Chapter 4

(¢, I't)-modules over the Robba ring

4.1 Robba rings of character varieties

Throughout our coefficient field K is a complete intermediate extension L € K € C,,.
For any reduced affinoid variety YY) over Q, of L we let | |5y denote the supremum
norm on the affinoid algebra Ok (%)) of K-valued holomorphic functions on %). It is
submultiplicative and defines the intrinsic Banach topology of this algebra.

4.1.1 The additive character variety and its Robba ring

Let By denote the rigid Q,-analytic open disk of radius one around the point 1 € Q.
The rigid analytic group variety

Xo := By dz, HomZp (oL, Zp)

over @, (which non-canonically is a d -dimensional open unit polydisk) parametrizes
the locally Q,-analytic characters of the additive group oy : the point z ® B is sent to
the character y.gg(a) := zP@ 1t is shown in [74, §2] that the rigid analytic group
variety X over L, which parametrizes the locally L-analytic characters of oy, is the
common zero set in X7, of the functions

d d
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for1 <i <d;herety,..., tgisaZpy-basis of or and B, ..., B4 is the correspond-
ing dual basis. It is one dimensional, smooth, and connected. As a closed analytic
subvariety of the Stein space X, the rigid variety X is Stein as well.

For any a € oy, the map b + ab on oy, is locally L-analytic. This induces an
action of the multiplicative monoid oy, \ {0} first on the Z,-module Homgz, (oL, Z,)
and then on the varieties Xy and X. The latter actions further induce actions on the
rings of K-valued holomorphic functions Og (X¢) = Ok (X), which we will denote
by (a. f) = ax(f).

Furthermore, we have induced translation actions of o7, \ {0} on the vector spaces
C&"ﬁ (oL, K), resp., C*" (oL, K), of K-valued locally Qp-analytic, resp., L-analytic,
functions on oy, and then by duality on the spaces Dq, (oL, K) — D(or, K) of
locally Qp-analytic and locally L-analytic distributions on oy,, respectively; they will
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be denoted by (a, L) — ax(A). By [74, Thm. 2.3] we have the Fourier isomorphism

D(or, K) = Ok(%)
A= Fy(x) = A(x).

One easily checks that this isomorphism is of \ {0}-equivariant. In the following,
we will denote the endomorphism (77 ) in all situations also by ¢r. The Fourier
isomorphism maps the Dirac distribution §,, for any a € oy, to the evaluation function

eva(y) = x(a).

The y-operator and the Mellin transform

Lemma 4.1.1. The endomorphism @;, makes Ok (X) into a free module over itself of
rank equal to the cardinality of or, /wp0r,; a basis is given by the functions ev, for a
running over a fixed system of representatives for the cosets in oy, /w10y,

Proof. This is most easily seen by using the Fourier isomorphism which reduces the
claim to the corresponding statement about the distribution algebra D(oy,, K). But
here the ring homomorphism ¢y, visibly induces an isomorphism between D(or,, K)
and the subalgebra D(wpor, K) of D(or, K). Let R C or denote a set of represen-
tatives for the cosets in oy, /77,0r . Then the Dirac distributions {8, },cg form a basis
of D(or, K) as a D(rwpor, K)-module. ]

Lemma 4.1.2. The o -action on D(or, K) = Ok (X) extends naturally to a (jointly)
continuous D (o}, K)-module structure.

Proof. In a first step we consider the case K = L, so that K is spherically com-
plete. By [75, Cor. 3.4] it suffices to show that C*'(G, K) as an o -representation
is locally analytic. This means we have to establish that, for any f € C*(G, K),
the orbit map a — a*(f) on of is locally analytic. But this map is the image of the
locally analytic function (a, g) + f(ag) under the isomorphism C*'(0 x G, K) =
C*(07.C*™(G,K)) in [77, Lem. A.1].

Now let K be general. All tensor products in the following are understood to
be formed with the projective tensor product topology. By the universal property of
the latter the jointly continuous bilinear map D(o}, L) x Or(¥) — Or(¥) extends
uniquely to a continuous linear map D(o;, L) ®rL Or (%) — Or(%). This further
extends to the right-hand map in the sequence of continuous K-linear maps

(K ®L D(o}. L)) ®k (K &1 OL(¥X)) - K ®L (D(0], L) ®1 OL(%))
— K ®1 O1(%).

The left-hand map is the obvious canonical one. We refer to [61, §10.6] for the basics
on scalar extensions of locally convex vector spaces. The same reasoning as in the
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proof of [8, Prop. 2.5 (ii)] shows that K ®; O (¥) = Og(¥). It remains to check
that K ®7, D(o;, L) = D(o;, K) holds true as well. For any open subgroup U C oy
we have D(o},—) = @aeoz/U 8aD(U, —). Hence, it suffices to check that K ®p.
D(U, L) = D(U, K) for one appropriate U. But o] contains such a subgroup U
which is isomorphic to the additive group oy, so that D(U,—) = D(or,—) = O_(X).
In this case we had established our claim already. |

The operator ¢, has a distinguished K-linear continuous left inverse 1//LD which
is defined to be the dual of the map

C*(or,K) = C*™(0r,K)

S = (@n(f)a) = {(J;(ﬂ[la) ifa € mrop,

otherwise,

and then, via the Fourier transform, induces an operator 1//25 on Ok (%). One checks
that for Dirac distributions we have

8.1, ifaemror,
wi’(é’a)={ 2 (4.1)

0 otherwise.

Together with Lemma 4.1.1 this implies the following lemma.

Lemma 4.1.3. Let Ryg C 01, be a set of representatives for the non-zero cosets in
OL/JZLOL. Then
ker(¥;) = €P eva oL (0 (¥)).

acRy

We also recall the resulting projection formula
Vi (e (F1)F2) = Fiy (F>) forany Fi, F> € Ok (¥).

Sometimes it will be useful to view wzﬁ as a normalized trace operator. Since
Ok (%) is a free module over ¢r (Og (X)) of rank ¢, we have the corresponding trace
map

traceo . () /o, (Ox @) * 9k (%) = oL(Ok (%)).

Remark 4.14. Y = 27! o traceo, (x)/p, (0 (%))-

Proof. Since the functions ev, generate a dense subspace in Og (¥) (cf.[75, Lem. 3.1],
the proof of which remains valid for general K by [61, Cor. 4.2.6 and Thm. 11.3.5]),
it suffices, by the continuity of all operators involved, to check the asserted equal-
ity on the functions ev,. As before we choose a set of representatives R C oy, for
the cosets oy /w01, so that the functions ev., for ¢ € R, form a basis of Og(X)
over ¢r (O (X)). Case I: Let a € of. Then Wf(eva) = 0 by (4.1). On the other
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hand, ev, - eve = evgye € ever - (Og (%)) for some ¢ # ¢’ € R. Hence, the matrix
of multiplication by ev, with regard to our choice of basis has only zero entries
on the diagonal. This means that trace . (x)/¢; (O (%))(€Va) = 0. Case 2: Let a €
nwror. Then 1//2E (evy) = Vyrlg: On the other hand, the matrix of multiplication by
evg now is the diagonal matrix with constant entry ev, = ¢ (ev, —1,). We see that

01 (raceo, )/, Ok @) (€Va)) = 701" (@pL(ev,—1,)) = eV -1, L

In order to establish a formula for the composition ¢, o wze, we let X[my] :=
ker(X N X). Then X[7](C)) is the character group of the finite group oy, /710y
The points in X[z ](C,) are defined over some finite extension K; /K. For any { €
X[r1](Cp) we have the continuous translation operator

Ok, (X) = Ok, (%)
F = (F)(0) = F(0).

Proposition 4.1.5. The following holds true:
(i) Forany F € Ok, (¥X) we have

lor - mroL]-groyi(F)= )  (F.
teX[n1(Cp)

(i) LDk (X)) ={F € Ox(X) : ¢ F = F forany { € X[n.](Cp)}.

Proof. (i) Again it suffices to consider any F' = ev,. We compute

(D seva) 0 =D evax?) = 1@ Y ¢(@)
¢ ¢ ¢

_ Jlor twror] - x(a) ifa € mpor,
0 otherwise

. {[OL cmpop]-eva(y) ifa € mpog,

0 otherwise.
On the other hand,
ev -1 ifa € mpop, ev, ifa e mnpop,
oL(VE (eva) = gr| | T | = | .
0 otherwise 0 otherwise.

(ii) If ¢ F = F for any ¢ € X[n.](Cp), then (pL(t//f(F)) = F by (i). On the other
hand,

(¢oL(F))(0) = oL (F)(x¢) = F(nf(07f () = F(nf (1) = oL (F)(x). =
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We have observed in the above proof that the functions ev,, for a € oy, generate
a dense subspace of Ok (¥). Considering the topological decomposition

Ok (%) = ¢1.(0k (%)) & O (X)L =0,
F = (¥ (F)) + (F — oL (Vi (F))),

we see, using (4.1), that the ev, for a € mpop, resp the ev, for u € oy, generate
a dense subspace of ¢r (Og (X)), resp., of OK(%)‘#L =0, In view of Lemma 4.1.2,
the obvious formula u.(ev,) = evy, together with the fact that the Dirac distribu-
tions &y, for u € oy, generate a dense subspace of D(oy, K) then implies that the
decomposition (4.2) is D(oj , K)-invariant.

4.2)

Lemma 4.1.6 (Mellin transform). The natural inclusion D(oj, K) < D(or, K)
combined with the Fourier isomorphism induces the map

M : D(o}. K) = D(op, K)VE=0 = O (X)VE=°
A /\(51) = )L(evl)

which is a topological isomorphism of D(oj , K)-modules.

Proof. The disjoint decomposition into open sets 07, = w07, U o induces the linear
topological decomposition D(or, K) = ¢r(D (oL, K)) @ D(of, K). The assertion
follows by comparing this with the decomposition (4.2).! ]

The Robba ring

We recall a few facts from [8] about the analytic structure of the character vari-
ety X. As a general convention, all radii r which will occur throughout the paper
are assumed to lie in (0, 1) N p@. Let By (r), resp., B(r), denote the Qp-affinoid disk
of radius 7 around 1, resp., around 0, and let B7 (r) be the open disk of radius r
around 1. We put

Xo(r) := By(r) ®z, Homgz,(0op.Zp) and X(r):=XNXo(r),L.

These are affinoid subgroups of Xo and X, respectively, which are respected by the
action of the monoid oy \ {0}. Since X(r) < Xo(r),r is a closed immersion of
affinoid varieties, the restriction map between the affinoid algebras Og (X¢(r)) —
Ok (X(r)) is a strict surjection of Banach algebras. The families {X¢(r)},, resp.,
{X(r)},, form an increasing admissible covering of X, resp., X, which exhibits the
latter as a quasi-Stein space. Hence, Ok (X (7)), resp., O (X(r)), is the completion
of Ok (Xy), resp., Ok (X), in the supremum norm | |x,(r), resp., | |x¢)-

!'The map D(o},K)— D(G, K) sending A to A(81) is the inclusion map since 8, (61) =8y.
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The structure of the affinoid variety X(r) is rather simple for any radius ro <
d
p~ 7—1.Then (cf. [8, Lem. 1.16]) the map

B(ro);. — %(ro)

4.3)
y = xy(a) := exp(ay)

is an isomorphism of L-affinoid groups. Taking, somewhat unconventionally, exp —1
as coordinate function on B(rg), we may view Ok (B(rp)) as the Banach algebra of all
power series =Y ;. ¢ci(exp—1)’ such that ¢; € K and lim; . |¢; | = 0; the norm
is | f |B(ro) 1= max; lci |rb. Since exp —1 corresponds under the above isomorphism to
the function evy —1 on X(rg), we deduce that

Ok (%(ro)) = {f = Zci(evl —1)' :¢; € K and 11_1)120 |ci|ré = 0}

i>0

is a Banach algebra with the supremum norm | f |z () = max; |¢;|rh.

Next we need to explain the admissible open subdomains X; of X, where the
I C (0, 1) are certain intervals (cf. [8, §2.1]). First of all, we have the admissible
open subdomains

-%(r,l) =X \ %(}’)

To introduce the relevant affinoid subdomains, we also need the open disk B (r)
of radius r around 1. This allows us to first define the admissible open subdomains
Xy (r) == B (r)®z, Homgz,(oL,Zp));r and X~ (r) := X N X (r) of Xo and X,
respectively. For r < s we then have the admissible open subdomains

Xolr,s] : =Xo(s)\ Xy (r) S Xo and X[ :=X(s)\ X (r) =X NXo[r,s] S X.

We recall that the X[, 5] are actually affinoid varieties. There are the obvious inclu-
sions X[, 5 € X(s) and X[ 5 € X1y provided r’ < r. Moreover, X,/ 1) is the
increasing admissible union of the X, 5} for r’ <r <s < 1. Hence,

OkEer) = lim  Ok(Xp),

r’'<r<s<l1

which exhibits the Fréchet algebra structure of the left side.
We point out that these subdomains X; all are invariant under o . Their behavior
with respect to 77 is more complicated. We recall from [8, Lem. 2.11] that, for any

d
radius p_Tfl <r < 1, we have
(nZ)_l(%(r,l)) - '%(rl/p,l)-

It is technically necessary in the following to sometimes only work with a smaller
set of radii. We put

So = [p~¢7P T p AT N pQ C [pTAT pTI),
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1
Sp = SO‘T" forn > 1, and See := |J,,~; Sn. Note that the sets S, are pairwise dis-
joint. The point is (cf. [8, Prop. 1.20]) that for s € Ss we know that X(s) becomes
isomorphic to a closed disk over Cp,. Let s, for n > 0 denote the left boundary point
of the set S,,. Then we have the following result (cf. [8, Prop. 2.1]).

Proposition 4.1.7. For any n > 0 the rigid variety X s, 1) is quasi-Stein with respect
to the admissible covering {X(, 51}, where s, <r <s <1,r € S,, ands €\ J,,,~, Sm-
In particular, the affinoid algebra Ok (X[, 4)) is the completion of Ok (%(s,,,l)_) with
respect to the supremum norm | |x, .

Obviously, with X each X4, 1) is one dimensional and smooth. But, in order to be
able to apply later on Serre duality to the spaces X, 1), we need to show that they are
actually Stein spaces. This means that we have to check that the admissible covering
in Proposition 4.1.7 has the property that X[,~ ¢ is relatively compact in X, 5 over
L (cf. [14, §9.6.2]) for any r < r’ < s’ < s. We simply write U € X for an affinoid
subdomain U being relatively compact over L in an L-affinoid variety X.

Lemma 4.1.8. Let U C X C X’ be affinoid subdomains of the affinoid variety X';
we then have the following:
(i) U EX,thenU € X’;
(i) suppose that U = Uy U ---U Uy, is an affinoid covering, if U; € X for any
1<i<m,thenU E X.

Proof. Let A — B be the homomorphism of affinoid algebras which induces the
inclusion U = Sp(B) € X = Sp(A). It is not difficult to see that the property U € X
is equivalent to the homomorphism A — B being inner with regard to L in the sense
of [9, Def. 2.5.1]. Therefore, (i), resp., (ii), is a special case of Corollary 2.5.5, resp.,
Lemma 2.5.10, in [9]. [ ]

Proposition 4.1.9. X, 1), for any n > 0, is a Stein space.

Proof. By Proposition 4.1.7, we already know that the X 4, 1) are quasi-Stein. Hence,
it remains to show that X[, ¢] € X[, 5 forany r <r’ <" <. Looking first at X, let
B1[r, s] C B denote the affinoid annulus of inner radius r and outer radius s. Fixing
coordinate functions zy, ..., zg on Xo, we have the admissible open covering

d
Xolr, s] = U %g)[r,s] with %g)[r,s] = {x € Xo(s) : |z,-(x)| > r}.

i=1
The affinoid varieties of this covering have the direct product structure

X [r 5] = Bi(s) x - B (s) x By [r, 5] x Bi(s) x -+ By (s)

with the annulus being the i th factor. It immediately follows that Z{(()i) [r,s']€ Sﬁ(()i) [r,5]
(cf. [14, Lem. 9.6.2.1]). Since relative compactness is preserved by passing to closed
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subvarieties, we deduce that
xn .%g)[r’,s’] exn %g)[r,s] forany 1 <i <d.

Applying now Lemma 4.1.8, we conclude first that X N %g)[r’ , 8" € Xo[r, 5] and
then that X,/ ¢ € X[, 4]. ]

We finally recall that the Robba ring of X over K is defined as the locally convex
inductive limit h_r)nm Ok (X \ %)), where %) runs over all affinoid subdomains of X.
Since any such %) is contained in some X(r), we have

Ri(X) = lir_gl Ok (X(s,,1))s

n>0

and we view Rk (%) as the locally convex inductive limit of the Fréchet algebras
Ok (X(s,,1))- By [8, Prop. 1.20], the system X(s,,,1)/c,, is isomorphic to a decreasing
system of one-dimensional annuli. This implies the following:

*  Rk(X) is the increasing union of the rings Ok (X(s,,1)) and contains Ok (X);
* each Ok (¥, 1)) and Rk (%) are integral domains.

The action of the monoid o, \ {0} on Ok (X) extends naturally to a continuous action
on Rk (X) (cf. [8, Lem. 2.12]). In fact, this action extends further uniquely to a sep-
arately continuous action of D(oy, K)-action on Rk (X). This is a special case of
the later Proposition 4.3.10 which implies that we will have such an action on any
L-analytic (¢r, I'z)-module over Rk (X). Via the isomorphism yrr : ', = O}j we
later on will view this as a D(I'., K)-action.

In order to extend the 1 -operator to the Robba ring, we need the following fact.

Lemma 4.1.10. The morphism rtj : X — X is finite, faithfully flat, and étale.
Proof. The character variety X’ of the subgroup w07 C or is isomorphic to X via
x5 x
x = X' (mpa) = y(a).

We have the commutative diagram

x

N x—xlmror
L

X

= %/'
x=x

The oblique arrow is finite and faithfully flat by the proof of [29, Prop. 6.4.5]. For its
étaleness it remains to check that all its fibers are unramified. This can be done after
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base change to C,. Then, since this arrow is a homomorphism of rigid groups, all
fibers are isomorphic. But the fiber in the trivial character of w70y is isomorphic to
Sp(Cplor/mror]) = Sp(C}). It follows that 7} has these properties as well. ]

Since the subsequent reasoning will be needed again in the next section in an anal-
ogous situation, we proceed in an axiomatic way. Suppose that the following hold:

*  p: %) — 3is a finite and faithfully flat morphism of quasi-Stein spaces over K.
In particular, the induced map p* : Ox(3) — Ok (%)) is injective. Moreover, the
finiteness of p implies that the preimage under p of any affinoid subdomain in
3 is an affinoid subdomain in %) (cf. [14, Prop. 9.4.4.1 (1)]) and hence that p* is
continuous.

* Ok (Y)) is finitely generated free as a p* (O (3))-module. Fix a corresponding
basis f1,..., fn € Ok ().

Proposition 4.1.11. For any admissible open subset 1 C 3 we have
Ok (0" (W) = Ok (V) B0k (3) Ok ()
is free with basis f1, ..., fn over Og(1).

Proof. Since p is finite, p«Osy) is a coherent @ 3-module by [14, Prop. 9.4.4.1 (ii)].
Gruson’s theorem (cf. [8, Prop. 1.13]) then tells us that p,Osy is, in fact, a free O3-
module with basis f1,..., f5. ]

We observe that the definition of the Robba ring Rg (¥) above was completely
formal and works precisely the same way for any quasi-Stein space. Hence, we have
available the Robba rings Rk (%)) and Rk (3). Since the morphism p : ) — 3 is
finite, the preimage under p of any affinoid subdomain in J3 is an affinoid subdo-
main in %)) (cf. [14, Prop. 9.4.4.1(i)]). We note again that the preimage under p
of any affinoid subdomain in 3 is an affinoid subdomain in %). The injective map
p* 1 Ok (3) C Ok (YY) therefore extends to a natural homomorphism of rings

p*: Rx(3) — Rx (). (4.4)
Remark 4.1.12. The homomorphism (4.4) is injective.

Proof. We fix an admissible covering 3 = | J i1 U; by an increasing sequence of
affinoid subdomains U; € 3. As p is a finite map, ) = [ = p~1(U;) again is an
admissible covering by affinoid subdomains. It follows that

R (V) = lim Ok (V\ p~' W),
J

and therefore it suffices to show the injectivity of the maps p* : Og (3 \ U;) —
Ok (Y \ p~1(U;)). But this is clear since the map p: Y \ p~'(U;) - 3\ Uj is
faithfully flat. |
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Corollary 4.1.13. Rk () = Ok () ®ok(3) Rk (3) is free over p*(Rg(3)) with
the basis f1,..., fn. In fact, the map

Ri(3)" = Rk ()

h
Z1seevzn) = ) p" @) fi
i=1

is a homeomorphism.

Proof. By passing to locally convex limits this follows from Proposition 4.1.11 which
says that the map

OxW)" = Ok (p~' (W)
h

(@1zn) > Yo%) fi
i=1

is a continuous bijection between Fréchet spaces and hence a homeomorphism by the
open mapping theorem. |

By the Lemmata 4.1.1 and 4.1.10 the above applies to the morphism 7; : X — X
and we obtain the following result.

Proposition 4.1.14. Let R C oy, be a set of representatives for the cosets inor, /mpoy.
Then the Robba ring Rk (X) is a free module over ¢or (Rg (X)) with basis {eVg }aeR.

In particular, we have the trace map
tracer  (2)/pr. (Rx (®) * RK(X) > o1 (R (X))

and therefore may introduce the operator
L
Iﬂg = 5¢L1 o traceRK(x)/(pL(ﬁK(x)) : fRK(.%) - RK(f)

Because of Remark 4.1.4, it extends the operator wze on Ok (X), which justifies
denoting it by the same symbol. By construction it is a left inverse of ¢, and sat-
isfies the projection formula. Furthermore, as a consequence of Corollary 4.1.13, v f
is continuous.

4.1.2 The multiplicative character variety and its Robba ring

In this section, we consider the multiplicative group o; as a locally L-analytic group.
We introduce the open subgroups U, := 1 + mfor for n > 1. Correspondingly, we
have the inclusion of distribution algebras D(U,+1, K) € D(Uy,, K) C D(oz, K).
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There is an integer no > 1 such that, for any n > ny, the logarithm series induces an
isomorphism of locally L-analytic groups log : U, — n]0r. We then introduce the
isomorphisms £, := ;" log : U, — or together with the algebra isomorphisms

by : DUy, K) = D01, K) = O (%)

which they induce.

As for of, in the previous section, we have rigid analytic varieties (over L) of
locally L-analytic characters X* for o and X,; for U, as well (cf. [74, Thm. 2.3,
Lem. 2.4, Cor. 3.7] and [29, Props. 6.4.5 and 6.4.6]):

e U X N X, is, for n > ng, an isomorphism of group varieties.
* The restriction map p, : X — X,; is a finite faithfully flat covering (cf. [29, proof

of Prop. 6.4.5]).

* X and X, are one-dimensional Stein spaces. (As group varieties, they are sepa-
rated and equidimensional.)

* Forn > ny the variety X, is smooth and O (X;;) is an integral domain.

¢ The Fourier transforms
D(0}.K) = Ox (%) and D(U,.K) > Og (X))

sending a distribution p to the function F,(x) := wu(y) are isomorphisms of
Fréchet algebras.

As a consequence of the properties of the morphism p := p, : ¥ — X7, the

homomorphism p* : O (X;;) — Ok (X™) is injective and extends to an injective
homomorphism p* : Rg (X)) - Rk (X™) (cf. Remark 4.1.12).

Lemma 4.1.15. We have the following equalities:
) Ok(XX) = Zlof] ®z[u,) Ok (X;).
(i) Rk (X") = Ok(X*) ®ox @) Re(X,) = Zlof] @z, Rk (X},).

Proof. (i)Letuy,...,uy€o; be aset of representatives for the cosets of Uy, in o} . We
then have the decomposition into open subsets oz =u U, U---UuyU,. It follows
that

D(Oz, K) = 3u1D(Un, K) D---D SuhD(Una K) = Z[OZ] ®Z[U,,] D(Un, K)

is, in particular, a free D(Uy, K)-module of rank & = [0} : Uy]. Using the Fourier iso-
morphism, we obtain that Og (X*) is a free Ok (X,)-module over the basis evy, , . . .,
eVyy,-

(i1) Because of (i), the assumptions before Proposition 4.1.11 are satisfied and the
present assertion is a special case of Corollary 4.1.13. |
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Lemma 4.1.16. The morphism p is étale.

Proof. This is the same argument as in the proof of Lemma 4.1.10. ]
Corollary 4.1.17. X* is smooth.

Proof. This follows from the lemma since X, is smooth for n > ny. n

Remark 4.1.18. If n > m, then all the above assertions hold analogously for the finite
morphism pp, , : X,;, — X,;. In particular, all X, are smooth.

Suppose that n > ng. Then, due to the isomorphism £}, : X = X, everything
which was defined for and recalled about X in Section 4.1.1 holds correspondingly
for X,{. In particular, we have the admissible open subdomains X (r), X and

n,(r,1)°
36: (r.s]" For n > m > ny we have the commutative diagram

Lm

X—X%,,

(ﬂZ)”""l me,n 4.5)
X

[N

S

IR

d,
Lemma 4.1.19. Let n > ng and m > 0; for any p_Tfl <r < 1 the map ,o;,nere :

Ok (X, ne) = Ok (X)) extends to an isometric homomorphism of Banach algebras

Proof. By the above commutative diagram (4.5) our assertion amounts to the state-
ment that the map (77¢)* : ¥ — X restricts to a surjection X(r »”) — X(r). In
[74, Lem. 3.3], this is shown to be the case for the map (p™)*. But p™ and 7;"¢
differ by a unit u € oy, and u™ preserves X(r). [

1
Ok (X sme ™). |2z, n) = (Ok (X5 (7)), | |3EX

%’Vl
n@rr™)

4.1.3 Twisting

Consider any locally L-analytic group G and fix a locally L-analytic character y :
G — L*. Then multiplication by y is a K-linear topological isomorphism

C*(G,K) 5 Cc™(G, K).
We denote the dual isomorphism by
™2 : D(G.K) = D(G.K),

ie., wa (n) = u(x—), and call it the twist by y. For Dirac distributions we obtain
Tw? (8¢) = x(2)8s-



Robba rings of character varieties 51

Suppose now that G is one of the groups o7, or U, C o] of the previous sub-
sections, and let X denote its character variety. Then y is an L-valued point z, €
Xg(L). Using the product structure of the variety X, we similarly have the twist
operator

TwXe : Og(Xg) = Ok (Xg). f > f(z-).

As any rigid automorphism multiplication by a rational point respects the system
of affinoid subdomains and hence the system of their complements. Hence, TW?G
extends straightforwardly to an automorphism TwXC : Ry (Xg) = Rx(Xg). The
following properties are straightforward to check:

(1)  Under the Fourier isomorphism, Tw)l() and wa

.. x x x
(i) Twz o TwzS = Twz %,.

"9 correspond to each other.

(iii) Ifa: Gy = G, isan isomorphism betw;en two of ouag groups, then, for
any z € Xg,(L), the twist operators Twaf(lz) and Tw, °2
each other under the isomorphism

@ R (XG,) = Ri(X6,).

correspond to

4.1.4 The LT-isomorphism, part 1

We write B for the open unit ball over L. The Lubin—-Tate formal o7 -module gives
B an oy -action via (a, z) > [a](z). If Ok (B) is the ring of power series in Z with
coefficients in K which converge on B(Cp), then the above oy -action on B induces
an action of the monoid oy \ {0} on Og (B) by (a, F) — F o [a]. Similarly, as before,
we let @7, denote the action of 7. Next we consider the continuous operator

tr: Og(B) —> Ok (B)
@~ Y fO+ira).

yeker([mL])

Coleman has shown (cf. [21, Lem. 3] or [80, §2]) that tr(Z*) € im(¢pz,) for any i > 0.
Hence, since ¢y, is a homeomorphism onto its image, we have im(tr) € im(¢z) and
hence, since ¢ is injective, we may introduce the K-linear operator

YL : Og(B) - Ox(B) such that nL_ltr =L oVyr.

One easily checks that V7, is equivariant for the oy -action and satisfies the projection

formula ¥z (fior (f2)) = ¥L(f1) f2 as well as Y1, o o1, = %'
Furthermore, we fix a generator 1’ of 7, as oy -module and denote by Q = Q,

the corresponding period. In the following we assume that 2 belongs to K. From
[74, Thm. 3.6] we recall the LT-isomorphism

K O () S Ok (B)

F — [z — F(Kz)], (56
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where k;(a) = 1 + Fy([a](z)) with 1 + F,/(Z) := exp(2 log;+(Z)). It is an iso-
morphism of topological rings which is equivariant with respect to the action by the
monoid or \ {0} (as a consequence of [74, Prop. 3.1]). Moreover, Lemma 4.1.2
implies that the oj -action on Ok (B) extends to a jointly continuous D(oy, K)-
module structure (by descent even for general K) and that the LT-isomorphism is
an isomorphism of D (o}, K)-modules.

By the construction of the LT-isomorphism we have

K*(eve) = exp (a2log (Z)) € oc,[Z] foranya € or.
Hence, Lemma 4.1.3 implies that

k*(ker(Yi*)) = D exp (aQlog;1(2))erL (Ok (B)).

acRgp

where Ry C o denotes a set of representatives for the non-zero cosets in oy, /7 or .
Using that log; (Z1 +11 Z2) = log; 1(Z1) + log; r(Z>), we compute

tr (exp (a2 logLT(Z))) = Z exp (aQ log; (¥ 411 Z2))
yeker([rL])

= ( Z exp (a2 logLT(y))) exp (a2 log (Z))
yeker([z])

= ( Z Ky(“)) exp (anOgLT(Z))'

yeker([z])

But the «, for y € ker([7r7]) are precisely the characters of the finite abelian group
or/mroL. Hence, Zyeker([m]) ky(a) = 0fora € Ry. It follows that K*(ker(wf)) =
ker(yr). We conclude that under the LT-isomorphism 17 corresponds to %Wf
using the fact that we also have a decomposition

O (B) = Z exp (aQ logLT(Z))(pL ((DK(B)). 4.7

acoy [my,

In the following we denote by
Mz : D(TL, K) S Og(B)VL=°
the composite
D(I'.K) = D(o}, K) = Ox (B)VE = = Ok (B)"+=°,

where the first isomorphism is induced by the character yrr : I'r =N o, the sec-
ond one is the Mellin transform Mt from Lemma 4.1.6, and the third one is the
LT-isomorphism. By inserting the definitions we obtain the explicit formula

SHELT(/\)(Z) = A(KZ (¢] XLT)'
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The following commutative diagram relates the pairing in [74, Lem. 4.6],

{,}:0kB)xC*"o0r,K) > K
(F, f) = pn(f),

where u € D(or, K) is such that u(k,) = F(z), to the construction of the above map
E[RLTI

A, A
DT, K) x €™, K)&L22 D) g

fmul J/(XLT)*

OkB)VL=" x  C™(o},K)

gl lextension by 0

0kB)  x C™(oy,K)— K.

Remark 4.1.20 (Q € K). Forany F € Og(B)Y2=% and any f € C* (oL, K) such
that f|of = 0 we have {F, f} = 0.

Proof. We have seen above that under the LT-isomorphism 7, corresponds, up to a
non-zero constant, to wzs and hence further under the Fourier isomorphism to wf .

It therefore suffices to show that for any u € D(or, K )'pl{D =% we have u(f) = 0.
For this we define f := f(np—) € C* (oL, K) and note that (71 )1(f) = f. By the
definition of ¥ f we therefore obtain, under our assumption on p, that

w(f) = pu(f) =P w(f) = u(f — mn(f)) = nO) =0. n

Lemma 4.1.21 (Q € K). Forany F € Ox(B)Y2=1 and n > 0 we have

n+1
L

SRETI((l—%LsDL)F)(XfT)=Q_”(1— - )(3ﬁwF)|z=o-

Proof. Note that (1 — ”TLgoL)F belongs to Og (B)Y2=°. Letinc, € C*(oz, K) denote
the extension by zero of the inclusion oz C or,and letid : o — K be the identity
function. Using the above commutative diagram, the assertion reduces to the equality

n+1
{(1=ZLgL)F.inc}} = sz—"(l - L )(BﬁvF)|Z=0-

By Remark 4.1.20 we may replace on the left-hand side the function inc} by the
function id”. Next we observe that x id" (x) = id" ! (x). Hence, by [74, Lem. 4.6 (8)],
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ie, {F,xf(x)} = {Q 10 F, f}, and induction, the left-hand side is equal to

{(1 = 7L ) F.id"}
= {Q7"3,((1 — o) F),id’)

mnv

n+1
= {Q7"(1 = "—1) (@}, F),id°}  since dinypr = TLeLiny by (2.3)
n+1
=Q7"(1— ”Lq ¢1)(%,F)jz=o since id’ is the trivial character of o,
n+1
= Q7" (1= =) (8, F)iz=o since [1£](0) = 0. .

In the course of the previous proof we have seen that, for F in Qg (B)¥2=° and
n=>0,
Mir (F)(xir) = Q7" (9 F)iz=0- (4.8)

nv

Lemma 4.1.22 (2 € K). Forany F € Ox(B)Y2=% and n > 1 we have
Mzt (logir - F)(xl) = nQ M (F) (i .
Proof. First, using (2.3), observe that
YiogirF) = yrry grllogy) - F) = mp gr(logi ) yr(F) = 0.

Secondly, note that di, log;r = 1, i.e., d' log;r = 0 for i > 2; also log;(0) = 0.
Using (4.8) twice, we have

Wiy (logiy F)(xir) = Q7" (3, (logr F)), 5,

= Q_n( Z (7) (8an logLT)(aij;lvF)>|Zz0

i+j=n
= Q" (3 F)iz=0
=nQ "M F) (Y. L]

For the rest of this section we assume not only that K contains €2 but also that the
action of G, on C,, leaves K invariant.
The LT-isomorphism is a topological ring isomorphism

K ®L OL(X) = Og(X) = Ok (B) = K ® OL(B)

(cf. [8, Prop. 2.1.5 (ii)] for the outer identities).
On both sides we have the obvious coefficientwise Gy -action induced by the
Galois-action on the tensor-factor K. We use the following notation:

* 0 € G acting coefficientwise on Ok (B) is denoted by: F + ° F'; the correspond-
ing fixed ring is Og (B)°L = O1(B).
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e The coefficientwise action on Qg (X) transfers to the twisted action on Qg (B)
by [74, before Cor. 3.8] given as F +—°* F :=° F o [t(0~1)]; the corresponding
fixed ring is Ox (B)°L* = @1 (¥) = D(or, L).

Remark 4.1.23. Note that the o7 \ {0}-action and hence the D (o], L)-module struc-
ture commute with both G -actions. Moreover, 17, commutes with the G -actions as
well.

Recall that using the notation from [74, Lem. 4.6 (1), (2)] the function
1+ Fap (Z) = exp (a2 10gLT(Z))

corresponds to the Dirac distribution 8, of a € oy, under the Fourier isomorphism.
Lemma 4.1.24. Leto bein G, t' € T, and a € oy, Then

1) 0(Qy) = Q) = Qpt(o) and

(i) 7 Fay = Fay o [t(0)] = Fazo)-

Proof. (i) The Galois equivariance of the pairing ( , ) : T}, ®,, C, — C, from [74,
before Prop. 3.1] with (¢, x) = Q,x implies that

o(Qy) = Q(7(),") = Q‘E(O’)Z/’

while the o -invariance of that pairing implies that the latter expression equals Q247 (o).
(i1) This is immediate from (i) and the definition of F, taking equation (2.3) into
account. ]

Proposition 4.1.25. We equip the distribution rings D(or, K) and D(oj , K) with the
Gy-action which is induced from the coefficientwise action on Og(B) and Ok (B)¥1=°
via the LT-isomorphism and Mellin transform, respectively. Then the following holds
true:

(1)  Theisomorphism®: D(or, K) = Ok (X) = Og (B) composed of LT together
with Fourier restricts to an isomorphism

D(or. K)%* = Og (%)%t =~ Og(B)°L = OL(B)

of D(of, L)-modules.

(i)  The Mellin transform restricts to an isomorphism of D(o} , L)-modules
D(of, K)o* = Og (®)9V+=0 = OL.(B)V+ .

Proof. (i) and (ii) follow from passing to the fixed vectors with respect to the coeffi-
cientwise Gy -action and Remark 4.1.23. [
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In order to express the D(o;, L)-module D (o), K )GL-* in the above proposition
more explicitly, we describe the previous two actions on Ok (B) now on D(or, K):

e The coefficientwise Gy -action on D(or, K) = K =9 D(or, L), which corre-
sponds to the twisted action on Ok (B), will be written as A — 7 A.

e The Gr-action given by A > 7(0)«(° A) corresponds to the coefficientwise action
on Ok (B).

Note that for A € D(of ., K) we have 7(0)«(A) = 87(o)A, where the right-hand side
refers to the product of A and the Dirac distribution (4 in the ring D (o5, K). Then
we conclude that

D@0} K)* = {1 € D(0}.K) | X = § (1A forallo € G}

4.2 Consequences of Serre duality

Recall that in any quasi-separated rigid analytic variety the complement of any affi-
noid subdomain is admissible open (cf. [70, §3 Prop. 3 (i1)]). This applies in particular
to quasi-Stein spaces since they are separated by definition. For a rigid analytic vari-
ety %) we will denote by Aff(%)Y)) the set of all affinoid subdomains of ).

We have seen that X, X*, and X,; for n > 1 all are one-(equi)dimensional smooth
Stein spaces.

4.2.1 Cohomology with compact support

We slightly rephrase the definition of cohomology with compact support given in
[90, §1] in the case of a Stein space %) over L. For any abelian sheaf ¥ on %)) and any
U e Aff(%Y)) we put

HY (Y, &) :=ker (F (V) - F(Y\ W).

This is a left exact functor in ¥, and we denote by Hy (YY), F) its right derived func-
tors. Since quasi-Stein spaces have no coherent cohomology, the relative cohomology
sequence (cf. [90, Lem. 1.3]) gives rise, for a coherent sheaf ¥, to the exact sequence

0~ Hj(Y.F) = F(Y) » F Y\ W) » Hy(Y.F) - 0. (49)
We then define the cohomology with compact support as
* T\ e . * lrod
UEAF(Y)

Again, if ¥ is a coherent sheaf, we obtain the exact sequence

0— HYY.F)—>F(Y)— lim FY\W - H (Y, F) - 0.
UeAF(Y)
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Suppose in the following that j : %) — %)) is an open immersion of Stein spaces
(over L) which, for simplicity, we view as an inclusion.

Lemma 4.2.1. For any U € Aff(%Y)o) the covering YY) = (V) \ U) U Yo is admissible.
Proof. This follows from [90, Lem. 1.1]. [

Lemma 4.2.2. For any U € Aff(%)o) and any sheaf ¥ on %)) the natural map

res

H3 (). F) 5> Hyi (Do, F)
is bijective.

Proof. Recall that for an injective sheaf on %) its restriction to %)) is injective as well.
Hence, by using an injective resolution, it suffices to proof the assertion for * = 0.
Injectivity: Let f € HJ (), ¥) such that f|¥)o = 0. Since f | \ U = 0 as well,
it follows from Lemma 4.2.1 that f = 0. Surjectivity: Let g € Hg(‘po, F) so that
gl%Wo \ U = 0. Using Lemma 4.2.1 again, we may define a preimage f of g by

fIY\U:=0and f|Yo := g. ]
By passing to inductive limits we obtain the composed map

j! : H:(mo’?)

-1
_ . * - S . * Ireg . * Frog
= lim  Hy(Wo,¥) —> lim Hy(Y.F)— lim Hy(Y F)
UeAff(Yo) UeAff(Yo) UeAF(Y)
=HI(. F).

For later purposes we have to analyze the following situation. Let
Uycl,c--cl, - Y= Ju,
n
be a Stein covering. We assume that each admissible open subset ), := ) \ U,, also
is a Stein space. Since --- C %), C --- € Y); < %), we then have the projective system
o> HE(Yn F) = - > HIX (V1. ) = HI (Y. F).
By Lemma 4.2.2 we may rewrite it as the projective system

UEAff(Yr) UEAFf(Y1) UEAS(Y)
(4.10)
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Lemma 4.2.3. In the above situation we assume in addition that ¥ is a coherent
sheaf and that the restriction maps ¥ (Y)) — F () \ W) for any U € Aff(Y))) are
injective. We then have

. 1 . . o~
lim Hy (Y. &) = (lim  lim  F@\ W)/F (V). .11

n n UEAF(Yy)
Proof. This is immediate from (4.10) and the relative cohomology sequence. |

For coherent sheaves F all the above cohomology vector spaces carry natu-
ral locally convex topologies, which we briefly recall. The global sections ¥ ()))
and £ (YY) \ U), for U € Aff(Y)), are Fréchet spaces. Using the relative cohomol-
ogy sequence (4.9), we equip Hy} (%)), ) with the quotient topology from () \ U)
(which might be non-Hausdorff) and then H! (), ¥) with the locally convex induc-
tive limit topology (with regard to varying ).

Remark 4.2.4. Let
MO —2 5 M1

L]

NO LN
be a commutative diagram of Fréchet spaces such that the induced map coker(o) —
coker(f) is bijective; then the latter map is a topological isomorphism for the quotient
topologies.

Proof. A more general statement can be found in [2, Chap. VII, Lem. 1.32]. [ ]

Using this remark, we see that the bijection H& &, F) i;) H&(‘Do, F) from
Lemma 4.2.2 is a topological isomorphism. It follows that, in degree one at least,
the above map j; is as well as the transition maps in the projective system (4.10)
are continuous. Hence, both sides of (4.11) carry natural locally convex topologies by
performing the operations 1(21 and 11_1‘1)1 in the category of locally convex vector spaces.

Lemma 4.2.5. The isomorphism (4.11) is topological.

Proof. First of all, one checks that forming the projective limit on the right-hand side
commutes with passing to the quotient space by ¥ (%)) (compare (ii) in the proof of
[63, Thm. 4.3] for a more general statement). Secondly, as a special case of [15, I1.28
Cor. 2], forming inductive limits commutes with passing to quotient spaces. This
reduces us to Hll1 Y\U,F) = F Y\ U)/F () being a topological isomorphism,
but which holds by definition. ]

In the following, we compute (4.11) further in two concrete cases.
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The open unit disk

Let B = Bjg,1) denote the open unit disk over L. We recall our convention that all
radii are assumed to lie in (0, 1) N p@. For any radii r < s we introduce the affinoid
disk B[o,;] as well as the open disk B[ ;) of radius r around 0 and the affinoid annulus
B := {r < |x| < s}. We put B, 1) := B\ Bpg ], which are Stein spaces. By the
identity theorem for Laurent series the assumptions of Lemma 4.2.3 are satisfied for
the structure sheaf @ = Op of B. We first fix a radius r and compute the cohomology
H]} (B(,1), 0). By Lemma 4.2.2 and the relative cohomology sequence we have

H!Bn.0)= lm  HyB.0)=( lm OB\ W)/0®).
UEAL(B(,, 1)) UEA(B(,1))

Of course, it suffices to take the inductive limit over a cofinal sequence of larger
and larger affinoid annuli in B, ;). For this we choose two sequences of radii r <
e Ly < < T, S < < Sy < -+ < 1 with (), and (8y,)m converging to r
and 1, respectively. Each space B \ B[ =B, U Byo,,,) has two connected
components. We see that

H!B.1). 0) = ( lim O(B,,1) ® lim OByo,r,)))/O(B).

m—00 m—0o0

T sSm]

As explained in Lemma 4.2.5 this is a topological equality. We observe that

Re = R (B) = lim O(Bgs,.1))

m—00

is the usual Robba ring (over L), whereas OT(B[OJ]) = li_r)nm_)Oo O (Byo,r,,)) is the
ring of overconvergent analytic functions on B[ ,]. Hence,

H!(B(1),0) = (R & OT(Bjo,1)))/O(B).

Passing now to the projective limit with regard to r — 1 of the continuous restriction
maps O(B) — OT(B[OJ]) — O(Byo,/]), we observe that l(il_nr_)1 OT(B[OJ]) =0O(B)
holds true topologically. We finally deduce that
lim H! By, 0) = lim ( lim OB\ W)/O®B)
r—1 r—1 UeAff(B( 1)) 4.12)
= (RL ® O(B))/OB) = Ry,

as locally convex vector spaces.

The character variety X

Since X,c, = B/c, by [74], the injectivity of the restriction maps @ (¥X) — O (X \ U)
for any U € Aff(X) follows from the corresponding fact for B, which we saw already.
According to Proposition 4.1.9, the admissible open subdomains X, 1) of X are Stein
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spaces. In order to compute their cohomology with compact support in the structure
sheaf @ = %, we fix an n > 0. We choose a sequence of radii 741 > rpq2 > -+ > Sy
in S, converging to s, . Furthermore, we observe that the increasing sequence ($;)m>n
in Seo converges to 1. By Proposition 4.1.7 we then have the Stein covering

'%(Sn’l) = U '%[rmasm]‘

m>n

Hence, by Lemma 4.2.2, the relative cohomology sequence, and the explanation in
Lemma 4.2.5, we have the topological equality

H (X5, 0) = (lim O& N\ &y, 5,,1)) /O ().

m—00

The obvious set theoretic decomposition
X\ x[rm,sm] =%\ (%(Sm) \ '%_(rm)) = ('% \ '%(Sm)) U X" (rm) = x(sm,l) U X" (rm)

is in fact the decomposition of the space X \ Xy, s,,] into its connected components.
This can be checked after base change to C,, where, by [8, Prop. 1.20 and proof of
Prop. 2.1], the setting becomes isomorphic to the setting for the open unit disk which
we discussed in the previous section. Entirely in the same way as in the previous
subsection, it follows now that

H! (X(5,.1).0) = (RL(X) ® OT(X(50)))/ O (%),

T T j—
where OT(X(s,)) := h_n)lm_)oo X~ (rm), and then

lim H!(Z, 1, 0) = lim (lim O@\ Xp, 5,)/O(F)

n—00 n—00 m—>oo (4.13)

= (RL(X) ® O(X))/0(X) = RL(X)

as locally convex vector spaces.

4.2.2 Serre duality for Stein spaces

In the following, the continuous dual of a locally convex vector space is always
equipped with the strong topology.

The Serre duality for smooth Stein spaces is established in [11,20]. Let YY) be a
one-(equi)dimensional smooth Stein space over L.
Theorem 4.2.6. For any coherent sheaf ¥ on *Y) we have the following:

()  HLY, F) is a complete reflexive Hausdorff space.

(ii) Homy(F, Q) = H(Y, Homy (F, Qy)), being the global sections of

R
another coherent sheaf, is a reflexive Fréchet space strictly of countable

type (cf. [61, Def. 4.2.3]).
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(iii) There is a canonical trace map
try : H! (. Qy) — L
such that the Yoneda pairing
H. (). F) x Homy (¥, Qy) — H. (). Qy)

composed with the trace map induces isomorphisms of topological vector
spaces

Homi™ (H (%, 7), L) = Homy(F, Qy),
Hom™ (Homey (¥, Q4), L) = H} (Y. F)

which are natural in ¥ .

Proof. See [11, Thm. 7.1]> and [20, Thm. 4.21] (as well as [90, Prop. 3.6]). [

In the special case of the structure sheaf ¥ = Oy, the above assertion gives
us Homy (O, Q) = Q4 () for trivial reasons. On the other hand, the relative
cohomology sequence implies that

H (. Oy) = RL(Y)/ Oy (V). (4.14)

Hence, we have the following consequence of Serre duality.

Corollary 4.2.7. Serre duality gives rise to an isomorphism of topological vector
spaces

Hom{™ (2 ()/Oy (V). L) = Q3 ().

Lemma 4.2.8. Leta : %) — %) be a finite étale morphism of one-dimensional smooth
Stein spaces over L. We then have, for any coherent sheaf ¥ on %), the commutative
diagram of Serre duality pairings

HY(D.0*F)  x  Homy(@*¥, Q) — HIY, Q) —— L

=| l L

H! Y, axa*F) x Homy (axa*F, Q{D,) —— HLY, Q‘II)’) —— L

0 | || H

trsyy/
H}Y.F)  x  Homy(¥.Qk) ——— HN(Y.QY) —— L.

2This reference depends on the results in article [10], which unfortunately contains the fol-
lowing gaps. Firstly, in the proof of Lemma 4.2.2, Beyer quotes a result of Bosch concerning the
connectedness of formal fibers without verifying the required assumptions. This is repaired by
[54, Thm. 22, Cor. 23]. Secondly, Beyer claims implicitly and without proof that special affinoid
wide-open spaces are affinoid wide-open spaces in the sense of [10, Def. 4.1.1, Rem. 4.1.2].
This crucial ingredient has now been shown explicitly in [54, §2.5].
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Proof. The vertical arrows in the lower part of the diagram are induced by the adjunc-
tion homomorphism ¥ — a.o* ¥ . It is commutative by the naturality of Serre duality
in the coherent sheaf.

For the upper part we consider more generally a coherent sheaf § on %)) and check
the commutativity of the diagram

H! (Y. 9) x Homy (4. Q4) —— H1(Y. Q

zT lf'—m*(f) =

Hg(@’,a*g) X Homm/(a*g,a*ﬂ}y) —)Hcl(‘p’,oz*Q;b)

| |

treyy,
HIY . 0x§)  x  Homy(ew8.Q4) — HX(Y. QL) —> L.

‘1))

Here the second and third lower vertical arrows are induced by the relative trace map
try @ Oy Q‘ll) — Q}y/ (see below). The commutativity of the Yoneda pairings (before
applying the horizontal trace maps) is a trivial consequence of functoriality properties.
That the first and third upper vertical arrows are isomorphisms follows from the fact
that for a finite morphism the functor o is exact on quasi-coherent sheaves. This
reduces us to showing that the diagram

H{ (Y. Q)

S,

HI (Y. axQ2))

HE (Y Q)

(4.15)

is commutative.

For the convenience of the reader we briefly explain the definition of the relative
trace map try. But first we need to recall that any coherent axOs)-module M can
naturally be viewed (cf. [35, Prop. 1.9.2.5]) as a coherent (9;1) -module M such that
M = M (for any open affinoid subdomain B C %)’ one has M(oz 1(B)) = M(D)).
Since « is étale, we have (cf. [57, Thm. 25.1]) that

=

Since « is finite flat, the natural map

Homyy, (0 O, Or) @0, 2y —> Homyy, (0 Os. Q)
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is an isomorphism. Finally, since « is finite étale, the usual trace pairing is non-
degenerate and induces an isomorphism’

Homgy (0« Oy, Oy) = o Osy.
The relative trace map is now defined to be the composite map

@ Qy = aa (@O ®0,, L)~ = ax(Homy) (0O, O) Qo L)~

fefQ)
—

= (X*Homsx)/(a*(gﬁy, Qslp/)N = Homm/(a*(gﬁp, Qsly/) Qslp/

The commutativity of (4.15) is shown in detail in [54] and should also be a conse-
quence of [1, Prop. 6.5.1 (2)] upon showing that their general construction boils down
to the above description of the relative trace map. |

We make the last lemma more explicit for the structure sheaf. Let p : §Y) — 3 be
a finite, faithfully flat, and étale morphism of one-dimensional smooth Stein spaces
over L such that O (%)) is finitely generated free as an @3(3)-module. Fix a basis
Si...., Jn € O(Y)). Going through the proof of Lemma 4.2.8, one checks that on
global sections the relative trace map is given by

trp 1 Quy (V) = On(Y) ®o,3) 23(3) — 23(3)
h h
(4.16)
w = Zfz R w; Ztrace@m(m)/(gs@)(ﬁ)wi.
i=1 i=1

Hence, we have the commutative diagram of duality pairings

Hom§*™ (R ()/ O (), L) —— Q4 (V)
lHom(p*,L) llrp “4.17)
Hom§*™(R1(3)/03(3), L) —— Q4(3).

It remains to explicitly compute the relative trace map in the cases of interest to us.
But first we observe that, by the explanation at the end of Section 2.3 in [8], the sheaf
of differentials 52{10 on a smooth one-dimensional Stein group variety %) is a free Osy-

module. Furthermore, if %)) is one of our character varieties, say of the group G, then
by the construction before Definition 1.27 in [8] we have the embedding

L = Lie(G) — Oy ()
2 [ dy(@)]

and the function logy defined as the image of 1 € L = Lie(G).

3CT. [82, §49.3].
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Remark 4.2.9. The function logg corresponds under the LT-isomorphism « to the
function €2 log; by the commutative diagram after [74, Lem. 3.4]. In particular,
d logy corresponds to Qd log;; and 9%, to éamv, where df = 0% d logy defines
the invariant derivation on Ok (¥) similarly as for d;,, in (2.2).

Proposition 4.2.10. We have explicit formulae for the relative trace map in the fol-
lowing cases:

(i) Form}: X — X wehave QY (X) = Ox(X)d logg and
trys (fd logg) = Ly (f)d logy
(i) Forn>ngandl} :% = X, we have Q;EX (X)) = Ogx(X;))d logg>x and

trex (fd logg) = 77 (€3)«(f)d logg .

(iii) Forn>m>1and pmn: X5, — X we have Qzp. (X)) = O (X7,)d logg:
and

h
trpm.n (fd log.%,);,) = qn_mfld log.%;f lff = Z CVy; p;kn,n (ﬁ)?

i=1

where uy = 1,u,, ..., uy € Uy, are representatives for the cosets of U, in
Uy (with h .= g™~ ™).

(iv) Forn > 1and p, : ¥ — X,  we have Q;EX (XX) = Oxx(X*)d logg= and

h
trp, (fd logex) = (¢ — g" " fid loggx  if f = evy, pi(fi).

i=1

where u; = 1,us,...,uy € U, are representatives for the cosets of U, in
oF (withh := (g — 1)¢"").
(v)  For the multiplication jL, : X* = xx by a fixed point y € X*(L) we have

truy (fd loggx) = pyx(f)d loggx = )~ (f)d loggx .

Proof. All subsequent computations start, of course, from the formula (4.16) for the
relative trace map.

(1) The assumptions are satisfied by Lemmata 4.1.1 and 4.1.10. As explained at
the end of Section 2.3 in [8], the sheaf of differentials Q ée on X is a free Ox-module
of rank one with basis the global differential d logg. By [8, Lem. 1.28 (ii)] we have
¢r(logg) = mz logg. The formula for tr, + now follows from Remark 4.1.4.

(i1) The assumptions are trivially satisfied. The map d ¢, : L = Lie(U,) — L =
Lie(oL) is multiplication by ;. It follows that the isomorphism (£,)* : Ogx (¥;;) —
Ox(X) sends logyg> to ;" logg. This implies the assertions.
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(iii) The assumptions are satisfied by Remark 4.1.18. The inclusion U, — U,
of an open subgroup induces the identity map on the Lie algebras. It follows that
Pmn(102%3) = logg:x . Since pp,n is étale, we first may apply this with some 7 > ng
and, using (ii), deduce that Q;E,Xn (X5,) = Oz (X;,)d loggx for any m > 1. The for-
mula for tr,,, , follows by the same argument as in the proof of Remark 4.1.4.

(iv) The argument is the same as the one for (iii).

(v) The assumptions are trivially satisfied. Using that dy(1) = % x(exp(1))|r=0,
we check that

logag~ (x1x2) = loggx(x1) + logxx(x2)

holds true. We deduce p} (d logg~) = d loggx and hence the formula for tr,,. =

We briefly remark on the case where our Stein space is the open unit disk B around
zero. Then Ry, (B) is the usual Robba ring of all Laurent series f(Z) = Y ;cz ¢i Z"
with coefficients ¢; € L which converge in some annulus near 1. Analogously to
(4.14), we have

H}(B.Q}) = RL(B)dZ/Op(B)dZ

and the trace map sends Y ;. ¢; Z'dZ to its residue which is the coefficient c_; (cf.
[11,§3.1]).

4.2.3 Duality for boundary sections
First, we recall another functoriality property of Serre duality.

Proposition 4.2.11. Let j : §Y)o — %)) be an open immersion of one-(equi)dimensional
smooth Stein spaces over L, and let ¥ be a coherent sheaf on %)). Then the diagram

HM).F) x  Homy(F.QY) —— HA(Y. Q) — 2 L

J T lres j! T
trsz) 0

HY(Wo.F) x Homy,(F.QL ) —— HI(Yo. Q4 ) —— L
is commutative.

Proof. The commutativity of the Yoneda pairing (before applying trace maps) is imme-
diate from the functoriality of the cohomology with compact support in the coefficient
sheaf. The assertion that trsy o ji = try), holds true is shown in [90, Thm. 3.7]. ]

In order to combine the above functoriality property with Lemma 4.2.3 in the case
of the structure sheaf ¥ = Oy, we first recall the setting of that lemma.

(1) Y = U, U, is a Stein covering of the Stein space YY) such that the %), =
%) \ U, are Stein spaces as well. In particular, Ry, (Y)) = h_r)nn Oy (Yn) with
the locally convex inductive limit topology.



(¢r, 'z, )-modules over the Robba ring 66

(2) The restriction maps Oy (YY) — Oy (Y) \ U) are injective for any U € Aff(%Y)).

(3) The inductive system of Fréchet spaces

QY1) = = QL (V) = QY (Vus1) = -+

is regular (cf. [61, Def. 11.1.3 (i1)]). By [61, Thm. 11.2.4 (ii)] the locally con-
vex inductive limit

Qg p) =My (Vo) = lim QY \ W)
n UeATf(Y)

is a locally convex Hausdorff space.

Proposition 4.2.12. [n the above setting we have a natural topological isomorphism

HomcLom(leﬂL(SD)v L) ~ (Lln h_[)n Dy(y \ u))/@‘y(m)
n ‘U,EAff(yn)

(where the left-hand side is equipped with the strong topology of bounded conver-
gence).

Proof. The asserted isomorphism is the composite of the isomorphisms

Hom{™ (2%, o). L) = Hom{™ (lim QY (V). L) = LiLnHomCL(’m(sz}y(‘pn), L)
n n
= lim H; (Yn. Oy)
n
= (lim lim  Dy(¥\ W)/Oy(Y).
n UeA(Y;)

The isomorphism in the first line comes from [61, Thm. 11.1.13]. The equality in the
second, resp., third, line is a consequence of Theorem 4.2.6 and Proposition 4.2.11,
resp., Lemmata 4.2.3 and 4.2.5. [

‘We now evaluate this latter result in the same concrete cases as in Section 4.2.1.

The open unit disk

First of all, the sheaf of differentials QII; on the open unit disk B is a free @g-module
of rank one. Hence, by choosing, for example, the global differential dZ for a coor-
dinate function Z, as a basis, we obtain a topological isomorphism Rz, (B) = Q}RL ®)
as Ry (B)-modules. The regularity assumption in (3) above therefore is reduced
to the corresponding property for Rz (B), which is established in the proof of [8,
Prop. 2.6 (1)]. Hence, Proposition 4.2.12 is available. By combining its assertion with
(4.12) we obtain a natural topological isomorphism

Hom§™ (RL(B), L) = Homy™ (R, ). L) = RL(B). (4.18)
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This shows that Ry, (B) is topologically self-dual. By going through the definitions
and using the explicit description of the trace map in this case as the usual residue
map (end of Section 4.2.2) one checks that this self-duality comes from the pairing

RL(B) X ZRL(B) — L
(f1(2). f2(Z)) + residue of f1(Z) f>(Z)dZ.

This latter form of the result was known (cf. [64, 67]) before Serre duality in rigid
analysis was established. In this paper, it is more natural to use the self-duality given
by the pairing

(,)B:RL(B)x RL(B) —> L
(f1, f2) > residue of f1 fod log; .

We will denote by resg : Q}RL @ — L the linear form which corresponds to 1 €
R (B) under the second isomorphism in (4.18).

The character variety X

We recall that the sheaf of differentials 2 ;E on X is a free Ox-module of rank one with
basis the global differential d logy. Hence, again we have a topological isomorphism
R (X) = Q,IRL @) 8 R 1 (X)-modules. The regularity assumption in (3) above there-
fore holds by [8, Prop. 2.6 (i)]. Hence, Proposition 4.2.12 is available. By combining
its assertion with (4.13) we obtain a natural topological isomorphism

Hom§™ (R (%), L) = HomP™ (R, z) L) = RL(X). (4.19)

This shows that Rz (¥) is topologically self-dual. Let resx : Q}RL ) — L be the
linear form which corresponds to 1 € Ry, (X) under the above isomorphism. Then, as
a consequence of the naturality of the Yoneda pairing, this self-duality comes from
the pairing®
() RL(X) X RL(X) - L
(f1, f2) > resx(f1 f2d logg).

Next we consider X, for some n > ng, where no > 1 is the integer from Sec-

tion 4.1.2. We then have the isomorphism of Stein group varieties £ : X N Xy

Hence, all we have established for X holds true correspondingly for X;. In particular,
we have a natural topological isomorphism

(4.20)

Hom{™ (R (%), L) = Homy™ (R, x> L) = RL(X;).

“Warning: If L = Q,,, then ¥ = By = B with the latter isomorphism given by z > z — 1;
but the self-dualities (4.18) and (4.19) do not correspond to each other since in this case d logy
corresponds to d log(1 + Z) = H_%dZ.



(¢r, 'z )-modules over the Robba ring 68

Letresgx : QIRL @~ L be the linear form which corresponds to 1 € Ry (X)) under
this isomorphism. We obtain that Ry (X)) is topologically self-dual with regard to the
pairing
(ag t RL(E)) x RL(Xy) — L
(/1. f2) > resgx (1 f2d loggx).
It follows from [90, Thm. 3.7] that the diagram

1
@ RL(Z) resx

)« | = L

Ry (X7

is commutative. But in the proof of Proposition 4.2.10 (ii) we have already seen that
(£y)«(logg) = 7} logx>. Therefore, the diagram of pairings

R®  x R@®-L
(z;;)*Tg nZ(ZZ)*l; 4.21)
(a) x
RLED)  x RLE) L

is commutative. Alternatively, we could have used the following observation.

Remark 4.2.13. Let p : YY) — 3 be one of the morphisms in Proposition 4.2.10. Then
Proposition 4.1.11 applies, and it follows that, for any admissible open subset U C 3

which is Stein, the relative trace map tr,,| ,—1yy) is given by the same formula as for tr,.

In the case of the morphisms 7; and pj,,, forn > m > ny, this immediately leads
to the following equalities of pairings.

Lemma 4.2.14. We have the following:
@) Apr (1), foda = L fi, V] (f2))x for any fi, fo € RL(F).
(i) Letn>m>ngandletu; =1, us,...,up € Uy, be representatives for the

cosets of Uy in Uy, (with h := q"™); for any f’ € R (X)) and any f €
RL(X),, of the form f = Zl}'l=1 eVu; P n(fi) (cf. Remark 4.1.18) we have

(omn (D) [l = a" " (S, fi)s-

The multiplicative character variety X

We fix an n >n¢ for the moment as well as representatives u1 =1, up, ..., uy € O}j for
the cosets of Uy in o} (with h:= (g —1)¢"~"). Recalling from Lemma 4.1.15 (ii) that

RL(X¥) = Z[of] ®z(u,) i (RLE))).
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we may write any f € Rp(X*)as f = Z?zl evy; pn(fi) with uniquely determined
fi € RL(X)). We now define resgx : Q}RL(BEX) — L by

resgx (fd logg=) := (¢ — 1)g" ™" resgx (f1d logg:) (4.22)
and then the pairing

(et RLE®) X RL(X™) —> L
(f1, f2) > resz= (/1 f2).
These definitions are obviously independent of the choice of the representatives u;.

Moreover, due to Lemma 4.2.14 (ii), they are independent of the choice of n as well
and we have

(4.23)

(on (). flex = @@= Da" 7 (f' fi)ax (4.24)

forany £ € Rp (&) andany f =Y evy, pi(fi) € Ru(®)*, where u; € 0]
runs through representatives for the cosets of U, in o . The topological self-duality
of R (X)) easily implies that this pairing makes Rz, (X*) topological self-dual.

Lemma 4.2.15. The twist morphism [1, : X* — X*, for any y € X*(L), satisfies

(5. 15 (D) x = (f1. f2)xx  forany fi, fo € RL(EX).

Proof. The assertion immediately reduces to checking the equality resgx o,u; =
resgx. Obviously, there are twist morphisms on X, as well. One easily checks that

* x % *
Hex © Pn = Pn © Hyju,

and that
wy(evu) = x(u)ev, foranyu € oy.

Using Lemma 4.1.15 (i), we write an f € Rp(X*) as f = Zf-’zl evy; p,(fi) and
compute

h h
() =Y whievi) i (s () =D evu; op (X iy, ())-
i=1 i=1

This shows that 1} (f)1 = 'u;l U, (f1). This further reduces the claim to showing that
resgx OM;IU,, = resgx. But this follows from [90, Thm. 3.7] or, alternatively, from a
version of Proposition 4.2.10 (v) for R (X;). ]

Of course, everything in this entire Section 4.2 remains valid over any complete
extension field K of L contained in C,. Moreover, our constructions above are com-
patible under (complete) base change: Let YY)k denote the base change of §Y) over L
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to K (and similarly for affinoids). Then we obtain a commutative diagram

=RL (@) X Q}RL Q)]

> L
l l [ (4.25)
> K.

<(RK(§-DK) X Q}’RK(‘DK)

Indeed, it is shown in [54] that Serre duality is compatible with base change in the
sense that there is the following commutative diagram for any 7, in which the hori-
zontal lines are the Serre dualities over L and K, respectively:

Hcl(iUn,@m) X Q%D(;-Dn) > E
HY k. Op)  x QY (Vak) . K.

Hence, taking limits as in the proof of Proposition 4.2.12, the claim follows upon
observing that also the relative cohomology sequence (4.9) is compatible with base
change. By inserting 1 € R (YY) € Rk (Yk) into the pairings of (4.25), we see that
in any example discussed above the residue maps resy) are compatible under base
change as well as the pairings ( , )s. Since Rx(Yx) = K ®r. R () (and hence
Ql ~K® L. Q}RLCD)) by [8, Cor. 2.8] with respect to the (completed) induc-

"Rk (k) T
tive tensor product, we see that

ressy, = K @)L,L ressy (4.26)
and that we have the commutative diagram
K&, HomP" (RL(Y),L) — HomP" (K &7 , RL(Y).K) = Hom™ (Rx (V). K)
glid K ®L  dualitys) ;ldualitym X

K ®r, RL(Y) Rk (V).

IR

4.3 (¢L,I'z)-modules

As before, we let L € K C C,, be a complete intermediate field, and we denote by
ok its ring of integers.

4.3.1 The usual Robba ring

In Sections 4.2.2 and 4.2.3, we already had introduced the usual Robba ring R =
Rk = Rk (B) of the Stein space B,k in connection with Serre duality. We briefly
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review its construction in more detail. The ring of K-valued global holomorphic func-
tions” Ok (B) on B is the Fréchet algebra of all power series in the variable Z with
coefficients in K which converge on the open unit disk B(C,). The Fréchet topology
on Ok (B) is given by the family of norms

ez

i>0

= max|c,-|ri forO<r <1.
14

In the commutative integral domain O (B), we have the multiplicative subset ZN =
{Z/ : j € N}, so that we may form the corresponding localization Ok (B) zn. Each
norm | |, extends to this localization Ok (B) zn by setting

el

i>—00

:= max|c; |r’.
1

The Robba ring R 2 Ok (B) is constructed as follows. For any s > 0, resp., any
O<r<s,in p@ let Bpg 4], resp., By, 51, denote the affinoid disk around 0 of radius s,
resp., the affinoid annulus of inner radius r and outer radius s, over K. For I = [0, 5]
or [r, s] we denote by

RT .= RE(B) := Ox(B))

the affinoid K-algebra of By. The Fréchet algebra RV = hm .ﬂ[r s1is the
algebra of (infinite) Laurent series in the variable Z w1th coefﬁments in K which
converge on the half-open annulus By, 1) := |, -, B[s]. The Banach algebra R0
is the completion of @ (B) with respect to the norm | |;. The Banach algebra R
| 1s)- It
follows that the Fréchet algebra RI"1) is the completion of Og (B) ,n in the locally
convex topology defined by the family of norms (| |,s)r<s<1. Finally, the Robba ring
is R = Uper g RV,

Remark 4.3.1. Ok (B)zn is dense in Rg(B).

___d__ T
Let p~ @=De < r < < 1. Then we have a surjective map

Birs) = Bprasa)

4.27)
z > [mL](2)
according to [33, proof of Lem. 2.6].° It induces a ring homomorphism
oy N R Rlrs] (4.28)

5In the notation from [25, §1.2], this is the ring Rt.

The proof there is only written for the special Lubin-Tate group, i.e., such that [r7] =
X9 + m; X, but generalizes easily by using the fact that [77] = X9 4+ 7y X f(X) with f(X) €
or [X]™.
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which is isometric with respect to the supremum norms, i.e.,

q ¢4
o )y = ey forany f & R,

In particular, by taking first inverse and then direct limits we obtain a continuous
ring homomorphism ¢, : R — R. We shall often omit the interval in ¢z ] and just
write ¢y..

Similarly, we obtain a continuous ['z -action on RR: According to loc. cit., we have
a bijective map

Birs1 = Birg)
z = [rur((z)
for any y € I'r, whence we obtain an isometric isomorphism

y : RS RIS

with respect to the supremum norms, i.e., |V(f)|r,s] = |.f|[r,s) forany f € R
Finally, we extend the operator ¥, to R: For y € ker([rrz]) we have the isomor-
phism

Bis1 = Bl

ZW>Z 17y

of affinoid varieties because |z +1ry|=|z+ y|=|z|. The latter equality comes from

__d 1 .
|z|>r>p~@De =q~a-T =|y| for y #0. Setting tr( /) :=> ) crer(ir, [ +11 ),
we obtain a norm decreasing linear map tr : R$1 — RI"5] We claim that the image
of tr is contained in the (closed) image of the isometry (pgq’sq], whence there is a
norm decreasing map

Yeor @ RUST — R

such that @7, o ¥co = tr. Indeed, by continuity it suffices to show that tr(Z’) belongs
to the image for any i € Z. Fori > 0, Coleman has shown that tr(Z%) = ¢z (Yco(Z7))
with Yco(ZY) € 0L [Z] < RI59] see [80, §2]. Fori < 0, we calculate

o (Zea(Im) (27 Z)) = euZH( Y. DT ZNZ +ir )

yeker([m,])

=) Y lZ i) (Z A y))
yeker([r,])

=) Y a@Z )
yeker([rr])

= > (Z+uy) =uwz),

yeker([])
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whence the claim follows. We put wg’s] = %w(;ol : RIS R which induces
the continuous operator ¥z, : R — R by taking first inverse limits and then direct
limits. By definition of tr the operators wg’sl and hence 7, satisfy the projection
formula. We shall often omit the interval in I[f’s] and just write Y .

As in Section 4.1.4, we fix a generator 1’ of the dual Tate module 7, and denote
by €2 the corresponding period. For the rest of this subsection we assume in addition
that K contains 2. Following Colmez in the notation, we introduce the power series
n(a, Z) := exp(aQ log;1(Z)) € ox[Z] for a € or. As noted in Section 4.1.4, the
power series 1(a, Z) is nothing else than the image under the LT-isomorphism «* of
the holomorphic function ev, € Ok (X). Generalizing the equality (4.7), we have the
following decompositions of Banach spaces:

Rl = P R, 2) (4.29)
acoyr [n}
and hence
R= P ¢} R 2) (4.30)
acoy [}

of LF-spaces using the formula

r=(Z)"Y " gpvi (n(—a. Z)r)n(a. Z). 431

This can easily be reduced by induction on 7 to the case n = 1. Using the definition of
tr and the orthogonality relations for the characters k), for y € ker([r.]), the formula
follows and, moreover, defines a continuous inverse to the continuous map

=

Zlor] ®zgr, o) R 2 R
a® fapr(f).

Inductively, we obtain canonical isomorphisms

Zlor] ®Z[n1’joL] R[rq",sq”] = Rlrsl

(4.32)

a® fapp(f).

Moreover, immediately from the definitions, we have
or(na. 2)) = n(rra. Z), (4.33)
O’(?](a, Z)) = n(XLT(o)a, Z) foro € 'y, (4.34)
L p(2 7) f IS ,

WL(n(avZ)) — )7L r](nL ) ora € myoy, (4.35)

0 otherwise.

Remark 4.3.2. We have 7, = ¢, o traceg/y, ()-
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Proof. Both maps tr and traceg,,, (®) are easily seen to be ¢z, (R)-linear and to be
multiplication by ¢ on ¢ (R). Hence, by (4.30), it suffices to compare their values
on the elements n(a, Z). By (4.35) we have

qer(n(x;'a,Z)) ifa € npop,
0 otherwise.

tr(n(a, 2)) = {

On the other hand, a similar computation as in the proof of Remark 4.1.4 shows that
trace g /o, (®) has exactly the same values. But ¢;, = %(pzl ofr. n

For uniformity of notation we put W}f = ”TLWL = é(pzl o traCer /g, (R)-

4.3.2 The LT-isomorphism, part 2

We assume throughout this subsection that €2 is contained in K. Since the map « :
B> Xisan isomorphism of rigid varieties, it preserves the systems of affinoid
subdomains on both sides. Hence, the LT-isomorphism (4.6) extends to a topological
isomorphism

K Rg(X) > Rk (B).

In order to have a uniform notation, we usually write from now on
Rk (¥) := O (k(Br))
for any closed interval I C (0, 1) so that we have the isomorphism of Banach algebras
K* T REX) S RL(B).

We warn the reader that only for specific closed intervals I there is another closed
interval I’ given by a complicated but explicit rule such that « (B;) = %;-. The precise
statement can be worked out from [8, Prop. 1.20].

In the following, we list a few compatibilities under this extended LT-isomorphism.

First of all, under this isomorphism, the I'y, = oz-action and the maps ¢y, on both
sides correspond to each other (cf. [8, §2.2]). Then it follows from Remarks 4.1.4
and 4.3.2 that the operators wg (defined at the end of Section 4.1.1) and wl]f (defined
in the previous section) also correspond under «*.

Secondly, as a consequence of [90, Thm. 3.7], we have the commutative diagram
Q}RK(%)

res

o | = K. (4.36)
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This combined with Remark 4.2.9 implies the explicit formula

resg(fd logg) = Qresg (k*(f)gird Z). 4.37)

4.3.3 ¢r-modules

Let %)) be either X or B and R := Rk (%))). Henceforth, we will use the operator
Yr = %w;y on R. We also put

_Jp Y =2%,
=13, ifry=8.

Definition 4.3.3. A ¢;-module M over R is a finitely generated free R-module M
equipped with a semilinear endomorphism ¢y such that the R-linear map

go}f,}‘:ﬁ@eﬂ,%Mi)M
f@mi> fou(m)
is bijective.

Technically important is the following fact, which for X is part of the proof of

[8, Prop. 2.24]. The proof for B is entirely analogous. It allows us to extend the above

maps and decompositions from the previous sections to ¢y -modules. For r > 0 we
introduce the intervals

10.99) = {(” Vo

[r,1) if%YY) =B.

Proposition 4.3.4. Let M be a g1 -module M over R. There exists a radius

_dp.
prt Y =X,
@ he i) =B

and a finitely generated free Ok (*V1(r,,5))-module My equipped with a semilinear
continuous homomorphism

ro =

oM, - Mo — OK(@I(rO,m)l/q‘n) ®0K(‘Dl(r0,m)) My
such that the induced Ok (%)) (ro.0) /4 )-linear map

lin .

(pMO . OK(SDI(rO,sp)l/CISX)) ®(9]( (ml(ro.‘l)))"pL MO — OK(SBI(,«O,S'D)I/Q‘IJ) ®0K (ml(r‘o.m)) MO
is an isomorphism and such that
R ®0K(‘Dl(r0m)) Mo =M

with 1. ® ¢um, and gy corresponding to each other.
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The continuity condition for the @y, of course, refers to the product topology on

Mo = (Ox (V1¢ro.0)° -

In the following, we fix a ¢ -module M over R and a pair (rg, My) as in Propo-
sition 4.3.4. For any ro < r’ < 1 and any closed interval I = [r,s] C I(+’,%))) we then
have the finitely generated free modules

MY . Ok V1¢ %)) ® Ok Vr0rg.m) M, over R[r,l)’
MI = (9[{(;@1) ®(9K(ml(r’.‘1))) Ml(r/’m) over (91{(;@[)

They satisfy
MICY —limM! and M = lim M), (4.38)

We equip M ! with the Banach norm | |,,; given by the maximum norm with
respect to any fixed basis (the induced topology does not depend on the choice of
basis) which is submultiplicative with respect to scalar multiplication and the norm
| [r on O (V).

Furthermore, base change with Ok () ;1/ay) ) over Ok (%)), o) /ay ) induces iso-
morphisms of Banach spaces

I _ 1) lin .
in = 1/ay) & :
@in = Ok (Dp1/0m) @Ok, 1 /ay) PMo

= I 1 /‘1‘1)
Ok (Y j1/ay) ok M" = M
and hence injective, continuous maps

1/
goI:MI—)MI v

by restriction.
Assuming that /9% C I(r', %)), we define the additive, K -linear, continuous map
vyl Ml - m! ™ as the composite
Loy @ v 19
v M —— O (Y1) ®(9K(S~D141,Y))"/’L M - M , (4.39)
where the last map sends f ® m to ¥/ ( f)m. By construction, it satisfies the projec-
tion formulae

vl @ (fym) = fylm) and ! (g9"™ (m")) =yl (e)m’,  (4.40)

for any f € Ox(W;4v), g € Ox(V1), and m € M1, m' € MT™ as well as the
formula q
1o 0% _ 49
vog = 1dM,qs1).
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Using Proposition 4.1.14 in case YY) = X, resp., the decomposition (4.29) in case
%) = B (under the assumption that 2 is contained in K), combined with (iterates of)
ol gives rise to decompositions

i {EBae(oL/,,p vagp (M) ifY =X, wan
@ae(oL/nZ) n(a, Z)pt(M?') ifY)Y=BandQ € K
of Banach spaces and
a = | Dactormpy VaeL (M) iFY = X, (4.42)
@ae(oL/yrZ) n(a, Z)ey (M) ifY) =Band 2 € K '

of LF-spaces, again given by the formula

m = {(71“) Za (prM(eV—a m)evg if Y) = X%,
(Z£)" 0 o ¥aa (n(~a. Zym)n(a. Z) if) =Band 2 € K.

4.3.4 The Robba ring of a group
Recall that L,, = L(ker([7r}])). We set

T, = Gal(Loo/Ln) = ker (T, 25 0F — (or./7})%).

Also recall from Sectlon 4.1.2 the notation U, := 1 —|— mjor for n > 1 and the iso-
morphisms log : U, = wjor and £, = ;" log: Uy = or forn > ng, where ng > 1
is minimal among 7 such thatlog : 1 + 7jop — mjor andexp : o — 1+ 7wjoL
are mutually inverse isomorphisms.

Obviously, yrr restricts to isomorphisms I', = U, for any n > 1. Consider the
composed maps

a2

é:zlogoXLT:FL—>L and énzzﬁnoXLT:FnﬁoL forn > nyg.

The latter isomorphisms induce isomorphisms of Fréchet algebras D (I, K) =
D(op, K).

Because of the isomorphisms I';, = of and ', = Uy, the formalism of char-
acter varieties and corresponding Robba rings applies to the groups 'y and [, as
well, giving us the corresponding character varieties X, and Xr,,, and the results of
Section 4.1.2 transfer to this setting. To make a clear distinction, we put Rg(I'r) :=
Rk (Xr,) and R (I'y) := Rk (Xr, ) and call them the Robba rings of the groups I'y,
and I',,. Clearly, the Lubin-Tate character ypr induces topological ring isomorphisms

Rr(TL) = Re(®*) and  Rg(Ty) = Ry (X)) forn > 1. (4.43)
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If " denotes any of these groups, then we will very often view, via the Fourier isomor-
phism, K[I'] € D(T", K) as subrings of Rx (I"). In particular, we consider elements
y € I as elements of the Robba ring writing them in any of the forms y =6, = ev,,.

Let n > m > 1. The inclusions ¢, : I, < I'r and t, 4, : 'y < 'y, induce, by
the transfer of the results in Section 4.1.2, ring monomorphisms (4 : Rg([,) —
R (') and ty s : Rx (I) = Rk (Iin). More precisely, we have (by Lemma 4.1.15
and Remark 4.1.18) topological ring isomorphisms

ZITL] @z, Rk (Tn) = R (TL). (4.44)
Z[Tm] ®zr,] Rk (Tn) = R (Tm). (4.45)
Here the left-hand sides are viewed as free R (I')-modules endowed with the prod-

uct topology.
We also note that, for n > m > ng, the commutative diagram

Y4
I, —>or

ln mJ J/HZ_M
L

I'm —— oL

induces the commutative diagrams

én* =
D(Fn,K) E— D(OL,K) W) OK(x)(pz—m
ln,m*[

(ﬂz_m)*l l

D(Tp, K) ~2%% D(op. K) ——= 4 Og(X)

Fourier

and

R (Tp) —=— R (X)%L "

L,,,m*l I (4.46)

Ric(Ty) —— 25 Rg(%).

>

For the rest of this subsection we assume that 2 is contained in K. Let n > ny.
We then have the isomorphisms of rigid varieties

G e
K Z;o;

For any closed interval / C (0, 1) we therefore have the affinoid subdomain f: o
k(Byr) in X1, and we may introduce the Banach algebra !Ré(Fn) =0k ({; ok (By)).
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By its very construction the diagram

RLT (L) e LT () - R B

=~

ln.m*\[ J:(pz_m J:(pz m

RE(Tp) —— 25— RE(E) —S— RE(B).

for n > m > ny, is commutative. Together with (4.32) it implies the canonical iso-
morphism
ZITw] ®zir,) Rk (Tn) = R (Tm). (4.47)

We will denote the composite of Fourier and LT-isomorphism by
¢: D(or, K) S Ok (¥) S Ok(B).
Recall that Ok (B) is a space of certain power series in the variable Z. We put
X :=¢Y(Z)e D(or.K) and Y, :={;1(X)e D(T,.K)forn > ny.

In this way, we can express elements in these distribution algebras as power series in
these variables. This will later on be an important technical tool for our proofs.
As an immediate consequence of Remark 4.3.1, we find the following.

Remark 4.3.5. The subsequent inclusions are dense:
(i) D(or,K)zn € Ri(¥) and
(ii) D(Fn,K)Yr%N C Rk (I'y) forn > ny.

4.3.5 Locally Qp-analytic versus locally L-analytic distribution algebras

We fix a Zp-basis hy = 1,...,hg of oL and set b; := h; — 1 and, for any multi-
index k = (kq,...,kg) € NZ, bk := ]_[l 1 l’ € Zplor]. We write Dq,, (G, K) for
the algebra of K-valued locally Q,-analytic distributions on a Q,-Lie group G. Any
A € Dq, (oL, K) has a unique convergent expans10n A= ZkeNg ab* with . € K
such that, for any 0 < r < 1, the set {ozkr d} is bounded, where ¢ :=2if p = 2
and ¢ := 1 otherwise. The completion w1th respect to the norm

A, := sup |og|r®™

keNg

for 0 < r < 1is denoted by

Dq, (oL, K) = { Z ab¥|one € K and |oye|r®™ — 0 as [k| — oo}.

d
keNg
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By [68, Prop. 2.1], the group or satisfies the hypothesis (HYP) of [76] with p-
valuation w satisfying w(h;) = <. Thus, by [76, Thm. 4.5], restricting to the subfamily
g¢ <r <1,re pQ the norms || |l@,,r are multiplicative. If not otherwise speci-
fied, we denote by V' @ W the projective tensor product of locally convex K-vector
spaces V, W.

Lemma 4.3.6. Let
O—-V—->W-—->X—->0

be a strict exact sequence of locally convex topological K-vector spaces with W
metrizable and X Hausdorff, and then

(i)  the sequence of the associated Hausdorff completed spaces

O—-V—->W-—->X-—->0

is again strict exact,

(i1) for a complete valued field extension F of K the associated sequence of
completed base extension

0> FQkV >F kW —>FQkX—>0

is again strict exact,

(i) if W is a K-Banach space, V a closed subspace with induced norm and
X = W/V endowed with the quotient norm, then in (ii) the quotient norm
coincides with the tensor product normon F ®g X.

Proof. By [15,1.17 §2] with W also V', X, and all their completions are metrizable.
Hence, the first statement follows from [17, IX.26 Prop. 5]. For the second statement
we first obtain the exact sequence

0> FRQgV >FQgrW —>FQgX —>0

of metrizable locally convex spaces (cf. [61, Thm. 10.3.13]). The first non-trivial
map is strict by [61, Thm. 10.3.8]. Regarding the strictness of the second map, one
easily checks that F @ x W/ F ®x V endowed with the quotient topology satisfies the
universal property of the projective tensor product F' ® ¢ X . Now apply (i). The third
item is contained in [36, §3, n° 2, Thm. 1], see also [91, Thm. 4.28]. [

The kernel of the surjection of Fréchet spaces Dq,, (oL, K) — D(oL, K) is gener-
ated as a closed ideal by a :=ker(L ®q, Lieg, (o) B2, Lier(or)). For K = L

this is [68, Lem. 5.1]. As seen in the proof of Lemma 4.1.2, we have

K ®1 Dq,(or.L) = Dg, (o, K) and K ® D(or,L) = D(or,K).
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Hence, the assertion for general K follows from Lemma 4.3.6 (ii). We write D, (oL, K)
for the completion of D(or . K) with respect to the quotient norm || || of || @,.-- By
the proof of [76, Prop. 3.7] we have the exact sequence of K-Banach algebras

0—a, — DQp,r(OL, K) — D;(oL.K) — 0, (4.48)

where a, denotes the closed ideal generated by a. Moreover, the K-Banach algebras
D.(or, K ) reahze a Fréchet-Stein structure on D (o, K). For convenience we set
Tmi=¢q ~P7 for m > 0. We, of course, have

D(or,K) = 1<lr_nDrm (oL, K).

m

Moreover, according to [69, Cor. 5.13], one has
D, (oL, K) = Z[oy] ®z[p™mo; ] Dro(pmoL, K).

We have corresponding results and will be using analogous notation for groups
m
isomorphic to o . This applies, in particular, to I',, for any n > ng. Note that ['} =
1ﬁn +me-

4.3.6 (¢, I')-modules

We recall the definition of as well as a few known facts about (¢, I’z )-modules (cf.
[8]). Let %)) be either X or B and R := Rk (%))). Any (¢r, ['r)-module M over R
is, by definition, in particular an &2-module with a semilinear action of the group I'z.
Our aim in this section is to show that these two structures on M give rise to a module
structure on M under the “group” Robba ring Rx (I'r).

Definition 4.3.7. A (¢, I'r)-module M over R is a ¢r-module M (see Defini-
tion 4.3.3) equipped with a semilinear continuous action of I'z which commutes with
the endomorphism @p7. We shall write M (R) for the category of (¢r, I'r)-modules
over R.

The continuity condition for the 'z -action on M, of course, refers to the product
topology on M =~ R<.

According to [8, Prop. 2.25], the 'y -action on a (¢, 'z )-module M is differen-
tiable so that the derived action of the Lie algebra Lie(o}) on M is available.

Definition 4.3.8. The (¢, ' )-module M over R is called L-analytic if the derived
action Lie(I'L) x M — M is L-bilinear, i.e., if the induced action Lie(I'z ) — End(M)
of the Lie algebra Lie(I'z) of I'z, is L-linear (and not just Q,-linear). We shall write
M (R) for the category of L-analytic (¢, I'r)-modules over R.
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In [8], a (¢r, I'z)-module M over R is only required to be projective instead of
free as in our definition. Since throughout this paper we are exclusively interested in
L-analytic modules, that makes no difference as by [8, Thm. 3.17] any L-analytic
(¢r, ')-module M is actually a free R-module.

We have the following variant of Proposition 4.3.4 (cf. [8, Prop. 2.24]).

Proposition 4.3.9. Let M be a (¢r, I'r)-module over R. Then there exists a model
(My, ro) as in Proposition 4.3.4 equipped with a semilinear continuous action of I'g,
such that

R Qglro.n Mg =M

respects the U -actions (acting diagonally on the left-hand side).

From now on in this subsection we fix a (¢, I')-module M over R and a pair
(ro, My) as in Proposition 4.3.9. We then have available the objects introduced after
Proposition 4.3.4. But now the finitely generated free modules M’ ") and M1
are each in addition equipped with a semilinear continuous I'z-action, compatible
with the identities (4.38). Moreover, the 'z -actions commute with the ! -operators
(4.39), and the decompositions (4.42) and (4.41) are I'g -equivariant.

Assume henceforth in this subsection that M is an L-analytic (¢, I'z)-module
over R.

Proposition 4.3.10. The ' -action on M extends uniquely to a separately continu-
ous action of the locally L-analytic distribution algebra D(I'y,, K) of T'r, with coeffi-
cientsin K. If M = N is a homomorphism of L-analytic (¢r,, I'r)-modules, then f
is D(I'L, K)-equivariant with regard to this action.

Proof. First of all, we observe that the Dirac distributions generate a dense L-sub-
space in D(I'z, L) by [75, Lem. 3.1]. Since I'y, = oj, we have seen in the proof of
Lemma 4.1.2 that D(I'z, K) = K ®; D(I'z, L). Hence, the Dirac distributions also
generate a dense K-linear subspace of D(I'L, K). Therefore, the extended action is
unique provided it exists.

Our assertion is easily reduced to the analogous statement concerning the Banach
spaces M for a closed interval I = [r, s]. From [8, Props. 2.16 and 2.17] we know
that the 'z -action on M’ is locally Qp-analytic. But since we assume M to be L-
analytic, it is actually locally L-analytic (cf. the addendum to [8, Prop. 2.25] and the
argument at the end of the proof of [8, Prop. 2.17]).

For our purpose we show more generally the existence, for any K-Banach space W,
of a continuous K-linear map

[:€"(TL, W) — £p(D(TL.K), W)

satisfying I (f)(8y) = f(g). Note that this map, if it exists, is unique by our initial
observation. Recall (cf. [72, §12]) that the locally convex vector space €*"(I'r,, W)
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is the locally convex inductive limit of finite products of Banach spaces of the form
B ®x W with a Banach space B, and that its strong dual D(I'z, K) is the corre-
sponding projective limit of the finite sums of dual Banach spaces B’. We therefore
may construct the map / as the inductive limit of finite products of maps of the form

BRx W — £,(B, W)
x®y e [E-Lx)y].

Since B as a Banach space is barreled, this map is easily seen to be continuous (cf.
the argument in the proof of [71, Lem. 9.9]).

Now suppose that W carries a locally L-analytic I'z -action (e.g., W = M'). For
y € Wlet p,(g) := gy denote the orbit map in €*"(I'z, W). We then define

DT, K)xW —> W
(1, y) = 1(py) ().

Due to our initial observation, the proof of [75, Prop. 3.2], that the above is a sepa-
rately continuous module structure, remains valid even though K is not assumed to
be spherically complete.

By [8, Rem. 2.20], the homomorphism f is continuous and hence the D(I'z, K)-
equivariance of f follows from the I'z -invariance by the argument in the first para-
graph of this proof. |

Recall that M1, for each I = [r, s] with r > rg, bears a natural 'z -action. Now,
for each n > 1, we will define a different action of I';, on M [r ’S], which is motivated
by Lemma 4.3.11 below and which is crucial for analyzing the structure of M ¥M =0
in the next subsection. To this end, consider for each y € I’ the operator H, (y) on
M1 defined by

eV (ur(y)—1) VM ity = X,

H, =
(y)(m) {Tl(ﬂljn(XLT(y) —1), Z))/m if ) =Band Q € K.

Note that, since I'; acts on Ok (YY) via yrr and the o; -action, we may form the skew
group ring Ok (Y))[[',], which due to the semilinear action of I’y on M maps into
the K-Banach algebra &nd g (M) of continuous K-linear endomorphisms of M7,
endowed with the operator norm || ||,,7 . Hence, we obtain the ring homomorphism

H, : K[Th] = Og())[Tn] — Endxg(MT)
) s {eVnL”(m(y)—l) v ?f‘@ =X,
n(z;"(xur(y) —1).Z)y ifY)y=Band Q € K.

The next lemma holds true in both cases. We spell it out only in the B-case since
we technically need it only there.
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Lemma 4.3.11. Suppose that 2 is contained in K, and letn > m > 1.

®

(i)

(iii)

We have for all o € Ty,
a(n(1, 2)e7 (») = n(1, Z)¢} (Ha(0)(»)),

i.e., the isomorphisms

M = (1, Z)¢} (M),

MU S (1, )} (M)

y = (L Z)e (v)
are I'y-equivariant with respect to the natural action on the right-hand side
and the action via Hy, on the left-hand side.

The map

n—m n—m
1/q si/a ]

ZITm] ®z[T,],Hy MUt plr
y®y > n(%, Z)ohy ™ (vy)

is a homeomorphism of Banach spaces, where the left-hand side is viewed
as the direct sum of Banach spaces @, cr,, /1, ¥ ® M 51, Moreover, the
map is U'y-equivariant with respect to the H,,-action on the right-hand
side.

IfH, : K[T,] = &ndx (M?") extends to a continuous ring homomorphism
RL(T,) — End(M7), then Hy, : K[Ty] = Endg(M™"" ) similarly
extends to a continuous homomorphism

I 1 /ql’l— n—m

RE " (Tp) — Endgm! ",

If the first extension is unique, so is the second one.

: : .— Xr(o)—1
Proof. (i) Setting b := LTT, we calculate

a(n(1, Z)g;(m)) = o(n(1, 2))¢} (om)
=n(l + n;b, Z)g; (om)
=n(1, Z)n(zx"b, Z)g] (om)
=n(1, 2)¢L (n(b, Z)om),

where we used the multiplicativity of 7 in the first variable in the third and (4.33) in
the last equality.

(i1) By a straightforward computation one first checks that the map is well defined.
The bijectivity follows from (4.41) using the isomorphism 1 + 7;%0r /1 + 7] oL =

oL/n;™™"

oL,y > M0=L and that M) = yp 1),
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n—m
(iii) Base change induces the R}(W (I'yn)-action on

Jl/a"

RE () ®RL (1), M! = Z[Tp] ®zr,] RE(Ty) ®RL (T), H M
=~ Z[T] ®z(r,1,1, ®M’
, (4.49)

where we used (4.47) and (ii). The continuity is easily checked by considering “matrix
entries” which are built by composites of the original continuous map by other contin-
uous transformations. Here we use that the identifications (4.47) and (4.49) are home-
omorphisms when we endow the left-hand side with the maximum norm. Finally, the
claim regarding uniqueness follows from (4.49) as the action of I, is already deter-
mined by the original Hp,. ]

For the rest of this subsection we assume that 2 is contained in K and we will
work exclusively in the B-case, i.e., R = Rgx(B) and R! = CR}((B). The conse-
quences for the X-case will be given in Section 4.3.8.

There is a natural ring homomorphism R/ — &ndg(M?') by assigning to f €
R the operator which multiplies by f, and which we denote by the same symbol f.
Part (iii) of the following remark means that this ring homomorphism has operator
norm 1.

Remark 4.3.12. We have the following:
(i) SUpyep, IM(x,Z) — 1|1 <land|n(x,Z)[; = 1forall x € or,’
1) |n(px,Z)—1|f <max{|n(x,Z)— 1|f, qiem(x, Z)— 1|1}, where the right-
hand side is equal to |n(x, Z) — 1|7 if [n(x, Z) — 1|7> ¢~ 7T, and
(i) [flr = [fllagr forall f € RT.
Proof. It is known (cf. [74]) that n(x, Z) = n(1, [x](Z)) belongs to 1 + Zoc, [Z],
whence we have, for any x € o, that |n(x, Z) — 1|7 < 1 from the definition of | |7,

and (i) follows from the fact that the map oy, — R, x — |(x, Z) — 1|7 is continuous
with compact source. Affirmation (ii) is a consequence of the expansion

n(px,Z) =1=(n(x,Z2) = 1+1)" —1

p—1
= (. 2) - 1)+ (i) (n(x.2)—1)*

k=1
and |(£)| =g ¢fork =1,..., p— 1. (iii) follows from the submultiplicativity of
| |7 plus the fact that 1 € R, which implies the statement on M == (R1)™. ]

n(x,Z) =1l = n(1,Z) = 1|7 < 1forall x € o} because any x € o} induces an iso-
morphism [x](—) of By.
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Remark 4.3.12 allows us to fix a natural number my = mq(rg) such that for all
m > mg we have that

|n(x,Z)—1|I<rm for all x €0, and |n(x,Z)—1|I§r0 for all x € p™or,

. (4.50)
rO/q <Tm,

for any of the intervals I = [ro, ro], [ro.7, 1/ 1 and [rl/ 1 (} / 7]. In the following, let /
always denote one of those intervals.

Lemma 4.3.13. Let ¢ > 0 be arbitrary. Then there exists n; > 0 such that, for any
n > ny, the operator norm || ||p;1 on M satisfies

ly — Uipyr <e forally e [y. 4.5

Proof. We first prove the statement for the module M = R. For the convenience of
the reader we adopt the proof of [41, Lem. 5.2]. First note that for any fixed f € R
by the continuity of the action of I'z there exists an open normal subgroup H of I'g,
such that

v =D f|, <elfli (4.52)

holds for all y € H. So we may assume that the latter inequality holds for Z and Z~!
simultaneously. Using the twisted Leibniz rule

(y=DfH=-DE@f +r@y-D()

and induction, we get (4.52) for all powers ZZ. Since the latter form an orthogonal
basis, the claim follows using that |y(g)|; = |g|; forany y € H,g € RI. If M =
P, Re; andm = Y. fie;, we may assume that

(v = Dei|yyr < eleilpr (4.53)

holds for 1 <i < d, and apply the same Leibniz rule to f;e; instead of g f, whence
the result follows, noting that |e; |,z = 1 by the definition of the maximum norm
and that |y (e;)|pr = |eilpyr = 1 forany y € H and 1 <i < d as a consequence of
(4.53). [

We fix ny = n1(rg) > no such that the Lemma holds for & = ry. Then, for any
n > ni, m > my, the above H, extends to continuous ring homomorphisms

Hy : D, (Tn, K) — e:ndK(M’)

Zakﬁn*(b)kHZaan (€L )"

keNd k>0 i=1
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and

A 1

(oL, K)—)DQ,, rm (Tny K) — SndK(M )

Z Olkbk I—)ZO[kHHn(é;,l* (bl))k

keN¢ k=0 i=1

1.
n,% * psTm

Indeed, we have

Ha (652 (b)) = n(—zgl(h"n) - z) ~1+ n(—gl(z"ﬂ) — 1,2)(5,71(%”) —1)

T L

and since

(E ) (0 )
Y53 M1

) e
L 1 L I

<r
by (4.51), (4.50) and Remark 4.3.12 (i), the above defining sum converges with re-
spect to the operator norm. Moreover, we have

m

[, ), < suplak|rlkl = [AlQy,em (4.54)

forall A € Dg,, v, (oL, K); i.e., the operator norm of M, is less than or equal to 1.
Since M is assumed to be L-analytic, H, factorizes over the desired ring homo-
morphism

Hy : (D(Tn,K) € )Dx,, (T, K) — Endg(M")
and ]ﬁln over
H, : (D(or,K) € )Dx,, (01, K) — Endg(M")

by (4.48). As Dy, (oL, K) carries the quotient norm of Dq,,r,, (0L, K), we obtain
from (4.54)

[Ha ) | pyr = _ inf (Al = (A, (4.55)
A,pr(A)=A

forall A € Dy, (oL, K); i.e., the operator norm of H, is again less than or equal to 1.
By a similar, but simpler, reasoning one shows the following lemma.
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Lemma 4.3.14. The isomorphism ¢ : D(or, K) = Ox(B), 6, — n(a, Z) (composed
of LT and Fourier) induces, for all m > my, a commutative diagram of continuous
maps

DQp,rm (OL» K)

pI'
D, (oL, K)— 3 RI

with operator norms less than or equal to 1. Moreover, the operator norm of the scalar
action via ¢

scal : (D(or. K) € ) Dy, (0. K) = R — €ndx (M) (4.56)

is also bounded by 1, see Remark 4.3.12 (iii).

Remark 4.3.15. The maps FI,, and ]ITI[,,, as well as H, and H,,, are uniquely deter-
mined by their restriction to K[[';] and KJoy], respectively, because these group
algebras are dense in the sources Dq, v, (I'n, K), Dy, (I'n, K) and Dq,, v, (oL, K),
Dy, (or, K), respectively.

Applying our convention before Remark 4.3.12, we usually abbreviate scal(u)
by £(u) for & € D(or, K) below when we refer to this scalar action on M. For the
proof of Theorem 4.3.20 below it will be crucial to compare the two actions scal and
H,, of D(or, K)on M.

Finally, for n > n, we obtain similar maps for the original (multiplicative) action
of 'y CI'on M I.

D@, .t (Tn, K) — Endg (M)

d
3 el Y [T 4L 00k

keN¢ k=0 i=1

with operator norm bounded by 1.
A special case of the following lemma was pointed out to us by Rustam Steingart.

Lemma 4.3.16. Let m € N be arbitrary. Setting u,(a) := %fora eor \ {0}
and u, (0) = 1, there exist ny = ny(m) such that u,(a) € 1 + wj*or forall a € or,
and n > no.

n
p—1"

Proof. This is easily checked using v, (n!) < [

In order to distinguish Dirac distributions for elements y in the multiplicative
group I, from those for elements a in the additive group or,, we often shall write §;
in contrast to §.
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Lemma 4.3.17. Let 0 < ¢ < 1 be arbitrary and A =) " ¢k (84, — 1) € D(or.K) a
finite sum with ay € or. Then there exists n3 = niz(e, A, ro) such that for alln > ns
it holds that

|€(A) — Ha(A) |, <&

Proof. Put £ := supy, |cx| and choose ¢’ < ¢ such that ¢’ < ¢. Then choose m > my
such that
165 = Ulpr <& and [|6) =1l gs <&

for all y € I',, (see Lemma 4.3.13). Now according to Lemma 4.3.16, we choose
ns := np(my) > my. Observing that fora € of,

H,(8.) = g(Sun(a)a) ° 5271 @’
we estimate, for n > ns,

|€(A) = Hu (A) |31

= ch{Q(Sak) —-1- (g((gun(ak)ak) ° 52}](‘11() B )}HMI
k

= ch{g(sdk) —1- (g(‘sun(ak)dk) © (ngl(ak) B 1) + ¥ 0un@a) = 1)} HM’
k

=3 e = 1 = (€ @) © (5r gy = 1) + 85 a0 €)=},
k

=20 af 1= 85 ) €)= 1) = (€Gutara) © 6y, = MY,

x
ESI;P(|Ck|max{||(1_5;n(ak))(g(5ak) Mgz |

S3(81,4,1((1/()@() f_l(a/\) ”MI}

<é&'sup|cx| = €€ < e,
k

where we used for the last line the estimate

1= 80 €)= D) agr = 11 = 85,0 €)= ),
= ”(1 o S:t(n(ak))“w |Q(5ak) B 1|1
<d|nax.2)—1|, <¢

(by Remark 4.3.12 (i), (iii) and due to the choice of m and n3) for the first term as
well as the estimate

|| g(57/‘11 (ak)ak ) ° (SX

ot~ Vs = InCnt@oa. Z)[ 185, ) = e

= 8510y = taar <#

1
4 (ak)

for the second term (again by Remark 4.3.12 (i), (iii) and due to the choice of m; and
n3 > my). n
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Lemma 4.3.18. Let 0 < ¢ < 1 be arbitrary and u € D(or, K) any element. Then
there exists A =) i ck(8a, — 1) € D(or, K) a finite sum with ax € oy, such that
I — A||rm0 < &. Moreover, for n3 = ns(e, A, ro) from the previous lemma and all
n > ns, we have

|€G) — Ha () |5 < &

In particular, if¥(iu) is invertible as an operator in End g (M1) or equivalently invert-
ible as an element of R1,* then firstly there exists ng = n4(, ro) such that

19() = Ha()llpgr < 18771 and  [Ha(w) ™ =€)~ agr < 18007 s
for any n > n4 and secondly the operator H,, (i) is invertible, too.

Proof. The existence of such A is clear because such elements form a dense sub-
set of D(or, K) in the Fréchet topology (as noted at the beginning of the proof of
Proposition 4.3.10). Consider the estimation for n > n3

|1€() — Hau (1) | 501
< max (|22 — 8]

|€(A) = Hy (A) || 1 |

Han (i = )] 1) <&

where we use the estimate
1€ — D) 4yr = |8 = D)|; < llt = Al < &

by (4.56) for the first, Lemma 4.3.17 for the second, and (4.55) for the last term.

Now suppose that ¢(xt) as an operator on M’ is invertible. We choose suitable
e < |€()~ I,/ » A accordingly and put ns = n3(e, A, ro). Then, for n > n4, we
have

11 =)™ Ha 0| s = €07 (€0 — Ha () | 507 < 1,
whence » ;. o(1 — ¢(1) "' H, (1))* converges in End g (M) and
Ha(w ™" 1= (D (1= €0 Ha () )2 )™

k>0

is the inverse of H, (1) = (1 — (1 — &)~ H, (n))).
Furthermore,

[0~ =260~ s = | (32 (1 = 2007 1, ) ey

k>1

M1

< sup |1 =200~ Hu G0 [ 26071 < [~ m

SM7 is a free RY -module on which ¢(1) acts via the diagonal matrix with all diagonal
entries equal to £(t).
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Note that the above lemma applies to the variable X and from now on we set
ng = n4(X, ro). In view of Lemma 4.3.11 (iii), the following lemma is crucial for
the main result Theorem 4.3.20 of this section.

Lemma 4.3.19. Forn > ng,

Hy
()  themap ©, : D(Ty,, K) = &ndg (M) extends uniquely to a continuous
ring homomorphism

RET,) — endg(M?).

IfM Iy Nisa homomorphism of L-analytic (g1, T'1.)-modules, then 1 :
M - NTis JR}((F,,)-equivariant with regard to this action.

() MTisafree R %(Fn)—module of rank tk g M . Any basis as R! -module also
is a basis as R}((Fn)—module.

(iii)) The natural maps

1
ﬁ}[éo,ro](rn) Q ) Mlrorg' ] =, M[rO,rO]’
R0 m)

are isomorphisms.

Proof. (i) Inductively, for n > n4, we obtain from Lemma 4.3.18 — by expressing
(HL (1) %)% — @) as X7y (§) (L (0)F — £(0)®)! @) =)< — that

| H (0)* — 2w)* |, <

k
{|s(u)| p for k > 0, 45

(w7 < g7 < gk, fork <0

for all k € Z. Evaluating for x = X, it follows that if Y, ., ax Z* € R witha; € K,
then ) 4 oz axHy (X)k converges in End g (M') because

lax L, (X)F ]y < max { ] (H, (X)* = 2G0)%) | 4/
al|ZIf fork =0,
lag||Z71 7% fork <0

a2 |41}

<

goes to zero for k going to d-co. In other words, we have extended the continuous
ring homomorphism ®,, to a continuous ring homomorphism

R = endxg (M), Z — H,(X).
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As by definition * o fn,* extends to a continuous ring isomorphism R% (T',) =
R {< (B) = R!, we have constructed a continuous ring homomorphism

RE(T,) — Endg(M7)

as claimed.

The uniqueness is a consequence of the fact that R II<(F,,) is the completion of the
localization D(T',, K) y,¥ by a certain norm, for which the extended map is continu-
ous.

Concerning functoriality, observe that the maps f and f! are automatically con-
tinuous by [8, Rem. 2.20] (with respect to the canonical topologies). Without loss
of generality, we may assume that the estimates of Lemma 4.3.18 hold for M and N
simultaneously. By the invariance under the distribution algebra and R-linearity of f,
the map £/ is compatible with respect to the operators H,, (X)* of M and N’. By
continuity this extends to arbitrary elements of R II{(F,,).

(ii) follows in the same way as in [42]: Recall that (e;) denotes an R’ -basis of
M and consider the maps

o (PREB) =ML (fo) = ) frer.

k=1 k=1
o P RET) = ML (e Y filew)
k=1 k=1

and

m m
T: P REB) = P R (T,
k=1 k=1

which in each component is given by (k* o Zn,*)—l. Then we have from (4.57) that
|®" 0 Y 0 @ (m) —m|, < |m|z,

ie.,
[® oY od ! —id|; <1,

whence with ® and Y also @’ is an isomorphism because ® o Y o ®~! is invertible
by the usual argument using the geometric series.

(iii) The base change property follows from the fact that @' is compatible with
changing the interval. |
Theorem 4.3.20. Suppose that 2 is contained in K.

(1)  Let J be any of the intervals

[ro,ro]l/qn or [ro,ré/q]l/qn forn > 0.
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Then the Ty ,-action on M7 via H,, can be uniquely extended to a contin-
uous CRIJ((F,, ,)-module structure. Moreover, M’ is a finitely generated free
RIJ((FM)-module; any RV pasis of My is also an R}é(l}ﬂ-basis of M.
IfM I Nisa homomorphism of L-analytic (g1, Tr)-modules, then f7
M7 — N7 is J‘Qljf (I'n,)-equivariant with regard to this action.

(1) The T'1-action on M via H; extends uniquely to a separately continu-
ous Rg(I'1)-module structure. Moreover, M is a finitely generated free
R (T'y)-module; any R0V -basis of My is also an Rx (T'y)-basis of M.
If M — N is a homomorphism of L-analytic (¢r, I'r)-modules, then f is
Rk (I'1)-equivariant with regard to this action.

Proof. (i) From Lemma 4.3.19 we obtain, for any n > ng, the H,-action of Rx (I',)
on M7 for the original three intervals /. Using Lemma 4.3.11 (iii), we deduce the
H,,-action of {R;{l/qn " (I'n,)-action on M
actions follow from the same lemmata.

4 .
. The asserted properties of these

(ii) By the uniqueness part in (i) we may glue the R,{(Fn 4)-actions on the M J
to a continuous R%o’l)(f‘m)—action on M0:) By Remark 4.3.5 (ii) it is uniquely
determined by the I',;,, -action. Therefore, we may vary ro now and obtain in the induc-
tive limit a separately continuous H,,-action of Rg(I'y,) on M. Using (4.45) and
Lemma 4.3.11 (ii), we deduce the separately continuous H1-action of Rg (I';) on M.
Again by Remark 4.3.5 this action is uniquely determined by the I'j-action. The
remaining assertions follow from the corresponding ones in (i). |

4.3.7 The structure of M ¥Mm=0

We still assume that Q2 is contained in K and let M be an L-analytic (¢r,")-module
over R = Rk (B). We want to show that M¥Z2=0 carries a natural Rg (I'z)-action
extending the action of D(I'z, K).

From (4.42) and using formula (4.35) and (4.34) we have

MU= = P @ DeuM) = Z[IL] ®ziry) (n(1. Z)pu (M) (4.58)

ac(or /7)™

Theorem 4.3.21. The 'y, action on M extends to a unique separately continuous
R (T'r)-action on MYL=C (with respect to the LF-topology on Rx(T'r) and the
subspace topology on MVL=%): moreover, the latter is a free Rx(I'r)-module of
rank tke M. If ey, ..., er is a basis of M over R, an Rx(I'L)-basis of MVYL=0 g
given by n(1, Z)om (er), ..., n(1, 2o (er). If M I Nisa homomorphism of L-

w7 =0
analytic (¢r, I'r)-modules, then M ST N s Rk (I'y)-equivariant with regard

to this action.
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Proof. By Lemma 4.3.11 (i) we can transfer the Rg (I"1)-action on M from Theo-
rem 4.3.20 (ii) to the space (1, Z)@p (M). Note that the resulting action is separately
continuous for the subspace topology of 1(1, Z)@ar (M) because the map ¢y : M —
M is a homeomorphism onto its image. The latter is a consequence of the existence
of the continuous operator ¥z, and the relation Y7, o g7, = EidM. Finally, because of
(4.44) and (4.58), the Rk (I'1)-action extends to the asserted Rg (I'z)-action. Simi-
larly as before, since ['7, spans a dense subspace of D(I'z, K), the uniqueness of the
action follows from Remark 4.3.5. ]

4.3.8 Descent

For the proof of Theorem 4.3.21 we had to work over a field K containing the period
Q2 since only then we were able to write elements in R (I'z) or rather Rg (') as
certain Laurent series in one variable Y; by means of the Lubin—Tate isomorphism
Ri(X) = Rk (B), which in general does not exist over L. In this section, we are
going to explore to which extent the structure theorem over K descends to L. We
shall consider two situations; i.e., we now start with an L-analytic (¢z, I")-module
M over R (X) or R (B), respectively. Thus, in what follows let %)) be either X or B
and R = R (). Then we consider the functor

M (RL(Y)) — M (Rk (V)
M+ Mg = Rg(V) @z, oy M = K @, M,

where the last isomorphism and the well-definedness of the functor are established in
[8, Lem. 2.23]. Moreover, there is a natural action of G, on both Rg (%)) =~ K @)L, L
R (])) and Mg via the first tensor factor (and the identity on the second). We have

Rx (" = R () (4.59)
by [8, Prop. 2.7 (iii)], whence also
(Mg)®t = M

because M is finitely generated free over Ry (§))) (by definition or [8, Thm. 3.17])
and hence Mg has a G -invariant basis over Rx (%))).

Since the ¢p -operator on Rk (%)) is induced from that on R, (Y))), it commutes
with the action of G . Similarly, one checks that this action commutes with the oper-
ator Y7, of Rk (5))). Indeed, by Proposition 4.1.14 there exists a G -invariant basis of
Rx (V) over o1, (Rg (]))), whence the trace commutes with the G -action. From this
and the construction of the operator /7, one derives easily that also 13y commutes
with the G -action. As a consequence, we obtain natural isomorphisms

MYM=0 = (Mg)Or)"™ ™ = (M) =0)°F. (4.60)
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Since the Lubin-Tate isomorphism Rg (¥X) = Rk (B) respects the (¢, 't )-module
structure, Theorem 4.3.21 applies for both choices of ); i.e., we obtain a separately
continuous action

Rk (TL) x (Mg)V=" — (Mg)V=". 4.61)

Moreover, if M =@;_, RL(Y)e;, then the families (7(1, Z)gar(e;)) and (evipp (e;))
form bases of (Mg)¥=% as Rk (I'z)-modules in case B and %, respectively. There-
fore, we consider next a natural Gp-action on Rk (I'z) and show that (4.61) is G-
equivariant. For the first aim we use the canonical isomorphisms (4.44) and (4.46)

Rk(TL) < Z[TL] ®zir,) Rk (Tn) —> Z[T1] ®zqr,] Rk (%)

n*

to extend the G -action from R (X) to Rg (I'L); clearly, we obtain from (4.59) and
the fact that the isomorphism

Ri(Tn) 25 Ry (%)

is defined over L that
R (TL)° =~ Ry (TL). (4.62)

For the second aim we prove the following lemma.
Lemma 4.3.22. The action (4.61) is G -equivariant.

Proof. We fix 0 € G, and define a second separately continuous action
R (TL) x (Mg)V =" — (Mg)V=°

by sending (A, x) to 0~ (o(1)(0(x))) (using that o and v; commute and that o
is a homeomorphism). By the uniqueness statement of Theorem 4.3.21, it suffices to
show that the new and original actions coincide on I' x (Mg)¥=°. We shall show that
these actions coincide even as actions I'y, X Mg — Mg: Fory e ', f € Rk (),
and m € M we calculate

o o) (o(f ®@m))) =07 (y(o(f) ® m))
o (y(o(f)) ® y(m)
o o (y(f))) ® y(m)
y(f) ® y(m)

=y(f ®m).

Here we used firstly that o acts trivially on y (or rather evy) as they are already
defined over L (via the Fourier transformation) and secondly that the G- and I'r -
actions commute. Since this equality holds for all o € G, the claim follows. |
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Taking G -invariants of (4.61) therefore induces — upon using (4.60) and (4.62) —
the following separately continuous action:

RL(TL) x MV=" — MV=0,

which extends the I'; -action.

Theorem 4.3.23. We have the following:

(@)

(i)

The T'p-action on M (in IR (R (X)) or M*™ (R (B))) extends to a sep-
arately continuous Ry (I'z)-action on MYL=C (with respect to the LF -
topology on Ry (I'L) and the subspace topology on MVL=0). If M ENgY
is a homomorphism of L-analytic (¢, I'y)-modules, then M W—) N is
R (T'p)-equivariant with regard to this action.

If ) = %, then MVL=0 is a free Ry (T'L)-module of rank tkg M. More
precisely, if ey, ..., ey is a basis of M over Ry (X), then an Ry (I'r)-basis
of MYL=0 is given by evigpp(e1), ..., evipnm(er).

Proof. Tt is easy to check that also the Rz (I'z)-equivariance of f¥2=0 follows by
descent. Therefore, only (ii) remains to be shown. But this is an immediate conse-
quence of the fact noted above, that the family (evy¢as(e;)) forms a Gp-invariant
basis of (Mg)¥=° as Rk (I'z)-module, by just taking G -invariants again. ]

Remark 4.3.24. As for possible generalizations, we note the following:

®

(ii)

For each complete intermediate field L € K’ € C, we obtain an analo-
gous structure theorem for (Mg )¥ =% over Rg+(I'L) by replacing L by K’
everywhere in the above reasoning.

Since for YY) = B the basis (7(1, Z)gp(e;)) of (Mg)¥=° as Rg(I'1)-
module is visibly not Gy -invariant, the analogue of Theorem 4.3.23 (ii)
cannot hold true in this case.

4.3.9 The Mellin transform and twists

Extending the Mellin transform from Lemma 4.1.6, we introduce the map

M Reg(TL) S Re(E)VE=C, > A(evy),

which is an isomorphism by Theorem 4.3.23. If 2 € K, then its composite with the
LT-isomorphism is the isomorphism

Mir s Re(Tr) = RxB)VE=, A A(n(1,2)).

Recall the twist operators Tw, from Section 4.1.3.
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Lemma 4.3.25. The diagram

R (TL) —2s R (%)L =0
TWXLTJ( glaﬁv (4.63)

Ric(Tr) — R (%) V=0
is commutative; in particular, the right-hand vertical map is an isomorphism.

Proof. The commutativity can be checked after base change. Assuming 2 € K, the
diagram corresponds by Remark 4.2.9 to the diagram

R (1) =5 R (B)V2="
TWXLTJ/ glglzam (4.64)
R (T) 5 R (B)V1=".

Now, the corresponding result for Rx (I'r) replaced by D(I'r, K) is implicitly
given in Sections 4.1.3 and 4.1.4. Section 1.2.4 of [25] establishes, for y € I'z, the
relation diyy © ¥ = yrr(¥)y © Oiny as operators on Rx (B). It follows by K-linearity
and continuity that the relation of operators diyy © A = Twy,;(A) o 9ipy holds for all
A € D(I'z, K). By continuity of the action of Rx(I'z) = Z[I'L] ®z(r,] Rx(I'n)
on Rk (B)¥2=° it suffices to check the compatibility for the element Y, !, where
Y, € D(T',, K), for n > 0, has been defined at the end of Section 4.3.4. Using that
Tw,,; is multiplicative and that diny(1(1, Z)) = Qn(1, Z), the claim follows from the
relation

Ty (Y, 01, Z) = Twy (V) ™ & 0y (Ya Y, ' 0(1, Z))
= TW i (Yn) ™ TWor (Vi) gy 0ine (¥, ' 1(1. 2)
= Lo (Y, 'n(1, 2)). u

Lemma 4.3.26. Assume Q2 € K and let ny be as in Lemma 4.3.13. Then, forn > ny,
the map WMyt induces isomorphisms

Ri(Tn) = of (RxkB))n(1, Z)( S R (B)VL=0)
of Rk (I'y)-modules and
D(Tn. K) = ¢} (Ox (B))n(1. Z)( € Ok (B)V-7°)

of D(T'y, K)-modules.
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Proof. By taking limits the first isomorphism follows from Lemma 4.3.19 (ii) in com-
bination with Lemma 4.3.11 (i), both applied to M{ = R (B;). The isomorphism of
the latter restricts visibly to the isomorphism Ok (B7) = ¢7 (O (B;))n(1, Z), while
Ok (By) is a free OK(E,’: o k(By))-module with basis 1 by an obvious analogue of
the former reference. Hence, we obtain the second isomorphism by the same reason-
ing. ]

4.4 Explicit elements

There are two sources for explicit elements in the distribution algebras D(oj, L)
and D(U,, L), where in this section we fix an n > ny; i.e., log : U, = mwjog is an
isomorphism. First of all, we have, for any group element u € o7, resp., u € Uy,
the Dirac distribution 8, in D(o}, L), resp., in D(Uy,, L). As in Section 4.1.1, the
corresponding holomorphic function Fs, = evy, is the function of evaluation in u.

Lemma 4.4.1. We have the following:

(i)  Letu € of be any element not of finite order; then the zeros of the function
evy —1 on X* are exactly the characters y of finite order such that y(u) = 1.

(ii) Forany 1 # u € U, the zeros of the function ev,, —1 on X,; all have multi-
plicity one.

Proof. (i) Obviously, the zeros of ev,, —1 are the characters y such that y(u) = 1.
On the other hand, consider any locally L-analytic character y : o — C ;j. Its kernel
H := ker(y) is a closed locally L-analytic subgroup of o;. Hence, its Lie algebra
Lie(H) is an L-subspace of Lie(o;) = L. We see that either Lie(H) = L, in which
case H is open in o} and hence y is a character of finite order, or Lie(H) = 0, in
which case H is zero dimensional and hence is a finite subgroup of oy. If y(u) = 1,
then, by our assumption on u, the second case cannot happen.

(i1) (We will recall the concept of multiplicity further below.) Because of the iso-
morphism X =~ X, it suffices to prove the corresponding assertion in the additive
case. Let 0 # a € or, and let y € X(C,) be a character of finite order such that
x(a) = 1. By [74] we have an isomorphism between X,c, and the open unit disk
B,c,.Letz € B(C,) denote the image of y under this isomorphism. By [74, Prop. 3.1
and Eq. (¢9¢)], the function ev, —1 corresponds under this isomorphism to the holo-
morphic function on B(C) given by the formal power series

Fa,(/)(Z) = exp (89 IOgLT(Z)) -1,

where @ # 0 is a certain period. By assumption we have Fa,(/) (z) = 0. On the other
hand, the formal derivative of this power series is

d
= Fo(2) = 82511(2) (Fyy (2) + 1).



Explicit elements 99

Since grr(Z) is a unit in o7 [Z], we see that z is not a zero of this derivative. It
follows that z has multiplicity one as a zero of Fat(’) (2). [

The other source comes from the Lie algebra Lie(U,) = Lie(o;) = L. We have
the element

V:=1¢€Lie(o;) = L.
On the other hand, there is the L-linear embedding (cf. [75, §2])

Lie(U,) — D(Uy, L)
e [f %f(eXPUn(’?))n:o]’

which composed with the Fourier isomorphism becomes the map

Lie(Up) — Op (%))
e [x > dy@).

On the one hand, we therefore may and will view V always as a distribution on U,
or o} . On the other hand, using the formula before [8, Lem. 1.28], one checks that
the function Fy (corresponding to V via the Fourier isomorphism) on X; is explicitly
given by

Fy(x) = n;" log (x(exp(n7))). (4.65)

Lemma 4.4.2. The zeros of the function Fy on X, are precisely the characters of
finite order each with multiplicity one.

Proof. Once again because of the isomorphism X5 >~ X, it suffices to prove the cor-
responding assertion in the additive case. This is done in [8, Lem. 1.28]. |

To recall from [8, §1.1] the concept of multiplicity used above and to explain a
divisibility criterion in these rings of holomorphic functions, we let %)) be any one-
dimensional smooth rigid analytic quasi-Stein space over L such that O (%)) is an
integral domain. Under these assumptions, the local ring in a point y of the struc-
ture sheaf Oy is a discrete valuation ring. Let m,, denote its maximal ideal. The
divisor div(f) of any non-zero function f € O (%)) is defined to be the function
div(f) : %Y) — Zso given by div(f)(y) = n if and only if the germ of f in y lies in
my\ m;H. By Lemma 1.1 in loc. cit. for any affinoid subdomain 3 C %) the set

{x e 3| div(f)(x) > 0} is finite. (4.66)

Lemma 4.4.3. For any two non-zero functions f1, f>€0r(%Y)), we have f>€ f101(°)
if and only if div( f2) > div( f1).
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Proof. We consider the principal ideal 11O (%))). As a consequence of [8, Props. 1.6
and 1.4], we have

[OL(Y) ={f € OL(Y) \ {0} : div(f) = div(f1)} U {0}. L

We now apply these results to exhibit a few more explicit elements in the distri-
bution algebra D(U,, L), which will be used later on.

Lemma 4.4.4. Forany | # u € U, the fraction &,L—l is a well-defined element in the
integral domain D(U,, L).

Proof. By the Fourier isomorphism we may equivalently establish that the fraction
Fv_ exists in 9, (X)). But for this we only need to combine the Lemmata 4.4.1

evy —1

to 4.4.3. n

The next elements will only lie in the Robba ring of U,. Since X = X, we
deduce from Proposition 4.1.7 and the subsequent discussion that there is an admis-
sible covering X7 = ;5 Bn,; by an increasing sequence By,1 S -+- € Ly,; S+
of affinoid subdomains B, ; with the following properties:

* The system (X;; \ ®By,;),c, is isomorphic to an increasing system of one-dimen-
sional annuli. This implies that

- Rp(X)) is the increasing union of the rings Oz (X, \ ®B,,;) and contains
OL(Xy):
- each Op (X, \ B, ;) and Ry (X,;) are integral domains.
* Each X \ B, ; is a one-dimensional smooth quasi-Stein space.

In particular, the O (X,; \ B,,;) are naturally Fréchet algebras, and we may view
R (X}) as their locally convex inductive limit. We also conclude that Lemma 4.4.3
applies to each X,; \ B, ;.

We now fix a basis b = (b1, ...,bg) of U, as a Z,-module such that b; # 1 for
any 1 <i <d.

Proposition 4.4.5. The fraction
d—
_ KT
d
[Tizi(evy, —1)
is well defined in the Robba ring Ry (X)).

L) Lp—
Ep 1=

Proof. The zeros of the fraction ev:V_l € Or(X,) are precisely those finite-order
characters which are non-trivial on b;. Hence, if we fix | < j < d, then the product

[Tiz) evf—v_l still has a zero in any finite-order character which is non-trivial on b;
i

for at least one i # j. On the other hand, the zeros of evp, —1 are those finite-order



Explicit elements 101

characters which are trivial on b; (and they have multiplicity one). Since only the

trivial character is trivial on all by, ..., by, we see that all zeros of evp, —1 with the
Fd 1
It

exception of the trivial character occur also as zeros of the product m
i1#J i

follows that the asserted fraction Ej exists in Or (X, \ B,,;) provided j is large

enough so that the trivial character is a point in ‘B, ;. Since (Hf_l(evb —1)Ep =

Fy d=1 and Ry, (X7) is an integral domain, we see the independence of ;. [

In fact, the proof of Proposition 4.4.5 shows that Ej is a meromorphic function
on X, with a single pole at the trivial character, which moreover is a simple pole. We
abbreviate £(b) := ]_[f= | log(b;).

Proposition 4.4.6. For any other basis b’ = (b}, ..., b)) of U, as a Zy,-module with
b; # 1 we have
LD )VEy —LD)Ep € OL(X)).

Proof. We only have to check that the asserted difference does not any longer have a
pole at the trivial character. Both E;,l and E;l are uniformizers in the local ring 9
of X,; in the trivial character. Hence, we have in 9, an equality of the form

—
oy

— =x+E;1-G
Zp

with some x € L and G € ;. Our assertion amounts to the claim that x = [[; :2§§Z,)

To compute x, we use (4.3) which leads to the open embedding

~ ox
B(ro) /L = X(ro) = X > X

which maps y to the character y, (u) := exp(7;" log(u)y) (and, in particular, O to the
trivial character). Using (4.65), we see that Fy pulls back to the function y +— 7;"y
on B(rp). On the other hand, evy, —1 pulls back to y +— exp(z;" log(b;)y) — 1.
Hence, &, pulls back to the meromorphic function

@D -1

I (exp (JTL_n log(b,-)y) - 1)'

V=

Its germ at zero lies in

1
- (14 y0o),
" ( Hi IOg(b,-))y
where @g denotes the local ring of B(rg),r, in zero. It follows that the germ of the

YT log(b;
pull back of EZZ, lies in ([T, 12§Eb’))(1 + y0y). n

By Lemma 4.4.2 the function Fy &} is holomorphic on X, and has no zero in the
trivial character.
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Lemma 4.4.7. The value of Fy By, at the trivial character is £(b)™L.

Proof. We use the same strategy as in the previous proof. The function ®; pulls back

to the function

7T, (exp (" Tog(®)y) — 1)

on B(ro),r, and we have to compute its value at 0. But visibly the above right-hand

side is a power series in y with constant term ————.
[T7=1 log(®;)

y

These last two facts suggest renormalizing our functions by setting

0]

p = Z(b)Eb and @b = Fvgb.

Choosing a field K containing €2, we also let 2, denote the image of & under the
composite map

Lnx *
RL(EY) ~> RL(E) € R (%) > Rk (B). (4.67)
Remark 4.4.8. Suppose that K contains 2. We have

. E(b)(% logLT(Z))d_l
b= [1; (exp (IOg(bj)% logi1(2)) — 1)’

[1]

and it follows from the proof of Proposition 4.4.5 that Z E; belongs to Ok (B) with

constant term (%)_1, whence
L

n
— y

b=qz

[1]

mod Ok (B).

Proof. One checks that the map (4.67) sends a distribution p to the map

gu(z) = M( exp (Q loi(l,j_) logLT(Z)))-

In particular, a Dirac distribution &, is sent to exp(£2 1"5(,,”) log;r(2)). Recall that the
L
action of V as distribution is given as sending a locally L-analytic function f to

—(%f(exp(—t)))hzo, whence V is sent to

V(exp (Q loi(z_) logLT(z))) = —(% exp (Q% logLT(Z)))l

Q
= —1 .
7T1'f ogr(2) u

t=0
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Remark 4.4.9. Recall that ©, lies in O (X,) and therefore can be viewed, via the
Fourier transform, as a distribution in D(Uy,, L) € D(o;, L). If K contains £ and
for sufficiently large n, the Mellin transform J)t in Lemma 4.1.6 then satisfies

K™ 0 M(Op) = ¢f (6p)n(1, Z)

v log;+(Z)
& =~ mod logi(Z)Ok (B).
Proof. Consider the element
F(X) = — > = 1+ X0(X)
exp(X) —1

with Q(X) € Q,[X] and let r > 0 be such that Q(X) converges on |[X| < r. We
shall proof the claim within the Banach algebra R1 xB) for I = [0, r] (which con-
tains Ok (B)), using that the actions on both rlngs are compatible. We assume for
the operator norm that ||§,, — 1||; < min(p~»=T,r) for all i (otherwise, we enlarge

n according to Lemma 4.3.13). From [8, Cor. 2.3.2, proof of Lem. 2.3.1] it follows

that V = 1og((lf )) as operators in the Banach algebra A of continuous linear endomor-

phisms of R1 % (B) and

exp (log(b;)V) = exp (log(8p,)) =

in A. Moreover, 1
|| 10g(8bi)HI < min(p~?-1,r) (4.68)

for all i, whence | V| < min(p_ﬁ ,r)|log(b;)|. Then, as operators in A, we have
log(bi)™" + VO (log(b;)V) = log(h;) "' F (log(b;)V)
\Y
exp (log(b))V) — 1
Vv
S8y — 1

Hence,

L(b)Ve
[T(exp (log(h;)V) —1)

for some power series g € RL % (B). It follows that

Op = = 1+ £(b)Vg(log(h;)V)

K* o M(Op) = (14 £(b)Qog(Z) f(Z))n(1, Z) (4.69)
for some f(Z) € RL % (B). Indeed, concerning the derived action, we have

V(U(l, Z)) = (E exp (Q eXP(f)IOgLT(Z)))|,=0 = Qlog1(Z)n(1, Z)
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using from [8, end of §2.3] the fact that
V acts as log;1(Z)0iny on Ok (B), 4.70)

and
V(Q logLT(Z)) = Qlog;1(Z).
Furthermore, we obtain inductively that

i—1

Vin(l,z) = (H (Rlogp(2) + k))n(l, Z)

k=0

for all i >0. The convergence of f(Z) can be deduced using the operator norm (4.68).
On the other hand, according to [7, Lem. 2.4.2], we have

£(b) log (Z)
91 (Z)

for some g(Z) € Og(B). Since the element @xn(1, Z) lies in (Ox(B))YL=0, we
conclude from

0=y (nzle(logLT(Z)) 7, ' logir(2)
t o (Z) ol 1(Z)

that g(Z) belongs to (Og (B))¥2=%, whence it is of the form

g2)= Y ou(g(2)n(a.Z)

acg(or /7)™

Opn(1,2) = g(2)

g(Z)) = vL(g(2))

for some g, € Ok (B) by the analogue of (4.58) for Ok (B). From Lemma 4.3.26, we
derive that, for some a(Z) € Og(B), we have

Opn(l, Z) = Lb)¢f (a(Z))n(1. Z).

Since the decomposition in (4.58) is direct, we conclude that

log;+(Z)
91 (2)

whence log; +(Z) divides ¢} (a(Z)Z). Since ¢7 sends the zeros of log;+(Z), i.e., the

points in LT () = LT[JT’L‘ ], surjectively onto itself, we conclude by Lemma 4.4.3

that log; +(Z) divides also a(Z)Z in Ok (B) and that there exists c(Z) € Ok (B) such
that

8(Z2) = ¢L(g1(2))n(1,Z) and ¢L(81(2)) = ¢[ (a(2)).

KK o M(Op) = K(b)cp,’f(%c@))n(l, 7). “.71)

Comparing (4.71) with the first description (4.69) gives the claim as ¢(0) = £(b)™!
because evaluation at 0 is compatible with the embedding Ok (B) C {Rf((B) and

logL%(Z) (0) = 1by (2.1). -
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4.5 Pairings

In this section, we discuss various kinds of pairings. The starting point is Serre duality
on X which induces a (residue) pairing

(. )x: RL(E) x RL(X) —> L,
as we have seen in (4.20). Similarly, Serre duality on X* induces a pairing
( )rg t RL(TL) x Re(T'L) - L (4.72)

for the Robba ring of I'y, which by definition is the Robba ring of its character
variety Xr, = X* (induced by the isomorphism yir : ', — 07) as constructed in
(4.23). This pairing, as defined in Section 4.5.2, is actually already characterized by
its restriction to Ry (I',) for any n > n¢ and thus is by construction and the functorial-
ity properties of Section 4.2 closely related to the pairing { , )z using the “logarithm”
R (Ty) L% R0 (%), see (4.21).

In contrast, the commutative diagram

-d x
Ry (B%) L8, g1

RL(XX)
J/reSxX
(—)(ev1 d logg) L
Tresx
1 =0 V-1° 1
(QRL(%)) QRL(QE)

from Theorem 4.5.12 in Section 4.5.3 relates the pairing ( , )1, to the pairing ( , )%
in a highly non-trivial, non-obvious way. The resulting description of (, )r, in (4.84)
(resp., (4.86)) forms one main ingredient in the proof of the abstract reciprocity law
in Theorem 4.5.32 in Section 4.5.5 below.

Based on the (generalized) residue pairings (4.73) in Section 4.5.1,

{,}:MXM—>L,

with M := Homg (M, Q}R), the pairing (4.72) induces for any (analytic) (¢r, I'r)-
module M over Ry, (X) an Iwasawa pairing (4.88)

(Y s MYETE 5 MVE=1 S D(Ty, L)

in Section 4.5.4, which behaves well with twisting (cf. Lemma 4.5.22).
By construction and the comparison isomorphism (4.91) for Kisin—Ren modules
— the second main ingredient — the pairing { , }1 is closely related to a pairing

[ ’ ] tRL (&:)WL=O L Dcris,L(V*(l)) X RL(x)¢L=O L Dcris,L(V(T_l)) - RL(FL)
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induced from the natural pairing for D, 1. The precise relationship is the content of
an abstract form of a reciprocity formula, see Theorem 4.5.32. As a consequence, we
shall later derive a concrete reciprocity formula, i.e., the adjointness of Berger’s and
Fourquaux’s big exponential map with our regulator map, see Theorem 5.2.1.

4.5.1 The residuum pairing for modules

Throughout our coefficient field K is a complete intermediate extension L € K € C,,.
Let %)) be either X or B and R = Rk (%)). Consider the residuum map resx defined
after (4.19) and the residuum map

resg : Q}R — K, ZaiZidZ = a_y.

4

Recall that we are using the operator 7, := %1//;3 on R.

Moreover, we define L« : Rx(I't) — Rk (I'L) to be the map which is induced
by sending y € I'p to its inverse y~!; i.e., the involution of the group induces an
isomorphism on the multiplicative character variety, which in turn gives rise to t. The
corresponding involution on Rk (I',), also denoted by L4, satisfies the commutative
diagram

fngs
Rk (Tny) —— Rk (%)

l*l% %lt
iy

R (Tny) ——— R (%),

=

where the involution L on Rg (¥X) sends evy to ev_y.
Setting M := Homg (M, Q}ﬂ) =~ Homg (M, R)(yrr), for any finitely generated
projective R-module M, we obtain more generally the pairing

(V=1 MxM— K, (g f)+ resy(g(f)), 4.73)

which satisfies the following properties.

Lemma 4.5.1. For M in M(R) we have the following:

1) {,} identifies M and M with the ( strong) topological duals of M and M,
respectively,

(i) {pr(2). 9L(f)} = ZAg. fiforallg e M and f € M,
(iii) {o(g),0(f)} ={g, f}forall g € M, feM,ando €T,

(V) {YL(e). £} ={g.oL(f)} and{gL(2). [} ={&.¥L(f)} forall g € M and
feM.
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Proof. (i) follows from the discussion in Section 4.2.3. (ii) is a purely formal con-
sequence of (iv). (iii) follows as in (4.36) with o, instead of k. For (iv) we refer to
Lemma 4.2.14. For §Y) = B see also [80, Prop. 3.17, Cor. 3.18, Prop. 3.19]. [

Convention. For coherence of our notation we set logy := log; ; although in general
this is not the standard logarithm!

Proposition 4.5.2. The pairing ( , )y : R x R — K, (f, g) > resy(fgd logy),
induces topological isomorphisms

HomK,cont(fﬂ’ K) =~ R and HomK,cts (R/OKCD), K) = (9K (@)
Proof. See Section 4.2.3. |

Remark 4.5.3. If we assume Q € K, then these pairings can be compared via the
LT-isomorphism «. By (4.37) we have

Q™ (f). k" (D) = (f.8)x
for f,g € Rk (%).

Assume henceforth that M is an analytic (¢r., 'z )-module over R and recall from
Proposition 4.3.10 that the I'z-action on M extends continuously to a D(I'z, K)-
module structure.

Corollary 4.5.4. The isomorphism M =~ Homg cont(M, K) (induced by { , }) is
DTy, K)-linear.

Proof. This follows from Lemma 4.5.1 (iii) since ['; generates a dense subspace of
D(T'L, K). ]

Since ’%1/@ o ¢r = idpys, we have a canonical decomposition M = ¢ (M) &
MVL=% By Lemma 4.5.1 we see that M ¥2=? is the exact orthogonal complement
of ¢1,(M); i.e., we obtain a canonical isomorphism

MVL=% ~ Homg con (M Y2=°, K). (4.74)

Lemma 4.5.5. The isomorphism (4.74) is Rk (I'L)-equivariant; i.e., we have for all
meMYL=% me MYL=C and A € Rx(T'L) that

{Am, m} = {m, . (A)m}.

Proof. This is clear for D(I'r, K) by Corollary 4.5.4. Without loss of generality,
we may and do assume that 2 belongs to K. It then follows for the localization
DT, K)Y’;\]r, where we use the notation and considerations from Section 4.3.6,
especially Lemma 4.3.19 and its proof. Since D(I'f, K)Y’FII is dense in Rg(I'r),
Remark 4.3.5, the assertion now is a consequence of the continuity property in Theo-
rem 4.3.21. ]
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4.5.2 The duality pairing (, )r, for the group Robba ring

Using the isomorphisms (4.43) induced by the Lubin-Tate character yrr, we now
carry over structures concerning the (multiplicative) character varieties X*, X, to
those of the groups I'z, I';. In particular, we use analogous notation resr, , resr,,,
logr, , logp, for corresponding objects. In this sense we introduce and recall from
(4.23) the pairing

( y >FL . RK(FL) X :‘RK(FL) —- K (4.75)

and similarly (, )1, from (4.21). This pairing is of the form
mult o
(. : Re(TL) x Rg(T'L) — Rx(I'L) — K,
where
1 resyy
0 = (1’_>FL . :RK(FL) d QRK(FL) — K
f = fdlogr, + resr, (fdlogr,)

has also the following description — writing pr,, ,,, and similarly pr;, ,, for the projec-
tion maps induced by (4.44), (4.45) —

0:Rx(TL) =Z[L] QZ[T] R(Tny) > K
f e 214 e g i o)

with n¢ as defined at the beginning of Section 4.3.4. Indeed, using (4.22), (4.21) we
obtain

4.76)

(L. f)r, =resr, (fdlogr,)
= qq;lqnoresfno (prL’n0 (f)d logrno )
= qq;l(%)noresﬁ€ (Kno* O PIp ng (f)d logx)

because (£;)*(1) = 1.
The following properties follow immediately from the definition.

Lemma 4.5.6. We have for all f,A, u € Rg(I'L) that
@ A fudr, = (fA 10)r,
(i) (A, pu)r, = (A,
Remark 4.5.7. For n > ny we have the projection formula
Prry (tnx(X)y) = xprz ,(¥)

and (4.24) translates into

(tn e (¥), ¥)p, = (g = Dg"Hx,prz (M), 4.77)
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for x € R(I'y), y € R(I'L) and the canonical inclusion R (I7,) v R(Ir). Analo-
gous formulae hold for I',, with n > m > ng instead of I’y Lemma 4.2.14 (ii).

Remark 4.5.8 (Frobenius reciprocity). The projection map prr, , @ Rk (') —
Rk ([,) induces an isomorphism

Homg (r;) (N, Rk (1)) = Homgy r,) (N, Rx (Tn))
for any R (I'z)-module N; the inverse sends f to the homomorphism given by
X Y ger, ju 8lnx © f(871X).

The following proposition translates the results at the end of Section 4.2.3 into
the present setting.

Proposition 4.5.9. The pairing ( , )r, : Rx(I'L) x Rg(I'L) — K induces topolog-
ical isomorphisms

Homg con (Rx(T1), K) = Rx(TL).
HomK,cont (RK(FL)/D(FLv K)» K) g D(FL’ K)

Proposition 4.5.10. Assume Q2 € K and M in M(R). Then the map

HomRK(FL) (Ml/fL:O, ﬁK(FL))L i) HomK,cont(MWL=Ov K) a—% MVIL:O

FispoF (4.78)

is an isomorphism of Rk (I'r)-modules, where the superscript “i” on the left-hand
side indicates that Rk (I'L) acts through the involution \.

Proof. According to Theorem 4.3.21, the Rx (I'z)-module M ¥2=0 is finitely gener-
ated free. Hence, it suffices to show that the map

Homg, (r,) (Rk (TL), Rk (T'r)) = Homg con (Rk (T'L), K)
Fr—poF

is bijective. But this map is nothing else than the duality isomorphism in Proposi-
tion 4.5.9. |

The following twist invariance is just Lemma 4.2.15.

Proposition 4.5.11. Let U be Iy, or Ty, for n > ng. Then, for all A, u € R(U) we
have

(Twr (1), Twy (M) = (1 Ao
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4.5.3 A residuum identity and an alternative description of ( , )r,

Leto_; € I'., be the element with y;r(0_;) = —1. Consider the continuous K-linear
map

c:Rg(lL) > K
A resx(ED?(a_l)fmgl(l)),

where M@ : Rg(TL) = Q}R(x)wzo - Q,lﬂ(ae) sends A to
Alevy d logy) = (Twy (M) (evy))d logg. 4.79)
whence we also have
resz (M(o_1)IME' (1)) = resz (M(o— 1) (Twy,, (A))d logy ). (4.80)

Recall the definition of o from (4.75).
Theorem 4.5.12. We have
s =50
i.e., the following identity for the residue map holds:
(%)"Oresx (Z,,O* O PIL, ng (M)d logx) = resx(ev_l Alevy d logae))

forall A € Rg(I'L), i.e., the following diagram commutes:

-d logx x
Re(®) —XQL
lresxx
(=)(evy d logx) K

Tresx

1 Y=0_ V-1 ~1
Qre@)’™ — Lre@):

Remark 4.5.13. Compare with [3, Props. 2.2.1, 3.2.1] where residue identities also
play a crucial role in the proof of his reciprocity formula.

The proof of this theorem requires some preparation.

Lemma 4.5.14. Forall A € Rx(I'L) and j € Z we have

S(Tw,; (1) = 5(A).
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Proof. For the proof we may and do assume that 2 belongs to K. Since then
resz (3%, (f)d logz ) = Qresg (& dinv (k™ (f))d log 1) = resg(dk™(f)) =0

for any f by Remark 4.2.9, (4.37), and [33, Prop. 2.12], the case j = 1 follows
directly from (4.80) using with g := Tw,,,(A) that

OE (M(o—1)M(g)) = 8%, (M(0-1))M(g) + M(0_1)d%, (M(g))

(423) (TwXLT(a_l))EIJé(g) + EJR(O'—I)E)R(TWXLT(g))

= —M(o-1)M(g) + M(o-1)IM(Twy,; (g))-
From this the general case is immediate. ]

Lemma 4.5.15. Let A € D(I'r, Cp) with ev (A) = 0 for infinitely many j; then
LT
A=0.

Proof. On the character variety the characters )({T correspond to points which con-
verge to the trivial character. It follows that A corresponds to the trivial function since
otherwise its divisor of zeros would have only finitely many zeros in any disk with
fixed radius strictly smaller than 1 by (4.66), which would contradict the assump-
tions. ]

Now fix a Zp-basis b = (b1, ..., bg) of Uy, with all b; # 1 and set £*(b) :=
L5(b) := q7"04(b) € o] with T" := I'y. According to Section 4.4, we may define
the operator

Ep 1= ¢ 1ix(Ep) = L (B) 1 (E)
in R (). Let aug : D(I", K) = K denote the augmentation map, induced by the
trivial map I' — {1}.

Lemma 4.5.16. The element é.; induces — up to the constant ¢~"° — the augmenta-
tion map

o~

(8p, -1, = ¢ "0aug : D(Iyy, K) > K. 4.81)

Moreover, we have
= q =
S(Ep) =1=_"0(E. (4.82)

Proof. We may and do assume €2 € K by compatibility of res with respect to (com-
plete) base change (4.26). Since

~ o~ ~ no
K*((fno*(Eb)) =q Mgy = (;ZLOQ% mod Ok (B)
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by Remark 4.4.8, one has for every A € D(T, K)

= 4.77) 1 =
= GDgoT(Eb AT,

q‘”oreSg((ﬂq )no *( ,,O*(ubk))dlogg)
q_”oresB(Q(%)"OK*(Zno*(Eb/\))gLTdZ)

= g "0resg (%" (Lngx (V) g1rd Z)
= ¢ "Caug(d),

(4.76)

@37

where we use for the last equation that gyr(Z) has constant term 1 and the fact that

the augmentation map corresponds via Fourier theory and the LT-isomorphism to the

“evaluation at Z = 0” map. Taking A = 1 we see that Q(é;) = (éz, r, = qq;l.
For the other equation of the second claim one has by definition of ¢

(4 37)

¢(Ep) QL* (b)resg (k* (M (o—1) I (Twyr (x17(Ep))))d log 1)

= Q*(b)resg (Mrr(o—)Mer (Twy, (x11(Ep)))d log 1)
dlo
= E* (b)resB (EHELT(O_l) logLT(Z)BinvmeT (XET(E b)) i)

logir(2)
* w = dlo
O (mLT(O_I)EmLT(VXLT(ﬁb))ﬁ)
LT

= {*(b)resg (EmLT(a_l)%zT(;)Z)) (1, Z) l(c)igloiLZT) )
LT

= f¢* (b)JTL resB(r)(—l, Z)Wn(l, Z)d logLT)

=" (b)nL resg

1
=¢* (b)ﬂL resB(T](l ) no(Zﬁ(b)) 1OgLT)

1
1 (10.2) s d 0w )
(L) "resp (L girdZ)

L

_ B _»
o(b) L
= 17

where we use (4.64) in the third equation, the fact that V acts on R as log; 1(Z) diny (cf.
(4.70)) in the fourth equation, Remark 4.4.9 for the fifth equation, Lemma 4.5.1 (iv)
with ¥z (1) = % for the penultimate equation, and finally for the last equation that
grr(Z) has constant term 1. [

Proof of Theorem 4.5.12. Since the equality can also be checked after base change
by (4.26), we may and do assume that 2 belongs to K. Due to Proposition 4.5.9,
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there exists g € D(I'r, K) such that ¢(1) = (g, A)r, forall A € Rg(I'1) because ¢
sends D(I'z, K) to zero. We claim that

Tjo (g9)=g¢ (4.83)
LT
for all j € Z: By Proposition 4.5.11 and Lemma 4.5.14 we have

(Tw,y (9). fr, = (& Tw,—i (),
= S(waa’ (f))
=s(f)
= (g, fir,

forall f € Rx(['L).
Now it follows from (4.83) combined with Lemma 4.5.15 that g is constant (and
equal to ev 2 (g)).ie., (=) = g(l,—)r, = go(—). Finally, it follows from (4.82)
7"

that g = = ]

Corollary 4.5.17. The pairing qu1< . )T, makes the following diagram commutative:

res 3g

CRK(.%)WL =0 (Q{R(.%))WL =0 mult Ql

!R(.%)
Ta_lsnaot* }mnl H (4.84)
%( >)FL
Rx(Tr) x  Rk(L)
i.e., we have
Al A, = M (0m11(). M (D)) g
= resz (0-1 I (1 ()M’ (1)) 455
= resg (Em(a_lt*(u))im(waLT ()L))d logx)
= resx (E]R(L*(/L))EUE(TWXLT (G_I)L))d logg )
Proof. By Theorem 4.5.12 and the definition of ¢ and of (, )r, we have
24 M, = —= (1),
= {M(o—1), M (uh)} 1 (4.86)
1
= {m(O'_lL*(,bL)), me (A’)}Ql )
where we use Lemma 4.5.5 for the last equation. ]

Lemma 4.5.18. We have forall A, u € Rk (I'r) that (A, i)r; = —(1«(A), s (1)),
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Proof. Using (4.85) for the first and third equation, property (3) in Section 4.1.3
applied to  and the fact that Tw,, ;. (0—1) = —o—; for the second equation, and Propo-
sition 4.5.11 for the last one, we see that

(A, = resg (M (Twy,; (0-14)) M (14 (1)) d logy )
= —resx(im(a_lt*(waL_Tl (1+(2)))) M (s () d logg )
= _qu1(TWxL—T‘ (). Tw, (L*(P‘)))FL
= — AL, L*(M))FL- u

4.5.4 The Iwasawa pairing for (¢, I'7)-modules over the Robba ring

As before, let %)) be either X or B and R = Rg(Y))) and M in M*(R), where K
is any complete intermediate extension L € K € C,. Using Proposition 4.5.9, we
define the pairing

{ s }?W = { s }?\/[,Iw . MVIL:O X M‘/fL=0 — :RK(FL),
which is Rg (I'L )-L«-sesquilinear in the sense that
Mo, my%, = (i, m)S, = {m, w(m)y, (4.87)

forall A € Rg(TL) and i1 € MYL=% m € M V=", This requires the commutativity
of the diagram

Rg(TL) x MVL=0x MVL=0____, K

|

P
+ (’)FL

Rx(T'L) x Rx(lL) ——— K,

in which the upper line sends (f, x, y) to {f(x), y}a, where the latter pairing is
(4.73). Indeed, the property

(im0, = i, u(m)y,

follows from the corresponding property for {, }3s by Lemma 4.5.5, while with regard
to the second one
Adm, m}IOW = {Am, m}?vv

we have for all f € Rg(I'r)
(fs i, m))p, = 4f - Aimy = (Afo A, m ), = (£ Al mip, ),

by Lemma 4.5.6. Note that the pairing { , }{)W induces the isomorphism in (4.78).
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We set
€= (’%(pL —1)MYL="  and €= (g — HYMV:=7L
and we shall need the following lemma.

Lemma 4.5.19. Forf € D(I'y, K) we have { f - (pr, — 1)x, (”L oL — 1)y} =0 for
all x € MVE=7E andy € MYL=1,

Proof. The result follows by straightforward calculation using Lemma 4.5.1 (cf. [42,
Lem. 4.2.7]). ]

This lemma combined with the second statement of Proposition 4.5.9 implies that
the restriction of { , }2 to € x €, which by abuse of notation we denote by the same
symbol, is characterized by the commutativity of the diagram

€x€ x Rg(TL)/D(IL.K)——K

Ly H |

D(FL, K) X fRK(FL)/D(FL, K) —> K

in which the upper line sends (x, y, f) to { f(x), y}ar. In particular, it takes values in
D(I'., K).

Finally, we obtain a D(I'r,, K)-t«-sesquilinear pairing { , }w := {, }amw Which
by definition fits into the following commutative diagram:

MYETEL o =t DM pe g

el ]
> (%1
¢ x e —", DIy, K).

Altogether we obtain the following theorem.

Theorem 4.5.20. There is a D(I'L, K)-\«-sesquilinear pairing
(Y s MYETFE 5 MYL=1 S D(Ty, K). (4.88)
It is characterized by the following equality:
(f i mpw)y, = {f - (oL — D, (FLoL — 1)m} (4.89)

forall f € Rg(TL), meM, meM.

Remark 4.5.21. For any n > ng, we obtain in the same way as in (4.88) a D(I[',,, K)-
L«-sesquilinear pairing

{. Jwr, - MVETRE x MYL=! & D(T,. K).
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It follows immediately from the definitions, the projection formulae (4.77), and the
Frobenius reciprocity (Remark 4.5.8) that

{ hwr, = (g — 1)(]n_1 Pr » o{, hw-

If y : T — o7 is any continuous character with representation module Wy =or 1y,
then, for any (¢r, I'r)-module M over R, we have the twisted (¢r, I'r)-module
M(y), where M(y) := M ®,, Wy as R-module, @pr()(m @ w) := oy (m) @ w,
and y(m @ w) := y(m) ® y(w) = x(y) - y(m) ® w for y € I'y. It follows that

UM (m @ w) = Yy (m) @ w.

For the character it we take Wy, =T =ornand W 1 =T = orn" as repre-
sentation module, where T* denotes the o7 -dual with dual basis n* of 7.
Consider the R-linear (but of course not R (I'z)-linear) map

twy : M — M(x), m—>m®Q .

Lemma 4.5.22. There is a commutative diagram

j }w
MG« M(dpve=t 2% by, )
Ttw){]}j Ttw)(]{"r TTWX]{T
MR o« = U by cy).

Proof. We have for all f € Rg(I'L),
(fftw o OR).tw oy ()} ),
={f (e =D @ n®77), (FLgr — )m ® n®’}
{(Tw, =i (f)- (oL = 1yit) @ n®~7 (HLQDL —)m @ n®/}
{(TW = (f) - (g = D). (oL — 1)m}
v () A i),
= (£ Tw i (07 miw))p, -

where we used Proposition 4.5.11 for the last equation. The second equation is clear

for §-distributions and hence extends by the uniqueness result of Theorem 4.3.21, cf.
the proof of Theorem 4.3.20. ]

4.5.5 The abstract reciprocity formula

We keep the notation from the preceding subsection and set #5y) := logsy.
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Compatibility of the Iwasawa pairing under comparison isomorphisms

Let M, N be (not necessarily étale) L-analytic (¢, I'r )-modules over . We extend
the action of I'z, ¢z, and ¥, to the ﬁ[%]-module M [%] (and in the same way to

N[%]) as follows:’

ym
m.._ym _ xh»)
Vi =k T Tk
v Viy )
) (DL(]:")
or(m 7
oL(F) = = —,
v (pL(tsy) tsx)
k
”LWL(m)
V() = ———
Ri) tgy

Lemma 4.5.23. We have the following:

M (Mg )" =" = (MO0 = (g lm € MVE=0, k 2 0}

(i)  The (separately continuous) Rk (FL)—actlon on MYL=0 extends to a (sep-
arately continuous with respect to direct limit topology) action of Rx (I'r)
on (M)

n{w(m) . . _ .
Proof. For (i) note that 0 = WL( ) if and only if ¥7 (m) = 0. For (ii)
)

take for any f € Rg (L) the dlrect limit of the following commutative diagram:

MYL=0 0 pgur=0"0_ Moy =0 ™
fJ ™, (f)l ™, —i (f)l
tsy) t tsy

MYL=0 "0 =0 oy =0 ™
This defines a (separately continuous) action. ]
Now we assume that there is an isomorphism

c:R[L]eaM = R[L]e@a N

of (¢r, 'z )-modules over JR[%]

k k
%Since I‘D = (pL( ) one checks that ¥, (t;Dm) *k Y1, (m) by the projection formula.
L Ty

In particular, the definition is independent of the chosen denominator.
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Consider the composite map

¢: R[] ®x M = Homg 1 ](ﬁ[Ly] R M, R[] ®z QR)
= Homx[%] (R[] ®2 N. R[5 ] ®2 Qg)
~ [é] Rz N,

where the second isomorphism is (¢~1)*.
Lemma 4.5.24. ¢¥2=% and ¢¥L=0 are Rk (T'L)-equivariant.

Proof. Consider, forn € Z, the (¢, 't )-modules (!) M, := ti”M over R and note
that the inclusion (M,)¥2=% € (M [%])‘”L=0 is Rk (I'r )-equivariant by construction
of the action. Now, since M, N are finitely generated over (R, there exists ng > 0
such that ¢ restricts to a homomorphism co : M — Ny, of (¢r. 'r)-modules over R,
whence ¢J-=° 1 MYL=0  NYL=0 (N[ ])‘#L =0 is Rx (' )-equivariant by the
functoriality of Theorem 4.3.23 and similarly for the induced maps ¢, : My, = Npgtn
for all n > 0. The equivariance for ¢¥Z=0 follows by taking direct limits.
Similarly, for some ng > 0, the inverse b of ¢ induces homomorphisms b,

N_ny—n = M_, of (¢r. 'z )-modules over R all n € Z. We obtain homomorphisms
of (¢r, 'r)-modules over R

&+ (M), = Homg (M. 13" Q23)
=~ Homg(M_,, Q}R)
~ Homg (N—ny—n, iz)

= (N)no-f—na

where the third isomorphism is (b,)*. As above (&,)Y2=0 is Rx(I'z)-equivariant
and the claim follows by taking direct limits. ]

Lemma 4.5.25. The following diagram commutes on the vertical intersections:

{ ’ }(/{/I,Iw

MYL=0 X MVL=0 2 Re(TL)

l !

(R[] @ 01)* ™" x (R[L] ©5 M)

|- |2

(Rl ®a N)" ™ x (R[] @2 N)" ™

T I (% 1w

NVYL=0 X NYL=0 2,5 Re(TL);
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ie,ifmeM,meM,ii € N,ne N with () = it and c(m) = n, then
{’/h?m}gl,lw = {ﬁ’ n}ON,IW'
Proof. By definition of the Iwasawa pairings, we have for all f € Rg(I'r)

(/. {ﬁvn}?\’,lw)r‘L ={f-nn}n
={f-¢ém),c(m)}y
= {&(f -m),c(m)}y
= resm(E(f rh)(c(m)))
= resy (((f -m) o c_l)(c(m)))
= resy ((f - i) (m))
={f-m.myu
= (£ {’h’m}&,lw)m

whence the claim. Here, we use the Rg (' )-equivariance of ¢ in the third equal-
ity. |

Now let D be any ¢y -module over L of finite dimension, say d (with trivial I'z -
action), and consider the (¢7, I'r)-module N := R ®1 D over R (with dlagonal
actions). Since N 2= K¢ as I'z-module, it is L- -analytic. Moreover, we have N =~
Q}R ® D* with D* = Homy (D, L) being the dual ¢z -module. We set

5. 1 ifY) =%,
Q ifYY) =B (and Q € K).

Lemma 4.5.26. If%)) = B, we assume Q2 € K. There is a commutative diagram

L

(QRr®DMHL=0 x (R®y D)W—O ST UV (T
me! ®idTg 01 Wlow@ﬁd[z H
Rx(Tr)®L D* x  Rg(T)®r D ——— Rx(TL),

where the bottom line is the R g (I'r)-linear extension of the canonical pairing between
D*and D; ie., itmaps A Q L, u®d) to Aul(d).

Proof. Let c?j and d; be a basis of D* and D, respectively,and x =} ; A; - J,- and
y = >; i - di. Then, by definition of { , }}, we have forall A € Rg (')

(A2 8id)(x), (01 Mo e ® (1)),
— {(Mmﬂl ®id)(x), (01 Mo 14 ® id)()’)}
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J

= {20 - evi d logy @), Y (i) - ev-1 @4

= > {AXj ) - (evi d logy) ® dj.ev_; ®d;}
iJ

= Zresm (c?, (di) ev_1(ALj ;) - (evy d logy))
i,J

= Z 0?]- (di)ressy (ev_1(AA;p;) - (evi d logm)).

i,j

Here, for the third equation we used property (iii) in Lemma 4.5.1. On the other
hand, we can pair the image D ; ; A;14;d;(d;) of (x, y) under the bottom pairing with
A using the description (4.86)

Fer(h Do hmidy () = 3 d o) (o). M (M)
L]

i,j

= > dj(diresg(ev_1(Adj ;) - (ev1 d logg)).

iL,Jj

whence comparing with the above gives the result for YY) = X, using Proposition 4.5.9.
If %Y) = B, we obtain the factor 2 due to Remark 4.5.3. n

Definition 4.5.27. We write:

(@)

(ii)

Rep7'(Gp) for the full subcategory of the category Rep; (G1) consisting
of L-analytic representations V, i.e., C, ®¢,1 V is the trivial semilinear
Cp-representation (CSimLV for all embeddings o : L — C,, different from
the fixed inclusion ¢ : L — Cp;

MEE(R) for the category of étale, analytic (¢r, I'z)-modules over R
(remember that an L-analytic (¢r,, I'r,)-module M over R is called étale if
it is semistable and of slope 0).

The following theorem is crucial.

Theorem 4.5.28. There are equivalences of categories

and

Repy"(GL) <> M*™(RL(B))

Vi Djig(V)

Repi™(Gr) < M™ (R (X))
Vs DL (g
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Proof. The first equivalence is Theorem D in [6]. By [8, Thm. 3.27] one has an equiv-
alence of categories

Man’ét(ﬁL(B)) eMan’ét(eRL(-%)) (4.90)
M — Mx. u

We recall the definition of the subring Bz of R, (B) by defining first A= w(C ;) L
and

Al = {x = Zﬂf[xn] €A: |77 [ xal} 7% 0 for some 1 > 0}.

n>0

Thenweset AT := AT N4, Bt := AT[%] as well as AZ = (A")HAL and Bz =
(BHHL.

It follows from the proof of [6, Thm. 10.1] that for V' € Rep?'(G.) we have
D:ig(V) = R (B) ®Bz DT(V), where DT (V) belongs to Emé‘(BZ). From the the-
ory of Wach modules we actually know that Dy1(V) is even of finite height if V' is
crystalline in addition:

pf(v)=8] ®, N(T) = B} Ryt N(V)
for any Galois stable oy -lattice T C V. From the diagram in (3.2), we thus obtain the
following diagram, in which the horizontal maps are equivalences of categories:
B,® 1+—

B/ -
MOdﬁi’FL’an ~ gﬁet,cns(BL)
L

(9®B+—l NE) =~ | Drr(-)
L
rp0 Lo, i
eL,lr, = cris,an
Mod ~ "Rep, " (GL)
MODcris.L
RL(B)®(9—l c

an,ét DT (V) an
M(RL(B))"™ —— Repd(Gp).

Here IN°4c(B; ) denotes the essential image of Repzris’an(GL) under Dip(—) in
M (Br) with B, := Ar[-].

Now let T be an oy -lattice in an L-linear continuous representation of Gy, such
that V*(1) (and hence V(z~!)) is L-analytic and crystalline. Then it follows from
[44] and the discussion above that

M :=Df (V™) = RL(B) ®0xm) M(Deris. (V™))
= RL(B) ®,+ N(T(z™h)
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as well as
M = D;Eg(V*(l)) = RL(B) ®0x ) M(Deris,. (V*(1)))
= RL(B) ®,+ N(T"(1))
and the comparison isomorphism in (3.16) induces isomorphisms
compyy : M[ L] 2 9t B)[ -] @1 Deior (V™)
and
compz : M[2] = R B)[ 2] ®L Derio,r (V*(1)).

By [8, §3.4 and §3.5] an analogue of Kisin—Ren modules exists for §Y) = X; i.e., if we

take M = Djig(V(‘L’_l))x and M = D;rig(V* (1))%, we obtain analogous comparison

isomorphisms

compyy : M[7] = RL(E)[ 7] OL Deais. (V&™) (4.91)
and

compyz : M[ 7] = Re(@)[ 5] ®r Ders, (V* (D)),

which this time stem from [8, Prop. 3.42] by base change R (X) ®@, (x) — using
the inclusion O (X)[Z~!] € RL (%)[%] Moreover, these comparison isomorphisms
for B and X are compatible with regard to the equivalence of categories (4.90) by
[8, Thm. 3.48]. Note that for ¢ = comp,, and D = Ds..(V(r™!)) we have

comp,; = (come}R ®pr idp*) o ¢ (4.92)
using the identifications Q}R ~ R(xvr) and
Dcris,L(V*(l)) ~ D* ® Dcris,L(L(XLT))-

We set b .= compg1 (Zild log; 1) = % ®n € Do := Deis, . (L(xrr)) and

~ vV o ifY =%,
Vi=49y .
o 1Y) =B (and Q € K).

Remark 4.5.29. As operators on R, we have the equalities

V = l‘syam and 6 = tmgm

mv

where we define 98 := 0;,, and

5 OF, ifY =X,
C % if) =B (and Q € K).
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Indeed, for YY) = B (4.70) grants these equalities of operators on the subring O (B).
Concerning the ring Rg (B), we note that V is acting as a continuous derivation as
can be shown in the same way as in [44, Lem. 2.1.2], while for the operator tgdiny
this is clear anyway. Thus, the same equalities hold for (R, Remark 4.3.1. Indeed, on
the localization Ok (B) 2w it extends uniquely by the derivation property and then it
extends uniquely by continuity to Rx (B). Regarding %) = X, note that all operators
are defined over K. Since the equality can be checked over C,, the claim follows
from Remark 4.2.9 and the previous case %Y) = B.

Lemma 4.5.30. Assuming Q2 € K if %Y) = B, the following diagram commutes:

comp, | ®7.idp*

Ql[ S1® D* = >.R[$]®D*®Do
1 dl
QL ®L D*)¥r=0 RYL=%® D* ® Dy
m‘?l@idD*Tz gﬁ@idD*@DOT%

id‘ﬂK(rL)®LD* ®b

Rk (') ®L D* » Rxk(I'L) ® D* ® Do.

Proof. We first give the proof for §Y) = B. Observe, since on D* we have the identity
throughout, that the commutativity of the above diagram follows from the commuta-
tivity of

Ql -
Re(Ty) — &5 (@Ly=o . » QR[]

>~

R(qr)¥r=°

A

3R®t‘l) o | comPg 1
MRb W =0
Rg(TL) — R ®LDeris, (L(xL1))
v 1y ®id +
IM®b, W =0 " Y= 0
c(RK(FL) — R ®LDcris,L(L(XLT)) — (m[m]®LDcm (L(XLT)))

(4.93)

where the map amv ® 1y : R ®L Deris, . (L(xrr)) = R(xrr) sends f ® - t‘ ®nto
1nvf ® n and the compos1te with the natural identification R(yrr) = Ql which
sends 7 to d log; 1, is the map TR —> Ql upon identifying R ®r Deris, . (L (xrr))
with R by sending f ® ;- ®nto f. Remark 4.5.29 implies the commutativity of
the left lower corner. For the upper left corner the commutativity follows from (4.64),
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the easily checked identity 39 n(1,Z) =n(1,Z), and (4.79)

M (1) = (Twyr (1) - 0(1, 2))d logyy

= (Twy; (1) '5;}?#7(1, Z))d log;y
=T (/\ -n(1, Z))d log .

mv

Finally, since (1, Z) ® b € RYL=° @[, Deyis.1. (L (xrr)) is sent up to n(1, Z)d log; 1
and down to tyn(1, Z) ® b, the compatibility with compg, L is easily checked. The
same proof works for YY) = X by using (4.63) instead of (4.64) and replacing n(1, Z)
and % by evy and d, respectively. ]

Now we introduce a pairing — if ¥¥) = B assuming 2 € K as usual —

[ b vy
RwL:O L Dcris,L(V*(l)) X tfR]/fL:O QL Dcris,L(V(T_l)) d €.RK(FL)

which we will abbreviate as [, | :=[. ]p_, , (v(z—1)), by requiring that the following
diagram becomes commutative:
RVLVQD*®D, x RKRNL=Og, p-l, R (')
Sm@idD*@DOTE o_1 Moy ®idT§ H (4.94)

Rg(TL)®L D*®@ Dy x Rx(I'L) @ D —— Rk (T'L),

where the bottom line sends (A ® [ ® b, u ® d) to AuBl(d).

Combining the Lemmata 4.5.26 and 4.5.30, we obtain the following lemma for
N=2R ®L Dcris,L(V(T_l))'

Lemma 4.531. [ 1p, , w1y = L5{V(compg ®L idp+)" (=), —}} -
Setting
M= Comp_l (RWL=0 L Dcris,L(V(f_l)))’
M, = Comp_l (JRWL:O L Dcris,L(V*(l)))
we obtain the subsequent result.

Theorem 4.5.32. Assume 2 € K if ¥) = B. Forall x € M’ N (MVY2=%) and y €
M’ 0 (MYL=9) it holds that

LV = byl
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i.e., the following diagram commutes on the vertical intersections:

~ _o TV,
MYL=0 X MYyL=0 L T8 Rk(TL)

! !

(R[L1ea )™ x  (R[L]ea M)
comp ;7 | comleg

(m[%] ®LDcris,L (V;k (1)))1//1‘:0 X (m[é] ®LDcris,L (V(T_l)))WL=O

] I [

RYL=0 ®LDcris,L(V*(1)) X RYL=0 QL Dcris,L(V(f_l)) _]> t(RK(FL)

Proof. Combine Lemmata 4.5.25 and 4.5.31 using (4.92). ]

Interpretation of the abstract reciprocity formula in terms of the D ;s 1 -pairing
Assuming as usual that Q2 € K if YY) = B, the canonical pairing
Deris,. (V*(1)) X Deris, (V(r™")) = Deris, (L(xLr))
extends to a pairing
RVE= @1 Deris, (VF (1) x RV @1 Dasis, (V(r™1)
— RYL= @ Devis,r (L (yir))

denoted by [, ]eis, by requiring that the following diagram is commutative (in which
the lower one is induced by multiplication within Rg (') and the natural duality
paring on Dcris,L)

[ s ]cris
ﬁWL =0 ®LDcris,L (V* (1))X'RWL =0 ®LDcris,L (V(t_l)) - ‘RWL =0 ®LDcris,L (L (XLT))
Tfm®id To_lﬁmm* ®id TSR@id

Ri(TL) ®LDcris,L(V* (1) x Rg(T'L) ® Deris, L (V@) = Rk(TL) ®LDcris,L(L (xir))-

Note that
comp([x, y] - evi ® (13 ® 1)) = [, Vi

Hence, using the diagram in (4.93), Theorem 4.5.32 is also equivalent to

comp o M’ o S~2qq;1{x, 1w = [comp(x), comp(y)]

cris’
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i.e., the “commutativity” (whenever it makes sense) of the following diagram:

Dl (v* (1))‘“‘*[7] x DI (V)" ‘[m] ----- U Rk (T
1—¢Ll 1—’%<le

rlg(V (1))‘”L O[ ‘.YJ] x DrTg(V(T_l))WL O[tm] _"fl""}']“i> ﬂK(FL)

DL ) O[] x DL [T g [

complg complg
RIL=O[L]® Do V(D) x L= L] & Do (V2 )

\\\\ [’ ]cris
S~

1R

comp

~4 ~
E}}WL =0 [é] ®LDcris,L (L (XLT))

for §Y) = B, while for YY) = X one has to decorate the D:i s with index X.

Question. Is it possible to extend the definition of [, ] and {, } to (M [ ! ])‘”L =0 x

(M ! ])‘/’L =0 by perhaps enlarging the target Rx (I'z) by an approprlate localiza-
tion, Wthh reflects the inversion of #sy somehow?



