
Chapter 3

Wach modules à la Kisin–Ren

3.1 Wach modules

In this section, we recall the theory of Wach modules à la Kisin–Ren [44] (with the
simplifying assumption that – in their notation – K D L, m D 1, etc.).

By sending Z to !LT 2 W.zEC/L we obtain a GL-equivariant, Frobenius compat-
ible embedding of rings

oLJZK! W.zEC/L;

the image of which we call ACL ; it is a subring of AL (the image of AL inW.zE/L). The
latter ring is a complete discrete valuation ring with prime element �L and residue
field of the image EL of kL..Z// ,! zE sending Z to ! WD !LT mod �L. We form
the maximal integral unramified extension (D strict henselization) AnrL of AL inside
W.zE/L. Its p-adic completion A still is contained in W.zE/L. Note that A is a com-
plete discrete valuation ring with prime element �L and residue field of the separable
algebraic closure Esep

L of EL in zE. By the functoriality properties of strict henseliza-
tions, the q-Frobenius 'q preserves A. According to [44, Lem. 1.4], theGL-action on
W.zE/L respects A and induces an isomorphism

HL D ker.�LT/
Š
�! Autcont.A=AL/:

We set AC WD A \W.zEC/L.
Set Q WD Œ�L�.!LT/

!LT
2 ACL , which satisfies by definition 'L.!LT/ D Q � !LT.

Following [44] we write O D OL.B/ for the ring of rigid analytic functions on
the open unit disk B over L, or equivalently the ring of power series in Z over L
converging in B. Via sending !LT to Z we view ACL as a subring of O. We denote by
Mod'L;�L;an

O
the category consisting of finitely generated free O-modules M together

with the following data:

(i) an isomorphism 1˝ 'M W .'
�
LM/Œ 1

Q
� ŠMŒ 1

Q
�,1

(ii) a semilinear�L-action on M, commuting with 'M and such that the induced
action on D.M/ WDM=!LTM is trivial.

We note that since M=!LTM DMŒ 1
Q
�=!LTMŒ 1

Q
�, the map 'M induces an L-linear

endomorphism of D.M/, which we denote by 'D.M/. As a consequence of (i), in
fact, it is an automorphism.

1By '�
L

M we understand the module O ˝O;'L M.
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The �L-action on M is differentiable (cf. [8, Lem. 3.4.13]),2 and the correspond-
ing derived action of Lie.�L/ is L-bilinear (cf. [8, Rem. 3.4.15]).3

Similarly, we denote by Mod'L;�L;an
A+
L

the category consisting of finitely generated

free ACL -modules N together with the following data:

(i) an isomorphism 1˝ 'N W .'
�
LN/Œ

1
Q
� Š NŒ 1

Q
�,4

(ii) a semilinear �L-action onN , commuting with 'N and such that the induced
action on N=!LTN is trivial.

The map 'N induces an L-linear automorphism of D.N/ WD NŒ 1
p
�=!LTNŒ

1
p
� which

we denote by 'D.N/.
Obviously, we have the base extension functor

O ˝AC
L

� W Mod'L;�L;an
A+
L

! Mod'L;�L;an
O

:

It satisfies
D.O ˝AC

L

N/ D D.N/: (3.1)

We write Mod'L;�L;0
O

for the full subcategory of Mod'L;�L;an
O

consisting of all M

such that R˝O M is pure of slope 0. Here R denotes the Robba ring, which will be
recalled in detail in Section 4.3.1.

By ModF;'qL we denote the category of finite-dimensional L-vector spaces D
equipped with an L-linear automorphism 'q W D

Š
�! D and a decreasing, separated,

and exhaustive filtration, indexed by Z, by L-subspaces. In ModF;'qL we have the full
subcategory ModF;'q ;wa

L of weakly admissible objects (cf. [44, (2.3.2)]). For D in
ModF;'q ;wa

L let

VL.D/ WD .Bcris;L ˝L D/
'qD1 \ Fil0.BdR ˝L D/;

where, as usual, Bcris;L WD Bcris ˝L0 L. In order to formulate the crystalline compar-
ison theorem in this context, we also consider the category ModF;'L0˝QpL

of finitely
generated free L0 ˝Qp L-modules D equipped with a .'p ˝ id/-linear automor-
phism ' W D

Š
�! D as well as a decreasing, separated, and exhaustive filtration on

DL WD D˝L0 L, indexed by Z, by L˝Qp L-submodules. For D in ModF;'L0˝QpL

2Note that the statements in loc. cit. are all over the character variety; but by the introduction
to §3.4 they are also valid over the open unit ball – with even easier proofs.

3In [44], being L-analytic is an extra condition in the definition of Mod'L;�L;an
O

, which by
this remark is automatically satisfied, whence the corresponding categories with and without
the superscript “an” in [44] coincide!

4By '�
L
N we understand the module AC

L
˝ACL ;'L

N , and formally 'N is a map from N

to NŒ 1
Q
�.
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we define, as usual,

V.D/ WD .Bcris ˝L0 D/'D1 \ Fil0.BdR ˝L DL/:

Let RepoL;f .GL/ denote the category of finitely generated free oL-modules with
a continuous linear GL-action and Repcris;an

oL;f
.GL/ the full subcategory of those T

which are free over oL and such that the representation V WD L˝oL T is crystalline
and analytic, i.e., satisfying that, if DdR.V / WD .V ˝Qp BdR/

GL , the filtration on
DdR.V /m is trivial for each maximal ideal m of L˝Qp L which does not correspond
to the identity id W L! L. Correspondingly, we let Repcris

L .GL/, resp., Repcris;an
L .GL/,

denote the category of continuous GL-representations in finite-dimensional L-vector
spaces which are crystalline, resp., crystalline and analytic. The base extension func-
tor L˝oL � induces an equivalence of categories

Repcris;an
oL;f

.GL/˝Zp Qp
'
�! Repcris;an

L .GL/:

Here applying ˝ZpQp to a Zp-linear category means applying this functor to the
Hom-modules. For V in Repcris;an

L .GL/ we set Dcris;L.V / WD .Bcris;L ˝L V /
GL D

.Bcris˝L0 V /
GL andDcris.V / WD .Bcris˝Qp V /

GL . The usual crystalline comparison
theorem says thatDcris and V are equivalences of categories between Repcris

L .GL/ and
the subcategory of weakly admissible objects in ModF;'L0˝QpL

.

Lemma 3.1.1 ([78, Lem. 5.3] and subsequent discussion, or [44, Cor. 3.3.1]). There
is a fully faithful˝-functor

�
W ModF;'qL ! ModF;'L0˝QpL

D 7! zD WD L0 ˝Qp D;

whose essential image consists of all analytic objects, i.e., those for which the fil-
tration on the non-identity components is trivial. A quasi-inverse functor from the
essential image is given by sending D to the base extension L˝L0˝QpL

D for the
multiplication map L0 ˝Qp L! L.

Lemma 3.1.1 implies that

Dcris;L.V /
�
Š Dcris.V / for any V in Repcris;an

L .GL/:

We denote by Met.AL/ the category of étale .'q; �L/-modules over AL (cf. [80,
Def. 3.7]) and by Met

f
.AL/ the full subcategory consisting of those objects, which are

finitely generated free as AL-module. ForM in Met
f
.AL/, resp., forT in RepoL;f .GL/,

we put V.M/ WD .A˝AL M/'q˝'MD1, resp., DLT.T / WD .A˝oL T /ker.�LT/.
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Having defined all of the relevant categories (and most of the functors) we now
contemplate the following diagram of functors:

Met
f
.AL/

V //
RepoL;f .GL/

DLT

'oo

Mod'L;�L;an
A+
L

O˝
AC
L

�

''

��

' //

AL˝AC
L

� 66

Repcris;an
oL;f

.GL/

L˝oL�

��

�

OO

Mod'L;�L;an
A+
L

˝Zp Qp

'

��

Mod'L;�L;0
O

�

��

D

'
//
ModF;'q ;wa

L

�

��

M
oo

VL

'
//
Repcris;an

L .GL/
Dcris;L

oo

Mod'L;�L;an
O

D

'
//
ModF;'qL :

M
oo

(3.2)

The arrows without decoration are the obvious natural ones. The following pairs of
functors are quasi-inverse˝-equivalences of˝-categories:

• .DLT;V / by [44, Thm. 1.6];

• .Dcris;L;VL/by combining the crystalline comparison theorem (cf. [31, Rem.3.6.7])
and Lemma 3.1.1;

• .D;M/ by [44, Prop. 2.2.6] (or [8, Thm. 3.4.16]) and [44, Cor. 2.4.4], to which
we also refer for the definition of the functor M.

In particular, all functors in the above diagram are ˝-functors. The second arrow in
the left column, resp., the left arrow in the second horizontal row, is an equivalence
of categories by [44, Cor. 2.4.2], resp., by [44, Cor. 3.3.8]. The lower square and the
upper quadrangle are commutative for trivial reasons.

Remark 3.1.2. We list a few additional properties of these functors.

(i) For any M in Met
f
.AL/ the inclusion V.M/ � A ˝AL M extends to an

isomorphism

A˝oL V.M/
Š
�! A˝AL M; (3.3)

which is compatible with the 'q- and �L-actions on both sides.

(ii) The functorsDLT, V , and V.AL˝AC
L

�/ respect exact sequences (of abelian
groups).
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(iii) (Cf. [8, Prop. 3.4.14].) For any object M in Mod'L;�L;an
O

the projection map
MŒ!LT

tLT
�! D.M/ restricts to an isomorphism MŒ!LT

tLT
��L

Š
�! D.M/ such

that the diagram

MŒ!LT
tLT
��L

'M

��

Š // D.M/

'D.M/

��

MŒ!LT
tLT
��L

Š // D.M/

is commutative; moreover, we have

M
�
!LT
tLT

�
D O

�
!LT
tLT

�
˝L M

�
!LT
tLT

��L
Š O

�
!LT
tLT

�
˝L D.M/:

Now we recall that Acris is the p-adic completion of a divided power envelope of
W.zEC/ (cf. [62, §1.4.1]) and letAcris;L WDAcris˝oL0

oL. The inclusionW.zEC/�Acris

induces an embedding ACL � W.zE
C/L � Acris;L.

We observe that tLT D logLT.!LT/ belongs to B�cris;L. Indeed, by [22, §III.2] we
know that 'p.Bmax/ � Bcris � Bmax, whence we obtain

'q.Bmax ˝L0 L/ � Bcris;L � Bmax ˝L0 L;

where the definition of Bmax can be found in loc. cit. By [24, Prop. 9.10, Lem. 9.17,
§9.7], tLT and !LT are invertible in Bmax;L � Bmax ˝L0 L (this reference assumes
that the power series Œ�L�.Z/ is a polynomial. But, by some additional convergence
considerations, the results can be seen to hold in general (cf. [73, §2.1] for more
details)). Hence, by the above inclusions and using that 'q.tLT/ D �LtLT, we see that
tLT is a unit in Bcris;L. In particular, we have an inclusion Acris;LŒ

1
�L
; 1
tLT
� � Bcris;L.

Moreover, since 'q.!LT/ D Q!LT is invertible in 'q.Bmax ˝L0 L/, the elements !LT

and Q are units in Bcris;L as well. In particular, we have an inclusion

AC
�
1
!LT

�
� Bcris;L: (3.4)

Next we shall recall in Lemma 3.1.4 below that the above inclusion ACL � Acris;L

extends to a (continuous) ring homomorphism

O ! Acris;L
�
1
�L

�
� Bcris;L: (3.5)

For ˛ 2 zEC Š proj limn oCp (cf. [73, Lem. 1.4.5]) we denote by ˛.0/ as usual its
zero-component.

Lemma 3.1.3. The following diagram of oL0-modules is commutative:

0 // J

��

// W.zEC/

u

��

‚ // oCp
// 0

0 // ker.‚L/ // W.zEC/L
‚L // oCp

// 0;

(3.6)
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where

J WD ker.‚/;

‚ W
X
n�0

Œ˛n�p
n
7!

X
n�0

˛.0/n pn; and similarly

‚L W
X
n�0

Œ˛n��
n
L 7!

X
n�0

˛.0/n �nL;

while u denotes the canonical map as defined in [30, Lem. 1.2.3], which sends Teich-
müller lifts Œ˛�with respect toW.zEC/ to the Teichmüller lift Œ˛�with respect toW.zEC/L.

Proof. First of all, we recall from [73, Lem. 1.6.1] that‚ and‚L are continuous and
show that also u is continuous, each time with respect to the weak topology. Let Vp
and V�L denote the Verschiebung on W.zEC/ and W.zEC/L, respectively.

A fundamental system of open neighborhoods in these rings consists of

Ua;m WD
®
.b0; b1; : : :/ 2 W.zEC/ j b0; : : : ; bm�1 2 a

¯
D

m�1X
iD0

V ip
�
Œa�
�
C pmW.zEC/

and similarly ULa;m WD ¹.b0; b1; : : :/ 2 W.zEC/Ljb0; : : : ; bm�1 2 aº for open ideals a

of zEC and m � 0; see §1.5 in loc. cit. By oL0-linearity, we see that u.pmW.zEC// �
pmW.zEC/L. Using the relation

u.Vpx/ D
p
�L
V�L

�
u.F f �1x/

�
from [30, Lem. 1.2.3]5 one easily concludes that

u
�
V ip
�
Œb�
��
D
�
p
�L

�i
V i�L

�
Œbp

i.f�1/

�
�
;

whence u.Ua;m/ � U
L
a;m and the continuity of u follows.

Since the commutativity is clear on Teichmüller lifts and on p by oL0-linearity,
which generate a dense ideal, the result follows by continuity.

The following lemma generalizes parts from [62, Prop. 1.5.2].

Lemma 3.1.4. Sending f D
P
n�0 anZ

n to f .!LT/ induces a continuous map

O ! Acris;L
�
1
�L

�
;

where the source carries the Fréchet topology while the target is a topological oL0-
module, of which the topology is uniquely determined by requiring that Acris;L is
open; i.e., the system pmAcris;L with m � 0 forms a basis of open neighborhoods
of 0.

5Note the typos in loc. cit., where u.Vpx/D p
�L
V�L.F

f�1u.x// is stated. Moreover, one
has the relation u.F f x/ D Fu.x/.
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Proof. First of all, the relation J p � pAcris from [62, §1.4.1, bottom of p. 96] (note
that J p � Wp.R/ regarding the notation in loc. cit. for the last object) implies easily
by flat base change

J
p
L � pAcris;L (3.7)

with JL WD J ˝oL0 oL. By [73, Lem. 2.1.12] we know that !LT belongs to ker.‚L/.
Now we claim that there exists a natural number r 0 such that !r

0

LT lies in W1 WD JL C
pW.zEC/L, whence for r WD pr0 we have !rLT 2 Wp with Wm WD W m

1 for all m � 0.
To this aim, note that diagram (3.6) induces the following commutative diagram with
exact lines:

0 // W1

��

// W.zEC/˝oL0oL

Š

��

‚ // .oCp˝oL0
oL/=p.oCp˝oL0

oL/

�

��

// 0

0 // ker.‚L/CpW.zEC/L // W.zEC/L
‚L // oCp=poCp

// 0;

where the map � is induced by sending a ˝ b to ab and a reference for the middle
vertical isomorphism is [73, Prop. 1.1.26]. By the snake lemma the cokernel of the
left vertical map is isomorphic to

ker.�/ � ker
�
.oCp ˝oL0

oL/=p.oCp ˝oL0
oL/! Nk

�
D ker.oCp=poCp ˝k oL=poL ! oCp=mCp ˝k oL=�LoL/

D mCp ˝k oL=poL C oCp=poCp ˝k �LoL=poL

and thus consists of nilpotent elements, whence the claim follows. Here mCp denotes
the maximal ideal of oCp .

Now let f D
P
n�0 anZ

n satisfy that janj�n tends to zero for all � < 1. Writing
n D qnr C rn with 0 � rn < r , we have

an!
n
LT D an!

rn
LT.!

r
LT/

qn 2 anWpqn � anp
qnAcris;L;

where the last inclusion follows from (3.7). But janpqn j � janjpp1�
n
r tends to 0 for

n!1. Thus, the series
P
n�0 an!

n
LT converges in Acris;LŒ

1
�L
�.

Moreover, since one has supjanp�1C
n
r j � pkf k� for the usual norms k k� if

1 > � > p�
1
r , we obtain for any m that®
f j kf k� < p

�m�1
¯
�
®
f 2 O j f .!LT/ 2 p

mAcris;L
¯
;

whence the latter set, which is the preimage of pmAcris;L, is open. This implies con-
tinuity.

Lemma 3.1.5. The big square in the middle of diagram (3.2) is a commutative square
of˝-functors (up to a natural isomorphism of˝-functors).
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Proof. We have to establish a natural isomorphism

L˝oL V.AL ˝AC
L

N/ Š VL
�
D.O ˝AC

L

N/
�

for any N in Mod'L;�L;an
A+
L

: (3.8)

In fact, we shall prove the dual statement, i.e., using (3.1), that�
L˝oL V.AL ˝AC

L

N/
��
Š VL

�
D.N/

��
; (3.9)

where � indicates the L-dual. From the canonical isomorphisms

HomAL;'q .M;A/ Š HomA;'q .A˝AL M;A/
Š HomA;'q

�
A˝oL V.M/;A

�
Š HomoL

�
V.M/;A'qD1

�
Š HomoL

�
V.M/; oL

�
;

where we used (3.3) for the second isomorphism and writeM for AL˝AC
L

N , we con-
clude that the left-hand side of (3.9) is canonically isomorphic to HomAL;'q .AL˝AC

L

N;A/˝oL L. Let AC WD A \W.zEC/L. On the one hand, by [44, Lem. 3.2.1], base
extension induces an isomorphism

HomAC
L
;'q

�
N;AC

�
1
!LT

�� Š
�! HomAL;'q .AL ˝AC

L

N;A/:

On the other hand, in [44, Prop. 3.2.3], Kisin and Ren construct a natural isomorphism

HomAC
L
;'q

�
N;AC

�
1
!LT

��
˝oL L

Š
�! HomL;'q ;Fil

�
.N=!LTN/Œ

1
p
�; Bcris;L

�
:6 (3.10)

Therefore, the left-hand side of (3.9) becomes naturally isomorphic to

HomL;'q ;Fil
�
D.N/;Bcris;L

�
Š VL

�
D.N/�

�
; (3.11)

where the last isomorphism is straightforward. Thus, the proof of (3.9) is reduced to
the canonical identity

VL
�
D.N/�

�
Š VL

�
D.N/

��
: (3.12)

This can be proved in the same way as in [31, Rem. 3.4.5 (iii), Rem. 3.6.7]: Since VL
is a rigid˝-functor, it preserves inner Hom-objects, in particular duals.

In order to see that (3.8) is compatible with tensor products, note that base change,
taking L-duals or applying comparison isomorphisms, is ˝-compatible. Thus the
claim is reduced to the tensor compatibility of the isomorphism (3.10), the construc-
tion of which we therefore recall from [44]. It is induced by a natural map

HomAC
L

�
N;AC

�
1
!LT

��
˝oL L! HomL

�
.N=!LTN/

�
1
p

�
; Bcris;L

�
6˝oLL is missing in the reference!
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which comes about as follows. Let f 2 HomAC
L

.N;ACŒ 1
!LT
�/. By composing f with

the inclusion (3.4) we obtain f1 W N ! Bcris;L. By base extension to O via (3.5) and
then localization inQ the map f1 gives rise to a map f2 W .O ˝AC

L

N/Œ 1
Q
�! Bcris;L.

We precompose this one with the isomorphism 1˝ 'N to obtain

f3 W .O ˝AC
L
;'L

N/
�
1
Q

� Š
�! .O ˝AC

L

N/
�
1
Q

�
! Bcris;L:

Now we observe the inclusions

.O ˝AC
L
;'L

N/
�
1
Q

�
� .O ˝AC

L
;'L

N/
�
!LT
tLT

�
� .O ˝AC

L
;'L

N/
�
'L
�
!LT
tLT

��
D O ˝O;'L

�
.O ˝AC

L

N/
�
!LT
tLT

��
:

They only differ by elements which are invertible in Bcris;L. Therefore giving the map
f3 is equivalent to giving a map f4 W O ˝O;'L ..O ˝AC

L

N/Œ!LT
tLT
�/! Bcris;L. Finally,

we use Remark 3.1.2 (iii) which gives the map

� W .N=!LTN/
�
1
p

� Š
 �

pr

�
.O ˝AC

L

N/
�
!LT
tLT

���L �
�! .O ˝AC

L

N/
�
!LT
tLT

�
:

By precomposing f4 with 1˝� we at last arrive at a map f5 W .N=!LTN/Œ
1
p
�!Bcris;L.

From this description the compatibility with tensor products is easily checked.

Suppose thatN is in Mod'L;�L;an
A+
L

and put T WD V.AL˝AC
L

N/ in Repcris;an
oL;f

.GL/.

Then, by Remark 3.1.2 (iii) and Lemma 3.1.5, we have a natural isomorphism of ˝-
functors

comp W O
�
!LT
tLT

�
˝AC

L

N
Š
�! O

�
!LT
t LT

�
˝L Dcris;L.L˝oL T / (3.13)

which is compatible with the diagonal '’s on both sides.
In the proof of [44, Cor. 3.3.8], it is shown that, for any T in Repcris;an

oL;f
.GL/, there

exists an ACL -submodule M � DLT.T / which

(N1) lies in Mod'L;�L;an
A+
L

with 'M and the �L-action on M being induced by the

.'q; �L/-structure of DLT.T / and

(N2) satisfies AL ˝AC
L

M D DLT.T /.

Note that property (N2) implies that M is p-saturated in DLT.T /, i.e., MŒ 1
p
� \

DLT.T / DM, since ACL is obviously p-saturated in AL.
We once and for all pick such an N.T / WDM. This defines a functor

N W Repcris;an
oL;f

.GL/! Mod'L;�L;an
A+
L

which is quasi-inverse to the undecorated horizontal arrow in the above big diagram
(3.2). Note that N is in a unique way a˝-functor by [65, §I.4.4.2.1].
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Remark 3.1.6. For T in Repcris;an
oL;f

.GL/ and N WD N.T / in Mod'L;�L;an
A+
L

we have the
following:

(i) If V WD L˝oL T is a positive (the Hodge–Tate weights are non-positive,
i.e., grjDdR.V /¤ 0 implies that j � 0) analytic crystalline representation,
then N is stable under 'N .

(ii) If the Hodge–Tate weights of L˝oL T are all � 0, then we have

N � ACL � 'N .N /;

where the latter means the ACL -span generated by 'N .N /.

Proof. The corresponding assertions forMWDO˝AC
L

N are contained in [8,Cor. 3.4.9].
Let n1; : : : ; nd be an ACL -basis of N .

For (i) we have to show that 'N .nj / 2 N for any 1 � j � d . Writing 'N .nj / DPd
iD1fijni we know from the definition of the category Mod'L;�L;an

A+
L

thatfij2ACL Œ
1
Q
�

and from the above observation that fij 2O. This reduces us to showing the inclusion
oLJZKŒ 1

Q
� \ O � oLJZK. Suppose therefore that Qrh D f for some r � 1, h 2 O,

and f 2 oLJZK. The finitely many zeros of Q 2 oLJZK, which are the non-zero
�L-torsion points of the Lubin–Tate formal group, all lie in the open unit disk. By
Weierstrass preparation it follows that Q must divide f already in oLJZK. Hence,
h 2 oLJZK.

For (ii) we have to show that nj D
Pd
iD1 fij'N .ni /, for any 1 � j � d , with

fij 2 ACL . For the same reasons as in the proof of (1) we have

nj D

dX
iD1

f 0ij'N .ni / D

dX
iD1

f 00ij 'N .ni /

with f 0ij 2 ACL Œ
1
Q
� and f 00ij 2 O. Then

Pd
iD1.f

0
ij � f

00
ij /'N .ni / D 0. But, again by

the definition of the category Mod'L;�L;an
A+
L

, the 'N .ni / are linearly independent over

ACL Œ
1
Q
� and hence over OŒ 1

Q
�. It follows that f 0ij D f

00
ij 2 ACL .

First, we further investigate any T in Repcris;an
oL;f

.GL/ whose Hodge–Tate weights
are all � 0, i.e., which is positive. For this purpose we need the ring AC D A \
W.zEC/L. One has the following general fact.

Lemma 3.1.7. Let F be any non-archimedean valued field which contains oL=�LoL,
and let oF denote its ring of integers; we have the following:

(i) Let ˛ 2 W.F /L be any element; if theW.oF /L-submodule ofW.F /L gen-
erated by ¹'iq.˛/ºi�0 is finitely generated, then ˛ 2 W.oF /L.

(ii) Let X be a finitely generated free oL-module, and let M be a finitely gen-
erated W.oF /L-submodule of W.F /L ˝oL X ; if M is 'q ˝ id-invariant,
then M � W.oF /L ˝oL X .
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Proof. (i) This is a simple explicit calculation as given, for example, in the proof of
[23, Lem. III.5]. (ii) This is a straightforward consequence of (i).

Proposition 3.1.8. For positive T in Repcris;an
oL;f

.GL/ we have

N.T / � DCLT.T / WD .A
C
˝oL T /

ker.�LT/;

and N.T / is p-saturated in DCLT.T /.

Proof. By Remark 3.1.6 (i) the ACL -submodule N.T / of W.zE/L ˝oL T is 'q ˝ id-
invariant (and finitely generated). Hence, we may apply Lemma 3.1.7 (ii) to M WD
W.zEC/L �N.T / and obtain that

N.T / �
�
W.zEC/L ˝oL T

�
\ .A˝oL T /

ker.�LT/ D DCLT.T /:

SinceN.T / is even p-saturated inDLT.T /, the same holds with respect to the smaller
DCLT.T /.

Corollary 3.1.9. For positive T in Repcris;an
oL;f

.GL/ the ACL -module DCLT.T / is free of
the same rank as N.T /.

Proof. By the argument in the proof of [23, Lem. III.3] the ACL -module DCLT.T / is
always free of a rank less than or equal to the rank ofN.T /. The equality of the ranks
in the positive case then is a consequence of Proposition 3.1.8.

Next we relate N.T / to the construction in [5, Prop. II.1.1].

Proposition 3.1.10. Suppose that T in Repcris;an
oL;f

.GL/ is positive. ForN WD N.T / we
then have the following:

(i) N is the unique ACL -submodule of DLT.T / which satisfies (N1) and (N2).

(ii) N is also the unique ACL -submodule of DCLT.T / which satisfies the follow-
ing:

(a) N is free of rank equal to the rank of DCLT.T /;

(b) N is �L-invariant;

(c) the induced �L-action on N=!LTN is trivial;

(d) !rLTD
C
LT.T / � N for some r � 0.

Proof. Let P D P.ACL / denote the set of height one prime ideals of ACL . It contains
the prime ideal p0 WD .!LT/.
Step 1. We show the existence of a unique ACL -submodule N 0 of DCLT.T / which
satisfies (a)–(d), and we show that this N 0 is 'q-invariant.

Existence. We begin by observing that the ACL -submodule N WD N.T / of DCLT.T /

has the properties (a), (b), and (c), but possibly not (d). In particular, the quotient
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DCLT.T /=N is an ACL -torsion module. Hence, the localizations Np D D
C
LT.T /p coin-

cide for all but finitely many p 2 P . By [16, VII.4.3 Thm. 3] there exists a unique
intermediate ACL -module N � N 0 � DCLT.T / which is finitely generated and reflex-
ive and such that N 0p0 D Np0 and N 0p D D

C
LT.T /p for any p 2 P n ¹p0º. Since ACL

is a two-dimensional regular local ring, the finitely generated reflexive module N 0 is
actually free and then, of course, must have the same rank asN andDCLT.T /. We also
have N 0 D

T
pN
0
p D Np0 \

T
p¤p0

DCLT.T /p. Since p0 is preserved by '
D
C
LT.T /

and
�L, it follows that N 0 is '

D
C
LT.T /

- and �L-invariant. Next the identities

L˝oL N=!LTN DNp0=!LTNp0 DN
0
p0
=!LTN

0
p0
DL˝oL N

0=!LTN
0
�N 0=!LTN

0

show that the induced �L-action onN 0=!LTN
0 is trivial. By using [16, VII.4.4 Thm. 5]

we obtain, for somem1; : : : ;md�0, a homomorphism of ACL-modulesDCLT.T /=N
0!Ld

iD1 ACL =p
mi
0 ACL whose kernel is finite. Any finite ACL -module is annihilated by a

power of the maximal ideal in ACL . We see thatDCLT.T /=N
0 is annihilated by a power

of p0, which proves (d).

Uniqueness. Observing that


.!LT/ D
�
�LT.
/

�
.!LT/ for any 
 2 �L

(cf. [73, Lem. 2.1.15]), this is exactly the same computation as in the uniqueness part
of the proof of [5, Prop. II.1.1].

Step 2. We show thatN 0 is p-saturated inDCLT.T /. By construction we have .N 0/.�L/
D DCLT.T /.�L/. This implies that the p-torsion in the quotient DCLT.T /=N

0 is finite.
On the other hand, both modules, N 0 and DCLT.T /, are free of the same rank. Hence,
the finitely generated ACL -module DCLT.T /=N

0 has projective dimension � 1 and
therefore has no non-zero finite submodule (cf. [59, Prop. 5.5.3 (iv)]).

Step 3. We show that N 0 D N . Since both, N and N 0, are p-saturated in DCLT.T /, it
suffices to show that the free BCL -modules N.V / WD NŒ 1

p
� and N 0.V / WD N 0Œ 1

p
� over

the principal ideal domain BCL WD ACL Œ
1
p
� coincide. As they are both �L-invariant, so

is the annihilator ideal
I WD annBC

L

�
N 0.V /=N.V /

�
:

Hence, by a standard argument as in [5, Lem. 1.3.2], the ideal I is generated by an
element f of the form !

˛0
LT
Qs
n�1 '

n�1
L .Q/˛n with certain ˛n � 0, 0 � n � s, for

some (minimal) s � 0. Since N.V /.!LT/ D N
0.V /.!LT/ by the construction of N 0, it

follows that ˛0 D 0. Assuming thatM WD N 0.V /=N.V /¤ 0, we conclude that s � 1
(with ˛s � 1), i.e., that, with pn WD .'

n�1
L .Q//, we haveMps ¤ 0 whileMpsC1 D 0.

We claim that .'�LM/psC1 ¤ 0. First, note that we have an exact sequence

0! .BCL /
d A
�! .BCL /

d
!M ! 0;
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with f dividing det.A/ 2 BCL n .B
C

L /
�
ps

, which induces an exact sequence

0! .BCL /
d 'L.A/
����! .BCL /

d
! '�LM ! 0:

Since 'L.f /D
QsC1
n�2'

n�1
L .Q/˛n�1 divides det.'L.A//, we conclude that det.'L.A//

belongs to psC1 which implies the claim.
Now consider the following diagram with exact rows:

0
�
'�LN.V /

��
1
Q

�
N.V /

�
1
Q

�
0 0

0
�
'�LN

0.V /
��
1
Q

�
N 0.V /

�
1
Q

�
C 0:

Š

The upper isomorphism comes from the definition of the category Mod'L;�L;an
A+
L

in
which N lies. The map �

'�LN
0.V /

��
1
Q

�
! N 0.V /

�
1
Q

�
is injective since '�LN

0 ! N 0 is the restriction of the isomorphism

'�LDLT.T /
Š
�! DLT.T /:

By the snake lemma and as Q … psC1 we obtain an injection

0 ¤ .'�LM/psC1 ,!MpsC1 D 0;

which is a contradiction. Thus, M D 0 as had to be shown.

Remark 3.1.11. The following are two examples:

(i) We haveN.oL.��1LT //D !LTACL ˝oL oL�
˝�1 andN.oL/DACL (recall that

� denotes our fixed generator of T� ).

(ii) Let oL.�/ D oLt0 with � W GL ! o�L unramified. Then there exists an a 2
W. NkL/

�
L with �aD��1.�/a for all � 2GL by Remark 3.2.4;7 in particular,

N
�
oL.�/

�
D DCLT

�
oL.�/

�
D ACLn0 for n0 D a˝ t0;

where �L fixes n0 and 'N.oL.�//.n0/ D cn0 with c WD 'L.a/
a
2 o�L.

Proof. Each case belongs to a positive representationT : in all cases the right-hand side
of the equality satisfies the properties characterizing N.T / in Proposition 3.1.10 (ii)
(cf. [73, Lem. 2.1.15]).

7Since �L has trivial GL-action, the period a there can be normalized such that it becomes
a unit in W. NkL/L.
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Lemma 3.1.12. For any T 2 Repcris;an
oL;f

.GL/ we have the following:

• N.T / is the unique ACL -submodule of DLT.T / which satisfies (N1) and (N2);

• N.T .��rLT // Š !
r
LTN.T /˝oL oL�

˝�r .

Proof. First, we choose r � 0 such that T .��rLT / is positive. Sending N to

!rLTN.T /˝oL oL�
˝�r
� DLT.T /˝oL oL�

˝�r

viewed inDLT.T /˝oL oL�
˝�r ŠDLT.T .�

�r
LT // sets up a bijection between the ACL -

submodules of DLT.T / and DLT.T .�
�r
LT //, respectively. One checks that N satisfies

(N1) and (N2) if and only if its image does. Hence, (i) and (ii) (for such r) are a
consequence of Proposition 3.1.10 (i). That (ii) holds in general follows from the
obvious transitivity property of the above bijections.

Proposition 3.1.13. Let T be in Repcris;an
oL;f

.GL/ of oL-rank d and such that V D
L˝oL T is positive with Hodge–Tate weights �r D �rd � � � � � �r1 � 0. Taking
(3.13) as an identification, we then have�

tLT
!LT

�r
O ˝AC

L

N.T / � O ˝L Dcris;L.L˝oL T / � O ˝AC
L

N.T / (3.14)

with elementary divisors�
O ˝AC

L

N.T / W O ˝L Dcris;L.L˝oL T /
�
D
��
tLT
!LT

�r1
W � � � W

�
tLT
!LT

�rd �:
Proof. We abbreviateD WDDcris;L.V /. By the definition of the functor M in [44] we
have

O ˝L D �M.D/ �
�
tLT
!LT

��r
O ˝L D: (3.15)

On the other hand, the commutativity of the big diagram before Remark 3.1.2 says
that M.D/ Š O ˝AC

L

N.T /. This implies the inclusions (3.14).
Concerning the second part of the assertion, we first of all note that although

O is only a Bézout domain, it does satisfy the elementary divisor theorem (cf. [75,
proof of Prop. 4.4]). We may equivalently determine the elementary divisors of the
O-module M.D/=.O ˝L D/. The countable set S of zeros of the function tLT

!LT
2 O

coincides with the set of non-zero torsion points of our Lubin–Tate formal group,
each occurring with multiplicity one. The first part of the assertion implies that the
O-module M.D/=.O ˝L D/ is supported on S. Let Mz.D/, resp., Oz , denote the
stalk in z 2S of the coherent sheaf on the open unit disk B defined by M.D/, resp., O.
The argument in the proof of [8, Prop. 1.1.10] then shows that we have

M.D/=.O ˝L D/ D
Y
z2S

Mz.D/=.Oz ˝L D/:
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The ring Oz is a discrete valuation ring with maximal ideal mz generated by tLT
!LT

. We
consider on its field of fractions Fr.Oz/ the mz-adic filtration and then on Fr.Oz/˝L
D the tensor product filtration. By [43, Lem. 1.2.1 (2)] (or [8, Lem. 3.4.4]) we have

Mz.D/ Š Fil0.Fr.Oz/˝L D/ for any z 2 S;

and this isomorphism preserves Oz ˝LD. At this point we let 0 � s1 < � � � < sm < r
denote the jumps of the filtration Fil�D, i.e., the rj but without repetition. We write

D D D1 ˚ � � � ˚Dm such that Filsi D D Di ˚ � � � ˚Dm:

For the following computation let, for notational simplicity, R denote any L-
algebra which is a discrete valuation ring with maximal ideal m. We compute

Fil0
�
Fr.R/˝L D

�
D

X
j2Z

m�j ˝L Filj D D
rX

jD0

m�j ˝L Filj D

D

mX
iD1

m�si ˝L Filsi D D
mX
iD1

mX
jDi

m�si ˝L Dj

D

mX
jD1

� jX
iD1

m�si
�
˝L Dj D

mX
jD1

m�sj ˝L Dj :

Hence, we obtain

Fil0
�
Fr.R/˝L D

�
=.R˝L D/ D

mM
jD1

m�sj =R˝L Dj Š

mM
jD1

R=msj ˝L Dj :

By combining all of the above, we finally arrive at

M.D/=.O ˝L D/ D
Y
z2S

Mz.D/=.Oz ˝L D/

Š

Y
z2S

Fil0
�
Fr.Oz/˝L D

�
=.Oz ˝L D/

Š

Y
z2S

� mM
jD1

Oz=m
sj
z ˝L Dj

�
D

mM
jD1

�Y
z2S

�
Oz=

�
tLT
!LT

�sjOz ˝L Dj
��

D

mM
jD1

�Y
z2S

Oz=
�
tLT
!LT

�sjOz

�
˝L Dj

D

mM
jD1

O=
�
tLT
!LT

�sjO ˝L Dj :
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For a first application of this result we recall the comparison isomorphism

N.V /

�
��

N.V /
�
1
Q

� �
// O
�
!LT
tLT

�
˝AC

L

N.V /
comp

Š
// O
�
!LT
tLT

�
˝L Dcris;L.V /

(3.16)

for any T in Repcris;an
oL;f

.GL/, V WD L˝oL T , and N.V / WD N.T /Œ 1
�L
�. The left hor-

izontal inclusion comes from the fact that tLT
!LT

is a multiple of Q in O. In particular,
we have the commutative diagram

N.V /
'N.V /

ww
'N.V /
��

comp
// O
�
!LT
tLT

�
˝L Dcris;L.V /

'L˝'cris
��

N .'/.V /
�
// N.V /

�
1
Q

� comp
// O
�
!LT
tLT

�
˝L Dcris;L.V /;

where we let N .'/.V / be the ACL -submodule of N.V /Œ 1
Q
� generated by the image of

N.V / under 'N.V / and where 'cris denotes the q-Frobenius on Dcris;L.V /. We note
that since Q is invertible in AL, N .'/.V / can also be viewed as the ACL -submodule
of DLT.V / D AL ˝AC

L

N.V / generated by the image of N.V / under 'DLT.V /. From
this one easily deduces (use the projection formula for the  -operator) that the map
 DLT.V / on DLT.V / restricts to an operator

 N.V / W N
.'/.V /! N.V /:

Corollary 3.1.14. Assume that the Hodge–Tate weights of V are all in Œ0; r�. Then
we have

comp
�
N.V /

�
� O ˝L Dcris;L.V /;

comp
�
N .'/.V /

�
� O ˝L Dcris;L.V /;

comp
�
N .'/.V / N.V /D0

�
� O LD0 ˝L Dcris;L.V /:

(3.17)

Proof. Apply Proposition 3.1.13 to T .��rLT /, and then divide the resulting (left)
inclusion in (3.14) by t rLT and tensor with oL.�rLT/. This gives the first inclusion by
Lemma 3.1.12 upon noting that

t rLTDcris;L.L˝oL T /˝L L�
˝�r
D Dcris;L

�
L˝oL T .�

�r
LT /
�
:

The second inclusion easily derives from the first by using that the map comp is
compatible with the '’s.

For the third inclusion we consider any element x D
P
i fi'N.V /.xi / 2N

.'/.V /,
with fi 2ACL and xi 2N.V /, such that  N.V /.x/D

P
i  L.fi /xi D 0. We choose an

L-basis e1; : : : ; em ofDcris;L.V / and write comp.xi /D
P
j fij˝ej with fij 2O. Then

0 D comp
�
 N.V /.x/

�
D

X
i

 L.fi /comp.xi / D
X
i

X
j

 L.fi /fij ˝ ej
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and it follows that

 L

�X
i

fi'L.fij /
�
D

X
i

 L.fi /fij D 0;

i.e., that
P
i fi'L.fij / 2 O LD0. On the other hand, we compute

comp.x/ D
X
i

fi'N.V /.xi / D
X
i

fi .'L ˝ 'cris/
�
comp.xi /

�
D

X
i

X
j

fi
�
'L.fij /˝ 'cris.ej /

�
D

X
j

�X
i

fi'L.fij /
�
˝ 'cris.ej /:

Corollary 3.1.15. In the situation of Proposition 3.1.13, we have

Dcris;L.V / Š
�
O ˝AC

L

N.T /
��L :

Proof. We set M WD O ˝AC
L

N.T / and identify the modules D.M/ and Dcris;L.V /

by using Lemma 3.1.5 and (3.14). The proof of [44, Prop. 2.2.6] combined with
Remark 3.1.2 (iii) implies the commutativity of the following diagram:

D.M/ O
�
!LT
tLT

�
˝L D.M/ M

�
!LT
tLT

�
M
�
D.M/

�
M;

incl.

incl.

�

Š

incl.

Š

incl.

in which the right vertical map is the canonical inclusion while the left vertical map
stems from the definition of the functor M as in (3.15) (which also implies the com-
mutativity of the left triangle). Taking �L-invariants and using the fact that the upper
line induces the isomorphism D.M/ Š MŒ!LT

tLT
��L in Remark 3.1.2 (iii), the result

follows.

Corollary 3.1.16. In the situation of Proposition 3.1.13, we haveQrN.V /�N .'/.V /.

Proof. In the present situation, 'N.V / WN.V /!N.V / is a semilinear endomorphism
of N.V / by Remark 3.1.6 (i). Then

'O˝
AC
L

N.V / D 'L ˝ 'N.V / W O ˝AC
L

N.V /! O ˝AC
L

N.V /

is an endomorphism as well. The corresponding linearized maps are

' lin
N.V / W A

C

L ˝AC
L
;'L

N.V /
Š
�! N .'/.V / � N.V /

f ˝ x 7! f 'N.V /.x/
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and

' lin
O˝

AC
L

N.V / D idO ˝ '
lin
N.V / W O ˝AC

L
;'L

N.V /

D O ˝AC
L

�
ACL ˝AC

L
;'L

N.V /
�
! O ˝AC

L

N.V /:

Since O is flat over ACL Œ
1
�L
�, it follows that

O ˝AC
L

N.V /= im
�
' lin

O˝
AC
L

N.V /

�
D O ˝AC

L

�
N.V /=N .'/.V /

�
:

But O is even faithfully flat over ACL Œ
1
�L
�. Hence, the natural map

N.V /=N .'/.V /! O ˝AC
L

N.V /= im
�
' lin

O˝
AC
L

N.V /

�
is injective. This reduces us to proving that

Qr
�
O ˝AC

L

N.V /
�
� im

�
' lin

O˝
AC
L

N.V /

�
:

As for any object in the category Mod'L;
L;an
O

, we do have

Qh
�
O ˝AC

L

N.V /
�
� im

�
' lin

O˝
AC
L

N.V /

�
for some sufficiently big integer h. On the other hand, (3.14) says that�

tLT
!LT

�rcomp
�
O ˝AC

L

N.V /
�
� O ˝L Dcris;L.V / � comp

�
O ˝AC

L

N.V /
�
:

Since 'cris is bijective, we can sharpen the right-hand inclusion to

O ˝L Dcris;L.V / � comp
�

im.' lin
O˝

AC
L

N.V //
�
:

It follows that �
tLT
!LT

�r�
O ˝AC

L

N.V /
�
� im

�
' lin

O˝
AC
L

N.V /

�
:

Since the greatest common divisor of Qh and . tLT
!LT
/r is Qmin.h;r/, we finally obtain

that
Qr
�
O ˝AC

L

N.V /
�
� im

�
' lin

O˝
AC
L

N.V /

�
:

Corollary 3.1.17. In the situation of Proposition 3.1.13, we have, with regard to an
ACL -basis of N WD N.T / and with s WD

Pd
iD1 ri , that

det
�
'N W N.T /! N.T /

�
D det

�
'N.V / W N.V /! N.V /

�
D Qs

up to an element in o�L � .'L � 1/..A
C

L /
�/.
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Proof. Note first that N is 'N -stable by Remark 3.1.6 (i). Moreover, the determinant
of 'N acting on N.V / equals the determinant of 'L ˝ 'N acting on O ˝AC

L

N.T /

since we can take for both an ACL -basis of N.T /. Since 'L. tLT
!LT
/ D �L

Q
tLT
!LT

, by Propo-
sition 3.1.13, the latter determinant equals .�L

Q
/�s multiplied by the determinant

of 'L ˝ Frob acting on O ˝L Dcris;L.V /. The latter is equal to the determinant
of Frob on Dcris;L.V /, which is �sL up to a unit in oL since the filtered Frobenius
module Dcris;L.V / is weakly admissible. This shows the claim up to an element in
o�L � .'L � 1/.O

�/. But O� D �Z
L � .A

C

L /
� by [48, (4.8)]. Hence, .'L � 1/.O�/ D

.'L � 1/..ACL /
�/.

3.2 The determinant of the crystalline comparison isomorphism

Let T be any object in Repcris;an
oL;f

.GL/ of oL-rank d and such that V D L˝oL T has
Hodge–Tate weights �r D �rd � � � � � �r1; we set s WD

Pd
iD1 ri , N WD N.T / and

M D O ˝ N . Consider the integral lattice

D WD D.T / � Dcris;L.V /

which is defined as the image of N=!LTN � D.N/ under the natural isomorphisms
D.N/ Š D.M/ Š Dcris;L.V / arising from Lemma 3.1.5 and (3.1). Then with N.�/
also D.�/ is a˝-functor. The aim of this subsection is to prove the following result.

Proposition 3.2.1. With regard to bases of T and D , the determinant of the crys-
talline comparison isomorphism

Bcris;L ˝L V Š Bcris;L ˝L Dcris;L.V /

belongs to t sLTW.
NkL/
�
L.

We write
V
V for the highest exterior power of V over L.

Remark 3.2.2. If V is L-analytic (Hodge–Tate, crystalline), then so is
V
V .

Since Dcris;L is a tensor functor, we are mainly reduced to consider characters
� W GL ! L�, for which we denote by V� its representation space.

Remark 3.2.3. Let V� be Hodge–Tate. We then have the following:

(i) The character � coincides on an open subgroup of the inertia group IL of
GL with Y

�2†L

��1 ı �
n�
�L;LT;

for some integers n� , where †L denotes the set of embeddings of L into xL
and ��L;LT is the Lubin–Tate character for �L and �.�L/.

(ii) If, in addition, V� is L-analytic, then � coincides on an open subgroup of
the inertia group IL with �nLT for some integer n.
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Proof. This follows from [81, III.A4 Prop. 4 as well as III.A5 Thm. 2 and its corol-
lary].

Remark 3.2.4. Let � be a crystalline (hence, Hodge–Tate) and L-analytic character.
We then have the following:

(i) If � factorizes through Gal.L0=L/ for some discretely valued Galois exten-
sion L0 of L, then the determinant of the crystalline comparison isomor-
phism for V� belongs to .W. NkL/LŒ 1p �/

� (with respect to arbitrary bases of
V and Dcris;L.V /).

(ii) If � has Hodge–Tate weight �s, then the determinant of the crystalline
comparison isomorphism for V� lies in t sLT.W.

NkL/LŒ
1
p
�/�.

(iii) � is of the form �nLT�
un with an integer n and an unramified character �un.8

Proof. We shall write K0 for the maximal absolutely unramified subextension of K,
any algebraic extension of Qp . TakingGL0-invariants of the comparison isomorphism
shows that the latter is already defined over

B
GL0

cris;L D .L˝L0 Bcris/
GL0 D L˝L0 .Bcris/

GL0 D L˝L0
cL00 � W. NkL/L� 1p �;

whence (i). Using Remark 3.2.3 (ii) and applying (i) to ���nLT gives (ii). By the same
argument it suffices to prove (iii) in the case of Hodge–Tate weight 0. Then its period
lies in the completion of the maximal unramified extension of L by (i), whence the
claim that � is unramified follows, as the inertia subgroup ofGL must act trivially.

By Proposition 3.1.8 we have

N.T / � DCLT.T / � AC ˝oL T

if T is positive. Using (N2) and the isomorphism

A˝AL DLT.T / Š A˝oL T;

we obtain a canonical injection

AC ˝AC
L

N.T / ,! AC ˝oL T: (3.18)

Proposition 3.2.5. If T is positive, then the determinant of (3.18) with respect to the
bases of N.T / and T is contained in !sLT.A

C

L /
� �W. NkL/

�
L.

8Also the converse statement is true: Indeed, any unramified character is locally algebraic
(by definition, see [81]), whence HT. By [81, A3 Prop. 3, A5 Thm. 2] the Hodge–Tate weights
are all zero, whence � is L-analytic. It is crystalline as it is admissible; i.e., there is a period in
C�p , which in this case needs to lie in the fixed field under inertia, which is contained in Bcris.
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Proof. Let M 2Md .AC/ be the matrix of a basis of N.T / with respect to a basis of
T and P 2 Md .ACL / the matrix of 'L with respect to the same basis of N.T /. Then
we have 'L.M/ DMP . By Corollary 3.1.17 we have det.P / D Qs'L.f /f

�1u for
some f 2 .ACL /

� and u 2 o�L. But Q D 'L.!LT/!
�1
LT . We deduce that

'L
�

det.M/
�
D 'L.!

s
LTf /.!

s
LTf /

�1u det.M/;

i.e., that
.!sLTfa/

�1 det.M/ 2 A'LD1 D oL
with a 2 W. NkL/�L such that 'L.a/=a D u. It follows that

det.M/ 2 !sLToL.A
C

L /
�
�W. NkL/

�
L:

But we also have det.M/ 2 A�. Hence, we finally obtain9

det.M/ 2 !sLToL.A
C

L /
�
�W. NkL/

�
L \ A� D !sLT.A

C

L /
�
�W. NkL/

�
L:

Remark 3.2.6. For T D oL.�/with unramified � as in Remark 3.1.11 the map (3.18)
maps the basis n0 to a˝ t0.

Lemma 3.2.7. If T is positive, then we have the following:

(i) O ˝oL D.T / D O ˝L Dcris;L.V / � comp.O ˝AC
L

N.T //;

(ii) the determinant of the inclusion in (i) with respect to the bases of D.T /

and N.T / belongs to . tLT
!LT
/s.ACL /

�;

(iii) for T DoL.�/with unramified � as in Remark 3.1.11, comp.n0/D 'L.a/˝
t0 D ca˝ t0 2 Dcris;L.V / with c D 'L.a/

a
2 o�L; in particular, the element

a˝ t0 is a basis of D.T /.

Proof. By construction the comparison isomorphism (3.13) is of the form

comp D idOŒ
!LT
tLT

� ˝L comp0

with

comp0 W
�
O ˝AC

L

NŒ!LT
tLT
�
��L Š
�!
pr
N=!LTN

�
1
p

�
D D.N/

Š
�! Dcris;L.V /

the right-hand arrow being the natural isomorphism from Lemma 3.1.5. For positive
T we know in addition from the proof of Corollary 3.1.15 that�

O ˝AC
L

N
��L
D
�
O ˝AC

L

N
�
!LT
tLT

���L :
We deduce that

comp
�
O ˝AC

L

N
�
� O ˝L comp0

��
O ˝AC

L

N
��L�

D O ˝L Dcris;L.V /:

9The argument also shows that !sLTAC ˝oL T � AC ˝AL N.T / � AC ˝oL T . But the
left inclusion does even hold with r instead of s (cf. [83] following [5] in the cyclotomic case).
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By Proposition 3.1.13 we know that the determinant in (ii) is of the form . tLT
!LT
/sf .!LT/

with f .!LT/ 2 O�. On the other hand, if we base change the inclusion in (i) to
L D O=!LTO, then we obtain the base change from oL to L of the isomorphism
D Š N=!LTN . By our choice of bases the determinant of the latter lies in o�L. Since
evaluation in zero maps . tLT

!LT
/sf .!LT/ to f .0/, it follows that f .0/ belongs to o�L and

hence (cf. [48, (4.8)]) that f .!LT/ belongs to .ACL /
�.

Now we prove (iii): By the above description of comp0 we have to show that the
image Nn0 2D.N.T // of n0 is mapped to ca˝ t0 under the natural isomorphism from
Lemma 3.1.5. Since under the crystalline comparison isomorphisms these elements
are sent to a˝.a�1˝ Nn0/2Bcris;L˝LVL.D.N// and ca˝t02Bcris;L˝oLT , respec-
tively, it suffices to show that the map (3.8) sends a�1 ˝ n0 2 L˝oL V.AL ˝AC

L

N/

(which corresponds to t0 under the canonical isomorphism T Š V.AL ˝AC
L

N/) to

.ca/�1 ˝ Nn0 2 VL.D.N//. Dualizing, this is equivalent to the claim that the map
(3.9) sends the dual basis ıa�1˝n0 2 .L˝oL V.M//� of a�1 ˝ n0 to ı.ca/�1˝Nn0 2
VL.D.N//

�. Note that the isomorphism�
L˝oL V.M/

��
Š L˝oL HomAL;'q .AL ˝AC

L

N;A/

Š L˝oL HomAC
L
;'q

�
N;AC

�
1
!LT

��
sends ıa�1˝n0 to aın0 . Thus, it suffices to show that the map (3.10) sends aın0 to
caı Nn0 in HomL;'q ;Fil..N=!LTN/Œ

1
p
�;Bcris;L/ since the latter corresponds under (3.11)

to ca˝ ı Nn0 2 VL.D.N/
�/ which in turn corresponds to ı.ca/�1˝Nn0 under (3.12).

If f D aın0 , which is the map which sends n0 to a, then – in the notation of the
proof of Lemma 3.1.5 – f1 and f2 share this property, while f3 (and hence f4) sends
c�1n0 to a because 'N .c�1n0/ D c�1'L.a/a�1n0 D n0. Then f5 sends c�1 Nn0 to a
because �.c�1 Nn0/D c�1n0. Altogether this means that aın0 is mapped to 'L.a/ın0 D
caı Nn0 as claimed.

Proof of Proposition 3.2.1. The functor Dcris;L.�/ on crystalline Galois representa-
tions is a ˝-functor and commutes with exterior powers, and the crystalline com-
parison isomorphism is compatible with tensor products and exterior powers. The
analogous facts hold for the functor N.�/ and hence for the functor D.�/ (by base
change). The case of the functorN.�/ reduces, by using the properties (N1) and (N2)
in Lemma 3.1.12 (i), to the case of the functorDLT.�/. Here the properties can easily
be seen by the comparison isomorphism (3.3).

Upon replacing T by its highest exterior power we may and do assume that the
oL-module T has rank 1. In addition, by twisting T if necessary with a power of �LT

we may and do assume that T is positive with s D 0, i.e., unramified Remark 3.2.4.
In this case it is clear that – using the notation of Lemma 3.2.7 (iii) – the crystalline
comparison isomorphism sends t0 to a ˝ t0. Since the latter is also a basis of D.T /

by the same lemma, the proposition follows.
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3.3 Non-negative Hodge–Tate weights

Now assume that for T in Repcris;an
oL;f

.GL/ the Hodge–Tate weights are all � 0 and
set N WD N.T /. By [80, Rem. 3.2 (i)–(ii)] the map  L preserves ACL . It follows that
 DLT.T / maps ACL � 'N .N / – and hence N by Remark 3.1.6 (i) (2) – into N . The
following lemmata generalize those of [4, Appx. A].

Lemma 3.3.1. For m � 1, there exists Qm 2 oLJZK such that

 L

�
1

!mLT

�
D
�m�1L C !LTQm.!LT/

!mLT
:

Proof. According to the paragraph after Remark 2.1 combined with Remark 3.2 (ii)
in [80], we have that

h.!LT/ WD !
m
LT L

�
1

!mLT

�
D  L

�
Œ�L�

m

!mLT

�
2 ACL :

Obviously, there exists Qm 2 oLJZK such that

h.!LT/ � h.0/ D !LTQm.!LT/:

Thus, the claim follows from

h.0/ D 'L
�
h.!LT/

�
j!LTD0

D 'L ı  L

�
Œ�L�

m

!mLT

�
j!LTD0

D ��1L

X
a2LT1

�
Œ�L�

m.aCLT !LT/

.aCLT !LT/m

�
j!LTD0

D ��1L

X
a2LT1

�
Œ�L�.!LT/

aCLT !LT

�m
j!LTD0

D �m�1L

because
�
Œ�L�.!LT/
aCLT!LT

�
j!LTD0

D �L for a D 0 andD 0 otherwise.

Lemma 3.3.2. We have

 DLT.T /

�
�LDLT.T /C !

�1
LT N.T /

�
� �LDLT.T /C !

�1
LT N.T /

and, for k � 1,

 DLT.T /

�
�LDLT.T /C !

�.kC1/
LT N.T /

�
� �LDLT.T /C !

�k
LT N.T /:
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Proof. By Remark 3.1.6 (ii), we can write any x 2N.T / in the form xD
P
ai'N .xi /

with ai 2ACL and xi 2N.T /. Therefore, DLT.T /.!
�.kC1/
LT x/D

P
 L.!

�.kC1/
LT ai /xi

by the projection formula. Since  L preserves ACL and is oL-linear, we conclude by
Lemma 3.3.1 that L.!

�.kC1/
LT ai / belongs to �LALC!�kLT ACL , whenever k � 1, from

which the second claim follows as  DLT.T /.�LDLT.T //� �LDLT.T / by oL-linearity
of  DLT.T /. For k D 0 finally,  L.!�1LT ai / belongs to !�1LT ACL , from which the first
claim follows.

Lemma 3.3.3. If k � 1 and x 2 DLT.T / satisfies  DLT.T /.x/ � x 2 �LDLT.T / C

!�kLT N.T /, then x belongs to �LDLT.T /C !
�k
LT N.T /.

Proof. Since DLT.T /=�LDLT.T / is a finitely generated (free) kL..!LT//-module,
there exists an integer m � 0 such that x 2 �LDLT.T / C !

�m
LT N.T /; let l denote

the smallest among them. Assume that l > k. Then Lemma 3.3.2 shows that

 DLT.T /.x/ 2 �LDLT.T /C !
�.l�1/
LT N.T /:

Hence, the element  DLT.T /.x/ � x would belong to �LDLT.T /C !
�l
LTN.T / but not

to .�LDLT.T / C !
�.l�1/
LT N.T //, a contradiction to our assumption. It follows that

l � k, and we are done.

Lemma 3.3.4. It holds that DLT.T /
 DLT.T /D1 � !�1LT N.T /, i.e.,

DLT.T /
 DLT.T /D1 D

�
!�1LT N.T /

� DLT.T /D1:

Proof. By induction on k � 1 we will show that DLT.T /
 DLT.T /D1 � �kLDLT.T /C

!�1LT N.T /, i.e., writing x D �kLyk C nk 2 DLT.T /
 DLT.T /D1, the sequence nk will

�L-adically converge in !�1LT N.T / with limit x.
In order to show the claim, assume x 2 DLT.T /

 DLT.T /D1. As in the previous
proof, there exists some minimal integerm� 0 such that x2�LDLT.T /C!

�m
LT N.T /.

Then m D 1 and we are done since otherwise Lemma 3.3.3 implies that m can be
decreased by 1. This proves the claim for k D 1.

By our induction hypothesis we can write x 2DLT.T /
 DLT.T /D1 as x D �kLy C n

with y 2 DLT.T / and n 2 !�1LT N.T /. The equation  DLT.T /.x/ D x implies that
 DLT.T /.n/ � n D �

k
L. DLT.T /.y/ � y/. In the proof of Lemma 3.3.2 we have seen

that  DLT.T /.n/� n 2 !
�1
LT N.T /. Note that �kLDLT.T /\ !

�1
LT N.T / D �

k
L!
�1
LT N.T /

because AL=!�1LT ACL has no �L-torsion. Therefore,  DLT.T /.y/ � y 2 !
�1
LT N.T /,

whence y, by Lemma 3.3.3, belongs to �LDLT.T /C !
�1
LT N.T / so that we can write

x D �kL.�Ly
0 C n0/C n D �kC1L y0 C .�kLn

0 C n/ as desired.

Set V WD T ˝oL L.

Lemma 3.3.5. If Dcris;L.V /
'qD1 ¤ 0, then V has the trivial representation L as

quotient; i.e., the co-invariants VGL are non-trivial.
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Proof. Let W D V � be the L-dual of V . Then, by [80, (51)] we have

.VGL/
�
Š H 0.L;W / Š Dcris;L.W /

'qD1 \ .BCdR ˝L W /
GL D Dcris;L.W /

'qD1 ¤ 0

because
.BCdR ˝L W /

GL D .BdR ˝L W /
GL k Dcris;L.W /

since the Hodge–Tate weights of W are � 0.

Lemma 3.3.6. If V does not have any quotient isomorphic to the trivial representa-
tion L, then DLT.T /

 DLT.T /D1 � N.T /, i.e.,

DLT.T /
 DLT.T /D1 D N.T / DLT.T /D1:

Proof. Because of Lemma 3.3.4, it suffices to show that .!�1LT N.T //
 DLT.T /D1 �

N.T /. Let e1; : : : ; ed be a basis of N WD N.T / over ACL . Then, by Remark 3.1.6 (ii)
there exist ˇij D

P
`�0 ˇij;`!

`
LT 2 ACL such that ei D

Pd
jD1 ˇij'N .ej /. Now assume

that!�1LT nD
Pd
iD1˛iei D

P
i;j ˛iˇij'N .ej / belongs to .!�1LT N/

 DLT.T /D1 with ˛i DP
`��1 ˛i;`!

`
LT 2 !

�1
LT ACL . By the projection formula this implies, for 1 � j � d ,

j̨ D  L

� dX
iD1

˛iˇij

�
� !�1LT

dX
iD1

˛i;�1ˇij;0 mod ACL

because  L.!�1LT / � !
�1
LT mod ACL by Lemma 3.3.1, whence

'L.!LT/'L. j̨ / �

dX
iD1

˛i;�1ˇij;0 mod !LTACL :

It follows from the definition of ˇij that

'N .n/ D
X
j

'L.!LT/'L. j̨ /'N .ej /

�

X
j;i

˛i;�1ˇij;0'N .ej /

�

X
i

˛i;�1ei

� n mod !LTN;

i.e., that Dcris;L.V / Š N=!LTNŒ
1
p
� (by (3.1) and Lemma 3.1.5) contains an eigen-

vector for 'q with eigenvalue 1 if !�1LT n does not belong toN . Now the result follows
from Lemma 3.3.5.


