
Chapter 5

Application

For the convenience of the reader we recall some definitions. Firstly, for V2RepL.GL/
we put

Dcris;L.V / WD .Bcris ˝L0 V /
GL and DdR;L.V / WD .BdR ˝Qp V /

GL :

The second definition will be used also in the more general form

DdR;L0.V / WD DdR;L0.VjGL0 / D .BdR ˝Qp V /
GL0

for L0 any finite extension of L. Moreover, we write D0
dR;L0.V / WD Fil0.DdR;L0.V //.

Recall that T� D oL� denotes the Tate module of the Lubin–Tate formal group LT.
We set V� WD L˝oL T� 2 RepL.GL/. We write � D ��1LT �cyc, tLT D logLT.!LT/ 2

Bcris;L, and analogously tQp WD log yGm.! yGm/ for the Lubin–Tate formal group yGm.
Then dr WD t rLTt

�1
Qp
˝ .�˝�r ˝ �cyc/, where �cyc is a generator of the cyclotomic Tate

module Zp.1/, is an L-basis of D0
dR;L.V

˝�r
� .1//.

The generalized Iwasawa cohomology of T 2 RepoL.GL/ is defined by

H�Iw.L1=L; T / WD lim
 �
L0

H�.L0; T /;

where L0 runs through the finite Galois extensions of L contained in L1 and the
transition maps in the projective system are the cohomological corestriction maps.
For V WD T ˝oL L 2 RepL.GL/ we define

H�Iw.L1=L; V / WD H
�
Iw.L1=L; T /˝oL L;

which is independent of the choice of T . As usual, we denote by

cor W H�Iw.L1=L; T /! H�.L0; T /

the projection map and analogously for rational coefficients.

5.1 The regulator map

Let T be in Repcris
oL;f

.GL/ such that T .��1/ belongs to Repcris;an
oL;f

.GL/with all Hodge–
Tate weights in Œ0; r�, and such that V WD L ˝oL T does not have any quotient
isomorphic to L.�/. Then the assumptions of Lemma 3.3.6 are satisfied and we may
define the regulator maps

LV WH 1
Iw.L1=L; T /! D.�L;Cp/˝L Dcris;L

�
V.��1/

�
;
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L0
V WH

1
Iw.L1=L; T /! OL.B/ LD0 ˝L Dcris;L

�
V.��1/

�
;

LV WH
1
Iw.L1=L; T /! D.�L;Cp/˝L Dcris;L.V /

as (part of) the composite

H 1
Iw.L1=L; T / Š DLT

�
T .��1/

� LD1
D N

�
T .��1/

� 
DLT.T.��1//

D1
.1�

�L
q 'L/

�������! '�L
�
N
�
V.��1/

�� LD0
,! O LD0 ˝L Dcris;L

�
V.��1/

�
� OCp .B/

 LD0 ˝L Dcris;L
�
V.��1/

�
M�1˝id
������! D.�L;Cp/˝L Dcris;L

�
V.��1/

�
! D.�L;Cp/˝L Dcris;L.V /

(5.1)

using [80, Thm. 5.13], Lemma 3.3.6, the inclusion (3.17), and where the last map
sends � ˝ d 2 D.�L;Cp/ ˝L Dcris;L.V .�

�1// to � ˝ d ˝ d1 2 D.�L;Cp/ ˝L
Dcris;L.V .�

�1//˝L Dcris;L.L.�// Š D.�L;Cp/˝L Dcris;L.V /: Note that we have
D WDDcris;L.L.�//DD

0
dR;L.L.�//DLd1 with d1D tLTt

�1
Qp
˝ .�˝�1˝ �cyc/, where

L.�LT/ D L� and L.�cyc/ D L�cyc.
Alternatively, in order to stress that the regulator is essentially the map 1 � 'L,

one can rewrite this as

H 1
Iw.L1=L; T / Š DLT

�
V.��1/

� LD1
D N

�
T .��1/

� 
DLT.T.��1//

D1

,! N
�
V.��1/

� 
DLT.V.��1//

D1
˝L D

1�'L
���! '�L

�
N
�
V.��1/

�� LD0
˝L D

,! O LD0 ˝L Dcris;L
�
V.��1/

�
˝L D � OCp .B/

 LD0 ˝L Dcris;L.V /

M�1˝id
������! D.�L;Cp/˝L Dcris;L.V /;

where the ,! in the second line sends n to n˝ d1 and the 'L now acts diagonally. By
construction, this regulator map LV takes values in D.�L; K/GL;� ˝L Dcris;L.V /,
where the twisted action of GL on the distribution algebra is induced by the Mellin
transform as in (ii) of Proposition 4.1.25.

We write rLie 2 Lie.�L/ for the element in the Lie algebra of �L corresponding
to 1 under the identification Lie.�L/ D L.

Proposition 5.1.1. The regulator maps for V and V.�LT/ – assuming that both rep-
resentations satisfy the conditions above – are related by

LV.�LT/.x ˝ �/ D rLie �
�
1
�

Tw��1LT

�
LV .x/

�
˝ t�1LT �

�
I

i.e., the following �L-equivariant diagram commutes:

H 1
Iw

�
L1=L; V .�LT/

�
Š

��

LV.�LT/ // D.�L;Cp/˝L Dcris;L
�
V.�LT/

�
H 1

Iw.L1=L; V /˝oL L.�LT/
LV˝L.�LT/ // D.�L;Cp/˝L Dcris;L.V /˝L L.�LT/:

rLieTw
��1

� ˝t�1LT

OO
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Proof. The proof is analogous to [51, Prop. 3.1.4]. Note that the period � enters due
to (4.64).

This twisting property can be used to drop the condition concerning the Hodge–
Tate weights in the definition of the regulator map; i.e., upon replacing D.�L;Cp/ in
the target by its total ring of quotients, one can extend the regulator map as usual to
all T in Repcris

oL;f
.GL/ such that T .��1/ belongs to Repcris;an

oL;f
.GL/.

In order to better understand the effect of twisting, we have the following lemma.

Lemma 5.1.2. For � 2 D.�L; K/ we have

1

�
.rLieTw��1/.�/ DM�1

�
tLTM.�/

�
and for all n � 1 �

rLieTw��1.�/
�
.�nLT/ D n�.�

n�1
LT /:

Proof. The first claim follows by combining (5.5) with (4.64), while the second claim
is just Lemma 4.1.22 applied to the first.

One significance of regulator maps is that it should interpolate (dual) Bloch–Kato
exponential maps. We shall prove such interpolation formulae in Section 5.2.4 by
means of a reciprocity formula.

5.1.1 The basic example

Setting U WD lim
 �n

o�Ln with transition maps given by the norm, we have the maps

CWr W U ˝Z T
˝�r
� ! D0

dR;L

�
V ˝�r� .1/

�
D Ldr

u˝ a�˝�r 7! a
1 � ��rL
.r � 1/Š

@rinv loggu;�.Z/jZD0dr

for all r � 1. Furthermore, gu;� denotes the Coleman power series (cf. [21, Thm. A,
Cor. 17]) attached to uD .un/n and �D .�n/n satisfying gu;�.�n/D un for all n� 1.

We are looking for a map

L W U ˝Z T
�
� ! D.�L;Cp/˝L Dcris;L

�
L.�/

�
such that

�r

rŠ

1 � ��rL

1 �
�r
L

q

L.u˝ a��/.�rLT/˝ .t
r�1
LT ˝ �˝�rC1/ D CWr.u˝ a�

˝�r/ (5.2)

for all r � 1; u 2 U; a 2 oL. Recall that Dcris;L.L.�// D Ld1 and note the equalities
D0

dR;L.V
˝�r
� .1// D Ldr D Ld1 ˝ .t r�1LT ˝ �˝�rC1/.
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Theorem 5.1.3 (A special case of Kato’s explicit reciprocity law [80, Cor. 8.7]). For
r � 1 the diagram

U ˝Z T
˝�r
�

��˝id
��

CWr

((

H 1
Iw

�
L1=L; T

˝�r
� .1/

�
cor
��

H 1
�
L; T˝�r� .1/

� exp�
// D0

dR;L

�
V ˝�r� .1/

�
D Ldr

commutes.

For the definition of the Kummer map � see [80, §6], while for the dual Bloch–
Kato exponential map exp� we refer the reader to [12].

We set L D L˝ d1 with L given as the composition

L W U ˝ T ��
r
�! oLJ!LTK LD1

.1�
�L
q '/

������! OCp .B/
 LD0

logLT �
���! OCp .B/

 LD0
M�1

���! D.�L;Cp/;

where the map r has been defined in [80, §6] as the homomorphism

r W U ˝Z T
�
! oLJ!LTK D1

u˝ a�� 7! a
@inv.gu;�/

gu;�
.!LT/:

Note that due to the multiplication by logLT, the maps L, L are not �L-equivariant.
Using Lemmata 4.1.21 and 4.1.22, we obtain

L.u˝ a��/.�rLT/ D aM�1
�

logLT

�
1 � �L

q
'
�
@inv loggu;�

�
.�rLT/

D a��1rM�1
�
1 � �L

q
'
�
.@inv loggu;�/.�r�1LT /

D ar��r
�
1 � �L

q
�r�1L

�
.@r�1inv @inv loggu;�/jZD0

D ar��r
�
1 �

�r
L

q

�
.@r�1inv @inv loggu;�/jZD0I

(5.3)

i.e., L satisfies (5.2), indeed. By construction and Proposition 4.1.25 the image of L

actually lies in the GL-invariants:

L W U ˝Z T
�
� ! D.�L; K/

GL ˝L Dcris;L
�
L.�/

�
:

We claim that the composition

U ˝Z T
�
�

H 1
Iw

�
L1=L; oL.�/

�
D.�L;Cp/˝L Dcris;L

�
L.�/

��˝T ��

LL.��LT/˝oL.�
�1
LT /˝tLT

(5.4)
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coincides with

L W U ˝Z T
�
� ! D.�L;Cp/˝L Dcris;L

�
L.�/

�
:

Indeed, from the commutativity of the diagram in Figure 5.1 (cf. with [51, Appx. C]
forLDQp) the above claim immediately follows by tensoring the diagram for r D 1
with oL.��1LT / and then composing with the multiplication by tLT. In this diagram, we
use the following abbreviations:

}r WD LL.��rLT/
˝ d˝�11 for any r � 1;

er WD t
�r
LT ˝ �

˝r
2 Dcris;L

�
L.�rLT/

�
;

li WD tLT@inv � i;

and we recall that @inv D
d
dtLT

.

U ˝ T
˝.r�1/
� H1Iw

�
L1=L; oL.��

r
LT/
�

�
!�rLT oLJ!LTK˝ �˝r

� LD1
�
oLJ!LTK˝ �˝r

� LD1 N
�
oL.�

r
LT/
� LD1

'.!LT/
�roLJ!LTK

�
1
p

� LD0
˝ �˝r

oLJ!LTK
�
1
p

� LD0
˝ �˝r '�

�
N
�
L.�rLT/

�� LD0
O LD0 ˝ er

O LD0 ˝ er O LD0 ˝L Dcris;L
�
L.�rLT/

�
D.�L; K/

GL ˝L Dcris;L
�
L.�rLT/

�
D.�L; K/

GL ˝ er D.�L; K/
GL ˝L Dcris;L

�
L.�rLT/

�
D.�L; K/

GL ˝L �
r D.�L; K/

GL ˝L L.�
r
LT/

r˝�˝r

�˝T
˝.r�1/
�

Š

}r

�
1�

�L
q 'L

�
˝id

�
1�

�L
q 'L

�
˝id 1�

�L
q 'L

trLT˝t
�r
LT

@�rinv ˝t
�r
LT

comp

M�1˝id

DtrLT@
r
inv˝id

l0���lr�1˝id

M�1˝id

id˝trLT id˝trLT

lL.�rLT/

Figure 5.1. Comparison of L and LL.��LT/.
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Note that we have

M�1.l0f / D lim

!1

ı

�
M�1.f /

�
�M�1.f /

`.
/
D rLieM

�1.f /; (5.5)

see [44, Lem. 2.1.4] for the fact that

rLie D tLT@inv

as operators on O. By abuse of notation we thus also write

li WD rLie � i

for the corresponding element in D.�L; K/; compare [75, §2.3] for the action of
Lie.�L/ on and its embedding into D.�L; K/. Moreover, we set

lL.�rLT/
WD

r�1Y
iD0

li :

Note that @inv is invertible on O LD0 by [33, Prop. 3.12]. Finally, the map

comp W '�
�
N
�
oL.�

r
LT/
�� LD0

! O LD0 ˝L Dcris;L
�
L.�rLT/

�
is given by Corollary 3.1.14. Note that the commutativity of the upper part of the
diagram in Figure 5.1 is an immediate consequence of [80, Thm. 6.2].

Inspired by Proposition 5.1.1, we define LL.�/ – since L.�/ does not satisfy the
conditions from the beginning of this chapter while L.��LT/ does – as a twist of
LL.��LT/ by requiring the commutativity of the diagram in Figure 5.2, which is pos-
sible due to the commutativity of the diagram in Figure 5.1.

H 1
Iw

�
L1=L; oL.�/

�
LL.�/

$$

Š

xx

H 1
Iw

�
L1=L; oL.��LT/

�
˝oL oL.�

�1
LT /

LL.��LT/˝oL.�
�1
LT /

&&

D.�L;Cp/˝L Dcris;L
�
L.�/

�
rLieTw

��1

� ˝t�1LT
zz

D.�L;Cp/˝L Dcris;L
�
L.��LT/

�
˝L L.�

�1
LT /

Figure 5.2. Comparison of LL.�/ and LL.��LT/.
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Then
L W U ˝Z T

�
� ! D.�L;Cp/˝L Dcris;L

�
L.�/

�
also coincides with

U ˝Z T
�
�

�˝T ��
����! H 1

Iw

�
L1=L; oL.�/

��
1
�rLieTw

��1
˝id
�
ıLL.�/

�����������������! D.�L;Cp/˝L Dcris;L
�
L.�/

�
(5.6)

by Proposition 5.1.1.
We refer the interested reader to [74, §5] for an example of a CM-elliptic curve E

with supersingular reduction at p in which they attach to a norm-compatible sequence
of elliptic units e.a/ (in the notation of [27, §II 4.9]) a distribution �.a/ 2 D.�L;K/
in [74, Prop. 5.2] satisfying a certain interpolation property with respect to the values
of the attached (partial) Hecke-L-function. Without going into any detail concerning
their setting and instead referring the reader to the notation in loc. cit., we just want
to point out that up to twisting this distribution is the image of �.e.a//˝ ��1 under
the regulator map LL.�/:

LL.�/
�
�
�
e.a/

�
˝ ��1

�
D �Tw�LT

�
�.a/

�
˝ d1:

Here, L D Kp D F} (in their notation) is the unique unramified extension of Qp of
degree 2, �L D p, q D p2, and the Lubin–Tate formal group is yE} , while K DbL1.

Indeed, we have a commutative diagram

U

�.�/˝��1

��

Col // D.�L; K/

�Tw�LT˝d1
��

H 1
Iw

�
L1=L; oL.�/

� LL.�/
// D.�L; K/˝L Dcris;L

�
L.�/

�
;

(5.7)

where the Coleman map Col is given as the composite in the upper line of the follow-
ing commutative diagram:

U

��

logg�
// O
 LD

1
�L

@inv

��

1�
'L

p2
// O LD0

@inv

��

O LD0

l0

��

M�1 // D.�L; K/

rLie

��

U ˝ T �p
r // O LD1

1�
�L
q 'L
// O LD0

logLT � // O LD0 M�1// D.�L; K/;

(5.8)

in which the second line is just L. Then the commutativity of (5.7) follows by com-
paring (5.8) with (5.6). Finally, Col.e.a// D �.a/.DM�1.ga.Z// in their notation/
holds by construction in loc. cit. upon noting that on O

 LD
1
�L the operator 1 �

�
p2
'L ı L, which is used implicitly to define ga.Z/.D .1�

�
p2
'L ı L/ logQa.Z//,

equals 1 � 'L
p2

.
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5.2 Relation to Berger’s and Fourquaux’s big exponential map

Let V denote an L-analytic representation of GL and take an integer h � 1 such
that Fil�hDcris;L.V /DDcris;L.V / and such thatDcris;L.V /

'LD�
�h
L D 0 holds. Under

these conditions in [7], a big exponential map à la Perrin-Riou

�V;h W
�
O LD0 ˝L Dcris;L.V /

��D0
! D

�
rig.V /

 LD
q
�L

is constructed as follows: According to [7, Lem. 3.5.1], there is an exact sequence

0!

hM
kD0

tkLTDcris;L.V /
'LD�

�k
L !

�
O ˝oL Dcris;L.V /

� LD q
�L

1�'L
���! O LD0 ˝L Dcris;L.V /

�
�!

hM
kD0

Dcris;L.V /=.1 � �
k
L'L/Dcris;L.V /! 0;

where, for f 2 O ˝L Dcris;L.V /, we denote by �.f / the image of the map

hM
kD0

.@kinv ˝ idDcris;L.V //.f /.0/!

hM
kD0

Dcris;L.V /=.1 � �
k
L'L/Dcris;L.V /:

Hence, if already f 2 .O LD0 ˝L Dcris;L.V //
�D0, then there exists an element y 2

.O ˝oL Dcris;L.V //
 LD

q
�L such that f D .1 � 'L/y. Setting ri WD r � i for any

integer i , one observes that rh�1 ı � � � ı r0 annihilates
Lh�1
kD0 t

k
LTDcris;L.V /

'LD�
�k
L ,

whence �V;h.f / WD rh�1 ı � � � ı r0.y/ is well defined and belongs under the com-

parison isomorphism in (3.16) to D�
rig.V /

 LD
q
�L by Proposition 3.1.13.

Note that �
O LD0 ˝L Dcris;L.V /

��D0
D O LD0 ˝L Dcris;L.V /

if Dcris;L.V /
'LD�

�k
L D 0 for all 0 � k � h. If this does not hold for V itself, it does

hold for V.��rLT / for r sufficiently large (with respect to the same h).
In the special case L D Qp , the above map becomes the exponential map due

to Perrin-Riou and satisfies the following adjointness property with Loeffler’s and
Zerbes’ regulator map, see [51, Prop. A.2.2], where the upper pairing and notation
are introduced:

D.�;Qp/˝ƒL HIw
�
Qp; V

�.1/
�
� D.�;Qp/˝ƒQp

HIw.Qp; V /


�1LV
��

// D.�;Qp/

D.�;Qp/˝Qp Dcris;Qp

�
V �.1/

��V�.1/;1

OO

� D.�;Qp/˝Qp Dcris;Qp .V /
// D.�;Qp/:

In fact, this is a variant of Perrin-Riou’s reciprocity law comparing �V;h with
�V �.1/;1�h.
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For L ¤ Qp the issue of L-analyticity requires that V �.1/ is L-analytic for the
construction of �V �.1/;1�h, which then implies that V is not L-analytic. Instead, our
regulator map is available and the purpose of this subsection is to prove an analogue
of the above adjointness for arbitrary L.

Theorem 5.2.1 (Reciprocity formula/Adjointness of big exponential and regulator
map). Assume that V �.1/ is L-analytic with Fil�1Dcris;L.V

�.1// D Dcris;L.V
�.1//

and Dcris;L.V
�.1//'LD�

�1
L D Dcris;L.V

�.1//'LD1 D 0. Then the following diagram
consisting of D.�L; K/-š�-sesquilinear pairings (in the sense of (4.87)) commutes:

D
�
rig.V

�.1//
 LD

q
�L � D

�
V.��1/

� LD1
L0
V

��

q�1
q ¹ ; ºIw

// D.�L;Cp/

O LD0 ˝L Dcris;L
�
V �.1/

��V�.1/;1

OO

� O LD0 ˝L Dcris;L
�
V.��1/

� Œ ; �
// D.�L;Cp/:

Note that the terms on the right-hand side of the pairings are all defined over LŠ

Proof. This follows from the abstract reciprocity law inTheorem 4.5.32 (where we set
M WDD

�
rig.V .�

�1// as before). Indeed, assuming that z 2O LD0˝LDcris;L.V
�.1//

and y2D.V.��1// LD1, we have that .1� �L
q
'L/y2M

0 \ .M LD0/ (see (5.1)) and

comp�1
�
.1 � 'L/x

�
2 {M 0 for x 2

�
O ˝L Dcris;L

�
V �.1/

�� LD q
�L

such that z D .1 � 'L/x. Moreover, comp�1..1 � 'L/x/ 2 {M LD0 by Proposi-
tion 3.1.13 as V �.1/ is positive by assumption. Recall that comp�1.rx/ is an element
in D�

rig.V
�.1//

 LD
q
�L again by Proposition 3.1.13. We thus obtain

q�1
q

®
comp�1.rx/; y

¯
Iw D

q�1
q

®
rcomp�1

�
.1 � 'L/x

�
;
�
1 � �L

q
'L
�
y
¯0

Iw

D
�
.1 � 'L/x; comp

��
1 � �L

q
'L
�
y
��
:

By definition of the big exponential and regulator map the latter is equivalent to®
�V �.1/;1.z/; y

¯
Iw D

�
z;L0

V .y/
�
:

We also could consider the following variant of the big exponential map (under
the assumptions of the theorem):

�V;h W D.�L;Cp/˝L Dcris;L
�
V �.1/

�
! D

�
rig.V /

 LD
q
�L

by extending scalars from L to Cp and composing the original one with ��h times1

D.�L;Cp/˝L Dcris;L
�
V �.1/

� M˝id
����!

�
OK.B/

� LD0
˝L Dcris;L

�
V �.1/

�
:

1This means to replace r by r
�

in order to achieve twist invariance of the big exponential
map, see the remark below.
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Corollary 5.2.2 (Reciprocity formula/Adjointness of big exponential and regulator
map). Under the assumptions of the theorem, the following diagram of D.�L; K/-
š�-sesquilinear pairings commutes:

D
�
rig

�
V �.1/

� LD q
�L � D

�
V.��1/

� LD1
��1LV
�

��

q�1
q ¹ ; ºIw

// D.�L;Cp/

D.�L;Cp/˝LDcris;L
�
V �.1/

��V�.1/;1

OO

� D.�L;Cp/˝LDcris;L
�
V.��1/

� Œ ; �0
// D.�L;Cp/;

where Œ�;��0 D ŒM˝ id.�/; ��1M˝ id.�/�, i.e.,

Œ�˝ Ld; �˝ d�0 � �.1;Z/˝ .t�1LT ˝ �/ D ���.�/ � �.1;Z/˝ Œ
Ld; d �cris; (5.9)

whereDcris;L.V
�.1//�Dcris;L.V .�

�1//
Œ ; �cris
���!Dcris;L.L.�LT// is the canonical pair-

ing.

Remark 5.2.3. By [7, Cor. 3.5.4], we have

�V;h.x/˝ �
˝j
D �

V.�
j
LT/;hCj

.@
�j
inv x ˝ t

�j
LT �

˝j /

and lh ı�V;h D �V;hC1, whence we obtain the equality

�V;h.x/˝ �
˝j
D �

V.�
j
LT/;hCj

�
Tw

�
�j
LT
.x/˝ t

�j
LT �

˝j
�

and lh ı�V;h D �V;hC1.

5.2.1 Some homological algebra

Let X f
�! Y be a morphism of cochain complexes. Its mapping cone cone.f / is

defined asXŒ1�
L
Y with differential d icone.f / WD

�
d i
XŒ1�

0

f Œ1�i d i
Y

�
(using column notation)

and we define the mapping fiber of f as Fib.f / WD cone.f /Œ�1�. Here the translation
XŒn� of a complex X is given by XŒn�i WD X iCn and d i

XŒn�
WD .�1/nd iCnX . Alterna-

tively, we may consider f as a double cochain complex concentrated horizontally in
degree 0 and 1 and form the total complex (as in [82, Tag 012Z]). Then the associated
total complex coincides with Fib.�f /.

For a complex .X�; dX / of topological L-vector spaces we define its L-dual
..X�/�; dX�/ to be the complex with

.X�/i WD HomL;cont.X
�i ; L/

and
dX�.f / WD .�1/

deg.f /�1f ı dX :

https://stacks.math.columbia.edu/tag/012Z
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More generally, for two complexes .X�; dX / and .Y �; dY / of topological L-
vector spaces we define the complex Hom�L;cont.X

�; Y �/ by

Homn
L;cont.X

�; Y �/ D
Y
i2Z

HomL;cont.X
i ; Y iCn/

with differentials df D d ı f C .�1/deg.f /�1f ı d . Note that the canonical isomor-
phism

Hom�.X�; Y �/Œn� Š�! Hom�
�
X�; Y �Œn�

�
does not involve any sign; i.e., it is given by the identity map in all degrees.

We also recall that the tensor product of two complexes X� and Y � is given by

.X� ˝L Y
�/i WD

M
n

Xn ˝L Y
i�n

and
d.x ˝ y/ D dx ˝ y C .�1/deg.x/x ˝ dy:

The adjunction morphism on the level of complexes

adj W Hom�L;cont.X
�
˝L Y

�; Z�/! Hom�L;cont

�
Y �;Hom�L;cont.X

�; Z�/
�

sends u to .y 7! .x 7! .�1/deg.x/ deg.y/u.x ˝ y///. It is well defined and continuous
with respect to the projective tensor product topology and the strong topology for the
Homs. Furthermore, by definition we have the following commutative diagram:

X� ˝L Y
�

id˝adj.u/
��

u // LŒ�2�

X� ˝L Hom�L;cont

�
X�; LŒ�2�

� ev2 // LŒ�2�;

(5.10)

where ev2 sends .x; f / to .�1/deg.x/ deg.f /f .x/.

Lemma 5.2.4. Let .C�; d �/ be a complex in the category of locally convex topologi-
cal L-vector spaces.

(i) If C consists of Fréchet spaces and hi .C�/ is finite dimensional over L,
then d i�1 is strict and has closed image.

(ii) If d i is strict, then h�i .C�/ Š hi .C/�.

Proof. (i) Apply the argument from [13, §IX, Lem. 3.4] and use the open mapping
theorem [71, Prop. 8.8]. (ii) If

A
˛
�! B

ˇ
�! C
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forms part of the complex with B in degree i , one immediately obtains a map

ker.˛�/=im.ˇ�/!
�

ker.ˇ/=im.˛/
��
;

where ker.ˇ/ carries the subspace topology and ker.ˇ/=im.˛/ the quotient topology.
Now use the Hahn–Banach theorem [71, Cor. 9.4] for the strict maps B= ker.ˇ/ ,!
C (induced from ˇ) and ker.ˇ/ ,! B in order to show that this map is an isomor-
phism.

Definition 5.2.5. A locally convex topological vector space is called an LF-space if
it is the direct limit of a countable family of Fréchet spaces, the limit being formed in
the category of locally convex vector spaces.

Remark 5.2.6. If one replaces Fréchet spaces by LF-spaces, the situation of Lemma
5.2.4 is more subtle:

(i) If V
˛
�! W is a continuous linear map of Hausdorff LF -spaces with finite-

dimensional cokernel, then ˛ is strict and has closed image by the same
argument used in (i) of the previous lemma. However, since a closed sub-
space of an LF-space need not be an LF-space, we cannot achieve the same
conclusion for complexes by this argument as ker.d i /may fail to be an LF-
space, whence one cannot apply the open mapping theorem, in general. But
consider the following special situation. Assume that the complex C� con-
sists of LF-spaces and hi .C�/ is finite dimensional. If moreover C iC1 D 0,
i.e., C i D ker.d i /, then d i�1 is strict and h1�i .C�/ Š hi�1.C/�.

(ii) If d i is not strict, the above proof still shows that we obtain a surjection
h�i .C�/� hi .C/�.

However, for a special class of LF-spaces and under certain conditions we can
say more about how forming duals and cohomology interacts.

Lemma 5.2.7. Let .C�; d �/ D lim
�!r

.C�r ; d
�
r / be a complex in the category of locally

convex topological L-vector spaces arising as regular inductive limit of complexes of
Fréchet spaces; i.e., in each degree i the transition maps in the countable sequence
.C ir /r are injective and for each bounded subset B � C i there exists an r � 1 such
that B is contained in C ir and is bounded as a subset of the Fréchet space C ir . Then,

(i) we have topological isomorphisms .C�/� Š lim
 �r

.C�r /
�,

(ii) if, in addition, lim
 �

1

r�0
hi ..C�r /

�/D0 for all i , we have a long exact sequence

� � � // hi
�
.C�/�

�
// lim
 �
r�0

hi
�
.C�r /

�
�
// hi�1

�
lim
 �
r�0

1.C�r /
�
�
// hiC1

�
.C�/�

�
// � � � ;
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(iii) if, in addition to (ii), the differentials d �r are strict, e.g., if all hi .C�r / have
finite dimension over L, and lim

 �

1

r�0
.C�r /

� D 0, we have isomorphisms

hi
�
.C�/�

�
Š lim
 �
r�0

h�i .C�r /
�:

Proof. (i) is [61, Thm. 11.1.13] while (ii) and (iii) follow from (i) and [53, Chap. 3,
Prop. 1] applied to the inverse system ..C�r /

�/r combined with Lemma 5.2.4.

5.2.2 Koszul complexes

In this paragraph, we restrict to the situation U Š Zdp and fix topological generators

1; : : : ; 
d of U and we setƒ WDƒ.U /. Furthermore, letM be any complete linearly
topologized oL-module with a continuous U -action. Then by [49, Thm. II.2.2.6] this
actions extends to continuous ƒ-action and one has

Homƒ;cont.ƒ;M/ D Homƒ.ƒ;M/:

Consider the (homological) complexes K�.
i / WD Œƒ

i�1
���! ƒ� concentrated in

degrees 1 and 0 and define

K� WD K
U
� WD K�.
/ WD

dO
ƒ

iD1

K�.
i /;

K�.M/ WD K�U .M/ WDHom�ƒ.K�;M/ŠHom�ƒ.K�; ƒ/˝ƒM DK
�.ƒ/˝ƒM;

K�.M/ WD K� ˝ƒM .homological complex/;

K�.M/� WD .K� ˝ƒM/� .the associated cohomological complex/:

If we want to indicate the dependence on 
 D .
1; : : : ; 
d /, we also write K�.
;M/

instead of K�.M/ and similarly for other notation; moreover, we shall use the nota-
tion 
�1D .
�11 ; : : : ; 
�1

d
/ and 
p

n
D .


pn

1 ; : : : ; 

pn

d
/. Note that in each degree these

complexes consist of a direct sum of finitely many copies of M and will be equipped
with the corresponding direct product topology.

The complex K� will be identified with the exterior algebra complex
V�
ƒƒ

d of
the free ƒ-module with basis e1; : : : ; ed , for which the differentials dq W

Vq
ƒƒ

d !Vq�1
ƒ ƒd with respect to the standard basis ei1;:::;iq D ei1 ^ � � � ^ eiq , 1 � i1 < � � � <

iq � d , are given by the formula

dq.ai1;:::;iq / D

qX
kD1

.�1/kC1.
ik � 1/ai1;:::;bik ;:::;iq :
Then the well-known self-duality (compare [28, Prop. 17.15] although the claim

there is not precisely the same) of the Koszul complex, i.e., the isomorphism of com-
plexes

K�.ƒ/
�
Š K�.ƒ/Œd �; (5.11)
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can be explicitly described in degree �q as follows (by identifying
Vd
ƒƒ

d D ƒe1 ^

� � � ^ ed D ƒ):

q^
ƒ

ƒd
˛�q
��! Homƒ

� d�q^
ƒ

ƒd ; ƒ
�

ei1;:::;iq 7��! sign.I; J /e�j1;:::;jd�q ;

where e�1 ; : : : ; e
�
d

denotes the dual basis of e1; : : : ; ed , the elements e�j1;:::;jd�q D e
�
j1
^

� � � ^ e�jd�q , 1� j1 < � � �< jd�q � d , form a (dual) basis of Homƒ.
Vd�q
ƒ ƒd ;ƒ/, the

indices JD.jk/k are complementary to ID.in/n in the following sense ¹i1; : : : ; iqº[
¹j1; : : : ; jd�qº D ¹1; : : : ; dº, and sign.I; J / denotes the sign of the permutation
Œi1; : : : ; iq; j1; : : : ; jd�q�. Indeed, the verification that the induced diagram involving
the differentials from cohomological degree �q to �q C 1Vq

ƒƒ
d

dq

��

˛�q
// Homƒ

�Vd�q
ƒ ƒd ; ƒ

�
.�1/d .�1/d�q�1d�

d�qC1
��Vq�1

ƒ ƒd
˛�qC1

// Homƒ

�Vd�qC1
ƒ ƒd ; ƒ

�
commutes2 relies on the observation that

sign.I; J /sign.I Ok; Jk/
�1
D .�1/q�kCl�1;

where I Ok WD .i1; : : : ;bik; : : : ; iq/ denotes the sequence which results from I by omit-
ting ik , while Jk D .j1; : : : ; jl�1; ik; jl ; : : : ; id�q/ denotes the sequence which arises
from J by inserting ik at position l with regard to the strict increasing ordering: The
permutations Œi1; : : : ; iq; j1; : : : ; jd�q� and Œi1; : : : ;bik; : : : ; iq; j1; : : : ; jl�1; ik; jl ; : : : ;
jd�q� differ visibly by q � k C l � 1 transpositions.

Now we assume that M is any complete locally convex L-vector space with
continuous U -action such that its strong dual is again complete with continuous U -
action. Then we obtain isomorphisms of complexes

K�.
;M/� D Hom�L;cont

�
Hom�ƒ

�
K�.
/;ƒ

�
˝ƒM;L

�
Š Hom�ƒ

�
Hom�ƒ

�
K�.


�1/;ƒ
�
;HomL;cont.M;L/

�
Š Hom�ƒ

�
Hom�ƒ

�
K�.


�1/;ƒ
�
; ƒ
�
˝ƒ HomL;cont.M;L/

Š K�.

�1; ƒ/� ˝ƒ HomL;cont.M;L/

Š K�.
�1; ƒ/Œd �˝ƒM
�

Š K�.
�1;M �/Œd �;

(5.12)

2The signs .�1/d and .�1/d�q�1 result from the shift by d and the sign rule for complex
homomorphisms, respectively.
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where in the second line we use the adjunction morphism; the isomorphism in the
fourth line being the biduality morphism (according to [58, (1.2.8)])

K�.ƒ/
� Š
�! Hom�ƒ

�
Hom�ƒ.K�; ƒ/;ƒ

�
x 7! .�1/ix��

with the usual biduality of modules

K�.ƒ/
i Š
�! Homƒ

�
Homƒ.K�i ; ƒ/;ƒ

�
x 7!

�
x�� W f 7! f .x/

�
involves a sign, while the isomorphism in the third last line stems from (5.11) together
with Lemma 4.5.1 (i). Note that the isomorphism in the second last line does not
involve any further signs by [58, (1.2.15)].

We finish this subsection by introducing restriction and corestriction maps con-
cerning the change of group for Koszul complexes. To this end let U1 � U be the
open subgroup generated by 
p

n

1 ; : : : ; 

pn

d
. Then Hom�ƒ.�;M/ applied to the tensor

product of the diagrams

ƒ.U /


pn

i
�1
// ƒ.U /

ƒ.U /

i�1 // ƒ.U /

Ppn�1
kD0


k
i

OO

gives a map
corU1U W K

�
U1
.
p

n

/.M/! K�U .
/.M/

which we call corestriction map and which is compatible under (5.20) below with
the corestriction map on cocycles (for appropriate choices of representatives in the
definition of the latter). Using the diagram

ƒ.U /Ppn�1
kD0


k
i
��



pn

i
�1
// ƒ.U /

ƒ.U /

i�1 // ƒ.U /

instead, one obtains the restriction map

resUU1 W K
�
U .
/.M/! K�U1.


pn/.M/;

again compatible under (5.20) with the restriction map on cocycles.
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5.2.3 Continuous and analytic cohomology
For any profinite groupG and topological abelian groupM with continuousG-action
we write C� WD C�.G;M/ for the continuous (inhomogeneous) cochain complex of
G with coefficients in M and H�.G;M/ WD h�.C�.G;M// for continuous group
cohomology. Note that C0.G;M/ DM .

Assume that G is moreover an L-analytic group and M D lim
�!s

lim
 �r

M Œr;s� with
Banach spaces M Œr;s�, an LF space with a pro-L-analytic action of G, i.e., a locally
analytic action on each M Œr;s�, which means that for all m 2 M Œr;s� there exists an
open L-analytic subgroup �n � � in the notation of Section 4.3.4 such that the orbit
map of m restricted to �n is a power series of the form g.m/ D

P
k�0 `.g/

kmk
for a sequence mk of elements in M Œr;s� with �nkL mk converging to zero. Following
[25, §5], we write

C�an WD C�an.G;M/

for the locally L-analytic cochain complex of G with coefficients in M and

H�an.G;M/ WD h�
�
C�an.G;M/

�
for locally L-analytic group cohomology. More precisely, if MapslocL�an.G;M

Œr;s�/

denotes the space of locally L-analytic maps from G to M Œr;s�, then

C nan.G;M/ D lim
�!
s

lim
 �
r

MapslocL�an.G
n;M Œr;s�/

is the space of locally L-analytic functions (locally with values in lim
 �r

M Œr;s� for

some s and such that the composite with the projection onto M Œr;s� is locally L-
analytic for all r). Note that again C0an.G; M/ D M and that there are canonical
homomorphisms

C�an.G;M/ ,! C�.G;M/;

H �an.G;M/! H �.G;M/:

Let f be any continuous endomorphism of M which commutes with the G-
action. We define

H 0.f;M/ WDM fD1 and H 1.f;M/ WDMfD1

as the kernel and cokernel of the map M
f �1
���!M , respectively.

The endomorphism f induces an operator on C� or C�an and we denote by T WD

Tf;G.M/ and T an WD T an
f;G
.M/ the mapping fiber of C�.G;f / and C�an.G;f /, respec-

tively.
Again there are canonical homomorphisms

T an
f;G.M/ ,! Tf;G.M/;

h�
�
T an
f;G.M/

�
! h�

�
Tf;G.M/

�
:

(5.13)
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For ‹ either empty or an, one of the corresponding double complex spectral
sequences is

IE
i;j
2 D H

i
�
f;H

j
‹
.G;M/

�
H) hiCj .T ‹/: 3

It degenerates into the short exact sequences

0! H i�1
‹ .G;M/fD1 ! hi

�
T ‹
f;G.M/

�
! H i

‹ .G;M/fD1 ! 0:

In loc. cit. as well as in [7], analytic cohomology is also defined for the semi-
groups �L �ˆ and �L �‰ with ˆD ¹'nL j n � 0º and ‰ D ¹.�

q
 L/

n j n � 0º ifM
denotes an L-analytic .'L; �L/-module over the Robba ring R.

Remark 5.2.8. Any L-analytic .'L; �L/-moduleM over the Robba ring R is a pro-
L-analytic �L-module by the discussion at the end of the proof of [8, Prop. 2.25],
whence it is also an L-analytic �L �ˆ- and �L �‰-module as ˆ and ‰ possess the
discrete structure as L-analytic manifolds.

Proposition 5.2.9. We have canonical isomorphisms

hi
�
T an
'L;�L

.M/
�
Š H i

an.�L �ˆ;M/ Š H i
an.�L �‰;M/ Š hi

�
T an
�
q  L;�L

.M/
�

and an exact sequence

0 H 1
an.�L;M

 LD
q
� / hi

�
T an
�
q  L;�L

.M/
�

.M LD
q
�
/�L H 2

an.�L;M
 LD

q
� / h2

�
T an
�
q  L;�L

.M/
�
:

(5.14)

Proof. The isomorphism in the middle is [7, Cor. 2.2.3]. For the two outer isomor-
phisms we refer the reader to [87, Thm. 3.7.6]. The exact sequence is the extension
[87, Thm. 5.1.5] of [7, Thm. 2.2.4].

3Naively, one would expect that the second corresponding double complex spectral
sequence looks like

IIE
i;j

2
D H i‹

�
G;Hj .f;M/

�
H) hiCj .T ‹/:

But this would require to first of all give sense to the required structure ofHj .f;M/ as topolog-
ical/analytic G-module! In low degrees this can be achieved and we obtain an exact sequence

0! H1‹ .G;M
fD1/! h1.T ‹/! .MfD1/

G ı
�! H2‹ .G;M

fD1/:

See [87–89]. If MfD1 is again an LF-space with pro-L-analytic G-operation, one might be
able to interpret the second spectral sequence in low degrees.
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Note that, for an inclusion U � U 0, the restriction and corestriction homomor-
phisms C�.U 0; M/

res
�! C�.U; M/ and C�.U; M/

cor
�! C�.U 0; M/ induce maps on

Tf;U 0.M/
res
�! Tf;U .M/ and Tf;U .M/

cor
�! Tf;U 0.M/, respectively.

We write Ext1C.A; B/ for isomorphism classes of extensions of B by A in any
abelian category C. Furthermore, we denote by MU .R/ (Mét

U .R/, M
�
U .R/) the cat-

egory of all (étale, overconvergent) .'L; U /-modules over R, respectively, and by
Rep�L.GLU1/ the category of overconvergent representations of GLU1 consisting of
those representations V of GLU1 such that dim

B
�
L

D�.V / D dimL V with D�.V / WD

.B� ˝L V /HL .

Theorem 5.2.10. Let V be in RepL.GL/ and U � �L any open subgroup.

(i) For D.V / the corresponding .'L; �L/-module over BL we have canonical
isomorphisms

h� D h�U;V W H
�.LU1; V /

Š
�! h�

�
T'L;U

�
D.V /

��
(5.15)

which are functorial in V and compatible with restriction and corestriction.

(ii) If V is in addition overconvergent, there are isomorphisms

h0
�
T'L;U .D

�
rig.V /

��
Š V

G
LU1 ; (5.16)

h1
�
T'L;U .D

�
rig.V /

��
Š H 1

� .L
U
1; V /; (5.17)

which are functorial in V and compatible with restriction and corestriction
and where by definition H 1

�
.LU1; V / � H

1.LU1; V / classifies the overcon-
vergent extensions of L by V . In particular, these L-vector spaces have
finite dimension.

(iii) If V is in addition L-analytic, then we have

H 1
an.L

U
1; V /

Š
�! h1

�
T an
'L;U

�
D
�
rig.V /

��
;

where by definition4 H 1
an.L

U
1; V / � H

1
�
.LU1; V / � H

1.LU1; V / classifies
the L-analytic extensions of L by V .

Proof. (i) is [46, Thm. 5.1.11] or [45, Thm. 5.1.11]. Statement (iii) is [7, Prop. 2.2.1]
combined with Proposition 5.2.9, while (ii) follows from [33] (the reference literally
only covers the case U D �L, but the same arguments allow us to extend the result
to general U ) as follows: Firstly, by Lemma 5.2.11 below one has an isomorphism
h1.T'L;U .D

�
rig.V /// Š Ext1MU .RL/

.RL; D
�
rig.V //. Then use the HN-filtration à la

4Note that the absolute Galois group of LU1 is not L-analytic, so this group has not been
defined earlier.
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Kedlaya to see that any extension of étale .'L; U /-modules is étale again, whence

Ext1MU .RL/

�
RL;D

�
rig.V /

�
D Ext1

Mét
U
.RL/

�
RL;D

�
rig.V /

�
and the latter group equals

Ext1
M
�
U
.RL/

�
RL;D

�
rig.V /

�
Š Ext1

Rep�
L
.G
LU1

/
.L; V / D H 1

� .L
U
1; V /

by [33, Props. 1.5 and 1.6]. For the claim in degree 0 one has to show that the inclusion
D�.V / � D

�
rig.V / induces an isomorphism on 'L-invariants, which follows from

[39, Hyp. 1.4.1, Prop. 1.2.6].5

Lemma 5.2.11. Let M be in MU .R/. Then we have a canonical isomorphism

h1
�
T'L;U .M/

�
Š Ext1MU .RL/

.RL;M/:

Proof. Starting with a class z D Œ.c1;�c0/� in h1.T'L;U .M// with c1 2 C 1.M/ and
c0 2C

0.M/DM (i.e., we work with inhomogeneous continuous cocycles) satisfying
the cocycle property

c1.��/ D �c1.�/C c1.�/ for all �; � 2 U;

.'L � 1/c1.�/ D .� � 1/c0 for all � 2 U;
(5.18)

we define an extension of .'L; U /-modules

0!M ! Ec ! RL ! 0

with Ec WD M �RL as RL-module, g.m; r/ WD .gmC gr � c1.g/; gr/ for g 2 U
and 'Ec ..m; r// WD .'M .m/C 'L.r/c0; 'L.r//; note that this defines a (continuous)
group action by the first identity in (5.18), while theU - and 'L-action commute by the
second identity in (5.18). If we change the representatives .c1;�c0/ by the cobound-
ary induced by m0 2M , then sending .0; 1/ to .�m0; 1/ induces an isomorphism of
extensions from the first to the second one, whence our map is well defined.

Conversely, if E is any such extension, choose a lift e 2 E of 1 2 RL and define

c1.�/ WD .� � 1/e 2M; c0 WD .'E � 1/e;

which evidently satisfy the cocycle conditions (5.18). Choosing another lift Qe leads
to a cocycle which differs from the previous one by the coboundary induced by
Qe � e 2M , whence the inverse map is well defined.

One easily verifies that these maps are mutually inverse to each other.

5Since the strong hypothesis holds by [39, Hyp. 1.4.1, Prop. 1.2.6], we also obtain an iso-
morphism on the 'L-coinvariants H1.'L;�/. Then the second spectral sequence above or
a similar argument via the Koszul complexes as in Corollary A.8 implies that the canonical
base change map induces an isomorphism h�.T'L;U .D

�.V /// Š h�.T'L;U .D
�
rig.V ///. Cf.

[50, proof of Prop. 2.7].
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Question 5.2.12. Can one show that h2.T'L;U .D
�
rig.V /// is finite dimensional (and

related to H 2.LU1; V /) and that the groups hi .T'L;U .D
�
rig.V /// vanish for i � 3‹

Remark 5.2.13. By [33, Thm. 0.2, Rem. 5.21], it follows that the inclusions

H 1
an.L

U
1; V / � H

1
� .L

U
1; V / � H

1.LU1; V /

are in general strict. More precisely, the codimension of the left most term equals
.ŒLU1 W Qp� � 1/ dimL V

G
LU1 .

Let us recall Tate’s local duality in this context.

Proposition 5.2.14 (Local Tate duality). Let V be an object in RepL.GL/, and K
any finite extension of L. Then the cup product and the local invariant map induce
perfect pairings of finite-dimensional L-vector spaces

H i .K; V / �H 2�i
�
K;HomQp

�
V;Qp.1/

��
! H 2

�
K;Qp.1/

�
D Qp;

H i .K; V / �H 2�i
�
K;HomL

�
V;L.1/

��
! H 2

�
K;L.1/

�
D L;

where �.1/ denotes the Galois twist by the cyclotomic character. In other words,
there are canonical isomorphisms

H i .K; V / Š H 2�i
�
K;V �.1/

��
:

Proof. This is well known. For lack of a reference (with proof) we sketch the second
claim (the first being proved similarly). Choose a Galois stable oL-lattice T � V and
denote by �n

L
A the kernel of multiplication by �nL on any oL-module A. Observe that

we have short exact sequences

0! H i .K; T /=�nL ! H i .K; T=�nLT /! �n
L
H iC1.K; T /! 0

for i�0 and similarly for T replaced by T �.1/DHomoL.T;oL.1//. By [80, Prop. 5.7]
(remember the normalization given there!) the cup product induces isomorphism

H i .K; T=�nLT / Š HomoL

�
H 2�i

�
K;T �.1/=�nLT

�.1/
�
; oL=�

n
L

�
such that we obtain altogether canonical maps

H i .K; T /=�nL ! HomoL

�
H 2�i

�
K;T �.1/

�
=�nL; oL=�

n
L

�
Š HomoL

�
H 2�i

�
K;T �.1/

�
; oL

�
=�nL:

Using that the cohomology groups are finitely generated oL-modules and isomor-
phic to the inverse limits of the corresponding cohomology groups with coefficients
modulo �nL, we see that the inverse limit of the above maps induces a surjective map

H i .K; T /� HomoL

�
H 2�i

�
K;T �.1/

�
; oL

�
with finite kernel, whence the claim after tensoring with L over oL using the isomor-
phism H i .K; T /˝oL L Š H

i .K; V / and analogously for T �.1/.
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Now let W be an L-analytic representation of GL and set

H 1
=�

�
LU1; W

�.1/
�
WD H 1

� .L
U
1; W /

�;

which, by local Tate duality and Theorem 5.2.10, is a quotient of H 1.LU1; W
�.1//.

By definition, the local Tate pairing induces a non-degenerate pairing

h ; iTate;L;� W H
1
� .L

U
1; W / �H

1
=�

�
LU1; W

�.1/
�
! H 2

�
L;L.1/

�
Š L: (5.19)

In order to compute this pairing more explicitly in certain situations, we shall use
Koszul complexes. For this we have to assume first that U is torsion-free. Follow-
ing [26, §4.2], we obtain for any complete linearly topologized oL-module M with
continuous U -action a quasi-isomorphism6

K�U .M/
'
�! C�.U;M/ (5.20)

which arises as follows: Let X� WD X�.U / and Y� D Y�.U / denote the completed
standard complex [49, §V.1.2.1], i.e., Xn D ZpJU K y̋ .nC1/, and the standard complex
computing group cohomology, i.e., YnDZpŒU �˝.nC1/. Then, by [49, Lem. V.1.1.5.1],
we obtain a diagram of complexes

Y�.U /

��

� // Y�.U � U/ Š Y�.U /˝Zp Y�.U /

��

X�.U /

��

� // X�.U � U/ Š X�.U / y̋Zp X�.U /

��

KU�
� // KU�U� Š KU� y̋Zp K

U
� ;

(5.21)

which commutes up to homotopy (of filtered ƒ-modules). Here the maps � are
induced by the diagonal maps U ! U � U , e.g.,

ZpJU K! ZpJU � U K Š ZpJU K y̋Zp ZpJU K:

The first column induces a morphism

Homƒ.K
U
� ;M/! Homƒ;cont

�
X�.U /;M

�
! HomZpŒU �;cont

�
Y�.U /;M

�
;

which is (5.20). The upper line induces as usual the cup product on continuous group
cohomology

H r.U;M/ �H s.U;N /
[U
��! H rCs.U;M ˝N/

6This quasi-isomorphism is unique up to homotopy, i.e., unique in the derived category of
oL-linear topological U -modules. We have not yet defined any topology on the cocycles nor
do we know whether the references say anything about it! M is allowed to be any complete
linearly topologized oL-module with continuous U -action by [49, Prop. V.1.2.6].
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via

HomZpŒU �;cont
�
Y�.U /;M

�
� HomZpŒU �;cont

�
Y�.U /;N

�
�
�! HomZpŒU �˝ZpŒU �;cont

�
Y�.U /˝Zp Y�.U /;M ˝N

�
��

��! HomZpŒU �;cont
�
Y�.U /;M ˝N

�
:

The lower line induces analogously the Koszul product

KrU .M/ �KsU .N /
[K
��! KrCsU .M ˝N/:

By diagram (5.21) both products are compatible with each other.
Let f be any continuous endomorphism of M which commutes with the U -

action; it induces an operator on K�.M/ and we denote by

Kf;U .M/ WD cone
�
K�.M/

f �id
���! K�.M/

�
Œ�1�

the mapping fiber of K�.f /. Then the quasi-isomorphism (5.20) induces a quasi-
isomorphism

K';U .M/
'
�! T';U .M/:

Remark 5.2.15. By a standard procedure cup products can be extended to hyper-
cohomology (defined via total complexes), we follow [58, (3.4.5.2)], but for the
special case of a cone, see also [60, Prop. 3.1]. In particular, we obtain compatible
cup products [K and [U for K';U .M/ and T';U .M/, respectively.

Now we allow some arbitrary open subgroup U � �L and letL0 DLU1. Note that
we obtain a decomposition U Š � � U 0 with a subgroup U 0 Š Zdp of U and � the
torsion subgroup of U . By Lemma A.1 we obtain a canonical isomorphism

K';U 0.M
�/
'
�! T';U .M/: (5.22)

Now let M be a finitely generated projective R-module M with continuous U -
action. Then M � D {M is again a finitely generated projective R-module M with
continuous U -action by Lemma 4.5.1 (i). Hence, M as well as M� satisfies the
assumptions of (5.12) and we have isomorphisms7

K';U .M
�/� Š cone

�
K�.M�/�

'��1
���! K�.M�/�

�
D cone

�
K�
�
.M�/�

�
Œd �

'��1
���! K�

�
.M�/�

�
Œd �
�

D K'�;U
�
.M �/�

�
Œd C 1� D K ;U . {M�/Œd C 1�

D K ;U . {M
�/Œd C 1�:

(5.23)

The last isomorphism is induced by the canonical isomorphism {M� Š {M�.

7For X f
�! Y we have cone.f /� Š cone.f �/Œ�1�, the isomorphism being realized by

multiplying with .�1/i on .X�/i and cone.f Œn�/ D cone..�1/nf /Œn�.
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Now note that
D
�
rig.W /

_
Š D

�
rig

�
W �.�LT/

�
(5.24)

for any L-analytic representation W by the fact that the functor D�
rig respects inner

homs (cf. [79, Rem. 5.6] for the analogous caseDLT). Hence, the tautological pairing
ev2 from (5.10) together with the above isomorphism (5.23) induces the following
pairing:

[K; W h
1
�
K';U 0

�
D
�
rig.W /

�
��
� h1

�
K ;U 0

�
D
�
rig

�
W �.�LT/

���
Œd � 1�

�
! L:

Remark 5.2.16. ForU DU 0 andM DD�
rig.W /, on the level of cochains, this pairing

is given as follows:

{M ˚Kd�1. {M/ �K1.M/˚M ! L;
�
.x; y/; .x0; y0/

�
7! ¹y0; xº � y.x0/;

where we again use that Kd�1. {M/ Š K1.M/� and where ¹ ; º denotes the pairing
(4.73). More generally, we have a diagram as in Figure 5.3.

0

��

:::

��

0 M�
d0
K

1�'

�
��

� Kd�1. {M/˚Kd�2. {M/�
dd�1
K

0

1� �dd�2
K

�
��

// L

1 K1.M/˚M�
d1
K

0

1�' �d0
K

�
��

� {M ˚Kd�1. {M/ //

. 1� �dd�1
K

/

��

L

2 K2.M/˚K1.M/

��

� {M

��

// L

::: 0

Degree K';U .M/ K ;U . {M/Œd � 1�

Figure 5.3. Duality for generalized Herr complexes.

Recalling thatW DV �.1/ isL-analytic, setMDD�
rig.W / and {MDD�

rig.V .�
�1//

D D
�
rig.W

�.�LT//. We obtain a Fontaine-style, explicit map

prU W D
�
rig

�
V.��1/

� D1
! h1

�
K ;U 0. {M

�/Œd � 1�
�
; m 7!

�
. Nm; 0/

�
; (5.25)

where Nm D 1
#�

P
ı2� ım denotes the image of m under the map {M � {M� Š {M

�.
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Remark 5.2.17. Let U1 � U be an open subgroup with torsion subgroups�1 and�,
respectively. Assume that the torsion-free parts U 01 and U 0 are generated by 
p

n

1 ; : : : ;



pn

d
and 
1; : : : ; 
d , respectively. Then, for M any complete locally convex L-vector

space with continuous U -action, the restriction and corestriction maps of Koszul
complexes from Section 5.2.2 extend by functoriality to the mapping fiber

corU1U WD cor
U 0
1

U 0 ıK';U 01
.N�=�1/ W K';U 01

.M�1/! K';U 0.M
�/;

resUU1 WD K';U 01.�/ ı resU
0

U 0
1
W K';U 0.M

�/! K';U 0
1
.M�1/:

Here N�=�1 WM
�1 !M� denotes the norm/trace map sendingm to

P
ı2�=�1

ım,
while � WM� !M�1 is the inclusion. Taking duals as in (5.23), we also obtain

corU1U WD .resUU1/
�Œ1 � d� W K ;U 0

1
.M�1/! K ;U 0.M

�/;

resUU1 WD .corU1U /
�Œ1 � d� W K ;U 0.M

�/! K ;U 0
1
.M�1/

(co)restriction maps for the  -Herr complexes.
Since inflation is compatible with restriction and corestriction, one checks that

the above maps are compatible under the isomorphism (5.15) with the usual maps in
Galois cohomology. Moreover, they define such maps on H 1

�
and H 1

=�
via (5.17) and

h1
�
K ;U 0

�
D
�
rig

�
W �.�LT/

��
Œd � 1�

��
Š H 1

=�

�
L0; W �.1/

�
:

By the discussion at the end of Section 5.2.2 the restriction map

K';U 0.M
�/

resU
U1
���! K';U 0

1
.M�1/

and corestriction mapK';U 0
1
.M�1/

cor
U1
U

���!K';U 0.M
�/ in degree 0 are given as inclu-

sion M� ,!M�1 and norm M�1
N
U 0;U 0

1
ıN�=�1

�����������!M�, respectively, where

NU 0;U 0
1
WD

dY
iD1

pn�1X
kD0


ki 2 ƒ.U
0/:

Hence, by duality the restriction map

K ;U . {M
�/Œd � 1�2

resU
U1
���! K ;U1.

{M�1/Œd � 1�2

and corestriction mapK ;U1. {M
�1/Œd � 1�2

cor
U1
U

���! K ;U . {M
�/Œd � 1�2 are given by
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the norm {M�
.�W�1/š.NU 0;U 0

1
/

�����������! {M�1 and projection map {M�1

1
.�W�1/

N�=�1
����������! {M�,

respectively. Here š denotes the involution of ƒ.U / sending u to u�1. Note that the
latter two descriptions also hold for the first components of

K ;U . {M
�/Œd � 1�1

resU
U1
���! K ;U1.

{M�1/Œd � 1�1;

K ;U1.
{M�1/Œd � 1�1

cor
U1
U

���! K ;U . {M
�/Œd � 1�1;

respectively. Hence, we obtain

corU1U ı prU1 D prU and resUU1 ı prU D prU1 ıN�=�1 ı š.NU 0;U 01/:

Berger and Fourquaux by contrast define a different Fontaine-style map8 in [7,
Thm. 2.5.8] for an L-analytic representation Z and N D D�

rig.Z/

h1
LU1;Z

W D
�
rig.Z/

 LD
q
�L ! H 1

an

�
U;D

�
rig.Z/

 LD
q
�L

�
! h1

�
T'L;U .N /

� Š
�! h1

�
K'L;U .N

�/
�

y 7!
�
cb.y/

�
7!
��
cb.y/;�mc

��
7!
��ecb.y/;�fmc��;

(5.26)

in which the cocycle h1
LU1;Z

.y/ is given in terms of the pair .cb.y/;�mc/ in the
notation of loc. cit.: mc is the unique element in D�

rig.Z/
 LD0 such that

.'L � 1/cb.y/.
/ D .
 � 1/mc (5.27)

for all 
 2 U and this pair defines the extension class in the sense of Lemma 5.2.11.
Here, the first map is implicity given by [7, Prop. 2.5.1], the second one is the com-
posite from maps arising in [7, Cor. 2.2.3, Thm. 2.2.4] with the natural map from
analytic to continuous cohomology

H 1
an

�
U;D

�
rig.Z/

 LD
q
�L

�
! H 1

an

�
U �‰;D

�
rig.Z/

�
Š H 1

an

�
U �ˆ;D

�
rig.Z/

�
! H 1

�
U �ˆ;D

�
rig.Z/

�
8We do not know whether this map coincides with the following composite we had used in

older versions and which uses the shuffle maps from Proposition 5.2.9:

h1
LU1;Z

W D
�
rig.Z/

 LD
q
�L ! H1an

�
U;D

�
rig.Z/

 LD
q
�L

�
! h1

�
T an
�
q  L;U

.N /
�
Š h1

�
T an
'L;U

.M/
�

! h1
�
T'L;U .N /

�
Š H1� .L

U
1; Z/:

Here the second map is stemming from the spectral sequence (5.14), the third from Proposi-
tion 5.2.9, the fourth is the natural map (5.13), and the last one is (5.17).
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combinedwith the interpretation of extension classes (see [7,§1.4] and Lemma 5.2.11),
and the last one is (5.22) (the concrete image .ecb.y/;�fmc/ will be of interest for us
only in the situation where � is trivial, when fmc D mc).

According to [7, Prop. 2.5.6, Rem. 2.5.7], this map also satisfies

corUU 0 ıh
1

LU
0
1 ;Z
D h1

LU1;Z
: (5.28)

Since D�
rig.V .�

�1//_ Š D
�
rig.V

�.1// by (5.24), concerning the Iwasawa pairing,
we have the following.

Proposition 5.2.18. For a GL-representation V such that V �.1/ is L-analytic the
following diagram consisting of D.�L; K/-š�-sesquilinear pairings (in the sense of
(4.87)) is commutative:

h1
�
K';U 0

�
D
�
rig

�
V �.1/.�

j
LT/
����

� h1
�
K ;U 0

�
D
�
rig

�
V.�

�j
LT /
���

Œd�1�
�[K; 

// L�Cp

D
�
rig

�
V �.1/

� LD q
�L

h1

L;V�.1/.�
j
LT/
ıtw

�
j
LT

OO

� D
�
rig

�
V.��1/

� LD1
prU ıtw

�
�j
LT

OO

q�1
q ¹ ; ºIw;�L// D.�L;Cp/

ev
�
�j
LT

OO

taking U 0 �� D U D �L.

Proof. By Lemma 4.5.22, it suffices to show the case j D 0, i.e., the trivial character
�triv. Furthermore, it suffices to show the following statement for any subgroup of the
form �n without any p-torsion:

q�n evLn;�trivj�n
ı¹x; yºIw;�n D h

1
Ln;V �.1/

.x/ [K; pr�n.y/ (5.29)

for x 2 D�
rig.V

�.1//
 LD

q
�L ; y 2 D

�
rig.V .�

�1// LD1.
Indeed, by Remark 5.2.17, for every such n, we have the commutative diagram

h1
�
K';�n

�
D
�
rig

�
V �.1/

���
cor
��

� h1
�
K ;�n

�
D
�
rig.V /

�
Œd � 1�

� [K; 
// L

h1
�
K';U 0

�
D
�
rig

�
V �.1/

����
� h1

�
K ;U 0

�
D
�
rig.V /

�
�
Œd � 1�

�res

OO

[K; 
// L:

Hence, we obtain using (5.28)

h1L0;V �.1/.x/ [K; prU .y/ D
�
cor ı h1Ln;V �.1/.x/

�
[K; prU .y/

D h1Ln;V �.1/.x/ [K; 
�
res ı prU .y/

�
D h1Ln;V �.1/.x/ [K; 

�
pr�n

�
N� ı š.NU 0;�n/y

��
;
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where we use Remark 5.2.17 for the last equality. On the other hand, one easily checks
that9

evLn;�trivj�n
ı prU;�n ıN� ı š.NU 0;�n/ D evL;�triv W D.U;Cp/! Cp;

whence

evL;�triv ı
q�1
q
¹x; yºIw;U D

q�1
q

evLn;�trivj�n
ı prU;�n

�
N� ı š.NU 0;�n/¹x; yºIw;U

�
D

q�1
q

evLn;�trivj�n
ı prU;�n

�®
x;N� ı š.NU 0;�n/y

¯
Iw;U

�
D

q�1
q
ŒU W �n�

�1 evLn;�trivj�n
ı
®
x;N� ı š.NU 0;�n/y

¯
Iw;�n

D q�n evLn;�trivj�n
ı
®
x;N� ı š.NU 0;�n/y

¯
Iw;�n

;

where we have used Remark 4.5.21 for the last equation.
In order to prove (5.29), choose n D n0 (see Section 4.3.4). As recalled in (5.26),

the map

h1Ln0 ;V
�.1/ W D

�
rig

�
V �.1/

� LD q
�L ! h1

�
K'L;�n0

�
D
�
rig

�
V �.1/

���
is given by the cocycle h1

Ln0 ;V
�.1/

.x/ in terms of the pair .ecb.x/;�mc/. Note that we
have

mc D c„b.'L � 1/x:
Indeed, by [7, Thm. 2.5.8] we have cb.x/.bkj /D .b

k
j � 1/

c„bx for all j; k � 0, which
together with (5.27) and the uniqueness of mc (cf. loc. cit.) implies the claim. On the
other hand, we have the map (5.25)

pr�n0 W D
�
rig

�
V.��1/

� LD1
! h1

�
K ;�n0

�
D
�
rig

�
V.��1/

��
Œd � 1�

�
y 7! class of .y; 0/:

Thus, the pairing[K; sends by construction (see diagram (5.3)) the above classes to

h1Ln;V �.1/.x/ [K; pr�n.y/ D 0
�ecb.x/�C ® � c„b.'L � 1/x; y¯

D
®c„b.'L � 1/x; ��Lq 'L � 1�y¯

D
˝c„b; ¹x; yºIw;�n ˛�n

D q�naug
�
¹x; yºIw;�n

�
:

Here the second equality holds due to Lemma 4.5.1 because the left-hand side belongs
to D�

rig.V
�.1// LD0, the third one is (4.89), and the last one comes from (4.81).

9This is obvious if you decompose D.U;Cp/ D
L
g2U=�n

D.�n;Cp/g with respect to
the inverses of the representatives used in the definition of N� ı š.NU 0;�n/.
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Proposition 5.2.19. For W an L-analytic representation we have a canonical com-
mutative diagram

[K; W h
1
�
K';U 0.D

�
rig.W /

�/
�

h1
�
K ;U 0

�
D
�
rig

�
W �.�LT/

���
Œd � 1�

�
L

h ; iTate;L;� W H 1
�
.L0; W / H 1

=�

�
L0; W �.1/

�
H 2

�
L0; L.1/

�
ŠL

h ; iTate;L0 W H 1.L0; W / H 1
�
L0; W �.1/

�
H 2

�
L0; L.1/

�
ŠL:

Šb

�

Ša

�

�

pr

Moreover, the isomorphism a is compatible with the middle map of the diagram (A.5).

Proof. The lower square of pairings comes from Tate duality as in Proposition 5.2.14
and (5.19). Its commutativity holds by definition. In the upper square of pairings the
left upper vertical isomorphism b arises from (5.17) combined with (5.22), while
the middle vertical isomorphism a is uniquely determined as adjoint of the latter
because both pairings are non-degenerate: the middle one by definition of H 1

=�
while

the upper one due to Corollary A.4 (ii) withW D V �.1/. Therefore, one immediately
checks that a�1 ı pr is induced by the cohomology of the middle map (going down)
in diagram (A.5) (being the same as the middle map (going from right to left) of
diagram (A.6) upon identifying h1.K� ;U 0.D.V.�

�1//�/Œd � 1�/ and H 1.L0; V / by
the isomorphism described there).

Combining the last two propositions, we get the following result.

Corollary 5.2.20. For a GL-representation V such that V �.1/ is L-analytic the fol-
lowing diagram is commutative:

H 1
�

�
L; V �.1/.�

j
LT/
�
� H 1

=�

�
L; V.�

�j
LT /

� h ; iTate;L;�
// H 2

�
L;L.1/

�
Š L � Cp

D
�
rig

�
V �.1/

� LD q
�L

h1
L;V�.1/

ıtw
�
j
LT

OO

� D
�
rig

�
V.��1/

� LD1prL ıtw
�
�j
LT

OO

q�1
q ¹ ; ºIw

// D.�L;Cp/:

ev
�
�j
LT

OO

Remark 5.2.21. For applications it might be useful to renormalize[K; by the factor
q
q�1

, i.e., setting [0K; WD
q
q�1
[K; . Then we would get rid of the factor q�1

q
in front

of the Iwasawa pairing in the above results. Moreover and more importantly, the new
normalization would be compatible with the cyclotomic situation taking L D Qp ,
�L D p D q; i.e., the upper pairing in Proposition 5.2.18 would coincide – at least
up to a sign – with the cup product pairing of Galois cohomology

H 1
�
Qp; V

�.j C 1/
�
� H 1

�
Qp; V .�j /

�
// H 2

�
Qp;Qp.1/

� inv
Š
// Qp;

using Tate’s trace map
inv W H 2

�
Qp;Qp.1/

�
Š Qp
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given by class field theory, if one chooses Z D 
 � 1 for a topological generator 
 of
�Qp satisfying log�cyc.
/ D 1. This follows from [3, Prop. 1.3.4, Thm. 2.2.6], [38,
Thm. 5.2, Rem. 5.3], and [42, Rem. 2.3.11/12]: they claim that �p�1

p
inv corresponds

to the trace map from the second cohomology group of the '-Herr complex induced
by sending f ˝ � to 1

log�cyc.
/
res!cyc.f

d!cyc
1C!cyc

/.

With respect to evaluating at a character, we have the following analogue of
Corollary 5.2.20.

Proposition 5.2.22. For a GL-representation V such that V �.1/ is L-analytic the
following diagram is commutative:

Cp˝
L
Dcris;L

�
V �.1/.�

j
LT/
�

Cp˝
L
Dcris;L

�
V.��1/.�

�j
LT /
�

Cp˝
L
Dcris;L

�
L.�LT/

�
D.�L;Cp/˝L Dcris;L

�
V �.1/

�
D.�L;Cp/˝L Dcris;L

�
V.��1/

�
D.�L;Cp/;

�

Œ ; �cris

ev
�
�j
LT
˝t
�j
LT �˝j

�

ev
�
j
LT
˝t
j
LT�
˝�j

Œ ; �0

ev
�
�j
LT

where in the right upper corner we identify Cp ˝LDcris;L.L.�LT//ŠCp by choosing
t�1LT ˝ � as a basis.

Proof. Using Lemma 5.2.23 below, the statement is reduced to j D 0. Evaluation of
(5.9) implies the claim in this case.

Lemma 5.2.23. There is a commutative diagram

D.�L;Cp/˝
L
Dcris;L

�
V �.1/.�

j
LT/
�
�D.�L;Cp/˝

L
Dcris;L

�
V.��1/.�

�j
LT /
�Œ ; �0
// D.�L;Cp/

D.�L;Cp/˝
L
Dcris;L

�
V �.1/

�Tw
�
�j
LT
˝t
�j
LT �˝j

OO

� D.�L;Cp/˝
L
Dcris;L

�
V.��1/

� Œ ; �0
//

Tw
�
j
LT
˝t
j
LT�
˝�j

OO

D.�L;Cp/:

Tw
�
�j
LT

OO

Proof. The claim follows immediately from (5.9), the compatibility of the usualDcris-
pairing with twists, and the fact that Tw

�
j
LT
.���.�//DTw

�
j
LT
.�/��.Tw

�
�j
LT
.�// holds.

5.2.4 The interpolation formula for the regulator map

In this subsection, we are going to prove the interpolation property for LV . First,
recall that we introduced in Section 3.1 the notationDdR;L0.V / WD .BdR ˝Qp V /

GL0 .
Since BdR contains the algebraic closure xL of L, we have the isomorphism

BdR ˝Qp V D .BdR ˝Qp L/˝L V
Š
�!

Y
�2GQp =GL

BdR ˝�;L V

which sends b˝ v to .b˝ v/� . The tensor product in the factorBdR˝�;L V is formed
with respect to L acting on BdR through � . With respect to the GL-action, the right-
hand side decomposes according to the double cosets inGL nGQp=GL. It follows, in
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particular, thatDid
dR.V /WD.BdR˝LV /

GL is a direct summand of DdR;L.V / and we de-
note by prid the corresponding projection. Similarly, tanL;id.V / WD.BdR=B

C
dR˝LV /

GL

is a direct summand of tanL.V / WD .BdR˝L V /
GL . More generally, also the filtration

Di
dR;L.V / decomposes into direct summands.

According to [80, Appx. A], the dual Bloch–Kato exponential map is uniquely
determined by the commutativity of the following diagram, in which all pairings are
perfect:

H 1.L0; W / H 1
�
L0; W �.1/

�
L

D0
dR;L0.W / tanL0

�
W �.1/

�
DdR;L0

�
Qp.1/

�
L0

DdR;L0.W / DdR;L0
�
W �.1/

�
DdR;L0

�
Qp.1/

�
L0:

exp�
L0;W

�
h ; iTate;L0

�

expL0;W�.1/

Š

�

pr

Š

Note that we have the compatibility of the following pairings:

Dcris;L
�
V �.1/

�
Š

��

� Dcris;L
�
V.��1/

�
Š

��

Œ ; �cris // Dcris;L
�
L.�LT/

�
Š

��

Š // L

D

��

Did
dR

�
V �.1/

�
injective
��

� Did
dR

�
V.��1/

� Œ ; �iddR // Did
dR

�
L.�LT/

� Š // L
D

��

||

DdR
�
V �.1/

�
� DdR

�
V.��1/

�prid surjective

OO

// DdR
�
L.�LT/

� Š // L˝Qp L

prid

""
DdR

�
V �.1/

�D

OO

� DdR.V /

id˝tQp t
�1
LT ˝�˝.�cyc/

�1

OO

Œ ; �dR // DdR
�
Qp.1/

� Š // L
(cf. [80, (57) in the appendix]). Therefore, in the Lubin–Tate setting we can also
consider the dual of the identity component expL0;W �.1/;id of expL0;W �.1/:

H 1.L0; W / H 1
�
L0; W �.1/

�
L

D
id;0
dR;L0

�
W.��1/

�
tanL0;id

�
W �.1/

�
Did

dR;L0
�
L.�LT/

�
L0

Did
dR;L0

�
W.��1/

�
Did

dR;L0
�
W �.1/

�
Did

dR;L0
�
L.�LT/

�
L0:

gexp�
L0;W;id

�
h ; iTate;L0

�

expL0;W�.1/;id

Š

�

pr

Š

(5.30)
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Upon noting that under the identifications

DdR;L0
�
Qp.1/

�
Š L0 and Did

dR;L0
�
Qp.1/

�
Š L0

the elements tQp ˝ �cyc and tLT ˝ � are sent to 1, one easily checks that if W �.1/ is
L-analytic, whence the inclusion tanL0;id.W �.1// � tanL0.W �.1// is an equality and
expL0;W �.1/;id D expL0;W �.1/, then it holds that

T��1 ı exp�L0;W Deexp�L0;W;id;

where
T��1 W D

0
dR;L0.W /! D

id;0
dR;L0

�
W.��1/

�
is the isomorphism which sends b˝ v to b

tQp
tLT
˝ v˝ �˝ .�cyc/

˝�1; note that
tQp
tLT
2

.BCdR/
�, whence the filtration is preserved.

Now let W be an L-analytic, crystalline L-linear representation of GL. Recall
that � D .�n/n denotes a fixed generator of T� and that the map

tw
�
j
LT
W D

�
rig.W /! D

�
rig

�
W.�

j
LT/
�

has been defined before Lemma 4.5.22. For Dcris the twisting map

Dcris;L.W /
�˝ej
����! Dcris;L

�
W.�

j
LT/
�

sends d to d ˝ ej with the element ej given as ej D t
�j
LT ˝ �

˝j 2 Dcris;L.L.�
j
LT//.

If we assume, in addition, that

(i) W has Hodge–Tate weights � 0, whence W �.1/ has Hodge–Tate weights
� 1 and D0

dR;L.W
�.1// D 0, and

(ii) Dcris;L.W
�.�LT//

'LD
q
�L D 0,

then by our assumption expL;W �.1/ W DdR;L.W
�.1// ,! H 1.L;W �.1// is injective

with image H 1
e .L; W

�.1// D H 1
f
.L; W �.1// (see [12, Cor. 3.8.4]). We denote its

inverse by
logL;W �.1/ W H

1
f

�
L;W �.1/

�
! DdR;L

�
W �.1/

�
and define

flogL;W �.1/ W H 1
f

�
L;W �.1/

�
! DdR;L

�
W �.1/

� T
��1

���! Dcris;L
�
W �.�LT/

�
;

where (by abuse of notation) we also write

T��1 W DdR;L
�
W �.1/

�
! Did

dR;L

�
W �.�LT/

�
D Dcris;L

�
W �.�LT/

�
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for the isomorphism, which sends b˝ v to b
tQp
tLT
˝ v˝ �˝ .�cyc/

˝�1. We obtain the
following commutative diagram, which defines the dual map log�L;W being inverse to
exp�L;W (up to factorization over H 1.L;W /=H 1

f
.L;W /):

H 1.L;W /=H 1
f
.L;W / � H 1

f

�
L;W �.1/

�
logL;W�.1/

��

h ; iTate;L
// L

DdR;L.W / �

log�
L;W

OO

DdR;L
�
W �.1/

�
// DdR;L

�
Qp.1/

� Š // L:

Similarly as above, we obtain a commutative diagram more convenient for the Lubin–
Tate setting:

H 1.L;W /=H 1
f
.L;W / � H 1

f

�
L;W �.1/

�
elogL;W�.1/

��

h ; iTate;L
// L

Did
dR;L.W /

log�
L;W;id

OO

� Did
dR;L

�
W �.�LT/

�
// Did

dR;L

�
L.�LT/

� Š // L:
We write EvW;n W OL ˝L Dcris;L.W /! Ln ˝L Dcris;L.W / for the composite map
@Dcris;L.W / ı '

�n
q from the introduction of [7], which actually sends f .Z/ ˝ d to

f .�n/˝ '
�n
L .d/. By abuse of notation we also use EvW;0 for the analogous map

OK ˝L Dcris;L.W /! K ˝L Dcris;L.W /:

For x 2 D.�L; K/˝L Dcris;L.W / we denote by x.�jLT/ the image under the map

D.�L; K/˝L Dcris;L.W /! K ˝L Dcris;L.W /; �˝ d 7! �.�
j
LT/˝ d:

Lemma 5.2.24. Assume that � is contained in K. Then there are commutative dia-
grams

D.�L;K/˝L Dcris;L.W /

evtriv

��

M˝id
// OK ˝L Dcris;L.W /

EvW;0
��

OK ˝L Dcris;L.W /
1�'L˝'Loo

EvW;0
��

K ˝L Dcris;L.W / K ˝L Dcris;L.W / K ˝L Dcris;L.W /
1�id˝'Loo

and

D.�L; K/˝
L
Dcris;L.W /

Tw
�
�j
LT
˝ej

��

M˝id
// OK˝

L
Dcris;L.W /

. @� /
�j˝ej

��

OK˝
L
Dcris;L.W /

1�'L˝'Loo

. @� /
�j˝ej

��

D.�L;K/˝
L
Dcris;L

�
W.�

j
LT/
� M˝id

// OK˝
L
Dcris;L

�
W.�

j
LT/
�

OK˝
L
Dcris;L

�
W.�

j
LT/
�
:

1�'L˝'L
oo

In the latter we follow the (for j > 0) abusive notation @�j from [7, Rem. 3.5.5].
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Proof. For the upper diagram note that �0 D 0 and .ıg � �.1; Z//jZD0 D 1, from
which the claim follows for Dirac distributions, whence in general. For the right
square we observe that 'L.g.Z//jZD0 D g.0/. Regarding the lower diagram, we use
Lemma 4.3.25 and the relation @inv ı 'L D �L'L ı @.

With this notation, Berger’s and Fourquaux’s interpolation property reads as fol-
lows.

Theorem 5.2.25 (Berger–Fourquaux [7, Thm. 3.5.3]). Let W be L-analytic and h �
1 such that Fil�hDcris;L.W /DDcris;L.W /. For any f 2 .O D0˝LDcris;L.W //

�D0

and y 2 .O ˝L Dcris;L.W //
 D q

�L with f D .1� 'L/y, we have: If hC j � 1, then

h1
Ln;W.�

j
LT/

�
tw
�
j
LT

�
�W;h.f /

��
D .�1/hCj�1.hC j � 1/Š

�

8<:exp
Ln;W.�

j
LT/

�
q�nEv

W.�
j
LT/;n

.@
�j
inv y ˝ ej /

�
if n � 1I

exp
L;W.�

j
LT/

�
.1 � q�1'�1L /Ev

W.�
j
LT/;0

.@
�j
inv y ˝ ej /

�
if n D 0:

If hC j � 0, then10

� exp�
Ln;W.�

j
LT/

�
h1
Ln;W.�

j
LT/

�
tw
�
j
LT

�
�W;h.f /

���
D

1

.�h � j /Š

8<:q�nEv
W.�

j
LT/;n

.@
�j
inv y ˝ ej / if n � 1I

.1 � q�1'�1L /Ev
W.�

j
LT/;0

.@
�j
inv y ˝ ej / if n D 0:

By abuse of notation, we shall denote the base changeK˝L� of the (dual) Bloch–
Kato exponential map by the same expression. Using Lemma 5.2.24, we deduce
the following interpolation property for the modified big exponential map with x 2
D.�L; K/˝L Dcris;L.W /: If j � 0, then

h1
L;W.�

j
LT/

�
tw
�
j
LT

�
�W;1.x/

��
D .�1/j j Š��j�1 exp

L;W.�
j
LT/

�
.1 � q�1'�1L /.1 � 'L/

�1
�
x.�
�j
LT /˝ ej

��
I

(5.31)

if j < 0, then

h1
L;W.�

j
LT/

�
tw
�
j
LT

�
�W;1.f /

��
D
���j�1

.�1 � j /Š
log�

L;W.�
j
LT/

�
.1 � q�1'�1L /.1 � 'L/

�1
�
x.�
�j
LT /˝ ej

��
;

10Note that the definition of the dual exponential map in [7] coincides with (5.30) only up
to reversing the order of the cohomology groups in degree one, which induces a sign due to the
skew symmetry of the cup product.
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assuming in both cases that the operator 1 � 'L is invertible on Dcris;L.W.�
j
LT// and

for j < 0 also that the operator 1� q�1'�1L is invertible onDcris;L.W.�
j
LT// (in order

to grant the existence of log
L;W.�

j
LT/

).
Recall that the generalized Iwasawa cohomology of T 2 RepoL.GL/ is defined

by
H�Iw.L1=L; T / WD lim

 �
L0

H�.L0; T /;

where L0 runs through the finite Galois extensions of L contained in L1 and the
transition maps in the projective system are the cohomological corestriction maps.
For V WD T ˝oL L 2 RepL.GL/ we define

H�Iw.L1=L; V / WD H
�
Iw.L1=L; T /˝oL L;

which is independent of the choice of T . As usual, we denote by

cor W H�Iw.L1=L; T /! H�.L0; T /

the projection map and analogously for rational coefficients. In the same way as
in (5.25), we have a map

prU W D
�
V.��1/

� D1
! h1

�
K ;U 0

�
D
�
V.��1/

���
Œd � 1�

�
Š H 1.L0; V /

m 7!
�
. Nm; 0/

�
;

where Nm D 1
#�

P
ı2� ım denotes the image of m under the map {M � {M� Š {M

�.
Note that under the assumptions of Lemma 3.3.6 for V.��1/, there is a commutative
diagram

H 1
Iw.L1=L; T / DLT

�
T .��1/

� D1
D
�
rig

�
V.��1/

� D1
H 1.L0; V / H 1.L0; V / H 1

=�
.L0; V /;

cor

Š

prU prU (5.32)

where the right vertical map is induced by (5.25). Indeed, for the commutativity of the
left rectangle and the right rectangle we refer the reader to (B.5) and (A.6), respec-
tively. Let y

�
�j
LT

denote the image of y under the map

H 1
Iw.L1=L; T /

�˝�˝�j

�����! H 1
Iw

�
L1=L; T .�

�j
LT /

� cor
�! H 1

�
L; T .�

�j
LT /

�
! H 1

�
L; V.�

�j
LT /

�
:

The following result generalizes [51, Thm. A.2.3] and [52, Thm. B.5] from the cyclo-
tomic case.
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Theorem 5.2.26. Assume that V �.1/ is L-analytic and fulfills

Fil�1Dcris;L
�
V �.1/

�
D Dcris;L

�
V �.1/

�
;

Dcris;L
�
V �.1/

�'LD��1L D Dcris;L
�
V �.1/

�'LD1
D 0:

Then, for all y 2 H 1
Iw.L1=L; T /, it holds that for j � 0

�jLV .y/.�jLT/

D �j Š
�
.1 � ��1L '�1L /�1

�
1 � �L

q
'L
�eexp�

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�
˝ ej

D �j Š.1 � �
�1�j
L '�1L /�1

�
1 �

�
jC1
L

q
'L
��eexp�

L;V.�
�j
LT /;id

.y
�
�j
LT
/˝ ej

�
and for j � �1

�jLV .y/.�jLT/

D
.�1/jC1

.�1 � j /Š

�
.1 � ��1L '�1L /�1

�
1 � �L

q
'L
�flog

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�
˝ ej

D
.�1/jC1

.�1�j /Š
.1��

�1�j
L '�1L /�1

�
1�

�
jC1
L

q
'L
��flog

L;V.�
�j
LT /;id

.y
�
�j
LT
/˝ej

� (5.33)

if the operators 1� ��1�jL '�1L , 1� �
jC1
L

q
'L or equivalently 1� ��1L '�1L , 1� �L

q
'L

are invertible on Dcris;L.V .�
�1// and Dcris;L.V .�

�1�
j
LT//, respectively.

Proof. From the reciprocity formula in Corollaries 5.2.2 and 5.2.20 and Proposi-
tion 5.2.22 we obtain for x 2 D.�L;Cp/˝L Dcris;L.V

�.1//, y 2 D.V.��1// LD1

and j � 0 using (5.32)�
x.�
�j
LT /˝ ej ; .�1/

jLV .y/.�jLT/˝ e�j
�

cris

D�
�
x; ��1LV .y/

�

�0
.�
�j
LT /

D�q�1
q

®
�V �.1/;1.x/; y

¯
Iw.�

�j
LT /

D�
˝
h1L ı tw

�
j
LT

�
�V �.1/;1.x/

�
; y
�
�j
LT

˛
Tate

D� .̋�1/jj Š��j�1exp
L;V �.1/.�

j
LT/

�
.1�q�1'�1L /.1�'L/

�1
�
x.�
�j
LT /˝ej

��
; y
�
�j
LT

˛
Tate

D�.�1/j��jj Š
�
.1�q�1'�1L /.1�'L/

�1
�
x.�
�j
LT /˝ej

�
;eexp�

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�

cris

D
�
x.�
�j
LT /˝ej ;�.�1/

j��jj Š.1���1L '�1L /�1
�
1� �L

q
'L
�eexp�

L;V.�
�j
LT /;id

.y
�
�j
LT
/
�

cris:

Here we used (5.31) in the fourth equation for the interpolation property of�V �.1/;1.
The fifth equation is the defining equation for the dual exponential map resulting from
(5.30) upon taking the skew-symmetry of the cup product into account. Furthermore,
for the last equality we use that ��1L '�1L is adjoint to 'L under the lower pairing. The
claim follows since the evaluation map is surjective and Œ ; �cris is non-degenerated.



Application 162

Now assume that j < 0:�
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L;V.�
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/
�
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q
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Now consider V D L.��LT/ and W D V.�LT/. Then the latter satisfies the con-
dition of Theorem 5.2.26 and using Proposition 5.1.1 and Lemma 5.1.2 one easily
derives the following interpolation property concerning the former for y D �.u/,
u 2 U for all r � 1:

LV .y/.�rLT/ D �
rŠ
�r

�
.1 � ��1L '�1L /�1

�
1 � �L

q
'L
�eexp�L;V.��rLT /;id

.y��rLT
/
�
˝ er

D �
rŠ
�r
.1 � ��rL /�1

�
1 �

�r
L

q

�eexp�L;V.��rLT /;id
.y��rLT

/˝ er :

On the other hand, we have LV .y/˝ d1 D LV .y/ and hence by the claim concern-
ing (5.4)

LV .y/.�rLT/˝ d1 ˝ ��1 ˝ tLT D LV .y/.�
r
LT/˝ �

�1
˝ tLT D L.u˝ ��1/.�rLT/;

whence

L.�u˝ ��1/.�rLT/˝ e1�r D
rŠ
�r
.1 � ��rL /�1

�
1 �

�r
L

q

�
exp�L;V.��rLT /;id

.y��rLT
/:

This is (5.2); i.e., together with (5.3) we have just obtained a new proof of Kato’s
reciprocity law (Theorem 5.1.3) and we may consider Theorem 5.2.26 as a vast gen-
eralization of it. In [66], the general version of Kato’s reciprocity will be derived
from a refined version of Theorem 5.2.26 describing also the interpolation at Artin
characters.


