
Chapter 5

Algorithmic complexity analysis

The aim of this chapter is to describe algorithms for understanding important aspects
of the structure of functional graphs of generalized cyclotomic mappings of finite
fields in detail and analyze their complexities. In Section 5.1, we set the ground by
describing our computational model, the so-called dual model, in detail and intro-
ducing some important auxiliary concepts and results. We note that this dual model
consists of carefully keeping track of three distinct parameters – the bit operations,
elementary quantum gates and conversions from bits to qubits and vice versa – sepa-
rately, which is, to the authors’ knowledge, a novel approach and may be of indepen-
dent, wider interest for readers working in quantum complexity analysis. Section 5.2
consists of the proof of Theorem 5.1.9, which provides complexity bounds for three
fundamental algorithmic problems and may be considered the main result of this
chapter. As mentioned in the introduction, it is an open problem how to encode the
overall structure of the functional graph of a generalized cyclotomic mapping com-
pactly; in particular, these results do not provide an efficient general algorithm for
deciding whether the functional graphs of two given generalized cyclotomic map-
pings are isomorphic. However, in Section 5.3, we discuss four special cases in which
this isomorphism problem can be solved efficiently.

5.1 Framework and auxiliary results

Throughout this chapter, we assume that f is an index d generalized cyclotomic
mapping of Fq , given in cyclotomic form (1.1), where either

• each ai is specified as the field element 0 or as a power of a common, unknown
primitive element ! of Fq , or

• we explicitly know the minimal polynomial P.T / over the prime subfield Fp of
such an !, and the ai are represented as elements of FpŒT �=.P.T //.

The main goal in this chapter is to analyze the complexities of the following algorith-
mic problems.

Problem 1. Given f , compute a compact parametrization of a CRL-list L of f (we
note that jLj equals the number of cycles of f on its periodic points, which may be
superpolynomial in log q, so we want to avoid listing L element-wise).

Problem 2. Given f , compute a partition-tree register of f in the sense of Defini-
tion 5.1.2 below.
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Problem 3. Given f , a partition-tree register of f , and a pair .r; l/ such that r 2 Fq
is f -periodic and l is the cycle length of r under f , compute a compact description
of the cyclic sequence of rooted tree isomorphism types from formula (3.4) (which
characterizes the digraph isomorphism type of the connected component of �f that
contains r).

A partition-tree register of f is a standardized way of storing information about
the arithmetic partitions Pi constructed in Section 3.3 and the rooted trees associated
with their blocks. To define it, we first introduce the following auxiliary concept.

Definition 5.1.1. A recursive tree description list is a finite sequence .Dn/nD0;1;:::;N
of sets that has an associated (unique) ordered sequence .In/nD0;1;:::;N of pairwise
distinct, finite rooted tree isomorphism types such that the following hold.

(1) I0 is the trivial rooted tree isomorphism type, and D0 D ;.

(2) For n � 1, each rooted tree attached in In to the root of In is isomorphic
to Im for some m 2 ¹0; 1; : : : ; n � 1º. Moreover, Dn is the set of all pairs
.m; km/, where m 2 ¹0; 1; : : : ; n � 1º is an index for which Im is attached
to the root of In at least once, and km is the multiplicity with which it is
attached.

In a recursive tree description list, each set Dn can be viewed as a compact
description of In, referring to the rooted trees attached to the root of In with their
(earlier) indices m, rather than their full descriptions. The idea of encoding iso-
morphism types of rooted trees via numbers (“tree indices”) to get more compact
descriptions of larger rooted trees is not new; it appears, for example, in the decision
algorithm for isomorphism of directed rooted trees described in [6, Example 3.2 on
p. 84]. In contrast to that algorithm, which is linear in the number of vertices, we do
not list tree indices m repeatedly, but rather, we specify their multiplicities km. In sit-
uations such as ours, where entire sets (here: arithmetic partition blocks) of vertices
can be dealt with simultaneously, this modification is crucial to ensure the efficiency
of our algorithms relative to their smaller input length (which lies in O.d log q/). In
implementations, we assume that each Dn is represented by an array (ordered list)
of pairs .m; km/, sorted by increasing m. Moreover, m and km, both of which are
at most q, are to be represented by bit strings of length blog2 qc C 1 (please note,
however, that we use other conventions for the related notion of a type-I tree register,
introduced in Definition 5.3.2.1 (1)). We observe that with these conventions, all bit
strings representing an element .m;km/ of Dn (for some n) have the same length, and
the ordering of the elements of Dn by increasing m corresponds to the lexicographic
ordering of those bit string encodings.

Equipped with the concept of a recursive tree description list, we can define
partition-tree registers of generalized cyclotomic mappings of finite fields as follows,
using notations introduced in Section 3.3. We note that in this algorithmic chapter, we
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frequently identify arithmetic partitions with specific spanning congruence sequences
of them.

Definition 5.1.2. Let f be an index d generalized cyclotomic mapping of Fq . For an
Nf -periodic index i 2 ¹0; 1; : : : ; d � 1º, we recall that it for t 2 Z denotes the unique
Nf -periodic index in ¹0; 1; : : : ; d � 1º such that . Nf

jper. Nf //
t .i/ D it . A partition-tree

register of f is an ordered pair of the form

..Zi /iD0;1;:::;d�1; ..Dn; .Sn;i /iD0;1;:::;d //nD0;1;:::;N /

such that the following hold.

(1) For each i D 0; 1; : : : ; d � 1, Zi is the following.

(a) If i is Nf -transient, then Zi D Pi , given through a spanning congruence
sequence of length mi 2 N0.

(b) If i is Nf -periodic, then Zi is an .Hi C 2/-tuple .Xi;h/hD�1;0;:::;Hi such
that

(i) Xi;�1 D .�i;h.x//hD1;2;:::;Hi , and

(ii) Xi;h for hD 0; 1; : : : ;Hi is (a spanning congruence sequence for)
the arithmetic partition �hi�h.Ri�h/, of length ni�h 2 N0.

(2) The sequence .Dn/nD0;1;:::;N is a recursive tree description list, with associ-
ated rooted tree isomorphism type sequence .In/nD0;1;:::;N , such that the In
are just those rooted tree isomorphism types that are of one of the forms

(a) Treei .Pi ; E�.Pi // for some Nf -transient i and some E�.Pi / 2 ¹;;:ºmi such
that the block B.Pi ; E�

.Pi // is non-empty;

(b) Tree�f .0Fq /; or

(c) Tree.h/i .Pi;h; E�
.Pi;h// for some Nf -periodic i 6Dd , some h2¹0; 1; : : : ;Hiº

and some E�.Pi;h/ 2 ¹;;:ºni0Cni�1C���Cni�h such that B.Qi;h; E�
.Pi;h/ ˘

E�i;h/, which is the set of all points in B.Pi;h; E�
.Pi;h// of h-value h, is

non-empty.

(3) The objects Sn;i satisfy the following.

(a) If i is Nf -transient, then

Sn;i D¹E�
.Pi / 2 ¹;;:ºmi WB.Pi ; E�

.Pi // 6D ; and Treei .Pi ; E�.Pi //ŠInº:

(b) If i D d , then Sn;i D Sn;d 2 ¹;;:º is the logical sign associated with
the truth value of the isomorphism relation Tree�f .0Fq / Š In.

(c) If i 6D d is Nf -periodic, then Sn;i D .Sn;i;h/hD0;1;:::;Hi , where

Sn;i;h D ¹E�
.Pi;h/ 2 ¹;;:ºni0Cni�1C���Cni�h W

B.Qi;h; E�
.Pi;h/ ˘ E�i;h/ 6D ; and Tree.h/i .Pi;h; E�

.Pi;h// Š Inº:
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In implementations, we assume that each set Sn;i for Nf -transient i , as well as
each set Sn;i;h for Nf -periodic i < d and h 2 ¹0; 1; : : : ; Hiº, is represented by a lex-
icographically ordered array of bit strings, where a bit 0 stands for ; and a bit 1
stands for :. We note that while a partition-tree register for f does not explicitly
mention the partitions Pi D Qi;Hi for Nf -periodic indices i < d , it is easy to read off
their spanning congruence sequences and associated rooted trees from the register.
Namely,

• the concatenation of the congruence sequences in Zi spans Pi ; and

• by Proposition 3.3.5, the rooted tree associated with a block B.Pi ; E�
.Pi // of Pi

is of the form Tree.h/i .Pi;h; E�
.Pi;h// for suitable h 2 ¹0; 1; : : : ;Hiº and

E�.Pi;h/ 2 ¹;;:ºni0Cni�1C���Cni�h :

The relevant parameters h and E�.Pi;h/ can be read off from the logical sign tuple
E�.Pi / that characterizes the block of Pi .

Before we proceed with the actual complexity analysis of Problems 1–3, we make
some comments, starting with a discussion of our computational model.

As was already hinted at in Section 2.4, in order to even stand a chance of achiev-
ing polynomial runtime for our algorithms, we need quantum computers at least for
certain subtasks, such as whenever a modular multiplicative order or a discrete log-
arithm needs to be computed. That being said, we only relegate certain well-defined
tasks, for which efficient quantum algorithms are already known, to quantum com-
puters, while the rest of our algorithms can be performed on a classical computer.
Therefore, we use the following two computational models:

• a bit operation model with several kinds of queries for the tasks for which no
efficient algorithms are known on a classical computer. In this model, which we
henceforth refer to as the query model (and an algorithm in that model is a query
algorithm), the complexity is measured as a tuple that tracks the amount of bit
operations used outside queries and the amount of times each kind of query is
called for;

• a model in which classical and quantum computers are used in tandem and can
“feed” their outputs to each other; we refer to algorithms built like that as dual
algorithms, and to the model as the dual model.

For the quantum side of the computations in the dual model, we specifically use
the quantum circuit model, so whenever we speak of quantum complexity, we mean
quantum (elementary) gate complexity. All quantum algorithms which we use are
based on Shor’s seminal paper [68], and all of them are Las Vegas algorithms, i.e.,
their runtime on a given input varies randomly, and their specified bit operation cost,
gate complexity and number of conversions from bits to qubits and vice versa are to
be understood as expected values. This also means that as a whole, all of our dual
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algorithms are Las Vegas algorithms, and all parts of their specified complexities are
expected values only.

On the other hand, for the “classical” side of the computations in either model,
we use a bit operation model based on random memory access in the vein of [6,
Section 1.2], in which memory access takesO.N/ bit operations ifN is the bit length
of the address (index) of the memory register that needs to be accessed. For example,
accessing the stored value of a variable yk , where k is a non-negative integer takes
O.logk/ bit operations – the entire memory address consists of a bit encoding for the
letter “y” (which is assumed to be of length O.1/), concatenated with the standard
binary representation of k. We thus assume that “jumping” to a place in memory
after its address has been scanned is free. In addition to accessing memory registers
by reading in their addresses, we also assume that we can save certain positions within
a register through placing pointers (of which we have a finite amount, though we do
not specify a concrete bound on their number), which enables us to jump back to
that specific position (bit) in memory at a cost of O.1/ bit operations. Moreover, we
assume that it takesO.1/ bit operations to move to a neighboring position in memory,
including to the next entry of an array. We refer to the classical part of our complexity
as classical complexity or (synonymously) bit operations.

Now, it is well known (see, e.g., [84, Section IV.3]) that each classical circuit
has an equivalent quantum circuit in which the number of elementary gates is only
larger by at most a constant factor. Based on this, it may seem tempting to just use
circuits for both kinds of computations in the dual model, so that the classical part
could be subsumed (without changing the Landau O-class of the gate complexity) in
the quantum part, and it appears that this is the usual approach for quantum complex-
ity analysis. For example, in [37, Sections 7.3 and 7.4], the complexity analysis of
specific quantum algorithms (i.e., those that do not involve operations in a black-box
group) only consists of counting the involved number of quantum gates, while the
bit operation (or classical gate) cost of pre- and post-processing is ignored. For the
algorithms in [37, Sections 7.3 and 7.4], this is perfectly fine, as that classical cost is
a big-O of the quantum gate count regardless of whether bit operations or classical
gates are used for measurement. However, our algorithms do involve a significantly
larger classical cost than quantum gates, as can already be seen in the complex-
ity bounds from Lemma 5.1.6; we note that while these are essentially algorithms
from [37, Sections 7.3 and 7.4], they do end up with a relatively large classical cost if
one wants them to be Las Vegas algorithms (due to the use of the AKS primality test).
Hence, keeping track of the classical cost (whether bit operations or classical gates)
and quantum gates separately seems natural, especially since the actual time cost of
each quantum gate in a large-scale physical implementation of a quantum computer
is not known at this point.

As for why we use bit operations (and not gates) in the classical part of our com-
putations, we note that our algorithms for solving Problems 2 and 3 involve a copious
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amount of “bookkeeping”, i.e., memory access, and in any of the two circuit models,
memory access is generally costly. Indeed, let us assume that, say, in the classical cir-
cuit model, we wish to access the value of a previously computed variable yk 2 ¹0;1º,
where the index k 2 ¹1; : : : ;N º is also a result of an earlier computation. When build-
ing the circuit, we do not know a priori which of the associated N wires carries the
relevant information, and so this needs to be processed via a subcircuit that takes as
input thoseN wires and theO.logN/wires carrying (the bit representation of) k. But
each elementary gate only accepts O.1/ input bits, so the said subcircuit performing
the memory access must consist of at least cN elementary gates for some constant
c > 0, as opposed to the O.logN/ cost of memory access for the analogous problem
in our chosen bit operation model.

When communication between the classical and quantum part of a dual algorithm
happens, classical bit strings Ex 2 ¹0; 1ºN need to be converted into the corresponding
qubit registers jExi and vice versa. In our algorithms dealing with generalized cyclo-
tomic mappings of Fq , the bit length N is in O.log q/ for each such conversion.
Because it is not clear how costly such conversions are, it is of interest to count them
separately (for both conversion directions together) in what we call the conversion
complexity of the corresponding dual algorithm. The copying of converted informa-
tion over to the next classical computer or quantum circuit, respectively, as well as
the measurement taken at the end of a quantum circuit, are considered a part of the
respective conversion process, and we do not track their cost separately. For stan-
dardization purposes, we assume that both the original input and final output of a
dual algorithm are classical bit strings. In particular, the complexity of a pure quan-
tum algorithm that is viewed as a dual algorithm involves two conversions (one each
at the beginning and end of the algorithm) in addition to the quantum gate count.

Let us also talk about Grover’s quantum algorithm for unstructured database
search from [26]. This algorithm is famous for providing a quadratic speedup over
the classical linear search algorithm, and given the aforementioned copious amount
of bookkeeping in our algorithms, it seems natural to use it. However, there are some
subtleties to take into account here, which ultimately led the authors to decide against
the inclusion of Grover’s algorithm in our analysis. The usual complexity analysis
for Grover’s algorithm assumes that the list to be searched (or rather, the associated
characteristic function � for the piece of information we want to find in the list) is
given as a certain unitary operator U�, called phase inversion, which is subsequently
used as a part of the quantum circuit for the algorithm and treated as an oracle. The
celebrated Grover complexity of O.

p
N/ for searching a list of length N refers to

the number of times U� (and another, so-called phase shift operator) is applied before
the final measurement. However, we are interested in gate complexities, so the gate
complexity of U� needs to be included as an additional factor. Now, � could be any
function ¹0; 1; : : : ; N � 1º ! ¹0; 1º (the oft-used assumption that �.j / D 1 for a
unique index j does not apply to our case), which we may also view as a (partial)
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Boolean function in n D blog2 N c variables. This means that in order for the quan-
tum (gate) complexity of Grover’s algorithm to “beat” the bit operation complexity
of linear search, the worst-case quantum gate complexity of an n-variable Boolean
function would need to be in o.2n=2/, and it is not clear whether this holds. We do
note that it is known that the worst-case classical gate complexity of a Boolean func-
tion in n variables is of order of magnitude 2n=n (Shannon, [67, Theorems 6 and 7
on pp. 76f.]), and that it is only a certain power away from the worst-case quantum
gate complexity of an n-variable Boolean function (Beals et al., [12]).

We observe that our treatment of quantum algorithms in the dual model is ide-
alized in the sense that we ignore the possibility of errors due to hardware failure
and quantum noise. Like many authors, we do so relying on the celebrated quantum
threshold theorem, the morale of which is that once the failure rate per elementary
gate can be pushed beneath a certain, constant threshold, arbitrarily robust quantum
algorithms can be constructed at little extra cost compared to their idealized counter-
parts. This theorem dates back to a paper of Shor [69], though the version stated there
is weaker than what the theorem is known as today. Several variants of the stronger
version (depending on the error model used) were proved independently by Aharonov
and Ben-Or [4], Knill, Laflamme and Zurek [39], and Kitaev [38], respectively. The
survey [25], in which the theorem is stated as Theorem 10, provides a unified proof
of it.

The preceding discussion motivates the following definition of the notions of
algorithmic complexity which our results in this chapter refer to.

Definition 5.1.3. We introduce the following concepts and notations.

(1) We denote by ¹0; 1º<1 the set of all finite bit strings. Formally,

¹0; 1º<1 D
[
n2N0

¹0; 1ºn:

(2) An algorithmic problem is a function L defined on a subset Lin of ¹0; 1º<1

and mapping each bit string Ex 2 Lin to some non-empty finite subset L.Ex/ �

¹0; 1º<1.

(3) In the situation of statement (2), the elements of Lin are called the admissi-
ble inputs for L, and for each Ex 2 Lin, the elements of L.Ex/ are called the
admissible outputs for Ex (with respect to L).

(4) Let L be an algorithmic problem, and let y; y1; y2; : : : ; yn be non-negative
real parameters associated with the admissible inputs for L; formally, y and
the yj are functions Lin ! Œ0;1/.

(a) A tuple EC .qry/ D .Cclass;Cfdl;Cmdl;Cmord;Cprt/ each entry of which is a
function Œ0;1/n! Œ0;1/ is called a y-bounded query complexity of L
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(with respect to y1; : : : ; yn) if there is a query algorithm which on each
input Ex 2 Lin produces an admissible output for Ex using

• O.Cclass.y1.Ex/; y2.Ex/; : : : ; yn.Ex/// bit operations outside the queries
listed below;

• O.Cfdl.y1.Ex/; y2.Ex/; : : : ; yn.Ex/// queries to compute a discrete log-
arithm in a finite field of size at most y.Ex/;

• O.Cmdl.y1.Ex/; y2.Ex/; : : : ; yn.Ex/// queries to compute, for given
x; z 2 .Z=mZ/�, wherem< y.Ex/2, the modular discrete logarithms
log.k/x .z/, where

k 2 ¹m;p�p.m/ W p j mº;

outputting a list consisting of the pair .m; log.m/x .z// and the quadru-
ples

.p; �p.m/; p
�p.m/; log.p

�p.m//
x .z//

for all primes p j m;

• O.Cmord.y1.Ex/; y2.Ex/; : : : ; yn.Ex/// queries to compute, for a given
unit x 2 .Z=mZ/�, where m < y.Ex/2, the multiplicative orders
ordk.x/, where k 2 ¹m; p�p.m/ W p j mº, outputting a list consist-
ing of the pair .m; ordm.x// and the quadruples

.p; �p.m/; p
�p.m/; ordp�p.m/.x//

for all primes p j m;

• O.Cprt.y1.Ex/;y2.Ex/; : : : ; yn.Ex/// queries to find a primitive root r.p/

modulo each odd prime power divisor p�p.m/ > 1 for some integer
m < y.Ex/, outputting the corresponding list of quadruples

.p; �p.m/; p
�p.m/; r.p//:

(b) A y-bounded Las Vegas dual complexity for L is a triple

EC .LV/
D .Cclass;Cquant;Cconv/

each entry of which is a function

Œ0;1/n ! Œ0;1/

such that there is an (idealized) dual algorithm which on each input Ex 2
Lin terminates after an expected number of

• O.Cclass.y1.Ex/; y2.Ex/; : : : ; yn.Ex/// bit operations,

• O.Cquant.y1.Ex/; y2.Ex/; : : : ; yn.Ex/// elementary quantum gates, and
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• O.Cconv.y1.Ex/;y2.Ex/; : : : ;yn.Ex/// conversions of lengthO.logy.Ex//
bit strings into qubit registers and of length O.logy.Ex// qubit regis-
ters into bit strings,

producing an admissible output for Ex.

In our algorithms, the value of y.Ex/ from Definition 5.1.3 is always equal to the
corresponding field size q. While our definition of the query model does not explicitly
include integer factorization queries, they are subsumed in either of modular discrete
logarithm queries or multiplicative order queries. Indeed, in order to factor m 2 NC

with m < y.Ex/2, one can simply make the query to compute the multiplicative order
modulom of x WD 1 2 .Z=mZ/�. Beside the pair .m; 1/, the resulting output consists
of the quadruples .p; �p.m/;p�p.m/; 1/, where p ranges over the prime divisors ofm,
from which it is straightforward to read off the prime factorization of m. Likewise,
one could make a modular discrete logarithm query with x WD y WD 1.

The assumption from Definition 5.1.3 (2) that each admissible input for L should
only have finitely many admissible outputs is without loss of generality for our anal-
ysis. It simplifies the formulation of Lemma 5.1.4 below, which is straightforward to
prove and basically states that query complexities behave additively with respect to
composition of algorithmic problems, which is defined as follows. If L and L0 are
algorithmic problems such that L.Ex/ � L0in for each Ex 2 Lin, then the composition
of L and L0, written LL0 or L0 ı L, is the algorithmic problem with input set Lin

that is defined via .L0 ı L/.Ex/ WD
S

L0.L.Ex// (the union of the sets that make up the
element-wise image of L.Ex/ under L0, i.e., all finite bit strings which are admissible
outputs, with respect to L0, for some admissible output for Ex with respect to L).

Lemma 5.1.4. Let L and L0 be algorithmic problems such that L.Ex/ � L0in for each
Ex 2 Lin, and let y; y1; y2; : : : ; yn, respectively, y0; y01; y

0
2; : : : ; y

0
n0 be non-negative

real parameters that are associated with the admissible inputs of L, respectively, L0.
For j 0 D 1; 2; : : : ; n0, we define

ynCj 0 W Lin ! Œ0;1/;

Ex 7! max¹y0j 0.Ey/ W Ey 2 L.Ex/º:

Because the composition LL0 has input set Lin, we may view each yj for 1 � j �
nC n0 as a parameter for LL0. Moreover, we define

yC W Lin ! Œ0;1/;

Ex 7! max¹y.Ex/; y0.Ey/ W Ey 2 L.Ex/º:

Finally, we let EC .qry/, respectively, EC 0
.qry/

, be a y-bounded query complexity for L

with respect to y1; : : : ; yn, respectively, a y0-bounded query complexity for L0 with
respect to y01; : : : ; y

0
n0 . For k D 1; : : : ; 5, we denote by Ck , respectively, C 0

k
, the k-th
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entry of EC .qry/, respectively, EC 0
.qry/

. Then, defining

CC
k
W Œ0;1/nCn

0

! Œ0;1/;

.z1; : : : ; znCn0/ 7! Ck.z1; : : : ; zn/C C 0k.znC1; : : : ; znCn0/;

the tuple ECC
.qry/
WD .CC1 ; : : : ;C

C
5 / is a yC-bounded query complexity for LL0 with

respect to y1; : : : ; ynCn0 .

On the other hand, for each given algorithmic problem L and non-negative real
parameter y associated with the admissible inputs for L, a y-bounded Las Vegas dual
complexity for L can be derived from a y-bounded query complexity for L as long
as y can be bounded in terms of the other parameters yj ; see Lemma 5.1.7 below.

As usual, when specifying complexities in a concrete situation, we identify func-
tions with their defining terms. For example, if d and q are the relevant parameters
associated with our inputs, we may specify a q-bounded Las Vegas dual complexity
as

.d3 log q; d log2Co.1/ q; log1Co.1/ q/;

rather than introduce names for the functions in the three components. In this context,
we also note that logk x always denotes the arithmetic power .logx/k , not the function
value at x of the k-fold iterate of log. We always spell iterated logarithms out (log log,
log log log, etc.).

The following lemma, which is used throughout this chapter, provides the com-
plexities of some fundamental algorithmic problems. For more information, we refer
to the classical books [11, 75].

Lemma 5.1.5. The following hold.

(1) Addition and subtraction of integers of absolute value less than m, as well as
addition and subtraction modulo m cost O.logm/ bit operations each.

(2) Addition and subtraction in the finite field Fq cost O.log q/ bit operations
each.

(3) Multiplication of positive integers less than m, multiplication modulo m and
division of positive integers less thanm with remainder each respectively cost
O.log1Co.1/m/ bit operations.

(4) Let x 2 .Z=mZ/�. The computation of invm.x/, the multiplicative inverse
of x modulo m, costs O.log1Co.1/m/ bit operations.

(5) Multiplication, multiplicative inversion and division in the finite field Fq each
have a bit operation cost of O.log1Co.1/ q/.

(6) Let x 2 Z=mZ and e 2 N0. The computation of the power xe modulo m has
a bit operation cost of O.log.e/ log1Co.1/m/.
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(7) Let x 2 Fq and e 2 N0. The computation of xe costs O.log.e/ log1Co.1/ q/
bit operations.

(8) The computations of the gcd and lcm of two positive integers that are at
most m cost O.log1Co.1/m/ bit operations each.

(9) Checking deterministically whether a given positive integer m is a prime has
a bit operation cost of O.log6Co.1/m/.

(10) An array of n bit strings, each of length k, can be lexicographically sorted
with O.kn logn/ bit operations.

(11) We assume given two lexicographically sorted arrays of bit strings (not nec-
essarily all of the same length) and consider the algorithmic problem of
finding the lexicographically sorted version of their concatenation (i.e., the
problem of merging those sorted arrays). For j D 1; 2, say the j -th array
hasNj entries, and the sum of the bit lengths of the strings stored in it is l .j /total.
Then those two sorted arrays can be merged within O.N1 C N2 C l

.1/
total C

l
.2/
total/ bit operations (and thus within O.l .1/total C l

.2/
total/ bit operations if all bit

strings in question are non-empty).

Proof. For statement (1), it is well known (and easy to check) that using the school-
book algorithms for addition and subtraction yields the specified complexities.

For statement (2), let q D pm. We refer to [51, Table 2.8 on p. 84], and note that
the only .Z=pZ/-operations involved in an addition/subtraction in Fq are modular
additions/subtractions. Therefore, statement (1) implies that the cost of addition and
subtraction in Fq is in O.m logp/ D O.log q/, as required.

For statement (3), it follows from the Schönhage–Strassen algorithm [65] or
the (slightly faster) algorithm [30] by Harvey and van der Hoeven that the multi-
plication of two positive integers less than m costs O.log1Co.1/ m/ bit operations.
Moreover, integer division with remainder also costs O.log1Co.1/m/ bit operations
if the Newton–Raphson algorithm is used for it; see [2, Section 1.3]. Multiplication
modulom can be done by performing a (non-modular) multiplication of the two inte-
gers in question (resulting in a number with O.log.m2// D O.logm/ bits), followed
by a modular reduction (which is a part of division with remainder). In total, multi-
plication modulo m thus also only requires O.log1Co.1/m/ bit operations.

For statement (4), we note that inversion modulom can be done with the Extended
Euclidean algorithm, which takes O.log1Co.1/m/ bit operations when using an ac-
celerated variant of it due to Schönhage (based on earlier ideas of Knuth) [64]; see
also [83], which provides a generalization of this and may be more accessible due to
being written in English.

For statement (5), we note that Fq is given as .Z=pZ/ŒT �=.P.T //, where P.T /
is a monic primitive irreducible polynomial of degree m WD logp q. In order to mul-
tiply two elements Q1.T /C .P.T // and Q2.T /C .P.T // of Fq , one computes the
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polynomial productQ1.T /Q2.T / 2 .Z=pZ/ŒT �, then determines its remainder upon
division by P.T /. As observed in [76, second paragraph in Section 2], fast methods
for multiplication of polynomials over Z=pZ of degree at most n, as well as for divi-
sions with remainder of such polynomials, take O.n1Co.1// operations (additions,
subtractions, multiplications, multiplicative inversions) in Z=pZ. This corresponds
to a bit operation cost of O.n1Co.1/ log1Co.1/ p/ by statements (1) and (3). It fol-
lows that the computation of Q1.T /Q2.T /, and the subsequent computation of its
remainder modulo P.T /, both take O.m1Co.1/ log1Co.1/ p/ D O.log1Co.1/ q/ bit
operations, as needed for the asserted complexity bound on multiplication in Fq to
hold.

Now, because a division in Fq consists of a multiplicative inversion followed
by a multiplication, it suffices to argue that the bit operation cost of multiplicative
inversion in Fq is in O.log1Co.1/ q/ to conclude the proof of this statement. Assum-
ing that P.T / − Q.T /, the multiplicative inversion of Q.T / modulo P.T / may be
performed by writing 1 D gcd.P.T /;Q.T // as a .Z=pZ/ŒT �-linear combination of
P.T / and Q.T /, and reducing the scalar of Q.T / in this linear combination modulo
P.T /. The algorithm described in [6, Section 8.9] uses O.log1Co.1/.pm/ � logm/ D
O.log1Co.1/ q/ bit operations to compute gcd.P.T /; Q.T // (according to [6, The-
orem 8.19]). In the process, one may store the .2 � 2/-matrices R1; R2; : : : ; RK
(with coefficients in .Z=pZ/ŒT �) that are output (in the listed order) by the K 2
O.logm/ calls of the HGCD procedure from [6, Figure 8.7 on p. 304]. Let P0.T / D
P.T /; P1.T / D Q.T /; P2.T /; : : : ; PN .T / D gcd.P.T /;Q.T // D 1 be the succes-
sive remainders appearing in the classical, “slow” version of the Euclidean algorithm
applied to .P.T /; Q.T //, and for t 2 ¹0; 1; : : : ; N � 1º, let Qt .T / be the quo-
tient of the polynomial division of Pt .T / by PtC1.T /, which satisfies degQt .T / D

degPt .T / � degPtC1.T /. By [6, statement on p. 303 that the output of HGCD is
of the form R0j , and definition of Rij before Example 8.10 on p. 302], each of the
matrices Rj is a product of matrices of the form�

0 1

1 �Qt .T /

�
for pairwise distinct t . Therefore, each entry of Rj .T / is a polynomial in .Z=pZ/ŒT �
of degree at most

N�1X
tD0

degQt .T /D

N�1X
tD0

.degPt .T / � degPtC1.T //D degP.T /� deg1D degP.T /:

Moreover, by [6, Lemma 8.5 (a)], for each k 2 ¹1; 2; : : : ; Kº, one has

RkRk�1 � � �R1 �

�
P.T /

Q.T /

�
D

�
Pj .T /

PjC1.T /

�
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for some j D j.k/ 2 ¹0; 1; : : : ; N � 1º, and specifically

RKRK�1 � � �R1 �

�
P.T /

Q.T /

�
D

�
PN�1.T /

PN .T /

�
D

�
PN�1.T /

1

�
:

This latter equality yields an expression of 1 as a linear combination of P.T / and
Q.T /, in which the (reduction modulo P.T / of the) scalar of Q.T / is equal to
the (reduction modulo P.T / of the) lower right coefficient of the .2 � 2/-matrix
RKRK�1 � � �R1. It takes O.K/ � O.logm/ additions, multiplications and divisions
with remainder in .Z=pZ/ŒT � to compute this matrix product, which also corresponds
to a bit operation cost of O.logm � log1Co.1/ pm/ D O.log1Co.1/ q/, as required.

For statement (6), we note that using “Square and Multiply”, the power xe mod m
can be computed withO.log e/multiplications modulom, so statement (3) yields the
claim.

For statement (7), the proof is analogous to the one for statement (6), but using
statement (5) in place of statement (3).

For statement (8), one may use the Euclidean algorithm to compute a greatest
common divisor and refer to [64] or [83]. Moreover, lcm.x; y/ D xy= gcd.x; y/, so
statement (3) completes the proof of this claim.

For statement (9), the asserted complexity is achieved by a variant of the AKS
primality test devised by Lenstra and Pomerance, see [3, 45].

For statement (10), we refer the reader to [6, Algorithm 3.1 on pp. 78f.], observing
that the variable m from that algorithm has the value 2 in our situation. We note that
while [6, Theorem 3.1 on p. 79] states that this algorithm costs O.kn/ bit operations,
this uses an assumption which our computational model does not share. Namely, [6,
Algorithm 3.1 on pp. 78f.] uses a “pointer” for each bit string, which must not be
confused with the way we use that word. In our model, a pointer is a short-cut to jump
to a previously saved point in memory using only O.1/ bit operations, and we may
only use O.1/ of these pointers (i.e., the number of pointers used must not tend to1
as the input length tends to1). On the other hand, in [6, Algorithm 3.1 on pp. 78f.],
the word “pointer” appears to denote what we would call the memory address of the
respective bit string. It is stated explicitly in [6, Algorithm 3.1 on pp. 78f.] that the
authors of that book assume that a pointer in their sense can be processed (i.e., stored
and used to jump to the respective bit string) within O.1/ bit operations. However,
in our model, since n of these memory addresses are needed, it takes O.log n/ bit
operations to process an address, which leads to the additional factor log n in our
cost.

For statement (11), we observe that it is easy to prove that the merging algo-
rithm [40, Algorithm M on p. 158] achieves this complexity, as long as pointers (in our
sense of the word) are used to immediately jump back to saved positions in the arrays,
which avoids additional logarithmic factors in the complexity. In fact, in the discus-
sion from [40, p. 159], it is stated that the achieved complexity is inO.N1CN2/, but



Algorithmic complexity analysis 98

this uses the assumption that each stored bit string has constantly bounded bit length
(causing l .j /total 2 O.Nj / for j D 1; 2).

The next lemma essentially provides the Las Vegas dual complexities of the query
problems from our query model. It is used to translate query complexities into Las
Vegas dual complexities; see Lemma 5.1.7 below.

Lemma 5.1.6. The following hold.

(1) The prime factorization of the positive integerm can be performed with a Las
Vegas dual algorithm with m-bounded complexity

.log7Co.1/m; log3Co.1/m; logm/:

(2) The computation of the multiplicative order of x 2 .Z=mZ/� can be per-
formed with a Las Vegas dual algorithm with (expected) m-bounded dual
complexity

.log7Co.1/m; log3Co.1/m; logm/:

(3) Let m be a positive integer. For x; y 2 .Z=mZ/�, the modular discrete log-
arithm log.m/x .y/ can be computed with a Las Vegas dual algorithm with
m-bounded complexity

.log7Co.1/m; log3Co.1/m; logm/:

(4) Let q be a prime power. For x; y 2 F�q , the discrete logarithm logx.y/ can be
computed with a Las Vegas dual algorithm with q-bounded complexity

.log3Co.1/ q; log3Co.1/ q; log q/:

(5) Let p be an odd prime, and k a positive integer. On input .p; k/, a prim-
itive root modulo pk can be found with a Las Vegas dual algorithm with
p-bounded complexity .log7Co.1/ p; log3Co.1/ p; logp/.

Proof. For the proofs of statements (1) and (2), we follow the approach described
in [37, Section 7.3], which is originally due to Miller [53] and Shor [68]. A different
approach, as kindly pointed out by one of the reviewers, would be to reduce those
problems to special instances of the hidden subgroup problem, which would in fact
work for all five problems and offer a different explanation for the quantum parts of
the complexities (see [37, Corollary 7.5.3]).

For the approach of Miller and Shor, we need to first analyze the complexity of
the order-finding algorithm from [37, p. 137], which uses quantum circuits combined
with some classical post-processing. It should be noted that this algorithm admits
absolute bounds on (i.e., not just expected values of) the different parts of its com-
plexity, but the output is only correct with probability at least 0:399, making this a
Monte Carlo algorithm, not the Las Vegas algorithm we wish to construct in the end.
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First, we need to analyze the complexity of the continued fractions algorithm (it
is mentioned in [37, Theorem 7.1.7] that this algorithm has polynomial complexity
without specifying the degree). Let us assume given a floating point number (in binary
format) that represents the rational number k=2n, where k 2 ¹0; 1; : : : ; 2n � 1º. Then
there is a sequence of fractions

convj .k; 2n/ D
numj .k; 2n/
denj .k; 2n/

for j D 1; 2; : : : ; N 2 O.n/, the (principal) convergents of k=2n, which are optimal
approximations of k=2n relative to the size of their denominators denj .k; 2n/ � 2n;
for details, we refer the reader to [37, Theorem 7.1.7 and Exercise 7.1.7] and [42,
Chapter I]. An important property which we need later is that any reduced integer
fraction y=z such that ˇ̌̌̌

k

2n
�
y

z

ˇ̌̌̌
�

1

2z2

is one of the convergents of k=2n; see [42, Corollary 2 on p. 11]. By [42, Theorem 1
on p. 2], each of the two sequences .numj .k; 2n//jD1;:::;N and .denj .k; 2n//jD1;:::;N
is defined through a simple recursion (involving O.1/ integer additions and multipli-
cations in each recursion step) in terms of the so-called continued fractions coeffi-
cients of k=2n, which are just the integer quotient values in the divisions that occur
upon applying the Euclidean algorithm to .2n; k/. In view of [20, Problem 31-2 posed
on p. 937] (see also [17] for a worked out solution of this problem using a tele-
scopic sum argument), one can compute and store the continued fraction coefficients
of k=2n using O.n2/ bit operations. Following that, the computation of numj .k; 2n/
and denj .k;2n/ for all relevant j takes anotherO.n � n1Co.1//�O.n2Co.1// bit oper-
ations by statements (1) and (3) of Lemma 5.1.5.

Having analyzed the continued fractions algorithm, let us now turn to the order-
finding algorithm described in [37, p. 137]. In accordance with our notation, we
assume that this algorithm is used to find the multiplicative order of x modulo m
(in [37], the variable a, respectively, N , is used in place of x, respectively, m). The
algorithm starts by computing m0 WD d2 log2me C 1, which takes O.logm/ bit oper-
ations. We observe that ord.x/, the multiplicative order of x modulo m, is at most
2.m
0�1/=2. After this, we need to initialize two m0-qubit registers, which in our dual

model formally takes O.logm/ bit operations for printing the length m0 bit strings
0 � � � 0 and 0 � � � 01, followed by 2 2 O.1/ conversions of these strings into the cor-
responding qubit registers j0i˝m

0

and j0 � � � 01i. Steps 4–6 of the algorithm in [37,
p. 137] are applications of quantum circuits to those registers, which according to the
analysis in [37, pp. 138f.] consist ofO.log2Co.1/m/ elementary gates. Next, the mea-
surement described in step 7 of [37, p. 137] corresponds to one more conversion in
our model (this time from qubits to classical bits), and with high probability, it leads
to a “good estimate” (see below) k1=2m

0

of a random integer multiple t= ordm.x/
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of 1= ordm.x/, with t 2 ¹0; 1; : : : ; ordm.x/ � 1º. Considering step 8 of [37, p. 137]
next, we believe that there is a mistake in the formulation of this step, the first sen-
tence of which should in our opinion read (using the notation from there) “Use the
continued fractions algorithm to obtain integers c1 � 0 and r1 with 1 � r1 � 2.n�1/=2

such that jx1=2n � c1=r1j � 1=2nC1.” In any case, this is a formulation that works.
Indeed, switching back to our notation, as long as the output k1=2m

0

of step 7 is a
good estimate of t= ord.x/ for some t 2 ¹0; 1; : : : ; ord.x/ � 1º, it follows (by the
definition of “good estimate” from [37, beginning of Section 7.1.1], see in particu-
lar [37, Theorem 7.1.4]) thatˇ̌̌̌

t

ord.x/
�
k1

2m
0

ˇ̌̌̌
�

1

2m
0C1

<
1

2m
0 �

1

2 ord.x/2

whence, as noted above, we have t= ord.x/ D convj .k1; 2m
0

/ for some j by [42,
Corollary 2 on p. 11]. By our above analysis of the continued fractions algorithm,
one can thus find, using O.log2Co.1/ m/ bit operations, an index j and associated
values numj .k1; 2m

0

/ and denj .k1; 2m
0

/ with denj .k1; 2m
0

/ � 2.m
0�1/=2 such thatˇ̌̌̌

convj .k1; 2m
0

/ �
k1

2m
0

ˇ̌̌̌
D

ˇ̌̌̌
numj .k1; 2m

0

/

denj .k1; 2m
0
/
�
k1

2m
0

ˇ̌̌̌
�

1

2m
0C1

;

unless we had bad luck with regard to the output of step 7. If so, it makes sense to
abandon the computations and output “FAIL”, as specified in [37, step 8 on p. 137].
Now, it follows thatˇ̌̌̌

t

ord.x/
� convj .k1; 2m

0

/

ˇ̌̌̌
�

ˇ̌̌̌
t

ord.x/
�
k1

2m
0

ˇ̌̌̌
C

ˇ̌̌̌
k1

2m
0 � convj .k1; 2m

0

/

ˇ̌̌̌
�

1

2m
0C1
C

1

2m
0C1
D

1

2m
0

� min
�

1

2 ord.x/2
;

1

2denj .k1; 2m
0
/2

�
:

Using [37, Exercise 7.1.7 (b)], this implies that t=ord.x/Dconvj .k1; 2m
0

/, as required
for the correctness of the algorithm from [37, p. 137]. Step 9 of [37, p. 137] is just a
repetition of steps 1–8, hence does not make a difference for the O-class of the com-
plexity. Finally, steps 10 and 11 of [37, p. 137] take O.log2Co.1/ m/ bit operations
by statements (6) and (8) of Lemma 5.1.5. In summary, the order-finding algorithm
from [37, p. 137] may be viewed as a dual algorithm which, on input x 2 .Z=mZ/�

andm, outputs the multiplicative order of x modulomwith probability at least 39:9%
(see [37, Theorem 7.3.2]), and does so taking O.log2Co.1/m/ bit operations and ele-
mentary quantum gates each, as well as O.1/ conversions of O.logm/-bit strings
to O.logm/-qubit registers or vice versa. As noted in [37, Theorem 7.3.2] (and is
clear from step 11), unless the output of that algorithm is “FAIL”, it always outputs at
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least an integer multiple of ord.x/. This concludes the preparation for the proofs of
statements (1) and (2), which we tackle next.

For statement (1), we assume given a positive integer m. We wish to obtain the
prime factorization of m. Formally, we wish to output the list of pairs .p; �p.m//,
where p ranges over the prime divisors of m. First, we describe and analyze a deter-
ministic (classical) algorithm that decides whether m is a power of a single prime p
and, if so, outputs .p; �p.m//; see also [37, Exercise 7.3.3]. This algorithm is, in turn,
based on a deterministic routine that decides whether a given m 2 NC is a power nk

of a positive integer n < m and, if so, outputs .n; k/ for the smallest possible value
of k � 2. We note that if m D nk for some n 2 ¹1; 2; : : : ; m � 1º and some k 2 NC,
then k � blog2 mc. Therefore, we loop over k D 2; 3; : : : ; blog2 mc, and for each
fixed value of k, we perform a binary search for n, using the strict monotonicity of
the function x 7! xk . More specifically, we initialize n WD 2, and as long as nk < m,
we double n until nk D m or nk > m. In the latter case, we start a binary search
between n

2
and n. With this approach, the values of the powers nk which we com-

pute never exceed 2blog2mcm � m2, whence each individual power computation in
the process takes

O.log.k/ log1Co.1/.m2// D O.log logm log1Co.1/m/ D O.log1Co.1/m/

bit operations by statement (6) of Lemma 5.1.5. Because we loop over O.logm/
values of k, and for each k, the binary search for n hasO.logm/ iterations, it follows
that it takes

O.logm � logm � log1Co.1/m/ D O.log3Co.1/m/

bit operations to find the minimal working value of k and associated nD k
p
m, or see

that they do not exist.
Let us now describe a procedure to check whether a given m 2 NC is a prime

power and, if so, write it as such. First, by repeating the above procedure with the
loop going backward (i.e., for k D blog2 mc; blog2 mc � 1; : : : ; 2), one can write
m D nk for the maximal k 2 ¹1; 2; : : : ; blog2 mcº such that m has an integer k-th
root, also takingO.log3Co.1/m/ bit operations as above. The problem is then reduced
to checking whether n is a prime, which takes O.log6Co.1/ n/ � O.log6Co.1/m/ bit
operations by statement (9) of Lemma 5.1.5. In summary, we have a deterministic
routine with complexity in O.log6Co.1/m/ for deciding whether m is a prime power
and, if so, writing it as such.

Shor’s general Las Vegas dual approach for factoring m 2 NC using reduction
ideas of Miller is outlined in [37, pp. 132f.]. We start by splitting off the factor
2�2.m/ from m. Because m is given in its binary representation, this only takes
O.log1Co.1/m/ bit operations, accounting for O.�2.m// � O.logm/ increases of a
counter that remains inO.logm/ throughout (and thus hasO.log logm/�O.logo.1/m/
bits). Now, we set m0 WD m=2�2.m/. In the rest of our proof of statement (1), we will
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only be dealing with odd positive integers. We describe a Las Vegas routine that
decides whether a given odd positive integer n is a prime power, then does the fol-
lowing:

• if n is a prime power, it writes n as p�p.n/;

• if n is not a prime power, it finds a factorization of n of the form n D n0 � n00,
where 1 < n0; n00 < n.

We already described above how to decide whether n D p�p.n/ and, if so, write it
as such using O.log6Co.1/ n/ bit operations, so we start by applying that routine and
may henceforth assume that it returned that n is not a prime power. Following [37,
p. 133], we wish to draw an integer x 2 ¹2;3; : : : ; n� 1º uniformly at random. Letting
N WD blog2.n� 3/c C 1, we aim to draw the N -bit integer y 2 ¹0; 1; : : : ; n� 3º uni-
formly at random, then set x WD y C 2. To draw y, we initialize an N -qubit register
to j0i˝N , then pass it through an N -dimensional Hadamard circuit (with elementary
gate complexity N 2 O.logn/) to get a uniform superposition of all N -bit strings, so
that a simple measurement returns (the binary representation of) a random integer in
¹0; 1; : : : ; 2N � 1º. The probability that this integer lies in the range for y is at least
1=2, so we only need to iterate this procedure an expected number ofO.1/ times until
we get a suitable value for y, using O.log n/ bit operations and elementary quantum
gates as well as O.1/ conversions to and from O.log n/-bit strings. Following that,
we compute x D y C 2 and gcd.x; n/, taking O.log1Co.1/ n/ bit operations by state-
ments (1) and (8) of Lemma 5.1.5. If gcd.x; n/ > 1, we may output the factorization
n D n0 � n00 with n0 D gcd.x; n/, taking just another O.log1Co.1/ n/ bit operations
to compute n00 by division, and are done. Otherwise, x is a (uniformly random) unit
modulo n, and we proceed to apply the order-finding routine from [37, p. 137] to get
an output o which is either a number or the string “FAIL”, and is equal to ord.x/ with
probability at least 0:399. If o is “FAIL”, we repeat this routine on the same value
of x until we get an output that is actually a number (only O.1/ repetitions needed
by expectancy). Then, if o is not even, we abandon this value of x and choose y
anew (because we want 2 j ord.x/, and even if o may not be equal to ord.x/, it is
an integer multiple of ord.x/, as was noted above) until we get an x such that either
gcd.x; n/ > 1 or the associated alleged multiplicative order o 2 NC is even. This,
too, only requires an expected number of O.1/ attempts, because for a randomly
selected x 2 .Z=nZ/�, the order of x is even with probability at least 1=2. We then
compute z WD xo=2 mod n, taking O.log2Co.1/ n/ bit operations by statement (6) of
Lemma 5.1.5. Because n is not a prime power, we have gcd.z � 1; n/ > 1 with prob-
ability at least 1=2, so after expectedly O.1/ more tries, we will indeed have found a
nontrivial factorization of n. Taking into account the complexity of the order-finding
routine from [37, p. 137] which we analyzed above, this process expectedly takes
O.log6Co.1/ n/ bit operations, O.log2Co.1/ n/ elementary quantum gates, and O.1/
conversions to and from O.logn/-bit strings.
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Let us now return to our problem of factoring the odd positive integer m0 D
m=2�2.m/. Through iteratively applying the factor-finding routine we just described,
which needs to be applied O.logm/ times, statement (1) follows (the bit opera-
tion cost of some necessary deterministic post-processing, such as adding the expo-
nents of primes appearing in multiple obtained factors, is clearly subsumed under
O.log7Co.1/m/).

For statement (2), we assume given a modulusm and a unit x 2 .Z=mZ/�, and we
wish to give a Las Vegas algorithm that computes ord.x/. For this, we first factor m,
using them-bounded Las Vegas dual complexity .log7Co.1/m; log3Co.1/m; logm/ by
statement (1). Knowing the factorization of m allows us to compute the Euler totient
function value �.m/ and a factorization thereof within the same m-bounded Las
Vegas dual complexity. Now, for each prime p j �.m/, we can work out �p.ord.x//
as the smallest vp 2 ¹0; 1; : : : ; �p.�.m//º such that

xp
vp�.m/p0 � 1 .mod m/;

where �.m/p0 WD �.m/=p�p.�.m//. More specifically, we can use a binary search for
finding �p.ord.x//, which according to statement (6) of Lemma 5.1.5 results in a cost
of

O.log logm � log2Co.1/m/ D O.log2Co.1/m/

bit operations for finding �p.ord.x// for a single p, hence of O.log3Co.1/ m/ bit
operations for finding all of these valuations. Finally, we compute ord.x/ itself as
the product of all prime powers p�p.ord.x//, where p ranges over the prime divisors
of �.m/ 2 ord.x/Z. This takes another O.log3Co.1/m/ bit operations, thus proving
statement (2).

For the proofs of statements (3) and (4), we need some preparations again. In [37,
Section 7.4], a general approach for computing discrete logarithms, working for ele-
ments chosen from any black-box group G with a unique encoding of each element,
is discussed. For given x; y 2 G such that y D xt for some t 2 Z and the order
of x in G is known, this approach returns with high probability the unique t 2
¹0; 1; : : : ; ord.x/� 1º such that y D xt , which is called the discrete logarithm (in G)
of y with base x, written logx.y/. However, if y is not a power of x in G, it seems
that this approach does not provide a means of confirming this with certainty, as is
required for the Las Vegas algorithms we desire. This means that in addition to the
discrete logarithm algorithm from [37, Section 7.4], we need a Las Vegas routine for
checking whether y is a power of x in the first place. We analyze these algorithms one
after the other, starting with the routine for computing logx.y/ in case y is a power
of x forG D .Z=mZ/� orG D F�q . As in Section 2.4, we extend the notation logx.y/
to arbitrary x; y 2 G by setting logx.y/ WD 1 if y is not a power of x.



Algorithmic complexity analysis 104

An important observation is that the discrete logarithm algorithm described in [37,
p. 144] only works if ord.x/ is a prime (see [37, second paragraph after formula
(7.4.2.) on p. 143]). For the general case, we follow “Method 1” from [37, pp. 244f.,
starting after Corollary A.2.2]. We start by setting m0 WD 1 and rem0 WD 0. Then,
certainly, logx.y/ � rem0 .mod m0/. The aim is to recursively define integers

m1 j m2 j � � � j mN D ord.x/

and rem1; rem2; : : : ; remN with remN D logx.y/ such that logx.y/� remk .modmk/
throughout. As noted in [37, p. 244, right after Corollary A.2.2], running the algo-
rithm from [37, p. 144] allows us to work out mkC1 and remkC1 from mk < ord.x/
and remk with high probability (and no risk of getting incorrect values for them, only
“FAIL”). In each step, this involves

• O.1/ arithmetic operations covered in statements (1–8) of Lemma 5.1.5, which
account for O.log2Co.1/ m/ bit operations if G D .Z=mZ/�, respectively, for
O.log2Co.1/ q/ bit operations if G D F�q ;

• O.log2Co.1/m/, respectively, O.log2Co.1/ q/, elementary quantum gates; and

• O.1/ conversions to and from O.logm/-bit, respectively, O.log q/-bit, strings.

As noted in [37, p. 245], the number N of iterations of this loop is in O.log ord.x//,
and thus in O.logm/, respectively, O.log q/. Therefore, we can compute logx.y/ in
case it is not 1 and ord.x/ is known using the following m-bounded, respectively,
q-bounded, Las Vegas dual complexity:

• .log3Co.1/m; log3Co.1/m; logm/ if G D .Z=mZ/�;

• .log3Co.1/ q; log3Co.1/ q; log q/ if G D F�q .

This concludes our preparation for the proofs of statements (3) and (4).
For statement (3), we assume that x;y 2 .Z=mZ/� are given. In order to compute

logx.y/, we first check whether y is a power of x in the first place. We start by
factoring m, which takes m-bounded Las Vegas dual complexity

.log7Co.1/m; log3Co.1/m; logm/

by statement (1). For a prime divisor p of m, we set vp WD �p.m/ and mp WD pvp .
We wish to compute log.mp/x .y/, the discrete logarithm modulo mp of y with base x,
for each prime p j m, and in the following two paragraphs, we describe how to do so.
We use the notation ordn.z/ to denote the multiplicative order of z modulo n.

First, we assume that p > 2. We compute ordmp .x/ and ordmp .y/, taking mp-
bounded Las Vegas dual complexity .log7Co.1/ mp; log3Co.1/ mp; logmp/ by state-
ment (2). Because the unit group .Z=mpZ/� is cyclic, we have that y is a power
of x modulo mp if and only if ordmp .y/ divides ordmp .x/. By statement (3) of
Lemma 5.1.5, it only takes O.log1Co.1/ mp/ bit operations to check this. If this
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divisibility does not hold, then log.mp/x .y/ is 1, and so is log.m/x .y/, so we are
done. Otherwise, we compute log.mp/x .y/ using the Las Vegas routine from [37,
p. 144 and Appendix A.2], which takes mp-bounded Las Vegas dual complexity
.log3Co.1/mp; log3Co.1/mp; logmp/; we note that at this point, we do know ordmp .x/
because it was computed beforehand.

Now we assume that p D 2. We proceed in a similar manner to when p > 2,
namely by first checking whether log.m2/x .y/ is1 and, if not, computing its precise
integer value at the cost of an m2-bounded Las Vegas dual complexity of

.log3Co.1/m2; log3Co.1/m2; logm2/;

or .log7Co.1/ m2; log3Co.1/ m2; logm2/ if ordm2.x/ has not been computed at that
point. Checking whether log.m2/x .y/ D 1 is a bit more complicated than for p > 2,
though, because .Z=m2Z/� is not necessarily cyclic. We may assume that m2 > 2

(otherwise, log.m2/x .y/ is simply equal to 1), and we distinguish some cases.

• If x � y � 1 .mod 4/, which only takes O.1/ bit operations to check because
x and y are given in binary, then x and y both lie in the cyclic subgroup of
.Z=m2Z/� generated by the unit 5 (which is equal to the unit 1 if m2 D 4).
Therefore, just as for p > 2, we have that y is a power of x if and only if
ordm2.y/ j ordm2.x/.

• If x � 1 .mod 4/ and y � 3 .mod 4/, then y cannot be a power of x modulo m2.

• If x � 3 .mod 4/ and y � 1 .mod 4/, then y is a power of x modulo m2 if and
only if y is a power of x2 modulom2. Because x2 � 1 .mod 4/, we conclude that
y is a power of x modulo m2 if and only if ordm2.y/ j ordm2.x

2/.

• If x � y � 3 .mod 4/, then y is a power of x modulo m2 if and only if �y is a
power with odd exponent of�x modulom2. Therefore, in order to check whether
y is a power of x modulo m2, we first check whether ordm2.�y/ j ordm2.�x/.
If not, then y is certainly not a power of x modulo m2. Otherwise, we compute
log.m2/�x .�y/ and check whether it is odd.

In summary, since X
pjm

logk mp 2 O.logk m/

for all real exponents k � 1, we conclude that computing log.mp/x .y/ for each prime
p j m takesm-bounded Las Vegas dual complexity .log7Co.1/m; log3Co.1/m; logm/
for all p together. As noted above, if any of these “primary discrete logarithms” is1,
then y is not a power of x modulo m, i.e., log.m/x .y/ D 1, and we are done. Other-
wise, noting that for each integer t , we have

y � xt .mod m/ if and only if y � xt .mod mp/ for all primes p j m;
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we find that log.m/x .y/ <1 if and only if the system of congruences

t � log.mp/x .y/ .mod ordmp .x// for all primes p j m

in the variable t is consistent, in which case log.m/x .y/ is its unique solution between 0
and lcm.¹ordmp .x/ W p jmº/� 1D ordm.x/� 1. We already computed the right-hand
sides and moduli of this system of congruences, except possibly ordm2.x/, which
takes m-bounded Las Vegas dual complexity .log7Co.1/ m; log3Co.1/ m; logm/ to
compute. Following that, we can check the consistency of this system using the equiv-
alence of statements (1) and (2) in Proposition 2.2.1, which requires O.logm/ sub-
tractions, gcd computations and divisions of integers less than m, hence can be done
using O.log2Co.1/ m/ bit operations. Should the system be consistent, the integer
value of log.m/x .y/ may be determined by solving the system (which is deterministic
and can certainly be done with O.log7Co.1/m/ bit operations, but we do not go into
the details of this here), or by computing ordm.x/ and running the aforementioned
routine from [37, p. 144 and Appendix A.2] for another m-bounded Las Vegas dual
complexity of .log7Co.1/ m; log3Co.1/ m; logm/. This concludes the proof of state-
ment (3).

For statement (4), we assume that x; y 2 F�q are given. In accordance with the
two formats (specified at the beginning of this section) in which generalized cyclo-
tomic mappings may be given, we consider two distinct versions of the computational
problem of finding logx.y/:

• version 1: x; y are given as powers of a common, unspecified primitive element
! of Fq;

• version 2: a primitive irreducible polynomial P.T / over Z=pZ of degree logp q
is known, and Fq is to be viewed as .Z=pZ/ŒT �=.P.T //, with x; y given as
elements of this quotient ring in standard form (i.e., as polynomials over Z=pZ
in the variable T and of degree less than logp q).

In either scenario, we show that one can check whether y is a power of x and, if so,
work out the integer value of logx.y/ using q-bounded Las Vegas dual complexity
.log3Co.1/ q; log3Co.1/ q; log q/ altogether. Indeed, we note that for any given primi-
tive element ! 2 Fq , the function log! W F

�
q ! Z=.q � 1/Z is a group isomorphism.

In the first version of the computational problem, an (unspecified) value for ! was
already fixed, and in the second version, we set ! WD T (viewed as an element of
.Z=pZ/ŒT �=.P.T //). In either case, we can work out log!.x/ and log!.y/; in the
first scenario, x and y are literally given as powers of !, and in the second sce-
nario, we apply the routine from [37, p. 144 and Appendix A.2] to compute log!.x/
and log!.y/, which works because x and y are powers of ! and we know that
ord.!/ D q � 1. In either case, those two discrete logarithms can be computed with
q-bounded Las Vegas dual complexity .log3Co.1/ q; log3Co.1/ q; log q/ (in fact, in
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the first scenario, they only need to be copied from the input, requiring O.log q/ bit
operations only).

After finding log!.x/ and log!.y/, the problem is reduced to checking whether
log!.y/ is a multiple of log!.x/ in Z=.q � 1/Z, i.e., whether

log!.y/ � k � log!.x/ .mod q � 1/ (5.1)

for some k 2 Z. But this is the case if and only if gcd.log!.x/; q � 1/ j log!.y/,
which can be checked using O.log1Co.1/ q/ bit operations. If so, then logx.y/ is the
unique solution k 2 ¹0; 1; : : : ; q � 2º of congruence (5.1), that is, modulo q � 1

logx.y/ D
log!.y/

gcd.log!.x/; q � 1/
� inv q�1

gcd.log!.x/;q�1/

�
log!.x/

gcd.log!.x/; q � 1/

�
;

which can be evaluated with a final batch of O.log1Co.1/ q/ bit operations. This con-
cludes the proof of statement (4).

For statement (5), we first aim to find a primitive root modulo p. A polynomial-
time probabilistic classical algorithm for doing so is [22, Algorithm 1], which is
a refinement of an earlier algorithm by Bach [10], itself based on Itoh’s idea of
using partial factorizations of p � 1 to find a primitive root with high probability.
We follow this approach, but since we can factor p � 1 completely, our situation
is easier. We start by factoring p � 1, taking p-bounded Las Vegas dual complex-
ity .log7Co.1/ p; log3Co.1/ p; log p/ by statement (1). Say p � 1 D

QK
jD1 p

vj
j is

the said factorization. For each prime divisor pj of p � 1, we wish to find a unit
yj 2 .Z=pZ/� D ¹1; 2; : : : ; p � 1º such that pvjj divides ordp.yj /. Equivalently,
yj should not be a pj -th power in Z=pZ. The proportion of units that satisfy this is
1� 1

pj
�
1
2

, so if we pick yj 2 .Z=pZ/� at random, then check whether y.p�1/=pjj 6�

1 .mod p/, it only takes an expected number of O.1/ tries until we succeed at find-
ing yj . As in the proof of statement (1), we perform this random drawing of yj
using a .blog2.p � 2/c C 1/-qubit Hadamard circuit. This means that the expected
p-bounded Las Vegas dual complexity of finding yj is .log2Co.1/ p; log p; 1/ for a
single j , and .log3Co.1/p; log2p; logp/ for all j D 1; 2; : : : ;K together. Once the yj
have been found, the unit

r WD

KY
jD1

y
.p�1/=p

vj

j

j 2 .Z=pZ/�;

which can be computed with an additional O.log3Co.1/ p/ bit operations, is a primi-
tive root modulo p. Indeed, the j -th factor in this product has order pvjj , and because
the numbers pvjj are pairwise coprime and the group .Z=pZ/� is abelian, this entails

that ordp.r/ D
QK
jD1 p

vj
j D p � 1.
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From r, it is not difficult to construct a primitive root rC modulo pk . Indeed, if
k D 1, we just set rC WD r. Moreover, a primitive root modulo p2 is a primitive root
modulo pk for each k � 2, and either r or rCp is a primitive root modulo p2. Hence,
if k > 1, we simply check whether rp�1 � 1 .mod p2/, taking O.log2Co.1/ p2/ D
O.log2Co.1/ p/ bit operations. If so, we set rC WD rC p, otherwise we set rC WD r.
This concludes the proof of statement (5) and of Lemma 5.1.6 as a whole.

Our first application of Lemma 5.1.6 is the following aforementioned result on
converting a query complexity into a Las Vegas dual complexity.

Lemma 5.1.7. Let L be an algorithmic problem, and let y;y1; : : : ;yn be non-negative
real parameters associated with the admissible inputs for L such that

y.Ex/ � h.y1.Ex/; : : : ; yn.Ex//

for all Ex 2 Lin, where h is a fixed function Œ0;1/n ! Œ0;1/. Moreover, let

ECqry
D .Cclass;Cfdl;Cmdl;Cmord;Cprt/

be a y-bounded query complexity of L with respect to y1; : : : ; yn. Then

EC D .C 0class;Cquant;Cconv/;

with C 0class; Cquant; Cconv W Œ0;1/
n ! Œ0;1/ as defined below, is a y-bounded Las

Vegas dual complexity of L. We write Ez shorthand for .z1; z2; : : : ; zn/ 2 Œ0;1/n.

C 0class.Ez/ WD Cclass.Ez/C log7Co.1/.h.Ez// � .Cmdl.Ez/C Cmord.Ez/C Cprt.Ez//

C log3Co.1/.h.Ez//Cfdl.Ez/I

Cquant.Ez/ WD log3Co.1/.h.Ez// � .Cmdl.Ez/C Cfdl.Ez/C Cmord.Ez/C Cprt.Ez//I

Cconv.Ez/ WD log.h.Ez// � .Cmdl.Ez/C Cfdl.Ez/C Cmord.Ez/C Cprt.Ez//:

Proof. This follows easily from Lemma 5.1.6 and the definitions of the involved con-
cepts. For example, when computing C 0class.Ez/, we not only have to take into account
the bit operations spent outside the special queries, which are represented by the
summand Cclass.Ez/, but also those coming from the queries, using the algorithms dis-
cussed in the proofs of Lemma 5.1.6 to fulfill those queries. For example, on input Ex,
each of the O.Cfdl.y1.Ex/; : : : ; yn.Ex/// finite field discrete logarithm queries needed
in the course of computing an admissible output for Ex is about computing a dis-
crete logarithm in a finite field of size at most h.y1.Ex/; : : : ; yn.Ex//. Therefore, by
Lemma 5.1.6 (4), these “fdl queries” together account for

O.Cfdl.y1.Ex/; : : : ; yn.Ex// � log3Co.1/.h.y1.Ex/; : : : ; yn.Ex////
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bit operations, whence the inclusion of the summand Cfdl.Ez/ � log3Co.1/.h.Ez// in the
definition of C 0class.Ez/. For the other three kinds of queries, one can use Lemma 5.1.6
together with the fact that X

pjm

logt .p�p.m// 2 O.logt m/

for each positive integer m and each real exponent t � 1. For example, for a
“prt query”, we need to find a primitive root modulo p�p.m/ for each odd prime p
dividing m. We do so by first factoring m, then applying the algorithm from Lem-
ma 5.1.6 (5). By Lemma 5.1.6 (1,5), the number of bit operations needed in the pro-
cess is in

O
�

log7Co.1/mC
X
2<pjm

log7Co.1/ p
�
� O

�
log7Co.1/mC

X
pjm

log7Co.1/
�
p�p.m/

��
D O.log7Co.1/m/ � O.log7Co.1/ y.Ex// � O.log7Co.1/ h.y1.Ex/; : : : ; yn.Ex///;

which also subsumes the cost of computing p�p.m/ from p and �p.m/ for all p by
Lemma 5.1.5 (6). The number of elementary quantum gates, respectively of bit-qubit
conversions, needed in the process may be dealt with analogously. Moreover, an anal-
ogous approach works for “mdl queries” and “mord queries”, where one also needs
to factor m (see Lemma 5.1.6 (1)) and (due to the upper bound of y.Ex/2 on m from
Definition 5.1.3 (4,a)) ends up with an argument of h.y1.Ex/; : : : ; yn.Ex//2 in the log-
arithm power, but this may be replaced by h.y1.Ex/; : : : ; yn.Ex// without changing the
O-class of the overall expression.

In view of Lemma 5.1.7, we mostly work with query complexities from here on,
only converting them to Las Vegas dual complexities in some main results. In order to
solve the three algorithmic problems on index d generalized cyclotomic mappings f
from the beginning of this section using the theory developed in this memoir, we first
need to compute the induced function Nf W ¹0; 1; : : : ; dº ! ¹0; 1; : : : ; dº and, for each
i 2 ¹0; 1; : : : ; d � 1º such that the coefficient ai in the cyclotomic form (1.1) of f
is non-zero, we need to compute the affine map Ai of Z=sZ that encodes the restric-
tion fjCi W Ci ! C Nf .i/ under the identification of Cj with Z=sZ via the bijection �j
described in our introduction. Our next goal is to analyze the query complexity of
these tasks.

Proposition 5.1.8. Given f , one can compute the induced function Nf and the asso-
ciated affine maps Ai with q-bounded query complexity

.d log1Co.1/ q; d; 0; 0; 0/:

Proof. With regard to Nf , we know that Nf .d/ D d , so only the values Nf .i/ for i 2
¹0; 1; : : : ; d � 1º need to be computed. These are O.d/ cases. By our discussion in
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the introduction, we have Nf .i/ D .ei C ri i/ mod d , where ei D log!.ai /, and by
our assumptions from the beginning of this section, this discrete logarithm is either
directly specified with ai , or we compute it with a (finite) field discrete logarithm
(fdl) query. After computing ei , it takes another O.log1Co.1/ q/ bit operations by
Lemma 5.1.5 (1,3) to evaluate .ei C ri i/ mod d and thus compute Nf .i/. In total, a
q-bounded query complexity of computing Nf is

.d log1Co.1/ q; d; 0; 0; 0/:

Once Nf has been determined, the computation of the Ai is easy; for each of theO.d/
values of i in question, we note that Ai .x/ D ˛ix C ˇi for all x 2 Z=sZ, where
˛i ; ˇi 2 Z=sZ are constants. Computing Ai just means computing ˛i and ˇi , and by
the discussion in our introduction, we have

˛i D ri ; ˇi D
ei C ri i � Nf .i/

d
mod s:

We can directly read off ri from the definition (1.1) of f , and computing ˇi takes
O.log1Co.1/ q/ bit operations by Lemma 5.1.5 (1,3). Therefore, computing all ˛i
and ˇi after Nf has been worked out takes O.d log1Co.1/ q/ bit operations, and the
result follows.

With regard to Problem 3 from the beginning of this section, we note that solv-
ing this problem efficiently provides us with a quick understanding of each given
connected component of �f . While it would be more desirable to have an efficient
algorithm that achieves a global understanding, of the isomorphism types of all con-
nected components of �f , it is not even clear what the output of such an algorithm
would look like. In Definition 5.3.2.8, we introduce the concept of a tree necklace
list, which is a way to list the isomorphism types of all connected components of �f
with their multiplicities. While such a tree necklace list is a compact encoding of the
isomorphism type of �f in some cases (e.g., the ones considered in Sections 5.3.2
and 5.3.3), it is not clear whether that is always the case; see also the discussion after
Remark 5.3.2.9.

The following main result of this chapter provides q-bounded query and Las
Vegas dual complexities of the three algorithmic problems from the beginning of
this section. We recall that mpe.q � 1/ D maxpjq�1 �p.q � 1/ denotes the maximum
exponent of a prime in the prime factorization of q � 1.

Theorem 5.1.9. The following hold with regard to the three algorithmic problems
from the beginning of this section.

(1) Problem 1 has q-bounded query complexity

.d log2 d C d2 log1Co.1/ q C d log2Co.1/ q C log3Co.1/ q; d; d log q; d; 1/
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and q-bounded Las Vegas dual complexity

.d log2 d C d2 log1Co.1/ q C d log8Co.1/ q; d log4Co.1/ q; d log2 q/:

(2) Problem 2 has q-bounded query complexity

.d3 mpe.q � 1/2.3d
2Cd/mpe.q�1/C2d log1Co.1/ q; d; 0; 0; 0/

and q-bounded Las Vegas dual complexity

.d3 mpe.q � 1/2.3d
2Cd/mpe.q�1/C2d log1Co.1/ q C d log3Co.1/ q;

d log3Co.1/ q; d log q/:

Moreover, the computed tree-partition register can be chosen such that its
underlying recursive tree description list is of length in

O.min¹d2d
2 mpe.q�1/Cd ; qº/;

with each tree description from the list being itself a list of length in

O.min¹d2d
2 mpe.q�1/Cd ; qº/;

each entry of which is an ordered pair of bit length in O.log q/.

(3) Problem 3 has q-bounded query complexity

.d log3Co.1/ q C d3 mpe.q � 1/ log1Co.1/ q

C d3 mpe.q�1/2d
2 mpe.q�1/Cd log q; d; d3 mpe.q � 1/; d3 mpe.q � 1/; 0/

and q-bounded Las Vegas dual complexity

.d3 mpe.q � 1/ log7Co.1/ q C d3 mpe.q � 1/2d
2 mpe.q�1/Cd log q;

d3 mpe.q � 1/ log3Co.1/ q; d3 mpe.q � 1/ log q/:

We prove Theorem 5.1.9 in Section 5.2. Before that, we make some more com-
ments on the complexities of the three algorithmic problems in Theorem 5.1.9. Firstly,
while we are mostly focused on quantum complexities in this memoir, we note that
knowing the query complexity of an algorithmic problem also allows one to deduce a
bound on its classical Las Vegas complexity. Indeed, all four kinds of queries we
are concerned with admit rigorously subexponential solution algorithms on clas-
sical computers: for integer factorization, and thus (following the proof of Lem-
ma 5.1.6 (2)) modular multiplicative orders, as well as discrete logarithms in finite
fields, see Pomerance’s paper [60]. For modular discrete logarithms, see Adleman’s
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extended abstract [1]. Finally, primitive roots may be dealt with using Dubrois–
Dumas’ algorithm from [22], combined with modular multiplicative order compu-
tations to confirm the alleged primitive root produced by the Dubrois–Dumas algo-
rithm. The upshot of this is that as long as all components of one the q-bounded
query complexities in Theorem 5.1.9 are subexponential in the input size (which lies
in O.d log q/), then the corresponding problem admits a rigorously subexponential
classical Las Vegas solution algorithm.

Secondly, considering the said components of the q-bounded query complexities
in Theorem 5.1.9, a glaring question is how the inclusion of the parameter mpe.q � 1/
in some components in statements (2) and (3) affects their size. At first glance, this
seems rather bad, because generally mpe.q � 1/ � blog2.q � 1/c � log2 q, and this
bound is attained whenever q is a Fermat prime. Since in statements (2) and (3) of
Theorem 5.1.9, mpe.q � 1/ occurs in the exponent of a power with base 2, this means
that in the worst case, the given complexities for Problems 2 and 3 are exponential in
the input length for fixed d .

That being said, it turns out that “most of the time”, mpe.q � 1/ is actually
bounded from above by a suitably large constant, as the following result states. This
result and its proof was kindly pointed out by MathOverflow user “Dr. Pi” in a
response to a question posted by the first author on MathOverflow1.

Proposition 5.1.10. There is an absolute constant cmpe > 0 such that for all x � 2,
one has �X

q�x

1
��1X

q�x

mpe.q � 1/ � cmpe;

where the variable q ranges over prime powers. In particular, the following hold.

(1) For each " > 0, there is a constant c" > 0 such that for all prime powers q
except an asymptotic fraction of less than ", one has mpe.q � 1/ < c".

(2) Let h W Œ0;1/! Œ0;1/ be a function such that h.x/!1 as x!1. Then
for asymptotically almost all prime powers q, one has mpe.q � 1/ � h.q/.

Proof. We start by observing that the number of proper (i.e., non-prime) prime pow-
ers up to x is asymptotically equivalent to 2x1=2= logx. Indeed, the number of prime
squares up to x is

�.x1=2/ �
x1=2

log.x1=2/
D
2x1=2

log x
:

Moreover, a prime power pk � x with k � 3 satisfies k � blog2 xc, and for each
fixed k, the number of such prime powers is at most x1=k � x1=3. Hence the number

1see https://mathoverflow.net/questions/436134/average-value-of-the-prime-omega-func-
tion-omega-on-predecessors-of-prime-powe, visited on 2 September 2025.

https://mathoverflow.net/questions/436134/average-value-of-the-prime-omega-function-omega-on-predecessors-of-prime-powe
https://mathoverflow.net/questions/436134/average-value-of-the-prime-omega-function-omega-on-predecessors-of-prime-powe


Framework and auxiliary results 113

of all proper prime powers up to x is

�.x1=2/CO.x1=3 log x/ �
2x1=2

log x
:

This entails the following two things.

(1) The number
P
q�x 1 of all prime powers up to x is asymptotically equivalent

to x= log x, same as �.x/.

(2) In the sum
P
q�x mpe.q � 1/, the total contribution stemming from proper

prime powers is at most

O

�
log x �

2x1=2

log x

�
D O.x1=2/ � o

�X
q�x

1
�
:

We may thus focus on the contribution
P
p�x mpe.p � 1/ stemming from

primes.

For each v D 1; 2; : : : ; blog2 xc, we give a O-bound on the number of primes p � x
with mpe.p � 1/ D v. For v D 1, we use the trivial bound

O.�.x// D O
� x

log x

�
D O

� x

2 log x

�
:

Now we assume that v � 2. In order to derive a bound for such v, we use the Brun–
Titchmarsh theorem in its stronger form proved by Montgomery and Vaughan [55,
Theorem 2]. This result states that for a 2NC, b 2Z and each real x > a, the number
of primes p � x with p � a .mod b/ is at most

2x

�.b/ log.x=b/
:

Now, a prime p � x with mpe.p � 1/ D v is congruent to 1 modulo pv for some
prime p< x1=v . If pv � x1=2 is fixed, then the Brun–Titchmarsh theorem implies that
the number of primes p � x with p � 1 .mod pv/ is at most

2x

�.pv/ log.x=pv/
�

4x

pv�1.p � 1/ log x
2 O

� x

pv log x

�
:

On the other hand, if x1=2 < pv < x, then the number of primes p � x with p �
1 .mod pv/ is at most x=pv < x1=2. It follows that the number of primes p � x with
mpe.p � 1/ D v D 2 is in

O

�
x

log x
�

X
p�x1=4

4

p.p � 1/
C x1=2 �

2x1=2

log x

�
D O

� x

log x

�
D O

� x

4 log x

�
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and, if v > 2, that number is in

O

�
x

log x
�

X
p�x1=.2v/

4

pv�1.p � 1/
C x1=2 � x1=3

�
D O

� x

2v log x

�
:

In summary, we have shown that for each vD 1;2; : : : ;blog2 xc, the number of primes
p � x with mpe.p � 1/ D v is in O.x=.2v log x//, and so

X
p�x

mpe.p � 1/ 2 O

 
blog2 xcX
vD1

vx

2v log x

!
D O

 
x

log x

blog2 xcX
vD1

v

2v

!
D O

� x

log x

�
;

whence �X
q�x

1
��1X

q�x

mpe.q � 1/ �
�X
p�x

1
��1X

p�x

mpe.p � 1/

2 O

�
1

x= log x
�
x

log x

�
D O.1/;

which is the main statement of this proposition. The first “In particular” statement fol-
lows readily from this by observing that the quantity .

P
q�x 1/

�1
P
q�x mpe.q � 1/

is the average value of mpe.q � 1/ on prime powers q � x. Finally, the second “In
particular” statement is an easy consequence of the first.

For applications, finite fields of characteristic 2 are of particular interest. The
authors are not aware of any rigorous results concerning the asymptotic behavior of
mpe.2v � 1/ as v!1, but in Table 5.1, we provide an overview of the maximum and
average values of mpe.2v � 1/ for v 2 ¹1;2; : : : ;Kº, whereK 2 ¹100;200; : : : ; 1000º.
This was obtained using GAP [70] and information from the Cunningham project [77].
More specifically, GAP appeared to have difficulties factoring 2v � 1 for

v 2 ¹929; 947; 991º;

but a quick consultation of the Cunningham factorization tables reveals that

mpe.2v � 1/ D 1

for each of these three values of v.
Based on this, we conjecture that the average value of mpe.2v � 1/ for 1 � v � x

is always less than 2, see Conjecture 6.1.1.

5.2 Proof of Theorem 5.1.9

We give detailed descriptions of algorithms for solving Problems 1–3 and analyze
their query complexities (their Las Vegas dual complexities specified in Theorem 5.1.9
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K max¹mpe.2v � 1/ W 1 � v � Kº K�1
PK
vD1 mpe.2v � 1/ rounded

100 4 1.28
200 5 1.325
300 5 1.3267
400 5 1.3325
500 6 1.336
600 6 1.3383
700 6 1.3371
800 6 1.34
900 6 1.3389
1000 6 1.341

Table 5.1. Maximum and average values of mpe.2v � 1/.

follow readily using Lemma 5.1.7). The amount of details we give should make it
easy to implement these algorithms. In all three cases, we first need to compute Nf
and the affine maps Ai , which takes query complexity .d log1Co.1/ q; d; 0; 0; 0/ by
Proposition 5.1.8. We assume that this has already been done at the start of the discus-
sion of each individual problem. Whenever a positive integer needs to be factored, we
subsume this under an mdl or mord query (counted in the third, respectively, fourth,
entry of a query complexity). In doing so, we prefer the former but will use the latter
in situations where that is more appropriate due to us also needing to compute the
multiplicative orders provided by a mord query (this is the case, for example, in the
paragraph on �i;p and other parameters in the following section and at the start of the
proof of Proposition 5.3.2.3).

5.2.1 Proof of statement (1)

Quite a lot of notations are needed to provide this algorithm in full detail. For the
reader’s convenience, we print the names of those notations that are newly introduced
in this discussion, as well as those of a few notations introduced earlier but rarely used
since, in underlined form at the beginning of the respective paragraph where they first
appear in this discussion. For the reading flow, these underlined parts need to be
ignored. Of course, these notations are also catalogued in Table A.2 in the appendix.

Computing xL. Before computing L properly, we need to compute a CRL-list xL for
Nf . Because Nf can be any function ¹0; 1; : : : ; dº ! ¹0; 1; : : : ; dº with Nf .d/ D d , we

use a general, brute-force algorithm of polynomial complexity in d for this, assuming
that the indices i 2 ¹0; 1; : : : ; dº are processed as non-negative integers in binary
representation, with blog2 dc C 1 digits each. Specifically, the following algorithm
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based on the idea of “burning leaves”, which was kindly pointed out to the authors by
one of the reviewers, achieves the computation of xL usingO.d log2 d/ bit operations.

We start by computing three length d C 1 lists L1, L2 and L3 where, for j 2
¹0; 1; : : : ; dº, the .j C 1/-th entry L1;j of L1 if Nf .j /, and L2;j WD j Nf �1.j /j and
L3;j WD 0. Since the values of Nf have already been computed, filling L1 with its
entries is a mere copying process taking O.d log d/ bit operations, and the entries
of L2 can be computed by first letting L2;j WD 0 for each j , followed by going
through the entries ofL1 once, incrementingL2;L1;j for j D 0;1; : : : ;d . This compu-
tation ofL2 also takesO.d logd/ bit operations, and so does the (trivial) computation
ofL3 (note that we still need to printO.logd/ bits for each 0 entry due to the uniform
length of the bit representations).

Now, for a finite functional graph � , let ˇ.�/ be the (functional) graph obtained
from � by removing (“burning”) all of its leaves. Denoting by xH the maximum tree
height in � Nf , we find that � Nf D ˇ

0.� Nf / © ˇ1.� Nf / © � � � © ˇ
xH .� Nf / D ˇ

xHC1.� Nf /

and ˇ xH .� Nf / is the subgraph of � Nf spanned by the periodic vertices. For hD 0;1; : : : ;
xH � 1, the vertices in V.ˇh.� Nf // nV.ˇhC1.� Nf // are called new leaves after h burn-

ing steps. For h D 0, those are simply the leaves of � Nf . We note that one can also
write the set V.ˇh.� Nf // nV.ˇhC1.� Nf // as im. Nf h/ n im. Nf hC1/; henceforth, we will
denote this set by Layerh for short.

The aforementioned “burning leaves” algorithm consists of computing, for each
h 2 ¹0; 1; : : : ; xH � 1º, lists L0

h
, L00

h
and L000

h
of variable length such that L0

h
is a

repetition-free list of the new leaves after h burning steps (i.e., a list-representation of
the set Layerh), L00

h
is a repetition-free list of the Nf -images of vertices in L0

h
, and L000

h

is a list of the same length as L00
h

satisfying

L000h;j D j
Nf �1.L00h;j / \ Layerhj for each j:

Throughout this process, we will also update the list L3 such that at the end of the
step for computing L0

h
, L00

h
and L000

h
, each entry L3;j is the intersection of Nf �1.j /

with the set of vertices that are “old” leaves (i.e., elements of Layert for some t < h).
First, we describe how to obtain L00, L000 and L0000 . Go through L2 once; the zero

entries correspond bijectively to the leaves of � Nf , and we can store them repetition-
freely in L00 using O.d logd/ bit operations. Then store the Nf -images of the vertices
in L00 in the list L000 – first with repetitions, then sort and remove repetitions in L000,
storing the repetition multiplicities in L0000 . By Lemma 5.1.5 (10), this process takes
O.jL00j log2 jL00j/ bit operations overall. We may leave all entries of L3 as 0 for now,
since there are no old leaves yet after 0 burning steps.

Now, assume that for a given h 2 ¹0; 1; : : : ; xH � 2º, we have already computed
L0
h
, L00

h
and L000

h
as well as adjusted L3 such that it counts the number of old leaf

pre-images after h burning steps for each vertex. We would like to compute L0
hC1

,
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L00
hC1

and L000
hC1

as well as readjust L3, so it includes the “new leaves after h burning
steps” as old leaves.

First, we describe how to compute L0
hC1

, and we note that this part of the compu-
tations will also need to be done for hD xH � 1, as it is through the equality L xH D ;
that we know we are done (i.e., all transient vertices have been burned as leaves at
some point and we have reduced the graph to its periodic vertices).

We go through the entries L00
h;j

of L00
h
, and for each of them, we check whether

L000
h;j
C L3;L00

h;j
D L2;j . If so, this means that the pre-image Nf �1.L00

h;j
/ consists

entirely of new leaves after h burning steps and older leaves, whence L00
h;j

will be
a new leaf after h C 1 burning steps, and we may thus store L00

h;j
in L0

hC1
. If not,

there is some vertex in the pre-image Nf �1.L00
h;j
/ that has never been a leaf so far and

will thus “survive” the .hC 1/-th burning step, whence L00
h;j

will not become a new
leave after that burning step. In both cases, we update L3;L00

h;j
by adding L000

h;j
to it

to account for the newly burned leaves in step hC 1. This process of computing the
new list L0

hC1
and updating L3 takes O.jL00

h
j log d/ � O.jL0

h
j log d/ bit operations.

Following that (assuming that h < xH � 1), we may compute L00
hC1

and L000
hC1

based on L0
hC1

analogously to how we computed L000 and L0000 based on L00 above; this
takes O.jL0

h
j log2 d/ bit operations.

Overall, the process of computing the lists L0
h
, L00

h
and L000

h
for each h takes

O.d log d/C
xH�2X
iD0

O.jLayerhj log2 d/CO.jLayer xH�1j log d/

� O.d log d/CO

 xH�2X
iD0

jLayerhj log2 d

!
D O.d log2 d/

bit operations, where the last equality uses that the sets Layerh are pairwise disjoint.
Finally, we can compute the set of periodic points per. Nf / as the complement ofS xH�1

hD0 Layerh using anotherO.d logd/ bit operations. Then we determine xL through
iteration of Nf on per. Nf / by brute force. If we mark vertices as visited and keep track
of the already processed initial segment of the list representing per. Nf / internally, we
can do so using O.d log d/ bit operations only, and in the process, we can actually
store each cycle of Nf in full, which will be useful shortly. In total, the computations
for xL require O.d log2 d/ bit operations.

Computing Li , Ui , pari , Yi . To compute the desired parametrization of L, we go
through the elements .i; `/2 xL, with associated Nf -cycle .i0; i1; : : : ; i`�1/, and compute
a parametrization of a CRL-list Li of the restriction fjUi , where Ui D

S`�1
tD0Cit . This

works because by Proposition 3.1.1, L is simply the (disjoint) union of those Li .
Specifically, we compute a formula that defines a bijective function pari W Yi ! Li ,
where Yi is a “simple” set depending on i . For .i; `/ D .d; 1/, which is dealt with



Algorithmic complexity analysis 118

outside the loop for the other pairs .i; `/, we have Ld D ¹.0Fq ; 1/º, and we set Yd WD
¹.;;;/º (to conform with the format the sets Yi for i < d have – each of the two ; is
to be viewed as an empty tuple) and define

pard .;;;/ WD .0Fq ; 1/:

This only takes O.log d/ bit operations (not O.1/, because the index d on the left-
hand side of the definition needs to be spelled out).

Computing rp , Ai , x̨i , x̌i , par0i , L0i , Pi . Next, we factor s D .q � 1/=d in a single
q-bounded modular discrete logarithm (mdl) query (we remind the reader that we
subsume factorizations under mdl queries). We also find a primitive root rp modulo
p�p.s/ for each odd prime divisor p of s using a single q-bounded primitive root (prt)
query. Following that, we loop over the elements .i; `/ 2 xL with i < d , and for each
of them, we do the following. We compute

Ai WD Ai0Ai1 � � �Ai`�1 ; Ai .z/ D x̨iz C x̌i :

This takesO.d/multiplications of already computed affine maps, each of which costs
O.log1Co.1/ q/ bit operations by Lemma 5.1.5 (1,3) using the formula

.z 7! ˛z C ˇ/.z 7! ˛0z C ˇ0/ D .z 7! ˛˛0z C ˛0ˇ C ˇ0/:

Hence, in total, the computation of Ai takes O.d log1Co.1/ q/ bit operations. Our
next goal is to compute a parametrization par0i W Yi ! L0i of a CRL-list L0i for Ai ,
from which pari W Yi ! Li is obtained simply by stretching all second entries (cycle
lengths) of images of par0i by the factor `. As preparations for an upcoming loop over
the prime divisors of s, we initialize Pi WD ; (ultimately, Pi will be a list of those
prime divisors of s that do not divide x̨i ). We also compute ordp�p.s/.x̨i / for each
prime divisor p of s, requiring a single q-bounded multiplicative order (mord) query.

Computing �p , xAi;p , par0i;p , Yi;p , L0i;p . Next, we loop over the prime divisors p
of s, and for each of them, we do the following. First, we check whether p j x̨i ,
and if so, we skip to the next value of p. Otherwise, we add p to Pi , then read off
�p WD �p.s/ and p�p from the factorization of s computed earlier. Following that, we
compute xAi;p WD Ai mod p�p (that is, we compute x̨i mod p�p and x̌i mod p�p ),
which takes O.log1Co.1/ q/ bit operations by Lemma 5.1.5 (3). We note that since
p does not divide x̨i , the function xAi;p is an affine permutation of Z=p�pZ, and
from our Table 2.2, we can read off a compact parametrization par0i;p W Yi;p ! L0i;p
of a CRL-list L0i;p of xAi;p in which all specified cycle lengths are fully factored.
The details of this are given in Table 5.2 below; each numbered row of that table
corresponds to the case with the same number in Table 2.2. The following paragraph
introduces some more notation, which is used in Table 2.2 and needs to be computed
before one is able to print a description of par0i;p .



Proof of Theorem 5.1.9 119

No. u u0 par0
i;p
.Eu/

1 0; : : : ; �p

0; : : : ;�Qnp
kD1

p
vp;k�v

0
i;p;k

p;k

�ıŒu<�p�
�

pmin¹�p�1�v0i;p;ıŒu<�p�.�p�u�1/º

�1

.ru
0

p p
u C fi;p;�Qnp

kD1
p
v0
i;p;k

p;k

�ıŒu<�p�
�

pıŒu<�p� max¹v0
i;p
�u;0º/

2 0; : : : ; p�i;p � 1 n/a .u; p�p��i;p /

3 0; : : : ; 2�i;2 � 1 n/a .u; 2�2��i;2/

4 0; 1; 2 n/a .u;�u2 C 2uC 1/

5 0; 1; 2 n/a .2u � 1; 1
2
u2 � 3

2
uC 2/

6 0; 1 n/a .2u; 2/

7 ��2; : : : ; �2 � 1

if u 2 ¹��2; �2 � 1º: 0;
otherwise:
0; : : : ; 2�2�2�max¹v0

i;2
;uº
� 1

if u D �2 � 1: .fi;2; 1/;
if u D ��2: .2�2�1 C fi;2; 1/;
if 0 � u < �2 � 1:
.5u
0

2u C fi;2; 2
max¹v0

i;2
�u;0º/;

if ��2 < u < 0:
.�5u

0

2�u�1 C fi;2,
2max¹v0

i;2
CuC1;0º/.

8 �v00
i;2
; : : : ; v00

i;2

if u D v00
i;2

: 0; : : : ; 2�2�v
00
i;2
�1;

otherwise:
0; : : : ; 2�2�v

00
i;2
�2
� 1.

if u D v00
i;2

and
u0 2 ¹0; 2�2�v

00
i;2
�1
º:

.u02v
00
i;2 C fi;2; 1/;

if u D v00
i;2

and
0 < u0 < 2�2�v

00
i;2
�1:

.u02v
00
i;2 C fi;2; 2/;

if 0 � u < v00
i;2

:
.5u
0

2u C fi;2; 2
v00
i;2
�u/;

if u < 0:
.5u
0

2�u�1 C fi;2; 2
v00
i;2
CuC1/.

9 0; : : : ; 2�i;2 � 1 n/a .u; 2�2��i;2/

10 1; : : : ; 2�2�v
00
i;2
�1 n/a

if u D 1: .0; 2v
00
i;2
C1/;

otherwise:
. x̌iu; 2

v00
i;2
C1/.

Table 5.2. Explicit parametrizations of CRL-lists of affine permutations of finite primary cyclic
groups.

Computing �i;p , np , pp;k , vp;k , v0
i;p;k

, v0i;p , v00i;2, rp , fi;p . Recalling that �.v/p .m/ WD

min¹�p.m/; vº, we set

�i;p WD �
.�p/
p . x̌i / D �

.�p/
p . x̌i mod p�p /;
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which can be computed using O.�p/ � O.logp�p / integer divisions by p, resulting
in a bit operation cost of O.log2Co.1/ p�p /. If p > 2, we next compute factorizations
of p � 1 and of ordp�p .x̨i / using 2 2O.1/mord queries. We spell these factorizations
out as follows:

p � 1 D

npY
kD1

p
vp;k
p;k

and

ordp�p .x̨i / D
npY
kD1

p
v0
i;p;k

p;k
� p

v0
i;p :

We note that some of the exponents v0
i;p;k

or v0i;p may be 0. On the other hand, if
p D 2 (where np D 0), we write

ord2�2 .x̨i / D 2
v0
i;2 ;

which matches with the notation for p > 2 above, and ord2�2 .�x̨i / D 2
v00
i;2 . Usually,

v00i;2 D v
0
i;2 as ord2�2 .x̨i /D ord2�2 .�x̨i /, but if x̨i �˙1 .mod 2�2/, then v0i;2 2 ¹0; 1º

and v00i;2 D 1 � vi;2. Finally, regardless of whether or not p > 2, we check whether
xAi;p has a fixed point, i.e., whether

gcd.x̨i � 1; p�p / D gcd..x̨i mod p�p / � 1; p�p / j ˇi mod p�p ;

which can be done using O.log1Co.1/ p�p / bit operations. We store this information,
and whenever xAi;p has a fixed point, we compute one, denoted by fi;p , via the for-
mula in Proposition 2.3.6, taking another O.log1Co.1/ p�p / bit operations.

Computing u, u0, Eu. We are now ready to give the tabular definition of the bijective
parametrization par0i;p W Yi;p ! L0i;p of a CRL-list L0i;p of xAi;p . We note that the set
Yi;p always has one of the following two forms, which will be important later on.

• Yi;p is an integer interval, a general element of which is denoted by u; or

• the elements of Yi;p are pairs .u; u0/ of integers, where u ranges over an integer
interval, and for each fixed value of u, the second entry u0 also ranges over an
integer interval.

We observe that having entire intervals of integers (or pairs of integers) subsumed
under a uniform parametrization like par0i;p is key to describing the possibly super-
polynomially many elements of a CRL-list using just polynomially many bits (the
core idea why Problem 1 from the beginning of this chapter can be solved at all).

To have a uniform notation, we may also denote an element of Yi;p by Eu in
either of the two cases above. For example, to derive the formulas in the first case
of Table 5.2, we apply the first case in Table 2.2, with v WD �p , t WD u, j WD u0,
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a WD x̨i and b WD x̌i . Then the range for u is clear from the range for t in Table 2.2.
Concerning the asserted range for u0, we note that

�.p�p /

ordp�p .x̨i /
D

npY
kD1

p
vp;k�v

0
i;p;k

p;k
� p

�p�1�v
0
i;p

and

�.p�p�u/ D ..p � 1/p�p�u�1/ıŒu<�p� D

 
npY
kD1

p
vp;k
p;k
� p�p�u�1

!ıŒu<�p�
;

from which it can be deduced that

gcd
�

�.p�p /

ordp�p .x̨i /
; �.p�p�u/

�
D

 
npY
kD1

p
vp;k�v

0
i;p;k

p;k

!ıŒu<�p�
� p

min¹�p�1�v0i;p ;ıŒu<�p�.�p�u�1/º;

as required. Finally, the formula for the cycle lengths (second entries of par0i;p.Eu/) in
case 1 holds because

�.p�p�u/

gcd
�
�.p�p /

ordp�p .x̨i /
; �.p�p�u/

�
D

�Qnp
kD1

p
vp;k
p;k
� p�p�u�1

�ıŒu<�p��Qnp
kD1

p
vp;k�v

0
i;p;k

p;k

�ıŒu<�p� � pmin¹�p�1�v0i;p ;ıŒu<�p�.�p�u�1/º

D

 
npY
kD1

p
v0
i;p;k

p;k

!ıŒu<�p�
� p

ıŒu<�p�.�p�u�1�min¹�p�1�v0i;p ;�p�u�1º/

D

 
npY
kD1

p
v0
i;p;k

p;k

!ıŒu<�p�
� p

ıŒu<�p� max¹v0
i;p
�u;0º

:

The other cases in Table 5.2 can be dealt with analogously. To prevent confusion
among readers, we note that in cases 7 and 8 of Table 2.2, the specified CRL-list con-
sists of several disjoint parts with different formulas. Because we want u to range over
an integer interval, these have been slightly rearranged and “glued together” here. For
example, in case 7 here, the ranges ¹0;1; : : : ; �2 � 2º and ¹��2C 1;��2C 2; : : : ;�1º
for u correspond, respectively, to the parts with representative elements 5j 2t C f and
�5j 2t C f in case 7 of Table 2.2. In the latter of the two segments, the range for u
is not equal to the corresponding range for t in Table 2.2, which explains the variable
substitution u! �u � 1 although the corresponding formulas for cycle lengths in
Table 2.2 are the same. Our algorithm prints and stores the parametric description of
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par0i;p.Eu/ for all primes p j s with p − x̨i . For a given p, this parametric description
takes O.log p�p / bits to store (as follows by observing that it takes O.log n/ bits
to print the prime factorization of n 2 NC), and so all descriptions together can be
stored using O.log s/ � O.log q/ bits.

Computing par00i , L00i , A0i , s
0
i , ENu, Eup , up , u0p , xYi , projj , Eri .ENu/, ri;p.Eup/, BEri .ENu/, 	

i;ENu
.

Next, using the parametrizations par0i;p of the CRL-lists L0i;p of xAi;p for p 2 Pi ,
we construct a parametrization par00i W Yi ! L00i of a CRL-list L00i for A0i WD Ai modQ
p2Pi

p�p . We start by setting s0i WD
Q
p2Pi

p�p , which takes O.log2Co.1/ q/ bit
operations to compute, carrying out jPi j 2O.logq/ integer multiplications, each with
a bit operation cost inO.log1Co.1/ q/ (we note that the powers p�p themselves do not
need to be computed, as they are specified, alongside the pairs .p; �p/, in the output
of the mdl query that gave the factorization of s). We follow the approach described
at the end of Section 2.3. More specifically, we identify Z=s0iZ with

Q
p2Pi

Z=p�pZ,
and A0i with

N
p2Pi

xAi;p . We consider tuples ENu D .Eup/p2Pi 2
Q
p2Pi

Yi;p DW xYi .
We can either write Eup D up or Eup D .up; u

0
p/. For j D 1; 2, we denote by projj

the (class-sized) function that maps an ordered pair to its j -th entry. Associated with
each parameter tuple ENu 2 xYi , we have the tuple

Eri .ENu/ WD .ri;p.Eup//p2Pi WD .proj1.par0i;p.Eup///p2Pi

of associated cycle representatives of the xAi;p . By our discussion at the end of Sec-
tion 2.3, these tuples Eri .ENu/ parametrize the blocks B

Eri .ENu/
of a certain partition ofQ

p2Pi
Z=p�pZ, each block of which is a union of cycles of A0i . In terms of ENu,

we wish to explicitly describe a CRL-list for the restriction of A0i to B
Eri .ENu/

. For
this, we need to exhibit an Eri .ENu/-admissible indexing function 	

i;ENu
in the sense of

Definition 2.3.8 (1) and understand its associated set of good tuples (in the sense of
Definition 2.3.8 (2)).

Computing li;p;Eup ; li;ENu, P0i . Now, following the definition of an admissible index-
ing function, the domain of definition of 	

i;ENu
is the set of all primes that divide at

least one of the component cycle lengths li;p;Eup WD proj2.par0i;p.Eup// for p 2 Pi ,
or, equivalently, that divide l

i;ENu
WD lcm¹li;p;Eup W p 2 Piº, of which we compute a

parametric definition of bit length inO.log1Co.1/ q/ for later use by scanning the dis-
played parametric factorizations of the li;p;Eup , taking O.log2Co.1/ q/ bit operations.
By definition, the domain of 	

i;ENu
is a subset of

P0i WD Pi [ �
� Y
p2Pi

.p � 1/
�
:

We compute P0i as a list (with O.log q/ entries), and this computation consists of
O.log q/ containment checks each involving O.1/ copying processes of bit strings
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of length in O.log q/, and O.log q/ bit comparisons and scans of memory addresses
each of length in O.log log q/. Hence, we may compute P0i using O.log2Co.1/ q/ bit
operations. In our algorithmic approach, we treat 	

i;ENu
as a function whose domain

of definition is all of P0i ; the additional primes p are those which do not divide any
component cycle length, hence occur with valuation 0 in each component, and the
value 	

i;ENu
.p/ may be chosen arbitrarily in Pi . We note that this change does not

affect the associated notion of good tuples and ensures that the domain of 	
i;ENu

does
not depend on ENu.

For each p 2 P0i , the value 	
i;ENu
.p/ is a prime p0 2 Pi (thought of as an index for

a component of ENu) such that �p.li;p0;ENu/ is maximal among all �p.li;p;Eup / for p 2 Pi .
We recall that we have already worked out explicit factorizations of the positive inte-
gers li;p;Eup in terms of Eup (see Table 5.2). If p … Pi , then for each p 2 Pi , the
value of �p.li;p;Eup / is constant, not depending on Eup , and a scan along the length
O.log q/ parametric description, combined with comparisons of the relevant expo-
nents �p.li;p;Eup /, each of which has bit length in O.log log q/, lets us pick a suitable
value for 	

i;ENu
.p/. For a given p 2 P0i n Pi , this process requires O.log1Co.1/ q/ bit

operations, and carrying it out for all p 2P0i nPi takesO.log2Co.1/ q/ bit operations.

Computing Ji;p;k , mi;p , J0
i;p;k

. We still need to discuss the approach when p 2 Pi .
Even then, �p.li;p;Eup / does not depend on Eup unless p D p, in which case one of the
following applies.

• �p.li;p;ENu/ also does not depend on Eup (see, e.g., case 2 in Table 5.2), and we can
compute a constant value for 	

i;ENu
.p/ as described above.

• �p.li;p;ENu/ does depend on Eup , in the following way: it only depends on up
(not u0p), and one can partition the range for up into at most five subintervals
Ji;p;1; : : : ;Ji;p;mi;p (case 8 in Table 5.2 does require mi;p D 5) such that in case
up 2 Ji;p;k for a fixed k 2 ¹1; : : : ;mi;pº, the value of �p.li;p;ENu/ is either con-
stant, or given by a linear expression in up , or given by an expression that is the
maximum among a linear expression in up and 0. This allows us to specify a
subinterval (in fact, an initial or terminal segment) J0

i;p;k
of Ji;p;k (with constant

boundary points) such that 	
i;ENu
.p/ may be chosen as p if up 2 J0

i;p;k
, whereas

	
i;ENu
.p/ must be chosen as a different constant value in Pi (the same for each k)

if up 2 Ji;p;k n J0
i;p;k

. For each given p, writing down an explicit definition of
	
i;ENu
.p/ (which consists of a case distinction with at most two cases) requires us to

scan the parametric descriptions of the component images par0i;p.Eup/ and perform
some low-cost computations such as additions or subtractions between exponents
of primes (which are numbers of bit length inO.log logq/). For all relevant values
of p together, this can be done using O.log2Co.1/ q/ bit operations.

We note that for each given p 2 P0i , the parametric definition of 	
i;ENu

which we just
derived has bit length in O.log q/. Therefore, and because the domain P0i of 	

i;ENu
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has size in O.log q/, it takes O.log2 q/ bits to store the parametric definitions of all
function values of 	

i;ENu
.

Computing 	i , P
i;p;ENu

, Ek, kp , d
i;p;ENu

, Ek0, k0p , K 0
i;ENu

. Before we proceed with our argu-

ment, we need to introduce another notation. For p 2 P0i , if 	
i;ENu
.p/ only assumes

one distinct value as ENu ranges over xYi , we set 	i .p/ WD 	
i;ENu
.p/ for any ENu 2 xYi . On

the other hand, if 	
i;ENu
.p/ assumes two distinct values, one of which is p, we let

	i .p/ be the unique element of ¹	
i;ENu
.p/ W ENu 2 xYiº that is distinct from p. This defines

a function 	i W P
0
i ! Pi that is independent of ENu and can be easily derived from

the parametric definitions of the function values 	
i;ENu
.p/ (taking O.log2Co.1/ q/ bit

operations). Using the function 	i , we can give the following compact parametric
definition of the pre-image of a singleton subset of Pi under 	

i;ENu
:

P
i;p;ENu
WD 	�1

i;ENu
.¹pº/

D

 
	�1i .¹pº/ n ¹p 2 Pi n ¹pº W up 2

mi;p[
kD1

J0i;p;kº

!

[

´
p 2 ¹pº W up 2

mi;p[
kD1

J0i;p;k

µ
: (5.2)

We note that our algorithm is merely producing this defining formula for P
i;p;ENu

for
each p 2 Pi , which is harmless complexity-wise – even when spelling 	�1i .¹pº/

out explicitly in each case, this can be done using O.log1Co.1/ q/ bit operations and
storage space per p, henceO.log2Co.1/ q/ bit operations and storage space altogether.
One could also try to provide a case-distinction definition of P

i;p;ENu
, where each case

corresponds to a constant value of P
i;p;ENu

, but this breaks the complexity, as one needs

to go through 2O.logq/ cases in general. Likewise, it is easy to check that producing
each parametric definition described in the rest of this argument takesO.log2Co.1/ q/
bit operations if one is careful enough about how to spell those parametrizations out.

Having these explicit definitions of the pre-images P
i;p;ENu

is important because
they are needed to set up a parametrization of the 	

i;ENu
-good tuples. We recall from

above the notation li;p;Eup for the cycle length of the representative ri;p.Eup/ in the

p-indexed component of Eri .ENu/. An 	
i;ENu

-good tuple is a tuple Ek D .kp/p2Pi with
kp 2 Z=li;p;EupZ D ¹0; 1; : : : ; li;p;Eup � 1º such that kp is divisible by

d
i;p;ENu
WD

Y
p2P

i;p;ENu

p
�p.li;ENu/:

We can compute a parametric definition of d
i;p;ENu

and li;p;Eup=di;p;ENu using storage

space per p and O.log1Co.1/ q/ bit operations, hence O.log2Co.1/ q/ bit operations
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and storage space altogether. Moreover, we can parametrize the set of 	
i;ENu

-good
tuples as follows:

Good
Eri .ENu/

.	
i;ENu
/ D

²
.k0pd

i;p;ENu
/p2Pi W

Ek0 D .k0p/p2Pi 2

Y
p2Pi

Z=
li;p;Eup

d
i;p;ENu

Z DW K 0
i;ENu

³
:

Computing r 0
i;ENu
. Ek0/. Now, for each Ek0D .k0p/p2Pi 2K

0

i;ENu
and its associated 	

i;ENu
-good

tuple .k0pd
i;p;ENu

/p2Pi , we have the cycle representative . xA
k0pd

i;p;ENu

i;p .ri;p.Eup///p2Pi of

A0i , or rather, of the permutation
N
p2Pi

xAi;p identified with it, in
Q
p2Pi

Z=p�pZ.
Literally, A0i is defined as an affine permutation of Z=s0iZD Z=

Q
p2Pi

p�pZ. There-
fore, the actual cycle representative of A0i associated with Ek0 is

r 0
i;ENu
. Ek0/ WD

X
p2Pi

xA
k0pd

i;p;ENu

i;p .ri;p.Eup//
s0i
p�p

invp�p
�
s0i
p�p

�
;

the unique element of Z=s0iZ that is congruent to xA
k0pd

i;p;ENu

i;p .ri;p.Eup// modulo p�p

for each p 2 Pi . We note that the expression xA
k0pd

i;p;ENu

i;p .ri;p. Eup// can be spelled out
explicitly as follows.

xA
k0pd

i;p;ENu

i;p .ri;p.Eup// D

8<: ri;p.Eup/C k
0
pd

i;p;ENu
x̌
i ; if x̨i D 1;

x̨
k0pd

i;p;ENu

i ri;p.Eup/C x̌i
x̨
k0pd

i;p;ENu

i
�1

x̨i�1
; otherwise;

where the fraction in the second case is to be understood as an integer division, but
the expression as a whole represents an element of Z=p�pZ (one needs to identify the
integer value with its reduction modulo p�p ). It takes O.log2Co.1/ q/ bit operations
and storage space to compute and store the parametric definition of r 0

i;ENu
.

Computing Li . At last, we can now provide the parametric definitions for the CRL-
list L00i of A0i and, subsequently, for the CRL-list L0i of Ai . Namely, Yi WDS
ENu2xYi

.¹ENuº �K 0
i;ENu
/, and for .ENu; Ek0/ 2 Yi , we set

par00i .ENu; Ek0/ WD .r
0

i;ENu
. Ek0/; l

i;ENu
/:

Then L00i D ¹par00i .ENu; Ek0/ W .ENu; Ek0/ 2 Yiº. In order to obtain par0i and L0i , we sim-
ply need to lift the first entries of elements of L00i (images of par00i ) from Z=s0iZ to
Z=sZ such that the reduction modulo s=s0i of each lift is the unique periodic point of
Ai mod .s=s0i / in Z=.s=s0i /Z. By Lemma 2.1.14, we can compute that periodic point
as follows. Let Li denote the smallest non-negative integer such that

gcd.˛Lii ; s/ D
Y

pjgcd.˛i ;s/

p�p ;
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which satisfies

Li D max
pjgcd.x̨i ;s/

�
�p.s/

�p.x̨i /

�
D max
pjgcd.x̨i ;s/

�
�p.s/

�p.x̨i mod p�p.s//

�
� mpe.s/ 2 O.log q/

and may be found by computing, for each p j gcd.x̨i ; s/, the value x̨i mod p�p.s/ (for
�p.s/, one consults the factorization of s computed above), then finding �p.x̨i mod
p�p.s//with a binary search between 0 and �p.s/ (each step of which involves a power
and a gcd computation). Altogether, this costs

O
�

logq �
�

log1Co.1/ qC
X

pjgcd.x̨i ;s/

.log log q � log2Co.1/ p�p.s//
��
DO.log3Co.1/ q/

bit operations by Lemma 5.1.5 (6,8). The unique periodic point of Ai mod .s=s0i / is
the reduction of

Li�1X
zD0

x̨
z
i
x̌
i D

8<:Li x̌i ; if x̨i D 1;
x̨
Li
i
�1

x̨i�1
x̌
i ; otherwise;

modulo s=s0i and may be computed in O.log2.1Co.1// q/ D O.log2Co.1/ q/ bit oper-
ations using that x̨Lii is of bit length in O.log2 q/. We obtain the following for-
mula for par0i (which has the domain of definition Yi , same as par00i ) such that L0i D

¹par0i .ENu; Ek0/ W .ENu; Ek0/ 2 Yiº:

par0i .ENu; Ek0/ D

 
r 0
i;ENu
. Ek0/

s

s0i
invs0

i

� s
s0i

�
C

Li�1X
zD0

x̨
z
i
x̌
is
0
i invs=s0

i
.s0i /; li;ENu

!
:

Printing this parametric definition of L0i takes O.log2Co.1/ q/ bits of storage space.
As mentioned before, the (bijective) parametrization pari W Yi ! Li of the CRL-list
Li of fjUi can be obtained by stretching the second entries of the images of par0i by
the factor ` D `i (the Nf -cycle length of i ). That is,

pari .ENu; Ek0/ D

 
r 0
i;ENu
. Ek0/

s

s0i
invs0

i

� s
s0i

�
C

Li�1X
zD0

x̨
z
i
x̌
is
0
i invs=s0

i
.s0i /; ` � li;ENu

!

and Li D ¹pari .ENu; Ek0/ W .ENu; Ek0/ 2 Yiº.
Finally, the expression pari .ENu; Ek0/, where

• i 2 proj1. xL/;

• ENu 2 xYi (with xYd WD ¹;º); and

• Ek0 2 K 0
i;ENu

(with K 0
d;;
WD ¹;º)
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forms the desired bijective parametrization of a CRL-list L of f , which can be pasted
together from the results of earlier computations using O.d log2Co.1/ q/ bit opera-
tions.

In what follows, we conclude this subsection with an overview of the steps of this
algorithm. At the end of the description of each step, we specify its q-bounded query
complexity (QC); in the case of a loop, this is obtained component-wise by computing
the sum of the entries in the corresponding components of the query complexities of
the iteration steps of the loop, if applicable replacing the resulting expression by a
simpler one that generates the same O-class, and multiplying it with a O-bound on
the number of iterations of the loop. It follows from this overview that the query
complexity of Problem 1 is as specified in statement (1) of Theorem 5.1.9, and the
formula for the Las Vegas dual complexity follows from this and Lemma 5.1.7.

1 Compute the induced function Nf on ¹0;1; : : : ;dº and the affine mapsAi of Z=sZ.
QC: .d log1Co.1/ q; d; 0; 0; 0/.

2 Compute a CRL-list xL for Nf , storing the cycles of Nf in full in the process.
QC: .d log2 d; 0; 0; 0; 0/.

3 Compute and store the parametrization pard W Yd ! Ld , where Yd D ¹.;; ;/º
and pard .;;;/ D .0Fq ; 1/.
QC: .log d; 0; 0; 0; 0/.

4 Compute and factor s D .q � 1/=d .
QC: .log1Co.1/ q; 0; 1; 0; 0/.

5 Find a primitive root rp modulo p�p.s/ for each odd prime p j s.
QC: .log q; 0; 0; 0; 1/.

6 For each .i; `/ 2 xL n ¹.d; 1/º, with associated Nf -cycle .i0; i1; : : : ; i`�1/, which
was already computed in step 2, do the following.
QC: .d2 log1Co.1/ q C d log2Co.1/ q C log3Co.1/ q; 0; d log q; d; 0/.

6.1 Compute the forward cycle product Ai D Ai0Ai1 � � �Ai`�1 W z 7! x̨iz C
x̌
i .

QC: .d log1Co.1/ q; 0; 0; 0; 0/.

6.2 Initialize Pi WD ;.
QC: .log d; 0; 0; 0; 0/.

6.3 Compute ordp�p.s/.x̨i / for each prime p j s.
QC: .log q; 0; 0; 1; 0/.

6.4 For each prime p j s, do the following.
QC: .log2Co.1/ q; 0; log q; 0; 0/.

6.4.1 Check whether p j x̨i , and if not, skip to the next p.
QC: .log1Co.1/ q; 0; 0; 0; 0/.
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6.4.2 Add p to Pi as a new element.
QC: .log q; 0; 0; 0; 0/.

6.4.3 Read off �p D �p.s/ and p�p from the factorization of s computed in
step 4.
QC: .log q; 0; 0; 0; 0/.

6.4.4 Compute xAi;p D Ai mod p�p , i.e., compute x̨i mod p�p and x̌i mod
p�p .
QC: .log1Co.1/ q; 0; 0; 0; 0/.

6.4.5 Compute �i;p WD �
.�p/
p . x̌i / D �

.�p/
p . x̌i mod p�p /, using O.�p/ divisions

by p and increasing a counter.
QC: .log2Co.1/ p�p ; 0; 0; 0; 0/.

6.4.6 If p > 2 then do the following.
QC: .log q C log1Co.1/ p�p ; 0; 1; 0; 0/.

6.4.6.1 Compute factorizations of p � 1 and of ordp�p .x̨i /:

p � 1 D

npY
kD1

p
vp;k
p;k

and ordp�p .x̨i / D
npY
kD1

p
v0
i;p;k

p;k
� p

v0
i;p :

QC: .log q; 0; 1; 0; 0/.

6.4.6.2 Check whether xAi;p has a fixed point and, if so, store this information
and compute a fixed point fi;p of it according to Proposition 2.3.6. The
check can be done by testing whether gcd..x̨i mod p�p / � 1; p�p /
divides x̌i mod p�p .
QC: .log1Co.1/ p�p ; 0; 0; 0; 0/.

6.4.7 Else do the following.
QC: .log2Co.1/ 2�2 ; 0; 0; 0; 0/.

6.4.7.1 Compute v0i;2D �2.ord2�2 .x̨i // and v00i;2D �2.ord2�2 .�x̨i //. To avoid
making another mord query, we note that v00i;2 D v

0
i;2 unless

x̨i � ˙1 .mod 2�2/;

in which case v00i;2 D 1 � v
0
i;2.

QC: .log2Co.1/ 2�2 ; 0; 0; 0; 0/.

6.4.7.2 Check whether xAi;2 has a fixed point and, if so, store this information
and compute a fixed point fi;2 of it (cf. step 6.4.6.2).
QC: .log1Co.1/ 2�2 ; 0; 0; 0; 0/.

6.4.8 Spell out a definition of the bijective parametrization par0i;p W Yi;p!L0i;p
of a CRL-list L0i;p of xAi;p in which all specified cycle lengths are fully
factored, referring to Table 5.2. This requires checking which of the cases
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from Table 2.2 applies, and we stored part of the information relevant for
this in steps 6.4.6.2 and 6.4.7.2. We note that a general element of Yi;p is
denoted by Eup and is either equal to up or .up; u0p/, where up and u0p are
integer parameters, with up ranging over a fixed interval, and u0p ranging
over an interval for each fixed value of up (with explicit formulas for the
interval bounds in terms of up).
QC: .logp�p ; 0; 0; 0; 0/.

6.5 Compute s0i D
Q
p2Pi

p�p .
QC: .log2Co.1/ q; 0; 0; 0; 0/.

6.6 Compute a parametric definition of l
i;ENu

, the cycle length of A0i (or rather, of
the permutation

N
p2Pi

xAi;p on
Q
p2Pi

Z=p�pZ identified with it) on the

point Eri .ENu/ represented by ENu D .Eup/p2Pi . This can be done through scanning
the parametric definitions of the fully factored cycle lengths

li;p;Eup D proj2.par0i;p.Eup//;

of which l
i;ENu

is the least common multiple, and performing low-cost opera-
tions on numbers of bit length in O.log log q/.
QC: .log2Co.1/ q; 0; 0; 0; 0/.

6.7 Set P0i WD Pi [ �.
Q
p2Pi

.p � 1//, using O.log q/ containment checks each
involving O.1/ copying processes of bit strings of length O.log q/, and
O.log q/ bit comparisons and scans of memory addresses each of length
O.log log q/.
QC: .log2Co.1/ q; 0; 0; 0; 0/.

6.8 For p 2 P0i , compute a parametric definition of the function value 	
i;ENu
.p/

of the Eri .ENu/-admissible indexing function 	
i;ENu

. This definition consists of a
case distinction with at most two cases (and constant value of 	

i;ENu
.p/ in each

case). For p … Pi , there is always only one case, and for p 2 Pi , the cases
depend on the containment of up in a union of certain intervals (at most five
such intervals per p). Moreover, whenever there are two cases, one of them
corresponds to 	

i;ENu
.p/ D p. Whenever there is only one case, set 	i .p/ WD

	
i;ENu
.p/ for any given ENu, otherwise let 	i .p/ be the unique element of 	

i;ENu
.p/

that is distinct from p.
QC: .log2Co.1/ q; 0; 0; 0; 0/.

6.9 For p 2 Pi , compute a parametric description of the pre-image set

P
i;p;ENu
WD 	�1

i;ENu
.¹pº/;

using formula (5.2). In this parametric description, the inclusion of primes
p 2 P0i nPi in P

i;p;ENu
is independent of ENu, whereas primes p0 2 Pi each have
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a condition, in terms of a disjunction of bounds on up0 corresponding to the
intervals mentioned in step 6.8, for whether p0 2 P

i;p;ENu
.

QC: .log2Co.1/ q; 0; 0; 0; 0/.

6.10 Based on step 6.9, compute parametric descriptions of

d
i;p;ENu
D

Y
p2P

i;p;ENu

p
�p.li;ENu/ D

Y
p2P

i;p;ENu

p�p.li;p;Eup /

and l
i;p;ENu

=d
i;p;ENu

for each p 2 Pi . In view of step 6.9, this can be achieved
using suitable Kronecker deltas in the exponents.
QC: .log2Co.1/ q; 0; 0; 0; 0/.

6.11 Compute the parametric description

r
i;ENu
. Ek0/ D

X
p2Pi

xA
k0pd

i;p;ENu

i;p .ri;p.Eup//
s0i
p�p

invp�p
�
s0i
p�p

�
of the cycle representative r

i;ENu
. Ek0/ of Ai 0 associated with the parameter tuple

.ENu; Ek0/, where ENu 2 xYi and

Ek0 D .k0p/p2Pi 2 K
0

i;ENu
D

Y
p2Pi

Z=.li;p;Eup=di;p;ENu/Z:

In this expression, the (inexplicit) affine map iterate value xA
k0pd

i;p;ENu

i;p .ri;p.Eup//

is to be substituted with the explicit formula

xA
k0pd

i;p;ENu

i;p .ri;p.Eup// D

8<: ri;p.Eup/C k
0
pd

i;p;ENu
x̌
i ; if x̨i D 1;

x̨
k0pd

i;p;ENu

i ri;p.Eup/C x̌i
x̨
k0pd

i;p;ENu

i
�1

x̨i�1
; otherwise:

QC: .log2Co.1/ q; 0; 0; 0; 0/.

6.12 Compute

Li D max
pjgcd.x̨i ;s/

�
�p.s/

�p.x̨i /

�
D max
pjgcd.x̨i ;s/

�
�p.s/

�p.x̨i mod p�p.s//

�
;

the smallest non-negative integer such that gcd.x̨Lii ; s/D
Q
pjgcd.x̨i ;s/

p�p . To
do so, for each p j gcd.x̨i ; s/, compute x̨i mod p�p.s/ with a division, then
find �p.x̨i mod p�p.s// with a binary search between 0 and �p.s/.
QC: .log3Co.1/ q; 0; 0; 0; 0/

6.13 Compute the parametric description

pari .ENu; Ek0/ D

 
r 0
i;ENu
. Ek0/

s

s0i
invs0

i

� s
s0i

�
C

Li�1X
zD0

x̨
z
i
x̌
is
0
i invs=s0

i
.s0i /; ` � li;ENu

!
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of the element of Li (a CRL-list of fjUi , where Ui D
S`�1
tD0 Cit ) associated

with .ENu; Ek0/.
QC: .log2Co.1/ q; 0; 0; 0; 0/.

7 Output the parametric description pari .ENu; Ek0/ of the element of L (a CRL-list
of f ) associated with .i; ENu; Ek0/, where i 2 proj1. xL/, ENu 2 xYi and Ek0 2 K 0

i;ENu
(with

the convention that xYd D ¹;º and K 0
d;;
D ¹;º), then halt.

QC: .d log2Co.1/ q; 0; 0; 0; 0/.

5.2.2 Proof of statement (2)

We note that the only part of our algorithm for Problem 2 where a quantum computer
is required is at the beginning, when Nf and the Ai need to be computed. The rest of
the algorithm, which we describe henceforth, uses bit operations only.

In addition to computing Nf and the Ai , and as at the beginning of the proof of
statement (1), we need to compute the different “layers” of indices i2¹0; 1; : : : ; d�1º
according to their containment in the iterated images of Nf , requiring O.d log2 d/ bit
operations overall.

We follow the approach from Section 3.3, proceeding in three successive steps.

Step 1: transient i . We aim to compute

• Zi D Pi for all Nf -transient i 2 ¹0; 1; : : : ; d � 1º;

• a list of rooted tree descriptions .D0;D1; : : : ;DN1/ that covers all isomorphism
types of rooted trees of the form Treei .Pi ; E�.Pi // for Nf -transient i 2 ¹0; 1; : : : ;
d � 1º and logical sign tuples E�.Pi / 2 ¹;;:ºmi such that B.Pi ; E�

.Pi // 6D ;; and

• the corresponding logical sign tuple data Sn;i .

At any given point in the algorithm (not just in this step), the set of all n 2 N0

for which Dn is defined is an initial segment ¹0; 1; : : : ; N 0º of N0, denoted by N (a
variable that gets updated throughout the process).

In order to carry out the computations listed above, we proceed by recursion
on hi D ht.Tree� Nf .i//. First, we assume that hi D 0. Then, in accordance with
Section 3.3, we set Pi WD P.;/ for all such i , introduce the trivial rooted tree iso-
morphism type I0 via its description D0 WD ;, and set S0;i WD ¹;º (with ; to be
viewed as the empty logical sign tuple), while all Sn;i for values n > 0 introduced
later will be defined as the empty set. This settles the case hi D 0.

Now we assume that hi D h > 0, and that all transient indices j with hj < h

have been taken care of. The first thing we need to do for each given i is to find the
Nf -pre-images j1; j2; : : : ; jK of i , which requires O.d log d/ bit operations. Follow-

ing that, we compute a spanning congruence sequence for Pi D
VK
tD1 P0.Pjt ; Ajt /.



Algorithmic complexity analysis 132

This involves simple arithmetic operations (including gcd computations) and requires

O

 
KX
tD1

mjt log1Co.1/ q

!
� O.d log1Co.1/ q/

bit operations. Subsequently, we go through the logical sign tuples E�.Pi / 2 ¹;;:ºmi in
lexicographic order, check whether B.Pi ; E�

.Pi // 6D ;, and if so, compute a compact
description D of Treei .Pi ; E�.Pi //. For checking whether the block B.Pi ; E�

.Pi // is
non-empty, we note that by the argument before Proposition 3.3.2, the cardinality
jB.Pi ; E�

.Pi //j is equal to the distribution number �Pi ;0.E�
.Pi /; .;; : : : ;;//, where 0 is

the constant zero function Z=sZ! Z=sZ. To see how costly the computation of this
distribution number is, we refer to the following lemma.

Lemma 5.2.2.1. Let P be an arithmetic partition of Z=mZ, given by an explicit
spanning m-congruence sequence of length c 2 NC. Moreover, let A be an affine
function Z=mZ! Z=mZ. Then for any given logical sign tuples E�.P / and E�.P

0/,
of length c and c C 1, respectively, it takes O.c2c log1Co.1/ m/ bit operations to
compute the single distribution number �P ;A.E�

.P /; E�.P
0//.

Proof. According to the formula in Lemma 2.2.2, computing �P ;A.E�
.P /; E�.P

0// re-
quires us to add up the summands .�1/jJ j�P ;A.E�

.P /; E�.P
0/; J / for all J � J�.E�.P //,

and there are O.2c/ such summands. Computing a single such summand consists of

• a simple look-up of the last component of E�.P
0/ (bit operation cost: O.log c/ for

scanning the corresponding memory address);

• O.c/ integer divisibility checks following a gcd computation and subtraction, of
total bit operation cost O.c log1Co.1/m/ by Lemma 5.1.5 (1,3,8);

• checking whether the two subsets JC.E�.P // [ J and J�.E�.P
0// of ¹1; 2; : : : ; cº

are disjoint, which involves look-ups of entries of E�.P / and E�.P
0/ and takes O.c/

bit operations in total if pointers are used; and

• performing O.c/ gcd computations, integer divisions and lcm computations, of
total complexity O.c log1Co.1/m/.

Therefore, computing all these summands .�1/jJ j�P ;A.E�
.Pjt /; E�.P

0
jt
/; J / will take

O.c2c log1Co.1/ m/ bit operations, which majorizes the cost of adding these sum-
mands up and is thus also the complexity of computing �P ;A.E�

.P /; E�.P
0//.

In particular, computing jB.Pi ; E�.Pi //j to check whether that block of Pi is
empty costs

O.mi2
mi log1Co.1/ q/ � O.d2d log1Co.1/ q/

bit operations.



Proof of Theorem 5.1.9 133

Let us now assume that B.Pi ; E�
.Pi // turned out to be non-empty. Then we wish

to compute a compact description D of Treei .Pi ; E�.Pi //. To do so, we write E�.Pi / D
˘KtD1E�

.P 0
jt
/ with E�.P

0
jt
/ 2 ¹;;:ºmjtC1. By Proposition 3.3.1, we may set

D WD

´ 
n;

KX
tD1

X
E�
.Pjt

/
2Sn;jt

�Pjt ;Ajt
.E�.Pjt /; E�

.P 0
jt
/
/

!
W n 2 N

µ
n .N � ¹0º/:

We note that the range of the summation index in Proposition 3.3.1 includes logical
sign tuples E�.Pjt / for which B.Pjt ; E�

.Pjt // is empty, but these may be ignored (as
we do here), because all corresponding distribution numbers �Pjt ;Ajt

.E�.Pjt /; E�.P
0
jt
//

are 0. According to Lemma 5.2.2.1, computing a single one of the distribution num-
bers �Pjt ;Ajt

.E�.Pjt /; E�.P
0
jt
// takes

O.2mjtmjt log1Co.1/ q/;

bit operations. Observing that for each fixed t 2 ¹1; 2; : : : ; Kº, one has[
¹Sn;jt W n 2 N º � ¹;;:ºmjt ;

we end up with a total bit operation cost of

O

 
KX
tD1

.2mt � 2mjtmjt log1Co.1/ q/

!
� O.d4d log1Co.1/ q/

for computing D, which majorizes the cost of checking whether B.Pi ; E�
.Pi // 6D ;.

Also, if we go through the numbers n 2 N in increasing order when computing D,
the array representing D has its elements ordered by increasing n, as it should.

Next, we need to check whether the rooted tree I described by D occurs among
the rooted trees In, described by Dn, which have already been introduced. The num-
ber of those trees is at most the total number of distinct (non-empty) blocks in all Pj ,
where j is Nf -transient, and that number is in O.min¹d2d ; qº/. Since each Dn as
well as D is a lexicographically sorted list of length in O.min¹d2d ; qº/ every entry
of which is a bit string of length in O.log q/, it takes O.d24d log q/ bit operations
to check whether D DDn for some n. Should that be the case, we add E�.Pi / to Sn;i
as a new element (at the end of the array, which leads to that array being lexico-
graphically ordered). Otherwise, we create D as a new tree description Dn0 , where
n0 D max N C 1, and initialize

Sn0;j WD

8<: ¹E�.Pi /º; if j D i;

;; otherwise:
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For a given Nf -transient i such that hi D h, this loop takes

O.2mi .d4d log1Co.1/ q C d24d log q//

bit operations. Now, distinct indices i with hi D h have disjoint iterated pre-image
sets under Nf , whence the sum of the numbersmi for all such i is at most d . Therefore,
we get a total bit operation cost of

O.d8d log1Co.1/ q C d28d log q/

for dealing with all i such that hi has a given value. Dealing with all Nf -transient i in
total takes

O.d28d log1Co.1/ q C d38d log q/

bit operations.

Step 2: i D d . Now that the Nf -transient indices i have been taken care of, one
can compute a description D of Tree�f .0Fq / following Proposition 3.3.2, which is
similar to a single iteration of the loop in step 1 and takesO.d4d log1Co.1/ q/ bit oper-
ations. Afterward, we check whether D occurs among the existing descriptions Dn

(introduced in step 1), which (analogously to step 1) takes O.d24d log q/ bit opera-
tions. If so, we set Sn;d WD ; (positive logical sign) for the corresponding unique n,
and Sm;d WD : for all other m. If not, we introduce D as a new tree description Dn0 ,
where n0 Dmax N C 1, and set Sn0;d WD ; and Sm;d WD : for allm< n0. The overall
complexity of this step is majorized by the one of step 1.

Step 3: Nf -periodic i < d . Finally, we discuss Nf -periodic indices i 2 ¹0;1; : : : ;d � 1º.
Let us use the notation from step 3 in Section 3.3. For instance, .i0; i1; : : : ; i`�1/ is
the Nf -cycle of i D i0, and we have it D it mod ` for t 2 Z as well as i 0 D i�1.

We begin by computing Hi , the maximum tree height in �f above periodic ver-
tices in cosets of the formCit for t 2Z, for each Nf -periodic i . Following the argument
in Section 3.3, we recall that Hi � `mpe.s/ � `blog2 sc. Moreover, if we denote for
fixed k 2 Z by h0

i;k
the smallest positive integer h0 such that

gcd

 
h0�1Y
tD0

˛ik�h0Ct ; s

!
D gcd

 
h0�2Y
tD0

˛ik�h0Ct ; s

!
; (5.3)

then
Hi D max¹h0i;k W k D 0; 1; : : : ; ` � 1º � 1:

Before we enter a loop over k to find h0
i;k

, we compute x̨i D
Q`�1
tD0 ˛it mod s, tak-

ing O.` log1Co.1/ s/ � O.d log1Co.1/ q/ bit operations. We then enter the loop over
k D 0; 1; : : : ; ` � 1. For each k, we aim to find the correct value of h0

i;k
using a
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binary search in the range between 1 and `blog2 sc C 1. Let us assume that we fixed
a tentative value h0. Then for H 0 2 ¹h0 � 1; h0 � 2º, we have

H 0Y
tD0

˛ik�h0Ct D .x̨i /
b.H 0C1/=`c

�

.H 0C1/ mod `�1Y
tD0

˛ik�h0Ct ;

which can be computed modulo s for both values of H 0 using

O.log log s log1Co.1/ s C ` log1Co.1/ s/ D O.` log1Co.1/ s/ � O.d log1Co.1/ q/

bit operations. Following that, we compute and compare the two gcds from equa-
tion (5.3), which takes O.log1Co.1/ s/ � O.log1Co.1/ q/ bit operations. This binary
search has O.log.` log s// � O.log d C log log q/ iterations per k, and there are
` 2 O.d/ values of k to deal with. In total, the computation of Hi takes

O.d � .log d C log log q/ � d log1Co.1/ q/ D O.d2 log d log1Co.1/ q/

bit operations for each individual i , and

O.d3 log d log1Co.1/ q/

bit operations for all Nf -periodic i < d together.
After finding all Hi , we aim to compute Zi D .Xi;h/hD�1;0;:::;Hi for each

Nf -periodic i . We do so by computing Xi;h for all Nf -periodic i together successively
for h D �1; 0; : : : ;H WD max¹Hi W i 2 per. Nf / n ¹dºº (for each fixed value of h, we
skip those i such that h > Hi ). Now, Xi;�1 D .�i;h.x//hD1;2;:::;Hi consists of Hi
congruences, and according to the definition of �it ;h.x/, these congruences can be
computed recursively using simple arithmetic in each step. Per i , this takes

O..Hi C 1/ log1Co.1/ q/ � O..d mpe.s/C 1/ log1Co.1/ q/

� O.d mpe.q � 1/ log1Co.1/ q/

bit operations, and for all Nf -periodic i together, it takesO.d2mpe.q� 1/ log1Co.1/ q/
bit operations to compute Xi;�1. The computation of Xi;0 D Ri is analogous to the
one of Zj D Pj for Nf -transient j (see step 1), taking O.d log1Co.1/ q/ bit opera-
tions per i , and O.d2 log1Co.1/ q/ for all Nf -periodic i together. Following that, the
spanning congruence sequence for

Xi;h D �
h
i�h
.Ri�h/ D �.�

h�1
i�h

.Ri�h/; Ai�1/ D �.Xi�1;h�1; Ai�1/

is obtained recursively for h D 1; 2; : : : ;Hi through processing the one for Xi�1;h�1

using simple arithmetic, again taking complexity O.d2 log1Co.1/ q/ in each step for
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all i together. Overall, the bit operation cost of computing Zi after each Hi has been
worked out is in

O.d2 mpe.q � 1/ log1Co.1/ q C .d mpe.s/C 1/ � d2 log1Co.1/ q/

� O.d3 mpe.q � 1/ log1Co.1/ q/

for all Nf -periodic i < d together.
Finally, we need to

• extend the list of rooted tree descriptions Dn produced in steps 1 and 2 to its
final version, which additionally contains descriptions of all rooted tree isomor-
phism types of the form Tree.h/i .Pi;h; E�

.Pi;h//, where i < d is Nf -periodic, h 2
¹0; 1; : : : ;Hiº, E�.Pi;h/2¹;;:º

ni�hCni�hC1C���Cni0 , and B.Qi;h; E�
.Pi;h/˘E�i;h/ 6D;;

and

• compute the associated logical sign sets Sn;i;h.

We do so recursively in the same manner as before, i.e., computing successively
for hD 0; 1; : : : ;H the relevant data for all corresponding Nf -periodic i < d together.
For h D 0, where Pi;h D Ri , this is basically identical to the corresponding compu-
tations in step 1 and has the same overall bit operation cost, inO.d28d log1Co.1/ qC
d38d log q/.

Now we assume that h > 0 and that all smaller values have been taken care of.
We loop (in lexicographic order) over the logical sign tuples E�.Pi;h/ with

Ph
tD0 ni�t

entries, noting that there are O.2.hC1/d / such tuples. For each tuple E�.Pi;h/, we first
check whether B.Qi;h; E�

.Pi;h/ ˘ E�i;h/ is non-empty. Because the length of the span-
ning congruence sequence for Qi;h which we use here is at most .h C 1/d C Hi ,
Lemma 5.2.2.1 implies that this check takes

O...hC 1/d CHi /2
.hC1/dCHi log1Co.1/ q/

bit operations. If this block of Qi;h is indeed non-empty, we need to compute a
compact description D of Treei .Pi;h; E�.Pi;h//. Let j1; j2; : : : ; jK be the Nf -transient
pre-images of i under Nf (which takeO.d logd/ bit operations to determine). Writing
E�.Pi;h/D˘htD0

Eo0t with Eo0t2¹;;:º
ni�t , and Eo00D˘

K
tD1E�

.P 0
jt
/ with E�.P

0
jt
/2¹;;:ºmjtC1,

we may choose D as follows according to Propositions 3.3.3 and 3.3.4:

D WD

´ 
m;

KX
tD1

X
E�
.Pjt

/
2Sm;jt

�Pjt ;Ajt

�
E�.Pjt /; E�

.P 0
jt
/�

C

h�1X
kD0

X
E�
.Pi0;k/2Sm;i0;k

�Qi0;k ;Ai0

�
E�.Pi0;k/ ˘ E�i 0;k;˘

kC1
tD1
Eo0t ˘

E�i;h
�!
W m 2 N

µ
n .N � ¹0º/:
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Computing the first sum,

KX
tD1

X
E�
.Pjt

/
2Sm;jt

�Pjt ;Ajt

�
E�.Pjt /; E�

.P 0
jt
/�
;

for all m 2 N together is analogous to the corresponding argument in step 1 (also
applying Lemma 5.2.2.1 with c WD mjt and m WD q) and takes O.d4d log1Co.1/ q/
bit operations. As for the complexity of computing the second sum,

h�1X
kD0

X
E�
.Pi0;k/2Sm;i0;k

�Qi0;k ;Ai0
.E�.Pi0;k/ ˘ E�i 0;k;˘

kC1
tD1
Eo0t ˘
E�i;h/;

we note that for fixed k and E�.Pi0;k/, Lemma 5.2.2.1 with c WD .k C 1/d CHi and
m WD q implies that computing the single distribution number

�Qi0;k ;Ai0
.E�.Pi0;k/ ˘ E�i 0;k;˘

kC1
tD1
Eo0t ˘
E�i;h/

takes
O.2.kC1/dCHi ..k C 1/d CHi / log1Co.1/ q/

bit operations, whence

O.2.kC1/d � 2.kC1/dCHi ..k C 1/d CHi / log1Co.1/ q/

D O.22.kC1/dCHi ..k C 1/d CHi / log1Co.1/ q/

bit operations are needed for computing all of these numbers for a fixed k and all m
together. Computing the second sum in its entirety for all m together takes

O

 
h�1X
kD0

22.kC1/dCHi ..k C 1/d CHi / log1Co.1/ q

!
� O.22hdCHi .hd CHi / log1Co.1/ q/;

bit operations, which majorizes the overall bit operation costs for computing the first
sum and for checking whether B.Pi ; E�

.Pi //, and thus is also the cost of computing D.
Next, we need to check if D occurs among the already introduced descriptions Dn

(for n 2 N ). The number jN j of these descriptions is at most the sum of the numbers
of distinct (non-empty) blocks in arithmetic partitions of one of the forms

• Pj , where j is Nf -transient, or

• Pj;k , where j < d is Nf -periodic and k � h,



Algorithmic complexity analysis 138

and that sum is in

O

 
d2d C d

hX
kD0

2.kC1/d

!
D O.d2.hC1/d /:

Moreover, each of the descriptions Dn for n 2 N as well as D is a lexicographically
sorted list of length in O.min¹d2.hC1/d ; qº/ each entry of which is a bit string of
length inO.logq/, so it takesO.d24.hC1/d logq/ bit operations to check if DDDn

for some n 2 N . If so, we add E�.Pi;h/ to Sn;i;h as a new element. Otherwise, we
create D as a new tree description Dn0 , where n0 D max N C 1, and initialize

Sn0;j;h WD

8<: ¹E�.Pi;h/º; if j D i;

;; otherwise:

For a given Nf -periodic i < d , this loop has a bit operation cost in

O.2.hC1/d � .22hdCHi .hd CHi / log1Co.1/ q C 4.hC1/dd2 log q//

� O.23hdCHiCd .hd CHi / log1Co.1/ q C 8.hC1/dd2 log q/;

and doing this for all such i for a fixed value of h costs

O.d.hd C H/23hdCHCd log1Co.1/ q C d38.hC1/d log q/

bit operations. In total, the bit operation cost of step 3 is in

O.d3 mpe.q � 1/ log1Co.1/ q C d28d log1Co.1/ q C d38d log q

C

HX
hD1

.d.hd C H/23hdCHCd log1Co.1/ q C d38.hC1/d log q//

� O.d3 mpe.q � 1/ log1Co.1/ q C d28d log1Co.1/ q C d38d log q

C d.d C 1/H23HdCHCd log1Co.1/ q C d38.HC1/d log q/

� O.d3 mpe.q � 1/2.3d
2Cd/mpe.q�1/Cd log1Co.1/ q C d38.d mpe.q�1/C1/d log q/

� O.d3 mpe.q � 1/2.3d
2Cd/mpe.q�1/C2d log1Co.1/ q/;

which majorizes the costs of steps 1 and 2 and thus is the overall bit operation cost
of the algorithm for Problem 2, as asserted. The claims on the length jN j of the
constructed recursive tree description list, as well as on the memory costs of the
individual rooted tree descriptions, can be deduced as follows. Through applying
the above bound on jN j that holds throughout the h-th iteration of the loop with
h D H � d mpe.q � 1/, we get

jN j 2 O.d2.HC1/d / � O.d2.d mpe.q�1/C1/d / D O.d2d
2 mpe.q�1/Cd /:
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Moreover, jN j � q because by construction, each rooted tree isomorphism type in
the associated recursive tree description list is of the form Tree�f .x/ for some x 2
Fq D V.�f /. Each individual tree description Dn is a set consisting of pairs of the
form .m; k/, where the first entries m are pairwise distinct elements of N , whence
the length of Dn as a list is at most jN j 2 O.min¹d2d

2 mpe.q�1/Cd ; qº/. Finally, the
bit cost of storing an individual pair .m; k/ is in O.log q/, as required.

We conclude this subsection with a detailed overview of the steps of this algo-
rithm in the form of pseudocode, using the same format as at the end of Section 5.2.1.

1 Compute the induced function Nf on ¹0;1; : : : ;dº and the affine mapsAi of Z=sZ.
QC: .d log1Co.1/ q; d; 0; 0; 0/.

2 For i 2 ¹0; 1; : : : ; d � 1º, let

hi WD

´
ht.Tree� Nf .i//; if i is Nf -transient;

1; otherwise:

For each attainable value h of hi , compute the associated list Layerh of indices i .
QC: .d log2 d; 0; 0; 0; 0/.

3 Set N WD ;.
QC: .1; 0; 0; 0; 0/.

4 Set ED WD ;.
QC: .1; 0; 0; 0; 0/.

5 Set E{ WD ;.
QC: .1; 0; 0; 0; 0/.

6 For h D 0; 1; : : : ;max¹hi W i 2 ¹0; 1; : : : ; d � 1º n per. Nf /º, do the following.
QC: .d28d log1Co.1/ q C d38d log q; 0; 0; 0; 0/.

6.1 If h D 0, then do the following.

6.1.1 Set N 0 WD 0.
QC: .1; 0; 0; 0; 0/.

6.1.2 Add N 0 to N as a new element.
QC: .1; 0; 0; 0; 0/.

6.1.3 Set D0 WD ;, and add it to ED as a new element.
QC: .1; 0; 0; 0; 0/.

6.1.4 For each i 2 Layer0, do the following.
QC: .d log d; 0; 0; 0; 0/.

6.1.4.1 Set Zi WD Pi WD P.;/ and mi WD 0.
QC: .log d; 0; 0; 0; 0/.
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6.1.4.2 Set S0;i WD ¹;º.
QC: .log d; 0; 0; 0; 0/.

6.1.4.3 Add i to E{ as a new element.
QC: .log d; 0; 0; 0; 0/.

6.2 Else do the following.

6.2.1 For each i 2 Layerh, do the following.
QC: .d8d log1Co.1/ q C d28d log q; 0; 0; 0; 0/.

6.2.1.1 Compute the Nf -pre-images j1; j2; : : : ; jK of i .
QC: .d log d; 0; 0; 0; 0/.

6.2.1.2 Compute a spanning congruence sequence, of length mi , for Zi WD

Pi WD
VK
tD1 P0.Pjt ; Ajt /.

QC: .d log1Co.1/ q; 0; 0; 0; 0/.

6.2.1.3 For each n 2 N , do the following.
QC: .d2d log q; 0; 0; 0; 0/.

6.2.1.3.1 Initialize Sn;i WD ;.
QC: .log q; 0; 0; 0; 0/.

6.2.1.4 For each E�.Pi / 2 ¹;;:ºmi , do the following.
QC: .2mi .d4d log1Co.1/ q C d24d log q/; 0; 0; 0; 0/.

6.2.1.4.1 Check whether jB.Pi ; E�.Pi //j D �Pi ;0.E�
.Pi /; .;; : : : ;;//D 0, and

if so, skip to the next tuple E�.Pi /.
QC: .d2d log1Co.1/ q; 0; 0; 0; 0/.

6.2.1.4.2 Writing E�.Pi / D ˘KtD1E�
.P 0
jt
/ with E�.P

0
jt
/ 2 ¹;;:ºmjtC1, compute

D WD

´ 
n;

KX
tD1

X
E�
.Pjt

/
2Sn;jt

�Pjt ;Ajt
.E�.Pjt /; E�

.P 0
jt
/
/

!
W n 2 N

µ
n .N � ¹0º/;

a compact description of Treei .Pi ; E�.Pi //.
QC: .d4d log1Co.1/ q; 0; 0; 0; 0/.

6.2.1.4.3 Check whether D DDn for some (unique) n 2 N , and store this
information (the truth value and, if applicable, n).
QC: .d24d log q; 0; 0; 0; 0/.

6.2.1.4.4 If D DDn for some n 2 N , then do the following.

6.2.1.4.4.1 Add E�.Pi / to Sn;i as a new element.
QC: .log q C d; 0; 0; 0; 0/.
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6.2.1.4.5 Else do the following.

6.2.1.4.5.1 Set N 0 WD N 0 C 1, and add it to N as a new element.
QC: .log q; 0; 0; 0; 0/.

6.2.1.4.5.2 Set DN 0 WDD, and add it to ED as a new element.
QC: .d2d log q; 0; 0; 0; 0/.

6.2.1.4.5.3 For j 2 E{, do the following.
QC: .d log q; 0; 0; 0; 0/.

6.2.1.4.5.3.1 Set SN 0;j WD ;.
QC: .log q; 0; 0; 0; 0/.

6.2.1.4.5.4 Set SN 0;i WD ¹E�.Pi /º.
QC: .log q C d; 0; 0; 0; 0/.

6.2.1.5 Add i to E{ as a new element.
QC: .log d; 0; 0; 0; 0/.

7 Compute the Nf -transient Nf -pre-images j1; j2; : : : ; jK of d .
QC: .d log d; 0; 0; 0; 0/.

8 Compute

D WD

´ 
n;

KX
tD1

X
E�
.Pjt

/
2Sn;jt

�Pjt ;0.E�
.Pjt /; .;; : : : ;;//

!
W n 2 N

µ
n .N � ¹0º/;

a compact description of Tree�f .0Fq /.
QC: .d4d log1Co.1/ q; 0; 0; 0; 0/.

9 Check whether D D Dn for some (unique) n 2 N , and store this information
(the truth value and, if applicable, n).
QC: .d24d log q; 0; 0; 0; 0/.

10 If D DDn for some n 2 N , then do the following.

10.1 Set Sn;d WD ;, and Sm;d WD : for all m 2 N n ¹nº.
QC: .d2d log q; 0; 0; 0; 0/.

11 Else do the following.

11.1 Set N 0 WD N 0 C 1, and add it to N as a new element.
QC: .log q; 0; 0; 0; 0/.

11.2 Set DN 0 WDD, and add it to ED as a new element.
QC: .d2d log q; 0; 0; 0; 0/.

11.3 For j 2 E{ D ¹0; 1; : : : ; d � 1º n per. Nf /, do the following.
QC: .d log q; 0; 0; 0; 0/.

11.3.1 Set SN 0;j WD ;.
QC: .log q; 0; 0; 0; 0/.
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11.4 Set SN 0;d WD ;, and Sn;d WD : for all n 2 N n ¹N 0º.
QC: .d2d log q; 0; 0; 0; 0/.

12 For i 2 per. Nf / n ¹dº, do the following.
QC: .d3 log d log1Co.1/ q; 0; 0; 0; 0/.

12.1 ComputeHi , the maximum tree height in �f above periodic vertices in cosets
of the form Cit , where t 2 Z. See the discussion above for details.
QC: .d2 log d log1Co.1/ q; 0; 0; 0; 0/.

13 Compute H WD max¹Hi W i 2 per. Nf / n ¹dºº.
QC: .d log d; 0; 0; 0; 0/.

14 For h D �1; 0; 1; : : : ;H, do the following.
QC: .d3 mpe.q � 1/ log1Co.1/ q; 0; 0; 0; 0/.

14.1 If h D �1, then do the following.

14.1.1 For i 2 per. Nf / n ¹dº, do the following.
QC: .d2 mpe.q � 1/ log1Co.1/ q; 0; 0; 0; 0/.

14.1.1.1 Compute and store the Nf -pre-images of i , including the periodic
one, i 0.
QC: .d log d; 0; 0; 0; 0/.

14.1.1.2 Compute Xi;�1 WD .�i;k.x//kD1;2;:::;Hi .
QC: .d mpe.q � 1/ log1Co.1/ q; 0; 0; 0; 0/.

14.2 Else do the following.

14.2.1 If h D 0, then do the following.

14.2.1.1 For i 2 per. Nf / n ¹dº, do the following.
QC: .d2 log1Co.1/ q; 0; 0; 0; 0/.

14.2.1.1.1 Compute Xi;0 D Ri D
VK
tD1 P0.Pjt ; Ajt /, with a spanning se-

quence of length ni , where j1; j2; : : : ; jK are the Nf -transient Nf -
pre-images of i (this can be handled analogously to steps 6.2.1.1
and 6.2.1.2).
QC: .d log1Co.1/ q; 0; 0; 0; 0/.

14.2.2 Else do the following.

14.2.2.1 For i 2 per. Nf / n ¹dº, do the following.
QC: .d2 log1Co.1/ q; 0; 0; 0; 0/.

14.2.2.1.1 If h �Hi , then compute Xi;h D �.Xi 0;h�1;Ai 0/ (we observe that
as a spanning congruence sequence, Xi;h has length ni 0 , same as
Xi 0;h�1). Otherwise, skip to the next value of i .
QC: .d log1Co.1/ q; 0; 0; 0; 0/.

15 For i 2 per. Nf / n ¹dº, do the following.
QC: .d3 mpe.q � 1/ log q; 0; 0; 0; 0/.
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15.1 Set Zi WD .Xi;h/hD�1;0;:::;Hi .
QC: .d2 mpe.q � 1/ log q; 0; 0; 0; 0/.

16 For h D 0; 1; : : : ;H, do the following.
QC: .d3 mpe.q � 1/2.3d

2Cd/mpe.q�1/C2d log1Co.1/ q; 0; 0; 0; 0/.

16.1 Initialize all sets Sn;i;h, where n 2 N and i 2 per. Nf / n ¹dº such thatHi � h,
to be ;.
QC: .d22hd ; 0; 0; 0; 0/.

16.2 If h D 0, then do the following.

16.2.1 Extend N and the associated list ED of rooted tree descriptions Dn such
that all rooted tree isomorphism types of the form

Treei .Pi;0; E�.Pi;0// D Treei

 
Ri ;

K[
tD1

Cjt ; E�
.Pi;0/

!
for i 2 per. Nf / n ¹dº are covered, and compute the associated logical sign
tuple sets Sn;i;0. This is analogous to step 6.2.1.4, but carried out for the
O.d/ values of i 2 per. Nf / n ¹dº together.
QC: .d28d log1Co.1/ q C d38d log q; 0; 0; 0; 0/.

16.3 Else do the following.

16.3.1 For each i 2 per. Nf / n ¹dº, do the following.
QC: .d.hd C H/23hdCHCd log1Co.1/ q C d38.hC1/d log q; 0; 0; 0; 0/.

16.3.1.1 Check whether h � Hi . If not, skip to the next i .
QC: .log q; 0; 0; 0; 0/.

16.3.1.2 Recalling that Pi;h D
Vh
tD0 Xi;t , do the following for each E�.Pi;h/ 2

¹;;:ºni0Cni�1C���Cni�h .
QC: ..hd CHi /23hdCHiCd log1Co.1/ qC d28.hC1/d logq;0;0;0;0/.

16.3.1.2.1 Recalling that Qi;h D Pi;h ^Ui , where Ui D P0.�i;k.x/ W k D

1; 2; : : : ;Hi / (and the definition of E�i;h 2 ¹;;:ºHi from page 55),
check whether

jB.Qi;h; E�
.Pi;h/ ˘ E�i;h/j D �Qi;h;0.E�

.Pi;h/ ˘ E�i;h; .;; : : : ;;// D 0;

and if so, skip to the next tuple E�.Pi;h/.
QC: ...hC 1/d CHi /2.hC1/dCHi log1Co.1/ q; 0; 0; 0; 0/.

16.3.1.2.2 Writing E�.Pi;h/ D ˘htD0 Eo
0
t with Eo0t 2 ¹;;:º

ni�t , and

Eo00 D ˘
K
tD1E�

.P 0
jt
/
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with E�.P
0
jt
/
2¹;;:ºnjtC1 (where j1; j2; : : : ; jK are the Nf -transient

Nf -pre-images of i , computed in step 14.1.1.1), compute

D WD´ 
m;

KX
tD1

X
E�
.Pjt

/
2Sm;jt

�Pjt ;Ajt
.E�.Pjt /; E�

.P 0
jt
/
/

C

h�1X
kD0

X
E�
.Pi0;k/2Sm;i0;k

�Qi0;k ;Ai0
.E�.Pi0;k/ ˘ E�i 0;k;˘

kC1
tD1
Eo0t ˘

E�i;h/

!
W

m 2 N

µ
n .N � ¹0º/:

QC: .22hdCHi .hd CHi / log1Co.1/ q; 0; 0; 0; 0/.

16.3.1.2.3 Check whether D DDn for some (unique) n 2 N , and store this
information (the truth value and, if applicable, n).
QC: .d24.hC1/d log q; 0; 0; 0; 0/.

16.3.1.2.4 If D DDn for some n 2 N , then do the following.

16.3.1.2.4.1 Add E�.Pi;h/ to Sn;i;h as a new element.
QC: .log q C .hC 1/d; 0; 0; 0; 0/.

16.3.1.2.5 Else do the following.

16.3.1.2.5.1 Set N 0 WD N 0 C 1, and add it to N as a new element.
QC: .log q; 0; 0; 0; 0/.

16.3.1.2.5.2 Set DN 0 WDD, and add it to ED as a new element.
QC: .d2.hC1/d log q; 0; 0; 0; 0/.

16.3.1.2.5.3 For j 2 E{ D ¹0; 1; : : : ; d � 1º n per. Nf /, do the following.
QC: .d log q; 0; 0; 0; 0/.

16.3.1.2.5.3.1 Set SN 0;j WD ;.
QC: .log q; 0; 0; 0; 0/.

16.3.1.2.5.4 Set SN 0;d WD :.
QC: .log q; 0; 0; 0; 0/.

16.3.1.2.5.5 For k D 0; 1; : : : ; h � 1, do the following.
QC: .dh log q; 0; 0; 0; 0/.

16.3.1.2.5.5.1 For j 2 per. Nf / n ¹dº, do the following.
QC: .d log q; 0; 0; 0; 0/.

16.3.1.2.5.5.1.1 Set SN 0;j;k WD ;.
QC: .log q; 0; 0; 0; 0/.
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16.3.1.2.5.6 For j 2 per. Nf / n ¹dº, do the following.
QC: .d log q C .hC 1/d2; 0; 0; 0; 0/.

16.3.1.2.5.6.1 Set

SN 0;j;h WD

´
¹E�.Pi;h/º; if j D i;

;; otherwise:

QC: .log q C .hC 1/d; 0; 0; 0; 0/.

17 For n 2 N , do the following.
QC: .d4 mpe.q � 1/4d

2 mpe.q�1/Cd ; 0; 0; 0; 0/; please note that although the QC
term for step 16 only involves d3, not d4, it still majorizes this.

17.1 For i 2 per. Nf / n ¹dº, do the following.
QC: .d3 mpe.q � 1/2d

2 mpe.q�1/Cd ; 0; 0; 0; 0/.

17.1.1 Set Sn;i WD .Sn;i;h/hD0;1;:::;Hi .
QC: .d2 mpe.q � 1/2d

2 mpe.q�1/Cd ; 0; 0; 0; 0/ for copying, using that

HiX
hD0

2.hC1/d .hC 1/d 2 O..Hi C 1/d2
.HiC1/d /

� O.d2 mpe.q � 1/2d
2 mpe.q�1/Cd /

18 Output the partition-tree register ..Zi /iD0;1;:::;d�1; ..Dn; .Sn;i /iD0;1;:::;d //n2N /,
and halt.
QC: .d24d

2 mpe.q�1/Cd logqC d4mpe.q � 1/4d
2 mpe.q�1/Cd ; 0; 0; 0; 0/ for copy-

ing, using that the bit storage cost of Xi;�1 D .�i;h.x//hD1;2;:::;Hi for fixed i
is in

O.Hi log q/ � O.d mpe.q � 1/ log q/;

the bit storage cost of Xi;h for fixed i and h is in O..hC 1/d log q/, the total bit
storage cost of the recursive tree description list .Dn/n2N is in O.jN j2 log q/ �
O.d24d

2 mpe.q�1/Cd log q/, the total bit storage cost of the Sn;i for n 2 N and
i 2 ¹0; 1; : : : ; dº is in O.d4 mpe.q � 1/4d

2 mpe.q�1/Cd / (the bit operation cost of
step 17; the combined storage cost of the Sn;i for i … per. Nf / or i D d is majorized
by that for i 2 per. Nf / n ¹dº), and

O.dHi log q C d
HiX
hD0

.hC 1/d log q C d24d
2 mpe.q�1/Cd log q

C d4 mpe.q � 1/4d
2 mpe.q�1/Cd /

� O.d24d
2 mpe.q�1/Cd log q C d4 mpe.q � 1/4d

2 mpe.q�1/Cd /:



Algorithmic complexity analysis 146

5.2.3 Proof of statement (3)

We follow the approach of Section 3.4. If r D 0Fq , then we search for the unique n 2
N D ¹0; 1; : : : ;N º such that Sn;d D ; (as opposed to :). This process takesO.N/�
O.d2d

2 mpe.q�1/Cd / bit operations – see statement (2) for this bound on N . Once n
has been found, one may simply read off the description Dn of In D Tree�f .0Fq /

and output the description ŒDn� of the cyclic sequence in question, which takes
O.d2d

2 mpe.q�1/Cd log q/ bit operations for copying.
Henceforth, we assume that r 6D 0Fq . We recall from the proof of statement (4)

of Lemma 5.1.6 that there is a natural choice ! for a primitive element of Fq . We
compute l WD log!.r/ in a single fdl query (if .r; l/ is obtained as an element of
the CRL-list of f that is parametrized by the algorithm for Problem 1, then r is
literally specified as a power of !, and this computation may be skipped). Then we set
i WD l mod d (taking O.log1Co.1/ q/ bit operations to compute by Lemma 5.1.5 (3)),
so that r 2Ci , and determine the cycle .i0; i1; : : : ; i`�1/ of i D i0 under Nf , which costs
O.d log d/ bit operations (see also the beginning of the argument for statement (1)).
Moreover, we set

r 0i0 D r
0
i WD �

�1
i .r/D

l � i

d
2 Z=sZ and r 0it WD Ait�1.r

0
it�1

/ for t D 1; 2; : : : ; `� 1;

which takesO.d log1Co.1/ q/ bit operations altogether. Finally, for t D 0;1; : : : ; `� 1,
we compute

Ait WD AitAi.tC1/ mod ` � � �Ai.tC`�1/ mod ` ;

which takesO.d2 log1Co.1/ q/ bit operations for all t together (see also the beginning
of the argument for statement (1)).

Until further notice, we assume that t is fixed. In the notation of Section 3.4, we
have Ait .x/ D x̨itx C

x̌
it . We compute gcd.x̨it ; s/, find the smallest non-negative

integer Lit such that gcd.x̨
Lit
it
; s/ D gcd.x̨

LitC1

it
; s/ DW s00it , compute s0it WD s=s

00
it

and

fit WD
PLit�1

zD0 x̨
z
it
x̌
it mod s00it (the unique periodic point of the reduction of Ait mod-

ulo s00it ). Together, these tasks can be performed within O.log3Co.1/ q/ bit operations
if binary search is used to findLit (see also the paragraph in the proof of statement (1),
where Li is introduced).

In what follows, we focus on the Ait -cycle of r 0it (which corresponds to the cycle
of f t .r/ under f `). For each j 2 ¹1; 2; : : : ; mit º, we compute the affine discrete
logarithm

lit ;j WD log
.ait ;j /

Ait
.r 0it ;bit ;j /

(as defined in Section 2.4), which takesO.mit /�O.d
2mpe.q � 1//mdl queries and

O.mit log1Co.1/ q/ � O.d2 mpe.q � 1/ log1Co.1/ q/ bit operations by the reduction
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argument in Section 2.4. For the bound mit 2 O.d
2 mpe.q � 1//, we recall from

Section 3.3 that

Pit D Qit ;Hit
D

Hit̂

kD0

�kit�k .Rit�k / ^Uit ;

and that the length of the “standard” spanning congruence sequence of �kit�k .Rit�k /

(stored in the partition-tree register as Xit ;k) is nit�k 2O.d/, while the one of Uit D

P.�it ;h.x/ W h D 0; 1; : : : ;Hit /, which is stored as Xit ;�1, has length Hi . Moreover,
Hi 2 O.d mpe.q � 1//.

In addition to computing lit ;j for every j 2 ¹1; 2; : : : ;mit º, we also compute, for
each j such that lit ;j <1, the cycle length lit ;j of r 0it under Ait modulo ait ;j – again,
by the reduction argument of Section 2.4, this takes O.mit / � O.d

2 mpe.q � 1//
mord queries andO.mit log1Co.1/ q/�O.d2mpe.q � 1/ log1Co.1/ q/ bit operations.

Now, observe that by the definition of the affine discrete logarithm, for each index
j 2 ¹1; 2; : : : ;mit º, the equality lit ;j D1 is equivalent to the j -th spanning congru-
ence of Pit , x � bit ;j .mod ait ;j /, being constantly false along the Ait -cycle of r 0it .
In that case, we say that the index j is of type I and set �j WD :.

Moreover, if lit <1, then the congruence x� bit ;j .mod ait ;j / is true for exactly
one point on the modular Ait -cycle of r 0it modulo ait ;j . Hence, for each index j 2
¹1; 2; : : : ;mit º, this congruence is constantly true along the (non-modular) Ait -cycle
of r 0it if and only if lit ;j <1 and lit ;j D 1. In that case, we say that the index j is of
type II and set �j WD ;.

An index j 2 ¹1; 2; : : : ;mit º that is neither of type I nor of type II is said to be of
type III. For such indices, we leave the value of �j open. Note that in the notation of
Section 3.4, the type-III indices j 2 ¹1; 2; : : : ; mit º are precisely the elements of the
set Iit (of indices for which the truth value of the j -th spanning congruence of Pit is
constant along the Ait -cycle of r 0it ).

We note that there are other, sufficient but not necessary conditions for the j -th
spanning congruence of Pit having a constant truth value along the Ait -cycle of r 0it ,
based on the observation (already made in Section 3.4) that each point on that cycle
is congruent to fit modulo s00it :

• if fit 6� bit ;j .mod gcd.ait ;j ; s
00
it
//, then the j -th spanning congruence of Pit is

always false along the cycle.

• if ait ;j j s
00
it

and fit � bit ;j .mod ait ;j /, then the j -th spanning congruence of Pit
is always true along the cycle.

Those conditions do not require a quantum computer to be checked efficiently, and
in practice, they may speed up an implementation of the algorithm we are currently
discussing. However, they do not improve the worst-case complexity of the algorithm,
and so we will ignore them in this theoretical discussion.
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We recall that the f -cycle length l of r is given to us as part of the input.
Associated with each j 2 ¹1; 2; : : : ; mit º n Iit , we have the .l=`/-congruence y �
lit ;j .mod lit ;j /, which holds precisely for those y 2 Z=.l=`/Z such that the j -th
spanning congruence of Pit becomes true when substituting x WD A

y
it
.r 0it /. As in

Section 3.4, we set

P .it / WD P.y � lit ;j .mod lit ;j / W j 2 ¹1; 2; : : : ; mit º n Iit /;

an arithmetic partition of Z=.l=`/Z. The logical sign tuples which parametrize the
blocks of P .it / are from the set ¹;;:º¹1;2;:::;mit ºnIit and are of the form

E� D .�j /j2¹1;:::;mit ºnIit :

For such a tuple E�, we set E�C WD .�j /jD1;2;:::;mit (the positions indexed by j 2 Iit are
filled with the constant logical signs for such j that were defined above). Conversely,
for E�0 2 ¹;;:ºmit , we denote by E�0

�

the projection of E�0 to ¹;;:º¹1;2;:::;mit ºnIit .
It follows that if y 2 Z=.l=`/Z is contained in the block B.P .it /; E�/ of P .it /,

then A
y
it
.r 0it / is always contained in the block B.Pit ; E�

C/ of Pit , whence

Tree�f .f
tC`y.r// D In0

it
.E�/;

where n0it .E�/ is the unique n 2 ¹0; 1; : : : ; N º such that E�C 2 Sit ;n.
We remind the reader that we wish to output a compact description of the cyclic

sequence of rooted tree isomorphism types that characterizes the connected compo-
nent of �f containing r . In order to do so, we compute sets xSn;it for n 2 ¹0; 1; : : : ;N º
(and our still fixed t ) that are defined as follows. The elements of xSn;it are precisely
those logical sign tuples E� 2 ¹;;:ºIit for which n0it .E�/ D n.

Let us describe how to compute these sets xSn;it . We go through the N C 1 2
O.d2d

2 mpe.q�1/Cd / values for n (see also the argument for r D 0Fq at the beginning
of this subsection), and for each n, we go through the jSn;it ;Hitj logical sign tuples E�00

in Sn;it ;Hit (the last entry of Sn;it ) in their listed order, which is lexicographic. For
each E�00, we set E�0 WD E�00 ˘ E�it ;Hit D .�

0
j /jD1;2;:::;mit . We check whether �0j D �j for

all j 2 Iit (which takes O.mit log q/ � O.d2 mpe.q � 1/ log q/ bit operations). If
not, we move on to the next E�00 and associated E�0, otherwise we add E�0

�

to xSn;it as
a new element (again taking O.mit log q/ � O.d2 mpe.q � 1/ log q/ bit operations,
for copying). BecauseN 2O.d2d

2 mpe.q�1/Cd / and
PN
nD0 jSn;it ;Hit j � 2

.HitC1/d �

2d
2 mpe.q�1/Cd , and we only need O.1/ bit operations to deal with an n for which

Sn;it D ;, we conclude that the overall bit operation cost of computing the sets xSn;it
(for our fixed t ) is in

O.d2d
2 mpe.q�1/Cd

Cmit 2
.HitC1/d logq/�O.d2mpe.q � 1/2d

2 mpe.q�1/Cd logq/;

and the constructed arrays representing those sets are lexicographically ordered.
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Let us now finally “unfix” t again. For all the O.d/ values of t2¹0; 1; : : : ; `�1º
together, a q-bounded query complexity of all computations we described after agree-
ing to fix t is

.d log3Co.1/ q C d3 mpe.q � 1/ log1Co.1/ q C d3 mpe.q � 1/2d
2 mpe.q�1/Cd log q;

0; d3 mpe.q � 1/; d3 mpe.q � 1/; 0/: (5.4)

Here, the first summand in the bit operation component, as well as the specified
queries, cover the cost of everything except the computation of the sets xSn;it them-
selves, which is instead covered by the second summand in the bit operation compo-
nent (without needing any queries). Considering the query complexities of all other
involved computations (see the detailed steps of the algorithm below), we find that
only the second entry, 0, in formula (5.4) needs to be replaced by d in order to obtain
a valid q-bounded query complexity of the entire algorithm for solving Problem 3.

As in the previous two subsections, we conclude with some pseudocode for this
algorithm, which includes q-bounded query complexities for each step.

1 If rD0Fq , then search for the unique n2ND¹0; 1; : : : ;N º such that Sn;dD;, and
output the following and halt: “The cyclic sequence of rooted tree isomorphism
types which encodes the digraph isomorphism type of the connected component
in question is ŒDn�.”
QC: .d2d

2 mpe.q�1/Cd log q; 0; 0; 0; 0/.

2 Compute the induced function Nf on ¹0;1; : : : ;dº and the affine mapsAi of Z=sZ.
QC: .d log1Co.1/ q; d; 0; 0; 0/.

3 Let ! be the “natural” choice of primitive element of Fq (see the proof of Lem-
ma 5.1.6 (4)), and determine l WD log!.r/.
QC: .log q; 1; 0; 0; 0/.

4 Set i WD l mod d .
QC: .log1Co.1/ q; 0; 0; 0; 0/.

5 Determine the cycle .i0; i1; : : : ; i`�1/ of i D i0 under Nf .
QC: .d log d; 0; 0; 0; 0/.

6 Compute r 0i0 WD .l � i/=d and r 0it WD Ait�1.r
0
it�1

/ for t D 1; 2; : : : ; ` � 1.
QC: .d log1Co.1/ q; 0; 0; 0; 0/.

7 For t D 0; 1; : : : ; ` � 1, compute Ait WD AitAi.tC1/ mod ` � � �Ai.tC`�1/ mod ` W x 7!

x̨itx C
x̌
it .

QC: .d2 log1Co.1/ q; 0; 0; 0; 0/.

8 For each t D 0; 1; : : : ; ` � 1, do the following. QC:

.d log3Co.1/ qCd3 mpe.q�1/ log1Co.1/ qCd3 mpe.q�1/2d
2 mpe.q�1/Cd log q;

0; d3 mpe.q � 1/; d3 mpe.q � 1/; 0/:
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8.1 Compute gcd.x̨it ; s/.
QC: .log1Co.1/ q; 0; 0; 0; 0/.

8.2 Find the smallest non-negative integer Lit such that

gcd.x̨
Lit
it
; s/ D gcd.x̨

LitC1

it
; s/ DW s00it :

QC: .log3Co.1/ q; 0; 0; 0; 0/.

8.3 Compute s0it WD s=s
00
it

.
QC: .log1Co.1/ q; 0; 0; 0; 0/.

8.4 Compute fit WD
PLit�1

zD0 x̨
z
it
x̌
it mod s00it . In doing so, do not add up all the

summands, but use the geometric sum formula

Lit�1X
zD0

x̨
z
it
D

8<: x̨
Lit
it
�1

x̨it�1
; if x̨it 6D 1;

Lit x̨it ; if x̨it D 1;

and the fact that Lit 2 O.log q/.
QC: .log2Co.1/ q; 0; 0; 0; 0/.

8.5 Read off Pit D P.x � bit ;j .mod ait ;j / W j D 1; 2; : : : ; mit / from the given
partition-tree register.
QC: .d2 mpe.q � 1/ log q; 0; 0; 0; 0/.

8.6 For j D 1; 2; : : : ; mit , do the following.
QC: .d2 mpe.q � 1/ log1Co.1/ q; 0; d2 mpe.q � 1/; d2 mpe.q � 1/; 0/.

8.6.1 Compute the affine discrete logarithm

lit ;j WD log
.ait ;j /

Ait
.r 0it ;bit ;j /:

If lit ;j D1, set �j WD :, TypeI.j / WD true, TypeII.j / WD false and

TypeIII.j / WD false:

Otherwise, just set TypeI.j / WD false.
QC: .log1Co.1/ q; 0; 1; 0; 0/.

8.6.2 If TypeI.j / D false, compute the cycle length lit ;j of r 0it under Ait mod-
ulo ait ;j . If lit ;j D 1, set �j WD ;, TypeII.j / WD true and TypeIII.j / WD

false. Otherwise, set TypeII.j / WD false and TypeIII.j / WD true.
QC: .log1Co.1/ q; 0; 0; 1; 0/.

8.7 Set

P .it / WD P.y � lit ;j .mod lit ;j / W 1 � j � mit ;TypeIII.j / D true/:

QC: .d2 mpe.q � 1/ log q; 0; 0; 0; 0/.
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8.8 For each n 2 N D ¹0; 1; : : : ; N º, do the following.
QC: .d2 mpe.q � 1/2d

2 mpe.q�1/Cd log q; 0; 0; 0; 0/.

8.8.1 Initialize the set xSn;it to be ;.
QC: .log q; 0; 0; 0; 0/.

8.8.2 For each E�00 2 Sn;it ;Hit (last entry of Sn;it from the partition-tree register
from the input), do the following.
QC: .d2 mpe.q � 1/2d

2 mpe.q�1/Cd log q; 0; 0; 0; 0/.

8.8.2.1 Set E�0 WD E�00 ˘ E�it ;Hit D .�
0
j /jD1;2;:::;mit .

QC: .d2 mpe.q � 1/ log q; 0; 0; 0; 0/.

8.8.2.2 Check whether �0j D �j for all j 2 ¹1; 2; : : : ; mit º such that one of
TypeI.j /, TypeII.j / or TypeIII.j / is true. If so, add E�0

�

(which is E�0

with all components corresponding to one of the three types deleted)
to xSn;it as a new element.
QC: .d2 mpe.q � 1/ log q; 0; 0; 0; 0/.

9 Output the following: “Consider an iterate f z.r/, where z 2 Z=lZ. Let t WD
z mod ` and y WD .z � t /=` 2 Z=.l=`/Z. Depending on t , we have the arith-
metic partition P .it / of Z=.l=`/Z, and the block of P .it / in which y is contained
controls the isomorphism type of Tree�f .f

z.r//. More precisely, for each n2N ,
we have the set xSn;it of logical sign tuples such that Tree�f .f

z.r// D In if and
only if y 2 B.P .it /; E�/ for some E� 2 xSn;it . The arithmetic partitions P .it / and
associated logical sign tuple sets xSn;it are as follows.”, followed by printing (the
computed spanning congruence sequence of) P .it / and the sets xSn;it for each
t D 0; 1; : : : ; ` � 1. Then halt.
QC: .d3 mpe.q � 1/2d

2 mpe.q�1/Cd log q; 0; 0; 0; 0/.

5.3 The isomorphism problem for functional graphs of generalized
cyclotomic mappings

In this section, we consider the algorithmic problem of deciding whether the func-
tional graphs of two given generalized cyclotomic mappings of Fq (each of a fixed
index, but not necessarily both of the same index) are isomorphic digraphs. We note
that thanks to Babai [9] (see also Helfgott’s expository article [32], or its English
translation [31]), a general algorithm for deciding the isomorphism of (di)graphs is
known that is quasi-polynomial in the number of vertices. Assuming that the graphs
in question are given by specifying their edges (as ordered or unordered pairs of ver-
tices) individually, this algorithm is quasi-polynomial in the input length (one can
assume without loss of generality that there are no isolated vertices, and thus that
the number of vertices and the number of edges are within quadratic bounds of each
other).
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However, we do not specify our functional graphs �f in this form; rather, we
specify f in its cyclotomic form (1.1), so our input length is only in O.d log q/,
while the vertex number is jFqj D q. We believe that it is a hard problem to decide
whether the functional graphs of two generalized cyclotomic mappings of Fq , each
of an index that is at most d , are isomorphic (i.e., that this problem is not generally
solvable in polynomial time in log q for fixed d ). However, for some special cases,
efficient algorithms can be developed, and it is the purpose of this section to present
such special cases and the associated decision algorithms.

5.3.1 Special case: Index 1

Generalized cyclotomic mappings of Fq of index 1 are the same as monomial map-
pings x 7! axr , where a 2Fq and r 2 ¹1; : : : ;q � 1º (if one has r0D 0 in formula (1.1)
with d D 1, then one may replace it by q � 1 to get a formula that works on all of Fq).
To get the class of all monomial mappings of Fq , one must include the case “r D 0” (in
which 0Fq is not necessarily fixed), and we do so in this subsection. Thanks to earlier
work of Deng [21], it is easy to decide whether two monomial mappings of Fq , say
f W x 7! axr and f 0 W x 7! a0xr

0

, have isomorphic functional graphs, as we explain
below.

First, we note that if f is constant, which happens if and only if r D 0 or aD 0Fq ,
then �f Š �f 0 if and only if f 0 is constant as well, i.e., if and only if r 0 D 0 or a0 D
0Fq . Checking whether this special case applies only takes O.log q/ bit operations
(for scanning the values of a; a0; r; r 0).

We may thus assume that r; r 0; a; a0 all are non-zero. Because a; a0 6D 0Fq , we
have f .F�q / [ f

0.F�q / � F�q . Following the procedure described in our introduc-
tion, we can associate with f , respectively, f 0, an affine map A, respectively, A0, of
Z=.q � 1/Z such that �f Š �f 0 if and only if �A Š �A0 . Computing A and A0 has
q-bounded query complexity .log1Co.1/ q; 1; 0; 0; 0/; beside some simple arithmetic,
it requires the computation of the discrete logarithms of a and a0 with base ! (the
“natural choice” of primitive element of Fq – see the proof of Lemma 5.1.6 (4)).

In order to decide whether �A Š �A0 , we use the following result, which is a
variant of [21, Theorem 11].

Theorem 5.3.1.1. LetmD pv11 � � �p
vK
K be a positive integer with its prime factoriza-

tion displayed. Let a; a0; b; b0 2 Z=mZ, and let us denote by A, respectively, A0, the
affine map x 7! ax C b, respectively, x 7! a0x C b0, of Z=mZ. Moreover, we define

• Y WD ¹pj W j 2 ¹1; 2; : : : ; Kº; pj − a; A mod pvjj has a fixed pointº, and analo-
gously for Y0, with a0 and A0 in place of a and A; and

• l , respectively, l 0, to be the minimal cycle length of A, respectively, A0, on its
respective periodic points.
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Then �A Š �A0 if and only if both of the following hold:

(1) gcd.a;m/ D gcd.a0; m/, and

(2) YDY0, l D l 0, ordp�p.m/.a
l/D ordp�p.m/..a

0/l/ for all p 2Y, and if 2 2Y

and �2.m/ > 1, then ord4.al/ D ord4..a0/l/.

Proof. This is the same as [21, Theorem 11] except that in condition (2), we do not
demand that ordt .al/ D ordt ..a0/l/ for all divisors t of m whose prime divisors are
in Y. However, our condition (2) is enough, because if it holds and t D

Q
p2Y p

v0p

divides m, then for all p 2 Y, one has

ord
pv
0
p
.al/ D ord

pv
0
p
..a0/l/; (5.5)

and thus

ordt .al/ D lcmp2Y ord
pv
0
p
.al/ D lcmp2Y ord

pv
0
p
..a0/l/ D ordt ..a0/l/:

To see that formula (5.5) holds, we make a case distinction.

• If p > 2, let us fix a primitive root r of Z=p�p.m/Z. Because

ordp�p.m/.a
l/ D ordp�p.m/..a

0/l/;

it follows that modulo p�p.m/, we have al D rk and .a0/l D rk
0

, where

gcd.k; �.p�p.m/// D gcd.k0; �.p�p.m///:

Since �.pv
0
p / divides �.p�p.m//, it follows that

gcd.k; �.pv
0
p // D gcd.k0; �.pv

0
p //;

whence al and .a0/l are also of the same multiplicative order modulo pv
0
p , as

required.

• If p D 2, then formula (5.5) holds by assumption if �2.m/ � 2, so let us assume
that �2.m/ � 3. We may also assume that v02 < �2.m/, because there is noth-
ing to show if v02 D �2.m/. By the structure of Z=2�2.m/Z, modulo 2�2.m/ we
can write al D .�1/"5k and .a0/l D .�1/"

0

5k
0

with "; "0 2 ¹0; 1º. Since al and
.a0/l have (by assumption) the same multiplicative order modulo 4, we infer that
" D "0. It is not hard to see that if ord2�2.m/.a

l/ D ord2�2.m/..a
0/l/ 2 ¹1; 2º,

then ord
2
v0
2
.al/ D ord

2
v0
2
..a0/l/ D 1. Indeed, this is clear if both orders mod-

ulo 2�2.m/ are equal to 1, and if both orders modulo 2�2.m/ are equal to 2, then
ord2�2.m/.5

k/; ord2�2.m/.5
k0/ both divide 2, whence due to v02 < �2.m/, one has

5k � 5k
0

� 1 .mod 2v
0
2/, as follows by comparing the multiplicative orders of 5
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modulo 2�2.m/ and modulo 2v
0
2 , respectively. We may thus assume that the com-

mon multiplicative order modulo 2�2.m/ of al and .a0/l is strictly greater than 2.
Then

ord2�2.m/.5
k/ D ord2�2.m/.a

l/ D ord2�2.m/..a
0/l/ D ord2�2.m/.5

k0/;

and with an analogous argument to the one for “p > 2”, we conclude that

ord
2
v0
2
.5k/ D ord

2
v0
2
.5k
0

/:

Therefore,

ord
2
v0
2
.al/ D lcm.ord

2
v0
2
..�1/"/; ord

2
v0
2
.5k//

D lcm.ord
2
v0
2
..�1/"/; ord

2
v0
2
.5k
0

//

D ord
2
v0
2
..a0/l/;

as required.

Using Theorem 5.3.1.1, we can prove the following.

Corollary 5.3.1.2. Let m be a positive integer, and let A and A0 be affine maps of
Z=mZ. Deciding whether �A Š �A0 takes m-bounded query complexity

.log2Co.1/m; 0; logm; 1; 0/

and m-bounded Las Vegas dual complexity

.log8Co.1/m; log4Co.1/m; log2m/:

Proof. We use the notation from Theorem 5.3.1.1, including that A.x/ D ax C b

and A0.x/ D a0x C b0. We argue that the conditions given in Theorem 5.3.1.1 can
be verified within the specified m-bounded query complexity (the asserted Las Vegas
dual complexity then follows readily using Lemma 5.1.7). First, we compute and
compare gcd.a; m/ and gcd.a0; m/, which takes O.log1Co.1/ m/ bit operations by
Lemma 5.1.5 (8). Next, we factor m D p

v1
1 � � � p

vK
K using a single m-bounded mdl

query (see also the beginning of Section 5.2).
Following that, we compute the sets Y and Y0 and compare them. For this, we

observe that A mod pvjj , respectively, A0 mod pvjj , has a fixed point if and only if
the congruence .a�1/x�� b .mod pvjj /, respectively, .a0�1/x�� b0 .mod pvjj /, is
solvable, which holds if and only if gcd.a�1;pvjj /jb, respectively, gcd.a0�1;pvjj / jb

0.
To check whether this holds, we read off the binary representation of pvjj from the
output of the above mdl query, then carry out the relevant arithmetic in either case,
which takes O.log1Co.1/ m/ bit operations for a single j by Lemma 5.1.5 (1,3,8).
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Because there are O.logm/ distinct values of j , it takes O.log2Co.1/m/ bit opera-
tions altogether to compute Y and Y0 and check whether they are equal.

If Y D Y0, we next compute the minimal cycle lengths l and l 0 and check if they
are equal. It follows from our Table 2.2 (or [15, Tables 3 and 4], in which cycle types,
not CRL-lists, of affine maps of finite primary cyclic groups are displayed and from
which the cycle lengths can be read off more directly) that modulo a prime power, the
cycle lengths of an affine permutation are linearly ordered under divisibility. There-
fore, l , respectively, l 0, is the least common multiple of the smallest cycle lengths
of A, respectively of A0, modulo the pvjj for those j 2 ¹1; 2; : : : ;Kº such that pj − a,
respectively, pj − a0. Those minimal cycle lengths can be computed according to our
Table 2.2 (or [15, Tables 3 and 4]). More specifically, we go through j D 1; 2; : : : ;K,
and for each of these values, we do the following.

• We check whether pj − a, respectively, pj − a0, taking O.log1Co.1/m/ bit oper-
ations.

• If so, we check which case in Table 2.2 (or [15, Table 3 or 4, respectively]) applies,
which also takes O.log1Co.1/m/ bit operations.

• Finally, we compute the minimal cycle length according to the case-specific for-
mula and factor it, using one mdl query and O.log1Co.1/m/ bit operations.

For all j together, this process takes m-bounded query complexity

.log2Co.1/m; 0; logm; 0; 0/:

Following this, we determine the least common multiple of the cycle lengths. These
lengths are already factored, so one only needs to go through the O.logm/ primes
dividing at least one of those cycle lengths (we note that each of those primes is a divi-
sor of p.p � 1/ for some prime p j m), and for each of them, we compute the largest
exponent with which it occurs. For this, we need to scan the obtained factorization of
the minimal cycle length modulo pvjj , which is a bit string of length in O.logpvjj /,
for each j , and we need to compare the stored intermediate maximum with one of the
prime exponents in it, which is a bit string of length inO.log logpvjj /. Altogether, the
computation of l and l 0 takes O.log2Co.1/m/ bit operations, and checking whether l
and l 0 are equal takes a mere O.logm/ bit operations.

If l D l 0, we next compute al mod m and .a0/l mod m, takingO.log2Co.1/m/ bit
operations. Then, for each p 2 Y, we compute ordp�p.m/.a

l/ and ordp�p.m/..a
0/l/,

which can be done for all p together with just two mord queries, and check if they are
equal, which takes O.logm/ bit operations for all p together. Finally, if necessary,
we compute ord4.al/ and ord4..a0/l/ and check if they are equal, which can be done
with O.log1Co.1/m/ bit operations (no queries necessary).

With regard to our application to generalized cyclotomic mappings of degree 1,
we note the following consequence of Corollary 5.3.1.2.
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Corollary 5.3.1.3. Let f and f 0 be monomial mappings of Fq , given in polynomial
form. Within q-bounded query complexity

.log2Co.1/ q; 1; log q; 1; 0/;

or q-bounded Las Vegas dual complexity

.log8Co.1/ q; log4Co.1/ q; log2 q/

one can decide whether �f Š �f 0 .

Proof. As explained at the beginning of this subsection, one first deals with the case
where at least one of f or f 0 is constant through simple scans of the input, taking
O.log q/ bit operations. If not, then

f .x/ D axr and f 0.x/ D a0xr
0

;

where a;a0; r; r 0 all are non-zero. Under logarithmization, the restriction of f , respec-
tively, f 0, to F�q corresponds to the affine map

A.x/ D rx C log!.a/;

respectively, A0.x/ D r 0x C log!.a
0/, of Z=.q � 1/Z, and computing these affine

maps takes q-bounded query complexity .log q; 1; 0; 0; 0/. Finally, one applies the
algorithm from the proof of Corollary 5.3.1.2 to check within q-bounded query com-
plexity .log2Co.1/ q; 0; log q; 1; 0/ whether �A Š �A0 , which is equivalent to

�f Š �f 0 :

Comparing our Theorem 5.3.1.1 with Deng’s original version [21, Theorem 11],
we note that the additional simplification of essentially only having to check the
equality

ordt .al/ D ordt ..a0/l/

for those divisors t of m that are of the form p�p.m/, as opposed to all divisors of m,
is essential to achieve a polynomial complexity in the associated algorithm. This is
because the number �.m/ of distinct (positive) divisors ofmmay be superpolynomial
in logm.

On the other hand, Dirichlet proved a result which implies that the average value
of � over the initial segment ¹1; 2; : : : ; N º of NC is asymptotically equivalent to
logN [8, Theorem 3.3], so in particular, the set of positive integers m for which
�.m/� log1C"m has asymptotic density 0 for each constant " > 0, because otherwise,



The isomorphism problem 157

if the said asymptotic density is ı > 0, there are infinitely many N 2 NC such that

N�1
X
m�N

�.m/ � N�1
bıN cX
mD1

log1C"m

� .2N /�1
ı

2
N log1C"

�
ı

2
N

�
D
ı

4
log1C"

�
ı

2
N

�
�
ı

8
log1C"N � logN;

a contradiction. Concerning the average value of �.q � 1/, where q ranges over prime
powers, we have the following result, the “In particular” statement of which will be
used in Section 5.3.2. In this context, the authors would like to thank Ofir Gorodet-
sky, who kindly pointed out Halberstam’s crucial paper [27] and parts of the proof
of Proposition 5.3.1.4 in an answer to a question posted by the first author on Math-
Overflow2.

Proposition 5.3.1.4. For each " > 0, there are constants c"; c0" > 0 such that the
following hold for all but an asymptotic fraction of less than " of all prime powers q:

(1) mpe.q � 1/ < c"; and

(2) the number of distinct prime divisors of q � 1 is less than c0" log log q.

In particular, for all such prime powers q, one has �.q � 1/ < logc
00
" q, where

c00" WD log.c" C 1/c0":

Proof. Throughout this proof, the variable q ranges over prime powers, while p
ranges over primes. Statement (1) is the same as Proposition 5.1.10 (1). For state-
ment (2), as usual, we denote by !.m/ the number of distinct prime divisors of
m 2 NC. Halberstam proved that�X

p�x

1
��1X

p�x

!.p � 1/ � log log x (5.6)

as x !1, see [27, Theorem 1]. Now, let " > 0 be fixed, and let us assume that for
some constant c > 0, one has !.q � 1/ � c log log q for an asymptotic fraction of
at least " of all prime powers q. We need to bound c in terms of " in order to prove
statement (2). Now, because proper prime powers are a density 0 subset of all prime
powers (see the proof of Proposition 5.1.10), we conclude that also for an asymptotic
fraction of at least " of all primes p, one has !.p � 1/ � c log logp. We fix a large

2see https://mathoverflow.net/questions/436134/average-value-of-the-prime-omega-func-
tion-omega-on-predecessors-of-prime-powe, visited on 2 September 2025.

https://mathoverflow.net/questions/436134/average-value-of-the-prime-omega-function-omega-on-predecessors-of-prime-powe
https://mathoverflow.net/questions/436134/average-value-of-the-prime-omega-function-omega-on-predecessors-of-prime-powe
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enough x � 2 such that for a fraction of at least "=2 of all primes p � x, one has
!.p � 1/ � c log log p. Let us denote by pm the m-th prime number for m 2 NC.
Because pm � .m logm/=2 for large enoughm, and the total number of primes p � x
is at least x=.2 log x/, it follows that

X
p�x

!.p � 1/ �

b"x=.4 logx/cX
mD1

c log logpm �
b"x=.4 logx/cX

mDd"x=.8 logx/e

c log log
�
1

2
m logm

�
�

"x

16 log x
� c log log

�
1

2
�
"x

8 log x
� log

�
"x

8 log x

��
;

whence �X
p�x

1
��1X

p�x

!.p � 1/

�

�
2
x

log x

��1
�

"x

16 log x
� c log log

�
1

2
�
"x

8 log x
� log

� "x

8 log x

��
�
"c

32
log log x;

which implies �X
p�x

1
��1X

p�x

!.p � 1/ �
"c

64
log log x

if x is large enough. Hence, in order to not contradict Halberstam’s (5.6), we must
have c � 64=", an upper bound on c in terms of ", as required in order for state-
ment (2) to hold.

Finally, for the “In particular” statement, we note that because

�.q � 1/ D .v1 C 1/.v2 C 1/ � � � .vK C 1/

if q � 1D pv11 p
v2
2 � � �p

vK
K is the prime factorization of q � 1, one can bound �.q � 1/

from above as follows:

�.q � 1/ � .mpe.q � 1/C 1/!.q�1/ � .c" C 1/c
0
" log logq

D exp.c0" log log q log.c" C 1//

D .log q/log.c"C1/c0" :

In addition to thanking Ofir Gorodetsky, the authors would also like to thank
one of the anonymous reviewers, who pointed out that it is even possible to bound
the average value of �.q � 1/ for prime powers q � x using the Titchmarsh divisor
theorem, which states that for each constant a 2 Z, one hasX

p�x

�.p C a/ D C1.a/CO

�
x log log x

log x

�
;
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see, e.g., Halberstam’s short proof [28] (using the Bombieri–Vinogradov theorem and
the Brun–Titchmarsh inequality) or the earlier proof of Linnik [46] using the disper-
sion method. Indeed, using that

P
p�x 1 �

x
logx , this implies that�X

p�x

1
��1X

p�x

�.p � 1/ 2 O.log x/;

and since the number of proper prime powers up to x is in O.
p
x log x/ and � grows

asymptotically more slowly than any power function, the same O-bound holds true
when primes p are replaced by prime powers q. In particular, we get the following
stronger version of the “In particular” of Proposition 5.3.1.4.

Proposition 5.3.1.5. Let g W Œ0;1/! R be monotonically increasing and such that
g.x/!1 as x!1. Then, as x!1, the proportion of prime powers q � x such
that �.q � 1/ � g.q � 1/ tends to 0.

Proof. Assume otherwise. Then there is an " > 0 such that for arbitrarily large x 2
Œ0;1/, the proportion of prime powers q � x with �.q � 1/� g.x/ is at least ". Since
at least "

2
x of those prime powers must be greater than or equal to "

2
x, it follows that

there is are arbitrarily large positive real numbers x such that�X
q�x

1
��1X

q�x

�.q � 1/ �
g
�
"
2
x
�
�
"
2
x

2x= log x
D
"

2
log x � g

� "
2
x
�
;

contradicting that the average value of �.q � 1/ is in O.log x/.

We conclude this subsection with two batches of pseudocode. First, we give pseu-
docode for the algorithm that checks whether �A Š �A0 , where A W x 7! ax C b and
A0 W x 7! a0x C b0 are affine maps of Z=mZ (see Corollary 5.3.1.2 and its proof). As
in the previous section, we specify the (m-bounded) query complexity (QC) of each
step.

1 Compute gcd.a; m/ and gcd.a0; m/, and check whether they are equal. If not,
output “false” and halt.
QC: .log1Co.1/m; 0; 0; 0; 0/.

2 Factor m D pv11 � � �p
vk
K .

QC: .logm; 0; 1; 0; 0/.

3 For each j D 1; 2; : : : ; K, do the following.
QC: .log2Co.1/m; 0; 0; 0; 0/.

3.1 Check whether it is the case that pj − a and gcd.a � 1; pvjj / j b. If so, set
testj WD true, otherwise set testj WD false.
QC: .log1Co.1/m; 0; 0; 0; 0/.
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3.2 Check whether it is the case that pj − a0 and gcd.a0 � 1; pvuj / j b0. If so, set
test0j WD true, otherwise set test0j WD false.
QC: .log1Co.1/m; 0; 0; 0; 0/.

3.3 If testj 6D test0j , then output “false” and halt.
QC: .log logm; 0; 0; 0; 0/.

4 For each j D 1; 2; : : : ; K, do the following.
QC: .log2Co.1/m; 0; logm; 0; 0/.

4.1 Check whether pj − a. If not, set Testj WD false and skip to step 4.4. Other-
wise, set Testj WD true.
QC: .log1Co.1/m; 0; 0; 0; 0/.

4.2 Check which case in Table 2.2 (or [15, Table 3 or 4, respectively]) applies to
A mod pvjj , using simple arithmetic.
QC: .log1Co.1/m; 0; 0; 0; 0/.

4.3 Determine the minimal cycle length lj of A mod pvjj according to Table 2.2
(or [15, Table 3 or 4, respectively]) and factor it.
QC: .log1Co.1/m; 0; 1; 0; 0/.

4.4 Check whether pj − a0. If not, set Test0j WD false and skip to the next j . Oth-
erwise, set Test0j WD true.
QC: .log1Co.1/m; 0; 0; 0; 0/.

4.5 Check which case in Table 2.2 (or [15, Table 3 or 4, respectively]) applies to
A0 mod pvjj , using simple arithmetic.
QC: .log1Co.1/m; 0; 0; 0; 0/.

4.6 Determine the minimal cycle length l 0j of A0 mod pvjj according to Table 2.2
(or [15, Table 3 or 4, respectively]) and factor it.
QC: .log1Co.1/m; 0; 1; 0; 0/.

5 Compute

l WD lcm.lj W 1 � j � K;Testj D true/

and

l 0 WD lcm.l 0j W 1 � j � K;Test0j D true/

using the factorizations of the lj and l 0j computed in steps 4.3 and 4.6 above.
QC: .log2Co.1/m; 0; 0; 0; 0/.

6 Check whether l D l 0. If not, output “false” and halt.
QC: .logm; 0; 0; 0; 0/.

7 Compute al mod m and .a0/l mod m.
QC: .log2Co.1/m; 0; 0; 0; 0/.
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8 Compute ordp�p.m/.a
l/, respectively, ordp�p.m/..a

0/l/, for all primes p j m such
that p − a, respectively, p − a0, in particular for all

p 2 Y D Y0 D ¹pj W testj D trueº:

QC: .logm; 0; 0; 1; 0/.

9 Check whether ordp�p.m/.a
l/ D ordp�p.m/..a

0/l/ for all p 2 Y. If not, output
“false” and halt.
QC: .logm; 0; 0; 0; 0/.

10 If 4 j m, do the following.

10.1 Check whether ord4.al/ D ord4..a0/l/. If not, output “false” and halt.
QC: .log1Co.1/m; 0; 0; 0; 0/.

10.2 Output “true” and halt.
QC: .1; 0; 0; 0; 0/.

11 Else do the following.

11.1 Output “true” and halt.
QC: .1; 0; 0; 0; 0/.

Finally, we provide pseudocode for the algorithm that checks whether �f Š �f 0
for monomial mappings f W x 7! axr and f 0 W x 7! a0xr

0

of Fq (where a; a0 2 Fq
and r; r 0 2 ¹0; 1; : : : ; q � 1º).

1 If a D 0Fq or r D 0, then do the following.

1.1 Check whether it is the case that a0 D 0Fq or r 0 D 0. If so, output “true” and
halt. Otherwise, output “false” and halt.
QC: .log q; 0; 0; 0; 0/.

2 Else do the following.

2.1 Check whether it is the case that a0 D 0Fq or r 0 D 0. If so, output “false” and
halt.
QC: .log q; 0; 0; 0; 0/.

2.2 Compute b WD log!.a/ and b0 WD log!.a
0/, where ! is the “natural” choice

of primitive element of Fq (see the proof of Lemma 5.1.6 (4)). Denote by A,
respectively, A0, the affine map of Z=.q � 1/Z given by the formula A.x/ D
rx C b, respectively, A0.x/ D r 0x C b0.
QC: .log q; 1; 0; 0; 0/.

2.3 Use the algorithm from above to check whether

�A Š �A0 :

If so, output “true” and halt. Otherwise, output “false” and halt.
QC: .log2Co.1/ q; 0; log q; 1; 0/.
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5.3.2 Special case: Trees only depend on the coset

In this subsection, we discuss two special classes of generalized cyclotomic mappings
of Fq such that if f1 and f2 each belong to one of those classes (not necessarily both
to the same) and are of index d1 and d2, respectively, then it can be decided whether
�f1 Š �f2 in a q-bounded query complexity each entry of which is polynomial in
the parameters max¹d1; d2º, log q and �.q � 1/ (the number of divisors of q � 1).
In particular, the q-bounded Las Vegas dual complexity of this problem is always
subexponential in the input size O.max¹d1; d2º log q/, as �.m/ 2 o.m"/ for each
" > 0 [8, p. 296]. Moreover, in view of Proposition 5.3.1.4 or 5.3.1.5 with g.x/ D

log x, for instance, for each " > 0, one has that for all but an asymptotic fraction of
less than " of all finite fields Fq , the said q-bounded Las Vegas dual complexity is
polynomial in the input size (and the polynomial degree does, by Proposition 5.3.1.5,
not depend on ").

The two classes of generalized cyclotomic mappings f of Fq , say of index d ,
which we consider are as follows.

• Class 1: f maps each coset Ci for i 2 ¹0; 1; : : : ; d � 1º either to Cd D ¹0Fq º or
bijectively to C Nf .i/ (i.e., whenever the affine functionAi of Z=sZ is well defined,
it is a permutation of Z=sZ). If this happens, we say that f is of special type I.
This is the same situation as in Section 4.3.

• Class 2: The induced function Nf is a permutation of ¹0;1; : : : ;dº (i.e., f permutes
the cosets of C ). If this happens, we say that f is of special type II. Using the
notation of Section 3.2, this means that �f D �per, and so the discussion from that
section applies.

The crucial property which these two cases share is that the rooted trees above peri-
odic vertices in �f only depend on the block Ci , for i 2 ¹0; 1; : : : ; dº, in which these
vertices lie, as follows from Lemma 4.3.1 and Theorem 3.2.1 (or Proposition 2.1.8),
respectively. This allows us to produce a comparatively compact description of the
digraph isomorphism type of �f . To that end, it is helpful to adapt the notion of a
partition-tree register, introduced in Definition 5.1.2, as follows.

Definition 5.3.2.1. Let f be an index d generalized cyclotomic mapping of Fq .

(1) We assume that f is of special type I, so that all vertices (not just f -periodic
ones) in a given block Ci have isomorphic rooted trees above them in �f . A
type-I tree register for f is an ordered sequence ..Dn; Sn//nD0;1;:::;N such
that

(a) the sets Dn form a recursive tree description list, with associated rooted
tree isomorphism types In (see Definition 5.1.1) and

(b) for each n, the set Sn is nonempty and consists precisely of those i 2
¹0; 1; : : : ; dº such that Tree�f .x/ Š Tree� Nf .i/ Š In for any x 2 Ci .
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(2) We assume that f is of special type II, so that for each i 2 ¹0; 1; : : : ; d � 1º,
the rooted tree isomorphism type Tree�f .x/ for x 2 Ci only depends on i
and the h-value of x (see Section 4.1, page 66 onward). A type-II tree register
for f is an ordered sequence ..Dn; Sn//nD0;1;:::;N such that

(a) the sets Dn form a recursive tree description list, with associated rooted
tree isomorphism types In;

(b) the In are just those isomorphism types that occur among the rooted
trees of the form Expand.Ii;h/ for i 2 ¹0; 1; : : : ; d � 1º and

h 2 ¹0; 1; : : : ;Hiº

(see Section 4.1, page 66 onward, for the definition of the Ii;h); and

(c) for each n, one has Sn D .ht.In/; Sn;trans; Sn;per/, where

Sn;transD ¹i2¹0;1; : : : ; d � 1º W ht.In/<Hi and InDExpand.Ii;ht.In//º

and

Sn;per D ¹i 2 ¹0; 1; : : : ; d � 1º W In D Expand.Ii;Hi /º:

In an implementation, we assume that the sets Sn from Definition 5.3.2.1 (1), as
well as the sets Sn;trans and Sn;per from Definition 5.3.2.1 (2), are represented by sorted
arrays each entry of which is a binary digit representation of a number i 2 ¹0;1; : : : ;dº
with bit length exactly blog2 dc C 1. Moreover, in a type-I tree register, only one of
the descriptions Dn corresponds to Tree�f .0Fq /, and it is the only description in
which the second entries of elements may be larger than d . For the sake of efficiency,
we make the convention that all descriptions Dn except that one use blog2 dc C 1
digits for representing each entrym or km of an element .m; km/ of Dn. On the other
hand, in the description corresponding to Tree�f .0Fq /, we use blog2 dcC 1 digits for
the first entry m, and blog2 qc C 1 digits for the second entry km. In contrast to this,
in a type-II tree register, we know that m � d2 mpe.q � 1/C d � d2blog2 qc C d
(see the first paragraph in the proof of Lemma 5.3.2.2 (4) below), while there is a
priori no upper bound on km other than the trivial one, q. Hence, in such a register,
we use blog2.d

2blog2 qcC d/cC 1 digits for representingm, and blog2 qcC 1 digits
for representing km. In either case, the entries of a given description Dn all have the
same bit length, and different descriptions Dn use the same bit length for the first
entries of their elements. As before, we assume that the array representing a given
description Dn is lexicographically ordered (corresponding to the ordering of the
elements .m; km/ of Dn by increasing m).

We observe that in Definition 5.3.2.1 (2,c), the set Sn;trans consists precisely of
those i 2 ¹0; 1; : : : ; d � 1º such that In D Tree�f .x/ for all x 2 Ci with h.x/ D

ht.In/ < Hi , regardless of whether such x exist; we recall from Example 3.2.2 that
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not necessarily all values in ¹0; 1; : : : ; Hi � 1º are assumed by h on the f -transient
points in a given coset Ci . We also remind the reader that f -transient x 2 Ci are
characterized by the inequality h.x/ < Hi , and that for all such x, one has

ht.Tree�f .x// D ht.Ii;h.x// D h.x/I

see the recursive definition of the Ii;h in Section 4.1, page 66 onward. Moreover, the
set Sn;per consists of those i 2 ¹0;1; : : : ;d � 1º such that In is the unique isomorphism
type Tree�f .x/ D Expand.Ii;Hi / for f -periodic x 2 Ci (and Expand.Ii;Hi / is not
necessarily of height Hi , but it is of height Hi ).

Next, we discuss the following important lemma.

Lemma 5.3.2.2. Let f be an index d generalized cyclotomic mapping of Fq , given
in cyclotomic form (1.1).

(1) Checking whether f is of special type I takes q-bounded query complexity

.d log1Co.1/ q; d; 0; 0; 0/:

(2) If f is of special type I, then a type-I tree register R D ..Dn; Sn//nD0;1;:::;N
for f with N 2 O.d/ can be computed within q-bounded query complexity

.d3 log2 d C d log1Co.1/ q; d; 0; 0; 0/:

(3) Checking whether f is of special type II has q-bounded query complexity

.d log2 d C d log1Co.1/ q; d; 0; 0; 0/:

(4) If f is of special type II, then a type-II tree register RD ..Dn;Sn//nD0;1;:::;N
for f withN 2 O.d2mpe.q � 1// can be computed within q-bounded query
complexity

.d5 log2 d mpe.q � 1/3 C d5 mpe.q � 1/3 log q

C d2 mpe.q � 1/ log1Co.1/ q; d; 0; 0; 0/:

In particular, it can be computed within q-bounded query complexity

.d5Co.1/ log4 q; d; 0; 0; 0/:

Proof. For statement (1), we first compute Nf and the affine maps Ai W x 7! ˛ixC ˇi ,
which requires q-bounded query complexity .d log1Co.1/ q; d; 0; 0; 0/ by Proposi-
tion 5.1.8. We note that f is of special type I if and only if gcd.˛i ; s/ D 1 for all i
such that Ai is well defined (i.e., such that the coefficient ai 2 Fq in the cyclotomic
form (1.1) of f is non-zero), which one can check with O.d log1Co.1/ q/ bit opera-
tions by Lemma 5.1.5 (3,8).
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For statement (2), we start by computing Nf , the number s D .q � 1/=d and (as
in Section 5.2.1, page 116) the “layers”

Layerh WD

´
im. Nf h/ n im. Nf hC1/; if h 2 ¹0; 1; : : : ; xH � 1º;

im. Nf xH / D per. Nf /; if h D1;

of Nf with respect to iteration in sorted form and without multiple entries, where xH is
the maximum tree height in � Nf . Altogether, this takes q-bounded query complexity
.d log1Co.1/ q C d log2 d; d; 0; 0; 0/, and we may also compute the cycles of Nf in
the process. After this, we start building the register. At any given point during that
process, we have at least a “partial register” as an intermediate result, which includes
definitions of descriptions Dn of rooted trees In for all n 2 N , an initial segment
of N0. Because each n 2 N has a non-empty subset Sn of ¹0; 1; : : : ; dº associated
with it and those sets are pairwise disjoint, we conclude that jN j � d C 1 2 O.d/.
In particular, N 2 O.d/ in the end, as asserted.

Now, to build the register, we do the following: first, we compute the pre-image
set Nf �1.¹iº/ in sorted form, which just requires looping over the known value table
of Nf once, thus taking O.d log d/ bit operations only. Now, for a fixed index i 2
Layerh, let j1; j2; : : : ; jK be the Nf -transient pre-images of i under Nf ; if h <1, those
are simply all pre-images of i , and if hD1, one can determine them by additionally
identifying the unique Nf -pre-image of i in per. Nf / D Layer1; since the cycles of Nf
are known and one can store the Boolean information which indices lie in Layer1 by
scanning once over each of the other layers beforehand using O.d log d/ bit opera-
tions, this only takes O.log d/ bit operations per i , hence O.d log d/ bit operations
overall.

In what follows, we assume that i is fixed. Each jt lies in a unique layer Layerhjt
with hjt < hi D h, and so there is a unique non-negative integer Nnjt 2 N such that
jt 2 S Nnjt . Computing Nnjt takes O.jN j � log2 d/ � O.d log2 d/ bit operations for a
single t , henceO.d2 log2 d/ bit operations altogether (for this fixed value of i ). Now,
by Lemma 4.3.1, the rooted tree above any x 2 Ci is isomorphic to8<:Tree� Nf .i/ Š

PK
tD1 IC

Nnjt
; if i < d;PK

tD1 sI
C

Nnjt
; if i D d;

and so we may choose the following compact description D for this tree.

• If i < d , we set

D WD ¹.n;m/ W n 2 ¹ Nnjt W 1 � t � Kº; m D j¹t 2 ¹1; : : : ; Kº W Nnjt D nºj > 0º:

• If i D d , we set

D WD ¹.n; sm/ W n 2 ¹ Nnjt W 1 � t � Kº; m D j¹t 2 ¹1; : : : ; Kº W Nnjt D nºj > 0º:
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Computing D after the numbers Nnjt have been determined requires us to create a
list of the distinct values of the Nnjt and their multiplicities, which can be done in
O.K logK log d/ � O.d log2 d/ bit operations when using the sorting algorithm
from Lemma 5.1.5 (10). If i < d , this is also the overall complexity of computing D

for that i , whereas if i D d , the complexity of computing D is in O.d log2 d C
d log1Co.1/ q/, since it also involves integer multiplications. After D has been com-
puted, we check whether there is an n 2 N such that D DDn, which takes

O.jN j � d log d/ � O.d2 log d/

bit operations regardless of the value of i . Indeed, if i D d , for which the bit length of
the second entries of elements of D is not necessarily in O.log d/, one can proceed
as follows. Observing that those second entries can only be that large for this one
value of i , one first checks whether s > d , which can be done with a mere O.log d/
bit operations (we note that s itself was already computed at the beginning). If so,
one knows that D 6D Dn for any n 2 N ; otherwise, the bit length of the second
entries of D is in O.log d2/ D O.log d/ even for i D d , and one can proceed as
for i < d . In any case, if D D Dn for some n 2 N , then we add i to Sn as a new
element by merging the sorted lists corresponding to the sets Sn and ¹iº, which takes
O.d log d/ bit operations by Lemma 5.1.5 (11). Otherwise, we create D as a new
description Dn0 , where n0 D max N C 1, and initialize Sn0 WD ¹iº.

Since we need to carry out the computations described after declaring i to be fixed
for all such i , the total bit operation cost of these computations is in O.d3 log2 d C
d log1Co.1/ q/, and so the overall q-bounded query complexity of computing a type-I
tree register for f is as asserted.

For statement (3), we simply compute Nf and check whether im. Nf /D¹0;1; : : : ;dº.
The former of these two tasks takes q-bounded query complexity

.d log1Co.1/ q; d; 0; 0; 0/

by Proposition 5.1.8, and the latter takesO.d log2d/ bit operations (see the beginning
of the argument in Section 5.2.1).

For statement (4), we first compute Nf , the affine maps Ai W x 7! ˛ix C ˇi and
(as in Section 5.2.1) a CRL-list xL of Nf and the cycles of Nf , taking q-bounded query
complexity in .d log1Co.1/ q C d log2 d; d; 0; 0; 0/. Following that, we start building
the tree register, and as in the proof of statement (2), in dependency of a given point in
that process, we denote by N the initial segment of N0 consisting of all n for which
Dn is defined at that point. Because the associated rooted tree isomorphism types In
are pairwise distinct and are elements of the set ¹Expand.Ii;h/ W i 2 ¹0; 1; : : : ; d �
1º; h 2 ¹0; 1; : : : ;Hiºº, we have

jN j � d � .max
i
Hi C 1/ � d

2 mpe.q � 1/C d 2 O.d2 mpe.q � 1//
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(for the bound on Hi , see formula (3.2) in Section 3.3). In particular,

N 2 O.d2 mpe.q � 1//

in the end, as asserted.
To build the register, we go through the elements .i; `/ 2 xL with i < d (we note

that Tree�f .0Fq / is simply trivial and is not even recorded in the register by def-
inition), and for each of them, we do the following. First, we compute the exact
value of Hi , the maximum tree height above a periodic vertex in

S`�1
tD0 Cit , where

.i0; i1; : : : ; i`�1/ with i D i0 is the Nf -cycle of i . We note that by Theorem 3.2.1
and the paragraph before it (which was worked out in detail in Section 4.1), we
have the following. For each t 2 ¹0; 1; : : : ; ` � 1º, the trees above periodic ver-
tices in Cit are pairwise isomorphic and thus of a common height Hit . We have
Hi D max¹Hit W t D 0; 1; : : : ; ` � 1º, so we compute the numbers Hit in order to
get Hi . At this point, we note that in fact, in Section 5.2.2, we already described how
to find Hi through a binary search. However, here we are also interested in storing
the procreation numbers procit ;k for t 2 ¹0; 1; : : : ; ` � 1º and k 2 ¹1; 2; : : : ;Hit º,
whence we do not use binary search to skip steps.

We remind the reader that for arbitrary t 2 Z, the notation it is shorthand for
it mod `. For t D 0; 1; : : : ; ` � 1 and successively for k D 1; 2; : : :, we compute (and
store) the procreation number (see Theorem 3.2.1)

procit ;k D
gcd.

Qk�1
rD0 ˛it�kCr ; s/

gcd.
Qk�2
rD0 ˛it�kCr ; s/

until procit ;k D 1 for the first time for a given t , which happens precisely when k D
Hit C 1. If we store the values of the two products appearing in the formula for
procit ;k , then the computation of each procit ;k only involves O.1/ multiplications
and thus has a bit operation cost in O.log1Co.1/ q/ by Lemma 5.1.5 (3,8). Therefore,
and because Hit 2 O.`mpe.q � 1//, we can compute each individual Hit using
O.`mpe.q � 1/ log1Co.1/ q/ bit operations, whence the computation of Hi in total
takes O.`2 mpe.q � 1/ log1Co.1/ q/ bit operations.

Once Hi has been computed, we start adding the information associated with the
Nf -cycle of i to our tree register. More precisely, we do the following successively for
h D 0; 1; : : : ; Hi . If h D 0, then Expand.Iit ;h/ is trivial for all t , so in case N D ;

(which only happens for the first pair .i; `/ 2 xL we consider), we set D0 WD ;, caus-
ing I0 to be the trivial rooted tree (in particular, ht.I0/ D 0), and we initialize some
variables as follows.

• We set

S0;trans WD

´
¹i0; i1; : : : ; i`�1º; if Hi > 0;

;; otherwise:
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• We set S0;per WD ¹it W t 2 ¹0; 1; : : : ; ` � 1º;Hit D 0º.

We remind the reader that we want the arrays representing S0;trans and S0;per to be
sorted, so one should apply the sorting algorithm from Lemma 5.1.5 (10), which takes
O.d log2 d/ bit operations for each array.

In the other case, where N 6D ;, we do the following.

• IfHi >0, we add i0; i1; : : : ; i`�1 to the already defined set S0;trans as new elements
(technically speaking, we sort ¹i0; i1; : : : ; i`�1º and merge it with S0;trans).

• We also add all indices it , for t 2 ¹0; 1; : : : ; ` � 1º, such that Hit D 0 to the
already defined set S0;per as new elements.

Using Lemma 5.1.5 (10,11), one sees that dealing with the case h D 0 as a whole
only takes O.` log2 d C d log d/ bit operations (for copying information and sort-
ing/merging, as well as simple look-ups of the values Hit ).

Now we assume that h � 1. The edge-weighted rooted tree (isomorphism type)
Iit ;h is drawn at the end of Section 4.1 (we draw the reader’s attention to the case
distinction between h < Hi and h D Hi ), and we compute the description

D DD.it ; h/

of Expand.Iit ;h/ as follows. First, we set

h0 WD

´
h; if h < Hi ;

Hit ; if h D Hi ;

which is the height of Expand.Iit ;h/. It is also the number of edges in Iit ;h that
have the root as their terminal vertex (i.e., the unweighted in-degree of that root). We
do note that some of these edges may have weight 0. For k D 0; 1; : : : ; h0 � 1, we
compute

wk WD

´
wit ;k D procit ;kC1� procit ;kC2; if h D Hi ; or h < Hi and k < h0 � 1;

procit ;h; if h < Hi and k D h0 � 1;

which is the weight of the .k C 1/-th edge in Iit ;h (counted from the left in the
drawing) that has the root as its terminal vertex. These computations only require

O.` � h0 � log q/ � O.`2 mpe.q � 1/ log q/

bit operations for all t together. We may then set

D WD ¹. Nnit ;k;wk/ W k D 0; 1; : : : ; h
0
� 1º;

where Nnit ;k is the unique n 2 N such that

In D Expand.Iit ;k/;
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i.e., such that it 2 Sn;trans and ht.In/ D k. Assuming that the heights of the various
In are stored whenever the register is updated, the computation of D takes

O.h0 � .jN j � log2 d C log log q//

� O.`mpe.q � 1/ � .d2 mpe.q � 1/ � log2 d C log log q//

� O.`d2 log2 d mpe.q � 1/2 C `mpe.q � 1/ log log q/

bit operations for a single t (needed for determining the Nnit ;k), hence

O.`2d3 log2 d mpe.q � 1/3 C `2d mpe.q � 1/2 log log q/

bit operations for all t and h together.
Once D has been computed, we need to check whether it already occurs among

the Dn for n 2 N (and update the register accordingly). If we sort D lexicographi-
cally, we may compare it with a given Dn through linear comparison of entries, and
so checking whether D DDn for some n 2 N takes

O.h0 log h0 log q C jN jh0 log q/ � O.d2 mpe.q � 1/ � `mpe.q � 1/ � log q/

D O.`d2 mpe.q � 1/2 log q/

bit operations for a single t , hence

O.`Hi � `d
2 mpe.q � 1/2 log q/ � O.`2d3 mpe.q � 1/3 log q/

� O.`d4 mpe.q � 1/3 log q/

bit operations for all t and h together. This last O-expression dominates every other
bit operation cost given in this complexity analysis except the cost

O.`2 mpe.q � 1/ log1Co.1/ q/ � O.`d mpe.q � 1/ log1Co.1/ q/

of computing Hi , and the total cost O.`2d3 log2 d mpe.q � 1/3/ of computing the
descriptions D. Therefore, the bit operation cost of these computations is in

O.`d mpe.q � 1/ log1Co.1/ q C `d4 mpe.q � 1/3 log q C `2d3 log2 d mpe.q � 1/3/

for a given .i; `/ and h. Using that
P
.i;`/2 xL ` D d , the total bit operation cost of

computing the type-II tree register for f is in

O.d log1Co.1/ q C d2 log2 d

C

X
.i;`/2 xL

.`d mpe.q � 1/ log1Co.1/ q C `d4 mpe.q � 1/3 log q

C `2d3 log2 d mpe.q � 1/3//

� O.d2 mpe.q�1/ log1Co.1/ qCd5 mpe.q�1/3 log qCd5 log2 d mpe.q�1/3/;

as asserted. The “In particular” statement holds because mpe.q � 1/ 2 O.log q/.
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So far, everything has been of a q-bounded query complexity that is polynomial
in log q and d . The quantity �.q � 1/, which is generally superpolynomial in log q,
enters through the following auxiliary result.

Proposition 5.3.2.3. Letm be a positive integer, and let A W x 7! ax C b be an affine
map of Z=mZ. The cycle type of Ajper.A/, denoted by CT.Ajper.A//, can be computed
within m-bounded query complexity

.�.m/ log2Co.1/mC �.m/2 logm; 0; logm; 1; 0/:

Proof. We start with two suitable m-bounded mord queries, one suitable m-bounded
mdl query and a computation of the remainder of a upon division by 4 (which merely
consists of scanning the two least significant digits of a). Together, these allow us to
factorm, compute ordp�p.m/.a/ for all primes p j m such that p − a, factor a � 1 and
(only if �2.m/ � 2) compute the (unique) exponents " 2 ¹0; 1º and

e 2 ¹0; 1; : : : ; 2�2.m/�2º

such that a � .�1/"5e .mod 2�2.m// (first, one determines " simply by looking at
the value of a modulo 4, and then e can be determined with an mdl query). The
m-bounded query complexity of these computations is .logm; 0; 1; 1; 0/.

Letting m00 WD
Q
pjgcd.a;m/ p

�p.m/ and m0 WD m=m00 (which we do not need to
actually compute), we observe the following. Because A mod m00 has a unique peri-
odic point (see Lemma 2.1.14), we find that CT.Ajper.A// D CT.A mod m0/, and so
we compute the latter. This allows us to assume without loss of generality that A is a
permutation of Z=mZ. For each prime p jm, we set A.p/ WD A mod p�p.m/. Since A
is given via its coefficients a and b, computing A.p/ takes a mere O.log1Co.1/m/ bit
operations per p for obtaining the remainders of a and b upon division by p�p.m/.
Hence, computing all reductions A.p/ takes O.log2Co.1/m/ bit operations.

Formulas for CT.A.p// were given in [15, Tables 3 and 4], and since we know
ordp�p.m/.a/ for all p j m from our initial mord query, these formulas allow us to
compute CT.A.p// for a given p within m-bounded query complexity

.log2Co.1/.p�p.m//C �p.m/ log1Co.1/.p�p.m//; 0; 1; 0; 0/:

Indeed, taking a closer look at those formulas, we see that apart from the informa-
tion computed in the first paragraph of this proof, we only need to compute a single
power and carry out some simpler arithmetic (taking p�p.m/-bounded query com-
plexity .log2Co.1/.p�p.m//; 0; 1; 0; 0/), followed by O.�p.m// iterations of a loop,
each consisting of O.1/ basic arithmetic operations taking O.log1Co.1/.p�p.m/// bit
operations each. For all p together, computing CT.A.p// has m-bounded query com-
plexity .log2Co.1/m; 0; logm; 0; 0/. We also note that each CT.A.p// is a monomial
with at most �p.m/C 1 factors, and that our computation process allows us to store
CT.A.p// with all cycle lengths fully factored.
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Now, we may compute CT.A/ via the formula CT.A/D¾pjmCT.A.p//, where ¾
denotes the Wei–Xu product from [86, Definition 2.2 on pp. 182f.]. This can be done
by looping over the O.

Q
pjm .�p.m/C 1// � O.�.m// tuples formed by choosing

one variable power in the factorization of each CT.A.p// and computing the Wei–
Xu product of those variable powers (which is itself a variable power) according
to [86, formula (2.9) in Lemma 2.3 (b)]. Doing so requires us to compute the least
common multiple of the involved cycle lengths, which takesO.log2Co.1/m/ bit oper-
ations because those cycle lengths are already fully factored (see also the paragraph
on the computation of l in the proof of Corollary 5.3.1.2), followed by O.logm/
integer multiplications and divisions for computing the exponent, which also take
O.log2Co.1/ m/ bit operations together. In total, the process of computing all rele-
vant Wei–Xu products of variable powers takes O.�.m/ log2Co.1/m/ bit operations.
Once this is done, we need to compute the product of those variable powers, which
means that O.�.m// times, we need to multiply a monic monomial with O.�.m//
distinct variable power factors, each with index and exponent in ¹1; 2; : : : ; mº, with
a single such variable power. Each such multiplication takes O.�.m/ logm/ bit oper-
ations, so the overall complexity of these computations, which result in CT.A/, is in
O.�.m/2 logm/.

Remark 5.3.2.4. By our proof of Proposition 5.3.2.3, the cycle type of an affine
map A of Z=mZ is a product of at most �.m/ variable powers, and so A has at most
�.m/ distinct cycle lengths.

As far as lower bounds on the maximum number of distinct cycle lengths of
an affine map of Z=mZ are concerned, let us fix a positive integer K and primes
2 < p1 < p2 < � � � < pK such that gcd.pj ; pj 0 � 1/ D 1 for 1 � j < j 0 � K (such
primes exist for each K by Dirichlet’s theorem on primes in arithmetical progres-
sions, see [8, Chapter 7]). For variable positive integers v1; v2; : : : ; vK , we set m WD
p
v1
1 � � � p

vK
K and consider an automorphism A W x 7! ax of Z=mZ such that a is a

primitive root modulo pvjj for each j (it is possible to choose a like this because of
the Chinese remainder theorem). By [15, Table 3], the cycle lengths ofA mod pvjj are
just the numbers of the form .pj � 1/p

v0
j

j , where v0j 2 ¹0; 1; : : : ; vj � 1º. Therefore,
the cycle lengths of A are just the numbers of the form

QK
jD1 .pj � 1/ �

QK
jD1 p

v0
j

j ,
whence A has v1 � � �vK distinct cycle lengths. We observe that this cycle length count
is asymptotically equivalent to

.v1 C 1/ � � � .vK C 1/ D �.m/

if min¹v1; : : : ; vKº ! 1. Moreover, we note that

logm D v1 logp1 C � � � C vK logpK � .v1 C � � � C vK/ logpK :

Now, let us assume that v1 D v2 D � � � D vK DW v!1. Then the number of distinct
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cycle lengths of A is

vK D

�
logpK �K � v

logpK �K

�K
�

�
logm

logpK �K

�K
D

logK m
.logpK �K/K

D c.K; pK/ � logK m;

where c.K; pK/ WD .K logpK/�K . Because we can construct such a class of exam-
ples for each K, the maximum number of distinct cycle lengths of an affine map of
Z=mZ is in general not bounded from above by a polynomial in logm.

Before we proceed further, we need another auxiliary concept and result.

Definition 5.3.2.5. Let Ex D .x1; x2; : : : ; xn/ be a finite sequence. A period length
of Ex is a positive divisorm of n such that ExD ˘n=mtD1 .x1; x2; : : : ; xm/, where ˘ denotes
concatenation (as in Section 3.3). The smallest positive integer that is a period length
of Ex is denoted by minperl.Ex/.

Remark 5.3.2.6. We note the following concerning Definition 5.3.2.5.

(1) The number minperl.Ex/ is well defined because at the very least, the length n
of Ex is a period length of it.

(2) All elements in ŒEx�, the cyclic equivalence class of the sequence Ex (see the
second paragraph after Definition 1.4) have the same period lengths, in par-
ticular the same minperl-value, as Ex. We denote this common minperl-value
by minperl.ŒEx�/.

We can bound the complexity of computing minperl.Ex/ as follows.

Lemma 5.3.2.7. Let Ex 2 ¹0; 1; : : : ; N � 1ºn, given as a length n list of non-negative
integers of bit length lbit. Then minperl.Ex/ can be computed using

O.n logn log logn.lognC lbit// � O.n
1Co.1/lbit/

bit operations.

Proof. We start by determining n, the number of entries of the tuple Ex, in its binary
representation with blog2 nc C 1 bits. The corresponding incrementation process in-
volves altering

• only 1 bit in case the number to increment is even, i.e., in O.n
2
/ of the cases;

• only 2 bits in case the number to increment is congruent to 1 modulo 4, i.e., in
O.n

4
/ of the cases;

and so on. Hence, the number of necessary bit operations to compute n is in

O
�X
kD1

1
kn

2k

�
D O.n/:
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Following that, we factor n deterministically. The current record for the bit oper-
ation cost of this is O.n1=5Co.1// due to Harvey and Hittmeir [29] (we could also
use an mdl query for this factorization, but then the algorithm is not entirely clas-
sical, and n1=5Co.1/ is majorized by other terms in this analysis anyway). The rest
of the algorithm is analogous to the deterministic procedure for computing a modu-
lar multiplicative order described in the proof of Lemma 5.1.6 (2). More specifically,
if n D pv11 � � � p

vK
K is the obtained factorization of n, then for j D 1; 2; : : : ; K, we

perform a binary search to find the smallest v0j 2 N0 such that p
v0
j

j

Q
k 6Dj p

vk
k

is a
period length of Ex, which implies that v0j D �pj .minperl.Ex//. For each given j , it
takes O.log vj / � O.log log n/ iterations of the binary search loop until v0j is found,
and each iteration costsO.n.lognC lbit// bit operations. BecauseK 2O.logn/, this
means that the total bit operation cost of computing the numbers v0j is in

O.n logn log logn.lognC lbit//;

and minperl.Ex/ D
QK
jD1 p

v0
j

j takes O.logn � log2Co.1/ n/ D O.log3Co.1/ n/ bit oper-
ations to compute by Lemma 5.1.5 (3,6).

We now give the precise definition of the compact description of the isomorphism
type of �f we aim to obtain.

Definition 5.3.2.8. Let f be a function X ! X , where X is some finite set, and let
EI D .In/nD0;1;:::;N be a sequence of pairwise distinct finite rooted tree isomorphism
types that contains all isomorphism types of the form Tree�f .x/ for x 2 per.f /.

The tree necklace list for f relative to EI is the unique set ¹.ŒEnk�; lk;mk/ W k D

1; 2; : : : ; N 0º of triples such that the following hold.

(1) ŒEnk�D Œnk;1;nk;2; : : : ;nk;`0
k
� is a cyclic sequence of numbers in ¹0;1; : : : ;N º

such that minperl.ŒEnk�/ D `0k .

(2) lk and mk are positive integers, and lk is a multiple of `0
k

.

(3) In �f , there are precisely mk connected components corresponding to the
cyclic sequence of rooted tree isomorphism types

Œ˘
lk=`
0
k

tD1 .Ink;1 ;Ink;2 ; : : : ;In
k;`0
k

/�:

(4) For each connected component of �f , there is a k 2 ¹1; 2; : : : ; N 0º such that
the said connected component corresponds to

Œ˘
lk=`
0
k

tD1 .Ink;1 ;Ink;2 ; : : : ;In
k;`0
k

/�:

If f is an index d generalized cyclotomic mapping of the finite field Fq such that f
is of special type I or II, respectively, and if R D ..Dn; Sn//nD0;1;:::;N is a type-I
or -II tree register for f , then associated with R, we have the sequence .In/nD0;1;:::;N
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of rooted tree isomorphism types where In has the compact description Dn. In that
case, the tree necklace list for f relative to EI is also called one relative to R.

Remark 5.3.2.9. We make the following comments concerning Definition 5.3.2.8.

(1) The uniqueness of the tree necklace list for f relative to EI is not hard to
prove, but it does require that minperl.ŒEnk�/ D `0

k
for all k. For example,

without this property, for any EI of length N C 1 � 2, both ¹.Œ0; 1�; 4; 1/º and
¹.Œ0; 1; 0; 1�; 4; 1/º would be tree necklace lists relative to EI for a suitable
function f .

(2) For j D 1; 2, let Xj be a finite set and fj a function Xj ! Xj . Moreover,
let EI be a finite sequence of pairwise distinct, finite rooted tree isomorphism
types such that for j D 1; 2, each Tree�fj .x/ for x 2 per.fj / occurs in EI . For
j D 1; 2, let Nj be the unique tree necklace list for fj relative to EI . It is not
hard to prove that N1 D N2 if and only if �f1 Š �f2 .

(3) Let f be an index d generalized cyclotomic mapping of Fq that is of spe-
cial type I or II. We need to fix suitable bit string encodings of the elements
of a tree necklace list for f , making the following conventions. By assump-
tion, if i 2 ¹0; 1; : : : ; dº has cycle length ` under Nf , then the cyclic sequence
of rooted tree isomorphism types encoding the connected component of �f
containing any f -periodic vertex from Ci has minimal period some divisor
of `. In particular, the said minimal period is always at most d . Moreover, we
assume that EI stems from a recursive tree description list ED that is part of a
type-I or -II tree register R for f . In ED, there is a common bit length to rep-
resent numbers from ¹0; 1; : : : ; N º (see the remarks after Definition 5.3.2.1);
we denote that bit length by lbit and observe that

lbit D

´
blog2 dc C 1 2 O.log d/; if R has type I;

blog2.d
2blog2 qcCd/cC12O.log dClog log q/; if R has type II:

A cyclic sequence ŒEn� D Œn1; n2; : : : ; n`0 � as above is the first entry of an
element of the tree necklace list for f relative to R; we assume that the asso-
ciated ordered sequence En D .n1; n2; : : : ; n`0/ is lexicographically minimal
among all ordered sequences in its cyclic equivalence class ŒEn�. We encode
ŒEn� as follows. We take the ordered sequence En and fill it up with entries �1
(a dummy value) until it has d entries. We then print a bit string that is a
concatenation of encodings of the entries of this extended sequence. We use
lbit C 1 bits to denote each entry, where an entry other than �1 is represented
by an ancillary bit 1, followed by the length lbit binary digit representation of
that entry from R. On the other hand, an entry�1 is represented by a string of
lbitC 1 zeroes. For example, if lbit D 3 and d D 5, then the bit string encoding
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of Œ6; 3; 4� D Œ3; 4; 6� in the corresponding tree necklace list is

10111100111000000000:

On the other hand, the second and third entries of elements of any tree neck-
lace list for f are positive integers that are at most q, and we simply use their
standard binary representations with blog2 qc C 1 digits to represent them;
these may be directly concatenated with the bit string encoding of ŒEn�. With
these conventions, all elements of a given tree necklace list for f are bit
strings of the same bit length, namely

d.lbit C 1/C 2.blog2 qc C 1/

2

´
O.d log d C log q/; if R has type I;

O.d log d C d log log q C log q/; if R has type II;

which allows us to use the sorting algorithm from Lemma 5.1.5 (10) to sort
them lexicographically. Moreover, the lexicographic ordering of those bit
strings corresponds to the “natural” lexicographic ordering of the elements
of the associated (abstract) tree necklace list (using the lexicographic order-
ing among lexicographically minimal representatives of cyclic sequences in
the first component, and the usual linear ordering of integers in the sec-
ond and third component). It should be noted that our approach involves
some padding, and this could be avoided through using [6, Algorithm 3.2 on
pp. 80f.], which is a more general lexicographic sorting algorithm that does
not require the bit strings from the input to be of a common length. However,
in terms of the O-class of the complexity bounds we derive, it does not make
a difference.

Remark 5.3.2.9 (2) guarantees that tree necklace lists are injective descriptions of
digraph isomorphism types of functional graphs, but they may not always be com-
pact. Indeed, they contain as many elements as there are distinct isomorphism types
of connected components of the said functional graph, and in the case of the func-
tional graph �f of a generalized cyclotomic mapping f of Fq of a fixed index d , the
maximum number of such connected components is at least the maximum number of
distinct cycle lengths which an affine permutation of Z=sZ can achieve. That latter
number can, a priori, be superpolynomial in sD .q� 1/=d (and thus in q if d is fixed),
see Remark 5.3.2.4. We note however, that the moduli considered in Remark 5.3.2.4
are of a special form, and it is not clear whether the construction from Remark 5.3.2.4
can still be carried out if, additionally, all constructed moduli must be of the form
.q � 1/=d for some prime power q with d j q � 1, where d 2 NC is fixed. More-
over, by our Proposition 5.3.1.4, as long as one is willing to exclude a small positive
asymptotic fraction of prime powers, then �.q � 1/, which is an upper bound on the
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number of distinct cycle lengths of an affine map of Z=sZ (see the proof of Propo-
sition 5.3.2.3), is polynomial in log q. Even for such prime powers q, the number of
distinct isomorphism types of connected components of �f itself could be superpoly-
nomial in log q, however. We leave the problem of finding a concrete infinite class of
examples that confirms this open; see also Problems 6.3.3 and 6.3.4.

Nonetheless, if f is of special type I or II, then the following key result implies
that one may compute a tree register R for f and, subsequently, compute and print
the tree necklace list for f relative to R within a q-bounded query complexity that is
polynomial in log q, d and �.q � 1/.

Theorem 5.3.2.10. Let f be an index d generalized cyclotomic mapping of Fq .

(1) We assume that f is of special type I. Then one can compute within a q-
bounded query complexity of

.d3 log2 d C d3�.q � 1/2 log q C d2 log1Co.1/ q C d�.q � 1/ log2Co.1/ q;

d; d log q; d; 0/;

or a q-bounded Las Vegas dual complexity of

.d3 log2 d C d3�.q � 1/2 log q C d2 log1Co.1/ q C d�.q � 1/ log2Co.1/ q

C d log8Co.1/ q; d log4Co.1/ q; d log2 q/;

a type-I tree register RD ..Dn;Sn//nD0;1;:::;N for f withN 2O.d/, as well
as the tree necklace list of f relative to R.

(2) We assume that f is of special type II. Then one can compute within a q-
bounded query complexity of

.d5 log2 d mpe.q � 1/3 C .d5 mpe.q � 1/3 C d3�.q � 1/2/ log q

C d2 mpe.q � 1/ log1Co.1/ q C d�.q � 1/ log2Co.1/ q; d; d log q; d; 0/;

or a q-bounded Las Vegas dual complexity of

.d5 log2 d mpe.q � 1/3 C .d5 mpe.q � 1/3 C d3�.q � 1/2/ log q

C d2 mpe.q � 1/ log1Co.1/ q C d�.q � 1/ log2Co.1/ q C d log8Co.1/ q;

d log4Co.1/ q; d log2 q/;

a type-II tree register R D ..Dn; Sn//nD0;1;:::;N of f with

N 2 O.d2 mpe.q � 1//;

as well as the tree necklace list of f relative to R.
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Proof. We prove both statements simultaneously, referring with “case I”, respec-
tively, “case II”, to the situation described in statement (1), respectively, (2). First,
we compute Nf , the affine maps Ai , and a tree register R for f of the desired type and
with the asserted bound on N , taking q-bounded query complexity

• .d3 log2 d C d log1Co.1/ q; d; 0; 0; 0/ in case I,

• .d2 mpe.q � 1/ log1Co.1/ q C d5 mpe.q � 1/3 log q C d5 log2 d mpe.q � 1/3;
d; 0; 0; 0/ in case II

by Proposition 5.1.8 and Lemma 5.3.2.2 (2,4). Then we compute a CRL-list xL of Nf
together with the cycles of Nf , takingO.d log2d/ bit operations by the argument at the
beginning of Section 5.2.1. For each .i; `/ 2 xL, letting .i0; i1; : : : ; i`�1/ with i D i0
denote the Nf -cycle of i determined earlier, we compute the tree necklace list Ni ,
relative to R, for the restriction of f to

S`�1
tD0 Cit as follows.

If i D d , we simply set Ni WD ¹.Œn�; 1; 1/º, where n 2 ¹0; 1; : : : ; N º is the pos-
itive integer that represents Tree�f .0Fq / in R. We observe that in case II, where
Tree�f .0Fq / is trivial, one has n D 0 necessarily, whereas in case I, the number n

is uniquely characterized by the inclusion d 2 Sn, and can thus be determined with
O.d logd/ bit operations (using that each n is represented by a bit string of length in
O.log d/).

Now we assume that i < d . Then we compute Ai D Ai0Ai1 � � �Ai`�1 , taking
O.d log1Co.1/ q/ bit operations (see Section 5.2.1, page 118), as well as the cycle
type CT..Ai /jper.Ai // D x

ei;1
1 x

ei;2
2 � � �x

ei;s
s (where some of the ei;j may be 0), taking

q-bounded query complexity

.�.q � 1/ log2Co.1/ q C �.q � 1/2 log q; 0; log q; 1; 0/

by Proposition 5.3.2.3. Moreover, we compute the number sequence

Eni D .ni0 ;ni1 ; : : : ;ni`�1/;

where nit is uniquely characterized by the inclusion´
it 2 Snit

; in case I;

it 2 Snit ;per; in case II;

i.e., nit is the positive integer that represents, in the register R, the unique rooted
tree isomorphism type above periodic vertices of �f that are contained in Cit . The
number of bit operations it takes to determine (and set the value of) nit for all t D
0; 1; : : : ; ` � 1 can be bounded as follows:

• in case I, it is in

O

 
d �

NX
nD0

jSnj � log d C dlbit

!
� O.d2 log d/I
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• in case II, it is in

O

 
d

 
N C

NX
nD0

jSn;perj

!
logd C dlbit

!
�O.d3 logd mpe.q � 1/C d log logq/:

Next, we overwrite Eni with the unique lexicographically minimal number sequence
in the same cyclic equivalence class. We can do by spelling the O.`/ � O.d/ cyclic
shifts of Eni out, then ordering them lexicographically as in Lemma 5.1.5 (10) and
taking the first sequence in the sorted list. This process takes

O.d log d � dlbit/ D O.d
2 log dlbit/

�

´
O.d2 log2 d/; in case I;

O.d2 log2 d C d2 log d log log q/; in case II

bit operations. Following that, we compute minperl.Eni /, which by Lemma 5.3.2.7
takes the following amount of bit operations:

O.d log d log log d � .log d C lbit//

�

´
O.d log2 d log log d/; in case I;

O.d log d log log d.log d C log log q//; in case II:

We observe that the following is a valid choice for Ni :

Ni WD ¹.Œni0 ;ni1 ; : : : ;niminperl.Eni /�1
�; ` � l 0; ei;l 0/ W l

0
2 ¹1; 2; : : : ; sº; ei;l 0 > 0º:

For further processing, rather than store Ni literally as this list, it is more advanta-
geous to store En0i WD Œni0 ;ni1 ; : : : ;niminperl.Eni /�1

� and the list

N0i WD ¹.` � l
0; ei;l 0/ W l

0
2 ¹1; 2; : : : ; sº; ei;l 0 > 0º

separately, which takes

O.minperl.Eni /lbit C �.q � 1/ log1Co.1/ q/

�

´
O.d log d C �.q � 1/ log1Co.1/ q/; in case I;

O.d.log d C log log q/C �.q � 1/ log1Co.1/ q/; in case II

bit operations for carrying out the multiplications ` � l 0 and copying data. This con-
cludes our analysis of how to compute Ni , which in summary for each given i takes
q-bounded query complexity

.�.q � 1/ log2Co.1/ q C .d C �.q � 1// log1Co.1/ q

C �.q � 1/2 log q CE.d; q/; 0; log q; 1; 0/;
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where

E.d; q/ WD Nd log d C d2 log dlbit

2

´
O.d2 log2 d/; in case I;

O.d3 log d mpe.q � 1/C d2 log2 d C d2 log d log log q/; in case II

and the additional factor �.q � 1/ in the bit operation cost is because there are only
�.s/� �.q � 1/ distinct cycle lengths by the proof of Proposition 5.3.2.3 (see also the
first few lines in Remark 5.3.2.4). For all i together, the q-bounded query complexity
is the (component-wise) d -fold of that.

Finally, we need to compute the actual tree necklace list N for f relative to R.
We start by setting M WDN WD ; and En0 WD ¹.En0i ; i; `/ W .i; `/ 2 xLº (where En0

d
WD Œn�,

the first entry of the unique triple in Nd ), followed by sorting En0 lexicographically.
Altogether, this takes O.d2 log dlbit/ bit operations. Throughout the subsequently
described process, N is a (lexicographically sorted) initial segment of the tree neck-
lace list that will be output, and M is an initial segment of the list obtained by deleting
repeated entries in the multiset ¹En0i W .i; `/ 2 xLº. In particular, M hasO.d/ elements,
each of which is a cyclic sequence of length in O.d/ each entry of which has bit
length in O.lbit/ and which is given by its lexicographically minimal representative.
We observe that two such cyclic sequences are equal if and only if their representa-
tives are equal, so it takes O.dlbit/ bit operations to verify such an equality.

Now, we go through the triples .En0i ; i; `/ 2 En
0, and for each of them, we do the

following. First, we check whether En0i 2M, which takes O.d2lbit/ bit operations. If
so, we skip to the next triple in En0, otherwise we proceed as follows. We add En0i to M

as a new element (which takesO.dlbit/ bit operations for copying), and set V WDN0i ,
taking O.�.q � 1/ log q/ bit operations.

Then, we go through the elements .En0j ; j; `
0/ 2 En0 that come after .En0i ; i; `/, and

for each of them, we do the following. We check whether En0j D En
0
i , which takes

O.dlbit/ bit operations. If not, we skip to the next value of .En0j ; j; `
0/, otherwise we

proceed as follows. We go through the elements .l; k/ of N0j , and for each of them,
we check whether l occurs as the first entry of some pair .l; k0/ of V; each such check
takes O.jVj log q/ � O.d�.q � 1/ log q/ bit operations. If so, we replace the unique
element of V of the form .l; k0/ by .l; k C k0/; otherwise, we add .l; k/ to V as a
new element.

Overall, the described loop over the elements of N0j takes

O.jN0j j � d�.q � 1/ log q/ � O.d�.q � 1/2 log q/

bit operations, and thus the loop over .En0j ; j; `
0/ takes O.d2lbit C d

2�.q � 1/2 log q/
bit operations. Once that loop is finished, we complete the loop over .En0i ; i; `/ 2 En

0 by
adding, for each .l; k/ 2V, the triple .ŒEn0i �; l; k/ to N as a new element – this copying
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process takes

O.jVj � .d lbit C log q// � O.d�.q � 1/.d lbit C log q//

bit operations.
At the end of the loop over .En0i ; i; `/ 2 En

0, the variable N has its desired value,
and the overall bit operation cost of this loop is in

O.d � .d2lbit C d
2�.q � 1/lbit C d

2�.q � 1/2 log q// D O.d3�.q � 1/2 log q/:

Finally, we discuss the complexity of the digraph isomorphism problem. Let f1
and f2 be generalized cyclotomic mappings of Fq , each of one of the special types I
or II. We note that neither do f1 and f2 need to have the same index, nor are they
necessarily both of the same special type. In order to decide whether �f1 Š �f2 , we
would like to compare a computed tree necklace list for f1 with one for f2. To that
end, those tree necklace lists must be “synchronized”, so that each n denotes the same
rooted tree isomorphism type In in each case. Here is a precise definition.

Definition 5.3.2.11. Let EDD .Dn/nD0;1;:::;N and ED0D .D0n/nD0;1;:::;N 0 be recursive
tree description lists, with associated rooted tree isomorphism type sequences

.In/nD0;1;:::;N and .I 0n/nD0;1;:::;N 0 :

A synchronization of ED and ED0 is a pair . EDC; i/ such that the following hold.

(1) EDC D .DCn /nD0;1;:::;NC is a recursive tree description list of which ED is an
initial segment (in particular, N � NC). We denote by .ICn /nD0;1;:::;NC the
unique rooted tree isomorphism type sequence associated with EDC.

(2) i is a function ¹0; 1; : : : ; N 0º ! ¹0; 1; : : : ; NCº with

¹N C 1;N C 2; : : : ; NCº � im.i/

such that for each n 2 ¹0; 1; : : : ; N 0º, one has I 0n Š IC
i.n/

.

In an implementation, we assume that each description Dn or D0n is sorted by
increasing first entries of its elements. We also assume that each of ED and ED0 uses a
common bit length, denoted by lbit and l 0bit, respectively, for the binary representations
of the numbers n. Because NC � N CN 0, we use max¹lbit; l

0
bitº C 1 2 O.lbit C l

0
bit/

bits for the numbers n in the synchronization EDC. We note that the definition of a
synchronization is asymmetric in the sense that a synchronization of ED and ED0 is not
necessarily also one of ED0 and ED. Complexity-wise, the following lemma shows that
it is slightly more advantageous to have N 0 � N .

Lemma 5.3.2.12. Let ED D .Dn/nD0;1;:::;N and ED0 D .D0n/nD0;1;:::;N 0 be recursive
tree description lists such that for all n,
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• each second entry of an element of Dn or D0n is represented by a bit string of
length at most m (a quantity that does not depend on n);

• each first entry of each element of Dn, respectively of D0n, is represented by a bit
string of length exactly lbit, respectively, l 0bit, and

• within a given description Dn, respectively, D0n, the second entries of elements of
that description have a common bit length (so all pairs in Dn, respectively in D0n,
have the same bit length, which lies in O.lbit Cm/, respectively in O.l 0bit Cm/).

It takesO..NN 0min¹N;N 0ºC .max¹N;N 0º/2C .N 0/2l 0bit/.lbitC l
0
bitCm// bit oper-

ations to compute a synchronization of ED and ED0.

Proof. Let In, respectively, I 0n, be the rooted tree isomorphism type described by
Dn, respectively, by D0n. In order to compute the synchronization, we proceed in a
loop over n D 0; 1; : : : ; N 0. At each given point in the process, the description DC

k

(of the rooted tree isomorphism type IC
k

) is defined for all k 2 N , an initial segment
of N0 that starts out as ¹0; 1; : : : ; N º, with DC

k
WD Dk for each k 2 ¹0; 1; : : : ; N º,

and will be ¹0; 1; : : : ; NCº in the end. We note that it takes

O.N 2.lbit C logm// � O..max¹N;N 0º/2.lbit C l
0
bit Cm//

bit operations (spent copying) to set N and the DC
k

for k 2 ¹0; 1; : : : ; N º up. At any
given point in the algorithm, the descriptions DC

k
form a recursive tree description list

denoted by EDC (which will have the desired value in the end). We also keep updating
the value of i W ¹0; 1; : : : ; nº ! N , which starts out as the empty function ;.

For n D 0, where D0n D ; and its associated rooted tree is trivial, we simply
set i.0/ WD 0 without updating N . Now let us assume that n � 1. Based on D0n, we
compute a new rooted tree description D through replacing the first entry k < n �
N 0 of each given pair in D0n by i.k/. Because D0n contains at most nC 1 2 O.n/
distinct pairs and we are handling non-negative integers of bit length in O.lbit C l

0
bit/

here, computing D as an unsorted list takesO.n � .lbitC l
0
bit//�O.N

0.lbitC l
0
bit// bit

operations overall (for a given n), and anotherO.N 0l 0bit.lbitC l
0
bitCm// bit operations

for sorting D.
Once D has been computed in sorted form, we need to check whether the rooted

tree I 0n described by it with respect to EDC already occurs among the IC
k

. If k > N ,
then IC

k
Š I 0

l
for some l 2 ¹0; 1; : : : ; n� 1º, and thus IC

k
6Š I 0n, as the isomorphism

types I 0t are pairwise distinct by assumption. Therefore, we only need to check the
isomorphism IC

k
Š I 0n for k � N , where it is equivalent to Ik Š I 0n and further

to Dk D D. For a given k, it takes O.min¹N;N 0º.lbit C l
0
bit Cm// bit operations to

check with a linear scan whether Dk DD (using that both Dk and D are sorted), and
so it can be checked with O.N min¹N;N 0º.lbit C l

0
bit C m// bit operations whether

I 0nŠ IC
k

for a (unique) k 2 ¹0;1; : : : ;N º. If so, we set i.n/ WD k without updating N ;
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otherwise, we extend N by the new element n0 WDmax N C 1 and set DCn0 WDD and
i.n/ WD n0.

The overall bit operation cost of the described loop is in O..NN 0min¹N;N 0º C
.N 0/2l 0bit/.lbit C l

0
bit Cm//. We conclude the algorithm by outputting . EDC; i/, where

EDC WD .DC
k
/k2N :

This takes

O..N CN 0/max¹N;N 0º.lbit C l
0
bit Cm//

D O..max¹N;N 0º/2.lbit C l
0
bit Cm//

bit operations for copying.

Corollary 5.3.2.13. Let f1 and f2 be generalized cyclotomic mappings of a common
finite field Fq , say of index d1 and d2, respectively, and set d WD max¹d1; d2º.

(1) If each fj is of special type I or II (not necessarily both of the same type),
then it takes q-bounded query complexity

..d6 mpe.q � 1/3 C d3�.q � 1/2/ log q C d4 mpe.q � 1/2 log1Co.1/ q

C d�.q � 1/ log2Co.1/ q; d; d log q; d; 0/;

or q-bounded Las Vegas dual complexity

..d6 mpe.q � 1/3 C d3�.q � 1/2/ log q C d4 mpe.q � 1/2 log1Co.1/ q

C d�.q � 1/ log2Co.1/ q C d log8Co.1/ q; d log4Co.1/ q; d log2 q/;

to decide whether �f1 Š �f2 .

(2) If both fj are of special type I, then it takes q-bounded query complexity

.d3 log2.d/C d3�.q � 1/2 log q C d2 log1Co.1/ q

C d�.q � 1/ log2Co.1/ q; d; d log q; d; 0/;

or q-bounded Las Vegas dual complexity

.d3 log2.d/C d3�.q � 1/2 log q C d2 log1Co.1/ q

C d�.q � 1/ log2Co.1/ q C d log8Co.1/ q; d log4Co.1/ q; d log2 q/;

to decide whether �f1 Š �f2 .

Proof. We denote the situation in statement (1) by “case (1)”, and the one in state-
ment (2) by “case (2)”; these must not be confused with cases I and II from the proof
of Theorem 5.3.2.10. First, for j D 1; 2, we compute a suitable tree register Rj of fj
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with Nj C 1 entries, together with an associated tree necklace list Nj for fj . By
Theorem 5.3.2.10, this takes q-bounded query complexity

.d5 log2 d mpe.q � 1/3 C .d5 mpe.q � 1/3 C d3�.q � 1/2/ log q

C d2 mpe.q � 1/ log1Co.1/ q C d�.q � 1/ log2Co.1/ q;

d; d log q; d; 0/;

in case (1), or

.d3 log2 d C d3�.q � 1/2 log q C d2 log1Co.1/ q C d�.q � 1/ log2Co.1/ q;

d; d log q; d; 0/;

in case (2).
Following that, we synchronize the underlying recursive tree description lists of

the Rj . By Lemma 5.3.2.12, applied with m WD log q, and using the facts that lbit 2

O.log q/ and lbit; l
0
bit 2 O.log d C log log q/ in either case and that

min¹N1; N2º � max¹N1; N2º 2

´
O.d2 mpe.q � 1//; in case (1);

O.d/; in case (2);

we see that this can be done using

O..d6 mpe.q � 1/3 C d4 mpe.q � 1/2 log log q/.log d C log log q C log q//

D O..d6 mpe.q � 1/3 C d4 mpe.q � 1/2 log log q/ log q/

bit operations in case (1), or O.d3 log q/ bit operations in case (2). Following our
convention on the bit lengths of indices n of descriptions DCn in synchronizations,
the computed synchronization uses a common bit length lCbit, which lies inO.logd C
log log q/ in case (1), and in O.log d/ in case (2).

Next, based on N2, we compute a modified tree necklace list N02 for f2 with
respect to the computed synchronization . EDC; i/ through replacing each number n

occurring as an entry in one of the cyclic sequences in N2 by i.n/, then replacing the
underlying ordered sequence with the lexicographically minimal representative in the
same cyclic equivalence class. Computing N02 in unsorted form takes

O.jN2j � .d l
C
bit C log q/C d � d log dlCbit/ � O.d

2�.q � 1/ log q C d2 log d log q/

bit operations, and following that, we sort N02 lexicographically, which takes

O.d3�.q � 1/ log q/

bit operations through successively merging the O.d/ segments corresponding to a
common, rewritten first entry (see Lemma 5.1.5 (11)).
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Finally, we need to check whether N02DN1, which only takes a linear scan thanks
to N02 and N1 both being lexicographically sorted (we note that the bit lengths of
indices n in N1 may not be the same as those in N02, but that is of course not a
problem). The bit operation cost of this is in

O.min¹jN1j; jN
0
2jº � .d l

C
bitC logq//�O.d�.q � 1/ � d logq/DO.d2�.q � 1/ logq/:

As we did throughout Section 5.2 and in Section 5.3.1, we conclude this sub-
section with pseudocode for all relevant algorithms introduced in it, specifying the
query complexity (q-bounded orm-bounded, depending on the context) of each step.
We start with the algorithm from Lemma 5.3.2.2 (1), which decides whether a given
index d generalized cyclotomic mapping f of Fq is of special type I.

1 Compute the affine maps Ai W x 7! ˛ix C ˇi of Z=sZ associated with f .
QC: .d log1Co.1/ q; d; 0; 0; 0/.

2 For each i 2 ¹0; 1; : : : ; d � 1º, do the following.
QC: .d log1Co.1/ q; 0; 0; 0; 0/.

2.1 If ai D 0Fq , then skip to the next i .
QC: .log d; 0; 0; 0; 0/.

2.2 If gcd.˛i ; s/ > 1, then output “false” and halt.
QC: .log1Co.1/ q; 0; 0; 0; 0/.

3 Output “true” and halt.

Next, we list the steps of the algorithm from Lemma 5.3.2.2 (2), which computes,
for a given index d generalized cyclotomic mapping f of Fq that is of special type I,
a type-I tree register R D ..Dn; Sn//nD0;1;:::;N for f with N 2 O.d/.

1 Compute s D .q � 1/=d , the induced function Nf on ¹0; 1; : : : ; dº and the layers
Layerh, for h 2 ¹0; 1; : : : ; xH � 1;1º, of Nf with respect to iteration.
QC: .d log2 d C d log1Co.1/ q; d; 0; 0; 0/.

2 Set N WD ;.
QC: .1; 0; 0; 0; 0/.

3 For each i 2 ¹0; 1; : : : ; dº, determine its (ordered) list of Nf -pre-images and its
Nf -transient pre-images.

QC: .d log d; 0; 0; 0; 0/.

4 For each h D 0; 1; : : : ; xH � 1;1, do the following.
QC: .d3 log2 d C d log1Co.1/ q; 0; 0; 0; 0/.

4.1 If h D 0 or xH D 0, then do the following.

4.1.1 Add 0 to N as a new (the first) element, set D0 WD ; and S0 WD Layerh.
QC: .d log d; 0; 0; 0; 0/.
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4.1.2 If xH D 0, then output R WD ..D0; S0// and halt.
QC: .d log d; 0; 0; 0; 0/.

4.2 Else do the following.

4.2.1 For each i 2 Layerh, letting j1; j2; : : : ; jK denote its Nf -transient Nf -pre-
images, do the following.
QC: .jLayerh jd

2 log2 d C ıd2Layerhd log1Co.1/ q; 0; 0; 0; 0/.

4.2.1.1 For each t D 1; 2; : : : ; K, do the following.
QC: .d2 log2 d; 0; 0; 0; 0/.

4.2.1.1.1 Determine the unique number Nnjt 2 N such that jt 2 S Nnjt .
QC: .d log2 d; 0; 0; 0; 0/.

4.2.1.2 If i < d , then do the following.

4.2.1.2.1 Set

D WD ¹.n;m/ W n 2 ¹ Nnjt W 1 � t � Kº;

m D j¹t 2 ¹1; : : : ; Kº W Nnjt D nºj > 0º:

QC: .d log2 d; 0; 0; 0; 0/.

4.2.1.3 Else do the following.

4.2.1.3.1 Set

D WD ¹.n; sm/ W n 2 ¹ Nnjt W 1 � t � Kº;

m D j¹t 2 ¹1; : : : ; Kº W Nnjt D nºj > 0º

QC: .d log2 d C d log1Co.1/ q; 0; 0; 0; 0/.

4.2.1.4 Check whether there is a (unique) n 2 N such that D D Dn, and
store this information (the truth value and n).
QC: .d2 log d; 0; 0; 0; 0/.

4.2.1.5 If D DDn for some n 2 N , then do the following.

4.2.1.5.1 Merge the sorted lists ¹iº and Sn.
QC: .d log d; 0; 0; 0; 0/.

4.2.1.6 Else do the following.

(a) Set n0 WD max N C 1, and add n0 to N as a new element.
QC: .log d; 0; 0; 0; 0/.

(b) Set Dn0 WDD, and initialize Sn0 WD ¹iº.
QC: .d log d; 0; 0; 0; 0/.

5 Output R WD ..Dn; Sn//nD0;1;:::;max N and halt.
QC: .d2 log d C d log q; 0; 0; 0; 0/.
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Next, we give the (simple) pseudocode for the algorithm from Lemma 5.3.2.2 (3),
which checks whether a given index d generalized cyclotomic mapping f of Fq is of
special type II.

1 Compute the induced function Nf W ¹0; 1; : : : ; dº ! ¹0; 1; : : : ; dº.
QC: .d log1Co.1/ q; d; 0; 0; 0/.

2 Sort im. Nf /, and check whether it is equal to ¹0; 1; : : : ; dº.
QC: .d log2 d; 0; 0; 0; 0/.

The algorithm from Lemma 5.3.2.2 (4), for computing a type-II tree register for a
given index d generalized cyclotomic mapping f of Fq that is of special type II, has
the following pseudocode.

1 Compute the induced function Nf and the affine maps Ai W x 7! ˛ix C ˇi .
QC: .d log1Co.1/ q; d; 0; 0; 0/.

2 Compute a CRL-list xL of Nf and, in the process, store the cycles of Nf .
QC: .d log2 d; 0; 0; 0; 0/.

3 Set N WD ;.
QC: .1; 0; 0; 0; 0/.

4 For each .i; `/ 2 xL, do the following.
QC: .d5 log2 d mpe.q�1/3C d5mpe.q�1/3 logqC d2mpe.q�1/ log1Co.1/ q;
0; 0; 0; 0/.

4.1 For each t D 0; 1; : : : ; ` � 1, do the following.
QC: .`2 mpe.q � 1/ log1Co.1/ q; 0; 0; 0; 0/.

4.1.1 Set produpper WD ˛it�1 .
QC: .log q; 0; 0; 0; 0/.

4.1.2 Set prodlower WD 1.
QC: .1; 0; 0; 0; 0/.

4.1.3 For each k D 1; 2; : : : (no explicit upper bound for this for-loop a priori,
though by design it will stop at k DHit C 1 2 O.`mpe.q � 1// – for the
“big-O”, see bound (3.2)), do the following.
QC: .`mpe.q � 1/ log1Co.1/ q; 0; 0; 0; 0/.

4.1.3.1 Compute

procit ;k WD
gcd.produpper; s/

gcd.prodlower; s/
:

QC: .log1Co.1/ q; 0; 0; 0; 0/.

4.1.3.2 If procit ;k D 1, then do the following.

4.1.3.2.1 Set Hit WD k � 1.
QC: .log d C log log q; 0; 0; 0; 0/.
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4.1.3.2.2 Exit the loop for k, and skip to the next t .
QC: .1; 0; 0; 0; 0/.

4.1.3.3 Else do the following.

(a) Set prodlower WD produpper.
QC: .log q; 0; 0; 0; 0/.

(b) Set produpper WD produpper �˛it�k�1 .
QC: .log1Co.1/ q; 0; 0; 0; 0/.

4.2 Compute Hi WD max¹Hit W t D 0; 1; : : : ; ` � 1º.
QC: .`.log d C log log q/; 0; 0; 0; 0/.

4.3 For h D 0; 1; : : : ;Hi , do the following.
QC: .`2d3 log2 d mpe.q � 1/3 C `d4 mpe.q � 1/3 log q; 0; 0; 0; 0/.

4.3.1 If h D 0, then do the following.

4.3.1.1 If N D ;, then do the following.

4.3.1.1.1 Set D0 WD ; and ht0 WD 0.
QC: .1; 0; 0; 0; 0/.

4.3.1.1.2 IfHi > 0, then set S0;trans WD ¹i0; i1; : : : ; i`�1º, sorted. Otherwise,
set S0;trans WD ;.
QC: .` log2 d; 0; 0; 0; 0/.

4.3.1.1.3 Set S0;per WD ¹it W Hit D 0º, sorted.
QC: .` log2 d; 0; 0; 0; 0/.

4.3.1.2 Else do the following.

4.3.1.2.1 If Hi > 0, then sort ¹i0; i1; : : : ; i`�1º and merge it with S0;trans.
QC: .` log2 d C d log d; 0; 0; 0; 0/.

4.3.1.2.2 Create a list of all indices it , for t D 0; 1; : : : ; ` � 1, such that
Hit D 0, then sort it and merge it with S0;per.
QC: .` log2 d C d log d; 0; 0; 0; 0/.

4.3.2 Else do the following.

4.3.2.1 For t D 0; 1; : : : ; ` � 1, do the following.
QC: .`2d2 log2 d mpe.q � 1/2 C `d3 mpe.q � 1/2 log q; 0; 0; 0; 0/.

4.3.2.1.1 If h < Hi , then set h0 WD h; otherwise, set h0 WD Hit .
QC: .log d C log log q; 0; 0; 0; 0/.

4.3.2.1.2 For k D 0; 1; : : : ; h0 � 1, set
wk WD²

procit ;kC1� procit ;kC2; if hDHi ; or h<Hi and k<h0 � 1;

procit ;h; if h < Hi and k D h0 � 1:

QC: .`mpe.q � 1/ log q; 0; 0; 0; 0/.
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4.3.2.1.3 For k D 0; 1; : : : ; h0 � 1, find Nnit ;k , the unique n 2 N such that
it 2 Sn;trans and htn D k.
QC: .`d2 log2 d mpe.q � 1/2C `mpe.q � 1/ log logq; 0; 0; 0; 0/.

4.3.2.1.4 Set D WD ¹. Nnit ;k;wk/ W k D 0; 1; : : : ; h
0 � 1º, sorted lexicograph-

ically.
QC: .`mpe.q � 1/.log `C log mpe.q � 1// log q; 0; 0; 0; 0/.

4.3.2.1.5 Check whether D D Dn some (unique) n 2 N , and if so, store
this information (the truth value and n).
QC: .`d2 mpe.q � 1/2 log q; 0; 0; 0; 0/.

4.3.2.1.6 If D DDn for some n 2 N , then do the following.

4.3.2.2.6.1 If h < Hi , then merge the sorted lists ¹itº and Sn;trans. Other-
wise, merge the sorted lists ¹itº and Sn;per.
QC: .d log d; 0; 0; 0; 0/.

4.3.2.1.7 Else do the following.

(1) Set n0 WD max N C 1, Dn0 WDD, htn0 WD h0, and add n0 to N

as a new element.
QC: .d mpe.q � 1/ log q; 0; 0; 0; 0/.

(2) Initialize Sn0;trans WD ; and Sn0;per WD ;.
QC: .log d C log log q; 0; 0; 0; 0/

(3) If h <Hi , then add it to Sn0;trans as a new element. Otherwise,
add it to Sn0;per as a new element.
QC: .log d C log log q; 0; 0; 0; 0/.

5 Compute H WD max¹Hi W .i; `/ 2 xLº.
QC: .d.log d C log log q/; 0; 0; 0; 0/.

6 For n 2 N , do the following.
QC: .d3 log d mpe.q � 1/C d2 mpe.q � 1/ log log q; 0; 0; 0; 0/.

6.1 Set Sn WD .htn; Sn;trans; Sn;per/.
QC: .d log d C log log q; 0; 0; 0; 0/.

7 Output R WD ..Dn; Sn//n2N and halt.
QC: .d4 mpe.q � 1/2 log q; 0; 0; 0; 0/.

Next, we give pseudocode for the algorithm from Proposition 5.3.2.3, which com-
putes the cycle type CT.Ajper.A// for a given affine map A W x 7! ax C b of Z=mZ.

1 Factor m, compute ordp�p.m/.a/ for all primes p j m with p − a, factor a � 1,
and if �2.m/ � 2, compute " 2 ¹0; 1º and e 2 ¹0; 1; : : : ; 2�2.m/ � 2º such that
a � .�1/"5e .mod 2�2.m//.
QC: .logm; 0; 1; 1; 0/.
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2 For each prime p j m such that p − a, do the following.
QC: .log2Co.1/m; 0; logm; 0; 0/.

2.1 Compute A.p/ WD A mod p�p.m/.
QC: .log1Co.1/m; 0; 0; 0; 0/.

2.2 Using [15, Tables 3 and 4], compute

CT.A.p// D x
ep;1
Nlp;1

x
ep;2
Nlp;2
� � � x

ep;Kp
Nlp;Kp

.all ep;j > 0/

with all cycle lengths Nlp;j fully factored. This involves factoring ordp�p.m/.a/,
a single power computation, and O.�p.m// instances of simpler arithmetic.
QC: .log2Co.1/ p�p.m/ C �p.m/ log1Co.1/ p�p.m/; 0; 1; 0; 0/.

3 For each E| D .jp/pjm;p−a 2
Q
pjm;p−a ¹1; 2; : : : ; Kpº, do the following.

QC: .�.m/ log2Co.1/m; 0; 0; 0; 0/.

3.1 Compute the Wei–Xu product of variable powers

WX. E|/ WD ¾pjm;p−ax
ep;jp
Nlp;jp

D x

Q
pjm;p−a .ep;jp

Nlp;jp /=lcm. Nlp;jp Wpjm;p−a/

lcm. Nlp;jp Wpjm;p−a/
:

QC: .log2Co.1/m; 0; 0; 0; 0/.

4 Compute and output

CT.A/ D ¾pjm;p−aCT.A.p// D
Y
E|

WX. E|/;

then halt.
QC: .�.m/2 logm; 0; 0; 0; 0/.

The following is pseudocode for the algorithm from Lemma 5.3.2.7, serving to
compute minperl.Ex/ for given Ex 2 ¹0; 1; : : : ;N � 1ºn, where each n 2 ¹0; 1; : : : ;N �
1º is given with bit length lbit.

1 Compute the binary representation of n
QC: .n; 0; 0; 0; 0/.

2 Factor n D pv11 � � �p
vK
K deterministically.

QC: .n1=5Co.1/; 0; 0; 0; 0/.

3 For each j D 1; 2; : : : ; K, do the following.
QC: .n logn log logn.lognC lbit//.

3.1 Using binary search, find v0j D �pj .minperl.Ex// as the smallest

v 2 ¹0; 1; : : : ; vj º

such that pvj
Q
k 6Dj p

vk
k

is a period length of Ex.
QC: .n log logn.lognC lbit//.
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4 Compute and output

minperl.Ex/ D
KY
jD1

p
v0
j

j ;

then halt.
QC: .log3Co.1/ n; 0; 0; 0; 0/.

Next, we give pseudocode for Theorem 5.3.2.10, which is concerned with com-
puting not only a tree register, but also an associated tree necklace list for a given
index d generalized cyclotomic mapping f of Fq that is of special type I or II.
Because the procedures for the two cases are analogous, we just give one algorithm
that deals with both simultaneously.

1 Check whether f is of special type I and store this information. In the process,
also compute and store Nf and the affine maps Ai for later use.
QC: .d log1Co.1/ q; d; 0; 0; 0/.

2 If f is not of special type I, then check whether f is of special type II and store
this information.
QC: .d log2 d; 0; 0; 0; 0/ because Nf has already been computed.

3 If f is neither of special type I nor II, then output “fail” and halt.
QC: .1; 0; 0; 0; 0/.

4 If f is of special type I, then do the following.

4.1 Compute a type-I tree register R D ..Dn; Sn//nD0;1;:::;N for f with N 2
O.d/.
QC: .d3 log2 d C d log1Co.1/ q; 0; 0; 0; 0/ because Nf and the Ai have already
been computed.

5 Else do the following.

5.1 Compute a type-II tree register R D ..Dn; Sn//nD0;1;:::;N for f with

N 2 O.d2 mpe.q � 1//;

where Sn D .htn; Sn;trans; Sn;per/.
QC: .d2 mpe.q � 1/ log1Co.1/ q C d5 mpe.q � 1/3 log q
C d5 log2 d mpe.q � 1/3; 0; 0; 0; 0/ because Nf and the Ai have already been
computed.

6 Compute a CRL-list xL of Nf and, in the process, store the cycles of Nf .
QC: .d log2 d; 0; 0; 0; 0/.

7 For each .i; `/ 2 xL, with associated Nf -cycle .i0; i1; : : : ; i`�1/, do the following.
QC: .d�.q � 1/ log2Co.1/ qC d2 log1Co.1/ qC d�.q � 1/2 logqCNd2 logd C
d3 log dlbit; 0; d log q; d; 0/.

7.1 If i D d , then do the following.
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7.1.1 If f is of special type I, then do the following.

7.1.1.1 Set n to be the unique n 2 ¹0; 1; : : : ; N º such that d 2 Sn.
QC: .d log d; 0; 0; 0; 0/.

7.1.2 Else do the following.

7.1.2.1 Set n WD 0.
QC: .1; 0; 0; 0; 0/.

7.1.3 Set Nd WD ¹.Œn�; 1; 1/º, En0d WD Œn� and N0
d
WD ¹.1; 1/º, then skip to the

next pair .i; `/.
QC: .log d; 0; 0; 0; 0/.

7.2 Else do the following.

7.2.1 Compute Ai WD Ai0Ai1 � � �Ai`�1 .
QC: .d log1Co.1/ q; 0; 0; 0; 0/.

7.2.2 Compute CT..Ai /jper.Ai // D x
ei;1
1 x

ei;2
2 � � � x

ei;s
s .

QC: .�.q � 1/ log2Co.1/ q C �.q � 1/2 log q; 0; log q; 1; 0/.

7.2.3 If f is of special type I, then do the following.

7.2.3.1 For each n D 0; 1; : : : ; N , do the following.
QC: .d2 log d; 0; 0; 0; 0/.

7.2.3.1.1 For each t D 0; 1; : : : ; ` � 1, do the following.
QC: .jSnjd log d; 0; 0; 0; 0/.

7.2.3.1.1.1 If it 2 Sn, then set nit WD n.
QC: .jSnj log d; 0; 0; 0; 0/.

7.2.4 Else do the following.

7.2.4.1 For each n D 0; 1; : : : ; N , do the following.
QC: .d3 log d mpe.q � 1/C dlbit; 0; 0; 0; 0/.

7.2.4.1.1 For each t D 0; 1; : : : ; ` � 1, do the following.
QC: .max¹1; jSn;perjºd log d C jSn;per \ ¹i0; : : : ; i`�1ºjlbit;

0; 0; 0; 0/.

7.2.4.1.1.1 If it 2 Sn;per, then set nit WD n.
QC: .max¹1; jSn;perjº log d C lbit; 0; 0; 0; 0/.

7.2.5 Set Eni WD .ni0 ;ni1 ; : : : ;ni`�1/.
QC: .d lbit; 0; 0; 0; 0/.

7.2.6 Overwrite Eni with the lexicographically smallest sequence in the same
cyclic equivalence class.
QC: .d2 log dlbit; 0; 0; 0; 0/.

7.2.7 Compute minperl.Eni /.
QC: .d log d log log d.log d C lbit/; 0; 0; 0; 0/.



Algorithmic complexity analysis 192

7.2.8 Set

• En0i WD Œni0 ;ni1 ; : : : ;niminperl.Eni /�1
�,

• N0i WD ¹.` � l
0; ei;l 0/ W l

0 2 ¹1; 2; : : : ; sº; ei;l 0 > 0º, and

• Ni WD ¹En
0
iº �N0i .

QC: .d lbit C �.q � 1/ log1Co.1/ q; 0; 0; 0; 0/.

8 Set M WD N WD ;.
QC: .1; 0; 0; 0; 0/.

9 Set En0 WD ¹.En0i ; i; `/ W .i; `/ 2 xLº, and sort it lexicographically.
QC: .d2 log dlbit; 0; 0; 0; 0/.

10 For each .En0i ; i; `/ 2 En
0, do the following.

QC: .d3�.q � 1/2 log q; 0; 0; 0; 0/.

10.1 Check whether En0i 2M, and if so, skip to the next triple .En0i ; i; `/.
QC: .d2lbit; 0; 0; 0; 0/.

10.2 Add En0i to M as a new element.
QC: .d lbit; 0; 0; 0; 0/.

10.3 Set V WD N0i .
QC: .�.q � 1/ log q; 0; 0; 0; 0/.

10.4 For each .En0j ; j; `
0/ 2 En0 that comes after .En0i ; i; `/, do the following.

QC: .d2lbit C d
2�.q � 1/2 log q; 0; 0; 0; 0/.

10.4.1 Check whether En0i D En
0
j , and if not, skip to the next triple .En0j ; j; `

0/.
QC: .d lbit; 0; 0; 0; 0/.

10.4.2 For each .l; k/ 2 N0j , do the following.
QC: .d�.q � 1/2 log q; 0; 0; 0; 0/.

10.4.2.1 Check whether l occurs as the first entry of some pair .l; k0/ 2V, and
store this information.
QC: .d�.q � 1/ log q; 0; 0; 0; 0/.

10.4.2.2 If .l; k0/ 2 V for some k0, then do the following.

10.4.2.2.1 Replace the unique element of V of the form .l; k0/ by .l; kC k0/.
QC: .log q; 0; 0; 0; 0/.

10.4.2.3 Else do the following.

10.4.2.3.1 Add .l; k/ to V as a new element.
QC: .log q; 0; 0; 0; 0/.

10.5 For each .l; k/ 2 V, do the following.
QC: .d�.q � 1/.d lbit C log q/; 0; 0; 0; 0/.

10.5.1 Add .ŒEn0i �; l; k/ to N as a new element.
QC: .d lbit C log q; 0; 0; 0; 0/.
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11 Output R and N, and halt.
QC: .N 2 log q C d�.q � 1/.d lbit C log q/; 0; 0; 0; 0/.

The following is pseudocode for the algorithm from Lemma 5.3.2.12. For given
recursive tree description lists ED D .Dn/nD0;1;:::;N and ED0 D .D0n/nD0;1;:::;N 0 satis-
fying the assumptions of Lemma 5.3.2.12, this algorithm computes a synchronization
. EDC; i/ of ED and ED0.

1 Set N WD ¹0; 1; : : : ; N º, and for k 2 N, set DC
k
WD Dk . Moreover, let i be the

empty function ;.
QC: .N 2.lbit Cm/; 0; 0; 0; 0/.

2 For each n D 0; 1; : : : ; N 0, do the following.
QC: ..NN 0min¹N;N 0º C .N 0/2l 0bit/.lbit C l

0
bit Cm/; 0; 0; 0; 0/.

2.1 If n D 0, then do the following.

2.1.1 Set i.0/ WD 0.
QC: .1; 0; 0; 0; 0/.

2.2 Else do the following.

2.2.1 Let D be the set of pairs obtained from D0n through replacing each first
entry k of each pair in D0n by i.k/ (one may simply overwrite the corre-
sponding entries of D0n, so one does not need to handle the second entries
of bit length in O.m/).
QC: .N 0.lbit C l

0
bit/; 0; 0; 0; 0/.

2.2.2 Sort D.
QC: .N 0l 0bit.lbit C l

0
bit Cm//.

2.2.3 Check whether D DDC
k

for some (unique) k 2 ¹0; 1; : : : ; N º, and store
this information (the truth value and k).
QC: .N min¹N;N 0º.lbit C l

0
bit Cm/; 0; 0; 0; 0/.

2.2.4 If D DDC
k

for some k 2 ¹0; 1; : : : ; N º, then do the following.

2.2.4.1 Set i.n/ WD k.
QC: .lbit C l

0
bit; 0; 0; 0; 0/.

2.2.5 Else do the following.

2.2.5.1 Set n0 WD max N C 1, add n0 to N as a new element, set DCn0 WD D

and i.n/ WD n0.
QC: .min¹N;N 0º.lbit C l

0
bit Cm/; 0; 0; 0; 0/.

3 Set EDC WD .DCn /n2N , output . EDC; i/ and halt.
QC: ..N CN 0/max¹N;N 0º.lbit C l

0
bit Cm/; 0; 0; 0; 0/.

Finally, we provide pseudocode for the algorithm from Corollary 5.3.2.13. For
given generalized cyclotomic mappings f1 and f2 of Fq , of index d1 and d2, respec-
tively, such that each fj is of special type I or II (not necessarily both of the same
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special type), this algorithm decides whether �f1 Š �f2 . Throughout this discussion,
we have d WD max¹d1; d2º.

1 For j D 1; 2, do the following.
QC:

• .d log1Co.1/ q; d; 0; 0; 0/ if f1 and f2 are both of special type I;

• .d log2 d C d log1Co.1/ q; d; 0; 0; 0/ otherwise.

1.1 Check whether fj is of special type I, and store this information as well as
the induced function fj and the affine maps on Z=..q � 1/=dj /Z associated
with fj .
QC: .d log1Co.1/ q; d; 0; 0; 0/.

1.2 If fj is not of special type I, then check whether fj is of special type II, and
store this information.
QC: .d log2 d; 0; 0; 0; 0/, because fj and the affine maps have already been
computed.

1.3 If fj is neither of special type I nor II, then output “fail” and halt.
QC: .1; 0; 0; 0; 0/.

2 For j D 1; 2, do the following.
QC:

• .d3 log2 d C d3 log d�.q � 1/C d3�.q � 1/2 log q C d2 log1Co.1/ q
C d�.q � 1/ log2Co.1/ q; d; d log q; d; 0/ if f1 and f2 are both of special
type I;

• .d5 log2 d mpe.q � 1/C .d5 mpe.q � 1/3 C d3�.q � 1/2/ log q
C d2 mpe.q � 1/ log1Co.1/ q C d�.q � 1/ log2Co.1/ q; d; d log q; d; 0/ oth-
erwise.

2.1 If fj is of special type I, then do the following.

2.1.1 Compute a type-I tree register Rj of fj , and the tree necklace list Nj for
fj relative to Rj .
QC: .d3 log2 d C d3�.q � 1/2 log q C d2 log1Co.1/ q
C d�.q � 1/ log2Co.1/ q; d; d log q; d; 0/.

2.2 Else do the following.

2.2.1 Compute a type-II tree register Rj of fj , and the tree necklace list Nj for
fj relative to Rj .
QC: .d5 log2 d mpe.q � 1/3 C .d5mpe.q � 1/3 C d3�.q � 1/2/ logq C
d2 mpe.q � 1/ log1Co.1/ q C d�.q � 1/ log2Co.1/ q; d; d log q; d; 0/.
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3 For j D 1; 2, let ED.j / D .D
.j /
n /nD0;1;:::;Nj be the underlying recursive tree de-

scription list of Rj . Compute a synchronization . EDC; i/ of ED.1/ and ED.2/.
QC:

• .d3 log q; 0; 0; 0; 0/ if f1 and f2 are both of special type I;

• .d6 mpe.q � 1/3 log q C d4 mpe.q � 1/2 log1Co.1/ q; 0; 0; 0; 0/ otherwise.

4 Create a modified version N02 of N2 by replacing each entry n of each first entry
ŒEn� of an element .ŒEn�; l;m/ 2 N2 by i.n/, then overwriting each of the resulting
O.d/ distinct first entries of triples in the list with the lexicographically minimal
number sequence in the same cyclic equivalence class, and finally sorting N02
lexicographically by merging the O.d/ distinct segments corresponding to the
same first entry of triples in N02.
QC: .d3�.q � 1/ log q; 0; 0; 0; 0/.

5 Check whether N02 D N1, output the corresponding truth value, and halt.
QC: .d2�.q � 1/ log q; 0; 0; 0; 0/.

5.3.3 Short-term block behavior and the special case where all cycles are short

Let f be an index d generalized cyclotomic mapping of Fq . For an f -periodic x 2 Fq
and t 2 Z, we set x.t/ WD .fjper.f //

t .x/, and we recall the notation it WD . Nfjper. Nf //
t .i/

for Nf -periodic i 2 ¹0; 1; : : : ; d � 1º and t 2 Z, as well as i 0 WD i�1.
In Section 3.3, for each i 2 ¹0; 1; : : : ; d � 1º, we constructed an arithmetic parti-

tion Pi of Ci such that for x 2 Ci , the isomorphism type of Tree�f .x/ only depends
on the Pi -block in which x is contained. Here, we refine this construction. We recall
that Pi D Qi;Hi , whereHi is the maximum tree height in �per (the induced subgraph
of �f on

S
j2per. Nf / Cj ) above an f -periodic point in

S
t2Z Cit . The arithmetic par-

tition Qi;h of Ci is defined for all h 2 N0 (even though we only considered it for
h 2 ¹0; 1; : : : ;Hiº in Section 3.3) and satisfies

Qi;hC1 D Ri ^P0.Qi 0;h; Ai 0/: (5.7)

This formula is key to our construction. Indeed, the refined arithmetic partition of Ci
which we consider here is simply Qi;HiCL�1 for some L 2 NC, as opposed to
Pi D Qi;Hi . While the blocks of Pi control the isomorphism types of rooted trees
in �f above (periodic) vertices in Ci , the following more general statement holds for
Qi;HiCL�1.

Lemma 5.3.3.1. Let x 2 Ci be f -periodic, and let L 2 N0. The Qi;HiCL�1-block in
which x is contained uniquely determines the (length L) sequence

.Tree�f .x
.t///tD0;�1;:::;�LC1

of rooted tree isomorphism types.
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Proof. We can write the Qi;HiCL�1-block of x as B.Qi;HiCL�1;˘
HiCL�1
tD0

Eo0t˘
E�i;Hi /,

where Eo0t 2 ¹;;:º
ni�t . Noting that

B.Qi;HiCL�1;˘
HiCL�1
tD0

Eo0t ˘
E�i;Hi / � B.Pi ;˘

Hi
tD0
Eo0t ˘
E�i;Hi /;

we see that Tree�f .x/ D Treei .Pi ;˘
Hi
tD0
Eo0t ˘
E�i;Hi / is uniquely determined.

By formula (5.7), we know that for each block B.Qi 0;HiCL�2;˘
HiCL�2
tD0 Eot ˘ E�/

of Qi 0;HiCL�2, the number of f -pre-images of x in that block is the constant

�Qi0;HiCL�2
;Ai0

.˘
HiCL�2
tD0 Eot ˘ E�;˘

HiCL�1
tD1

Eo0t ˘
E�i;Hi /: (5.8)

Now we assume that E� D E�i 0;Hi (which is actually the same as E�i;Hi ). The union of
all blocks of Qi 0;HiCL�2 of the form B.Qi 0;HiCL�2;˘

HiCL�2
tD0 Eot ˘ E�i 0;Hi / (where Eot

ranges over ¹;;:ºni�t�1 for each t 2 ¹0; 1; : : : ; Hi C L � 2º) is just the subset of
Ci 0 consisting of all f -periodic points in it. Since x has precisely one f -periodic
pre-image (which lies in Ci 0), it follows that the value of (5.8) for E� D E�i 0;Hi is 0
for all ˘HiCL�2tD0 Eot 2 ¹;;:º

ni�1Cni�2C���Cni�Hi�LC1 except for one, for which the
constant (5.8) has value 1. If ˘HiCL�2tD0 Eot is that unique logical sign tuple, then the
unique f -periodic pre-image x.�1/ of x 2B.Qi;HiCL�1;˘

HiCL�1
tD0

Eo0t ˘
E�i;Hi / always

lies in B.Qi 0;HiCL�2;˘
HiCL�2
tD0 Eot ˘ E�i 0;Hi /, and so

Tree�f .x
.�1// Š Treei 0.Pi 0 ;˘

Hi
tD0 Eot ˘

E�i 0;Hi /

is also uniquely determined. Continuing this process inductively, we get the statement
of the lemma.

For the purposes of our later complexity analysis, we need a more explicit version
of Lemma 5.3.3.1. To each Nf -periodic i 2 ¹0; 1; : : : ; d � 1º and each L 2 NC, we
associate the set

Oi;L WD ¹˘
HiCL�1
tD0

Eo0t 2 ¹;;:º
ni0Cni�1C���Cni�Hi�LC1 W

B.Qi;HiCL�1;˘
HiCL�1
tD0

Eo0t ˘
E�i;Hi / 6D ;º

of logical sign tuples that correspond to a non-empty block of Qi;HiCL�1 consisting
of f -periodic points. The proof of Lemma 5.3.3.1 shows that as long as L � 2, we
may implicitly define a (surjective) function ui;L W Oi;L ! Oi 0;L�1 via

�Qi0;HiCL�2
;Ai0

.ui;L.˘
HiCL�1
tD0

Eo0t / ˘
E�i 0;Hi ;˘

HiCL�1
tD1

Eo0t ˘
E�i;Hi / D 1:

Then for each (f -periodic) x 2 B.Qi;HiCL�1; ˘
HiCL�1
tD0

Eo0t ˘
E�i;Hi /, the unique

f -periodic pre-image x.�1/ of x, which lies in Ci 0 , is contained in

B.Qi 0;HiCL�2;ui;L.˘
HiCL�1
tD0

Eo0t / ˘
E�i 0;Hi /:
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Denoting by proji;L the projection

Oi;L ! ¹;;:º
ni0Cni�1C���Cni�Hi ; ˘

HiCL�1
tD0

Eo0t 7! ˘
Hi
tD0
Eo0t ;

we therefore have the following more explicit version of Lemma 5.3.3.1.

Lemma 5.3.3.2. Let L 2 NC, and let x 2 Ci be f -periodic, say contained in

B.Qi;HiCL�1;˘
HiCL�1
tD0

Eo0t /:

Then for each k D 0;�1; : : : ;�LC 1, we have

Tree�f .x
.k// Š

Treeik .Pik ; .projik ;LCk ıuikC1;LCkC1 ı uikC2;LCkC2 ı � � � ı ui0;L/.˘
HiCL�1
tD0

Eo0t //:

We note that the composition of functions of the form uit ;LCt in the formula in
Lemma 5.3.3.2 is empty if k D 0 (index-wise, it is supposed to ascend from 1 to 0,
which is nonsensical). Specifically, Lemma 5.3.3.2 for k D 0 states that

Tree�f .x/ D Tree�f .x
.0// D Treei0.Pi0 ; proji0;L.˘

HiCL�1
tD0

Eo0t //;

for k D �1, it states that

Tree�f .x
.�1// D Treei�1.Pi�1 ; proji�1;L�1 ıui0;L.˘

HiCL�1
tD0

Eo0t //;

and so on.
In what follows, let us assume that all cycle lengths of f are at most L. We con-

sider an Nf -periodic index i of cycle length `. By Lemma 5.3.3.2, for each x 2 Ci ,
the block of Qi;HiCL�1 in which x is contained together with the precise f -cycle
length of x completely determines the digraph isomorphism type of the connected
component of �f containing x. By adding suitable s-congruences to the spanning
congruences of Qi;HiCL�1, we can construct a finer arithmetic partition, denoted by
Wi;L below, each block of which consists of points of a common f -cycle length.
Hence, for each f -periodic point x 2 Ci , the digraph isomorphism type of the con-
nected component of �f containing x is completely determined by the Wi;L-block
containing x.

Let us discuss the details of how to construct Wi;L. We recall from Section 3.3
that for each l 2 NC, the restriction of f l to Ci�l , which maps to Ci , is represented
by the affine map Ai;l W x 7! x̨i;lx C x̌i;l (formulas for x̨i;l and x̌i;l are given in
the first bullet point after Proposition 3.3.3). Therefore, a point x 2 Ci , viewed as an
element of Z=sZ, is a fixed point of f l if and only if ` divides l (so that i�l D i ) and
x̨i;lx C x̌i;l � x .mod s/. This congruence is solvable if and only if gcd.s; x̨i;l � 1/ j
x̌
i;l , in which case it is equivalent to the s-congruence

x � �
x̌
i;l

gcd.s; x̨i;l � 1/
� inv s

gcd.s;x̨i;l�1/

�
x̨i;l � 1

gcd.s; x̨i;l � 1/

� �
mod

s

gcd.s; x̨i;l � 1/

�
;
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which we henceforth denote by �i;l.x/. We observe that �i;l.x/ is only well defined
when gcd.s; x̨i;l � 1/ j x̌i;l . Let us set

Ci;L WD ¹l 2 ¹1; 2; : : : ; Lº W ` j l and gcd.s; x̨i;l � 1/ j x̌i;lº

and define

Vi;L WD P.�i;l.x/ W l 2 Ci;L/ and Wi;L WD Qi;HiCL�1 ^ Vi;L:

Viewing Vi;L as an arithmetic partition of Ci , we claim that its blocks are just those
subsets of Ci that consist of all points of any given f -cycle length. Indeed, let l 2
¹1; 2; : : : ; Lº. If l … Ci;L, then f l has no fixed points in Ci and, in particular, f has
no points of cycle length l in Ci . On the other hand, if l 2Ci;L, then the points x 2 Ci
of f -cycle length exactly l (if any) are just those that satisfy the congruence �i;l 0.x/
for precisely those l 0 2 Ci;L that are multiples of l . In other words, if for l 0 2 Ci;L
we set

�l;l 0 WD

´
;; if l j l 0;

:; otherwise;

and set E�i;L;l WD .�l;l 0/l 02Ci;L , then the set B.Vi;L; E�i;L;l/ (which may be empty)
consists precisely of those x 2 Ci that are of f -cycle length l . In summary, we obtain
the following result.

Proposition 5.3.3.3. Let L 2 NC be such that all cycle lengths of f are at most L,
and let i 2 ¹0; 1; : : : ; d � 1º be Nf -periodic. We view Vi;L and Wi;L as arithmetic
partitions of Ci . Then the following hold.

(1) Each block of Vi;L is of one of the forms B.Vi;L; .:;:; : : : ;://, respectively,
B.Vi;L; E�i;L;l/ for some l 2 Ci;L, and it consists precisely of the f -transient
points in Ci , respectively of those f -periodic points in Ci that have f -cycle
length precisely l .

(2) Each block of Wi;L consists either entirely of f -periodic or entirely of
f -transient points. Moreover, each block of Wi;L whose elements are
f -periodic is of the form

B.Wi;L;˘
HiCL�1
tD0

Eo0t ˘
E�i;Hi ˘ E�i;L;l/

for some Eo0t 2 ¹;;:º
ni�t and l 2 Ci;L, in which case for any given point x in

that block, the digraph isomorphism type of the connected component of �f
containing x is represented by the cyclic sequence

ŒTreeik .Pik ; .projik ;LCk ıuikC1;LCkC1

ı uikC2;LCkC2 ı � � � ı ui0;L/.˘
HiCL
tD0

Eo0t //�kD�lC1;�lC2;:::;0

of rooted tree isomorphism types.
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Proposition 5.3.3.3 is the basis for proving the following theorem.

Theorem 5.3.3.4. Let f be an index d generalized cyclotomic mapping of Fq . More-
over, let L 2 NC with L � q � 1 be such that all cycle lengths of f are at most L.
Then, within q-bounded query complexity

.8d
2 mpe.q�1/CdL2d mpe.q�1/.d3Lmpe.q � 1/C d2L2/ log1Co.1/ q; d; 0; 0; 0/;

and thus within q-bounded Las Vegas dual complexity

.8d
2 mpe.q�1/CdL2d mpe.q�1/.d3Lmpe.q � 1/C d2L2/ log1Co.1/ q C d log3Co.1/ q;

d log3Co.1/ q; d log q/;

one can compute

• a recursive tree description list

ED D .Dn/nD0;1;:::;N

withN 2O.d2d
2 mpe.q�1/Cd /, whose associated sequence of rooted tree isomor-

phism types is denoted by EI D .In/nD0;1;:::;N , such that indices n 2 ¹0; 1; : : : ;N º
as well as second entries of elements of a description Dn are represented by bit
strings of length lbit WD blog2 qc C 1; and

• the tree necklace list N of f relative to EI , in the sense of Definition 5.3.2.8,
in lexicographically sorted form, which has O.dL2d

2 mpe.q�1/CdL/ distinct ele-
ments (triples) and, by convention,

– has the first entries ŒEn�D Œn1;n2; : : : ;nl 0 � of its elements padded analogously
to Remark 5.3.2.9 (3), but with L� l 0 dummy entries �1, so that the bit string
representation of ŒEn� always has the length

L.lbit C 1/ D L.blog2 qc C 2/I

– uses blog2Lc C 1 bits to represent the second entries of its elements; and

– uses blog2 qc C 1 bits for the third entries of its elements.

Proof. First, we compute Nf , the affine maps Ai and a partition-tree register

..Zi /iD0;1;:::;d�1; ..Dn; .Sn;i /iD0;1;:::;d //nD0;1;:::;N /

for f with N 2 O.d2d
2 mpe.q�1/Cd /; the desired recursive tree description list ED is

a part of this. By Proposition 5.1.8 and Theorem 5.1.9 (2), these computations can be
carried out within q-bounded query complexity

.d3 mpe.q � 1/2.3d
2Cd/mpe.q�1/C2d log1Co.1/ q; d; 0; 0; 0/;
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which is majorized by the asserted overall q-bounded query complexity for comput-
ing ED and N (it is this term which necessitates the inclusion of the factor 2d mpe.q�1/

in the bound on the overall bit operation cost). Moreover, by the proof of Theo-
rem 5.1.9 (2), the following are computed (and may be stored) as part of this:

• the cycles of Nf and a CRL-list xL of Nf ;

• the parameter Hi for each Nf -periodic index i 2 ¹0; 1; : : : ; d � 1º.

Until further notice, we assume that .i; `/ 2 xL with i < d is fixed (the case i D d
is easy to deal with separately and will be “tacked on” at the end of this proof). As
usual, we let .i0; i1; : : : ; i`�1/ with i D i0 be the Nf -cycle of i , and set it WD it mod ` for
arbitrary t 2 Z. We analyze the bit operation cost of counting the isomorphism types
of connected components of �f that intersect

Sd�1
tD0 Cit (i.e., that may be represented

by a periodic vertex in one of the cosets Cit ). We note that for each t2¹0; 1; : : : ; `�1º,
one can directly read off a spanning congruence sequence for Uit , of length Hi �
d mpe.q � 1/, from the partition-tree register computed above. To proceed, we need
to determine a spanning congruence sequence of Qi�t ;HiCL�t�1 for tD0;1; : : : ;L�1.
By the definitions of Ri and Qi;h from Section 3.3, we have

Qi�t ;HiCL�t�1 D Ri�t ^P0.Qi�t�1;HiCL�t�2; Ai�t�1/:

Moreover, we observe that

P0.Qi�t�1;HiCL�t�2; Ai�t�1/

D P0

 
HiCL�t�2^

jD0

�
j
i�t�1�j

.Ri�t�1�j / ^Ui�t�1 ; Ai�t�1

!

D

HiCL�t�2^
jD0

�
jC1
i�t�1�j

.Ri�t�1�j / ^Ui�t

D

HiCL�t�1^
jD1

�
j
i�t�j

.Ri�t�j / ^Ui�t ;

whence

Qi�t ;HiCL�t�1 D

HiCL�t�1^
jD0

�
j
i�t�j

.Ri�t�j / ^Ui�t :

Now, from our partition-tree register, we can directly read off a spanning congruence
sequence for �jit .Rit /, of length nit � d , for each t D 0; 1; : : : ; ` � 1 and each j D
0; 1; : : : ; Hi , which altogether takes only O.d3 mpe.q � 1/ log q/ bit operations for
copying. Moreover, for any fixed t 2 ¹0; 1; : : : ; ` � 1º, we can compute a spanning
congruence sequence for

�
j
it
.Rit / D �.�

j�1
it

.Rit /; AitCj�1/
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successively for j D Hi C 1; Hi C 2; : : : ; Hi C L � 1. For each given t and j ,
this takes O.d log1Co.1/ q/ bit operations, and thus for all t and j together, it takes
O.d2L log1Co.1/ q/ bit operations. Once all of these spanning congruence sequences
have been computed, one can paste together such a sequence for a single parti-
tion of the form Qi�t ;HiCL�t�1 using O..Hi C L/d log q/ � O..d2 mpe.q � 1/C
dL/ logq/ bit operations. Doing so for all t D 0; 1; : : : ;L� 1 takesO..d2Lmpe.q �
1/C dL2/ log q/ bit operations.

Our next goal is to compute the function

ui�t ;L�t W Oi�t ;L�t ! Oi�t�1;L�t�1

for t D 0; 1; : : : ; L � 2. To that end, we first compute the set

Oi�t ;L�t D ¹˘
HiCL�t�1

kD0
Eo0
k
2 ¹;;:º

ni�tCni�tC1C���Cni�Hi�LC1 W

B.Qi�t ;HiCL�t�1;˘
HiCL�t�1

kD0
Eo0
k
˘ E�i�t ;Hi / 6D ;º

for t D 0; 1; : : : ; L � 1. To do so, we go through the

O.2d.HiCL�t// � O.2d
2 mpe.q�1/CdL�dt /

tuples ˘HiCL�t�1
kD0

Eo0
k

, and for each of them, we compute the cardinality of the block

B.Qi�t ;HiCL�t�1;˘
HiCL�t�1

kD0
Eo0
k
˘ E�i�t ;Hi /:

Following the ideas leading to Proposition 3.3.2, this cardinality is equal to the distri-
bution number

�Qi�t ;HiCL�t�1
;0.˘

HiCL�t�1

kD0
Eo0
k
˘ E�i�t ;Hi ; .;; : : : ;;// (5.9)

of Qi�t ;HiCL�t�1 under the constantly zero affine function 0. By the proof of Lem-
ma 5.2.2.1 and the facts that

• the number of spanning congruences of Qi�t ;HiCL�t�1 we are using is at most
d.Hi CL/CHi � d

2mpe.q � 1/C d mpe.q � 1/C dL 2O.d2mpe.q � 1/C
dL/,

• the subsets J we need to loop over never contain any index corresponding to a
logical sign for one of the Hi spanning congruences of Ui�t , because E�i�t ;Hi
consists only of positive logical signs, and

• d.Hi C L/ � d
2 mpe.q � 1/C dL,

we conclude that the complexity of computing the distribution number (5.9) is in

O.2d
2 mpe.q�1/CdL.d2 mpe.q � 1/C dL/ log1Co.1/ q/: (5.10)
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In summary, computing all sets Oi�t ;L�t for t D 0; 1; : : : ; L � 1 takes

O

 
L�1X
tD0

4d
2 mpe.q�1/CdL2�dt .d2 mpe.q � 1/C dL/ log1Co.1/ q

!
� O.4d

2 mpe.q�1/CdL.d2 mpe.q � 1/C dL/ log1Co.1/ q/

bit operations.
Concerning the computation of the functions ui�t ;L�t themselves, we note that

for a given t and argument ˘HiCL�t�1
kD0

Eo0
k

of ui�t ;L�t , the associated function value

ui�t ;L�t .˘
HiCL�t�1

kD0
Eo0
k
/ is the unique tuple ˘HiCL�t�2

kD0
Eok 2 Oi�t�1;L�t�1 such that

the distribution number

�Qi�t�1;HiCL�t�2
;Ai�t�1

.˘
HiCL�t�2

kD0
Eok ˘ E�i�t�1;Hi ;˘

HiCL�t�1

kD1
Eo0
k
˘ E�i�t ;Hi /

is equal to 1 (and, according to the proof of Lemma 5.3.3.1, that distribution number
is 0 for all other choices of ˘HiCL�t�2

kD0
Eok). Therefore, in order to compute each value

of every function ui�t ;L�t for t D 0; 1; : : : ; L � 2, we need to carry out

O

 
L�2X
tD0

4d
2 mpe.q�1/CdL�dt2�d

!
� O.4d

2 mpe.q�1/CdL/

computations of a distribution number of Qi�t�1;HiCL�t�2 of the above form, and as
above (this time using that all entries of E�i�t�1;Hi are the positive logical sign), the
bit operation cost of each individual such distribution number computation is (5.10).
Therefore, we end up with a total bit operation cost of

O.8d
2 mpe.q�1/CdL.d2 mpe.q � 1/C dL/ log1Co.1/ q/

for computing all functions ui�t ;L�t .
Next, we compute the set Ci;L, and for each l 2 Ci;L, we compute the s-congru-

ence �i;l.x/. By Lemma 5.1.5 (1,3,4,8), this takes O..d C L/ log1Co.1/ q/ bit oper-
ations altogether if Ai;l D .Ai0Ai1 � � �Ai`�1/

l=` D A
l=`
i , with linear coefficient x̨i;l

and constant coefficient x̌i;l , is stored for each l such that ` j l , then computed for
the next larger relevant value, l C `, using the formula Ai;lC` D Ai;lAi whenever
` j l . With these computations, we have established a spanning congruence sequence
for Wi;L, of length at most d.Hi C L/CHi C L � d2 mpe.q � 1/C d mpe.q �
1/C dLC L. Now, we go through the O.2d.HiCL/L/ � O.2d

2 mpe.q�1/CdLL/ log-
ical sign tuples ˘HiCL�1

kD0
Eo0
k
˘ E�i;L;l that parametrize subsets of Z=sZ of the form

B.Wi;L;˘
HiCL�1

kD0
Eo0
k
˘ E�i;Hi ˘ E�i;L;l/ – we observe that the non-empty such sets are

just those blocks of Wi;L that consist of f -periodic points. For each such tuple, we
compute

mi .˘
HiCL�1

kD0
Eo0
k
˘ E�i;L;l/ WD jB.Wi;L;˘

HiCL�1

kD0
Eo0
k
˘ E�i;Hi ˘ E�i;L;l/j
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as the distribution number

�Wi;L;0.˘
HiCL�1

kD0
Eo0
k
˘ E�i;Hi ˘ E�i;L;l ; .;;;; : : : ;;//;

which costs

O.2d.HiCL/CL.d.Hi C L/CHi C L/ log1Co.1/ q/

� O.2d
2 mpe.q�1/CdLCL.d2 mpe.q � 1/C dL/ log1Co.1/ q/

bit operations per cardinality to compute. If mi .˘
HiCL�1

kD0
Eo0
k
˘ E�i;L;l/ D 0, then we

discard that case. Otherwise, we store the computed block size. Overall, this process
takes

O.4d
2 mpe.q�1/CdL2L.d2Lmpe.q � 1/C dL2/ log1Co.1/ q/

� O.8d
2 mpe.q�1/CdL.d2Lmpe.q � 1/C dL2/ log1Co.1/ q/

bit operations.
We recall that in view of Lemmas 5.3.3.1 and 5.3.3.2, the blocks of Wi;L that con-

sist of f -periodic points control the digraph isomorphism type of the connected com-
ponent of �f containing any given point in the block. We use Lemma 5.3.3.2 to com-
pute, for each tuple ˘HiCL�1

kD0
Eo0
k
˘ E�i;L;l whose mi -value (the associated block size)

is non-zero, the unique cyclic sequence Œn1;n2; : : : ;nl 0 � with entries in ¹0; 1; : : : ;N º
and of minimal period l 0 such that the cyclic sequence of rooted tree isomorphism
types characterizing the corresponding digraph isomorphism type is equal to

Œ˘
l=l 0

mD1.In1 ;In2 ; : : : ;Inl0 /�:

To that end, for fixed ˘HiCL�1
kD0

Eo0
k
˘ E�i;L;l , we compute the sequence

.n.�lC1/;n.�lC2/; : : : ;n.0//;

where n.�t/ for t 2 ¹0; 1; : : : ; l � 1º is the unique index in ¹0; 1; : : : ; N º such that

Treei�t .Pi�t ; .proji�t;L�t ıui�tC1;L�tC1

ı ui�tC2;L�tC2 ı � � � ı ui0;L/.˘
HiCL�1

kD0
Eo0
k
// Š In.�t/ :

For each fixed t , this requires us to compute the logical sign tuple

.proji�t;L�t ıui�tC1;L�tC1 ı ui�tC2;L�tC2 ı � � � ı ui0;L/.˘
HiCL�1

kD0
Eo0
k
/: (5.11)

Now, we can compute

.ui�tC1;L�tC1 ı ui�tC2;L�tC2 ı � � � ı ui0;L/.˘
HiCL�1

kD0
Eo0
k
/
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simply by looking up the pre-computed values of the functions ui�j ;L�j , which takes
O.t.Hi CL/d/ � O.d

2Lmpe.q � 1/C dL2/ bit operations. The proji�t ;L�t -value
of this tuple is a projection onto an initial segment, which can be read off using
O.d.Hi C 1// � O.d

2 mpe.q � 1// bit operations. Finally, we need to look up the
number n.�t/ in our partition-tree register – it is characterized by the inclusion

.proji�t;L�t ıui�tC1;L�tC1 ıui�tC2;L�tC2 ı � � � ıui0;L/.˘
HiCL�1

kD0
Eo0
k
/2Sn.�t/;i�t ;Hi

:

Therefore, in order to determine and store n.�t/, we need to go through the pairwise
disjoint sets Sn;i�t ;Hi for nD 0;1; : : : ;N until we find the one that contains the logical
sign tuple (5.11). Because

PN
nD0 jSn;i�t ;Hi j � 2

d.HiC1/ 2 O.2d
2 mpe.q�1/Cd /, and

each element of each set Sn;i�t ;Hi is a logical sign tuple of length inO.d.Hi C 1//�
O.d2 mpe.q � 1//, it takes

O.N C 2d
2 mpe.q�1/Cdd2 mpe.q � 1/C log q/

� O.d2 mpe.q � 1/2d
2 mpe.q�1/Cd

C log q/

bit operations to determine n.�t/ for our fixed value of t . In total, the computation of
the sequence EnD .n.�lC1/;n.�lC2/; : : : ;n.0// for a fixed value of ˘HiCL�1

kD0
Eo0
k
˘ E�i;L;l

takes

O.d2L2 mpe.q � 1/C dL3 C d2Lmpe.q � 1/2d
2 mpe.q�1/Cd

C L log q/

bit operations. The cyclic sequence Œn1;n2; : : : ;nl 0 � we are looking for is simply

Œn.�lC1/;n.�lC2/; : : : ;n.�lCl
0/�;

where l 0 D minperl.En/, which can be computed in

O.l1Co.1/lbit/ � O.L
1Co.1/ log q/

bit operations by Lemma 5.3.2.7. Finally, in representing this cyclic sequence, we
would like to replace .n1; : : : ;nl 0/ by the lexicographically minimal ordered sequence
in the same cyclic equivalence class. This takes another O.L2 logL log q/ bit opera-
tions per such sequence. In total, the computation of the cyclic sequence

Œn1;n2; : : : ;nl 0 �

for all of theO.2d.HiCL/L/�O.2d
2 mpe.q�1/CdLL/ logical sign tuples ˘HiCL�1

kD0
Eo0
k
˘

E�i;L;l takes

O.2d
2 mpe.q�1/CdLL � .d2L2 mpe.q � 1/C dL3 C d2Lmpe.q � 1/2d

2 mpe.q�1/Cd

C L2 logL log q// � O.8d
2 mpe.q�1/CdL log1Co.1/ q/
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bit operations. In summary, the bit operation cost of the computations described after
fixing .i; `/ 2 xL n ¹.d; 1/º for all of those O.d/ pairs .i; `/ together is in

O.8d
2 mpe.q�1/CdL.d3Lmpe.q � 1/C d2L2/ log1Co.1/ q/:

At this point, we have computed, for each .i; `/ 2 xL n ¹.d; 1/º, a set Ni of the form

Ni D ¹.˘
HiCL�1

kD0
Eo0
k
˘ E�i;L;l ; Œn1;n2; : : : ;nl 0 �;mi .˘

HiCL�1

kD0
Eo0
k
˘ E�i;L;l// W

Eo0
k
2 ¹;;:ºni�k for k D 0; 1; : : : ;Hi C L � 1; l 2 Ci;L;

and mi .˘
HiCL�1

kD0
Eo0
k
˘ E�i;L;l/ > 0º:

We note that for each element of Ni , we have l 0 j l and minperl.Œn1; : : : ;nl 0 �/D l 0. We
also observe that while Ni is not the tree necklace list, relative to EI , for the restriction
of f to the union of all cosets Cj , where j is a vertex of the connected component
of � Nf containing i , that tree necklace list could be easily derived from Ni as follows.
If we fix l and Œn1; : : : ; nl 0 � and add up all the third entries of the corresponding
triples in Ni (i.e., of those triples where the first entry has terminal segment E�i;L;l
and the second entry is Œn1; : : : ; nl 0 �), then we end up with the exact number of
connected components of �f that are characterized by the cyclic sequence of rooted
tree isomorphism types Œ˘l=l

0

mD1.In1 ; : : : ;Inl0 /� and are contained in the union of all
cosets Cj for j in the connected component of � Nf containing i . This observation also
implies that we can compute the full tree necklace list N of f relative to EI as follows.

We start by setting N WD ;. Throughout the process described below, N is a set
of triples .Œn1;n2; : : : ;nl 0 �; l;m/ such that

• jNj �
P
.i;`/2 xLn¹.d;1/º jNi j 2 O.dL2

d2 mpe.q�1/CdL/;

• n1; : : : ;nl 0 2 ¹0; 1; : : : ; N º;

• minperl.Œn1; : : : ;nl 0 �/ D l 0;

• Œ˘
l=l 0

mD1.In1 ;In2 ; : : : ;Inl0 /� is a cyclic sequence of rooted tree isomorphism types
that characterizes at least one connected component of �f that is contained in F�q ;
and

• m 2 NC is the exact number of connected components of �f that are contained
in F�q and are characterized by Œ˘l=l

0

mD1.In1 ;In2 ; : : : ;Inl0 /�.

We remind the reader that the first entry of each triple in N is represented by an
ordered list of length exactly L (via padding) each entry of which has bit length in
O.log q/, and that the second and third entries of such a triple are represented by bit
strings of length in O.logL/ and O.log q/, respectively. Now, to get an almost-final
form of N, we loop over the pairs .i; `/ 2 xL n ¹.d; 1/º, and for each such pair, we
loop over the elements of Ni ; this double loop has O.dL2d

2 mpe.q�1/CdL/ individual
iterations. In each iteration, we add at most one new element to N, which explains
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the above bound on jNj that is valid throughout the process. Specifically, an iteration
consists of the following steps. Associated with the triple in Ni we are considering,
we have the parameters l , which can be read off from the first entry ˘HiCL

kD0
Eo0
k
˘ E�i;L;l

of the triple using O.l log l/ � O.L1Co.1// bit operations (by scanning to find the
first positive logical sign in E�i;L;l and incrementing a counter during that process),
and Œn1; : : : ; nl 0 �. We check whether these already occur as the first two entries of
some element of N, which takes

O.dL2d
2 mpe.q�1/CdL

� L log q/ D O.dL22d
2 mpe.q�1/CdL log q/

bit operations. If this is the case, then we end the current iteration, having added
nothing to N. Otherwise, we compute the sum m of the third entries of all triples
in
S
.j;`0/2 xLn¹.d;1/ºNj that have the parameters l and Œn1; : : : ; nl 0 � associated with

them. This takes

O.dL2d
2 mpe.q�1/CdL.L logLC L log q// D O.dL22d

2 mpe.q�1/CdL log q/

bit operations. Then we add .Œn1; : : : ;nl 0 �; l;m/ to N as a new element and end the
current iteration. Overall, this double loop takes

O.dL2d
2 mpe.q�1/CdL

� dL22d
2 mpe.q�1/CdL log q/

D O.d2L34d
2 mpe.q�1/CdL log q/

� O.8d
2 mpe.q�1/CdL log q/

bit operations.
At the end of the double loop, N is almost equal to the tree necklace list for f

relative to EI ; only the connected component of �f containing 0Fq , which is charac-
terized by the cyclic sequence ŒTree�f .0Fq /�, has not yet been accounted for. To find
the index number n 2 ¹0; 1; : : : ; N º of Tree�f .0Fq / with respect to our partition-tree
register, we note that n is characterized by the equality Sn;d D ; (the positive logical
sign). Therefore, we only need an additional O.N/ � O.d2d

2 mpe.q�1/Cd / bit oper-
ations to find n. Then, we need to check whether Œn� and 1 already occur as the first
two entries of some triple in N, which takes

O.dL2d
2 mpe.q�1/CdL

� log q/ � O.8d
2 mpe.q�1/CdL log q/

bit operations. If so, we increase the third entry of that triple by 1 and halt. Otherwise,
we add .Œn�; 1; 1/ to N as a new element.

Finally, we sort the computed array representing N lexicographically. By Lem-
ma 5.1.5 (10), since jNj 2 O.dL2d

2 mpe.q�1/CdL/ and each entry of the array has bit
length in O.L log q/, this takes

O.dL2.d2 mpe.q � 1/C dL/2d
2 mpe.q�1/CdL log q/ � O.8d

2 mpe.q�1/CdL log q/

bit operations. We conclude by outputting . ED;N/ and halting.
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Of course, Theorem 5.3.3.4 is not useful in practice unless the maximum cycle
length of a generalized cyclotomic mapping can be computed efficiently. The follow-
ing proposition takes care of that.

Proposition 5.3.3.5. Let f be an index d generalized cyclotomic mapping of Fq . The
maximum cycle length of fjper.f / can be computed within q-bounded query complex-
ity

.d log2Co.1/ q C d log2 d; d; 1; d; 0/:

Proof. This is similar in spirit to Proposition 5.3.2.3, but we obtain a better bound
than by using that proposition directly, because there is no need to spell out entire
cycle types here. First, we compute Nf , the affine maps Ai , the cycles of Nf and a
CRL-list xL of Nf . By Proposition 5.1.8 and the beginning of Section 5.2.1, this takes
q-bounded query complexity

.d log1Co.1/ q C d log2 d; d; 0; 0; 0/:

We also factor s, using a single q-bounded mdl query (i.e., spending q-bounded query
complexity .log q; 0; 1; 0; 0/).

Now, we loop over the pairs .i; `/ 2 xL n ¹.d; 1/º, and for each of them, we
do the following. First, we compute Ai D Ai0Ai1 � � �Ai`�1 W x 7! x̨ix C

x̌
i , taking

O.` log1Co.1/ q/ bit operations (per .i; `/) by the beginning of Section 5.2.1. Next, we
determine the largest cycle length of Ai on per.Ai / � Z=sZ. To do so, we note that
every cycle length of Ai is a least common multiple of cycle lengths of those primary
components xAi;p D Ai mod p�p.s/, where p j s and p − x̨i . But by [15, Tables 3
and 4] (or our Table 2.2), the largest cycle length of xAi;p is equal to the order of
xAi;p in Sym.Z=p�p.s/Z/, i.e., to the least common multiple of all cycle lengths of
xAi;p . It follows that the largest cycle length of Ai is equal to ord.Ai mod s0i /, where
s0i D

Q
pjs;p−x̨i

p�p.s/. We compute this order as follows.
We set s0i WD 1 and loop over the O.log q/ primes p dividing s (which can be

read off from the factorization of s computed above). For each p, we check whether
p j x̨i , taking O.log1Co.1/ q/ bit operations by Lemma 5.1.5 (3). If so, we skip to the
next p; otherwise, we overwrite s0i WD s

0
i � p

�p.s/, takingO.log1Co.1/ q/ bit operations
for the multiplication (there is no need to compute the power p�p.s/, because it is part
of the output of the mdl query used to factor s). At the end of this loop over p,
which has a bit operation cost inO.log2Co.1/ q/, the variable s0i has the desired value.
Now, we compute x̨0i WD x̨i mod s0i and x̌0i WD x̌i mod s0i , taking O.log1Co.1/ q/ bit
operations, to get the affine map A0i D Ai mod s0i W x 7! x̨

0
ix C

x̌0
i of Z=s0iZ. We

wish to compute ord.A0i /. To that end, we first compute the (multiplicative) order
ords0

i
.x̨0i / with a q-bounded mord query. We observe that ords0

i
.x̨0i / divides ord.A0i /,

because .A0i /
t .x/D .x̨0i /

tx C c.x̨0i ;
x̌0
i ; t / for all x 2 Z=s0iZ and all t 2 Z. Therefore,

ord.A0i / D ords0
i
.x̨0i / � ord..A0i /

ord
s0
i
.x̨0
i
/
/:
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But .A0i /
ord
s0
i
.x̨0
i
/

is the translation x 7! x C x̌00i such that

x̌00
i D

8̂<̂
:
x̌0
i ; if x̨0i D 1;

x̌0
i

.x̨0
i
/

ord
s0
i
.x̨0
i
/

�1

x̨0
i
�1

; otherwise;

where the formula in the second case is to be evaluated in the ring Z, although the

result is to be viewed as an element of Z=s0iZ. Because ord..A0i /
ord
s0
i
.x̨0
i
/
/ is equal to

the additive order of x̌00i modulo s0i , we can work out ord.A0i /, which coincides with
the largest cycle length of Ai , using another O.log2Co.1/ q/ D O.log2Co.1/.q2// bit
operations (for computing x̌00i 2 Z=s0iZ, which may involve a power computation
modulo s0i .x̨

0
i � 1/ 2 O.q

2/, and working out its additive order modulo s0i via a gcd
computation and a division). We conclude this loop by setting li WD ` � ord.A0i /, which
takesO.log1Co.1/ q/ bit operations to compute and is the largest cycle length of f on
its periodic points in

S`�1
tD0Cit . This ends our description of the loop over .i; `/ 2 xL n

¹.d; 1/º, which overall takes q-bounded query complexity .d log2Co.1/ q; 0; 0; d; 0/,
using that

P
.i;`/2 xL ` � d .

Finally, the maximum cycle length of f is simply the maximum value among
the li for .i; `/ 2 xL, where ld WD 1, which takesO.d logq/ bit operations to compute.

To conclude, we give the following corollary of Theorem 5.3.3.4, which can be
seen as the main result of this subsection.

Corollary 5.3.3.6. Let f1 and f2 be generalized cyclotomic mappings of Fq , of index
d1 and d2, respectively, and set d WDmax¹d1; d2º. Moreover, letL 2NC, and denote
by L1, respectively, L2, the maximum cycle length of f1, respectively of f2, on its
periodic points. Then, if min¹L1; L2º � L, it can be decided whether �f1 Š �f2
within q-bounded query complexity

.8d
2 mpe.q�1/CdL2d mpe.q�1/.d3Lmpe.q � 1/C d2L2/ log1Co.1/ q

C d24d
2 mpe.q�1/Cd log2 q C d log2Co.1/ q;

d; 1; d; 0/;

and thus within q-bounded Las Vegas dual complexity

.8d
2 mpe.q�1/CdL2d mpe.q�1/.d3Lmpe.q � 1/C d2L2/ log1Co.1/ q

C d24d
2 mpe.q�1/Cd log2 q C d log2Co.1/ q C d log7Co.1/ q;

d log3Co.1/ q; d log q/:

Proof. First, we compute L1 and L2, which takes q-bounded query complexity

.d log2Co.1/ q C d log2 d; d; 1; d; 0/
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by Proposition 5.3.3.5. We check whether L1 D L2, taking O.log q/ bit operations.
If not, then �f1 6Š �f2 , so we may output “false” and halt. Otherwise, we continue by
computing, for j D 1; 2,

• a recursive tree description list ED.j / D .D
.j /
n /nD0;1;:::;Nj , with

Nj 2 O.d2
d2 mpe.q�1/Cd /

and associated rooted tree isomorphism type list EI .j /; and

• the tree necklace list Nj of fj relative to EI .j / such that

jNj j 2 O.dL2
d2 mpe.q�1/CdL/:

By Theorem 5.3.3.4, this can be done within q-bounded query complexity

.8d
2 mpe.q�1/CdL2d mpe.q�1/.d3Lmpe.q � 1/C d2L2/ log1Co.1/ q; d; 0; 0; 0/:

Next, we compute a synchronization . EDC; i/ of ED.1/ and ED.2/, in the sense of Defi-
nition 5.3.2.11. By Lemma 5.3.2.12, this takes

O..d38d
2 mpe.q�1/Cd

C d24d
2 mpe.q�1/Cd log q/ � log q/

D O.d38d
2 mpe.q�1/Cd log q C d24d

2 mpe.q�1/Cd log2 q/

bit operations. Following that, we overwrite each first entry Œn1;n2; : : : ;nl 0 � in each
triple in N2 with Œi.n1/; i.n2/; : : : ; i.nl 0/�, using lexicographically minimal repre-
sentatives of cyclic equivalence classes, which results in a modified, unsorted tree
necklace list N02. This takes

O.dL2d
2 mpe.q�1/CdL

� L2 logL log q/ D O.dL3 logL2d
2 mpe.q�1/CdL log q/

bit operations overall. After this, we sort N02 lexicographically, which takes

O.dL2.d2 mpe.q � 1/C dL/2d
2 mpe.q�1/CdL log q/

bit operations (see also the end of the proof of Theorem 5.3.3.4). Finally, we note
that �f1 Š �f2 if and only if N1 D N02, so we determine the truth value of the latter,
which takes

O.dL22d
2 mpe.q�1/CdL log q/

bit operations using a linear scan. We then output that truth value and halt.

Like the previous subsections, we conclude this subsection with some pseudocode
for the discussed algorithms, specifying the q-bounded query complexity (QC) of
each step. We begin with the algorithm from Theorem 5.3.3.4, which on input .f;L/,
where f is an index d generalized cyclotomic mapping f of Fq such that all cycle
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lengths of f are at mostL, computes a pair . ED;N/ such that EDD .Dn/nD0;1;:::;N is a
recursive tree description list with N 2 O.d2d

2 mpe.q�1/Cd / and associated sequence
of rooted tree isomorphism types EI , and N is a tree necklace list for f relative to EI
with jNj 2 O.dL2d

2 mpe.q�1/CdLCd /.

1 Compute the induced function Nf on ¹0;1; : : : ;dº and the affine mapsAi of Z=sZ.
QC: .d log1Co.1/ q; d; 0; 0; 0/.

2 Compute a partition-tree register

..Zi /iD0;1;:::;d�1; ..Dn; .Sn;i /iD0;1;:::;d //nD0;1;:::;N /

of f with N 2 O.d2d
2 mpe.q�1/Cd /. In the process, store a CRL-list xL of Nf , the

cycles of Nf , and the parameter Hi for each Nf -periodic i 2 ¹0; 1; : : : ; d � 1º.
QC: .d3 mpe.q � 1/2.3d

2Cd/mpe.q�1/C2d log1Co.1/ q; 0; 0; 0; 0/ because Nf and
the Ai have already been computed.

3 Set ED WD .Dn/nD0;1;:::;N .
QC: .d24d

2 mpe.q�1/Cd log q; 0; 0; 0; 0/.

4 For each .i; `/ 2 xL n ¹.d; 1/º, do the following.
QC: .8d

2 mpe.q�1/CdL.d3Lmpe.q � 1/C d2L2/ log1Co.1/ q; 0; 0; 0; 0/.

4.1 For each t D 0; 1; : : : ; ` � 1, do the following.
QC: .d3 mpe.q � 1/ log q C d2L log1Co.1/ q; 0; 0; 0; 0/.

4.1.1 From Zit , read off a spanning congruence sequence for Uit of length
Hi � d mpe.q � 1/.
QC: .d mpe.q � 1/ log q; 0; 0; 0; 0/.

4.1.2 For each j D 0; 1; : : : ;Hi C L � 1, do the following.
QC: .d2 mpe.q � 1/ log q C dL log1Co.1/ q; 0; 0; 0; 0/.

4.1.2.1 If j � Hi , then do the following.

4.1.2.1.1 From ZitCj , read off a spanning congruence sequence for�jit.Rit /

of length nit � d .
QC: .d log q; 0; 0; 0; 0/.

4.1.2.2 Else do the following.

4.1.2.2.1 Compute a spanning congruence sequence for

�
j
it
.Rit / D �.�

j�1
it

.Rit /; AitCj�1/

of length nit � d .
QC: .d log1Co.1/ q; 0; 0; 0; 0/.

4.2 For each t D 0; 1; : : : ; L � 1, do the following.
QC: ..d2Lmpe.q � 1/C dL2/ log q; 0; 0; 0; 0/.
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4.2.1 From the data stored in step 4.1, paste together a spanning congruence
sequence for

Qi�t ;HiCL�t�1 D

HiCL�t�1^
jD0

�
j
i�t�j

.Ri�t�j / ^Ui�t :

QC: ..d2 mpe.q � 1/C dL/ log q; 0; 0; 0; 0/.

4.3 For each t D 0; 1; : : : ; L � 1, do the following.
QC: .4d

2 mpe.q�1/CdL.d2 mpe.q � 1/C dL/ log1Co.1/ q; 0; 0; 0; 0/.

4.3.1 Set Oi�t ;L�t WD ;.
QC: .log d C logL; 0; 0; 0; 0/.

4.3.2 For each ˘HiCL�t�1
kD0

Eo0
k
2 ¹;;:º

ni�tCni�t�1C���Cni�Hi�LC1 , do the fol-
lowing.
QC: .4d

2 mpe.q�1/CdL2�dt .d2 mpe.q � 1/C dL/ log1Co.1/ q; 0; 0; 0; 0/.

4.3.2.1 Check whether

�Qi�t ;HiCL�t�1
;0.˘

HiCL�t�1

kD0
Eo0
k
˘ E�i�t ;Hi ; .;; : : : ;;// > 0;

and if so, add ˘HiCL�t�1
kD0

Eo0
k

to Oi�t ;L�t as a new element.
QC: .2d

2 mpe.q�1/CdL.d2 mpe.q � 1/C dL/ log1Co.1/ q; 0; 0; 0; 0/.

4.4 For each t D 0; 1; : : : ; L � 2, do the following.
QC: .8d

2 mpe.q�1/CdL.d2 mpe.q � 1/C dL/ log1Co.1/ q; 0; 0; 0; 0/.

4.4.1 For each ˘HiCL�t�1
kD0

Eo0
k
2 Oi�t ;L�t , do the following.

QC: .8d
2 mpe.q�1/CdL2�d.tC1/2�dt .d2 mpe.q � 1/C dL/ log1Co.1/ q;

0; 0; 0; 0/.

4.4.1.1 For each ˘HiCL�t�2
kD0

Eok 2 Oi�t�1;L�t�1, do the following.
QC: .4d

2 mpe.q�1/CdL2�d.tC1/.d2 mpe.q � 1/C dL/ log1Co.1/ q;
0; 0; 0; 0/.

4.4.1.1.1 Check whether the distribution number

�Qi�t�1;HiCL�t�2
;Ai�t�1

. ˘
HiCL�t�2

kD0
Eok ˘ E�i�t�1;Hi ;

˘
HiCL�t�1

kD1
Eo0
k
˘ E�i�t ;Hi /

is equal to 1. If so, set

ui�t ;L�t .˘
HiCL�t�1

kD0
Eo0
k
/ WD ˘

HiCL�t�2

kD0
Eok :

QC: .2d
2 mpe.q�1/CdL.d2mpe.q�1/CdL/ log1Co.1/ q; 0; 0; 0; 0/.
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4.5 Compute Ai WD Ai0Ai1 � � �Ai`�1 .
QC: .d log1Co.1/ q; 0; 0; 0; 0/.

4.6 Set Ci;L WD ;.
QC: .log d C logL; 0; 0; 0; 0/.

4.7 For each l 2 ¹1; 2; : : : ; Lº, do the following.
QC: .L log1Co.1/ q; 0; 0; 0; 0/.

4.7.1 Check whether ` j l . If not, skip to the next l .
QC: .log1Co.1/ q; 0; 0; 0; 0/.

4.7.2 Compute and store the affine iterate

Ai;l D A
l=`
i D

´
Ai ; if l D `;

Ai;l�`Ai ; if ` j l > `;

with linear coefficient x̨i;l and constant coefficient x̌i;l .
QC: .log q; 0; 0; 0; 0/ if l D ` (only needing to copy information from
step 4.5); .log1Co.1/ q; 0; 0; 0; 0/ otherwise.

4.7.3 Check whether gcd.s; x̨i;l � 1/ j x̌i;l . If so, add l to Ci;L as a new element,
and store �i;l.x/ as the s-congruence

x � �
x̌
i;l

gcd.s; x̨i;l � 1/
� inv s

gcd.s;x̨i;l�1/

�
x̨i;l � 1

gcd.s; x̨i;l � 1/

�
�

�
mod

s

gcd.s; x̨i;l � 1/

�
:

QC: .log1Co.1/ q; 0; 0; 0; 0/.

4.8 Set Ni WD ;.
QC: .log d; 0; 0; 0; 0/.

4.9 For each ˘HiCL�1
kD0

Eo0
k
2 Oi;L, do the following.

QC: .4d
2 mpe.q�1/CdL2L.d2Lmpe.q � 1/C dL2/ log1Co.1/ q; 0; 0; 0; 0/.

4.9.1 For each l 2 Ci;L, do the following.
QC: .2d

2 mpe.q�1/CdLCL.d2Lmpe.q � 1/C dL2/ log1Co.1/ q; 0; 0; 0; 0/.

4.9.1.1 Compute the logical sign tuple E�i;L;l (see the paragraph before Propo-
sition 5.3.3.3).
QC: .L log1Co.1/ q; 0; 0; 0; 0/.

4.9.1.2 Set

mi .˘
HiCL�1

kD0
Eo0
k
˘ E�i;L;l/

WD �Wi;L;0.˘
HiCL�1

kD0
Eo0
k
˘ E�i;Hi ˘ E�i;L;l ; .;; : : : ;;//:

QC: .2d
2 mpe.q�1/CdLCL.d2mpe.q� 1/C dL/ log1Co.1/ q;0;0;0;0/.
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4.9.1.3 If mi .˘
HiCL�1

kD0
Eo0
k
˘ E�i;L;l/ D 0, then skip to the next l .

QC: .d2 mpe.q � 1/C dL; 0; 0; 0; 0/.

4.9.1.4 For each t D 0; 1; : : : ; l � 1, do the following.
QC: .dL3 C d2Lmpe.q � 1/2d

2 mpe.q�1/Cd C L log q; 0; 0; 0; 0/.

4.9.1.4.1 Compute the logical sign tuple

. proji�t ;L�t ıui�tC1;L�tC1

ı ui�tC2;L�tC2 ı � � � ı ui0;L/.˘
HiCL�1

kD0
Eo0
k
/:

QC: .d2Lmpe.q � 1/C dL2; 0; 0; 0; 0/.

4.9.1.4.2 For each n D 0; 1; : : : ; N , do the following.
QC: .d2 mpe.q � 1/2d

2 mpe.q�1/Cd C log q; 0; 0; 0; 0/.

4.9.1.4.2.1 If the logical sign tuple computed in step 4.9.1.4.1 is an ele-
ment of Sn;i�t ;Hi (the last entry of the tuple Sn;i�t from the
partition-tree register computed in step 2), then set n.�t/ WD n

and skip to the next t .
QC: .max¹1; jSn;i�t ;Hi jd

2 mpe.q � 1/º; 0; 0; 0; 0/ if the con-
dition is not satisfied; .max¹1; jSn;i�t ;Hi jd

2 mpe.q � 1/º C
log q; 0; 0; 0; 0/ if the condition is satisfied (the additional
O.logq/ bit operations are from copying the value of n; we do
not need to process the O.log q/-bit indices n during the loop
over them, because we may jump to a neighboring address in
memory in O.1/ bit operations).

4.9.1.5 Set En WD .n.�lC1/;n.�lC2/; : : : ;n.0//.
QC: .L log q; 0; 0; 0; 0/.

4.9.1.6 Set l 0 to be minperl.En/.
QC: .L1Co.1/ log q; 0; 0; 0; 0/.

4.9.1.7 Set En0 to be the lexicographically minimal ordered sequence in the
same cyclic equivalence class as .n.�lC1/;n.�lC2/; : : : ;n.�lCl

0//.
QC: .L2 logL log q; 0; 0; 0; 0/.

4.9.1.8 Add

.˘
HiCL�1

kD0
Eo0
k
˘ E�i;L;l ; ŒEn

0�;mi .˘
HiCL�1

kD0
Eo0
k
˘ E�i;L;l//

to Ni as a new element.
QC: .d2 mpe.q � 1/C dLC L log q; 0; 0; 0; 0/.

5 Set N WD ;.
QC: .1; 0; 0; 0; 0/.
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6 For each .i; `/ 2 xL n ¹.d; 1/º, do the following.
QC: .d4L4mpe.q � 1/4d

2 mpe.q�1/CdL C d2L24d
2 mpe.q�1/CdL logq; 0; 0; 0; 0/.

6.1 For each .˘HiCL�1
kD0

Eo0
k
˘ E�i;L;l ; ŒEn�;m

0/ 2 Ni , do the following.
QC: .d3L4mpe.q�1/4d

2 mpe.q�1/CdLCdL24d
2 mpe.q�1/CdL logq;0;0;0; 0/.

6.1.1 From the first entry, ˘HiCL�1
kD0

Eo0
k
˘ E�i;L;l , determine the binary represen-

tation of l .
QC: .L logL; 0; 0; 0; 0/.

6.1.2 Check whether ŒEn� and l already occur as the first two entries of some
element of N. If so, skip to the next element of Ni .
QC: .dL22d

2 mpe.q�1/CdL log q; 0; 0; 0; 0/.

6.1.3 Compute the sum m of the third entries of all triples in
S
.j;`0/2 xLn¹.d;1/ºNj

that have the parameters l and ŒEn� associated with them.
QC: .dL22d

2 mpe.q�1/CdL log q; 0; 0; 0; 0/.

6.1.4 Add .ŒEn�; l;m/ to N as a new element.
QC: .L log q; 0; 0; 0; 0/.

7 For each n 2 ¹0; 1; : : : ; N º, do the following.
QC: .d2d

2 mpe.q�1/Cd C log q; 0; 0; 0; 0/.

7.1 Check whether Sn;d D ;. If so, set n WD n and exit the loop.
QC: .log q; 0; 0; 0; 0/ if the condition is satisfied (which happens only once),
.1; 0; 0; 0; 0/ otherwise.

8 Check whether Œn� and 1 already occur as the first two entries of some (unique)
triple in N, and store this information (the truth value and, if applicable, the posi-
tion of that triple in N).
QC: .dL2d

2 mpe.q�1/CdL log q; 0; 0; 0; 0/.

9 If Œn� and 1 occur as the first two entries of a triple .Œn�; 1;m/ in N, then do the
following.

9.1 Overwrite the entry .Œn�; 1;m/ of the list N with .Œn�; 1;mC 1/.
QC: .log q; 0; 0; 0; 0/.

10 Else do the following.

10.1 Add .Œn�; 1; 1/ to N as a new element.
QC: .L log q; 0; 0; 0; 0/.

11 Sort N lexicographically.
QC: .dL2.d2 mpe.q � 1/C dL/2d

2 mpe.q�1/CdL log q; 0; 0; 0; 0/.

12 Output . ED;N/ and halt.
QC: ..d24d

2 mpe.q�1/Cd C dL22d
2 mpe.q�1/CdL/ log q; 0; 0; 0; 0/.
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Next, we give pseudocode for the algorithm from Proposition 5.3.3.5, which for a
given index d generalized cyclotomic mapping f of Fq outputs the maximum cycle
length of f .

1 Compute the induced function Nf on ¹0;1; : : : ;dº and the affine mapsAi of Z=sZ.
QC: .d log1Co.1/ q; d; 0; 0; 0/.

2 Compute a CRL-list xL of Nf and the cycles of Nf .
QC: .d log2 d; 0; 0; 0; 0/.

3 Factor s D pv11 p
v2
2 � � �p

vK
K .

QC: .log q; 0; 1; 0; 0/.

4 For each .i; `/ 2 xL n ¹.d; 1/º, do the following.
QC: .d log2Co.1/ q; 0; 0; d; 0/.

4.1 Compute Ai D Ai0Ai1 � � �Ai`�1 W x 7! x̨ix C
x̌
i .

QC: .` log1Co.1/ q; 0; 0; 0; 0/.

4.2 Set s0i WD 1.
QC: .log d; 0; 0; 0; 0/.

4.3 For each j D 1; 2; : : : ; K, do the following.
QC: .log2Co.1/ q; 0; 0; 0; 0/.

4.3.1 Check whether pj j x̨i , and if so, skip to the next j .
QC: .log1Co.1/ q; 0; 0; 0; 0/.

4.3.2 Set s0i WD s
0
i � p

vj
j .

QC: .log1Co.1/ q; 0; 0; 0; 0/.

4.4 Set x̨0i WD x̨i mod s0i and x̌0i WD x̌i mod s0i .
QC: .log1Co.1/ q; 0; 0; 0; 0/.

4.5 Compute ords0
i
.x̨0i /.

QC: .log q; 0; 0; 1; 0/.

4.6 Compute

x̌00
i WD

8̂<̂
:
x̌0
i ; if x̨0i D 1;

x̌0
i

.x̨0
i
/

ord
s0
i
.x̨0
i
/

�1

x̨0
i
�1

; otherwise:

In the second case, do not compute .x̨0i /
ord
s0
i
.x̨0
i
/

as an integer, but compute its
value modulo s0i .x̨

0
i � 1/. Then the value modulo s0i of the entire fraction can

be determined through integer division.
QC: .log2Co.1/ q; 0; 0; 0; 0/.

4.7 Compute the additive order of x̌00i modulo s0i , which is equal to s0i=gcd.s0i ; x̌
00
i /.

QC: .log1Co.1/ q; 0; 0; 0; 0/.
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4.8 Set li WD ` � ords0
i
.x̨0i / � s

0
i= gcd.s0i ; x̌

00
i /.

QC: .log1Co.1/ q; 0; 0; 0; 0/.

5 Set L WD 1.
QC: .log d; 0; 0; 0; 0/.

6 For each .i; `/ 2 xL n ¹.d; 1/º, do the following.
QC: .d log q; 0; 0; 0; 0/.

6.1 If li > L, then set L WD li .
QC: .log q; 0; 0; 0; 0/.

7 Output L and halt.
QC: .log q; 0; 0; 0; 0/.

Finally, we give pseudocode for a variant of the algorithm from Corollary 5.3.3.6.
On input .L;f1; f2/, where L 2NC and fj , for j D 1; 2, is a generalized cyclotomic
mapping of Fq of index dj , this algorithm outputs “fail” if neither the largest cycle
length of f1 nor the largest cycle length of f2 is at most L. Otherwise, it outputs the
truth value of the digraph isomorphism relation �f1 Š �f2 .

1 For j D 1; 2, compute the largest cycle length Lj of fj .
QC: .d log2Co.1/ q C d log2 d; d; 1; d; 0/.

2 Check whether min¹L1; L2º � L, and store this information.
QC: .log q; 0; 0; 0; 0/.

3 If min¹L1; L2º > L, then do the following.

3.1 Output “fail” and halt.
QC: .1; 0; 0; 0; 0/.

4 Else do the following.

4.1 Check whether L1 D L2. If not, output “false” and halt.
QC: .log q; 0; 0; 0; 0/.

5 For j D 1; 2, compute

• a recursive tree description list ED.j / D .D
.j /
n /nD0;1;:::;Nj with

Nj 2 O.d2
d2 mpe.q�1/Cd /

and associated rooted tree isomorphism type sequence EI .j /; and

• the tree necklace list Nj of fj relative to EI .j /, with

jNj j � O.dL2
d2 mpe.q�1/CdL/:

QC: .8d
2 mpe.q�1/CdL2d mpe.q�1/.d3Lmpe.q�1/Cd2L2/ log1Co.1/ q; d; 0; 0; 0/.

6 Compute a synchronization . EDC; i/ of ED.1/ and ED.2/.
QC: .d38d

2 mpe.q�1/Cd log q C d24d
2 mpe.q�1/ log2 q; 0; 0; 0; 0/.
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7 Set N02 WD ;.
QC: .1; 0; 0; 0; 0/.

8 For each .Œn1;n2; : : : ;nl 0 �; l;m/ 2 N2, do the following.
QC: .dL3 logL2d

2 mpe.q�1/CdL log q; 0; 0; 0; 0/.

8.1 Compute the lexicographically minimal representative of the cyclic equiva-
lence class Œn1;n2; : : : ;nl 0 �, representing that class by it.
QC: .L2 logL log q; 0; 0; 0; 0/.

8.2 Add .Œi.n1/; i.n2/; : : : ; i.nl 0/�; l;m/ to N02 as a new element.
QC: .L log q; 0; 0; 0; 0/.

9 Sort N02 lexicographically.
QC: .dL2.d2 mpe.q � 1/C dL/2d

2 mpe.q�1/CdL log q; 0; 0; 0; 0/.

10 Check whether N1 D N02 as sets, output the truth value of this equality, and halt.
QC: .dL22d

2 mpe.q�1/CdL log q; 0; 0; 0; 0/.


