Chapter 4

Computations and examples

The goal of this chapter is to illustrate the theory developed thus far through some
concrete computations and examples/special cases. We start by introducing a use-
ful notation that is used in Sections 4.1 and 4.2. We consider finite directed rooted
trees (with all arcs oriented toward the root) that have non-negative integers as edge
weights. An isomorphism of such graphs is one of the underlying non-edge-weighted
directed graphs that preserves the weights of arcs. With each isomorphism type 3
of such trees, we associate an isomorphism type Expand(3) of non-edge-weighted,
finite directed rooted trees as follows. If yj, ya, ..., y, are the neighbors of the
root x of 3, and they have the (isomorphism types of) edge-weighted rooted trees
31,32, ..., 3, attached to them and the edge joining x and y; has weight w; € Ny,
then Expand(J) is defined recursively by taking a new root and attaching w; copies
of Expand(3;) to it for each j = 1,2,...,n. For example, if J is
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then Expand(3) is

By recursion on the height of 3, we define 3 to be simplified as follows. The trivial
isomorphism type J is simplified, and if J is of positive height, then J is simplified
if all isomorphism types 3’ attached to the root of 3 (which are all of smaller height
than J) are simplified, pairwise distinct, and none of them is attached to the root with
edge weight 0. In fact, we could have omitted O as an edge weight from the start, but
it is more convenient to include it because in the subsequent discussion, the weights
sometimes are formulas involving greatest common divisors that may simplify to 0
under certain assumptions.

The simplified isomorphism types of finite edge-weighted directed rooted trees

are in bijection with the isomorphism types of finite directed rooted trees via Expand
(as can be easily proved by induction on the height). This allows us to define the
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simplified form SF(3I) of an arbitrary isomorphism type 3 of finite edge-weighted
directed rooted trees as the unique simplified isomorphism type such that

Expand(SF(3)) = Expand(3).

We write 3 ~ 3’ for SF(3) = SF(3’) (equivalently, Expand(3) = Expand(3’)). The
simplified form of ¥ can be constructed explicitly from 3 in a simple recursion on the
tree height (going through the 3” attached to the root of ¥, computing their simplified
forms, and adding up edge weights that belong to the same SF(3")).

In Section 3.3, we introduced a sum of isomorphism types of non-edge-weighted
finite directed rooted trees (turning their class into a class-sized monoid), and there
is a unique way to define a sum of simplified edge-weighted rooted tree isomorphism
types such that Expand becomes a monoid isomorphism (i.e., Expand(37 + 3>) =
Expand(37) + Expand(32)). Explicitly, 37 + 32 may be defined as follows. Pick a
new root x and consider the edge-weighted rooted trees 3’ that are attached to the
root in 31 or 3,. Let w; for j = 1,2 be the weight of the arc that attaches 3’ to the
root in J; (treating w; as 0 if such an arc does not exist). For each such 3’, attach a
copy of 3’ to x through an arc with weight w; + w,. For example,

o o o
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This addition can be extended to arbitrary isomorphism types of finite edge-weighted
directed rooted trees by setting 7 + 3> := SF(371) + SF(32). Henceforth, we fre-

quently drop the word “isomorphism type” (thus identifying a finite (edge-weighted)
directed rooted tree with its isomorphism type) for the sake of simplicity.

4.1 Rooted trees under rigid procreation

Let I" = I'g be a finite functional graph such that I'* has rigid procreation (see Def-
inition 2.1.7 (4)). Moreover, let x € V(I') be g-periodic, and let (procy (x))x>1 be
the sequence of procreation numbers of x in I'* (which is independent of x due to
rigid procreation). Proposition 2.1.8 states that the isomorphism type of the rooted
tree Treer (x), which also does not depend on the choice of g-periodic vertex x, is
entirely determined by this sequence of procreation numbers. We would like to under-
stand explicitly how that isomorphism type can be derived from (proc (x))x>1-
Since I' is finite, so is H := ht(Treer(x)). We observe that x has g-transient
children with at least H — 1 successor generations in I'*, but no such children with at
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least H successor generations. This means that proc, (x) > 1 forh = 1,2,..., H, but
procg 4 1(x) = 1; the unique g-periodic child of x in I"* has infinitely many successor
generations, thus providing a contribution of 1 to all procreation numbers. This allows
us to read off H from the sequence (procy (x))x>1 alone.

Now, Lemma 2.1.10 implies that for all g-transient vertices y € V(I') with a
fixed tree height & € {0, 1, ..., H — 1} above them in I, the rooted tree isomorphism
type Treer(y) is always the same. We recursively define a (not necessarily simpli-
fied) edge-weighted directed rooted tree 3, = 3j, ((procy (x))k>1) such that the said
isomorphism type is Expand(33). Clearly, the only choice for 3 is a single vertex

without arcs. If & € {1,2,..., H — 1}, then we define 3}, as follows. We fix a new
root, and
o fork =0,1,...,h—2, we attach a copy of 3% to the new root with edge weight

procy 1 (x) — procy 45 (x) =: wg; and
* we attach a copy of 33— to the new root with edge weight proc, (x).

Here is a visual version of this definition.

Q-0 6

o /mh 2 proch<x)

This definition of 33 does the job, because by the proof of Lemma 2.1.10, for each
k €{0,1,...,h — 1}, the number of children z of y in T'* such that Treer(z) has
height exactly k — 1 (and hence is isomorphic to 3;_; by induction) is equal to

procy 1 (x) —procg y,(x) = wy, ifk <h—1,

roc — proc =
Prock.41(¥) = proci2() {proch(x) — 0 = procy, (x), ifk=h—1.

For our fixed periodic vertex x, the determination of Treer (x) is analogous, but one
must take into account that x has a (unique) g-periodic child in T'*, which does not
appear in Treer(x). This means that the weight with which 33 for k € {0, 1, ...,
H — 2} is attached to the root of 3 is

(procy 1 (x) — 1) — (procy 45 (x) — 1) = wg,
whereas the weight with which 3z is attached is
procy (x) — 1 = procy (x) — procy , (x) =: wy—1.

In short, we obtain the following definition of 3z such that Expand(3gy) = Treer(x):
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We can use similar ideas to describe, for each index d generalized cyclotomic map-
ping f of [y, the rooted trees above non-zero periodic vertices in I'p,, the induced
subgraph of I'y on the union of all periodic blocks C; (in particular, we can obtain
such a description for I's as a whole in case f is a permutation). Let i € {0, 1, .

— 1} be f-periodic, with f-cycle (ig, i1,....i¢—1), where io = i. Fort € Z, we set

i; = it mod £

Theorem 3.2.1 states that for fixed 7 € Z and h € N, if x, y € C;, each have at
least & successor generations in F . (e, if mln{proc Tper) (x), proc(rper) ()} > 0),
then proc(rper) (x) = proc(rper) (»). Th1s allows us to set proc;, , := proc(rper) (x) for
any x € C;, with at least & successor generations in Fper (such as an f-periodic x);
this notation agrees with the one used in the proof of Theorem 3.2.1.

According to the comment before Theorem 3.2.1, for periodic x € C;,, the iso-
morphism type of Treer,,. (x) only depends on i; and the numbers proc; , p forh > 1
andt’ € Z (i.e., it is independent of the choice of x). We describe how to read off this
rooted tree from the data it depends on. We set

F;, := min{h € N sproc;, , = 1} —1,

the common height of the rooted trees in ', above periodic vertices in C;,. More-
over, as in Section 3.3, we let H; := max{#;, : t =0, 1,...,{ — 1}, the maximum
such tree height along the cycle of i . Then, in generalization of what was stated above,
for all vertices x € Cj,, the isomorphism type of Treer,,, (x) only depends on i;, the
numbers proc; , » and the h-value of x (see formula (3.1) in Section 3.3 for the defi-
nition of §). It should be noted that ) does not necessarily assume all of its possible
values 0, 1, ..., H; on each coset C;, (see Example 3.2.2), but this is not an issue for
our construction.

We recursively define edge-weighted rooted trees 3;, 5 such that the rooted tree
in Iper above any x € C;, with h(x) = h is isomorphic to Expand(3;, 1), a property
that is certainly satisfied whenever there are no x € C;, of that h-value. For k € Ny,
we Set Wj, k ‘= Proc;, yi1 — Proc;, x4,. We define 3;, o to be the trivial rooted tree.
If he{l,2,..., Hi — 1} (we observe that vertices in C;, of such an h-value are
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f -transient), then we set

mlt: \wlts l[,h 2 prOC

Finally, the rooted tree above any vertex in C;, thatis f-periodic (equivalently, which
has h-value H;) may be constructed as

~51H | I I

w;,, \wlt, ir,H o J( _
i,

4.2 An illustrative example

In this section, we follow the approach from Chapter 3 to derive the cyclic sequences
of rooted tree isomorphism types that characterize the connected components of the
functional graph of the following generalized cyclotomic mapping f of F,s of index
d=25:

0, ifx =0,

w’x?, ifx e Cy,

f( ) .X3, ifx e Cl,
X =

x17, if x € Cy,

w3x3*, ifx € C;,

w*x?, ifx e Cy,

where o is any fixed primitive element of F,s (the minimal polynomial of w over [,
is not relevant here). These cyclic sequences were also derived in our introduction
from a drawing of T'y (see the text passage between Definitions 1.4 and 1.5), but
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the approach of Chapter 3 is usually more computationally efficient (see Chapter 5,
especially Theorem 5.1.9).

We observe that if a generalized cyclotomic mapping of a finite field of known
index is not given in the above cyclotomic form, but in polynomial form, then one
must first convert it into cyclotomic form before one can apply our methods. An
algorithm for doing so is [15, Algorithm 1].

Because d = 5, we have s = (28 — 1)/5 = 51 = 3 - 17. We view each coset C;
as a copy of Z /517 via the bijection

ti 2 2/51Z — C;, k +— o'tk

Let us work out what the monomial formulas for the values of f in the different cases
become under this identification. For example, if x € Cy, then x = w5k
k € Z,and

for some

f(x) = 0*x® = @ATo4toSk — (045 (%k+8)

which shows that f maps C4 to Cy via the affine map
X — 9x + 8.

In total, we obtain the following picture describing the mapping behavior of f be-
tween the cosets C; when viewing them as copies of Z/517Z.

?
:

X = 34x + 21

D

X+ 17x 4+ 6

-

X+ 9x +8

N

=2 x> 9% +1

Until further notice, we put the concrete function f from above aside and assume that,
more generally, we have a finite field I, with 5 | ¢ — 1 and an index 5 generalized
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cyclotomic mapping f of I, which maps as follows between the five cosets of C
in 7, viewed as copies of Z/sZ (where s = (¢ — 1)/5).

9

Ay x> apx + By ‘A22XI—>(X2)C+/32

Az 1 x = azx + B3 /4:x»—>a4x+ﬂ4

= Ao : x — agx + Bo

This allows us to describe I's in terms of those general coefficients «; and f;, which
is more instructive; one can actually see the structure of formulas for relevant param-
eters, such as the moduli a; ; and right-hand sides b; ; of the spanning congruences
of ;. Just as for our concrete generalized cyclotomic mapping from above, we
assume that gcd(ag, 5) = gcd(ag, s) > 1, which means that the rooted trees attached
to periodic vertices in the induced subgraph of I'y on Cy are of height Hy = 1. We
describe the arithmetic partitions % = [(x = b;; (mod a; ;) : j =1,2,...,m;)
and the associated rooted tree isomorphism type Tree; (%, 1)) for each block
B(P;, v P of P; for 1P e (@, —ymi .

The partitions $; and associated rooted trees are easily determined fori = 1,2,
3,4.

» Fori € {l,2}, every vertex in C; is a leaf in I'y, and so we may choose & =
P> = B(V) (trivial partition with only one block). There is only one isomorphism
type of rooted trees here, Tree; (5, @) (with @ representing an empty sequence
of logical signs, not the positive logical sign), and it consists of a single vertex
without edges.

» Fori € {3,4}, since C; is a transient coset (i.e., it does not lie on a cycle of cosets
under f), the discussion in Section 3.3 shows that one can obtain &; simply as
the lift P’ (P;—2, Ai—2). According to Lemma 2.2.2, that lift is of the form #; =
B(x = Bi—2 (mod ged(w;—2, 5))). The significance of this single congruence is
that it characterizes when x € C; has at least one pre-image under f in C;_,. We
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note that if this is the case, then x has exactly ged(a;—3, 5) such pre-images, as
they form a coset of the kernel of z — «;_,z in Z/sZ. Hence, Tree; (P;, (—)) is a
single vertex without arcs, and Tree; (;, (9)) consists of a root with gcd(o;—3, 5)
vertices attached to it.

In our discussion for £y, rather than specify the rooted tree Treeo (P, 1)) associ-
ated with a block B(Py, v(F0)) of P itself, we specify a (not necessarily simplified
isomorphism type of) finite edge-weighted directed rooted tree(s) 3 = 3 (P, 1F0))
such that Treeo (P, vP0)) = Expand(3). But first, let us determine Py itself. We
recall that Hy = 1 by assumption. According to the general definition of #; for peri-
odic i, which is just before Proposition 3.3.5, we have

J)o = @0,1 = 5)0’1 A uO.

Moreover, noting that i = 0 lies on a cycle of f of length 1 (so that i; = 0 for all
t € Z in the notation of Section 3.3), we conclude that

Po,1 = A3 (Ro) A Ay(Ro) = Ro A A(Ro, Ao).

Now, R is obtained as the infimum of the L'-lifts of P3 and P4 to Cp. Using the
notation (7, m) in place of gcd(n, m) for simplicity, we conclude that

= a3f1 + B3 (mod (a3(1, $), 5))
B3 (mod (a3, s))
= a4fr + B4 (mod (a4(2,5),5))
x = B4 (mod (a4, s))

® R
1

Ro = P'(P3. 43) AP (Pa. As) =B

x = azfy + Pz (mod (a1, 5)(@3. 7/ 5))
_ x = f3 (mod (a3, 5))
=P % = a4 fs (mod (@, s, 2 | D
x = P4 (mod (a4, 5))
and thus
x = aoa3pr + aoPs + Bo (mod (ao(ar, 5) (@3, G 55)-5))
_ x = aofz + Bo (mod (ao(as,s),s))
A(Ro. Ag) =P X = aoasPa + aoBas + Bo (mod (crg(az, 5) (s, (azs—s)),s))
x = aofa + Po (mod (xo(4,5), 5))
x = apuzf1+aofz+PBo (mod (ay, ) (oo (a3, m)’ m))
_ 9 X = aof3 + Bo (mod (ao (@3, $),s))
X = apegfa+aoBa+ Bo (mod (a2, s)(co (g, m), (a;—,s)))

x = o4 + Po (mod (o (4, 5). 5))

Moreover, by formula (3.3) and the definition of U; just after it, we have

Uo = P(bo,1) = B(x = Bo (mod (o, 5))).
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It follows that

= a3f1 + Pz (mod (a1, 5)(@3, ' 5))

B3 (mod (a3, s))

@af2 + Ba (mod (2, 5) (4. G555))

Ba (mod (ay, s))

= aoa3p1 + aoP3 + o (mod (a1, 5) (0 (03. G 5y) @)
= of3 + Po (mod (xo(as.5).5))

aoctaf2 + aoBa + Po (mod (a2, s) (@0 (s, o) womy))
= 0B + Po (mod (xo(s. 5).5))

Bo (mod (g, 5))

QY
D
Il
3
T
|

4.2)
Now we turn to the determination of the rooted trees above vertices in any given

block B of $y. More specifically, we have

B = B(Po, 7 7),

where %0 = (vy,...,v9) € {8, =) is a tuple of logical signs for the nine spanning
congruences of $y. It is helpful to spht p (o) 1nt0 segments namely, in the notation

of Proposmon 3.3.5, we write v(P0) = 0 3 0 o S where

00 = (v1, V2, v3, Vg) controls in which block B (R, 00) of Ry the Py- block

B(Po, VP0)) is contained. By Proposition 3.3.3, knowing the logical signs in 00
is enough to understand, uniformly for all x € B (P, p (P 0)), the contribution

Treer, (x, C3 U Cq) = Treeo(Ro, C3 U Cs, 0))

to Treer, (x) that comes from those pre-images of x that lie in C3 U C4 (the union
of all transient cosets that map to Cp).

71 = (vs, Vg, V7, vg) controls in which block B(Sp,1, 0 ql) of 80,1 = A(Ro, Ao)
the &p-block ;B(J 0, 1(F0)) is contained. By Proposition 3.3.4, knowing the log-
ical signs in 0 is enough to understand, uniformly for all x € B(P, p(P0)) of
h-value 1, i.e., which are f-periodic (or, equivalently here, which are non-leaves
in ['per), the contribution Treer, (x, Co) = Tree(()l)(So,l, Co, 071) to Treer, (x) that
comes from those pre-images of x that lie in Cy (the unique periodic coset that
maps to Cp). We note that if x € Cy has h-value 0, i.e., if x is f-transient (or,
equivalently here, if x is a leaf in I',,), then Treer P (x, Cp) is trivial, because x
has no f'-transient pre-images in C.

§ = (vo) controls the h-value of the vertices in B(Py, 1F0)); if vy = —, then all
of those vertices are leaves in 'y, (i.€., their h-value is 0), otherwise they all are
periodic vertices (i.e., their h-value is 1 = Hy).
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Let us be more specific about these different contributions to Treer, (x) for x €
B(Py, v P0)). We recall that by definition,

Ro = P3NPy = PB'(P3, Az3) AP (Pa, As),

and note that o/, can be written as the concatenation 1(*3) o ¥4, with ¥(*3) =
(v1,v2), respectively,

17(’7)‘/‘) = (v3,V4),

controlling the containment of B (P, P& 0)) in :7)3/, -blocks, respectively, in ?‘{—blocks.
For i € {3, 4}, knowing the logical signs in 5P is enough to understand, uniformly
for all x € B(Po, PP 0)), the contribution

Treer, (x, C;) = Treeo (P, Ci, 57y

to Treer, (x) that comes from those pre-images of x that lie in C;.
Of course, for each given x € Cy, we have

Treer, (x) = Treer, (x,Co U C3 U Cy) = Z Treer, (x, ;).
i€{0,3,4)

In view of what was said above about these three different contributions to Treer ', (x),
we have the following formulas (which can also be derived from Propositions 3.3.3 (2)
and 3.3.5 as well as the last formula in Proposition 3.3.4):

Treeo (P, 1 70)
_ 2?23 Treeo (P/. Ci, 5Dy, if vg = =, 43)
St Treeo (P, Ci, P0) + Tree(" (S0.1. Co. 0}), ifvo = @ ‘
In particular, the logical signs vs, vg, v7, vg in 071 are irrelevant for the value of
Treeo(Po, VP if vy = —.
Formula (4.3) allows us to split the task of determining Treeo (P, V(¥0)) into

subtasks. First, we determine Treeg (JPI.’ , G, (& i/)) for i = 3,4, which can be done
uniformly. We note that

P = x = ajfi—a + Bi (mod (a;(aj—2,5),s))
- x = B (mod (e, 5)) '

The two entries of 1% = (v2i—5,v2i—4) are logical signs for those two congruences,
and we need to distinguish cases according to their truth values. We could just work
out Treeo (P/, C;, 5P)) in each case “mechanically” following Proposition 3.3.3 (1),
using the formula for op, 4, P, it )) from Lemma 2.2.2. However, it is more
instructive to derive them with direct arguments (inclined readers may still follow the
formulaic approach themselves and compare).
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o Ifvyj_g =, ie.,if x # B; (mod (;,s)), then x simply has no pre-images in C;,
S(P ) - . . .
whence Treeq ({Pi’ .G, p (i )) is a single vertex without arcs (the value of v;_5 is
irrelevant here).

o Ifvy_g4 =20, 1ie,if x = f; (mod (¢, s)), then x has exactly (¢;, s) children
in C; (which form a coset of the kernel of z — «;z). We need to determine the
distribution of those children over the two blocks of

Pi = P(x = Pi—2 (mod (a2, 5))),
and that distribution is controlled by the truth value v,;_5 of
x =a;fi—2 + Bi (mod (i (2i—2,5),5)). (4.4)

Indeed, following the proof of Lemma 2.2.2, the pre-images y of x in C; that
satisfy

Y = Bi—2 (mod (a2, 5))
(we note that they are exactly those pre-images of x in C; which are not leaves in

I'y) are characterized by the system of congruences

y = Bi—2 (mod (&2, 5))
a;y + Bi = x (mod s),

which is (according to the proof of Lemma 2.2.2) consistent if and only if con-
gruence (4.4) holds, in which case the system is equivalent to a single congruence

modulo s
fem((@1-2.5), ).
em( (@2, 5) (a,,s))
Hence, if v2;_5 = @, i.e., if congruence (4.4) holds, then x has exactly

s _ ( s
lem((ati—2. ), (als_s)) (aj—2,)

(o, S))

pre-images y € C; with y = ;_» (mod («;_3, 5)), which are exactly those pre-
images that lie in B (%, (@)). Otherwise, all pre-images of x in C; are incongruent
to Bi—» modulo («;—5, s) and thus lie in B(5;, (—)). In view of the known value
of Tree; (P, (v)) in terms of v € {@, —}, we find that Treeo(P/, C;, 5Py is
the expanded version of the (not necessarily simplified) edge-weighted directed
rooted tree specified in Table 4.1.

This settles the first two summands of Treeo (P, 1¥0)) in each of the two cases
in formula (4.3). If vg = — (i.e., if the $y-block in question consists of f-transient
points), then these are all the summands in the formula, and one can obtain (an edge-
weighted version of) Treeg (P, 1(P0)) simply by adding (the edge-weighted versions
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block of P/ = P'(P;, A;) associated Treer, (x, C;)
vix =a;Bi—2 + Bi

(mod (@ (¢t —2. 5). 5)))
x # Bi (mod (¢, 5))

v e{d,—}
x #aifi—o+Bi I
(mod (o (otj—2,5),5)) l(aivs)
x = i (mod (&, 5)) °
x=a;fi—2+ i J((xi_z,s)

(mod (o (atj—2,5),5))

x = Bi (mod (;, 5)) (aj,s) — (m, (%‘JN /m, (@i, s))

Table 4.1. Rooted trees using only pre-images in the transient pre-image coset C; with i €
{3.4}.

of) Tree; (ﬂ’i’ iCE i/)) for i € {3, 4}, read off from Table 4.1. For example, if v; = @
for j =1,2,...,8but vg = —, then (an edge-weighted version of) Treeq (o, T)("PO))
is as follows, setting w(i) := (m, (a,5)) fori = 3,4:

o o

[@.9) | @.9)

myn—mék\z/éb) : mbw—w@>\z/éh>
| | |
l 3

On the other hand, if vg = @ (so that all vertices in B (P, P& 0)) are f-periodic),
then we also need to compute Treeg)1 )(80,1, Co, 071), the third summand in formula (4.3),
which expresses the contribution coming from f -transient pre-images in Cy. Fol-
lowing Proposition 3.3.4, this can be done by studying the distribution of pre-images
of any given point x € B(Py, v¥0)) over certain blocks of the partition Qoo =
Ro A B(x = Bo (mod (xy, 5))). More specifically, we note that each f-transient
pre-image of x is contained in a block of Qg of the form B(&¢,0, 0o ¢ (—)) for
some 0p € {@, =}* (and we also observe that each block of @g ¢ of this form con-
sists entirely of f-transient points, due to the last logical sign being —). Being able to
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count the number of pre-images of x in each such block of @ ¢ is enough to under-
stand Tree(” (So.1. Co. 0,). because B(Qg.0.0p © (=) S B(Ry. dp) and we already
understand the rooted trees above f -transient vertices in a given block B (R, (;{)) =
B(Ro, VP2 o 5P of Ry.

Now, let us observe that the distribution of the pre-images of any f-periodic point
x € Cyp over the blocks of @ is controlled by the values of v; for j € {5,6,7, 8},
i.e., by the block B(So,1, (;’1) of Sp,1 in which x is contained. This is because x €
3(%,1,071 o (9)), where To.1 = So.1 A Uo = P'(Qo,0, Ao), a partition which does
indeed control the distribution of pre-images of x over the blocks of @ o according to
Lemma 2.2.2. Applying this lemma here leads to the formula for Treegl) (30,1, Co, 071)
from Proposition 3.3.4.

For example, the logical sign tuple 0g = (—, —, @, #) corresponds to the block
B := B(Ro, 09) of Ry. If we wish to count how many transient pre-images a vertex
x € C; with x = ¢y (mod (g, 5)) stemming from, say, the block B’ := !B(So,l,o_"l)

of 8o,1 with 071 = (0, —, @, @) has, then we need to compute

0@0,0,40 (00 © (), 0} © (9)),

which we do now to illustrate the method. To avoid confusion among readers, we note
that the above expression does not perfectly match the notation used in Lemma 2.2.2.
Indeed, here we use spanning congruence sequences of length 5 both for Q¢ =
Ro A To,0 = Ro A Up and for To1 = P'(Qo,0, Ao). However, in Lemma 2.2.2, it
is assumed that we use the “standard format” of the spanning congruence sequence
for '(Qo,0, Ao), which contains one congruence more than the sequence for Qg .
This discrepancy occurs because we write g1 as A(Ro, Ao) A Up —in the “standard
format”, it would instead be

A(@o,0, 40) A B(x = Bo (mod (o, 5)))
= A(Ro, 40) A B(x = Bo(1 + ap) (mod (3, 5))) A Uo,

but we can omit the congruence x = Bo(1 + ) (mod (a3, s)), which is 6 (x)
in the notation of Section 3.3, because (using that Hy = 1) it is equivalent to x =
Bo (mod (wp, s)), the unique spanning congruence 6y 1(x) of Up. In order to apply
Lemma 2.2.2, we put Jp,; into the less concise standard format, which requires us
to replace the logical sign sequence 0_;1 o (0) = (9,—,9,0,0) for the block of Ty ;
by o= 071 ©(0,0)=(0,—,0,0,0,0) (i.e., we double the @ at the end), the j-th
entry of which we denote by v}. The logical sign sequence for the block of (QQ: 0
remains v := 0 ¢ (=) = (=, =, @, @, —). Our goal now is to compute 0@, ,, 4, (V, V')
strictly following Lemma 2.2.2. For j = 1,...,5, we denote by a;, respectively,
E_)j, the modulus, respectively, right-hand side, of the j-th spanning congruence of
Qo.0 = Ro A Uo. That s, for j € {1,2,3,4}, the congruence x = b; (mod ;) is the
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Jj -th displayed congruence in the formula for £y, (4.2). Moreover, a5 = (o, s) and
bs = Bo. Using the notation from Lemma 2.2.2, we observe that

e J_(V) ={1,2,5} (the set of indices j € {1,...,5} such that the j-th entry of
0o © (=) is =);

« J1() ={1,2,3,4,5}\ J_(V) = {3,4}

- IO = (2%

e for J € J_(v) = {1,2,5}, the condition E(v, J) demands: “For all ji, j, €
{3.4}U J: ged(@;, . az,) | by, —bj,™

According to Lemma 2.2.2, we have

0@0,0,40 (‘_57 vl) = Z (_l)ljllc@(),(),A() (1_5, v/, J)7
JSJ-®)
where
k@000 7 V' J) = bui = 8660y * 81, yunyns_in=o

N
ap,j . J € J+(1_5)UJ)

1Cm(gcol(rf«),S) ’
In this formula, the first Kronecker delta checks whether the last entry of Vs @, which
is the case. The third Kronecker delta is 1 if and only if 2 ¢ J, which leaves the four
possibilities @, {1}, {5}, {1,5} for J € J_(V) = {1,2, 5} for which kg, ;,4,(V, V", J)
is potentially non-zero. We conclude that

080.0.40 (P, V) = 8£ .0 > S :
0.0.40 (V> @, )lcm((ao,s)’&3’&4) @.{1) lem( 05, a1, a3, a4)
5 S
E@®.{5}) Ga. Ga.
lem( 25 @3, G4, @s)

S

+0g@ ——————
ECAD lem (G5, @1, @3, 4, 85)

is the number of f-transient children in B = B(Ry, 0p) of each given x € B’ =

B(S0,1,0"). Each of these children provides a copy of

Tree(()o) (Po,0, 00) = Treeg(Ro, C3 U C4, 0p)

that is attached to the root of Treef)l) (80,1, Co,0}). If we carry this computation out for
fixed o/ and all possible values of 0p € {8, —}4, then we obtain a “complete picture”
1 -
of Tree(() )(50,1, Co,0)).
It is time to particularize the gained explicit understanding of the rooted trees
back to the concrete example we started from. First, we deal with the rooted trees
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Treer, (x, C3 U Cy) in terms of the blocks of Rg. By substituting s = 51, o = 9,
o1 =30, =17, a3 =34, a4 = 9,,8() = 1,}31 =0,,32 :6,ﬁ3 =21,ﬂ4 = 8 into
formula (4.1), we get

x = 21 (mod 51)

_ x = 4 (mod 17)
Ro =% x = 11 (mod 51)
x = 2 (mod 3)

There are dependencies between these congruences. For example, the first implies the
second as well as the negations of the third and fourth. Table 4.2 lists all 02) e {0,—-}*
such that B(Ro, 02)) is nonempty, along with a description of the set B(Ro, o_z)) and
the (simplified edge-weighted form of the) corresponding rooted tree Treeg (Ro, C3 U
Cy, 02,) above each point in B (R, oz)), obtained by adding the (edge-weighted forms
of the) rooted trees Treeo(P/, C;, 1;;’ ) fori = 3, 4 read off from Table 4.1.

Now we turn to the description of Treer, (x, Co) for f-periodic x € Cp in terms
of the 8¢,1-block B(So,1.0)) in which x lies. First, we substitute our concrete values
of s and the «; and B; into the four spanning congruences for Sy ; to get that

= 37 (mod 51)
= 37 (mod 51)
49 (mod 51)
1 (mod 3)

So1 =%

= % ® =

It is not necessary to strictly follow the computations described in Lemma 2.2.2 (as
outlined above) to gain a complete understanding of the trees here — we give a con-
ceptual argument instead.

We note that by Lemma 2.1.14, the points in Z /517 that are periodic under Ag :
X > 9x 4+ 1 are just those that are congruent to 1 modulo 3 (the unique fixed point of
Ao modulo 3 = gcd(aOL ,8), where L is as in Lemma 2.1.14). Hence, the last spanning
congruence of Sy ; is always true for those x we are considering. We observe that it
is just a coincidence that the spanning sequence for Sy ; contains the characterizing
congruence for periodic vertices — in general, this information needs to be added
“externally” if one wants to control it via the partition blocks, using the partition
J0.1 = 80,1 A U instead.

Since the children of x in Cy form a coset of the kernel 17Z /517 of z — 9z,
it follows that x has precisely three pre-images in Cy, one in each congruence class
modulo 3. But the pre-image y of x in Cy with y = 1 (mod 3) is f-periodic and
hence does not occur in Treer, (x, Co). We also note the following.

* For x = 37, the remaining two, f-transient pre-images are 21 and 38.

* For x = 49 the f-transient pre-images are 11 and 45.
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02) B .= :B(Ro,oz)) Treer, (x,C3 U Cy) for x € B
Tl xeZ/51Z:x £2 (mod3)}\ 4,21} o
0
“ 17
; 5
3
0
{21} o
- 17
| xez/51Z: x =2 (mod 3)} \ {11, 38) l3
0
B 17
I oan .
3
0
(38} 20
0

Table 4.2. Rooted trees using only pre-images in transient pre-image cosets.

* For all other x = 1 (mod 3), there is one f-transient pre-image each in the two
“generic” blocks B(Ry, (—, —, =, 7)) and B(Ry, (—, =, =, @) of Ry; this is
because all other blocks in Table 4.2 except {4} have already been “used up”, and
4 =1 (mod 3).

From Table 4.2, we can read off Treer, (v, C3 U Cy) = Treer,(y) for each of the
two f -transient pre-images y of x in Cp, thus obtaining the shape of Treer, (x, Co)
specified in Table 4.3.
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<L

0} B’ := 8(So.1, 071) Treer, (x, Co) for periodic x € B’

{x € Z/51Z : x # 1 (mod 3)} n/a (no periodic x in this block)

{37} 17

{xe€Z/51Z : x=1 (mod 3)}\{37,49} ° °
@ A
; L
” |

{49}

Table 4.3. Rooted trees using only pre-images in Cop.

Finally, our formula (4.3) leads us to a tabular list of Treer, (x), which we specify
in Table 4.4, where we also introduce the notation 3, for n = 1, 2, 3, 4 to denote the
different isomorphism types of Treer, (x) for periodic x. Additionally, we define Jp
to denote the isomorphism type of the trivial rooted tree, consisting of a single vertex
without arcs.

Now that we have a full understanding of the rooted trees above vertices in I'y,
let us turn to the determination of the f-periodic points and to the construction of
a CRL-list for f. Following the discussion in Section 3.1, the periodic points of f
are the field element O as well as all periodic points of f in the unique periodic
coset Cyp, which we already identified above (using Lemma 2.1.14) to be precisely
those x € Z /517 with x = 1 (mod 3), so there are 51/3 = 17 periodic points in Cy.
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block B of $o Treer, (x) forx € B

o

b
N

{x € Z/51Z : x =1 (mod 3)} \ {4,37,49} 231

{4 ° ° =3

d
{37} 17l lZO
° ° =:33
N A
]
{49} l3
o o = 34
A
BC{xeZ/51Z:x # 1 (mod3)} Treer, (x, C3 U Cy) (see Table 4.2)

Table 4.4. The rooted trees Treer, (x) for x € Co.

With such a small number of periodic points, it would be easy to just determine the
cycle structure and a CRL-list by brute force, but we would still like to proceed as
described in Section 3.1 (and Section 2.3, on which Section 3.1 builds) to illustrate
the method.

First, we observe that the nontrivial prime powers of the form p”»©1 are just 3
and 17. By the approach from Section 2.3, we need to determine a CRL-list of each
bijective reduction of A9 modulo p*»®V i.e., here only for the reduction of Ay mod-
ulo 17. We can read off such a CRL-list from Table 2.2. More specifically, since

vV =o0=0=000-1),
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and since ord(9), the multiplicative order of 9 modulo 17, is 8, case 1 in that table
with

1 8
r:=3 and f:= —ﬁ-invn (m) =—-15=2

tells us that
{3°17° +2,8),(3'17° + 2,8), (3°17"' + 2, 1)} = {(3,8),(5.8), (2, 1)}

is a CRL-list of Ap modulo 17. Modulo 3, the only periodic point of Ay is 1, so
in order to get a CRL-list for Ay modulo 51, we just map the first entries of the
above CRL-list modulo 17 under the function A : Z /177 — 7, /517 with A(x) =
x (mod 17) and A(x) = 1 (mod 3), which leads to the following CRL-list of Ag
modulo 51:

{(37,8),(22,8), (19, 1)}.

We can now describe the isomorphism types of the four connected components of
I's as cyclic sequences (necklaces, isomorphism types of necklace graphs) of finite
directed rooted trees simply by enumerating the elements on the cycles of f by iter-
ation, then looking up the associated rooted tree isomorphism types in Table 4.4.
We note that this is a brute-force approach that is not viable when the number of
[ -periodic points is large and should then be replaced by the approach described in
Section 3.4 instead.

e The connected component of the field element O is a single vertex with a loop,
corresponding to the following cyclic sequence of rooted tree isomorphism types:
[30]-

* Because the cycle of 22 € Z /517 under Ay is (22,46,7,13, 16,43, 31, 25), the
connected component of the field element (5(22) = w>?? = w!!0 is represented
by the cyclic sequence [31, 31, 31, 31, 31, 31, 31, 31]-

* Because the cycle of 37 € Z /517 under Ag is (37,28,49,34,1, 10,40, 4), the con-

nected component of the field element w3 is represented by the cyclic sequence

(3 (o o o v o o o
[33, 31, 34, 31, 31, 31, 31, 32

* Finally, because the cycle of 19 is simply (19), the connected component of the
field element w®” is represented by [3].
As a quick sanity check, we note that |V(37)| = 6, |V(32)| = 23, [V(33)| = 91, and
|[V(34)| = 57, so the vertex numbers of the three connected components in IF;‘g add
up to
14-6 + 23 + 91 4+ 57 = 255,

as they should. One may also verify that these are the same cyclic sequences that were
given in our introduction.
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4.3 Special case: All A; are permutations

Let f be an index d generalized cyclotomic mapping of I, given in cyclotomic
form (1.1). Let us assume that foreachi = 0,1,...,d — 1, we have

ged(r, s) = gcd(ri, qd;l) =1.

An important class of functions to which this applies are the index d cyclotomic
mappings of I, of first order (i.e., those generalized cyclotomic mappings for which
all r; are equal to 1).

By our comments between Remark 1.3 and Definition 1.4, the affine map A;
of Z/sZ, which encodes the restriction fic, in case a; # 0, is of the form z
riz + const. Our assumption on the r; is therefore equivalent to demanding that for
each i such that a; # 0 (and thus A; is well defined), the function A; is an affine
permutation of Z./sZ.

Our goal is to describe the functional graph I'r, which turns out to be particularly
easy. Let us start with the rooted trees.

Lemma 4.3.1. Let x € F; = V(I'y).

(1) If x #£ 0, and if i denotes the unique index in {0, 1, ...,d — 1} such that
x € Cj, then Treer, (x) is isomorphic to 3; := Treer ; @).

(2) If x = 0, then Treer, (x) = Zief,l({d})\{d}si?f.

Proof. Statement (1) can be proved by induction on A (x):=ht(Treer B (@)).If h(x)=0,
then all f -pre-images of i (if any) are f -periodic. In particular, x has no f-transient
pre-images under f, because each such pre-image would need to lie in a coset C;,
where j is an f-transient pre-image of i under f. Indeed, otherwise, i, having an
f -periodic pre-image under f , 18 f_ -periodic itself. By assumption, we can pick an
f-transient pre-image y of x under f in Cj, where i’ is the unique f-periodic
pre-image of i under f . If £ denotes the cycle length of i under f_ , then A; =
AjyAjy --- Aj,_, represents the restriction of fe to C;. Because each A;, is bijec-
tive, so is »4;; in other words, every point in C; is periodic under +; and thus under f
(following the discussion in Section 3.1). In particular, x is f-periodic, say with
cycle length . Therefore, f/~'(x) is an f-pre-image of x in Cys, as is y. Because
Ajs, which represents the restriction ﬁCi, : Cy» — (;j, is injective, it follows that
fI71(x) = y, whence y is f-periodic, contradicting our assumption. The upshot
of this discussion is that if /1(x) = 0, then Treer, (x) is trivial, as is J;.

Now we assume that (x) > 1. Let ji, ja,..., jx be the distinct f-transient pre-
images of i under f . By the argument from the previous paragraph, each f -transient
pre-image of x under f must lie in one of the cosets C;, fort = 1,2,..., K, and
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since Aj, is bijective for each ¢, it follows that x has precisely one (transient) pre-
image c¢j, € Cj, foreacht = 1,2,..., K. Therefore, using the induction hypothesis,

K K K
Treer, (x) = ZTreerf(cjt)Jr = ZSJT = ZTreepj__(j,)Jr = Treep/__(i).
t=1 t=1

t=1

For statement (2), let jq, ja, ..., jx be the distinct f transient children of d in
F . Equivalently, the j, are the distinct elements of f~'({d}) \ {d}. The f-transient
chlldren of O, in F* are precisely the points in Ut 1 Cj, . Using statement (1), it
follows that

K K K
Treer, (Op,) = Z Z Treerf(y)Jr >~ Z Z Sjj' = Zsi?f
=1

t=1yeCj, t=1yeCj,
as required. |

Because Treer, (x) for x # 0 only depends on the coset C; in which x lies and
can be read off directly from I 7 we only need to know I 7 and the cycle structure
of f on each coset union U; := f;}) C;,, where (ig, i1, ...,ig—1) With i = ig is the
f -cycle of i, in order to understand the isomorphism type of I'r. This can be achieved
using analogous ideas to the ones for the determination of CRL-lists in Section 3.1.

Let us set ; := A, A;, --- A;,_,. Then +4; is an affine permutation of Z /sZ, and
its cycle type CT(+A;) can be read off from [15, Tables 3 and 4]. Moreover,

CT(fiu;) = BU¢(CT(4;)),

where BUy, the so-called £-blow-up function, is the unique Q-algebra endomorphism
of Q[x, : n € NT] with BUy(x,) = x¢, foralln € N*. Say

CT(fiy;) = x7'x52 -~ xzfs.

Then, viewing isomorphism types of functional graphs as multisets of cyclic se-
quences (necklaces) of isomorphism types of finite directed rooted trees (with each
such sequence encoding the isomorphism type of one connected component), we have
the following:

j 1/¢ o~
F}l) = Ff‘Ui = |_| I_l {O / [6,0,611,...,Jie71]},
I<l<ts (|l n=1
and, if &£ is a CRL-list for f , then

|_| I‘](,i)u{[ Z si?;“]}.

(2 jef~1{dn\id}



