
Chapter 4

Computations and examples

The goal of this chapter is to illustrate the theory developed thus far through some
concrete computations and examples/special cases. We start by introducing a use-
ful notation that is used in Sections 4.1 and 4.2. We consider finite directed rooted
trees (with all arcs oriented toward the root) that have non-negative integers as edge
weights. An isomorphism of such graphs is one of the underlying non-edge-weighted
directed graphs that preserves the weights of arcs. With each isomorphism type I

of such trees, we associate an isomorphism type Expand.I / of non-edge-weighted,
finite directed rooted trees as follows. If y1; y2; : : : ; yn are the neighbors of the
root x of I , and they have the (isomorphism types of) edge-weighted rooted trees
I1; I2; : : : ; In attached to them and the edge joining x and yj has weight wj 2 N0,
then Expand.I / is defined recursively by taking a new root and attaching wj copies
of Expand.Ij / to it for each j D 1; 2; : : : ; n. For example, if I is

2 1

3

then Expand.I / is

By recursion on the height of I , we define I to be simplified as follows. The trivial
isomorphism type I is simplified, and if I is of positive height, then I is simplified
if all isomorphism types I 0 attached to the root of I (which are all of smaller height
than I ) are simplified, pairwise distinct, and none of them is attached to the root with
edge weight 0. In fact, we could have omitted 0 as an edge weight from the start, but
it is more convenient to include it because in the subsequent discussion, the weights
sometimes are formulas involving greatest common divisors that may simplify to 0
under certain assumptions.

The simplified isomorphism types of finite edge-weighted directed rooted trees
are in bijection with the isomorphism types of finite directed rooted trees via Expand
(as can be easily proved by induction on the height). This allows us to define the
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simplified form SF.I / of an arbitrary isomorphism type I of finite edge-weighted
directed rooted trees as the unique simplified isomorphism type such that

Expand.SF.I // D Expand.I /:

We write I � I 0 for SF.I /D SF.I 0/ (equivalently, Expand.I /D Expand.I 0/). The
simplified form of I can be constructed explicitly from I in a simple recursion on the
tree height (going through the I 0 attached to the root of I , computing their simplified
forms, and adding up edge weights that belong to the same SF.I 0/).

In Section 3.3, we introduced a sum of isomorphism types of non-edge-weighted
finite directed rooted trees (turning their class into a class-sized monoid), and there
is a unique way to define a sum of simplified edge-weighted rooted tree isomorphism
types such that Expand becomes a monoid isomorphism (i.e., Expand.I1 C I2/ D

Expand.I1/C Expand.I2/). Explicitly, I1 C I2 may be defined as follows. Pick a
new root x and consider the edge-weighted rooted trees I 0 that are attached to the
root in I1 or I2. Let wj for j D 1; 2 be the weight of the arc that attaches I 0 to the
root in Ij (treating wj as 0 if such an arc does not exist). For each such I 0, attach a
copy of I 0 to x through an arc with weight w1 Cw2. For example,

2 2

2

C

1 1

3

D

3 1

3

2

2

This addition can be extended to arbitrary isomorphism types of finite edge-weighted
directed rooted trees by setting I1 C I2 WD SF.I1/ C SF.I2/. Henceforth, we fre-
quently drop the word “isomorphism type” (thus identifying a finite (edge-weighted)
directed rooted tree with its isomorphism type) for the sake of simplicity.

4.1 Rooted trees under rigid procreation

Let � D �g be a finite functional graph such that �� has rigid procreation (see Def-
inition 2.1.7 (4)). Moreover, let x 2 V.�/ be g-periodic, and let .prock.x//k�1 be
the sequence of procreation numbers of x in �� (which is independent of x due to
rigid procreation). Proposition 2.1.8 states that the isomorphism type of the rooted
tree Tree�.x/, which also does not depend on the choice of g-periodic vertex x, is
entirely determined by this sequence of procreation numbers. We would like to under-
stand explicitly how that isomorphism type can be derived from .prock.x//k�1.

Since � is finite, so is H WD ht.Tree�.x//. We observe that x has g-transient
children with at leastH � 1 successor generations in ��, but no such children with at
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leastH successor generations. This means that proch.x/ > 1 for hD 1; 2; : : : ;H , but
procHC1.x/D 1; the unique g-periodic child of x in �� has infinitely many successor
generations, thus providing a contribution of 1 to all procreation numbers. This allows
us to read off H from the sequence .prock.x//k�1 alone.

Now, Lemma 2.1.10 implies that for all g-transient vertices y 2 V.�/ with a
fixed tree height h 2 ¹0; 1; : : : ;H � 1º above them in � , the rooted tree isomorphism
type Tree�.y/ is always the same. We recursively define a (not necessarily simpli-
fied) edge-weighted directed rooted tree Ih D Ih..prock.x//k�1/ such that the said
isomorphism type is Expand.Ih/. Clearly, the only choice for I0 is a single vertex
without arcs. If h 2 ¹1; 2; : : : ; H � 1º, then we define Ih as follows. We fix a new
root, and

• for k D 0; 1; : : : ; h � 2, we attach a copy of Ik to the new root with edge weight
prockC1.x/ � prockC2.x/ DW wk; and

• we attach a copy of Ih�1 to the new root with edge weight proch.x/.

Here is a visual version of this definition.

Ih WD

I0 I1
� � �

Ih�2 Ih�1

w0 w1 wh�2 proch.x/

This definition of Ih does the job, because by the proof of Lemma 2.1.10, for each
k 2 ¹0; 1; : : : ; h � 1º, the number of children z of y in �� such that Tree�.z/ has
height exactly k � 1 (and hence is isomorphic to Ik�1 by induction) is equal to

prockC1.y/ � prockC2.y/ D

´
prockC1.x/ � prockC2.x/ D wk; if k < h � 1;

proch.x/ � 0 D proch.x/; if k D h � 1:

For our fixed periodic vertex x, the determination of Tree�.x/ is analogous, but one
must take into account that x has a (unique) g-periodic child in ��, which does not
appear in Tree�.x/. This means that the weight with which Ik for k 2 ¹0; 1; : : : ;
H � 2º is attached to the root of IH is

.prockC1.x/ � 1/ � .prockC2.x/ � 1/ D wk;

whereas the weight with which IH�1 is attached is

procH .x/ � 1 D procH .x/ � procHC1.x/ DW wH�1:

In short, we obtain the following definition of IH such that Expand.IH /Š Tree�.x/:
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IH WD

I0 I1
� � �

IH�2 IH�1

w0 w1 wH�2 wH�1

We can use similar ideas to describe, for each index d generalized cyclotomic map-
ping f of Fq , the rooted trees above non-zero periodic vertices in �per, the induced
subgraph of �f on the union of all periodic blocks Ci (in particular, we can obtain
such a description for �f as a whole in case Nf is a permutation). Let i 2 ¹0; 1; : : : ;
d � 1º be Nf -periodic, with Nf -cycle .i0; i1; : : : ; i`�1/, where i0 D i . For t 2 Z, we set

it WD it mod `:

Theorem 3.2.1 states that for fixed t 2 Z and h 2 NC, if x; y 2 Cit each have at
least h successor generations in ��per (i.e., if min¹proc.�

�
per/

h
.x/; proc.�

�
per/

h
.y/º > 0),

then proc.�
�
per/

h
.x/ D proc.�

�
per/

h
.y/. This allows us to set procit ;h WD proc.�

�
per/

h
.x/ for

any x 2 Cit with at least h successor generations in ��per (such as an f -periodic x);
this notation agrees with the one used in the proof of Theorem 3.2.1.

According to the comment before Theorem 3.2.1, for periodic x 2 Cit , the iso-
morphism type of Tree�per.x/ only depends on it and the numbers procit0 ;h for h � 1
and t 0 2 Z (i.e., it is independent of the choice of x). We describe how to read off this
rooted tree from the data it depends on. We set

Hit WD min¹h 2 NC W procit ;h D 1º � 1;

the common height of the rooted trees in �per above periodic vertices in Cit . More-
over, as in Section 3.3, we let Hi WD max¹Hit W t D 0; 1; : : : ; ` � 1º, the maximum
such tree height along the cycle of i . Then, in generalization of what was stated above,
for all vertices x 2 Cit , the isomorphism type of Tree�per.x/ only depends on it , the
numbers procit0 ;h and the h-value of x (see formula (3.1) in Section 3.3 for the defi-
nition of h). It should be noted that h does not necessarily assume all of its possible
values 0; 1; : : : ;Hi on each coset Cit (see Example 3.2.2), but this is not an issue for
our construction.

We recursively define edge-weighted rooted trees Iit ;h such that the rooted tree
in �per above any x 2 Cit with h.x/ D h is isomorphic to Expand.Iit ;h/, a property
that is certainly satisfied whenever there are no x 2 Cit of that h-value. For k 2 N0,
we set wit ;k WD procit ;kC1 � procit ;kC2. We define Iit ;0 to be the trivial rooted tree.
If h 2 ¹1; 2; : : : ; Hi � 1º (we observe that vertices in Cit of such an h-value are
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f -transient), then we set

Iit ;h WD

Iit�1;0 Iit�1;1 � � � Iit�1;h�2 Iit�1;h�1

wit ;0 wit ;1 wit ;h�2 procit ;h

Finally, the rooted tree above any vertex in Cit that is f -periodic (equivalently, which
has h-value Hi ) may be constructed as

Iit ;Hi WD

Iit�1;0 Iit�1;1 � � � Iit�1;Hit�2 Iit�1;Hit�1

wit ;0 wit ;1 wit ;Hit�2 wit ;Hit�1

4.2 An illustrative example

In this section, we follow the approach from Chapter 3 to derive the cyclic sequences
of rooted tree isomorphism types that characterize the connected components of the
functional graph of the following generalized cyclotomic mapping f of F28 of index
d D 5:

f .x/ D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

0; if x D 0;

!5x9; if x 2 C0;

x3; if x 2 C1;

x17; if x 2 C2;

!3x34; if x 2 C3;

!4x9; if x 2 C4;

where ! is any fixed primitive element of F28 (the minimal polynomial of ! over F2
is not relevant here). These cyclic sequences were also derived in our introduction
from a drawing of �f (see the text passage between Definitions 1.4 and 1.5), but
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the approach of Chapter 3 is usually more computationally efficient (see Chapter 5,
especially Theorem 5.1.9).

We observe that if a generalized cyclotomic mapping of a finite field of known
index is not given in the above cyclotomic form, but in polynomial form, then one
must first convert it into cyclotomic form before one can apply our methods. An
algorithm for doing so is [15, Algorithm 1].

Because d D 5, we have s D .28 � 1/=5 D 51 D 3 � 17. We view each coset Ci
as a copy of Z=51Z via the bijection

�i W Z=51Z! Ci ; k 7! !iC5k :

Let us work out what the monomial formulas for the values of f in the different cases
become under this identification. For example, if x 2 C4, then x D !4C5k for some
k 2 Z, and

f .x/ D !4x9 D !4C9�4C9�5k D !0C5�.9kC8/;

which shows that f maps C4 to C0 via the affine map

x 7! 9x C 8:

In total, we obtain the following picture describing the mapping behavior of f be-
tween the cosets Ci when viewing them as copies of Z=51Z.

C0

C3 C4

C1 C2

x 7! 3x x 7! 17x C 6

x 7! 34x C 21 x 7! 9x C 8

x 7! 9x C 1

Until further notice, we put the concrete function f from above aside and assume that,
more generally, we have a finite field Fq with 5 j q � 1 and an index 5 generalized
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cyclotomic mapping f of Fq which maps as follows between the five cosets of C
in F�q , viewed as copies of Z=sZ (where s D .q � 1/=5).

C0

C3 C4

C1 C2

A1 W x 7! ˛1x C ˇ1 A2 W x 7! ˛2x C ˇ2

A3 W x 7! ˛3x C ˇ3 A4 W x 7! ˛4x C ˇ4

A0 W x 7! ˛0x C ˇ0

This allows us to describe �f in terms of those general coefficients ˛i and ˇi , which
is more instructive; one can actually see the structure of formulas for relevant param-
eters, such as the moduli ai;j and right-hand sides bi;j of the spanning congruences
of Pi . Just as for our concrete generalized cyclotomic mapping from above, we
assume that gcd.˛0; s/ D gcd.˛20 ; s/ > 1, which means that the rooted trees attached
to periodic vertices in the induced subgraph of �f on C0 are of height H0 D 1. We
describe the arithmetic partitions Pi D P.x � bi;j .mod ai;j / W j D 1; 2; : : : ; mi /

and the associated rooted tree isomorphism type Treei .Pi ; E�.Pi // for each block
B.Pi ; E�

.Pi // of Pi for E�.Pi / 2 ¹;;:ºmi .
The partitions Pi and associated rooted trees are easily determined for i D 1; 2;

3; 4.

• For i 2 ¹1; 2º, every vertex in Ci is a leaf in �f , and so we may choose P1 D

P2 DP.;/ (trivial partition with only one block). There is only one isomorphism
type of rooted trees here, Treei .Pi ; ;/ (with ; representing an empty sequence
of logical signs, not the positive logical sign), and it consists of a single vertex
without edges.

• For i 2 ¹3; 4º, since Ci is a transient coset (i.e., it does not lie on a cycle of cosets
under f ), the discussion in Section 3.3 shows that one can obtain Pi simply as
the lift P0.Pi�2; Ai�2/. According to Lemma 2.2.2, that lift is of the form Pi D

P.x � ˇi�2 .mod gcd.˛i�2; s///. The significance of this single congruence is
that it characterizes when x 2 Ci has at least one pre-image under f in Ci�2. We
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note that if this is the case, then x has exactly gcd.˛i�2; s/ such pre-images, as
they form a coset of the kernel of z 7! ˛i�2z in Z=sZ. Hence, Treei .Pi ; .:// is a
single vertex without arcs, and Treei .Pi ; .;// consists of a root with gcd.˛i�2; s/
vertices attached to it.

In our discussion for P0, rather than specify the rooted tree Tree0.P0; E�.P0// associ-
ated with a block B.P0; E�

.P0// of P0 itself, we specify a (not necessarily simplified
isomorphism type of) finite edge-weighted directed rooted tree(s) I D I .P0; E�

.P0//

such that Tree0.P0; E�.P0// D Expand.I /. But first, let us determine P0 itself. We
recall that H0 D 1 by assumption. According to the general definition of Pi for peri-
odic i , which is just before Proposition 3.3.5, we have

P0 D Q0;1 D P0;1 ^U0:

Moreover, noting that i D 0 lies on a cycle of Nf of length 1 (so that it D 0 for all
t 2 Z in the notation of Section 3.3), we conclude that

P0;1 D �
0
0.R0/ ^ �

1
0.R0/ D R0 ^ �.R0; A0/:

Now, R0 is obtained as the infimum of the P0-lifts of P3 and P4 to C0. Using the
notation .n;m/ in place of gcd.n;m/ for simplicity, we conclude that

R0 D P0.P3; A3/ ^P0.P4; A4/ D P

0BB@
x � ˛3ˇ1 C ˇ3 .mod .˛3.˛1; s/; s//
x � ˇ3 .mod .˛3; s//
x � ˛4ˇ2 C ˇ4 .mod .˛4.˛2; s/; s//
x � ˇ4 .mod .˛4; s//

1CCA

D P

0BBB@
x � ˛3ˇ1 C ˇ3 .mod .˛1; s/.˛3; s

.˛1;s/
//

x � ˇ3 .mod .˛3; s//
x � ˛4ˇ2 C ˇ4 .mod .˛2; s/.˛4; s

.˛2;s/
//

x � ˇ4 .mod .˛4; s//

1CCCA ; (4.1)

and thus

�.R0; A0/ D P

0BBB@
x � ˛0˛3ˇ1 C ˛0ˇ3 C ˇ0 .mod .˛0.˛1; s/.˛3; s

.˛1;s/
/; s//

x � ˛0ˇ3 C ˇ0 .mod .˛0.˛3; s/; s//
x � ˛0˛4ˇ2 C ˛0ˇ4 C ˇ0 .mod .˛0.˛2; s/.˛4; s

.˛2;s/
/; s//

x � ˛0ˇ4 C ˇ0 .mod .˛0.˛4; s/; s//

1CCCA

D P

0BBB@
x � ˛0˛3ˇ1C˛0ˇ3Cˇ0 .mod .˛1; s/.˛0.˛3; s

.˛1;s/
/; s
.˛1;s/

//

x � ˛0ˇ3 C ˇ0 .mod .˛0.˛3; s/; s//
x � ˛0˛4ˇ2C˛0ˇ4Cˇ0 .mod .˛2; s/.˛0.˛4; s

.˛2;s/
/; s
.˛2;s/

//

x � ˛0ˇ4 C ˇ0 .mod .˛0.˛4; s/; s//

1CCCA :
Moreover, by formula (3.3) and the definition of Ui just after it, we have

U0 D P.�0;1/ D P.x � ˇ0 .mod .˛0; s///:
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It follows that

P0 D P

0BBBBBBBBBBBBBB@

x � ˛3ˇ1 C ˇ3 .mod .˛1; s/.˛3; s
.˛1;s/

//

x � ˇ3 .mod .˛3; s//
x � ˛4ˇ2 C ˇ4 .mod .˛2; s/.˛4; s

.˛2;s/
//

x � ˇ4 .mod .˛4; s//
x � ˛0˛3ˇ1 C ˛0ˇ3 C ˇ0 .mod .˛1; s/.˛0.˛3; s

.˛1;s/
/; s
.˛1;s/

//

x � ˛0ˇ3 C ˇ0 .mod .˛0.˛3; s/; s//
x � ˛0˛4ˇ2 C ˛0ˇ4 C ˇ0 .mod .˛2; s/.˛0.˛4; s

.˛2;s/
/; s
.˛2;s/

//

x � ˛0ˇ4 C ˇ0 .mod .˛0.˛4; s/; s//
x � ˇ0 .mod .˛0; s//

1CCCCCCCCCCCCCCA
:

(4.2)
Now we turn to the determination of the rooted trees above vertices in any given

block B of P0. More specifically, we have

B D B.P0; E�
.P0//;

where E�.P0/ D .�1; : : : ; �9/ 2 ¹;;:º9 is a tuple of logical signs for the nine spanning
congruences of P0. It is helpful to split E�.P0/ into segments; namely, in the notation
of Proposition 3.3.5, we write E�.P0/ D Eo00 ˘ Eo

0
1 ˘
E� , where

• Eo00 D .�1; �2; �3; �4/ controls in which block B.R0; Eo
0
0/ of R0 the P0-block

B.P0; E�
.P0// is contained. By Proposition 3.3.3, knowing the logical signs in Eo00

is enough to understand, uniformly for all x 2 B.P0; E�
.P0//, the contribution

Tree�f .x; C3 [ C4/ D Tree0.R0; C3 [ C4; Eo
0
0/

to Tree�f .x/ that comes from those pre-images of x that lie in C3 [C4 (the union
of all transient cosets that map to C0).

• Eo01 D .�5; �6; �7; �8/ controls in which block B.�0;1; Eo
0
1/ of �0;1 D �.R0; A0/

the P0-block B.P0; E�
.P0// is contained. By Proposition 3.3.4, knowing the log-

ical signs in Eo01 is enough to understand, uniformly for all x 2 B.P0; E�
.P0// of

h-value 1, i.e., which are f -periodic (or, equivalently here, which are non-leaves
in �per), the contribution Tree�f .x;C0/D Tree.1/0 .�0;1; C0; Eo

0
1/ to Tree�f .x/ that

comes from those pre-images of x that lie in C0 (the unique periodic coset that
maps to C0). We note that if x 2 C0 has h-value 0, i.e., if x is f -transient (or,
equivalently here, if x is a leaf in �per), then Tree�f .x; C0/ is trivial, because x
has no f -transient pre-images in C0.

• E� D .�9/ controls the h-value of the vertices in B.P0; E�
.P0//; if �9 D :, then all

of those vertices are leaves in �per (i.e., their h-value is 0), otherwise they all are
periodic vertices (i.e., their h-value is 1 D H0).
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Let us be more specific about these different contributions to Tree�f .x/ for x 2
B.P0; E�

.P0//. We recall that by definition,

R0 D P 03 ^P 04 D P0.P3; A3/ ^P0.P4; A4/;

and note that Eo00 can be written as the concatenation E�.P
0
3
/ ˘ E�.P

0
4
/, with E�.P

0
3
/ D

.�1; �2/, respectively,
E�.P
0
4
/
D .�3; �4/;

controlling the containment of B.P0; E�
.P0// in P 03-blocks, respectively, in P 04-blocks.

For i 2 ¹3; 4º, knowing the logical signs in E�.P
0
i
/ is enough to understand, uniformly

for all x 2 B.P0; E�
.P0//, the contribution

Tree�f .x; Ci / D Tree0.P 0i ; Ci ; E�
.P 0
i
//

to Tree�f .x/ that comes from those pre-images of x that lie in Ci .
Of course, for each given x 2 C0, we have

Tree�f .x/ D Tree�f .x; C0 [ C3 [ C4/ D
X

i2¹0;3;4º

Tree�f .x; Ci /:

In view of what was said above about these three different contributions to Tree�f .x/,
we have the following formulas (which can also be derived from Propositions 3.3.3 (2)
and 3.3.5 as well as the last formula in Proposition 3.3.4):

Tree0.P0; E�.P0//

D

´P4
iD3 Tree0.P 0i ; Ci ; E�

.P 0
i
//; if �9 D :;P4

iD3 Tree0.P 0i ; Ci ; E�
.P 0
i
//C Tree.1/0 .�0;1; C0; Eo

0
1/; if �9 D ;:

(4.3)

In particular, the logical signs �5; �6; �7; �8 in Eo01 are irrelevant for the value of
Tree0.P0; E�.P0// if �9 D :.

Formula (4.3) allows us to split the task of determining Tree0.P0; E�.P0// into
subtasks. First, we determine Tree0.P 0i ; Ci ; E�

.P 0
i
// for i D 3; 4, which can be done

uniformly. We note that

P 0i D P

�
x � ˛iˇi�2 C ˇi .mod .˛i .˛i�2; s/; s//
x � ˇi .mod .˛i ; s//

�
:

The two entries of E�.P
0
i
/
D .�2i�5; �2i�4/ are logical signs for those two congruences,

and we need to distinguish cases according to their truth values. We could just work
out Tree0.P 0i ; Ci ; E�

.P 0
i
// in each case “mechanically” following Proposition 3.3.3 (1),

using the formula for �Pi ;Ai .E�
.Pi /; E�.P

0
i
// from Lemma 2.2.2. However, it is more

instructive to derive them with direct arguments (inclined readers may still follow the
formulaic approach themselves and compare).
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• If �2i�4 D:, i.e., if x 6� ˇi .mod .˛i ; s//, then x simply has no pre-images in Ci ,
whence Tree0.P 0i ; Ci ; E�

.P 0
i
// is a single vertex without arcs (the value of �2i�5 is

irrelevant here).

• If �2i�4 D ;, i.e., if x � ˇi .mod .˛i ; s//, then x has exactly .˛i ; s/ children
in Ci (which form a coset of the kernel of z 7! ˛iz). We need to determine the
distribution of those children over the two blocks of

Pi D P.x � ˇi�2 .mod .˛i�2; s///;

and that distribution is controlled by the truth value �2i�5 of

x � ˛iˇi�2 C ˇi .mod .˛i .˛i�2; s/; s//: (4.4)

Indeed, following the proof of Lemma 2.2.2, the pre-images y of x in Ci that
satisfy

y � ˇi�2 .mod .˛i�2; s//

(we note that they are exactly those pre-images of x in Ci which are not leaves in
�f ) are characterized by the system of congruences

y � ˇi�2 .mod .˛i�2; s//

˛iy C ˇi � x .mod s/;

which is (according to the proof of Lemma 2.2.2) consistent if and only if con-
gruence (4.4) holds, in which case the system is equivalent to a single congruence
modulo

lcm
�
.˛i�2; s/;

s

.˛i ; s/

�
:

Hence, if �2i�5 D ;, i.e., if congruence (4.4) holds, then x has exactly

s

lcm
�
.˛i�2; s/;

s
.˛i ;s/

� D � s

.˛i�2; s/
; .˛i ; s/

�
pre-images y 2 Ci with y � ˇi�2 .mod .˛i�2; s//, which are exactly those pre-
images that lie in B.Pi ; .;//. Otherwise, all pre-images of x inCi are incongruent
to ˇi�2 modulo .˛i�2; s/ and thus lie in B.Pi ; .://. In view of the known value
of Treei .Pi ; .�// in terms of � 2 ¹;; :º, we find that Tree0.P 0i ; Ci ; E�

.P 0
i
// is

the expanded version of the (not necessarily simplified) edge-weighted directed
rooted tree specified in Table 4.1.

This settles the first two summands of Tree0.P0; E�.P0// in each of the two cases
in formula (4.3). If �9 D : (i.e., if the P0-block in question consists of f -transient
points), then these are all the summands in the formula, and one can obtain (an edge-
weighted version of) Tree0.P0; E�.P0// simply by adding (the edge-weighted versions
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block of P 0
i
D P0.Pi ; Ai / associated Tree�f .x; Ci /

�.x � ˛iˇi�2 C ˇi
.mod .˛i .˛i�2; s/; s///

x 6� ˇi .mod .˛i ; s//
� 2 ¹;;:º

x 6� ˛iˇi�2 C ˇi
.mod .˛i .˛i�2; s/; s//

x � ˇi .mod .˛i ; s//

.˛i ; s/

x � ˛iˇi�2 C ˇi
.mod .˛i .˛i�2; s/; s//

x � ˇi .mod .˛i ; s// .˛i ; s/ � .
s

.˛i�2;s/
; .˛i ; s// . s

.˛i�2;s/
; .˛i ; s//

.˛i�2; s/

Table 4.1. Rooted trees using only pre-images in the transient pre-image coset Ci with i 2
¹3; 4º.

of) Treei .P 0i ; E�
.P 0
i
// for i 2 ¹3; 4º, read off from Table 4.1. For example, if �j D ;

for j D 1; 2; : : : ; 8 but �9 D :, then (an edge-weighted version of) Tree0.P0; E�.P0//
is as follows, setting w.i/ WD . s

.˛i�2;s/
; .˛i ; s// for i D 3; 4:

.˛3; s/ �w.3/ w.3/

.˛1; s/

C

.˛4; s/ �w.4/ w.4/

.˛2; s/

�

.˛3; s/C .˛4; s/ �w.3/ �w.4/ w.3/
w.4/

.˛1; s/ .˛2; s/

On the other hand, if �9 D ; (so that all vertices in B.P0; E�
.P0// are f -periodic),

then we also need to compute Tree.1/0 .�0;1; C0; Eo
0
1/, the third summand in formula (4.3),

which expresses the contribution coming from f -transient pre-images in C0. Fol-
lowing Proposition 3.3.4, this can be done by studying the distribution of pre-images
of any given point x 2 B.P0; E�

.P0// over certain blocks of the partition Q0;0 D

R0 ^ P.x � ˇ0 .mod .˛0; s///. More specifically, we note that each f -transient
pre-image of x is contained in a block of Q0;0 of the form B.Q0;0; Eo0 ˘ .:// for
some Eo0 2 ¹;;:º4 (and we also observe that each block of Q0;0 of this form con-
sists entirely of f -transient points, due to the last logical sign being :). Being able to
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count the number of pre-images of x in each such block of Q0;0 is enough to under-
stand Tree.1/0 .�0;1; C0; Eo

0
1/, because B.Q0;0; Eo0 ˘ .:// � B.R0; Eo0/ and we already

understand the rooted trees above f -transient vertices in a given block B.R0; Eo
0
0/ D

B.R0; E�
.P 0
3
/ ˘ E�.P

0
4
// of R0.

Now, let us observe that the distribution of the pre-images of any f -periodic point
x 2 C0 over the blocks of Q0;0 is controlled by the values of �j for j 2 ¹5; 6; 7; 8º,
i.e., by the block B.�0;1; Eo

0
1/ of �0;1 in which x is contained. This is because x 2

B.T0;1; Eo
0
1 ˘ .;//, where T0;1 D �0;1 ^U0 D P0.Q0;0; A0/, a partition which does

indeed control the distribution of pre-images of x over the blocks of Q0;0 according to
Lemma 2.2.2. Applying this lemma here leads to the formula for Tree.1/0 .�0;1;C0; Eo

0
1/

from Proposition 3.3.4.
For example, the logical sign tuple Eo0 D .:;:; ;; ;/ corresponds to the block

B WD B.R0; Eo0/ of R0. If we wish to count how many transient pre-images a vertex
x 2 Ci with x � ˛0 .mod .˛0; s// stemming from, say, the block B 0 WD B.�0;1; Eo

0
1/

of �0;1 with Eo01 D .;;:;;;;/ has, then we need to compute

�Q0;0;A0. Eo0 ˘ .:/;
Eo01 ˘ .;//;

which we do now to illustrate the method. To avoid confusion among readers, we note
that the above expression does not perfectly match the notation used in Lemma 2.2.2.
Indeed, here we use spanning congruence sequences of length 5 both for Q0;0 D

R0 ^ T0;0 D R0 ^U0 and for T0;1 D P0.Q0;0; A0/. However, in Lemma 2.2.2, it
is assumed that we use the “standard format” of the spanning congruence sequence
for P0.Q0;0; A0/, which contains one congruence more than the sequence for Q0;0.
This discrepancy occurs because we write T0;1 as �.R0; A0/^U0 – in the “standard
format”, it would instead be

�.Q0;0; A0/ ^P.x � ˇ0 .mod .˛0; s///

D �.R0; A0/ ^P.x � ˇ0.1C ˛0/ .mod .˛20 ; s/// ^U0;

but we can omit the congruence x � ˇ0.1 C ˛0/ .mod .˛20 ; s//, which is �0;2.x/
in the notation of Section 3.3, because (using that H0 D 1) it is equivalent to x �
ˇ0 .mod .˛0; s//, the unique spanning congruence �0;1.x/ of U0. In order to apply
Lemma 2.2.2, we put T0;1 into the less concise standard format, which requires us
to replace the logical sign sequence Eo01 ˘ .;/ D .;;:; ;; ;; ;/ for the block of T0;1

by E�0 WD Eo01 ˘ .;; ;/ D .;;:; ;; ;; ;; ;/ (i.e., we double the ; at the end), the j -th
entry of which we denote by �0j . The logical sign sequence for the block of Q0;0

remains E� WD Eo0 ˘ .:/ D .:;:;;;;;:/. Our goal now is to compute �Q0;0;A0.E�;
E�0/

strictly following Lemma 2.2.2. For j D 1; : : : ; 5, we denote by Naj , respectively,
Nbj , the modulus, respectively, right-hand side, of the j -th spanning congruence of
Q0;0 DR0 ^U0. That is, for j 2 ¹1; 2; 3; 4º, the congruence x � Nbj .mod Naj / is the
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j -th displayed congruence in the formula for P0, (4.2). Moreover, Na5 D .˛0; s/ and
Nb5 D ˇ0. Using the notation from Lemma 2.2.2, we observe that

• J�.E�/ D ¹1; 2; 5º (the set of indices j 2 ¹1; : : : ; 5º such that the j -th entry of
Eo0 ˘ .:/ is :);

• JC.E�/ D ¹1; 2; 3; 4; 5º n J�.E�/ D ¹3; 4º;

• J�. E�0/ D ¹2º;

• for J � J�.E�/ D ¹1; 2; 5º, the condition E.E�; J / demands: “For all j1; j2 2
¹3; 4º [ J : gcd. Naj1 ; Naj2/ j Nbj1 � Nbj2”.

According to Lemma 2.2.2, we have

�Q0;0;A0.E�;
E�0/ D

X
J�J�.E�/

.�1/jJ j�Q0;0;A0.E�;
E�0; J /;

where

�Q0;0;A0.E�;
E�0; J / D ı�0

6
D; � ıE.E�;J / � ı.JC.E�/[J/\J�. E�0/D;

�
s

lcm. s
gcd.˛0;s/

; Na0;j W j 2 JC.E�/ [ J /
:

In this formula, the first Kronecker delta checks whether the last entry of E�0 is ;, which
is the case. The third Kronecker delta is 1 if and only if 2 … J , which leaves the four
possibilities ;; ¹1º; ¹5º; ¹1; 5º for J � J�.E�/ D ¹1; 2; 5º for which �Q0;0;A0.E�;

E�0; J /

is potentially non-zero. We conclude that

�Q0;0;A0.E�;
E�0/ D ıE.E�;;/

s

lcm. s
.˛0;s/

; Na3; Na4/
� ıE.E�;¹1º/

s

lcm. s
.˛0;s/

; Na1; Na3; Na4/

� ıE.E�;¹5º/
s

lcm. s
.˛0;s/

; Na3; Na4; Na5/

C ıE.E�;¹1;5º/
s

lcm. s
.˛0;s/

; Na1; Na3; Na4; Na5/

is the number of f -transient children in B D B.R0; Eo0/ of each given x 2 B 0 D
B.�0;1; Eo

0
1/. Each of these children provides a copy of

Tree.0/0 .P0;0; Eo0/ D Tree0.R0; C3 [ C4; Eo0/

that is attached to the root of Tree.1/0 .�0;1;C0; Eo
0
1/. If we carry this computation out for

fixed Eo01 and all possible values of Eo0 2 ¹;;:º4, then we obtain a “complete picture”
of Tree.1/0 .�0;1; C0; Eo

0
1/.

It is time to particularize the gained explicit understanding of the rooted trees
back to the concrete example we started from. First, we deal with the rooted trees
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Tree�f .x; C3 [ C4/ in terms of the blocks of R0. By substituting s D 51, ˛0 D 9,
˛1 D 3, ˛2 D 17, ˛3 D 34, ˛4 D 9, ˇ0 D 1, ˇ1 D 0, ˇ2 D 6, ˇ3 D 21, ˇ4 D 8 into
formula (4.1), we get

R0 D P

0BB@
x � 21 .mod 51/
x � 4 .mod 17/
x � 11 .mod 51/
x � 2 .mod 3/

1CCA :
There are dependencies between these congruences. For example, the first implies the
second as well as the negations of the third and fourth. Table 4.2 lists all Eo00 2 ¹;;:º

4

such that B.R0; Eo
0
0/ is nonempty, along with a description of the set B.R0; Eo

0
0/ and

the (simplified edge-weighted form of the) corresponding rooted tree Tree0.R0;C3 [

C4; Eo
0
0/ above each point in B.R0; Eo

0
0/, obtained by adding the (edge-weighted forms

of the) rooted trees Tree0.P 0i ; Ci ;
E�0i / for i D 3; 4 read off from Table 4.1.

Now we turn to the description of Tree�f .x; C0/ for f -periodic x 2 C0 in terms
of the �0;1-block B.�0;1; Eo

0
1/ in which x lies. First, we substitute our concrete values

of s and the ˛i and ˇi into the four spanning congruences for �0;1 to get that

�0;1 D P

0BB@
x � 37 .mod 51/
x � 37 .mod 51/
x � 49 .mod 51/
x � 1 .mod 3/

1CCA :
It is not necessary to strictly follow the computations described in Lemma 2.2.2 (as
outlined above) to gain a complete understanding of the trees here – we give a con-
ceptual argument instead.

We note that by Lemma 2.1.14, the points in Z=51Z that are periodic under A0 W
x 7! 9x C 1 are just those that are congruent to 1modulo 3 (the unique fixed point of
A0 modulo 3D gcd.˛L0 ; s/, whereL is as in Lemma 2.1.14). Hence, the last spanning
congruence of �0;1 is always true for those x we are considering. We observe that it
is just a coincidence that the spanning sequence for �0;1 contains the characterizing
congruence for periodic vertices – in general, this information needs to be added
“externally” if one wants to control it via the partition blocks, using the partition
T0;1 D �0;1 ^U0 instead.

Since the children of x in C0 form a coset of the kernel 17Z=51Z of z 7! 9z,
it follows that x has precisely three pre-images in C0, one in each congruence class
modulo 3. But the pre-image y of x in C0 with y � 1 .mod 3/ is f -periodic and
hence does not occur in Tree�f .x; C0/. We also note the following.

• For x D 37, the remaining two, f -transient pre-images are 21 and 38.

• For x D 49 the f -transient pre-images are 11 and 45.
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Eo0
0

B WD B.R0; Eo
0
0
/ Tree�f .x; C3 [ C4/ for x 2 B0BBBBB@

:

:

:

:

1CCCCCA ¹x 2 Z=51Z W x 6� 2 .mod 3/º n ¹4; 21º

0BBBBB@
:

;

:

:

1CCCCCA ¹4º 17

0BBBBB@
;

;

:

:

1CCCCCA ¹21º

17

3

0BBBBB@
:

:

:

;

1CCCCCA ¹x 2 Z=51Z W x � 2 .mod 3/º n ¹11; 38º 3

0BBBBB@
:

:

;

;

1CCCCCA ¹11º

3

17

0BBBBB@
:

;

:

;

1CCCCCA ¹38º 20

Table 4.2. Rooted trees using only pre-images in transient pre-image cosets.

• For all other x � 1 .mod 3/, there is one f -transient pre-image each in the two
“generic” blocks B.R0; .:;:;:;:// and B.R0; .:;:;:; ;// of R0; this is
because all other blocks in Table 4.2 except ¹4º have already been “used up”, and
4 � 1 .mod 3/.

From Table 4.2, we can read off Tree�f .y; C3 [ C4/ D Tree�f .y/ for each of the
two f -transient pre-images y of x in C0, thus obtaining the shape of Tree�f .x; C0/
specified in Table 4.3.
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Eo0
1

B 0 WD B.�0;1; Eo
0
1
/ Tree�f .x; C0/ for periodic x 2 B 00BBBBBB@

:

:

:

:

1CCCCCCA ¹x 2 Z=51Z W x 6� 1 .mod 3/º n/a (no periodic x in this block)

0BBBBBB@
:

:

:

;

1CCCCCCA ¹x2Z=51Z W x�1 .mod 3/ºn¹37; 49º
1 1

3

0BBBBBB@
;

;

:

;

1CCCCCCA ¹37º

1 1

17 20

3

0BBBBBB@
:

:

;

;

1CCCCCCA ¹49º

1 1

3

17

Table 4.3. Rooted trees using only pre-images in C0.

Finally, our formula (4.3) leads us to a tabular list of Tree�f .x/, which we specify
in Table 4.4, where we also introduce the notation In for n D 1; 2; 3; 4 to denote the
different isomorphism types of Tree�f .x/ for periodic x. Additionally, we define I0
to denote the isomorphism type of the trivial rooted tree, consisting of a single vertex
without arcs.

Now that we have a full understanding of the rooted trees above vertices in �f ,
let us turn to the determination of the f -periodic points and to the construction of
a CRL-list for f . Following the discussion in Section 3.1, the periodic points of f
are the field element 0 as well as all periodic points of f in the unique periodic
coset C0, which we already identified above (using Lemma 2.1.14) to be precisely
those x 2 Z=51Z with x � 1 .mod 3/, so there are 51=3 D 17 periodic points in C0.
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block B of P0 Tree�f .x/ for x 2 B

¹x 2 Z=51Z W x � 1 .mod 3/º n ¹4; 37; 49º
1 1

3

DW I1

¹4º

18 1

3

DW I2

¹37º

1 1

17 20

3

DW I3

¹49º

1 1

3

17

DW I4

B � ¹x 2 Z=51Z W x 6� 1 .mod 3/º Tree�f .x; C3 [ C4/ (see Table 4.2)

Table 4.4. The rooted trees Tree�f .x/ for x 2 C0.

With such a small number of periodic points, it would be easy to just determine the
cycle structure and a CRL-list by brute force, but we would still like to proceed as
described in Section 3.1 (and Section 2.3, on which Section 3.1 builds) to illustrate
the method.

First, we observe that the nontrivial prime powers of the form p�p.51/ are just 3
and 17. By the approach from Section 2.3, we need to determine a CRL-list of each
bijective reduction of A0 modulo p�p.51/, i.e., here only for the reduction of A0 mod-
ulo 17. We can read off such a CRL-list from Table 2.2. More specifically, since

�
.1/
17 .1/ D 0 � 0 D �

.1/
17 .9 � 1/;
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and since ord.9/, the multiplicative order of 9 modulo 17, is 8, case 1 in that table
with

r WD 3 and f WD �
1

170
� inv17

�
8

170

�
D �15 D 2

tells us that

¹.30170 C 2; 8/; .31170 C 2; 8/; .30171 C 2; 1/º D ¹.3; 8/; .5; 8/; .2; 1/º

is a CRL-list of A0 modulo 17. Modulo 3, the only periodic point of A0 is 1, so
in order to get a CRL-list for A0 modulo 51, we just map the first entries of the
above CRL-list modulo 17 under the function ƒ W Z=17Z! Z=51Z with ƒ.x/ �
x .mod 17/ and ƒ.x/ � 1 .mod 3/, which leads to the following CRL-list of A0
modulo 51:

¹.37; 8/; .22; 8/; .19; 1/º:

We can now describe the isomorphism types of the four connected components of
�f as cyclic sequences (necklaces, isomorphism types of necklace graphs) of finite
directed rooted trees simply by enumerating the elements on the cycles of f by iter-
ation, then looking up the associated rooted tree isomorphism types in Table 4.4.
We note that this is a brute-force approach that is not viable when the number of
f -periodic points is large and should then be replaced by the approach described in
Section 3.4 instead.

• The connected component of the field element 0 is a single vertex with a loop,
corresponding to the following cyclic sequence of rooted tree isomorphism types:
ŒI0�.

• Because the cycle of 22 2 Z=51Z under A0 is .22; 46; 7; 13; 16; 43; 31; 25/, the
connected component of the field element �0.22/ D !5�22 D !110 is represented
by the cyclic sequence ŒI1;I1;I1;I1;I1;I1;I1;I1�.

• Because the cycle of 372Z=51Z underA0 is .37;28;49;34;1;10;40;4/, the con-
nected component of the field element !185 is represented by the cyclic sequence

ŒI3;I1;I4;I1;I1;I1;I1;I2�:

• Finally, because the cycle of 19 is simply .19/, the connected component of the
field element !95 is represented by ŒI1�.

As a quick sanity check, we note that jV.I1/j D 6, jV.I2/j D 23, jV.I3/j D 91, and
jV.I4/j D 57, so the vertex numbers of the three connected components in F�

28
add

up to
14 � 6C 23C 91C 57 D 255;

as they should. One may also verify that these are the same cyclic sequences that were
given in our introduction.
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4.3 Special case: All Ai are permutations

Let f be an index d generalized cyclotomic mapping of Fq , given in cyclotomic
form (1.1). Let us assume that for each i D 0; 1; : : : ; d � 1, we have

gcd.ri ; s/ D gcd
�
ri ;
q � 1

d

�
D 1:

An important class of functions to which this applies are the index d cyclotomic
mappings of Fq of first order (i.e., those generalized cyclotomic mappings for which
all ri are equal to 1).

By our comments between Remark 1.3 and Definition 1.4, the affine map Ai
of Z=sZ, which encodes the restriction fjCi in case ai 6D 0, is of the form z 7!

riz C const. Our assumption on the ri is therefore equivalent to demanding that for
each i such that ai 6D 0 (and thus Ai is well defined), the function Ai is an affine
permutation of Z=sZ.

Our goal is to describe the functional graph �f , which turns out to be particularly
easy. Let us start with the rooted trees.

Lemma 4.3.1. Let x 2 Fq D V.�f /.

(1) If x 6D 0, and if i denotes the unique index in ¹0; 1; : : : ; d � 1º such that
x 2 Ci , then Tree�f .x/ is isomorphic to Ii WD Tree� Nf .i/.

(2) If x D 0, then Tree�f .x/ D
P
i2 Nf �1.¹dº/n¹dº sI

C

i .

Proof. Statement (1) can be proved by induction on h.x/WDht.Tree� Nf .i//. If h.x/D0,
then all Nf -pre-images of i (if any) are Nf -periodic. In particular, x has no f -transient
pre-images under f , because each such pre-image would need to lie in a coset Cj ,
where j is an Nf -transient pre-image of i under Nf . Indeed, otherwise, i , having an
Nf -periodic pre-image under Nf , is Nf -periodic itself. By assumption, we can pick an
f -transient pre-image y of x under f in Ci 0 , where i 0 is the unique Nf -periodic
pre-image of i under Nf . If ` denotes the cycle length of i under Nf , then Ai D

Ai0Ai1 � � �Ai`�1 represents the restriction of f ` to Ci . Because each Ait is bijec-
tive, so is Ai ; in other words, every point in Ci is periodic under Ai and thus under f
(following the discussion in Section 3.1). In particular, x is f -periodic, say with
cycle length l . Therefore, f l�1.x/ is an f -pre-image of x in Ci 0 , as is y. Because
Ai 0 , which represents the restriction fjCi0 W Ci 0 ! Ci , is injective, it follows that
f l�1.x/ D y, whence y is f -periodic, contradicting our assumption. The upshot
of this discussion is that if h.x/ D 0, then Tree�f .x/ is trivial, as is Ii .

Now we assume that h.x/ � 1. Let j1; j2; : : : ; jK be the distinct Nf -transient pre-
images of i under Nf . By the argument from the previous paragraph, each f -transient
pre-image of x under f must lie in one of the cosets Cjt for t D 1; 2; : : : ; K, and
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since Ajt is bijective for each t , it follows that x has precisely one (transient) pre-
image cjt 2 Cjt for each t D 1; 2; : : : ; K. Therefore, using the induction hypothesis,

Tree�f .x/ D
KX
tD1

Tree�f .cjt /
C
D

KX
tD1

ICjt D

KX
tD1

Tree� Nf .jt /
C
D Tree� Nf .i/:

For statement (2), let j1; j2; : : : ; jK be the distinct Nf -transient children of d in
��
Nf
. Equivalently, the jt are the distinct elements of Nf �1.¹dº/ n ¹dº. The f -transient

children of 0Fq in ��
f

are precisely the points in
SK
tD1 Cjt . Using statement (1), it

follows that

Tree�f .0Fq / D

KX
tD1

X
y2Cjt

Tree�f .y/
C
Š

KX
tD1

X
y2Cjt

ICjt D

KX
tD1

sICjt ;

as required.

Because Tree�f .x/ for x 6D 0 only depends on the coset Ci in which x lies and
can be read off directly from � Nf , we only need to know � Nf and the cycle structure
of f on each coset union Ui WD

S`�1
tD0 Cit , where .i0; i1; : : : ; i`�1/ with i D i0 is the

Nf -cycle of i , in order to understand the isomorphism type of �f . This can be achieved
using analogous ideas to the ones for the determination of CRL-lists in Section 3.1.

Let us set Ai WD Ai0Ai1 � � �Ai`�1 . Then Ai is an affine permutation of Z=sZ, and
its cycle type CT.Ai / can be read off from [15, Tables 3 and 4]. Moreover,

CT.fjUi / D BU`.CT.Ai //;

where BU`, the so-called `-blow-up function, is the unique Q-algebra endomorphism
of QŒxn W n 2 NC� with BU`.xn/ D x`n for all n 2 NC. Say

CT.fjUi / D x
e1
1 x

e2
2 � � � x

e`s
`s
:

Then, viewing isomorphism types of functional graphs as multisets of cyclic se-
quences (necklaces) of isomorphism types of finite directed rooted trees (with each
such sequence encoding the isomorphism type of one connected component), we have
the following:

�
.i/

f
WD �f jUi D

G
1�l�`s;`jl

elG
nD1

¹˘
l=`
mD1ŒIi0 ;Ii1 ; : : : ;Ii`�1 �º;

and, if xL is a CRL-list for Nf , then

�f D
G

.i;`/2 xL

�
.i/

f
t

°h X
j2 Nf �1.¹dº/n¹dº

sICj

i±
:


