Chapter 2

Notation

Let Q, € L C C, be a field of finite degree d over Q,, oy, the ring of integers of L,
77, € or, a fixed prime element, k; = op /7m0 the residue field, ¢ := |k |, e the
absolute ramification index of L and Gz, := Gal(L/L). We always use the absolute
value | | on C,, which is normalized by |7z, | = ¢~1. We warn the reader, though, that
we will repeatedly use the references [8, 33,49, 68,69, 74, 76] in which the absolute
value is normalized differently from this paper by |p| = p~!. Our absolute value is
the d'th power of the one in these references. The transcription of certain formulae to
our convention will usually be done silently.

Let further Rep; (G1) denote the category of finite-dimensional L-vector spaces
equipped with a continuous linear G -action.

We fix a Lubin-Tate formal o7 -module LT = LT, over oy, corresponding to the
prime element 7r7,. We always identify LT with the open unit disk around zero, which
gives us a global coordinate Z on LT. The oy -action then is given by formal power
series [@](Z) € o1 [Z]. For simplicity the formal group law will be denoted by +r.

The power series %\(X ¥)=(Z.0) is a unit in oz [Z] and we let gi1(Z)
denote its inverse. Then gy1(Z)d Z is, up’ to scalars, the unique invariant differential
form on LT (cf. [37, §5.8]). We also let

logr(Z) =27 +--- 2.1

denote the unique formal power series in L[Z] whose formal derivative is grr. This
log; 1 is the logarithm of LT (cf. [47, §8.6]). In particular, grrdZ = d log;. The
invariant derivation 9j,, corresponding to the form d log; ; is determined by

f'dZ = df = 0iw(f)d logir = diny(f)gLrd Z
and hence is given by
O (f) = gi7 /- 2.2)

For any a € o7, we have
log;7 ([a](Z)) = a-log;y andhence agir(Z) = gur([al(2)) - [a])'(Z) (2.3)

(cf. [47, 8.6 Lemma 2]).

Let T,; be the Tate module of LT. Then T is a free o;-module of rank one,
say with generator n = (7)), and the action of G on T, is given by a continuous
character yir : Gr — of. Let T, denote the Tate module of the p-divisible group
Cartier dual to LT with period € (depending on the choice of a generator of T ),
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which again is a free or-module of rank one. The Galois action on 7, =~ T (1)
is given by the continuous character 7 := y¢yc - )(ETI, where .y is the cyclotomic
character.

Forn > 0 we let L,/ L denote the extension (in C,) generated by the 77 -torsion
points of LT, and we put Lo, := |, Ln. The extension Lo,/L is Galois. We let
I's := Gal(Lso/L) and Hy, := Gal(L/Lo). The Lubin-Tate character i induces
an isomorphism I';, => 0.

Henceforth, we use the same notation as in [80]. In particular, the ring endomor-
phisms induced by sending Z to [n7](Z) are called ¢ where applicable, e.g., for
the ring Az, defined to be the 77 -adic completion of o7 [Z][Z 7] or B := A [n] "]
which denotes the field of fractions of Aj . Recall that we also have introduced the
unique additive endomorphism 7, of By, (and then Ay ) which satisfies

—1
gL oYL =my -traces; /o, (B, )-

Moreover, projection formula

V(oL (f1) f2) = five(fz) forany f; € By

and the formula
WL (o] QDL = % . ld

hold. An étale (¢r, I'r)-module M comes with a Frobenius operator ¢y semilinear
with respect to ¢y, and an induced operator denoted by V.

Let ET := limoc ./ Poc, with~the transition maps being given by the Frobenius
¢(a) = a”?. We may also identify ET with lim oc,/ mroc, with the transition maps
being given by the g-Frobenius ¢, (a) = a?. Recall that E™ is a complete valuation
ring with residue field E and its field of fractions E = EIECB being algebraically
closed of characteristic p. Let mj denote the maximal ideal in E*.

The g-Frobenius ¢, first extends by functoriality to the rings of the Witt vectors
W(E) € W(E) and then oy -linearly to

WEY)L := WE) ®,, o € W(E)L := W(E) ®q,, oL.

where L is the maximal unramified subextension of L. The Galois group G;, obvi-
ously acts on E and W(E) 1 by automorphisms commuting with ¢,. This G -action
is continuous for the weak topology on W(E) L (cf. [73, Lem. 1.5.3]).

Sometimes we omit the index ¢, L, or M from the Frobenius operator, but we
always write ¢, when dealing with the p-Frobenius.

The evaluation of the global coordinate Z of LT at mz-power torsion points
induces a map (not a homomorphism of abelian groups) ¢ : T, — E*t. Namely, if
t = (Zn)nz1 € Ty With [12](Zn41) = 2, and [71](z1) = 0, then z}!, | = z, mod 7,
and hence ((¢) := (z, mod 7p), € Et. As before, we fix an oy -generator n of Ty
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and put w := t(n). Then there exists a (unique) lift wrr € W(E+)L of w satisfying
the following (cf. [80, Lem. 4.1]):

(i)  if n’ =anwitha € o} denotes another generator of Ty, then w{ = [a](wrr)
is the corresponding lift;

(i)  ¢g(wrr) = [r](wrr);

(iii) o(wrr) = [yrr(0)](wrr) forany o € Gr.



