Chapter 6

Open problems

We conclude this memoir with a discussion of open problems related to our results
and methods.

6.1 Asymptotic behavior of mpe over prime powers

Our Proposition 5.1.10 states that as g ranges over an initial segment of all prime
powers, the average value of mpe(g — 1) (the maximum exponent of a prime in the
full factorization of ¢ — 1) is bounded from above by a constant (independent of
that segment). This led to the important observation that when d is fixed, then for
asymptotically almost all finite fields IF,, the complexities in Theorem 5.1.9 (2,3) are
polynomial in log g. Following that, at the end of Section 5.1, we raised the analogous
problem restricted to powers of 2, and our computational evidence (gathered in the
form of Table 5.1) leads to the following conjecture.

Conjecture 6.1.1. The average value of mpe(2X — 1), where k ranges over an initial
segment of N, is always less than 2. Formally, this conjecture asserts that for each
K € Nt one has

K
% Zmpe(2k —-1) <2.

k=1
In fact, looking at Table 5.1, one might even conjecture that the said average value
is always less than 3/2, which would imply that mpe(2F — 1) = 1 (i.e., that 2¥ — 1 is
square-free) for more than half of all kK € NT. We do note that the conjecture already
fails when the prime 2 is replaced by 3. Indeed, since 4 = 22 | 3¥ — 1 whenever 2 | k,

and 16 = 24 | 3k — 1 whenever 4 | k, one has
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whenever 4 | K. In general, there cannot be a universal constant ¢ such that
| X
X Zmpe(pk -1 <e,
k=1

since mpe(p* — 1) > mpe(p — 1) for all k, and mpe(p — 1) can be arbitrarily large (as
follows, e.g., from Dirichlet’s theorem on primes in arithmetic progressions, see [8,
Chapter 7]). Of course, as a more general conjecture, it may be possible that for each
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prime p, there is a constant ¢, such that % Z,Ile mpe(p* — 1) < ¢, for all positive
integers K (and Conjecture 6.1.1 simply asserts that c; = 2 is a valid choice).

6.2 Efficient comparison of arithmetic partitions

We recall Problem 3 from the beginning of Chapter 5: given a generalized cyclotomic
mapping f of I, and a pair (r, ), where r € F, is f-periodic of cycle length /,
the task is to obtain a compact description of the digraph isomorphism type of the
connected component of I'y containing r, viewed as a necklace of rooted tree iso-
morphism types. In Problem 3, it is also assumed that a partition-tree register for f
(in the sense of Definition 5.1.2) is given, and we can use this to refer to the rooted
trees with their numbers n € {0, 1, ..., N} in this register, rather than spell each of
them out completely.

Assuming that r # O, (the case “r = Op,” is easily dealt with separately), the
main idea behind our algorithm from the proof of Theorem 5.1.9 (3) for tackling this
problem is to identify the positions on the f-cycle of r that lie in a given coset C;
with the elements of Z /(I /€)Z, where £ is the associated coset cycle length (i.e., the
f—cycle length of i for the unique i € {0, 1,...,d — 1} such that r € C;), and to derive
an arithmetic partition P of Z /(1 /£)Z fort € {0,1,...,£ — 1} such that vertices in
C;, on the cycle that lie in the same block of £ ") have the same tree above them in
I's . Formally, we may express this via a labeling function lab;, : P0) 10,1,...,N}
that maps each block of £ to its associated rooted tree number.

Now, the description of the connected component of I'y containing r obtained this
way is not an injective encoding of its isomorphism type. That is, isomorphic con-
nected components may end up getting different descriptions, and it appears to be a
nontrivial computational problem to decide efficiently whether two given descriptions
pertain to the same isomorphism type. The purpose of this section is to discuss this
open problem in more detail, reducing it to some concrete questions to be answered.

Of course, in the actual implementation of our algorithm for Problem 3, each of
the arithmetic partitions ) mentioned above is expressed through a spanning con-
gruence sequence, of length m;, say, and lab;, may be expressed through a function
{#, =" —{—1,0,1,..., N}, where —1 is a dummy value to be assigned to a logical
sign tuple v if the associated set B(L ), ) is empty. By abuse of notation, we also
call this function lab;,. We give a special name to ordered pairs such as (P, lab;, ).

Definition 6.2.1. Let m, N € Ny with m > 0. An N-labeled arithmetic partition
of Z/mZ is a pair (B(x = b; (mod a;) : j = 1,2,..., K),lab) consisting of an
arithmetic partition of Z/mZ with a fixed spanning congruence sequence and a so-
called labeling function lab : {@, —|}K — {-=1,0,1,..., N} such that lab(V) = —1if
and only if B(P,v) = 0.
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In order to characterize when two compact descriptions obtained by the algorithm
for Problem 3 represent isomorphic connected components, let us first consider the
special case where £ = 1. Then we only need to worry about the coset C; and the
associated N -labeled arithmetic partition (P, lab;) of Z/1Z.

We need to understand how applying a cyclic shift to the associated sequence
of rooted tree isomorphism types affects the N -labeled arithmetic partition. Let t be
the translation x — x + 1 of Z/I[7Z. It generates a cyclic subgroup T of order / of
Sym(Z/17Z), namely the image of the regular representation of Z/[Z on itself. This
group T also acts naturally on the power set of Z/[Z via

M :=t(M)=1{y":ye M)

In the same manner, this leads to an action of T on the power set of the power set
of Z/1Z (i.e., an action which transforms families of subsets of Z/[Z into other
such families), and this action restricts to one on the set of all arithmetic partitions
of Z/I1Z. Indeed, if # = P(x = b; (mod a;) : j = 1,2,..., K) is an arithmetic
partition of Z/[Z, then $*, the partition of Z/IZ obtained by shifting all blocks
of & to the right by one unit, is just the arithmetic partition B'(x = b; + 1 (mod a;) :
j=12,...,K)of Z/IZ.

If we assume that & is N -labeled and that each block of $?, where ¢ € T, carries
the same label as the block of & it is shifted from, we finally get an action of ‘T on
the set of N-labeled arithmetic partitions of Z /[ Z, which is useful for our character-
ization. Formally, this action is defined via

(B(x =b; (moda;):j =1,2,...,K),lab)""
=®x=bj+n(modaj):j=12,...,K),lab).

In the special case “¢ = 1” we are currently discussing, applying a right cyclic shift
of n units to the cyclic sequence of rooted tree isomorphism types associated with
the N-labeled arithmetic partition (@, lab;) corresponds to replacing (2@, lab;)
by (£, lab;)t". This motivates the following definition.

Definition 6.2.2. Let m, N € Ny with m > 0, and let (£, lab) and ($’, lab’) be
N -labeled arithmetic partitions of Z/mZ. These partitions are equivalent if there is
at € T such that (£’,1ab’)! = (£, lab). In that case, the smallest positive integer n
such that (£’,1ab’)t" = (£, lab) is the translation number of (P, lab) and (', 1ab’).
If (#,1ab) and (£’, lab’) are not equivalent, then we define their translation number
to be co.

We observe that translation numbers are not symmetric in their two arguments.
Rather, if (£, lab) and (#’, lab’) are equivalent, then the translation number of
(#’,1ab’) and (P, lab) is the difference of the stabilizer order

|Stabe ((P,1ab))| = [{t € T : (P,lab)’ = (£, lab)}| = |Stabs((P’,1ab"))|
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and the translation number of (£, lab) and (£’, lab’). For example, if (P, lab)t3 =
(£, 1ab) and (£, lab’)t = (P, lab), then (P, lab)t> = (£, lab’).

As we mentioned just before Definition 6.2.2, in case £ = 1, two N -labeled arith-
metic partitions of the form (£, lab;) and (P, lab;) correspond to isomorphic
connected components of 'y if and only if they are equivalent. We thus pose the
following algorithmic problem.

Problem 6.2.3. Find an efficient algorithm which, for given m, N € Ng withm > 0
and N -labeled arithmetic partitions (P, lab) and (P',1ab’) of Z./mZ, computes the
translation number of (P, 1ab) and (P, 1ab’).

We note that by our convention on translation numbers of inequivalent N -labeled
arithmetic partitions, such an algorithm could in particular be used to efficiently
decide whether (£, 1ab) and (£’,lab’) are equivalent in the first place. Moreover,
it could be used to determine the stabilizer in T of a given N -labeled arithmetic par-
tition (&, lab), because that stabilizer is generated by t”, where 7 is the translation
number of (J, lab) with itself.

We now return from “¢ = 1” to the general case. By the details of our identifi-
cation of the / positions on the f-cycle of » with the elements in £ disjoint copies
of Z /(I /€)Z (see Section 5.2.3), it is not hard to see that in general, applying a right
cyclic shift by n units to the sequence of rooted tree isomorphism types associated
with the sequence ((P @), lab;,))s=o0,1,....4—1 corresponds to replacing that sequence
with

(P9, lab;, ))j=0,1,...,€—1)tn

. n 41 . n!’
= (PO dabi )" ) et tew et © (PO Jabi ) )T )j 01w,

where n’ := n mod £ and n” := (n — n’)/£. This defines an action of T on the set
of all length £ sequences of N -labeled arithmetic partitions of Z /(I /£)Z, and as for
£ =1, we call two such sequences equivalent if they can be mapped to each other
under this action. In order to decide in general whether two descriptions produced
by our algorithm for Problem 3 correspond to isomorphic connected components, we
need to decide whether these descriptions are equivalent in this more general sense.
However, it turns out that this can be done efficiently if we have an algorithm as in
Problem 6.2.3. Let us explain why.

sequences of N-labeled arithmetic partitions of Z/mZ for some m € NT. They
are equivalent if and only if there are n’ € {0, 1,...,£ — 1} and n” € Z such that
(Y, Lab®)) o1, ¢—1 is equal to

" +1

(e, 1abD)Y™" Y i im1 © (6, 1Y ) o1y (6.1)
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To check whether this is the case, we assume that n’ is fixed (in the worst case, we
need to try out £ € O(d) values for n’). For t =0, 1,...,£ — 1, we compute the
number

. translation number of (¥;, Lab®) and (X;_n 4, 1ab“™ 49y ifr < n’,
t = ,
translation number of (¥;, Lab®) and (X,_,, lab?™""), otherwise

using the algorithm from Problem 6.2.3. If any of these numbers is oo, then the cho-
sen value of n’ does not work. Otherwise, we compute a,, the group order of the
stabilizer of (¥;,Lab®) in T (which here is a cyclic group of order m), using the
said algorithm. The question is whether there exists n” € Z such that

n” +1 = by (mod ay),
n” +1=b; (mod ay),

n” +1=b,_; (moda, _p),
n” = b, (mod a,),

n" = by (mod ayy),

n” =by_; (mod as_;)
because these congruences characterize when ((¥;, Lab(’)))t=o, 1,...4—1 is equal to
(6.1). Viewing this as a system of m-congruences in the single variable n”, the exis-
tence of n” can easily be decided using Proposition 2.2.1.

We conclude this section by noting that the algorithm from Problem 6.2.3 can be
used to decide whether two (N -labeled) arithmetic partitions are equal, i.e., have the
same (labeled) blocks. This is because two N -labeled arithmetic partitions (5, lab)
and (£’,1ab’) of Z /mZ are equal if and only if the translation number of (#,lab) and
(', 1ab’) equals the translation number of (&, lab) with itself. Moreover, & and »’
are equal if and only if (£, 0) and (#’, 0) are equal, where (in each of the two cases)
0 denotes the constantly zero labeling function. Still, the algorithmic problem of ver-
ifying whether two given arithmetic partitions of Z/mZ are equal is interesting in its
own right, and it may admit an efficient algorithmic solution even if Problem 6.2.3
does not, so we pose it separately.

Problem 6.2.4. Find an efficient algorithm which, for given m € N and (span-
ning m-congruence sequences of) arithmetic partitions P and @ of 7./ mZ, decides
whether P = Q.
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6.3 More problems concerning asymptotic growth rates

Letm = pf‘ va{K be a positive integer with its factorization displayed. We recall
from Definition 1.5 (3) that the minimal number of spanning m-congruences for an
arithmetic partition $ of Z/mZ is called the (arithmetic) complexity of &# and
denoted by AC(J). In Remark 3.3.6, we observed that the trivial partition 7, of
7/ mZ., all of whose blocks are singletons, satisfies AC(77,) < Z]K:l p})j — K. While
this bound is equal to m — 1 when m is a prime power, we also observed in Re-
mark 3.3.6 that the bound is asymptotically equivalent to log? m/(2log log m) when
m is a primorial, which leads to the question whether the actual complexity of 77, can
be significantly smaller than that (on a suitable infinite class of values for m).

Question 6.3.1. Is it true that

AC(T,
lim inf ()

> > 0?
m—oo log” m/ loglogm

We observe that 77, is the unique (arithmetic) partition of Z /mZ that achieves the
maximum possible number of blocks, 7. One may ask more generally for nontrivial
bounds that relate the arithmetic complexity of an arithmetic partition & of Z/mZ
with its number of blocks. Trivially, the number of distinct blocks of & is at most
2AC(#) and this bound is attained if AC($P) € {0, 1}. In fact, for any given value k €
Ny, there is an m € N and an arithmetic partition & of Z/mZ such that AC(P) = k
and & has 2¥ distinct blocks: simply let m be the k-th primorial px# = pyp2--- pk,
where p; denotes the j-th smallest prime number, and

P:=P(x=0(mod pj):j =12,....k).

However, once AC(J) becomes sufficiently large with respect to m, the number
of blocks of & falls behind 24C(®); at latest, this happens once AC(P) > log, m,
because the block count of & cannot be larger than 7. In the example we just gave,
where m = p#, we have AC(P) = k ~ (log m/ log log m), which motivates the
following open problem.

Problem 6.3.2. Either find functions f, g : [0, 00) — [0, 00) such that
(1) (logx/loglogx) < f(x) € o(log x),
(2) g(x) € 0(2%), and

(3) for every positive integer m and every arithmetic partition P of 7./ mZ with
AC(P) = f(m), the number of blocks of P is at most g(AC(P)),

or prove that such functions do not exist.

In Section 5.3.2, we took note of a potential obstacle to using tree necklace lists
to give a general, efficient algorithm for deciding whether the functional graphs of
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two given generalized cyclotomic mappings of F, are isomorphic. Namely, it could
be that even when their index is fixed, generalized cyclotomic mappings f have too
many distinct isomorphism types of connected components in their functional graphs.
Specifically, we pose the following problem.

Problem 6.3.3. Prove or disprove that for every d € N7, there is a constant ¢ =
c(d) such that for every prime power q and every index d generalized cyclotomic
mapping [ of Fy, the number of distinct isomorphism types of connected components

of Ty is in O(log® q).

We observe that for d = 1, all rooted trees above non-zero f-periodic points
are isomorphic; see Theorem 2.1.5, noting that Fle* 2 I'4,, unless f is constantly
zero, in which case the statement in question is Vacuously true. Therefore, ford = 1,
Problem 6.3.3 is equivalent to proving or disproving that the number of distinct cycle
lengths of an affine map of Z/(q — 1)Z, where g ranges over all prime powers, is
bounded from above by some fixed polynomial in log g. Even this appears to be an
open problem, in spite of Remark 5.3.2.4.

In view of Proposition 5.3.1.4, we accept that an arbitrarily small but positive
asymptotic fraction of prime powers g needs to be excluded in order for the algo-
rithms from Section 5.3.2 to be efficient. In this context, we note the following prob-
lem related to Problem 6.3.3.

Problem 6.3.4. Ford € N* and ¢ > 0, we denote by £(d, ¢) the asymptotic propor-
tion of all prime powers q with d | ¢ — 1 for which there exists an index d generalized
cyclotomic mapping [ of Fy such that I'y has more than log® q distinct isomorphism
types of connected components. Prove or disprove that as d is fixed and ¢ — oo, one
has e(d,c) — 0.

Of course, a proof of the assertion in Problem 6.3.3 also yields a proof of the
assertion in Problem 6.3.4. On the other hand, if the assertion in Problem 6.3.3 is
false (which the authors believe is the case), the one in Problem 6.3.4 may still be
true, thus allowing one to solve the isomorphism problem for functional graphs of
generalized cyclotomic mappings of a fixed index efficiently in “most” cases (only
having to exclude an arbitrarily small positive asymptotic fraction of cases if one
accepts a suitably large degree in the poly-log bound).

6.4 Extension to other coset-wise affine functions

Anindex d generalized cyclotomic mapping f of [F,, given in cyclotomic form (1.1),
such that all a; and r; are non-zero restricts to a function IF; — IF; , which is “coset-
wise affine” in the sense that its restriction to any given coset C; of the index d
subgroup C of ;' maps to another coset C 7 via an affine map of the cyclic group C
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(here, we are using the general, group-theoretic sense of the word “affine map”, as in
Definition 2.1.15). That we can split f up into such smaller, easy to handle parts is
crucial for the approach of understanding I'y presented in this memoir.

In this section, we aim to generalize this idea. More specifically, we replace IF;
by some group G (usually, but not necessarily finite), and C by a subgroup H of G.
We consider the following two notions of coset-wise affine functions.

Definition 6.4.1. Let G be a group, and let H be a subgroup of G.

(1) An affine function H — G is a function H — G of the form & — h%®b for
some group homomorphism ¢ : H — G and some b € G.

(2) A function f : G — G is called H -coset-wise affine in the wide sense if for
every right coset C = Hrc of H in G, there is an affine function A¢c : H —
G such that f(hrc) = Ac(h) forallh € H.

(3) A function f : G — G is called H -coset-wise affine in the narrow sense if
for every right coset C = Hrc of H in G, there is an affine map A¢c of H
and atc € G suchthat f(hrc) = Ac(h)tc forallh € H.

In contrast to H -coset-wise affine functions in the narrow sense, an H -coset-
wise affine function in the wide sense does not need to map each right coset of H to
a single such coset. This makes it hard to study the behavior of H -coset-wise affine
functions in the wide sense under iteration. The most celebrated example of this is the
Collatz function g, corresponding to G = Z and H = 27 and given by the coset-wise
affine formula

x/2, if x € 27,
g(x) = .
3x +1, ifxe2Z 4+ 1.

On the other hand, any function g : Z — Z such that g agrees, on each coset k + nZ
of the index n subgroup nZ, with an affine function

x> a®x 4 p®

with integer coefficients a® and b(k), is nZ-coset-wise affine in the narrow sense
and thus amenable to the ideas mentioned in the first paragraph of this section. Hence-
forth, we restrict our attention to H -coset-wise affine functions in the narrow sense,
which we simply call H -coset-wise affine functions for short.

An important special case is when G = (IF;, +) and H is an [,-subspace of G,
for which this class of functions was already considered in [14]. We expect our
approach for understanding functional graphs of generalized cyclotomic mappings
to work mostly analogously for H -coset-wise affine functions, with one big caveat:
in the proof of Lemma 2.2.2 (our “master lemma”), we made essential use of the
equivalence of statements (1) and (3) in Proposition 2.2.1. In the more general group-
theoretic context of the current section, this equivalence needs to be replaced by the
following property of the group H.
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Definition 6.4.2. Let H be a group. We say that H is pairwise congruence-consistent
if any given system of congruences over H,

x = hy (mod Nyp),
x = hy (mod N,),

x = hg (mod Ng),

where h1,ha,...,hg € H and N1, N,, ..., Nx are normal subgroups of H, is con-
sistent if and only if each pair of congruences in the system is consistent.

The equivalence of statements (1) and (3) in Proposition 2.2.1 can be reformulated
as “Finite cyclic groups are pairwise congruence-consistent.” In the special case “G =
(F4,+)” mentioned above, the group H is of the form F, i.e., it is a finite elementary
abelian p-group. If our approach is to work completely analogously for that case, we
would need that finite elementary abelian groups are pairwise congruence-consistent.
However, that is not the case, as the following result shows (noting that all abelian
groups are nilpotent).

Theorem 6.4.3. Let G be a finite nilpotent group. The following are equivalent:
(1) G is pairwise congruence-consistent.
(2) G is cyclic.

We prove Theorem 6.4.3 at the end of this section. Before doing so, we make two
more comments.

Firstly, we observe that non-cyclic finite pairwise congruence-consistent groups
exist; there are both non-solvable examples, such as any non-abelian finite simple
group (for trivial reasons), and solvable examples, such as AGL(q) = F; xF ; for
any prime power ¢g. To see that the latter kind of groups are pairwise congruence-
consistent, we note that AGL;(g) has I, as its unique minimal, nontrivial normal
subgroup, so any congruence over AGL;(¢) has an associated congruence over the
cyclic group F (i.e., a congruence in the classical, number-theoretic sense) such that
the solution set of the congruence over AGL(¢q) is the full pre-image, under the
canonical projection AGL;(g) — IF;, of the solution set of the associated number-
theoretic congruence. In particular, if any pair of congruences in a given system
of congruences over AGL;(q) is consistent, the same holds true for the associated
system over ]F; , whence that system is consistent by Proposition 2.2.1, and so the
original system over AGL(¢) must also have a solution.

Secondly, we pose the following two open problems, which are motivated by
Theorem 6.4.3 and the discussion leading to it.

Problem 6.4.4. Classify the finite groups that are pairwise congruence-consistent.
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Problem 6.4.5. For important classes of finite groups that are not contained in the
class of finite pairwise congruence-consistent groups (such as the class of finite (ele-
mentary) abelian groups), devise efficient algorithms that decide whether a given
system of congruences over a group in that class is consistent.

In order to prove Theorem 6.4.3, we first consider the following property of
groups.

Definition 6.4.6. Let G be a group. We say that G has the pairwise coset-intersection
property (or PCIP for short) if the following holds: for any positive integer m and any
sequence (C1,Cs, ..., Cy) of (left or right) cosets of subgroups of G, if C; N Cy # @
forall 1 < j <k <m,then ﬂ;n=1 C; # 0. A group satisfying the PCIP is also called
a PCIP-group for short.

The following proposition is immediate from observing that the solution set of
the congruence x = g (mod N) over the group G is the coset gN = Ng of N.

Proposition 6.4.7. Let G be a group. The following are equivalent.

(1) G is pairwise congruence-consistent.

(2) For any positive integer m and any sequence (Cy, Ca, ..., Cy) of cosets
of normal subgroups of G, if C; N Cy # @ for all 1 < j <k < m, then
Ni=1Ci #92.

Proposition 6.4.7 has two important consequences.

Corollary 6.4.8. The following hold.

(1) Every PCIP-group is pairwise congruence-consistent.

(2) An abelian group satisfies the PCIP if and only if it is pairwise congruence-

consistent.

In view of Corollary 6.4.8, the following result proves Theorem 6.4.3 for abelian
groups.
Theorem 6.4.9. Let G be a finite group. The following are equivalent.

(1) G satisfies the PCIP.

(2) G is cyclic.
Proof. The implication “(2)=(1)” holds by Proposition 2.2.1, so we focus on
‘6(1):(2),"

It is not hard to show that all subgroups and quotients of a PCIP-group are PCIP-
groups themselves. A minimal counterexample to the implication “(1)=(2)” would

thus be a finite, non-cyclic group G all of whose proper subgroups are cyclic. These
groups were classified by Miller and Moreno [52] to be one of the following.

(1) Z/pZ x Z.] pZ, where p is a prime;
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(2) the quaternion group Qg; or
(3) the metacyclic group

Z)q"L <L) pZ = (x,y:xP =y?" =1,y lxy = x"),
where r = 1 (mod ¢) and ¢ = 1 (mod p), but r # 1 (mod p), since other-
wise, the group is cyclic or isomorphic to Z/pZ x Z./ pZ.

It suffices to show that none of these groups G satisfies the PCIP, which we do now,
by specifying three subsets C; € G for j = 1,2, 3, each of which is a left and right
coset of some subgroup of G, such that the C; intersect pairwise while ﬂf-:l C;=90.

*  For groups of the first type, where the elements are pairs (x, y) with x, y € I,
let
Ci={(x.y)eF;:x=1}, C:={(x.y)eF;:y=1},
and
Cs={(x.y) el :x+y=1}
e For Qg = {£1, +i, £/, £k}, let
Cii=(i)j = jli) = {(£j. £k}, Cai=(j)i =i(j) = (£ £k},
and
Csi=(k)j = jlk) ={£i. £/}

*  We note that the central quotient of a group of the third type is of the same form
but with » = 1, which we may thus assume without loss of generality. Let

Ci = (x)y = y(x) = {y,yx,yx?, ... yxP71),
Co=(y) ={Ly.y*....y" "}

and

2 - 24y pa2
2y 1tr 3 ddrdrs =1 br b2 et rd 2

Gy = (yx) ={l,yx,y Y ey

Since the y-exponent is 1 in all elements of C;, we have C; N C, = {y} and C; N
C3 = {yx}. Moreover, C, N C3 = {1}, since C, and Cj3 are distinct subgroups of
prime order. It follows that C; N C, N C3 = @, as required. [ ]

Proof of Theorem 6.4.3. As in the proof of Theorem 6.4.9, the implication “(2)=(1)”
is clear by Proposition 2.2.1, so we focus on “(1)=(2)”.

Let G be a finite nilpotent group that is pairwise congruence-consistent. If G
is abelian, then G must be cyclic by Corollary 6.4.8 (2) and Theorem 6.4.9, so we
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assume (aiming for a contradiction) that G is non-abelian. Then for some prime p,
the (unique) Sylow p-group S, of G is non-abelian. Because G is the direct prod-
uct of its Sylow subgroups, we find that S, is a quotient of G. Moreover, it is not
hard to prove that quotients of pairwise congruence-consistent groups are themselves
pairwise congruence-consistent. Therefore, S}, is pairwise congruence-consistent.
But S, is a non-abelian finite p-group, whence Burnside’s basis theorem implies
that its Frattini quotient S, / ® (S, ) is the finite elementary abelian p-group F”, where
n > 1 is the minimal size of a generating set of S,. Using again that the property of
being pairwise congruence-consistent is preserved under passing to quotients, it fol-
lows that ) is pairwise congruence-consistent. Since IF) is abelian, Corollary 6.4.8
thus implies that [F} satisfies the PCIP, which contradicts Theorem 6.4.9. |

6.5 Generalization to transformation graphs

This memoir is concerned with functional graphs, which are natural visualizations of
individual functions on a set and are useful for understanding the long-term behav-
ior of discrete dynamical systems. As a generalization, one may consider the sit-
uation where a dynamical system does not evolve deterministically, but for some
n € N7, each system state x has n possibilities (possibly with repetitions) for its
successor state, occurring with different probabilities and represented by the values
81(x),g2(x),....gn(x) of functions g; : X — X.Letusset§ :={g1,82.....8n}. A
first step toward studying the behavior of such a system is to understand the so-called
transformation graph TRAG(X, §), which is defined as the edge-labeled digraph
with vertex set X whose arcs are of the form x—j>gj (x) forxeX and j=1,2,...,n.
The terminology “transformation graph” is from Annexstein, Baumslag and Rosen-
berg’s paper [7]. The concept is also closely related to operands, which are actions
of semigroups on sets [19, Section 11.1] (and in analogy to the terminology “group
action graph” from [7], one could also call transformation graphs “operand graphs”),
and to deterministic finite automata [35, Section 2.2.1]. In fact, TRAG(X, §) is like
a deterministic finite automaton with state set X and input symbol set ¥, but without
declared start and accept states.

We observe that except for the edge labels, TRAG(X, {g}) is the same as the
functional graph I'g in our notation. As noted in [7, beginning of Section 2.1], one
may also consider a simple (i.e., no multiple arcs x — x’ for given x, x’ € X), unla-
beled version of TRAG(X, §), which we denote by STRAG(X, §). Of course, for
a given set X, any digraph with vertex set X in which each vertex has positive out-
degree (including possibly co) is of the form STRAG(X, §) for a suitable non-empty
g c xX.

It would be interesting to know whether the methods developed in our memoir
could be extended to deal with graphs of the form TRAG(F,, ¥) and STRAG(F,, ¥),
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where ¥ is a set of generalized cyclotomic mappings of [F, say of a common, small
index d (which also covers some cases where the index is not uniform, because if f;
for j =1,2,...,n is a generalized cyclotomic mapping of F, of index d;, then
each f; also has index lem(d,d>, ..., dy)). Specifically, we pose the following prob-
lems.

Problem 6.5.1. For a given prime power q and set & of index d generalized cyclo-
tomic mappings of Iy, devise efficient algorithms (say of runtime polynomial in log q
for fixed d ) that find

(1) a compact parametrization of the connected components of TRAG(F,, )
(equivalently, of STRAG(F,, ¥)) by representative vertices, and

(2) a compact description of the isomorphism type of a connected component
of TRAG(F,, F), respectively of STRAG(F,, ¥), given by a vertex in the
image of the parametrization from point (1).

To the authors’ knowledge, this is an open problem even for d = 1 and |¥| = 2
(i.e., when considering transformation graphs that are each based on two monomial
functions over IF,).

Problem 6.5.2. For some classes of sets of index d generalized cyclotomic mappings
of By, devise efficient algorithms to decide, for sets ¥1, ¥ in such a class, whether
TRAG(F,, 1) = TRAG(IF,, 3), respectively, STRAG(F,, 1) = STRAG(IF;, 53).



