Q�ı QvDk2.k�
0
k2 C k.U � �/

�1=2
Q�ık j�.x�/j/; (5.9.7)

where we have used the identities Q�ı�
 D Q�ı and Q�ı�0
 D 0, and the inequality (rely-
ing on Hardy’s inequality)

jh Q�ı QvD; Q�ı Œ.� � �.x�//C �.x�/�ij

� CkjU � �j1=2 Q�ı QvDk2.k�
0
k2 C k.U � �/

�1=2
Q�ık j�.x�/j/:

Since by (5.9.3) and (5.9.5) there exist positive C and yC such that

.U.0/ � �/C � Cx
2
� �
yC‡3=2ı2;

we have, for sufficiently small ‡ , the existence of zC > 0 such that

jU � �j1=2 Q�ı �
1

zC
ı Q�ı : (5.9.8)

Hence, by (5.9.7) and (5.9.8),

k jU � �j1=2 Q�ı QvDk
2
2 � ˇ

�1
k Q�ı QvDk2 kfık2 C C.k�

0
k
2
2 C ı

�1
j�.x�/j

2/; (5.9.9)

which implies, using again (5.9.8),

k Q�ı QvDk2 � C
�
.ı2ˇ/�1 kfık2 C ı

�1
k�0k2 C ı

�3=2
j�.x�/j

�
: (5.9.10)

Consequently, by (5.9.6b) and (5.4.19)

k Q�ı QvDk2 � C
�
Œı2ˇ��1

�
ı�1k1Œı=2;ı� Qv0Dk2 C ı

�2
k1Œı=2;ı� QvDk2 C kf k2

�
C ı�3=2j�.x�/j C ı

�1
k�0k2 C ı

�2ˇ�5=4j�00.1/j
�
: (5.9.11)

Substituting (5.10.13) into (5.9.11) yields in view of (5.9.5) (note that ı2�ˇ;C �
‡1=2)

k Q�ı QvDk
2
2 � C

�
Œı2ˇ��2

�
ı�2k1Œı=2;ı� Qv0Dk

2
2 C ı

�4
k1Œı=2;ı� QvDk

2
2

�
C Œı2ˇ��2kf k22 C ı

�3
j�.x�/j

2
C ı�2k�0k22

�
: (5.9.12)
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Step 2: We estimate �2ı QvD. Taking the inner product of (5.4.7) with �2
2ı
.U 00/�1 QvD

we obtain (see also (5.4.8)) that

<h�22ı.U
00/�1 QvD; .L

N
ˇ � ˇ�/ QvD � iˇU

00�i

D kŒ�2ı.U
00/�1=2 QvD�

0
k
2
2 � kŒ�2ı.U

00/�1=2�0 QvDk
2
2 � ˇ� k�2ı.U

00/�1=2 QvDk
2
2

C ˇ<h�22ı�
00.1/ y ; i�i: (5.9.13)

As jU .3/�2ı j � Cı (given that U .3/.0/ D 0) we can conclude that

kŒ�2ı.U
00/�1=2 QvD�

0
k
2
2 �

1

C
kŒ�2ı QvD�

0
k
2
2 � Cı

2
k�2ı QvDk

2
2: (5.9.14)

Furthermore, as j.�2ı/0j � Cı�1 Q�ı , we obtain, using again the fact that U .3/.0/D 0,

kŒ�2ı.U
00/�1=2�0 QvDk

2
2 � C.ı

2
k�2ı QvDk

2
2 C ı

�2
k Q�ı QvDk

2
2/:

Substituting the above, together with (5.9.14) into (5.9.13), recalling that by (5.2.2)

ˇjh�22ı�
00.1/ y ; i�ij � ˇj�00.1/j k�0k2k.1 � x/

3 y k1 � Cˇ
�1
j�00.1/j k�0k2;

and that by (5.4.17), (5.2.2), (5.2.3), (4.2.10), and (4.2.17)

jh�2ı.U
00/�1 QvD; �

00.1/ Q�2ı Ogij � Cˇ
�3=4
k�2ı QvDk2j�

00.1/j

yields

kŒ�2ı QvD�
0
k
2
2 � C

�
‡�1ı2kf k22 C ˇ

�3=4
j�00.1/j k�2ı QvDk2

C .‡ı�2C�ˇ;C/k�2ı QvDk
2
2Cı

�2
k Q�ı QvDk

2
2Cˇ

�1
j�00.1/jk�0k2

�
:

By Poincaré’s inequality we have

k�2ı QvDk
2
2 � Cı

2
kŒ�2ı QvD�

0
k
2
2: (5.9.15)

Hence, in view of (5.9.5) and (5.9.15), we obtain for sufficiently small ‡

k�2ı QvDk
2
2 C ı

2
kŒ�2ı QvD�

0
k
2
2 �

C
�
‡�1ı4kf k22 C k Q�ı QvDk

2
2 C ˇ

�1ı2j�00.1/j.k�0k2 C ı
2ˇ�1=2j�00.1/j/

�
: (5.9.16)

Substituting (5.9.1) into (5.9.16) yields, in view of (5.9.5)

k�2ı QvDk
2
2Cı

2
kŒ�2ı QvD�

0
k
2
2 � C

�
‡�1ı4kf k22C.ˇ

�1=4ı2 C ı4/k�0k22Ck Q�ı QvDk
2
2

�
:

(5.9.17)
Combining (5.9.12) with (5.9.17), and (5.9.5) we obtain

k�2ı QvDk
2
2 C ı

2
kŒ�2ı QvD�

0
k
2
2 � C

�
‡�1ı4kf k22 C ı

�6ˇ�2k1Œı=2;ı� Qv0Dk
2
2

C ı�8ˇ�2k1Œı=2;ı� QvDk
2
2 C ı

�3
j�.x�/j

2
C ı�2k�0k22

�
: (5.9.18)
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As 1Œı=2;ı� � �2ı , and ı�8ˇ�2 � ‡�2ˇ2�4C C‡
8ˇ�1, where �C D max.�; 0/, we

obtain

k�2ı QvDk
2
2 C ı

2
kŒ�2ı QvD�

0
k
2
2

� C
�
‡�1ı4kf k22 C .‡

�2ˇ2�4C C ‡
8ˇ�1/ı2kŒ�2ı QvD�

0
k
2
2

C .‡�2ˇ2�4C C ‡
8ˇ�1/k�2ı QvDk

2
2 C ı

�3
j�.x�/j

2
C ı�2k�0k22

�
:

For sufficiently small ‡ and ˇ�10 we then conclude (as ‡�2ˇ2�4C � ‡
2) that

k�2ı QvDk
2
2 C ı

2
kŒ�2ı QvD�

0
k
2
2 � C

�
‡�1ı4kf k22 C ı

�3
j�.x�/j

2
C ı�2k�0k22

�
:

(5.9.19)
Similarly, by (5.9.12) and (5.9.5) (note that ı�4ˇ�2 � .‡�2ˇ2�4C C ‡

8ˇ�1/ı4), it
holds that

k Q�ı QvDk
2
2 � C

�
.‡�2ˇ2�4C C ‡

8ˇ�1/ı2kŒ�2ı QvD�
0
k
2
2

C.‡�2ˇ�2�4CC‡
8ˇ�1/k�2ı QvDk

2
2C.‡

�2ˇ2�4CC‡
8ˇ�1/ı4kf k22

Cı�3j�.x�/j
2
C ı�2k�0k22

�
: (5.9.20)

Since �2ı C Q�ı > 1
C

we obtain from (5.9.19) and (5.9.20) (as ‡�1ı4 � C‡�5ˇ�1=2

by (5.9.5) and since j�j > ˇ�1) that for ‡ and ˇ�10 small enough

k QvDk2 � C
�
‡�5=2ˇ�1=4kf k2 C .‡

�3=8�
3=4

C;ˇ
C ‡3=2ˇ3=16/j�.x�/j

C .�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

�
;

which is precisely (5.9.4).

5.10 Resolvent estimates for j=� � U.0/j D O.ˇ�1=2/

We consider, for given positive �0, ˛1, � D �C i�, and some positive ‡ , the zone

E.˛1; ˇ0; ‡; �0/ WD

´
.�; ˛; ˇ/ 2 C �R2C; 0 � ˛ � ˛1ˇ

1=3; ˇ � ˇ0

� < ‡ˇ�1=2; U.0/ � �0ˇ
�1=2 � � � U.0/C �0ˇ

�1=2

µ
:

(5.10.1)

Proposition 5.10.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and U .3/.0/ D 0. Let further
˛1 > 0 and �0 > 0. Then, there exist positive ‡ , ˇ0 and C , such that for .�; ˛; ˇ/ 2
E.˛1; ˇ0; ‡; �0/, it holds

max.1; j�ˇj1=4/
�

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



� � Cˇ�3=8: (5.10.2)
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Proof. Step 1: Preliminaries. We follow the same outlines as in the proof of Proposi-
tion 5.4.1. Nevertheless, given that j� � U.0/j � O.ˇ�1=2/, we need to address here
the quadratic behavior of U.x/ � U.0/ in the vicinity of x D 0 (see Section 3.2 for
instance).

Let QvD be given by (5.4.6). For the convenience of the reader, we repeat (5.4.8),
which reads

<h.U 00/�1 QvD; .L
N
ˇ � ˇ�/ QvD C iˇU

00�i

D k.U 00/�1=2 Qv0Dk
2
2 C<h

�
.U 00/�1

�0
QvD; Qv

0
Di

� ˇ�k.U 00/�1=2 QvDk
2
2 C ˇ<h�

00.1/ y ; i�i; (5.10.3)

where y D y �;ˇ is introduced in (5.2.1) and � 2D.BN;D
�;˛;ˇ

/ satisfies for f 2L2.0;1/

B
N;D
�;˛;ˇ

� D f:

We begin by estimating the last term on the right-hand side of (5.10.3). For technical
reasons we distinguish between the case �<��0 (for some sufficiently small �0>0)
and � > ��0.

Step 2: We estimate <h�00.1/ y ; i�i for � � ��0. As in Step 2 of the proof of Pro-
position 5.4.1 we write

�.x/ D

Z 1

x

.� � x/�00.�/ d� D �00.1/w C

Z 1

x

.� � x/Œ�00.�/ � �00.1/ y .�/� d�;

where

w.x/ D

Z 1

x

.� � x/ y .�/ d�:

Then we write

<h�00.1/ y ; i�i D �j�00.1/j2=h y ;wi C <h�00.1/ y ; i.� � �00.1/w/i: (5.10.4)

For the first term on the right-hand side we write, using the fact that w00 D y , and
integration by parts,

=h y ;wi D =hw00; wi D �=¹ Nw0.0/w.0/º: (5.10.5)

We now use [3, Proposition A.1] to obtain the following improvement of (5.2.2):

y .x/ D e�ˇ
1=2.��/1=2.1�x/

C y 1.x/; (5.10.6)

where
k y 1k1 C ˇ

1=2
k.1 � x/ y 1k1 � Cˇ

�1: (5.10.7)
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Next, we write, using (5.10.1), (5.10.6), (5.10.7)

Nw0.0/ D �

Z 1

0

y .�/ d� D �

Z 1

0

Œe�ˇ
1=2.�N�/1=2.1��/

C y 1.�/� d�

D �
1

.�ˇ N�/1=2
CO.ˇ�1/

D �
e�i�=4ˇ�1=2

ŒU.0/�1=2
Œ1CO.j�j1=2/�CO.ˇ�1/: (5.10.8)

To obtain (5.10.8) we used the identitiesZ 1

0

e�ˇ
1=2.�N�/1=2.1�x/dx D ˇ�1=2.�N�/�1=2.1 � e�ˇ

1=2.��/1=2/

and

ˇ�1=2.�Œ� � i��/�1=2 D e�i�=4ˇ�1=2.U.0/C Œ� � U.0/C i��/�1=2;

which shows the exponentially small behavior of e�ˇ
1=2.��/1=2 if �0 > 0 is chosen

small enough.
Furthermore, it holds that

w.0/ D

Z 1

0

� y .�/ d� D �w0.0/ �

Z 1

0

.1 � �/ y .�/ d�;

which implies by (5.2.2), (5.10.6), and (5.10.7)

w.0/ D �w0.0/ �
iˇ�1

U.0/
Œ1CO.j�j1=2/�CO.ˇ�3=2/: (5.10.9)

Combining (5.10.8) and (5.10.9) yields

=¹ Nw0.0/w.0/º D
ˇ�3=2

ŒU.0/�3=2
p
2
Œ1CO.j�j1=2/�CO.ˇ�2/: (5.10.10)

Substituting (5.10.10) into (5.10.5) yields

ˇ<h y ; iwi D
ˇ�1=2

ŒU.0/�3=2
p
2
Œ1CO.j�j1=2/�CO.ˇ�1/:

For sufficiently large ˇ0 and sufficiently small �0, ˇ<h y ; iwi is positive and hence,
by (5.10.4) we can conclude that

<h�00.1/ y ; i�i � <h�00.1/ y ; i.� � �00.1/w/i: (5.10.11)
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As in the proof of Proposition 5.4.1 (Step 2) we now apply (5.4.11), recalling that
˛ � ˛1ˇ

1=3, to obtain (note that �ˇ � 1
2
jU.0/jˇ1=3 by (5.10.1))

ˇ<h�00.1/ y ; i�i � �C ˇ�1=6�
�7=4

ˇ
j�00.1/j.k Qv0Dk2 C ˇ

2=3
k�0k2/

� � yCˇ�3=4j�00.1/j.k Qv0Dk2 C ˇ
2=3
k�0k2/: (5.10.12)

Let x� be defined by (2.4.5). By the assumption on � it holds that

x� � Cˇ
�1=4:

Hence, by (5.9.1)

j�00.1/j � C
�
ˇ�1=8kf k2 C ˇ

3=4
j�.x�/j C ˇ

5=8
k�0k2

�
; (5.10.13)

from which we conclude

ˇ<h�00.1/ y ;i�i � �C .k�k1;2 C ˇ
�7=8
kf k2/.k Qv

0
Dk2 C ˇ

2=3
k�0k2/: (5.10.14)

Step 3: We estimate QvD and Qv0D. Here, we follow the Steps 4 and 5 in the proof of
Proposition 5.4.1 with (5.4.15) replaced by (5.10.13).

By (3.2.1a), (5.4.7), (5.4.19), and (5.10.13), we obtain (compare with (5.4.24))
that

k QvDk2 � C.ˇ
1=4
k�0k2 C ˇ

3=8
j�.x�/j C ˇ

�1=2
kf k2/: (5.10.15)

Substituting (5.10.15), together with (5.10.13), (5.10.14), and (5.4.19), into (5.4.20)
yields

1

C
k Qv0Dk

2
2

� .ˇ1=4k�0k2Cˇ
3=8
j�.x�/j C ˇ

�1=2
kf k2/.kf k2Cˇ

3=8
k�0k2Cˇ

1=2
j�.x�/j/

C .1C �ˇ;C/.ˇ
1=4
k�0k2 C ˇ

3=8
j�.x�/j C ˇ

�1=2
kf k2/

2

C .k�k1;2 C ˇ
�7=8
kf k2/.k Qv

0
Dk2 C ˇ

2=3
k�0k2/:

Hence,

k Qv0Dk2 � C
�
.ˇ1=8 C �

1=2

ˇ;C
/.ˇ1=4k�0k2 C ˇ

3=8
j�.x�/j/C ˇ

�1=8
kf k2

�
: (5.10.16)

Recall that
�ˇ;C D ˇ�C D ˇmax.�; 0/:

Since (5.10.16) is unsatisfactory, given that the coefficient ofˇ1=4k�0k2Cˇ3=8j�.x�/j
is not necessarily small, as will become clear in the sequel, we obtain an improved
estimate in the next step.
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Step 4. For j�j > ˇ�1 we prove under the assumptions of the proposition that

k�00 � �00.1/ y k2 � C
�
‡�5=2ˇ�1=4kf k2 C .‡

�3=8�
3=4

C;ˇ
C ˇ1=3/j�.x�/j

C .�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

�
: (5.10.17)

Using the definition of QvD given in (5.4.6), an integration by parts yields

h��00 C �00.1/ y ; QvDi D k�
00
� �00.1/ y k22 C ˛

2
k�0k22 C h�

00.1/ y ; ˛2�i: (5.10.18)

By (5.2.2) for s D 1=2 and (5.10.13) it holds that

jh�00.1/ y ; ˛2�ij � ˛2j�00.1/j k.1 � x/1=2 y k1 k�
0
k2

� C˛2
�
ˇ�7=8kf k2 C j�.x�/j C ˇ

�1=8
k�0k2

�
k�0k2:

Substituting the above into (5.10.18) yields for sufficiently large ˇ0

k�00 � �00.1/ y k22 C ˛
2
k�0k22

� k � �00C�00.1/ y k2k QvDk2CC˛
2
�
ˇ�7=8kf k2Cj�.x�/jCˇ

�1=8
k�0k2

�
k�0k2:

For sufficiently large ˇ0 we then obtain that

k�00 � �00.1/ y k22 � C
�
k QvDk

2
2 C ˛

2.ˇ�7=4kf k22 C j�.x�/j
2/
�
: (5.10.19)

We now obtain (5.10.17) from (5.9.4) and the fact that ˛ � ˛1ˇ1=3.

Step 5. We estimate kvDk1 under the assumption of the proposition and the addi-
tional conditions j�j > ˇ�1 and � � ��0.

Let vD be given by (5.4.2). For the convenience of the reader we recall here
(5.4.4)

.L
N;D
ˇ
� ˇ�/vD D gD; (5.10.20a)

where (after reordering)

gD D .U C i�/.�f C �
00.1/ Og/ � 2U 0 Qv0D � U

00�00.1/ y 

C U 00.Œ�00.1/ y � �00� � QvD/ � 2U
.3/�0 � U .4/�: (5.10.20b)

Next, we obtain a bound for k.LN;D
ˇ
� ˇ�/�1gDk1 by separately estimating the

contribution of each of the six terms on the right-hand side of (5.10.20b).
To obtain the L1 estimates we repeatedly use the following Sobolev embedding

inequality
kvDk1 � kvDk

1=2
2 kv

0
Dk

1=2
2 : (5.10.21)
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Writing .U C i�/ D .U � �/C i� we obtain by (3.1.84)–(3.1.85) (for � < 0),
(3.2.1a) (for � > 0), and (3.3.35), that

k.L
N;D
ˇ
� ˇ�/�1.U C i�/.�f C �00.1/ Og/k1

� C
�
ˇ�3=4 C j�j1=4ˇ�3=4 C �Cˇ

�3=8
��
kf k2 C j�

00.1/j k Ogk2
�
:

Since ��0 < � < ‡ˇ�1=2, we obtain

k.L
N;D
ˇ
� ˇ�/�1.U C i�/.�f C �00.1/ Og/k1 � Cˇ

�3=4.kf k2 C j�
00.1/j k Ogk2/:

(5.10.22a)
Using (3.2.1a) and (3.2.1b) we obtain, recalling that, for j� � U.0/j � �0ˇ�1=2, we
have x� � Cˇ�1=4,

k.L
N;D
ˇ
� ˇ�/�1.U 0 Qv0D/k1

D k.L
N;D
ˇ
� ˇ�/�1.U 0.x�//C .U

0.x/ � U 0.x�// Qv
0
Dk1

� C
�
x�ˇ

�3=8
C ˇ�5=8

�
k Qv0Dk2 �

yCˇ�5=8k Qv0Dk2: (5.10.22b)

By (4.6.3) and (3.2.1a) we have

k.L
N;D
ˇ
� ˇ�/�1.�00.1/U 00 y /k1

D k.L
N;D
ˇ
� ˇ�/�1�00.1/ŒU 00.1/C .U 00.x/ � U 00.1//� y k1

� C
�
ˇ�1 C ˇ�3=8k.1 � x/ y k2

�
j�00.1/j:

By (4.2.10), (4.2.16), and (4.6.1) it holds that

k.1 � x/k y k2 � C �
�.1C2k/=4

ˇ
ˇ�.1C2k/=6: (5.10.22c)

Using (5.10.22c) with k D 1 yields

k.L
N;D
ˇ
� ˇ�/�1.�00.1/U 00 y /k1 � Cˇ

�1
j�00.1/j: (5.10.22d)

For the next term we use (3.2.1a) and (3.2.1b) to obtain that

k.L
N;D
ˇ
�ˇ�/�1U 00.Œ�00.1/ y ��00� � QvD/k1�Cˇ

�3=8
�
k�00.1/ y ��00k2CkQvDk2

�
:

We then use (5.9.4) and (5.10.17) to obtain that

k.L
N;D
ˇ
� ˇ�/�1U 00.Œ�00.1/ y � �00� � QvD/k1

� Cˇ�3=8
�
‡�5=2ˇ�1=4kf k2 C .‡

�3=8�
3=4

C;ˇ
C ˇ1=3/j�.x�/j

C .�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

�
: (5.10.22e)

As by (5.4.6)
�00.1/ y � �00 � QvD D ˛

2�;



The Orr–Sommerfeld operator 174

we may also write

k.L
N;D
ˇ
� ˇ�/�1U 00.Œ�00.1/ y � �00� � QvD/k1 D k.L

N;D
ˇ
� ˇ�/�1U 00˛2�k1

� k.L
N;D
ˇ
� ˇ�/�1U 00˛2Œ�.x�/�k1 C k.L

N;D
ˇ
� ˇ�/�1U 00˛2Œ� � �.x�/�k1:

Then we use (3.2.1a) and (3.2.1b) together with Hardy’s inequality for the second
term to obtain,

k.L
N;D
ˇ
� ˇ�/�1U 00˛2�k1 � C˛

2ˇ�1=2
�
j�.x�/j C ˇ

�1=8
k�0k2

�
: (5.10.22f)

In the sequel we use (5.10.22e) for ˛ � ˇ1=8 and (5.10.22f) for ˛ < ˇ1=8.
We estimate the next term as in (5.10.22a) (as jU .3/.x/j � Cx):

k.L
N;D
ˇ
� ˇ�/�1.2U .3/�0/k1 � C ˇ

�5=8
k�0k2: (5.10.22g)

Finally, we estimate the last term as in (5.10.22e):

k.L
N;D
ˇ
� ˇ�/�1.2U .4/�/k1 � Cˇ

�1=2.j�.x�/j C ˇ
�1=8
k�0k2/: (5.10.22h)

Combining (5.10.22a)–(5.10.22h) then yields

kvDk1 � C
�
ˇ�3=4
.˛; ˇ/kf k2 C ˇ

�3=4
j�00.1/j ¹k Ogk2 C ˇ

�1=4
º C ˇ�5=8k Qv0Dk2

C .Œˇ‡��3=8�
3=4

C;ˇ
Cˇ�1=24/j�.x�/jC.ˇ

�3=8�
1=2

C;ˇ
Cˇ�1=4/k�0k2

�
; (5.10.23)

where


.˛; ˇ/ D

´
1 ˛ < ˇ1=8;

‡�5=2ˇ1=8 ˛ � ˇ1=8:

Substituting (5.10.13), (5.10.16), (5.4.19), and (5.9.4) into (5.10.23), yields, with the
aid of (4.6.5)

kvDk1 . ˇ�3=4
.˛; ˇ/kf k2

C .Œˇ‡��3=8�
3=4

C;ˇ
C ˇ�1=24/j�.x�/j C .ˇ

�3=8�
1=2

C;ˇ
C ˇ�1=4/k�0k2:

By the assumption on �C, we may finally conclude

kvDk1 � C
�

.˛; ˇ/ˇ�3=4kf k2 C Œˇ

�1=4
C �

1=2
C ˇ1=8�k�k1;2 C Œˇ

�1=24

C �
3=8
C ˇ3=16�j�.x�/j

�
: (5.10.24)

Step 6. We prove (5.10.2) in the case � > ��0 and ˛ � ˛0ˇ1=8.
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Step 6a. Preliminaries. We continue as in the proof of [3, Lemma 8.8]. We first write,
as in (5.4.31)

� D �D C {�; (5.10.25a)

where

�D D A�1�;˛vD; {� D �A�1�;˛
�
ŒU C i���00.1/ y 

�
D ��00.1/��;˛;ˇ : (5.10.25b)

By Propositions 2.8.1 and 2.9.1, there exists (sufficiently small) C > 0 so that we can
use (2.8.47), for j�j � C x2� , and (2.9.14) for j�j � Cx2� , both holding for sufficiently
small �0. Hence, we can conclude that for any pair . Qv; Q�/ 2 W 1;p.0; 1/ �D.A�;˛/

satisfying Qv D A�;˛
Q�,

j Q�.x�/j
2
� C

�
j�j1=2

ˇ̌̌D
Q�;

Qv

U C i�

Eˇ̌̌
C x�




.1 � x/1=2 Qv

U C i�




2
1

�
: (5.10.26)

We apply the above inequality to the pair .�.U C i�/�00.1/ y ; {�/ to obtain

j {�.x�/j
2
� C j�00.1/j .j�j1=2jh{�; y ij C x� j�

00.1/jk.1 � x/1=2 y j21/:

Given that {�.1/ D 0 we write

jh�; y ij � k�0k2k.1 � x/
1=2 y k1 � C Œj�jˇ�

�3=4
k�0k2; (5.10.27)

to obtain, with the aid of (5.2.2) and (5.4.31),

jh{�; y ij � k{�0k2k.1 � x/
1=2 y k1 � C Œj�jˇ�

�3=4
k{�0k2; (5.10.28)

and consequently it holds that

j {�.x�/j
2
� yC .j�j1=2ˇ�3=4k{�0k2j�

00.1/j C x�ˇ
�3=2
j�00.1/j2/: (5.10.29)

Combining (5.10.29) with (5.10.13) yields

j {�.x�/j
2
� yC

�
j�j1=2k{�0k2 C x�

�
ˇ�7=8kf k2 C j�.x�/j C ˇ

�1=8
k�0k2

��
�
�
ˇ�7=8kf k2 C j�.x�/j C ˇ

�1=8
k�0k2

�
:

Since
j�j1=2k{�0k2j�.x�/j � C.ı

�2
j�jk{�0k22 C ı

2
j�.x�/j

2/

for any ı > 0 and x� < Cˇ�1=4, we can conclude that there exists C > 0 such that
for any ı > 0

j {�.x�/j � C
�
ı�1.j�j1=2 C ˇ�1=8/Œk{�0k2 C k�

0
Dk2�

C .ı C ˇ�1=8/Œj {�.x�/j C j�D.x�/j�C ı
�1ˇ�7=8kf k2

�
: (5.10.30)
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By applying to the pair .�D; vD/ (2.8.65) for U.0/ � �0ˇ�1=2 � � � U.0/ �
�0j�j, (2.9.29) for U.0/� �0min.j�j; ˇ�1=2/ � � � U.0/C �0min.j�j; ˇ�1=2/, and
(2.10.12) for U.0/C �0j�j � � � U.0/C �0ˇ�1=2, we obtain that

j�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
kvDk1:

With the aid of (5.10.24) we then obtain

j�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�

.˛; ˇ/ˇ�3=4kf k2CŒˇ

�1=4
C�

1=2
C ˇ1=8�k�k1;2CŒˇ

�1=24
C�

3=8
C ˇ3=16�j�.x�/j

�
;

(where �C is given by (3.3.20)), from which we conclude by (5.10.25) that

�Cj�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�

.˛; ˇ/ˇ�3=4kf k2 C .ˇ

�1=4
C �

1=2
C ˇ1=8/Œk{�0k2 C k�

0
Dk2�

C .ˇ�1=24 C �
3=8
C ˇ3=16/Œj {�.x�/j C j�D.x�/j�

�
: (5.10.31)

Combining (5.10.30) and (5.10.31) yields,

j {�.x�/j C j�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�
Œˇ�1=24 C �

3=8
C ˇ3=16 C ı�Œj {�.x�/j C j�D.x�/j�

C Œˇ�1=4 C �
1=2
C ˇ1=8 C ı�1j�j1=2�Œk{�0k2 C k�

0
Dk2�

C 
.˛; ˇ/ˇ�3=4kf k2
�
: (5.10.32)

Step 6b. We prove the existence of ‡ > 0, �0 > 0, and ˇ0 > 0 such that (5.10.2)
holds for ‡�1ˇ�1 < � < ‡ˇ�1=2 or ��0 < � < �‡�1ˇ�1, with ˇ � ˇ0.

Let

ı D Oı
.�

1C log
max.x� ; j�j1=2/
j�j1=2

�
;

where Oı > 0 is independent of ˇ.
Note that for ˇ�1 < j�j < x2� , we have, for any s > 0,�

j�j1=2

x�

�s�
1C log

max.x� ; j�j1=2/
j�j1=2

�
� Cs: (5.10.33)

The above inequality implies (with sD 1), since x� �Cˇ�1=4, the existence of ˇ0>0
such that for all ˇ > ˇ0,

ı�1j�j1=2 � Cˇ�1=4: (5.10.34a)
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Furthermore, (5.10.34) with s D 1=2 leads to�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
3=8
C ˇ3=16 � C�

1=8
C x1=2� ˇ3=16 � yC‡1=8; (5.10.34b)

and with s D 1=12 to�
1C log

max.x� ; j�j1=2/
j�j1=2

�
ˇ�1=24 � Csˇ

�1=24.x�=j�j
1=2/s � yCˇ�1=48:

(5.10.34c)
Hence, we obtain from (5.10.32) and (5.10.34) that, for sufficiently small ‡ , Oı, and
�0 and sufficiently large ˇ0,

j {�.x�/j C j�D.x�/j � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�

.˛; ˇ/ˇ�3=4kf k2CŒˇ

�1=4
C �

1=2
C ˇ1=8Cj�j1=2�Œk{�0k2Ck�

0
Dk2�

�
: (5.10.35)

Next, we apply (2.8.1b), for U.0/� �0ˇ�1=2 � � � U.0/� �0j�j, (2.9.1) for U.0/�
�0min.j�j;ˇ�1=2/� � �U.0/C �0min.j�j;ˇ�1=2/, and (2.10.1) forU.0/C �0j�j�
� � U.0/ C �0ˇ

�1=2, for p D C1, to the pair .�D; vD/ to obtain that, for j�j >
‡�1ˇ�1,�

1C log
max.x� ; j�j1=2/
j�j1=2

�
k�0Dk2 � C j�j

�1=4
kvDk1: (5.10.36)

Note that while applying (2.8.1b) we have, since x2� >
1
C
j�j in this case, that

Œlog x�
j�j1=2

�2

x
1=2
�

� yC j�j�1=4:

Then (5.10.24) and (5.10.36) yield with the aid of (5.10.25a),

k�0Dk2 � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

��1�
j�j�1=4
.˛; ˇ/ˇ�3=4kf k2

C .j�j�1=4ˇ�1=4 C �
1=4
C ˇ1=8/Œk{�0k2 C k�

0
Dk2�

C .ˇ�1=24j�j�1=4 C �
1=8
C ˇ3=16/Œj {�.x�/j C j�D.x�/j�

�
: (5.10.37)

Substituting (5.10.35) into (5.10.37) yields

k�0Dk2 � C
�
j�j�1=4
.˛; ˇ/ˇ�3=4kf k2

C Œj�j�1=4ˇ�1=4C�
1=4
C ˇ1=8Cj�j1=4�Œk{�0k2Ck�

0
Dk2�

�
: (5.10.38)

We now use (2.9.13) for the pair .{�; �00.1/.U C i�/ y /, together with (5.10.28)
to obtain that

k{�0k2 � C Œ�jˇj�
�3=4
j�00.1/j: (5.10.39)
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Using (5.10.13), we deduce from (5.10.39) for sufficiently large ˇ0

k{�0k2 � C.Œj {�.x�/j C j�D.x�/j�C ˇ
�1=8Œk{�0k2 C k�

0
Dk2�C ˇ

�7=8
kf k2/:

(5.10.40)
We then obtain from (5.10.35)

k{�0k2 � C
�
1C log

max.x� ; j�j1=2/
j�j1=2

�
�
�

.˛; ˇ/ˇ�3=4kf k2CŒˇ

�1=4
C�

1=2
C ˇ1=8Cj�j1=2�Œk{�0k2Ck�

0
Dk2�

�
: (5.10.41)

To obtain the coefficient of kf k2, we set sD 1=2 in (5.10.33) to conclude for j�j<x2��
1C log

max.x� ; j�j1=2/
j�j1=2

�
� Cx1=2� j�j

�1=4
� zCˇ�1=4j�j�1=4 � yC j�j�1=4:

Hence, combining (5.10.41) with (5.10.38) yields

k{�0k2 C k�
0
Dk2 � C

�
j�j�1=4
.˛; ˇ/ˇ�3=4kf k2

C Œˇ�1=4 C �
1=2
C ˇ1=8 C j�j1=2�

�
1C log

max.x� ; j�j1=2/
j�j1=2

�
Œk{�0k2 C k�

0
Dk2�

�
:

Hence, with the aid of (5.10.34), we obtain that there exist ‡ > 0 and ˇ0 > 0 (so that
‡ C ˇ�10 is small enough) such that for either ‡�1ˇ�1 � � � ‡ˇ�1=2 or ��0 �
� � �‡�1ˇ�1 we have

k�0k2 � C j�j
�1=4
.˛; ˇ/ˇ�3=4kf k2 � yC
.˛; ˇ/ˇ

�1=2
kf k2: (5.10.42)

Combined with Poincaré’s inequality (5.10.42) yields (5.10.2).
In the next step we use a shifting argument and hence it is necessary to obtain

first an estimate for k�00 � ˛2�k2. By (5.10.35) and the first inequality of (5.10.42),
we obtain that

j�.x�/j � j{�.x�/j C j�D.x�/j � C
.˛; ˇ/ˇ
�3=4 logˇ kf k2: (5.10.43)

Substituting the first inequality of (5.10.42) and (5.10.43) into (5.10.15) yields

k QvDk2 � C 
.˛; ˇ/
�
ˇ�3=8 logˇ C j�j�1=4ˇ�1=2

�
kf k2: (5.10.44)

Consequently, by (5.4.6), (5.10.13), and (4.6.5) we obtain, from (5.10.42), (5.10.43)
and (5.10.44),

k�00 � ˛2�k2 � C
.˛; ˇ/
�
ˇ�1=4 logˇ C j�j�1=4ˇ�3=8

�
kf k2: (5.10.45)
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Hence, we have proven, under the additional condition that ˛ � ˇ1=8, that there exist
‡ > 0 and ˇ0 > 0 such that for all ˇ > ˇ0 and either ‡�1ˇ�1 � � � ‡ˇ�1=2 or
��0 � � � �‡

�1ˇ�1,

k�00 � ˛2�k2 � C Œˇ
�1=4 logˇ C j�j�1=4ˇ�3=8�kf k2: (5.10.46)

For ˛ � ˇ1=8 (5.10.45) is deficient (in this case 
.˛;ˇ/D ‡�5=2ˇ1=8), hence we
use (4.5.4) (with v D �00 � ˛2� and f replaced by f C iˇU 00�) instead of (5.10.13),
to obtain that

j�00.1/j � Cˇ7=16.k�k2 C ˇ
�1
kf k2/:

Then, with the aid of (5.10.44) and (4.6.5) we establish (5.10.46) for ˛ � ˇ1=8 as
well.

Step 6c. We prove (5.10.2) for j�j < ‡�1ˇ�1, where ‡ > 0 has been determined in
the previous step.

Here, we use a shifting argument. We begin by writing

B�C2‡�1ˇ�1;˛� D f C 2‡
�1.�00 � ˛2�/; (5.10.47)

and observe that O� WD �C 2‡�1ˇ�1 satisfies the assumptions of Step 6b. We then
have by (5.10.46), with � replaced by O�,

k�00 � ˛2�k2 � C.ˇ
�1=8
C y��1=4ˇ�3=8/Œk�00 � ˛2�k2 C kf k2�:

Consequently,
k�00 � ˛2�k2 � Cˇ

�1=8
kf k2:

We now apply (5.10.42) to (5.10.47) to obtain, with the aid of the above inequality,

k�0k2 � C
.˛; ˇ/ˇ
�1=2.kf k2 C k�

00
� ˛2�k2/ � yC
.˛; ˇ/ˇ

�1=2
kf k2:

Combining the above with Poincaré’s inequality yields (5.10.2).

Step 7: The case � � ��0. Here, we use (4.4.3), applied to the pair .�00 � ˛2�; f C
iˇU 00�/, and (1.1.7b) to obtain that

j�00.1/j � C.ˇ1=2k�k2 C ˇ
�1=2
kf k2/: (5.10.48)

We then use (2.11.1) for the pair .{�; �00.1/.U C i�/ y /, together with (5.2.2) for
s D 1=2 to conclude

k{�0k2 � C j�ˇj
�3=4
j�00.1/j: (5.10.49)

From (5.10.48) and (5.10.49), we obtain, with the aid of Poincaré’s inequality, for
sufficiently large ˇ0

k{�0k2 � C
�
ˇ�1=4k�0Dk2 C ˇ

�5=4
kf k2

�
: (5.10.50)
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To estimate k�0Dk2 we apply (2.11.1) to the pair .�D; vD/ to obtain

k�0Dk2 � C kvDk2: (5.10.51)

We use (5.4.7), (5.10.48), (5.4.19), and (3.1.85), applied to the pair . QvD; iˇU
00� �

f C �00.1/ Og/, to obtain, that

k Qv0Dk2 � C j�j
�1=2

�
ˇ1=2k�0k2 C ˇ

�1=2
kf k2

�
: (5.10.52)

By (3.1.84) applied to the pair .vD; gD/ and (5.4.4) it holds that

kvDk2�
C

ˇj�j

�
.1Cj�j/.kf k2Cj�

00.1/jk Ogk2/CkQv
0
Dk2CkQvDk2Ck�

00
k2Ck�k1;2

�
:

(5.10.53)
To bound k�00k2 we use the identity

k�00k22 C ˛
2
k�0k22 D h�

00; �00 � ˛2�i; (5.10.54)

to obtain, with the aid of (5.4.6),

k�00k2 � kQvDk2 C j�
00.1/j k y k2: (5.10.55)

Consequently, we obtain from the substitution of (5.4.19), (5.10.52), (5.10.55), and
(4.6.5), into (5.10.53)

kvDk2 � C
�
ˇ�1=2k�0k2 C ˇ

�1
kf k2

�
: (5.10.56)

Next, we apply (5.10.51) and (5.10.56) to obtain

k�0Dk2 � CkvDk2 �
yC
�
ˇ�1=2k�0k2 C ˇ

�1
kf k2

�
:

Combining the above inequality with (5.10.50) yields

k�0k2 � C ˇ
�1
kf k2: (5.10.57)

The above inequality, combined with Poincaré’s inequality, completes the proof of
(5.11.2).

5.11 Resolvent estimates for ˇ�1=2 � U.0/ � � < U.0/ � U.1=2/

We now consider the case where ˇ�1=4 � x� < 1=2. More precisely, given some
positive ‡ and �1 < U.1=2/, we consider for suitable �2 > 0 and ˇ0 the zone

C1.�1; �2; ‡; ˛1; ˇ0/D

´
.�; ˛; ˇ/ 2 C �R2C; ˇ � ˇ0; � < ‡ˇ

�1=2

�1 � � � U.0/ � �2ˇ
�1=2; 0 � ˛ � ˛1ˇ

1=3

µ
; (5.11.1)

for some sufficiently small ˛1 > 0.
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Proposition 5.11.1. LetU 2C 4.Œ0;1�/ satisfy (2.1.3). Let further �1<U.1=2/ denote
a positive constant. Then, there exist ‡ > 0, ˛1 > 0, ˇ0 > 0, �2 > 0, and C > 0, such
that for .�; ˛; ˇ/ 2 C1.�1; �2; ‡; ˛1; ˇ0/ it holds that

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



 � C ˇ�1=2 logˇ: (5.11.2)

Proof. We refer to the notation introduced in (5.4.2)–(5.4.7) for vD, QvD and gD.

Step 1. We estimate QvD and Qv0D in L2 for � > ��0, for some, sufficiently small,
�0 > 0.

For the convenience of the reader we repeat here once again (5.4.8)

<h.U 00/�1 QvD; .L
N
ˇ � ˇ�/ QvD C iˇU

00�i

D k.U 00/�1=2 Qv0Dk
2
2 C<h..U

00/�1/0 QvD; Qv
0
Di � ˇ� k QvDk

2
2 C ˇ<h�

00.1/ y ; i�i:

As in (5.10.12) we obtain that

ˇ<h�00.1/ y ; i�i � �Cˇ�3=4j�00.1/j.k Qv0Dk2 C ˇ
2=3
k�0k2/: (5.11.3)

Let x� be defined by (2.4.5). Since by assumption we have x� � C�
1=2
2 ˇ�1=4 it holds

by (5.9.1) that, for sufficiently large �2

j�00.1/j � C
�
ˇ�1=3x�5=6� kf k2

C ˇ1=2x�1� log.ˇ1=4x�/j�.x�/j C ˇ1=2x�1=2� k�0k2
�
: (5.11.4)

For ˛ > ˇ1=6 we use (4.5.4) for the pair .�00 � ˛2�; f C iˇU 00�/ to obtain, with the
aid of Poincaré’s inequality, that

j�00.1/j � C˛�1=2.ˇ1=2k�0k2 C ˇ
�1=2
kf k2/ (5.11.5)

By substituting (5.11.4) into (5.11.3), we get

ˇ<h�00.1/ y ; i�i � �C
�
ˇ�1=4Œx�1=2� k�k1;2 C x

�1
� log.ˇ1=4x�/j�.x�/j�

C ˇ�13=12x�5=6� kf k2
��
k Qv0Dk2 C ˇ

2=3
k�0k2

�
: (5.11.6)

Next, by (5.4.7), (5.4.19), (5.11.4), (3.1.3a), and (3.3.10), we obtain, for the parameter
range set in (5.11.1), that (compare with (5.10.15))

k QvDk2 � C
�
x�1� k�

0
k2 C ˇ

1=6x�5=6� j�.x�/j C Œˇx� �
�2=3
kf k2

�
: (5.11.7)
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Substituting (5.11.7) together with (5.11.6), (5.4.19), and (5.11.4) into (5.4.20) yields,
with the aid of (5.4.7)

1

C
k Qv0Dk

2
2

�
�
x�1� k�

0
k2 C ˇ

1=6x�5=6� j�.x�/j C Œˇx� �
�2=3
kf k2

�
�
�
kf k2 C ˇ

1=4x�1=2� k�0k2 C ˇ
1=4x�1� log.ˇ1=4x�/j�.x�/j

�
Cmax.1; �ˇ/

�
x�1� k�

0
k2 C ˇ

1=6x�5=6� j�.x�/j C Œˇx� �
�2=3
kf k2

�2
C
�
ˇ�1=4Œx�1=2� k�k1;2 C x

�1
� log.ˇ1=4x�/j�.x�/j�C ˇ�13=12x�5=6� kf k2

�
�
�
k Qv0Dk2 C ˇ

2=3
k�0k2

�
:

Hence,

k Qv0Dk2 � C
�
.ˇ1=8 C �

1=2
C ˇ1=2/.x�1� k�

0
k2 C ˇ

1=6x�5=6� j�.x�/j/

C ˇ5=24x�1=4� k�0k2 C ˇ
�1=8
kf k2

�
: (5.11.8)

Step 2. We prove that

k�00 � �00.1/ y k2

� C
�
k QvDk2 C ˇ

�11=12x�5=6� kf k2 C ˇ
�1=12x�1� log.ˇ1=4x�/j�.x�/j

�
: (5.11.9)

Step 2.1: Prove (5.11.9) in the case 0 � ˛ � ˇ1=6. We write, as in Step 5 of the proof
of Proposition 5.10.1 and with the aid of (5.11.4) and (5.2.2) (with s D 1=2)

jh�00.1/ y ; ˛2�ij � ˛2j�00.1/j k.1 � x/1=2 y k1 k�
0
k2

� C˛2
�
ˇ�13=12x�5=6� kf k2 C ˇ

�1=4Œx�1� log.ˇ1=4x�/j�.x�/j

C x�1=2� k�0k2�
�
k�0k2: (5.11.10)

Substituting (5.11.10) into (5.10.18) yields

k�00 � �00.1/ y k22 C ˛
2
k�0k22

� k � �00 C �00.1/ y k2 k QvDk2 C C˛
2
�
ˇ�13=12x�5=6� kf k2

C ˇ�1=4Œx�1� log.ˇ1=4x�/j�.x�/j C x�1=2� k�0k2�
�
k�0k2:

For sufficiently large ˇ0 we then obtain, as x� > ˇ�1=4,

k�00 � �00.1/ y k2

� C
�
k QvDk2 C ˛.ˇ

�13=12x�5=6� kf k2 C ˇ
�1=4x�1� log.ˇ1=4x�/j�.x�/j/

�
:

For ˛ < ˇ1=6 (5.11.9) is readily verified.
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Step 2.2. We prove (5.11.9) in the case ˇ1=6 � ˛ � ˛1ˇ1=3. In this case, we obtain,
instead of (5.11.10), with the aid of (5.11.5) and again (5.2.2) (with s D 1=2) that

jh�00.1/ y ; ˛2�ij � C˛3=2
�
ˇ�5=4kf k2 C ˇ

�1=4
k�0k2

�
k�0k2:

Substituting the above into (5.10.18) yields, as above

k�00 � �00.1/ y k2 � C.k QvDk2 C ˇ
�7=6
kf k2/:

Consequently, (5.11.9) is valid also for ˇ1=6 � ˛ < ˛1ˇ1=3.

Step 3. We estimate vD in L1 for � � ��0. Let vD be given by (5.4.2). Recall that
by (5.10.20) .Lˇ � ˇ�/vD D gD. To obtain an estimate for kvDk1 we begin, as in
Step 6 in Proposition 5.10.1, by rewriting (5.10.20b) as the sum of five terms:

gD D Œ.U � �/.�f C �
00.1/ Og/�C Œi�.�f C �00.1/ Og/�

� Œ2.U 0 � U 0.x�// Qv
0
D�C Œ�2U

0.x�/ Qv
0
D � U

00.Œ�00 � �00.1/ y �C QvD/

� 2U .3/�0 � U .4/�� � ŒU 00�00.1/ y �: (5.11.11)

We separately estimate the contribution of each term on the right-hand side of equa-
tion (5.11.11), using the interpolation inequality (5.10.21). For the first term on the
right-hand side of (5.11.11), we apply (3.3.35) with f replaced by�f C �00.1/ Og. For
the second term, we use (3.1.3a), and (3.1.3b) with p D 2 (both valid for sufficiently
large �2) for �ˇ�1=2 � � < ‡ˇ�1=2 and (3.1.84)–(3.1.85) for the case � < �ˇ�1=2.
For the third term we use (3.3.10) and (3.3.11). For the fourth term we use (3.1.3) to
obtain

k.L
N;D
ˇ
� ˇ�/�1.U 0.x�/ Qv

0
D/k1 � C x� Œˇx� �

�1=2
k Qv0Dk2:

Finally, for the fifth term we use (4.6.3) as in the proof of (5.10.22d). Combining the
above yields for x� � C�

1=2
2 ˇ�1=4

kvDk1 � C
�
ˇ�3=4.kf k2 C j�

00.1/j k Ogk2/

C Œˇx� �
�1=2.k�k1;2 C k�

00
� �00.1/ y k2 C kQvDk2/

C ˇ�1=2x1=2� k Qv
0
Dk2 C ˇ

�1
j�00.1/j

�
:

Using (5.11.9) we then obtain

kvDk1 � C
�
ˇ�3=4.kf k2 C j�

00.1/j k Ogk2/

C Œˇx� �
�1=2.k�k1;2 C kQvDk2 C ˇ

�1=12x�1� log.ˇ1=4x�/ j�.x�/j/

C ˇ�1=2x1=2� k Qv
0
Dk2 C ˇ

�1
j�00.1/j

�
: (5.11.12)

For the estimate of k QvDk2 we use a combination of (5.9.4) and (5.11.7).
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Let Lx� WD Lx�.‡; ˇ/ be defined by (5.9.2). Then, there exists ‡ > 0 such that

k QvDk2 � C

8̂̂<̂
:̂
�
‡�5=2ˇ�1=4kf k2C.‡

�3=8�
3=4

C;ˇ
C‡3=2ˇ3=16/j�.x�/j

C.�
1=2

C;ˇ
C ‡2ˇ1=8/k�0k2

�
x� < Lx�;�

x�1� k�
0k2 C ˇ

1=6x
�5=6
� j�.x�/j C Œˇx� �

�2=3kf k2
�

otherwise:
(5.11.13)

Thus, we set


.x� ; Lx�/ D

´
1 x� � Lx�;

0 x� < Lx�:

Substituting (5.11.4), (5.11.8), (5.11.13), (4.6.5), and (5.4.18) into (5.11.12) yields

kvDk1 � C
�
ˇ�5=8.x1=2� C ‡�5=2ˇ�1=8x�1=2� /kf k2

C Œ
.x� ; Lx�/ˇ
�1=3x�4=3� Cˇ�5=24x�1=3� C �

1=2
C ˇ1=6x�1=3� �j�.x�/j

C Œ
.x� ; Lx�/ˇ
�1=2x�3=2� C ˇ�3=8x�1=2� C ˇ�7=24x1=4� C �

1=2
C x�1=2� �k�k1;2

�
:

(5.11.14)

We now obtain an estimate of j�.x�/j (see (5.11.18) below).

Step 4. With, as in (5.10.25)

� D �D C {�; (5.11.15)

�D D A�1�;˛vDI {� D �A�1�;˛.ŒU C i���
00.1/ y / (5.11.16)

and

C2.�1; �2; ‡; ˛1; ˇ0; �0/

WD

²
.�; ˛; ˇ/ 2 C1

ˇ̌̌̌
ˇ�2 � j�j � ‡ˇ�1=2 or �

jU.0/ � �j

�0
< � < �‡ˇ�1=2

³
;

(5.11.17)

we prove that there exist C > 0, ‡0, and O�0 such that, for 0 < ‡ � ‡0 and �0 � O�0,
there exist O�2 D y�2.‡; �0/ and ˇ0 D ˇ0.‡; �0/ so that for �2 � y�2 and .�; ˛; ˇ/ 2
C2.�1; �2; ‡; ˛1; ˇ0; �0/ we have

j {�.x�/j C j�D.x�/j

� C log.j�j�1=2x�/
�
Œˇ�1=4 C 
.x� ; Lx�/ˇ

�1=2x�3=2� C �
1=2
C x�1=2� �k�0k2

C ˇ�5=8Œx1=2� C ‡�5=2ˇ�1=8x�1=2� �kf k2
�
: (5.11.18)

By (2.8.47) applied to the pair .{�;.ŒU C i���00.1/ y //, which holds for .�;˛;ˇ/2
C2.�1; �2; ‡; ˛1; ˇ0; �0/ when �2 � ‡�0, (5.11.4), and (5.2.2) for s D 1=2, we
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obtain that

j {�.x�/j � C x
1=2
� j�

00.1/jk.1 � x/1=2 y k1

� yC
�
ˇ�1=4k�0k2 C ˇ

�1=4x�1=2� log.ˇ1=4x�/j�.x�/j

C ˇ�13=12x�1=3� kf k2
�
: (5.11.19)

By (5.11.14) and (2.8.65) applied to the pair .�D; vD/, we obtain that

j�D.x�/j � C log
� x�

j�j1=2

��
ˇ�5=8.x1=2� C ‡�5=2ˇ�1=8x�1=2� /kf k2

C Œ
.x� ; Lx�/ˇ
�1=3x�4=3� C ˇ�5=24x�1=3� C �

1=2
C ˇ1=6x�1=3� �j�.x�/j

C Œ
.x� ; Lx�/ˇ
�1=2x�3=2� C ˇ�3=8x�1=2� C ˇ�7=24x1=4�

C �
1=2
C x�1=2� �k�k1;2

�
:

Combining the above yields, using the fact that ˇ�1=4 < x� < 1 and that j�j < �0

j {�.x�/j C j�D.x�/j

� C log.j�j�1=2x�/
�
Œˇ�1=4 C 
.x� ; Lx�/ˇ

�1=2x�3=2� C �
1=2
C x�1=2� �k�0k2

C
�
ˇ�1=4x�1=2� log.ˇ1=4x�/C 
.x� ; Lx�/ˇ�1=3x�4=3�

C ˇ�5=24x�1=3� C �
1=2
C ˇ1=6x�1=3�

�
j�.x�/j

C ˇ�5=8Œx1=2� C ‡�5=2ˇ�1=8x�1=2� �kf k2
�
: (5.11.20)

We proceed by showing that the coefficient of j�.x�/j on the right-hand side of
(5.11.20) can be made arbitrarily small by choosing �2 sufficiently large. We separ-
ately bound each term in the brackets.

For the second term we first observe that for x� > ‡�
�1=2
C ˇ�1=2, we have

log.j�j�1=2x�/ ˇ�1=3x�4=3� � log.‡�1x2�ˇ
1=2/Œˇ1=2x2� �

�2=3

� Œlog.x2�ˇ
1=2/C log.‡�1/�Œˇ1=2x2� �

�2=3
� C Œ�

�1=3
2 C log‡�1��2=32 �:

Furthermore, for ˇ0.�0/ large enough and .�; ˛; ˇ/ 2 C2.�1; �2; ‡; ˛1; ˇ0; �0/, it
holds that

j�j�1=2x� � ˇ: (5.11.21)

Hence, for x� > ˇ�1=8, we have

log.j�j�1=2x�/ˇ�1=3x�4=3� � ˇ�1=6 log.j�j�1=2x�/ � Cˇ�1=6 logˇ:

Combining the pair of estimates, we obtain

log.j�j�1=2x�/
.x� ; Lx�/ˇ�1=3x�4=3� � zC
�
�
�1=3
2 C log‡�1��2=32 C ˇ�1=6 logˇ

�
:

(5.11.22)
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For the third term, we write, assuming that �2‡ � 1 (which implies ��1=2C x� �
1
C
�
1=2
2 ‡1=2 for .�; ˛; ˇ/ 2 C2.�1; �2; ‡; ˛1; ˇ0; �0/),

log.j�j�1=2x�/�
1=2
C ˇ1=6x�1=3� D log.j�j�1=2x�/Œ�

�1=2
C x� �

�1=3�
1=3
C ˇ1=6

� C�
1=3
C ˇ1=6 � yC‡1=3:

For the first term we obtain with the aid of (5.11.21)

log.j�j�1=2x�/ˇ�1=4x�1=2� log.ˇ1=4x�/ � Cˇ�1=8 log2 ˇ:

We can now conclude (5.11.18).

Step 5. We prove that there exist C > 0, ‡0, and O�0 such that, for 0 < ‡ � ‡0 and
�0 � O�0, we have for some y�2 D y�2.‡; �0/ and ˇ0 D ˇ0.‡; �0/ that, for �2 � y�2 and
.�; ˛; ˇ/ 2 C2.�1; �2; ‡; ˛1; ˇ0; �0/, (5.11.2) holds true

We first use (2.8.1b) (which holds .�; ˛; ˇ/ 2 C2) applied to the pair .�D; vD/

and (5.11.14) to obtain that

k�0Dk2 � C log.j�j�1=2x�/
�
ˇ�5=8.1C ‡�5=2ˇ�1=8x�1� /kf k2

C Œ
.x� ; Lx�/ˇ
�1=3x�11=6� C ˇ�5=24x�5=6� C �

1=2
C ˇ1=6x�5=6� �j�.x�/j

C Œ
.x� ; Lx�/ˇ
�1=2x�2� C ˇ

�3=8x�1� C ˇ
�7=24x�1=4� C �

1=2
C x�1� �k�k1;2

�
:

(5.11.23)

Using (5.11.22) (which holds for .�; ˛; ˇ/ 2 C2), and the fact that ˇ�1=4 < x� ,
we write

log.j�j�1=2x�/
.x� ; Lx�/ˇ�1=2x�2�

� zCˇ�1=6x�2=3�

�
�
�1=3
2 C log‡�1��2=32 C ˇ�1=6 logˇ

�
� zC

�
�
�2=3
2 C log‡�1��12 C ˇ

�1=6 logˇ
�
: (5.11.24)

Substituting (5.11.18) and (5.11.24) into (5.11.23), we obtain the existence of C > 0

and ˇ0 > 0 such that for all ˇ > ˇ0 we have

k�0Dk2 � C
�

log.j�j�1=2x�/ˇ�1=2kf k2

C
�
ˇ�1=6x�2=3� Cˇ�1=8 logˇC��1=32 Clog‡�1��12 C‡

1=4
�
Œk{�0k2 C k�

0
Dk2�

�
:

(5.11.25)

Note that in the proof we repeatedly use the inequalities

.j�j�1=2x�/
�1=2 log.j�j�1=2x�/ � 1 (5.11.26)
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(which holds since j�j�1=2x� > 1 for sufficiently large �2), 1
yC
�
1=2
2 ˇ�1=4 < x� < 1

(which holds for some yC > 0), �C � ‡ˇ�1=2, and (5.11.21).
We now apply (2.8.46) (which holds for .�; ˛; ˇ/ 2 C2 with sufficiently large �2)

to the pair .{�; .ŒU C i���00.1/ y //, (5.2.2) for s D 1=2, and (5.11.4) as in (5.11.19)
to obtain that

k{�0k2 � C
�
ˇ�1=4x�1=2� k�0k2 C ˇ

�1=4x�1� j�.x�/j C ˇ
�13=12x�5=6� kf k2

�
:

(5.11.27)
By (5.11.21), (5.11.18), (5.11.24), and (5.11.26) we have

j�.x�/j �

C
�
¹ˇ�1=4 logˇ C x1=2� Œˇ�1=6 logˇ C ��2=32 C ��12 log‡�1�C ‡1=4ˇ�1=8ºk�0k2

C log.j�j�1=2x�/ˇ�5=8‡�5=2kf k2
�
:

Hence, for s � 1=2, we have

.ˇ�1=4x�1� /sj�.x�/j � C
�
.�
�2=3
2 C ‡1=4/ˇ�1=8k�0k2

C ˇ�5=8 logˇ ‡�5=2��1=22 kf k2
�
: (5.11.28)

By (5.11.27) and (5.11.28) for s D 1, we obtain

k{�0k2 � C.ˇ
�1=2 logˇkf k2 C ˇ�1=8k�0k2/: (5.11.29)

Combining (5.11.29) with (5.11.25) yields if .�;˛;ˇ/ 2C2.�1; �2;˛1;ˇ0;‡;�0; /

that there exist positive ˇ0 and C such that for all ˇ > ˇ0 (the reader is referred for a
precise description of the parameter space to the statement of step 4)

k�0k2 � k{�
0
k2 C k�

0
Dk2 � Cˇ

�1=2 logˇkf k2: (5.11.30)

Together with Poincaré’s inequality, (5.11.30) implies (5.11.2) under the assumptions
of Step 4.

To prove (5.11.2) in the next step for j�j < ˇ�2, we need to obtain an estimate
of k�00 � ˛2�k2 under the present condition on �. By (5.11.28) for s D 5=6 and
(5.11.30) we obtain under (5.11.17) that for some C > 0 (here and in the sequel the
explicit dependence of C D C.�0; ‡/ on .�0; ‡/ is of little concern)

x�5=6� j�.x�/j � Cˇ
�5=12 logˇ kf k2: (5.11.31)

Substituting (5.11.30) and (5.11.31) into (5.11.7) yields that

k QvDk2 � Cˇ
�1=4 logˇkf k2:
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Consequently, by (5.11.4), (5.4.6), (5.11.30), (5.11.31), and (4.6.5), it holds under the
assumptions and conclusions of Steps 4 and 5 that

k�00 � ˛2�k2 � kQvDk2 C j�
00.1/j k y k2

� Cˇ�1=8Œx�ˇ
1=4��1=6 log.x�ˇ1=4/ logˇkf k2

� Cˇ�1=8 logˇkf k2: (5.11.32)

Step 6: We prove (5.11.2) for j�j � ˇ�2. We begin by writing as in (5.10.47)

B�C2ˇ�2;˛� D f C 2ˇ
�1.�00 � ˛2�/; (5.11.33)

Hence, by (5.11.32) applied to the pair .�; f C 2ˇ�1.�00 � ˛2�// with � replaced by
�C 2ˇ�2, we have

k�00 � ˛2�k2 � C.ˇ
�9=8 logˇk�00 � ˛2�k2 C ˇ�1=8 logˇkf k2/:

Consequently, we obtain that

k�00 � ˛2�k2 � Cˇ
�1=8 logˇkf k2:

We now apply (5.11.2) to (5.11.33) to obtain

k�0k2 � Cˇ
�1=2 logˇ.kf k2 C ˇ�1k�00 � ˛2�k2/:

Hence,
k�0k2 � Cˇ

�1=2 logˇkf k2:

Step 7: We prove (5.11.2) in the case ��0 � � < �
U.0/��
�0

. We note for below that,
under the above assumption,

j�j >
1

C.�0/
�
1=2
2 ˇ�1=2: (5.11.34)

In this case, we can apply (4.4.13), by (5.4.13), to the pair .�00 � ˛2�; iˇU 00� C f /,
so that the L1 estimate is applied to iˇU 00� and the L2 estimate to f . We obtain

j�00.1/j � C.ˇ�1=2j�j�3=4kf k2 C ˇ
1=2
j�j�1=2k�k1/:

Hence, by (2.9.13) applied to the pair .{�; �00.1/.U C i�/ y / (see (5.10.27)) together
with (5.2.2) for s D 1=2 and (5.11.34), we obtain

k{�0k2 � C.j�j
�3=4ˇ�5=4kf k2 C ˇ

�1=4
j�j�1=2k�k1/

� yC.ˇ�7=8kf k2 C �
�1=4
2 k�0k2/:
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From the above we conclude, using Poincaré’s inequality, that for �2 large enough

k{�0k2 C j{�.x�/j � C.ˇ
�7=8
kf k2 C �

�1=4
2 k�0Dk2/: (5.11.35)

We next use (2.9.29) for the pair .�D; vD/ (see (5.4.31b)) to obtain from (5.11.14)

j�D.x�/j � CkvDk1 �
yC
�
ˇ�5=8kf k2 C ˇ

�1=4
k�0k2 C ˇ

�1=8
j�.x�/j

�
which implies for ˇ � ˇ0 with ˇ0 large enough

j�D.x�/j � C
�
ˇ�5=8kf k2 C ˇ

�1=4
k�0k2 C ˇ

�1=8
j {�.x�/j

�
: (5.11.36)

In the sequel the explicit dependence on .�0;‡/ is of little concern to us and is there-
fore omitted.

Similarly, we obtain, using (2.9.1) with p D C1 for the pair .�D; vD/ and
(5.11.14)

k�0Dk2 � C j�j
�1=4
kvDk1

� yC�
�1=8
2 ˇ1=8

�
ˇ�5=8kf k2 C ˇ

�1=4
k�0k2 C ˇ

�1=8
j�.x�/j

�
:

Using Sobolev embedding for �D, we obtain for sufficiently large �2

k�0Dk2 � C�
�1=8
2

�
ˇ�1=2kf k2 C ˇ

�1=8
k�0k2 C j{�.x�/j

�
: (5.11.37)

We now continue as in the derivation of (5.11.30) to obtain by (5.11.35), (5.11.36),
and (5.11.37) for �2 and ˇ0 large enough and ˇ � ˇ0

k�0k2 � k{�
0
k2 C k�

0
Dk2 � Cˇ

�1=2
kf k2: (5.11.38)

Step 8: The case � < ��0. The proof of Step 7 in Proposition 5.10.1 furnishes
(5.10.57) without any modification. Making use of Poincaré’s inequality we then
establish (5.11.2).

5.12 Large d.=�; Œ0;U.0/�/

In the following we consider the case where � lies outside the interval Œ0; U.0/�. We
consider two different regimes.

• We begin with case � � U.0/� ˇ�1=2.

• We then continue by assuming ˇ1=3.��/� 1.

We begin by introducing for some positive constants ˛0, ‡ , ˇ0 and �1 the zone

F1.˛0; ˇ0; ‡; �1/ WD

´
.�; ˛; ˇ/ 2 C �R2C; ˇ � ˇ0; 0 � ˛ � ˛0ˇ

1=3;

� < ‡ˇ�1=2; U.0/C �1ˇ
�1=2 � �

µ
:
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Proposition 5.12.1. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3) and ˛0 and ‡ denote positive
constants. Then, there exist ˇ0 > 0, �1 > 0, and C > 0, such that, for .�; ˛; ˇ/ 2
F1.˛0; ˇ0; ‡; �1/, it holds that

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



 � Cˇ�1=2: (5.12.1)

Proof. Step 1 For positive �0 and z̨0, we prove that for �1 and ˇ0 large enough,
(5.12.1) holds true under the additional conditions that j�j � �0 and ˛ � z̨0ˇ1=4.

Let f 2 L2.0; 1/ and � 2 D.BN;D
�;˛;ˇ

/ satisfy

B
N;D
�;˛;ˇ

� D f: (5.12.2)

Taking the scalar product of (5.12.2) with �
UCi�

, and integrating by parts yields for
the imaginary part

�=

D �

U C i�
; f
E
D =

D� �

U C i�

�00
; �00

E
C ˛2=

D� �

U C i�

�0
; �0
E

C ˇ
�
k�0k22 C ˛

2
k�k22 C<

D U 00�
U C i�

; �
E�
: (5.12.3)

By (2.1.3) we obtain the following auxiliary estimate, which we repeatedly use in the
sequel


 .U 0/n

.U C i�/m





1
� C




 xn

.x2 C L�/m





1
� C L��.m�n=2/ 8m 2 RC; 8n 2 Œ0; 2m�;

(5.12.4)
where

L� D � � U.0/ > 0:

As� �

U C i�

�00
D �2

�0U 0

.U C i�/2
C

�00

U C i�
�

�U 00

.U C i�/2
C 2

�.U 0/2

.U C i�/3
; (5.12.5)

we need to estimate four different terms to obtain a bound for the first term on the
right-hand side of (5.12.3). We begin by writingˇ̌̌D �0U 0

.U C i�/2
; �00

Eˇ̌̌
�

ˇ̌̌D �0U 0

.U C i�/2
; �00 � �00.1/ y 

Eˇ̌̌
C

ˇ̌̌D �0U 0

.U C i�/2
; �00.1/ y 

Eˇ̌̌
;

to obtain by (4.6.5) and (5.12.4)ˇ̌̌D �0U 0

.U C i�/2
; �00

Eˇ̌̌
� C L��3=2

�
k�00 � �00.1/ y k2 C ˇ

�1=4
j�00.1/j

�
k�0k2:
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The contribution of the second term on the right-hand is obtained as follows:ˇ̌̌D �00

U C i�
; �00

Eˇ̌̌
� L��1k�00k22 � C L�

�1
�
k�00 � �00.1/ y k22 C ˇ

�1=2
j�00.1/j2

�
:

To obtain an estimate for the contribution of the third term on the right-hand side of
(5.12.5) we writeˇ̌̌D �U 00

.U C i�/2
; �00

Eˇ̌̌
� C L��1k.U C i�/�1�k k�00k

� yC L��1k.U C i�/�1�kŒk�00 � �00.1/ y k2 C ˇ
�1=4
j�00.1/j�:

A similar estimate is obtained for the last term on the right-hand side of (5.12.5) by
using (5.12.4) with m D 2; n D 2, i.e.,ˇ̌̌
=

D� �

U C i�

�00
; �00

Eˇ̌̌
� C L��1

�
k�00 � �00.1/ y k22 C ˇ

�1=2
j�00.1/j2

�

h


 �

U C i�





2
C L��1=2k�0k2

i
Œk�00 � �00.1/ y k2 C ˇ

�1=4
j�00.1/j�

�
;

from which we conclude thatˇ̌̌
=

D� �

U C i�

�00
; �00

Eˇ̌̌
� C L��1

�
k�00 � �00.1/ y k22 C ˇ

�1=2
j�00.1/j2

C




 �

U C i�




2
2
C L��1k�0k22

�
: (5.12.6)

For the second term on the right-hand side (5.12.3), we use (5.12.4) to obtain

˛2
ˇ̌̌
=

D� �

U C i�

�0
; �0
Eˇ̌̌
� C ˛2 L��1=2

�


 �

U C i�





2
C L��1=2k�0k2

�
k�0k2: (5.12.7)

Finally, as U 00.x/.U.x/ � �/ > 0, we can deduce that

<

D U 00�
U C i�

; �
E
� min
x2Œ0;1�

jU 00.x/j L�



 �

U C i�




2
2
: (5.12.8)

Substituting (5.12.6)–(5.12.8) into (5.12.3) yields

k�0k22 C ˛
2
k�k22 C L�




 �

U C i�




2
2
� Cˇ�1

h


 �

U C i�





2
kf k2

C L��1
�
k�00 � �00.1/ y k22 C ˇ

�1=2
j�00.1/j2 C Œ L��1 C ˛2�k�0k22

�
C .˛2 C L��1/




 �

U C i�




2
2

i
:
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From the above inequality we conclude, for sufficiently large �1 and ˇ0,

k�0k2 C L�
1=2



 �

U C i�





2

� Cˇ�1=2
�
L�1=2kf k2 C L�

�1=2.k�00 � �00.1/ y k2 C ˇ
�1=4
j�00.1/j/

�
: (5.12.9)

Clearly,
.L

z˛
ˇ
� ˇ�/.��00 C ˛2�/ D f C iˇU 00�;

where z˛ is given by (4.7.1). For sufficiently large �1, (4.2.1) and (4.2.2) hold and
since � < ‡ˇ�1=2, we may use (4.2.4) here to obtain

j�00.1/j � C.ˇ�1=3 L��5=12kf k2 C ˇ
1=2
L��1=2k�0k2/: (5.12.10)

Substituting (5.12.10) into (5.12.9) yields for sufficiently �1 and ˇ0

k�0k2 C L�
1=2



 �

U C i�





2
� Cˇ�1=2

�
L�1=2kf k2 C L�

�1=2
k�00 � �00.1/ y k2

�
:

(5.12.11)
To estimate k�00 � �00.1/ y k2 we set (see also (5.4.2)–(5.4.7))

OvD WD ��
00
C ˛2� C

U 00�

U C i�
C �00.1/ y D

vD

U C i�
: (5.12.12)

A simple computation yields

.L
N;D
ˇ
� ˇ�/ OvD D h; (5.12.13a)

where

h D �f �
� U 00�

U C i�

�00
C �00.1/ Og: (5.12.13b)

By [16, Theorem 1.3], which can be applied to the even extension of OvD and h to
.�1; 1/, it holds that

k OvDk2 � Cˇ
�1=2
khk2:

Hence, using (5.12.4) and (4.6.5) yields, as k�00k2�k�00��00.1/ y k2Cj�00.1/jk y k2,

k OvDk2 � Cˇ
�1=2

�
kf k2 C j�

00.1/j k Ogk2 C L�
�1
k�00 � �00.1/ y k2

C ˇ�1=4j�00.1/j C L��3=2k�0k2 C L�
�1



 �

U C i�





2

�
: (5.12.14)

Consequently, by (5.4.19) and (5.12.10) it holds that

k OvDk2 � Cˇ
�1=2

�
kf k2 C L�

�1
k�00 � �00.1/ y k2

C . L��3=2 C L��1=2ˇ1=4/k�0k2 C L�
�1



 �

U C i�





2

�
: (5.12.15)
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By (5.10.18), it holds that

k�00 � �00.1/ y k22 C ˛
2
k�0k22 � C.k QvDk

2
2 C ˛

2
j�00.1/j k�0k2k.1 � x/

1=2 y k1/:

Here, we recall that

QvD D OvD �
U 00�

U C i�
: (5.12.16)

Using (5.2.2) and (5.12.10), we may conclude that for sufficiently large �1, it holds
that

k�00 � �00.1/ y k22 C ˛
2
k�0k22 �

yC
�
k QvDk

2
2 C ˛

2ˇ�13=6 L��5=6kf k22
�
:

Then, we obtain from (5.12.12) and (5.12.16) that

k�00 � �00.1/ y k2 � C
�
k OvDk2 C




 �

U C i�





2
C ˇ�5=4kf k2

�
:

By (5.12.15) we then obtain for sufficiently large �1

k�00 � �00.1/ y k2

� C
�
ˇ�1=2kf k2 C . L�

�3=2ˇ�1=2 C L��1=2ˇ�1=4/k�0k2 C



 �

U C i�





2

�
:

Substituting the above into (5.12.11) yields

k�0k2 C L�
1=2



 �

U C i�





2

� Cˇ�1=2
h
L�1=2kf k2 C . L�

�2ˇ�1=2 C L��1ˇ�1=4/k�0k2

C L��1=2



 �

U C i�





2

i
:

For sufficiently large �1 and ˇ0 we then obtain (5.12.1).

Step 2. We prove that there exists �0 > 0 and ˇ0 such that (5.12.1) holds under the
additional condition j�j � �0.

Clearly, we must have either � � ��0=2 or � > �0=2.
Consider first the case where � � ��0=2. As in (5.8.15) we write

<h�;B�;˛;ˇ�i D k�
00
k
2
2 C j�jˇ Œk�

0
k
2
2 C ˛

2
k�k22�C ˇ=hU

0�; �0i: (5.12.17)

Consequently, using Poincaré’s inequality, we obtain

k�0k2 �
C

�0
.ˇ�1kf k2 C k�

0
k2/: (5.12.18)

For sufficiently large �0 and ˇ0 we can then conclude (5.12.1).
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For � > �0=2 we write

=h�;B�;˛;ˇ�iDˇ.�h.U��/�
0; �0iC˛2h.U��/�0; �0i�<hU 0�; �0i�hU 00�; �i/:

(5.12.19)
Using Poincaré’s inequality we then obtain

k�0k2 �
C

�0 � U.0/
.ˇ�1kf k2 C k�

0
k2/;

which validates (5.12.1) for sufficiently large �0 and ˇ0.

Step 3. We prove that there exist positive ˇ0, z̨0, and ˛0 such that (5.12.1) holds for
z̨0ˇ

1=4 � ˛ � ˛0ˇ
1=3.

An integration by parts yields, in view of (5.4.6) (see also Step 2 of the proof of
Proposition 5.11.1)

h�; QvDi D k�
0
k
2
2 C ˛

2
k�k22 � �

00.1/h�; y i:

Since by (5.2.2)
jh�; y ij � k�k1k y k1 � Cˇ

�1=2
k�k1;

we obtain

k�0k22 C ˛
2
k�k22 � k�k2k QvDk2 C Cˇ

�1=2
k�k1j�

00.1/j:

We can now conclude that

k�0k22 C ˛
2
k�k22 � C.˛

�2
k QvDk

2
2 C ˇ

�1=2
j�00.1/j k�k1/; (5.12.20)

yielding

k�k21 � k�
0
k2k�k2 �

1

2˛
.k�0k22 C ˛

2
k�k22/

� C.˛�3k QvDk
2
2 C ˛

�1ˇ�1=2j�00.1/j k�k1/:

We may then infer that

k�k1 � C.˛
�3=2
k QvDk2 C ˛

�1ˇ�1=2j�00.1/j/:

By (5.10.13) and (5.10.15) (both remain valid in the present case) we obtain

k�k1 � C z̨
�1
0 .k�k1 C ˇ

�1=8
k�0k2 C ˇ

�7=8
kf k2/:

For sufficiently large Q̨0 it follows that

k�k1 � C z̨
�1
0 .ˇ�1=8k�0k2 C ˇ

�7=8
kf k2/: (5.12.21)
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Consequently, using (5.10.13) and (5.10.15) once again, it holds that

j�00.1/j C ˇ3=8k QvDk2 � C.ˇ
�1=8
kf k2 C ˇ

5=8
k�0k2/: (5.12.22)

Substituting (5.12.21) into (5.12.20) then leads to

k�0k22 � C.˛
�2
k QvDk

2
2 C Q̨

�1
0 ˇ�5=8j�00.1/j Œk�0k2 C ˇ

�3=4
kf k2�/:

Making use of (5.12.22) we then obtain that

k�0k2 � C z̨
�1=2
0 .k�0k2 C ˇ

�3=4
kf k2/:

For sufficiently large Q̨0 we can then conclude (5.12.1) under the conditions of this
step.

The proposition is proved.

We continue by introducing, for some positive constants ˛0, ‡ , ˇ0 and �2, the
zone

F2.˛0; ˇ0; ‡; �2/

WD
®
.�; ˛; ˇ/2C�R2C; ˇ�ˇ0; 0�˛ � ˛0ˇ

1=3; � < ‡ˇ�1=2; ����2ˇ
�1=3

¯
:

Proposition 5.12.2. Let U 2 C 4.Œ0; 1�/ satisfy (2.1.3). Let further ˛0 and ‡ denote
positive constants. Then, there exist ˇ0 > 0, �2 > 0, and C > 0, such that for all
.�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/ it holds

.BN;D

�;˛;ˇ
/�1



C 


 d
dx
.B

N;D
�;˛;ˇ

/�1



 � Cˇ�1j�j�1 logˇ: (5.12.23)

Proof. Taking the scalar product of (5.12.2) with w D .U � �/�1�, and integrating
by parts yields for the imaginary part (see (5.12.3))

�=hw; f i D =hw00; �00i C ˛2=hw0; �0i

C ˇ
�
k.U � �/w0k22 C ˛

2
k�k22˛

2
k�k22 � j�j

2
D �

U � �
;

U 00�

jU C i�j2

E�
:

Hence, since .U � �/�1U 00 < 0 we obtain that for any ı > 0 there exists C > 0 such
that
1

2
.k.U � �/w0k22 C �

2
kw0k22/C ˛

2
k�k22

� C
�
ı�1ˇ�2kf k22Cıkwk

2
2C˛

2Œˇ�4=3kw0k22Cˇ
�2=3
k�0k22�Cˇ

�1
j=hw00; �00ij

�
:

Step 1. With �0 > 0, we prove (5.12.23) for .�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/ satisfying
j�j � �0.

Step 1a. We estimate OvD D
vD

UCi�
(as defined by (5.12.12)). By (5.12.13) and (3.1.3)

it holds that
k OvDk2 � C ˇ

�2=3
khk2; (5.12.24)
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where h is given by (5.12.13b). Hence,

khk2�C
�
kf k2Cj�

00.1/j k Ogk2C



 �

.U C i�/3





2
C




 �0

.U C i�/2





2
C




 �00

.U C i�/





2

�
�C

�
kf k2Cj�

00.1/j k Ogk2Cj�j
�1
k�00k2C




 �

.UCi�/3





2
C




 �0

.UCi�/2





2

�
:

(5.12.25)

To estimate the last two terms we use a decomposition of the interval of integration.
(Note that for � � �1 we have k � kL2.0;1�j�j1=2/ D 0 and k � kL2.1�j�j1=2;1/ D k � k2.)
In addition, we need the bounds

k.U C i�/�mkL1.0;1�j�j1=2/ � C j�j
�m=2

and
k.U C i�/�mkL1.0;1/ � C j�j

�m:

We now write

khk2 � C
�
kf k2 C j�

00.1/j k Ogk2 C j�j
�1
k�00k2 C j�j

�2
k�0kL2.1�j�j1=2;1/

C j�j�1k�0kL2.0;1�j�j1=2/ C j�j
�2



 �

U C i�





L2.1�j�j1=2;1/

C j�j�1



 �

U C i�





L2.0;1�j�j1=2/

�
:

By Hardy’s inequality (2.2.8) it holds that


 �

U C i�





L2.0;1�j�j1=2/

�




 �
U





L2.0;1�j�j1=2/

� C



 �

1 � x





L2.0;1�j�j1=2/

� yC k�0kL2.0;1�j�j1=2/:

On the interval .1 � j�j1=2; 1/, we have again by (2.2.8)


 �

U C i�





L2.1�j�j1=2;1/

� Ck�0k2:

Combining the above yields

khk2 �

C
�
kf k2 C j�

00.1/j k Ogk2 C j�j
�1
k�00k2 C j�j

�2
k�0kL2.1�j�j1=2;1/ C j�j

�1
k�0k2

�
:

(5.12.26)

By (5.4.15) and (5.4.19) it holds that

j�00.1/j k Ogk2 � C j�j
�3=4.ˇ1=4k�0k2 C ˇ

�7=12
kf k2/: (5.12.27)
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Substituting (5.12.26) and (5.12.27) into (5.12.25) we obtain

khk2 � C
�
kf k2 C j�j

�1
k�00k2

C Œj�j�1 C ˇ1=4j�j�3=4�k�0k2 C j�j
�2
k�0kL2.1�j�j1=2;1/

�
: (5.12.28)

To bound k�00k2 we use (5.10.54)–(5.10.55) and (5.12.16) to obtain

k�00k2 � k�
00
� ˛2�k2 � kOvDk2 C kU

00
k1




 �

U C i�





2
C j�00.1/j k y k2:

By (4.6.5), (5.12.24), (5.12.28), (2.2.8), and (5.4.15) (repeatedly using the lower
bound j�j � �2ˇ�1=3) it holds that

k�00k2 � C.j�j
1=4ˇ�7=12kf k2 C ˇ

�2=3
j�j�1k�00k2 C j�ˇj

1=4
k�0k2/:

For sufficiently large ˇ0 we then obtain

k�00k2 � C.j�j
1=4ˇ�7=12kf k2 C j�ˇj

1=4
k�0k2/: (5.12.29)

Substituting (5.12.29) into (5.12.28) yields

khk2 � C
�
kf k2 C Œj�j

�1
C ˇ1=4j�j�3=4�k�0k2 C j�j

�2
k�0kL2.1�j�j1=2;1/

�
:

(5.12.30)
To use (2.7.1b) we must provide an estimate for

N.vD; �/ D k.1 � x/
1=2.U C i�/�1vDk1 D k.1 � x/

1=2
OvDk1:

Thus, we use (3.1.75) and (5.12.13) to obtain

k.1 � x/1=2 OvDk1 � Ck.U � �/
1=2
OvDk1

� C k.U � �/�1=2k2 k.U � �/ OvDk2 �
yC

logˇ
ˇ
khk2:

Hence, we may conclude from (5.12.30) that

k.1 � x/1=2 OvDk1 �

C
logˇ
ˇ

�
kf k2CŒj�j

�1
Cˇ1=4j�j�3=4�k�0k2Cj�j

�2
k�0kL2.1�j�j1=2;1/

�
: (5.12.31)

Step 1b: We prove (5.12.23). As in (5.4.31), we let � D �D C {�, where

�D D A�1�;˛.ŒU C i�� OvD/ D A�1�;˛vD

and
{� D A�1�;˛.�

00.1/ŒU C i�� y /:
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By (2.7.2) applied to the pair .{�; �00.1/ŒU C i�� y / it holds that

j {�.x/j � C.1 � x/1=2Œ1C ��1=2.1 � x/1=2�j�00.1/h{�; y ij1=2:

Hence, integrating over .0; 1/,

jh{�; y ij � C.k.1 � x/1=2 y k1 C j�j
�1=2
k.1 � x/ y k1/jh{�; y ij

1=2
j�00.1/j1=2;

which implies

jh{�; y ij � C.k.1 � x/1=2 y k1 C j�j
�1=2
k.1 � x/ y k1/

2
j�00.1/j:

By (5.2.2) and (5.4.15) we then obtain

jh{�; y ij � C j�ˇj�1.k�0k2 C ˇ
�5=6
kf k2/: (5.12.32)

Using (2.7.3) applied to the pair .{�;�00.1/ŒUCi�� y /, together with (2.7.6), (5.12.32),
and (5.4.15) yields

k{�0k22 � C j�j
�1
j�j�1=2ˇ�1=2.k�0k2 C ˇ

�5=6
kf k2/

2:

For sufficiently large �2 (and .�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/) we then conclude that

k{�0k2 � C j�j
�3=4ˇ�1=4.k�0Dk2 C ˇ

�5=6
kf k2/: (5.12.33)

By (2.7.8) and (2.7.3), applied again to the pair .{�;�00.1/ŒU C i�� y /, we then obtain
that

k{�0k2
L2.1�j�j1=2;1/

� C j�j�1=2 j�00.1/j jh{�; y ij:

Using (5.12.32), we then conclude that

k{�0kL2.1�j�j1=2;1/ � C j�j
�1=2ˇ�1=4.k�0Dk2 C ˇ

�5=6
kf k2/: (5.12.34)

By (2.7.1a) applied to the pair .�D; .UCi�/ OvD/, (5.12.31), (5.12.33), and (5.12.34),
it holds, as � D �D C {�, that

k�Dk1;2 � C j�j
�1
k.1 � x/1=2 OvDk1

� yC
logˇ
ˇ
j�j�1

�
kf k2 C Œj�j

�1
C ˇ1=4j�j�3=4 C j�j�5=2ˇ�1=4�k�0Dk2

C j�j�2k�0DkL2.1�j�j1=2;1/
�
: (5.12.35)

For sufficiently large ˇ0 we obtain from (5.12.35)

k�Dk1;2 � C
logˇ
ˇ
j�j�1

�
kf k2 C j�j

�2
k�0DkL2.1�j�j1=2;1/

�
: (5.12.36)
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For � < �1=2, we immediately obtain from (5.12.36) that for sufficiently large ˇ0

k�Dk1;2 � C
logˇ
ˇ
j�j�1kf k2: (5.12.37)

For � � �1=2, we substitute (5.12.36) into (5.12.31) to conclude, with the aid of
(5.12.33) and (5.12.34)

k.1 � x/1=2 OvDk1 � C
logˇ
ˇ

�
kf k2 C j�j

�2
k�0DkL2.1�j�j1=2;1/

�
:

We can now use (2.7.1b) applied to the pair .�D; .U C i�/ OvD/ to obtain

k�0DkL2.1�j�j1=2;1/ � C
logˇ
ˇ
j�j�3=4

�
kf k2 C j�j

�2
k�0DkL2.1�j�j1=2;1/

�
:

For sufficiently large ˇ0 we obtain that

k�0DkL2.1�j�j1=2;1/ � C
logˇ
ˇ
j�j�3=4kf k2;

which, when substituted into (5.12.36), yields in the case �1=2 � �

k�Dk1;2 � C
logˇ
ˇ
j�j�1 kf k2:

The above inequality, together with inequalities (5.12.33), (5.12.37) yields (5.12.23)
for j�j < �0.

Step 2. We prove that there exists �0 > 0 such that (5.12.23) holds true for any
.�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/ satisfying j�j > �0.

The proof is almost identical with Step 2 of Proposition 5.12.1. If � < ��0=2
we obtain (5.12.18) from (5.12.17) and then (5.12.23) for sufficiently large �0. If
� < ��0=2 we use (5.12.19) to obtain (5.12.18) once again.

Remark 5.12.3. Note that there exists �1 > 0 such that for all � < ��1ˇ�1=3 equa-
tion (5.12.33) remains valid even in the case where �2 is not necessarily large. Thus,
we may conclude that under the conditions of Proposition 5.12.2 for all �2 > 0, there
exist ˇ0 > 0, �1 > 0, and C > 0, such that for all .�; ˛; ˇ/ 2 F2.˛0; ˇ0; ‡; �2/

satisfying � < ��1ˇ�1=3 (5.12.23) holds true.


