Chapter 3

Wach modules a la Kisin—-Ren

3.1 Wach modules

In this section, we recall the theory of Wach modules a la Kisin—Ren [44] (with the
simplifying assumption that — in their notation — K = L, m = 1, etc.).
By sending Z to wrt € W(EJr) L we obtain a G -equivariant, Frobenius compat-
ible embedding of rings
or[Z] - WEh)L,

the image of which we call AZF; itis a subring of Ay, (the image of Ay in W(I~E) r)- The
latter ring is a complete discrete valuation ring with prime element 77 and residue
field of the image E;, of kr ((Z)) — E sending Z to @ := wrr mod w7, We form
the maximal integral unramified extension (= strict henselization) A7" of Ay inside
W(E) L. Its p-adic completion A still is contained in W(E) L. Note that A is a com-
plete discrete valuation ring with prime element 777, and residue field of the separable
algebraic closure E;” of E/ in E. By the functoriality properties of strict henseliza-
tions, the g-Frobenius ¢, preserves A. According to [44, Lem. 1.4], the G -action on
W(E)L respects A and induces an isomorphism

Hy = ker(yir) — Aut™"(A/Az).

Weset AT := AN W(ET),.
Set Q := % € AZ, which satisfies by definition ¢r, (wrr) = Q - wrr.
Following [44] we write @ = O1,(B) for the ring of rigid analytic functions on
the open unit disk B over L, or equivalently the ring of power series in Z over L
converging in B. Via sending wyt to Z we view AZ as a subring of (. We denote by
Mod(g"rl"an the category consisting of finitely generated free (9-modules M together

with the following data:
(i)  anisomorphism 1 ® @ : ((pZ:M)[é] ~ M[é],l
(i) asemilinear I'z-action on M, commuting with ¢ and such that the induced
action on D(M) := M/wprM is trivial.
We note that since M /wrM = M[é]/wLT,M[é], the map ¢ induces an L-linear
endomorphism of D(M), which we denote by ¢pu). As a consequence of (i), in
fact, it is an automorphism.

'By ¢ M we understand the module O ®@ .4, M.
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The I'z-action on M is differentiable (cf. [8, Lem. 3.4.13]),> and the correspond-
ing derived action of Lie(I'y) is L-bilinear (cf. [8, Rem. 3.4.15]).
Similarly, we denote by Mod‘pL TL:an the category consisting of finitely generated

free A -modules N together w1th the following data:
(i)  anisomorphism 1 ® @y : ((pLN)[E] >~ N[Q]’4
(i) asemilinear I'z-action on N, commuting with ¢ and such that the induced
action on N/wrrN is trivial.
The map ¢y induces an L-linear automorphism of D(N) := N [%] /o N [%] which
we denote by ¢p(n).
Obviously, we have the base extension functor
. T, oL,z ,an
(9®AZr —.ModiﬁL_ L4 — Mod g .

It satisfies
D(O ®AZL N) = D(N). 3.1

I'z.,0 Tz ,an

We write Mod‘gL’ for the full subcategory of Mod‘gf’ consisting of all M
such that R ®@ M is pure of slope 0. Here R denotes the Robba ring, which will be
recalled in detail in Section 4.3.1.

By Modf"pq we denote the category of finite-dimensional L-vector spaces D
equipped with an L-linear automorphism ¢, : D = Danda decreasing, separated,

and exhaustive filtration, indexed by Z, by L-subspaces. In Modf’(pq we have the full

subcategory Mod}f"p"’Wa of weakly admissible objects (cf. [44, (2.3.2)]). For D in
Modf’w" " et

V(D) := (Buis,. ®1 D)?*=' NFil’(Bir ®1 D),

where, as usual, Bs,1 := Beris ®1,, L. In order to formulate the crystalline compar-
ison theorem in this context, we also consider the category Mod}j"p L of finitely
generated free LO ®q, L-modules D equipped with a (¢, ® id)- llnear automor-
phism ¢ : ® = O as well as a decreasing, separated, and exhaustive ﬁltratlon on
D =D QL L, indexed by Z, by L ®q, L-submodules. For © in ModL0®@ L

ZNote that the statements in loc. cit. are all over the character variety; but by the introduction
to §3.4 they are also valid over the open unit ball — with even easier proofs.

3In [44], being L-analytic is an extra condition in the definition of Mod%" Tran hich by
this remark is automatically satisfied, whence the corresponding categories with and without
the superscript “an” in [44] coincide!

“By @7 N we understand the module Az_ ® AF oL N, and formally ¢x is a map from N

to N[é]
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we define, as usual,
V(D) := (Buis ®L, D)*~' NFil’(Bir ®1 DL).

Let Rep,,  r(GL) denote the category of finitely generated free oz -modules with
a continuous linear Gy -action and Repzrzs,’j,“(G 1) the full subcategory of those T
which are free over oy, and such that the representation V := L ®,, T is crystalline
and analytic, i.e., satisfying that, if Dgr(V) := (V ®q, Bar)CL, the filtration on
Dyr(V ) is trivial for each maximal ideal m of L ®q,, L which does not correspond
to the identity id : L — L. Correspondingly, we let Rep§™ (G ), resp., Repy " (GL),
denote the category of continuous G -representations in finite-dimensional L-vector
spaces which are crystalline, resp., crystalline and analytic. The base extension func-

tor L ®,, — induces an equivalence of categories

Repj;7'(GL) ®z, Qp — Rep™"(GL).

Here applying ®z,Q) to a Zp-linear category means applying this functor to the
Hom-modules. For V' in Rep; " (GL) we set Deris, (V) := (Beris,L. ®L V)L =
(Beris ®L, V)L and Deyig(V) := (Beris ®q, V)©L . The usual crystalline comparison
theorem says that D and V' are equivalences of categories between RepCLriS(GL) and
F.

L0®@p L

Lemma 3.1.1 ([78, Lem. 5.3] and subsequent discussion, or [44, Cor. 3.3.1]). There
is a fully faithful ®-functor

the subcategory of weakly admissible objects in Mod

~ . F,oq F.p
: Mod; — ModL0®@pL

D D:=Ly®q, D,

whose essential image consists of all analytic objects, i.e., those for which the fil-
tration on the non-identity components is trivial. A quasi-inverse functor from the
essential image is given by sending D to the base extension L ®Ly®q, L D for the
multiplication map Lo ®q, L — L.

Lemma 3.1.1 implies that
Deiis,. (V)™ = Deis(V)  for any V in RepCLriS’an(GL).

We denote by I (A) the category of étale (¢4, I'z)-modules over Ay, (cf. [80,
Def. 3.7]) and by EIR}‘(AL) the full subcategory consisting of those objects, which are
finitely generated free as Az-module. For M in EIJ&;} (AL),resp., forTinRep,, ((GL),

we put V(M) := (A ®4x, M)?1®M=1 resp., Di1(T) := (A ®,, T)tun),
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Having defined all of the relevant categories (and most of the functors) we now
contemplate the following diagram of functors:

Vv
—
MZ(AL) = "Rep,, r(GL)
AL®, +— Dy
L
-
,F . ~ is,
Mod? Lo Rep,”7'(GL)
08,1~ ModﬁLfPL"’“ ®2, Q, L8, (32)

o

VL
oL, I'L,0 —— F.pq,wa ——— cris,an
Mod, Mod, = "Rep;(Gr)

Dcris.L
<

Tr,an ————— F,
Mod&: T Mod, *#7.
—

<

o i[l ¢

12

ES

The arrows without decoration are the obvious natural ones. The following pairs of

functors are quasi-inverse ®-equivalences of ®-categories:

*  (Drr,V) by [44, Thm. 1.6];

*  (Deris, L, V1) by combining the crystalline comparison theorem (cf. [31, Rem. 3.6.7])
and Lemma 3.1.1;

e (D, M) by [44, Prop. 2.2.6] (or [8, Thm. 3.4.16]) and [44, Cor. 2.4.4], to which
we also refer for the definition of the functor M.

In particular, all functors in the above diagram are ®-functors. The second arrow in
the left column, resp., the left arrow in the second horizontal row, is an equivalence
of categories by [44, Cor. 2.4.2], resp., by [44, Cor. 3.3.8]. The lower square and the
upper quadrangle are commutative for trivial reasons.

Remark 3.1.2. We list a few additional properties of these functors.

(i) For any M in EHE;}(AL) the inclusion V(M) € A ®4, M extends to an
isomorphism

AQ, V(M) S A®s, M, (3.3)

which is compatible with the ¢,- and I'z -actions on both sides.
(i)  The functors Dit, V,and V(AL ® At —) respect exact sequences (of abelian
L
groups).
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(iii) (Cf.[8, Prop. 3.4.14].) For any object .M in ModgL’FL’an the projection map
:M[%] — D(M) restricts to an isomorphism M[%]FL = D(M) such
that the diagram

M[22)TL =5 D(M)

T

(ﬂeMJ/ l‘pD((M)

MG —== D(M)

I
1S commutative; moreover, we have
M[22] = O[92] @, M[22]™ = O[22] @1 D(M).

Now we recall that A is the p-adic completion of a divided power envelope of
W(E™) (cf. [62, §1.4.1]) and let Agris, 1 1= Acris ®o,., 01 The inclusion W(ET) C A
induces an embedding A} W(E), Acris, L

We observe that # 1 = log;(wrr) belongs to ch
know that ¢, (Bmax) € Beris © Bmax. Whence we obtain

. Indeed, by [22, §II1.2] we

ggq(Bmax ®L0 L) - Bcris,L - Bmax ®L0 L

where the definition of By, can be found in loc. cit. By [24, Prop. 9.10, Lem. 9.17,
§9.7], fir and wrr are invertible in Bupa,r € Bmax ®L, L (this reference assumes
that the power series [ ](Z) is a polynomial. But, by some additional convergence
considerations, the results can be seen to hold in general (cf. [73, §2.1] for more
details)). Hence, by the above inclusions and using that ¢, (fr) = 7mptir, we see that
frr 1S a unit in By, . In particular, we have an inclusion Ay L[ﬂL liT -
Moreover, since @4 (wpr) = Qorr is invertible in ¢4 (Bmax ®1, L), the elements wrr
and Q are units in B, 7 as well. In particular, we have an inclusion

A+[L] - Bcris,L- (34)

LT

Bcris,L'

Next we shall recall in Lemma 3.1.4 below that the above inclusion AZ C Acris,L
extends to a (continuous) ring homomorphism

0 — Acrls L[ ] - Bcrls L- (35)

Fora € Et ~ proj lim,, oc,, (cf. [73, Lem. 1.4.5]) we denote by @ as usual its
Zero-component.

Lemma 3.1.3. The following diagram of or.,-modules is commutative:

0 J WEH 22— oc, 0

|

0 — ker(©) —— W(E), N oc, — 0,

(3.6)
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where
J = ker(®),
O: Z[an]p” — Za,(lo)p”, and similarly

n>0 n>0

. n 0)_.n
Or : Z[an]nL — E aOnr,

n>0 n>0

while u denotes the canonical map as defined in [30, Lem. 1.2.3], which sends Teich-
miiller lifts [ with respect to W (E™) to the Teichmiiller lift o] with respect to W(E™) .

Proof. First of all, we recall from [73, Lem. 1.6.1] that ® and ®, are continuous and
show that also u is continuous, each time with respect to the weak topology. Let V),
and V;, denote the Verschiebung on W(l~§l+) and W(EJr) L, respectively.

A fundamental system of open neighborhoods in these rings consists of

m—1

Uam :={(bo.b1....) € W(ET) | bo.....bm1 €a} =Y Vi(la]) + p"W(E")
i=0

and similarly U(fm = {(bo,b1,...) € W(E+)L|b0, ...,bm—1 € a} for open ideals a
of ET and m > 0; see §1.5 in loc. cit. By oL, -linearity, we see that u(p™ W(ET))
p™W(ET),. Using the relation

u(Vpyx) = %Vn (u(Ff_lx))
from [30, Lem. 1.2.3]° one easily concludes that
u(Vy (1B]) = (£)'va, (")),

whence u(Uq,;m) C UaL’m and the continuity of u follows.
Since the commutativity is clear on Teichmiiller lifts and on p by oy, -linearity,
which generate a dense ideal, the result follows by continuity. |

The following lemma generalizes parts from [62, Prop. 1.5.2].
Lemma 3.1.4. Sending [ = }_,.qanZ" to f(wrr) induces a continuous map
00— Acris,L[%]y

where the source carries the Fréchet topology while the target is a topological of -
module, of which the topology is uniquely determined by requiring that Acs,1. is
open; i.e., the system p™ Acis,. with m > 0 forms a basis of open neighborhoods
of 0.

>Note the typos in loc. cit., where u(V,x) = 7;"7 Var (F/~Yu(x)) is stated. Moreover, one
has the relation u(F/ x) = Fu(x).
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Proof. First of all, the relation J? C pA.s from [62, §1.4.1, bottom of p. 96] (note
that J? C W), (R) regarding the notation in loc. cit. for the last object) implies easily
by flat base change

Jf - pAcris,L (37)

with J, :=J ®oy,, OL- By [73, Lem. 2.1.12] we know that wir belongs to ker(®p).
Now we claim that there exists a natural number 7’ such that /. lies in Wy := Jp, +
pW(E1)L, whence for r := pr’ we have w{r € W, with Wy, :== W™ for allm > 0.
To this aim, note that diagram (3.6) induces the following commutative diagram with
exact lines:

= ®
0 Wi W(E+)®0L00L = (oc, ®0L00L)/p(0<cp ®0L00L) —0
l gl l
0 = ker(0) + pW(E*H), — WEH, ——25 s o¢, /poc, ———— 0,

where the map u is induced by sending a ® b to ab and a reference for the middle
vertical isomorphism is [73, Prop. 1.1.26]. By the snake lemma the cokernel of the
left vertical map is isomorphic to

ker(p) < ker ((oc, ®o,,, 0L)/P(0c, ®oy, 0L) — k)
= ker(oc,/poc, ®k oL/ porL — oc,/mc, Qk oL/mLoL)
= mc, ®k oL/ poL + oc,/poc, Qk wLoL/ poL
and thus consists of nilpotent elements, whence the claim follows. Here mc,, denotes
the maximal ideal of oc,, .

Now let f = ano an, Z" satisfy that |a,|p" tends to zero for all p < 1. Writing
n =qpr +r, with0 <r, <r, we have

n T r
anWyr = anwL’%(wLT)qn € dan %qn - anpq" Acris,L,

where the last inclusion follows from (3.7). But |a, p?"| < |a, |pp1_% tends to O for
n — oo. Thus, the series ano anoly con:l/erges in Acris,L[E].
Moreover, since one has supla, p~!*7| < p| f|, for the usual norms | |, if
1 .
1 > p > p~r, we obtain for any m that

1Al <p™ 'y S {f €O flow) € p™ Auis L},

whence the latter set, which is the preimage of p™ A, 1, is open. This implies con-
tinuity. ]

Lemma 3.1.5. The big square in the middle of diagram (3.2) is a commutative square
of ®-functors (up to a natural isomorphism of ®-functors).
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Proof. We have to establish a natural isomorphism

L ®o, V(AL ®,4 N) = VL (D(O ®,+ N)) forany N in Modi{frba“. (3.8)
In fact, we shall prove the dual statement, i.e., using (3.1), that
(L ®o, V(AL ®,+ N))" = VL(D(N))", (3.9)
where * indicates the L-dual. From the canonical isomorphisms

Homy, , (M, A) 2 Homy o, (A ®a, M,A)
=~ Homy ¢, (A ®o, V(M),A)
=~ Hom,, (V(M),A%=")
=~ Hom,, (V(M),o0L),

where we used (3.3) for the second isomorphism and write M for Ay ® A} N, we con-
clude that the left-hand side of (3.9) is canonically isomorphic to Homy, o, (AL ® A}

N.A) ®,, L.Let At := AN W(E")L. On the one hand, by [44, Lem. 3.2.1], base
extension induces an isomorphism

Hom,+ (N A1) iHomAupq(AL ®Az N,A).

Af LT

On the other hand, in [44, Prop. 3.2.3], Kisin and Ren construct a natural isomorphism

Hom + (N A+[ ’ ]) ®0L L _> HomLManll((N/a)LTN)[ ] CI‘IS,L)'() (310)

A/ LT

Therefore, the left-hand side of (3.9) becomes naturally isomorphic to
Homy ¢, il (D(N), Beis,z) = VL(D(N)*), (3.11)

where the last isomorphism is straightforward. Thus, the proof of (3.9) is reduced to

the canonical identity
VL(D(N)*) = VL(D(N))". (3.12)

This can be proved in the same way as in [31, Rem. 3.4.5 (iii), Rem. 3.6.7]: Since V[,
is a rigid ®-functor, it preserves inner Hom-objects, in particular duals.

In order to see that (3.8) is compatible with tensor products, note that base change,
taking L-duals or applying comparison isomorphisms, is ®-compatible. Thus the
claim is reduced to the tensor compatibility of the isomorphism (3.10), the construc-
tion of which we therefore recall from [44]. It is induced by a natural map

Hom +(N AT[L]) ®,, L — HomL((N/a)LTN)[ ] Besis,)

LT

®®,, L is missing in the reference!
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which comes about as follows. Let f € Hom, + (N, At [wLLT]). By composing f with

the inclusion (3.4) we obtain fi : N — B, LL. By base extension to () via (3.5) and

then localization in Q the map f; givesrise toamap f2: (0 ® .+ N )[é] — Bsis, L.
L

We precompose this one with the isomorphism 1 ® ¢p to obtain

f:08,+, Ng] = R+ N[ g] = Beris.L.

Now we observe the inclusions
© ®Af N)[é] c© ®Aj,¢L
=0 ®0,, ((0®,+ N)[F2]).

oL M[FE]2©0 &4y, Mo (7]

L

They only differ by elements which are invertible in B, 1. Therefore giving the map
/3 is equivalent to giving amap f3 : 0 ®g,¢, (O ®A+ N)[wu]) — Byyis, 1. Finally,
we use Remark 3.1.2 (iii) which gives the map

£ (VourN)[3] < (0@, M[$2])™ = © @5 N[42].

tr tr

2 Tnz

By precomposing f; with 1 ® € we at last arrive at amap f5 : (N/wprN) [%] — Besis, L
From this description the compatibility with tensor products is easily checked. |

Suppose that N is in Mod“’L’FL’an andput 7 := V(AL ® A N)in RepCrlb ‘"’(G ).

Then, by Remark 3.1.2 (iii) and Lemma 3.1.5, we have a natural isomorphism of ®-
functors

comp : O[$U] @ ar N = O[22 ] ®L Deis.. (L @0, T) (3.13)

which is compatible with the diagonal ¢’s on both sides.
In the proof of [44, Cor. 3.3.8], it is shown that, for any 7" in Repzm “*(GL), there

exists an A+—submodule M € Dyp(T) which
(N1) liesin Mod‘”L TLoan with @gy and the T'z -action on M being induced by the
(pq.T)- structure of Dyr(T) and
(N2) satisfies Ay, ®A+ M = Dpr(T).
Note that property (N2) implies that 9t is p-saturated in Dyp(T), i.e., sm[ 1N

Di1(T) = I, since AZ is obviously p-saturated in Ay .
We once and for all pick such an N(T') := . This defines a functor

N : Rep)§(GL) — Mod‘”L’FL’a“

which is quasi-inverse to the undecorated horizontal arrow in the above big diagram
(3.2). Note that N is in a unique way a ®-functor by [65, §1.4.4.2.1].
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Remark 3.1.6. For T in Repcm dn(GL) and N := N(T) in Mod“’L Tr.an we have the
following:
(1) IfV:=L ®,, T isapositive (the Hodge-Tate weights are non-positive,
i.e., gr/ Dgr(V) # 0 implies that j > 0) analytic crystalline representation,
then N is stable under gy .
(i1)  If the Hodge—Tate weights of L ®,, T are all > 0, then we have

N C A} -on(N),
where the latter means the A+—span generated by ¢y (N).

Proof. The corresponding assertions for M:=0®, +N are contained in [8, Cor. 3.4.9].
Letny,...,ngz bean A -basis of N.

For (1) we have to show that oy (n;) € N forany 1 < j < d. Writing pn (n;) =
Zl 1 fijni we know from the definition of the category Mod“’L’FL A% that f;; € A [ ]
and from the above observation that f;; € @. This reduces us to showing the 1nclus1on
oL[[Z]][ 1N O C or[Z]. Suppose therefore that Q"h = f forsome r > 1, h € O,
and f e or[Z]. The finitely many zeros of Q € or[Z], which are the non-zero
71, -torsion points of the Lubin-Tate formal group, all lie in the open unit disk. By
Weierstrass preparation it follows that Q must divide f already in oy [Z]. Hence,
he 0y, [[Z ]]

For (ii) we have to show that n; = Zle fijon(n;), forany 1 < j < d, with
fij € AZL. For the same reasons as in the proof of (1) we have

d d
np=Y fhonm) =Y flonn)
i=1 i=1

with f/; € A+[ ] and £/ € @. Then ZZ_I( — [iDen (n;) = 0. But, again by

the definition of the category Mod‘”L’FL ' the (p n (n;) are linearly independent over
A+[Q] and hence over (9[ ] It follows that 1/ = ;’ € A+. ]

CIIS an

First, we further investigate any 7" in Rep op . f (Gr) whose Hodge—Tate weights
are all < 0, i.e., which is positive. For this purpose we need the ring AT = A N
W(E™)L. One has the following general fact.

Lemma 3.1.7. Let F be any non-archimedean valued field which contains o,/ wpoy,
and let o denote its ring of integers; we have the following:

(i) Leta € W(F)L be any element; if the W(oF ) -submodule of W(F), gen-
erated by {(,0,’1'7 (a)}iso is finitely generated, then v € W(oF)L.

(i) Let X be a finitely generated free or,-module, and let M be a finitely gen-
erated W(or)r-submodule of W(F)r ®,, X; if M is ¢, ® id-invariant,
then M C W(or)L ®o, X.
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Proof. (1) This is a simple explicit calculation as given, for example, in the proof of
[23, Lem. IIL.5]. (ii) This is a straightforward consequence of (i). [ ]

Proposition 3.1.8. For positive T in Repzrls afn(GL) we have
N(T) € DH(T) == (AT ®,, T)krtan),

and N(T) is p-saturated in D;7(T).

Proof. By Remark 3.1.6 (i) the A} -submodule N(T') of W(E) ®,, T is ¢, ® id-
invariant (and finitely generated). Hence, we may apply Lemma 3.1.7 (ii) to M :=
W(E™) - N(T) and obtain that

N(T) € (WE')L ®, T) N (A ®,, T)"0D = D (T).

Since N(T) is even p-saturated in Dy1(7T), the same holds with respect to the smaller
D(T). "

Corollary 3.1.9. For positive T in Repcm ‘m(G ) the A} -module D{(T) is free of
the same rank as N(T).

Proof. By the argument in the proof of [23, Lem. II1.3] the A+-m0dule DI(T) is
always free of a rank less than or equal to the rank of N(T'). The equahty of the ranks
in the positive case then is a consequence of Proposition 3.1.8. ]

Next we relate N(T) to the construction in [5, Prop. II.1.1].
Proposition 3.1.10. Suppose that T in Repcm dn(GL) is positive. For N := N(T) we
then have the following:
(1) N is the unique A+-submodule of Dpr(T) which satisfies (N1) and (N2).
(i) N is also the unique A+—submodule of D w(T) which satisfies the follow-
ing:
(a) N is free of rank equal to the rank of D;7.(T);
(b) N is I'p-invariant;
(¢) the induced T'r-action on N/wyrN is trivial;
(d) of;D;(T) C N for somer > 0.
Proof. Let P = P(Az) denote the set of height one prime ideals of A]J:. It contains
the prime ideal po := (wrr).
Step 1. We show the existence of a unique AZ-submodule N’ of DI}(T) which

satisfies (a)—(d), and we show that this N’ is ¢,-invariant.

Existence. We begin by observing that the Az-submodule N := N(T) of D;(T)
has the properties (a), (b), and (c), but possibly not (d). In particular, the quotient
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D(T)/N is an Azr—torsion module. Hence, the localizations N, = DZFT(T),D coin-
cide for all but finitely many p € P. By [16, VI.4.3 Thm. 3] there exists a unique
intermediate A+—module N C N’ C D;.(T) which is finitely generated and reflex-
ive and such that Ny = Ny, and N = D{(T), for any p € P\ {po}. Since AZ’
is a two-dimensional regular local ring, the finitely generated reflexive module N’ is
actually free and then, of course, must have the same rank as N and D w(T). We also
have N’ = (), Ny = Ny N[ pzp, D}(T),. Since py is preserved by Cpt(r) and

I, it follows that N’ is ¢ DT and I'; -invariant. Next the identities
LT
L ®o, N/wirN = Np,/orrNyy = Ny, Jorr Ny, = L ®,, N'/orrN' 2 N' /e N’

show that the induced I'z-action on N'/wyr N’ is trivial. By using [16, VI.4.4 Thm. 5]
we obtain, for some my,...,mgz >0, a homomorphism of AZ—modules DITT(T)/N’ —
69?:1 AZ / pg'i Ai whose kernel is finite. Any finite AZ—module is annihilated by a
power of the maximal ideal in AZ. We see that D;(T')/ N’ is annihilated by a power
of pg, which proves (d).

Uniqueness. Observing that

y(orr) = [ir(y)](wrr)  forany y € I'z

(cf. [73, Lem. 2.1.15]), this is exactly the same computation as in the uniqueness part
of the proof of [5, Prop. II.1.1].

Step 2. We show that N’ is p-saturated in D "w(T). By construction we have (N”) (x, )
= DLT(T)(,,L) This implies that the p-torsion in the quotient D{.(T')/ N’ is finite.
On the other hand, both modules, N’ and D]jLT(T), are free of the same rank. Hence,
the finitely generated Az-module D}(T)/N' has projective dimension < 1 and
therefore has no non-zero finite submodule (cf. [59, Prop. 5.5.3 (iv)]).

Step 3. We show that N’ = N. Since both, N and N’, are p-saturated in D;7.(T), it
suffices to show that the free B+—modules NV):=N [ Jand N'(V) := [;] over
the principal ideal domain B} := A+[ ] coincide. As they are both I'7 -invariant, so
is the annihilator ideal

I := ann (N’(V)/N(V))

Hence, by a standard argument as in [5 Lem. 1.3.2], the ideal [ is generated by an
element f of the form w[y ]_[n>1 o7 ~1(Q)* with certain o, > 0,0 <n < s, for
some (minimal) s > 0. Since N(V)(w) = N'(V)(wy) by the construction of N, it
follows that g = 0. Assuming that M := N'(V)/N(V) # 0, we conclude that s > 1
(with oy > 1), i.e., that, with p, := ((pz_l(Q)), we have M, # 0 while M, _,, =0.
We claim that (o7 M)y, ., # 0. First, note that we have an exact sequence

s+1

0— (B*)d B! - M -0,
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with f dividing det(A) € BZ \ (BZ)XS, which induces an exact sequence
+yd PL(A) +\d *
0— B;) —— B;) - ¢;M — 0.

Since ¢z (f) = ]’[fﬁ; @~ 1(Q)¥n 1 divides det(gz, (4)), we conclude that det(¢z, (A))
belongs to ps+1 which implies the claim.
Now consider the following diagram with exact rows:

0 —— (gozN(V))[é] —= N(V)[é] — 00— 0

[ [

0 — (9rN'WM)[g] — NN[g] — € — 0.

The upper isomorphism comes from the definition of the category Modl‘:_ﬁ’F LA qp
which N lies. The map -

(eiN'M)[5] = N'W[g]
is injective since ¢ N’ — N’ is the restriction of the isomorphism
¢1 Dur(T) = Dux(T).
By the snake lemma and as Q ¢ ps+1 we obtain an injection

0# (<PZM)m+1 — My, =0,
which is a contradiction. Thus, M = 0 as had to be shown. [

Remark 3.1.11. The following are two examples:

(i)  Wehave N(oL(xi1)) = a)LTAZr ®o, 0Ln® tand N(or) = AZ (recall that
n denotes our fixed generator of 7).

(i) Letor (x) = orto with y : G — o] unramified. Then there exists an a €
W(kr); withoa = y~!(0)a forall o € G by Remark 3.2.4;” in particular,

N(or(x)) = Dit(oL(x)) = Afno forng =a ®to.
where I'z, fixes ng and @ (o, (y))(n0) = cng with ¢ := "’LT(“) €o;.

Proof. Each case belongs to a positive representation 7: in all cases the right-hand side
of the equality satisfies the properties characterizing N(7") in Proposition 3.1.10 (ii)
(cf. [73, Lem. 2.1.15]). ]

7Since 77 has trivial G -action, the period a there can be normalized such that it becomes
aunitin W(kz)r.
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cris,an

Lemma 3.1.12. Forany T € RepoL p (Gr) we have the following:
e N(T) is the unique AZ’—submodule of Dur(T) which satisfies (N1) and (N2);
© N(TGr) = ofxN(T) ®op oLn®™".

Proof. First, we choose r > 0 such that T'(x;{) is positive. Sending N to
o[t N(T) ®o, oLn®" C Dix(T) Qo OL n®"

viewed in Dir(T) ®,, 0rn®™" = Dir(T(xi)) sets up a bijection between the AZ-
submodules of Dyp(T) and Dyr(T (xf)). respectively. One checks that N satisfies
(N1) and (N2) if and only if its image does. Hence, (i) and (ii) (for such r) are a
consequence of Proposition 3.1.10(i). That (ii) holds in general follows from the
obvious transitivity property of the above bijections. ]

Proposition 3.1.13. Let T be in Repzris’;?(GL) of op-rank d and such that V =
L ®,, T is positive with Hodge—Tate weights —r = —rg < --- < —ry < 0. Taking
(3.13) as an identification, we then have

(42)'0 @+ N(T) S O @ Do (L ®0, T) SO @y N(T)  (3.14)

LT

with elementary divisors

r T,
[(9 ®A2— N(T) 10 &L Dcris,L(L ®0L T)] = [(%) : ceeed (%) d]'
Proof. We abbreviate D := D;s,1. (V). By the definition of the functor M in [44] we
have

O®,DCMD)C ()"0, D. (3.15)

LT

On the other hand, the commutativity of the big diagram before Remark 3.1.2 says
that M(D) = O ®AZ N(T). This implies the inclusions (3.14).

Concerning the second part of the assertion, we first of all note that although
O is only a Bézout domain, it does satisfy the elementary divisor theorem (cf. [75,
proof of Prop. 4.4]). We may equivalently determine the elementary divisors of the
O-module M(D)/(O ®p D). The countable set S of zeros of the function % €O
coincides with the set of non-zero torsion points of our Lubin-Tate formal group,
each occurring with multiplicity one. The first part of the assertion implies that the
O-module M(D)/(O ®1, D) is supported on S. Let M, (D), resp., O, denote the
stalk in z € S of the coherent sheaf on the open unit disk B defined by M (D), resp., O.
The argument in the proof of [8, Prop. 1.1.10] then shows that we have

M(D)/(O &L D) = [ | Mz(D)/(0: &L D).

zeS
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The ring @; is a discrete valuation ring with maximal ideal m, generated by ;LLTT We
consider on its field of fractions Fr((,) the m-adic filtration and then on Fr(0,) ®r,
D the tensor product filtration. By [43, Lem. 1.2.1 (2)] (or [8, Lem. 3.4.4]) we have

M (D) = Fil°(Fr(0,;) ®, D) foranyz €S,

and this isomorphism preserves @, @ D. At this pointwelet0 <s; <--- <S§, <r
denote the jumps of the filtration Fil® D, i.e., the r; but without repetition. We write

D=D{®---®D,, suchthat Fil" D =D; & --- & D,,.

For the following computation let, for notational simplicity, R denote any L-
algebra which is a discrete valuation ring with maximal ideal m. We compute

.
Fil’ (Fr(R) @, D) = Y wm ™/ @, FiV D =» m™/ @ Fil/ D
jeZ j=0

—Zm Si @ Fil*f D = ZZm ‘i @1 Dj

i=1j=i
m J
-3 (L)oo = St e,
j=1 i=1 Jj=1

Hence, we obtain

Fil’ (Fr(R) ®. D)/(R®L D) = @m i /R ®p D;j = @R/msf ®L D;j.
j=1

By combining all of the above, we finally arrive at

M(D)/(0 ®1 D) = [ [ Mz(D)/(0: @1 D)

zeS

=~ []Fil® (Fr(0.) ®L D)/(O: &L D)

zeS
m
= [1(@o-/m? o1 1))
zeS j=1

@s

(TT(©:/(£2)7 0: ®1 D))

1 zeS

(1_[(92/ ;LLTT ) O )®LDj

1 zeS

<.
Il

P

<.
Il

0/(11) 9 @ D;. n

LT

<
Il
—-

@
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For a first application of this result we recall the comparison isomorphism

N(V)
gl (3.16)

for any T in Repzris’?’(GL), V:=L®,, T,and N(V) := N(T)[%]. The left hor-
izontal inclusion comes from the fact that % is a multiple of Q in @. In particular,

we have the commutative diagram

N(V) =25 0[22] @, Derio.. (V)
Ny l‘pN(V) l‘pL Q@eris
comp

NOW) = N(V)[é] —— O0[22] Q1 Deris, (V),

T

where we let N @ (V) be the AZ-submodule of N( V)[é] generated by the image of
N(V') under ¢n () and where ¢ denotes the g-Frobenius on D5 7 (V). We note
that since Q is invertible in Az, N @ (V) can also be viewed as the AZ—submodule
of Dir(V) = A ®Azr N (V') generated by the image of N(V') under ¢p,,(v). From
this one easily deduces (use the projection formula for the yr-operator) that the map
Y¥p.r(v) on Dyr(V) restricts to an operator

YNy NOW) — NV).

Corollary 3.1.14. Assume that the Hodge—Tate weights of V are all in [0, r]. Then
we have
comp(N(V)) cCO®L Dcris,L(V)’
comp(N@(V)) € O &1 Deis,.(V), (3.17)
comp(N(‘p)(V)WN(‘”:O) C OV @ Desis (V).

Proof. Apply Proposition 3.1.13 to T(yxf). and then divide the resulting (left)
inclusion in (3.14) by ¢/ and tensor with oy (x{). This gives the first inclusion by
Lemma 3.1.12 upon noting that

t[fTDcris,L(L ®0L T) XL L77®_r = Dcris,L (L ®0L T(XE]{))

The second inclusion easily derives from the first by using that the map comp is
compatible with the ¢’s.

For the third inclusion we consider any element x = ) ; fion)(x;) € N @),
with f; € AZ and x; € N(V), such that Yy (x) =), ¥ (fi)x; =0. We choose an
L-basiser,. .., ep of Deis, (V) and write comp(x;) =) _; fi; ®e; with fi; € 0. Then

0 = comp(Yn(ry(¥)) = Y Yr(fi)eomp(x;) = Y Y YL(fi) fij ® ¢
i i J
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and it follows that

vi( X fren(fin)) = S vnifiy =0.

ie., that Y, fior(fi;) € O¥L=0. On the other hand, we compute

comp(x) = Z Jionwy(xi) = Z Jilpr ® %ris)(comp(xz'))
= Z Z fz((ﬂL(fl]) ® §ocris(ej))
i
:Z(Zﬁ(ﬂL(ﬁ]))®(pcrls(ej) "
j i

Corollary 3.1.15. In the situation of Proposition 3.1.13, we have
r
Dcris,L(V) = ((9 ®A‘L|' N(T)) ‘L

Proof. We set M := O ® ,+ N(T) and identify the modules D(M) and Desis, (V)
L

by using Lemma 3.1.5 and (3.14). The proof of [44, Prop. 2.2.6] combined with

Remark 3.1.2 (iii) implies the commutativity of the following diagram:

D(M) > O[22] @, D(M) — s M)

T

k ]\inCIA ]inc]_

M(D(M)) —=—— M,

in which the right vertical map is the canonical inclusion while the left vertical map
stems from the definition of the functor M as in (3.15) (which also implies the com-
mutativity of the left triangle). Taking I'z -invariants and using the fact that the upper
line induces the isomorphism D (M) = M [%]FL in Remark 3.1.2 (iii), the result
follows. ]

Corollary 3.1.16. In the situation of Proposition 3.1.13, we have Q"N (V) S N@(V).

Proof. In the present situation, ) : N(V)) — N(V) is a semilinear endomorphism
of N(V) by Remark 3.1.6 (i). Then

Yo@ s NV) = L @ ¢Nw) 1 0 @+ N(V) = O ®,+ N(V)
L
is an endomorphism as well. The corresponding linearized maps are
oy | AT Rpt g NV S NOWw)c NY)

f®x= fong)(x)
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and

lin

Yoo (NV) = ido ® ¢n(yy 1 O ®pt o NV)
L

SPL

=0 ®,+ (A} Byt N(V)) > O @+ N(V).

1%

Since O is flat over Azr [HL], it follows that
L
O ®,+ N(V)/im (¢g"®A+ ) =0 ® (N(V)/N@)).
L
But O is even faithfully flat over AZ [%]. Hence, the natural map
N(V)/NOW) - 0 ®,+ N(V)/im (gog“®A+ )
L

is injective. This reduces us to proving that
. li
0"(0 B, NOV)) S im (¢85, nav))-

, we do have

. . @1,V ,an
As for any object in the category Mod """

o"(o R+ N(V)) S im (40?9“@“ N )
L

for some sufficiently big integer /. On the other hand, (3.14) says that
(M)’comp(O ®,+ N(V)) C O QL Deis,.(V) C comp((9 ® \+ N(V)),
L L

LT

Since @5 1s bijective, we can sharpen the right-hand inclusion to
O ®L Deris,. (V) C Comp(im@}ipn@q N(V)))‘

It follows that
r : in
(;LLTT) (o ®A2L N(V)) Cim ((pi9®AzN(V)).

Since the greatest common divisor of Q" and (;#LTT)’ is QMin(:7) e finally obtain
that

0"(0 ®,+ N(V)) < im (‘/’gn®A+ N =
L

Corollary 3.1.17. In the situation of Proposition 3.1.13, we have, with regard to an
A} -basis of N := N(T) and with s := Zle ¥, that

det (pn : N(T) — N(T)) = det (pn) : N(V) = N(V)) = Q°

up to an element in 0} - (o1, — 1)((A])X).
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Proof. Note first that N is gy -stable by Remark 3.1.6 (i). Moreover, the determinant
of g acting on N(V') equals the determinant of ¢, ® ¢y acting on 0 ® ,+ N(T)

since we can take for both an AZ -basis of N(T'). Since tpL(cf)LLTT) = % CZLLTT byL Propo-

sition 3.1.13, the latter determinant equals (%)_S multiplied by the determinant
of ¢r ® Frob acting on O ®j, Deis,z (V). The latter is equal to the determinant
of Frob on D5,z (V), which is 7; up to a unit in o since the filtered Frobenius
module Dgs,7, (V) is weakly admissible. This shows the claim up to an element in
oF - (pr — 1)(0%). But O* = wZ x (A])* by [48, (4.8)]. Hence, (g1 — 1)(O*) =
(oL — D((AD)). .

3.2 The determinant of the crystalline comparison isomorphism

Let T be any object in Repzris’j,"(GL) of or-rank d and such that V = L ®,, T has
Hodge-Tate weights —r = —rg < --+ < —rj; wesets := sz=1 ri, N := N(T) and
M = @ ® N. Consider the integral lattice

D :=D(T) € Deis.. (V)

which is defined as the image of N/wi rN € D(N) under the natural isomorphisms
D(N) = D(M) = D, (V) arising from Lemma 3.1.5 and (3.1). Then with N(—)
also D(—) is a ®-functor. The aim of this subsection is to prove the following result.

Proposition 3.2.1. With regard to bases of T and D, the determinant of the crys-
talline comparison isomorphism

Beris,L ®LV = Beis,. ®L Deris,. (V)
belongs to t{'; W(IEL)}f.
We write /\ V for the highest exterior power of V over L.
Remark 3.2.2. If V is L-analytic (Hodge-Tate, crystalline), then so is /A V.

Since D,z is a tensor functor, we are mainly reduced to consider characters
p: G — L*, for which we denote by V/, its representation space.

Remark 3.2.3. Let V, be Hodge—Tate. We then have the following:

(i)  The character p coincides on an open subgroup of the inertia group I of

G with
[T oo
o XoL,1T?

ogeX;

for some integers n,, where X7 denotes the set of embeddings of L into L
and yqr 7 is the Lubin-Tate character for oL and o (7z.).

(i1) If, in addition, V), is L-analytic, then p coincides on an open subgroup of
the inertia group /;, with y{'; for some integer n.
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Proof. This follows from [81, III.A4 Prop. 4 as well as III.A5 Thm. 2 and its corol-
lary]. ]

Remark 3.2.4. Let p be a crystalline (hence, Hodge—Tate) and L-analytic character.
We then have the following:

(i)  If p factorizes through Gal(L’/ L) for some discretely valued Galois exten-
sion L’ of L, then the determinant of the crystalline comparison isomor-
phism for V,, belongs to (W(kyp) L[%])>< (with respect to arbitrary bases of
V and D, (V).

(i) If p has Hodge-Tate weight —s, then the determinant of the crystalline
comparison isomorphism for V), lies in 7.(W (k)L [%])X.

(iii) pis of the form yJ'; x*" with an integer n and an unramified character y*".*

Proof. We shall write K for the maximal absolutely unramified subextension of K,
any algebraic extension of Q. Taking G -invariants of the comparison isomorphism
shows that the latter is already defined over

G/ , , — -
B L, = (L ®L0 Bcris)GL =L ®L0 (Bcris)GL =L ®L0 L/O - W(kL)L[%],

cris, L —

whence (i). Using Remark 3.2.3 (ii) and applying (i) to pyf gives (ii). By the same
argument it suffices to prove (iii) in the case of Hodge—Tate weight 0. Then its period
lies in the completion of the maximal unramified extension of L by (i), whence the
claim that p is unramified follows, as the inertia subgroup of G;, must act trivially. m

By Proposition 3.1.8 we have
N(T) € DfH(T) SA* ®,, T
if T is positive. Using (N2) and the isomorphism
A ®a, Dir(T) = AR, T,
we obtain a canonical injection
AT Byt N(T) = A" ®,, T. (3.18)

Proposition 3.2.5. If T is positive, then the determinant of (3.18) with respect to the
bases of N(T') and T is contained in a)iT(AZ)X -W(kp)f.

8 Also the converse statement is true: Indeed, any unramified character is locally algebraic
(by definition, see [81]), whence HT. By [81, A3 Prop. 3, A5 Thm. 2] the Hodge—Tate weights
are all zero, whence p is L-analytic. It is crystalline as it is admissible; i.e., there is a period in
C ;;, which in this case needs to lie in the fixed field under inertia, which is contained in Bs.
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Proof. Let M € M;(A™) be the matrix of a basis of N(T') with respect to a basis of
Tand P € My (AZ) the matrix of ¢y with respect to the same basis of N(7"). Then
we have @7 (M) = MP. By Corollary 3.1.17 we have det(P) = Q%¢r(f)f 'u for
some f € (Azr)X and u € of. But Q0 = ¢y (wrr)wi7 . We deduce that

pr(det(M)) = pr(@irf) iz f)" u det(M),

i.e., that
(wipfa) ' det(M) € A?L=! = of
witha € W(IEL)E such that ¢y (a)/a = u. It follows that
det(M) € wiror (AF)< - W(kp)}.
But we also have det(M) € A*. Hence, we finally obtain’
det(M) € wfrop (Af) - W(kp)f NA* = of1(A]) - W(k)}. n

Remark 3.2.6. For T = oy () with unramified y as in Remark 3.1.11 the map (3.18)
maps the basis ng to a ® to.

Lemma 3.2.7. If T is positive, then we have the following:
(1) o0 ®0L °(D(T) =0 QL Dcris,L(V) - Comp(O ®A2‘ N(T)),
(i)  the determinant of the inclusion in (i) with respect to the bases of D(T)
and N(T) belongs to (M)S(AZ)X;

wrLT
(iii) for T =or (x) with unramified y as in Remark 3.1.11, comp(ng) = ¢r.(a) ®
to =ca @ty € Dyis,. (V) with ¢ = ‘pLT(“) € oz; in particular, the element

a ® to is a basis of D(T).

Proof. By construction the comparison isomorphism (3.13) is of the form
comp = ido[g 1 ®L comp,
LT
with

r, = =
compy, : (O Ryt N[2z])F =2 N/a)LTN[%] = D(N) = Deis..(V)

tr

the right-hand arrow being the natural isomorphism from Lemma 3.1.5. For positive
T we know in addition from the proof of Corollary 3.1.15 that

((9 ®AZL N)FL = ((9 ®AZ‘ N[m])m'

T

We deduce that
comp(O ® 5t N) 2 O ®, comp,((© ®,5F N)FL) = 0 QL Desis,. (V).

°The argument also shows that o;AT ®,, T € AT ®4, N(T) € AT ®,, T. But the
left inclusion does even hold with r instead of s (cf. [83] following [5] in the cyclotomic case).
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By Proposition 3.1.13 we know that the determinant in (ii) is of the form ( CZLLTT)S f(wrr)
with f(wrr) € O*. On the other hand, if we base change the inclusion in (i) to
L = O/w10, then we obtain the base change from oy to L of the isomorphism
D = N/wrN. By our choice of bases the determinant of the latter lies in o} . Since
evaluation in zero maps (;LLTT)S f(orr) to £(0), it follows that f(0) belongs to o} and
hence (cf. [48, (4.8)]) that f(wrr) belongs to (A:)X.

Now we prove (iii): By the above description of comp,, we have to show that the
image 719 € D(N(T)) of ng is mapped to ca ® #¢ under the natural isomorphism from
Lemma 3.1.5. Since under the crystalline comparison isomorphisms these elements
are sent to a® (@~ ®79) € Beris,. ®1 VL(D(N)) and ca ®to € Beris, 1 ®o, T, respec-
tively, it suffices to show that the map (3.8) sendsa™! @ np € L ®, L VAL ® A} N)
(which corresponds to #p under the canonical isomorphism 7" = V(AL ® A} N)) to

(ca)™! ® fig € VL(D(N)). Dualizing, this is equivalent to the claim that the map
(3.9) sends the dual basis §,-1g,, € (L ®,, V(M))* of a ' ®ngto $(ca)-1@0y €
Vi (D(N))*. Note that the isomorphism

(L ®o, V(M))" = L ®,, Homy, 4, (AL R+ N.A)
N.AT[Z5])

~
= L ®,, Hom,+ oo

(
1 %Pq
sends 8a—1®n0 to ady,. Thus, it suffices to show that the map (3.10) sends aé,, to
cads, in Homy o, Fil(N/wpr N )[%], B.sis,1) since the latter corresponds under (3.11)
to ca ® 8z, € VL (D(N)*) which in turn corresponds to §(.4)~1g7, under (3.12).

If f = ady,,, which is the map which sends n¢ to a, then — in the notation of the
proof of Lemma 3.1.5 — f; and f> share this property, while f3 (and hence f4) sends
¢ 'ng to a because gy (¢ 'ng) = ¢ Yo (a)a " ng = no. Then f5 sends ¢~ 'iig to a
because £ (¢ 1iig) = ¢ "1ny. Altogether this means that ady,, is mapped to ¢, (a)8,, =
cady, as claimed. n

Proof of Proposition 3.2.1. The functor D 1.(—) on crystalline Galois representa-
tions is a ®-functor and commutes with exterior powers, and the crystalline com-
parison isomorphism is compatible with tensor products and exterior powers. The
analogous facts hold for the functor N(—) and hence for the functor O (—) (by base
change). The case of the functor N(—) reduces, by using the properties (N1) and (N2)
in Lemma 3.1.12 (i), to the case of the functor Dyr(—). Here the properties can easily
be seen by the comparison isomorphism (3.3).

Upon replacing T by its highest exterior power we may and do assume that the
or-module T has rank 1. In addition, by twisting T if necessary with a power of yrr
we may and do assume that 7 is positive with s = 0, i.e., unramified Remark 3.2.4.
In this case it is clear that — using the notation of Lemma 3.2.7 (iii) — the crystalline
comparison isomorphism sends #y to a ® #9. Since the latter is also a basis of D(T')
by the same lemma, the proposition follows. |
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3.3 Non-negative Hodge-Tate weights

CrlS an

Now assume that for 7" in Rep, (GL) the Hodge—Tate weights are all > 0 and

set N := N(T). By [80, Rem. 3.2 (1) (i1)] the map Y1 preserves A+. It follows that
YDy (T) Maps AZ - 9N (N) — and hence N by Remark 3.1.6 (i) (2) —into N. The
following lemmata generalize those of [4, Appx. A].

Lemma 3.3.1. For m > 1, there exists Q,, € o[ Z] such that

WL( 1 ) b4 1+a)LTQm(CULT)

o[y o'y

Proof. According to the paragraph after Remark 2.1 combined with Remark 3.2 (ii)
in [80], we have that

honr) 1= wm(wim) wL([’Z] )eA;.
LT

LT

Obviously, there exists O, € o1, [Z] such that
h(wrr) — h(0) = wrr Om(wrr).
Thus, the claim follows from

h(0) = ¢r. (h(wLT))‘wLTzo

™
=¢Lo WL([ ,,], )
Orr J |wir=0

:nil Z ([”L]m(a +LTC!:nLT))| _

aelly (a +vr orr)
_ _1 Z ([ﬂL (wLT))
a€lLT @ +rr @i lwrr=0
= 7[1”’1_1
[z ](wir) - - - ;
because (a+uwm )Iwm=0 = ng, fora = 0 and = 0 otherwise. n

Lemma 3.3.2. We have
Vi) (e Dir(T) + wfy 1N(T)) C 71, Dir(T) + w7 N(T)
and, fork > 1,

Vo (1L Din(T) + o ¥ TV N(T)) € 7 Din(T) + ik N(T).
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Proof. By Remark 3.1.6 (ii), we can write any x € N(T') in the formx = a;pn (x;)
with a; € AZr and x; € N(T). Therefore, ¥p, (1) (a)ET( +1) => VYo (kH)al)x,-
by the projection formula. Since {7, preserves AJr and is or - hnear we conclude by
Lemma 3.3.1 that Y7 (o *+Dg.) belongs to Az + iy A , whenever k > 1, from
which the second claim follows as Y p, .7y (wz Drr(T)) € 7 DLT(T) by oy -linearity
of Yp,.(r). For k = 0 finally, ¥ (w7 a;) belongs to w;' A}, from which the first
claim follows. ]

Lemma 3.3.3. If k > 1 and x € Dy1(T) satisfies Yp.(r)y(x) —x € mp Dyr(T) +
O kK N(T), then x belongs to wy Di1(T) + a)LkN(T)

Proof. Since Dyr(T)/mnp Dir(T) is a finitely generated (free) kr ((wprr))-module,
there exists an integer m > 0 such that x € 7y Dyr(T) + o " N(T); let [ denote
the smallest among them. Assume that / > k. Then Lemma 3.3.2 shows that

I—
Vpia(r)(x) € 12 Dur(T) + o "V N(T).

Hence, the element ¥p, (1) (x) — x would belong to 7tz Di1r(T') + iy ~N(T) but not

to (g, Dir(T) + oy p =Dy (T)), a contradiction to our assumption. It follows that
| < k, and we are done. ]

Lemma 3.3.4. It holds that Dyp(T)VPur™=1 C o ! N(T), i.e.,
Dir(T)¥Pur=1 = (wl}lN(T))]//DLT(T)=1'

Proof By induction on k > 1 we will show that Dyp(T)¥YPur=1 C b5 KD (T) +
ot N(T), i.e., writing x = nLyk + nyg € Dip(T)¥Pur=1 | the sequence ny will
wrz,-adically converge in w7! N(T') with limit x.

In order to show the claim, assume x € Dyp(7T)¥2ur(=1_ Ag in the previous
proof, there exists some minimal integer m > 0 such that x € g Dy (T) + w " N(T).
Then m = 1 and we are done since otherwise Lemma 3.3.3 implies that m can be
decreased by 1. This proves the claim for k = 1.

By our induction hypothesis we can write x € Dyp(T)¥Pur™=1 a5 x = nLy +n
with y € Dpr(T) and n € w* N(T). The equation ¥p,(r)(x) = x implies that
Ypu(ry(n) —n = n; (WDLT(T) () — »). In the proof of Lemma 3.3.2 we have seen
that ¥p,.(r)(n) —n € ot N(T). Note that n'L‘DLT(T) N N(T) = JTLa)L IN(T)
because Az /wiA} has no mp-torsion. Therefore, WDLT(T) (y) — y € o N(T),
whence y, by Lemma 3.3.3, belongs to 7z, Dy1(T) + wiz! N(T) so that we can write
X —JrL(ery +n)+n —nk+1 /+(71kn + n) as desired. [

SetV :=T ®,, L

Lemma 3.3.5. If Deis,,(V)?9=! £ 0, then V has the trivial representation L as
quotient; i.e., the co-invariants Vg, are non-trivial.
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Proof. Let W = V* be the L-dual of V. Then, by [80, (51)] we have
(Vo,)* = HO(L,W) = Deis, . (W)*=1 N (B @1 W)L = Deis, . (W)?=1 £ 0

because
(B ®L W)OL = (Bar @1 W)L 2 Deis 1. (W)
since the Hodge—-Tate weights of W are < 0. |

Lemma 3.3.6. If V does not have any quotient isomorphic to the trivial representa-
tion L, then Dyp(T)¥YPix=1 € N(T), i.e.,

DLT(T)wDLT(T)zl = N(T)WDLT(T)=1 .

Proof. Because of Lemma 3.3.4, it suffices to show that (w7 N (T))¥rurnH=1 C
N(T).Letey,...,eq be abasisof N := N(T) over AZ. Then, by Remark 3.1.6 (ii)

there exist B;; = 4o Bij iy € Af suchthate; = Z;i:l Bij¢n (ej). Now assume
that wi'n = Zflzl aie; =, iBijon (e;) belongs to (w7 N)Your =1 witho; =

D1 i gwiy € a)]jTlAzr. By the projection formula this implies, for 1 < j < d,
d d
oj = WL(ZOH,BU) = w7 Zai,—lﬂij,o mod A}
i=1 i=1
because vy, (wl}l) = wj; mod AZ by Lemma 3.3.1, whence
d
gL(@m)eL(e) = Y ai1Bijo mod wrAf .

i=1

It follows from the definition of f;; that

on () = pr(om)eL(e)en(e)
j

= Z @i, —1Bij.09n (e))

Jsi
E Q1€
i

=n mod wrTN,

i.e., that D (V) = N/wLTN[%] (by (3.1) and Lemma 3.1.5) contains an eigen-
vector for ¢, with eigenvalue 1 if w;;'n does not belong to N. Now the result follows
from Lemma 3.3.5. m



