Chapter 5

Application

For the convenience of the reader we recall some definitions. Firstly, for VeRep; (GL)
we put

Dcris,L(V) = (Bcris XKL, V)GL and DdR,L(V) = (BdR ®Q,, V)GL-
The second definition will be used also in the more general form
Dar,.’(V) := Dar,.’(VjG,,) = (Bar ®q, %%

for L’ any finite extension of L. Moreover, we write DgR, (V)= Fil°(Dar.1/ (V).
Recall that T;; = op n denotes the Tate module of the Lubin-Tate formal group LT.
We set V; := L ®,, T» € Rep;(Gr). We write T = XETIchc, trr = logyr(wrr) €
Be:is, L, and analogously 7q, := log@m (a)@m) for the Lubin—Tate formal group @m.
Thend, := t{T@; ® (N®™" ® Neye), Where ¢y is a generator of the cyclotomic Tate
module Z,(1), is an L-basis of DgR L V& (1)).

The generalized Iwasawa cohorﬁology of T € Rep,, (GL) is defined by

Hpy(Loo/ L, T) := lim H* (L', T),
L/

where L’ runs through the finite Galois extensions of L contained in L, and the
transition maps in the projective system are the cohomological corestriction maps.
For V :=T ®,, L € Rep; (Gr) we define

HItJ(LOO/L’ V) = HITV(LOO/L’ T) ®0L L7
which is independent of the choice of 7. As usual, we denote by
cor: Hy,(Loo/L,T) — H*(L',T)

the projection map and analogously for rational coefficients.

5.1 The regulator map

Let T bein Repgris, 7(Gr) such that T(z~ 1) belongs to Repf}ris”;fl(GL) with all Hodge—
Tate weights in [0, r], and such that V := L ®,, T does not have any quotient
isomorphic to L(7). Then the assumptions of Lemma 3.3.6 are satisfied and we may
define the regulator maps

Ly :H\(Loo/L.T) = D(I'L.Cp) ®L Deris. V(™).
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&% Hp(Loo/L.T) = OL(B)"=" ®L Deris. (V(r ™).
ch Hliv(Loo/Lv T) - D(FL1 (Cp) XL Dcris,L(V)
as (part of) the composite

HI{N(LOO/L, T)~ DLT(T(.[—I))WL=1

=1 (I_HTL(/’L)

= N(T(zY)VPaaahy or (N (V1)) ™°

— (9¢L=0 QL DcriS,L(V(t_l)) < (D(Cp (B)WLZO XL DcriSsL(V(r_l))
M~ @id -
——— D(I'1.Cp) ® Deris, (V(T 1)) — DI, Cp) ®L Deis,. (V)

using [80, Thm. 5.13], Lemma 3.3.6, the inclusion (3.17), and where the last map
sends u ® d € D(I',, Cp) ®.. Dcris,L(V(r_l)) tou®d®@d € DI, Cp) ®L
Deris,t (V(t™1)) ®L Deris, (L(7)) = D(TL, Cp) ®L Desis,. (V). Note that we have
D := Dasis, L(L(7)) = D 1 (L(7)) = Ldy with dy = firig) ® (07" @ 1jeye), where
L(xur) = Lnand L(chc) = Leye.

Alternatively, in order to stress that the regulator is essentially the map 1 — ¢,
one can rewrite this as

H(Loo/L.T) = Dix(V(z™")"* ™" = N(T( ™))V Purra™

5.1

1

o N ) ™ b g (v () e D

— Oszo L Dcris,L(V(T_l)) ®L D C (9(Cp (B)WL=0 L Dcris,L(V)
M1 ®id
EEEE— D(FLa (Cp) ®L Dcris,L(V)’
where the < in the second line sends n to n ® d; and the ¢7, now acts diagonally. By
construction, this regulator map £y takes values in D(I'r, K YoL* ®p D yis,1.(V),
where the twisted action of Gy, on the distribution algebra is induced by the Mellin
transform as in (ii) of Proposition 4.1.25.

We write V. € Lie(I') for the element in the Lie algebra of 'y, corresponding
to 1 under the identification Lie(I'y) = L.

Proposition 5.1.1. The regulator maps for V and V (yrr) — assuming that both rep-
resentations satisfy the conditions above — are related by

Lviun(x ®n) = Viie (gTw -1 (£v(x)) ® ti1'n);
i.e., the following ' -equivariant diagram commutes:

;CV(XLT)

H}, (Loo/L.V(x1r)) D(T1, Cp) &1 Desis, . (V(xir))

VLieTw,, —1
=~ x —1
l Q ®tir

£ QL (xi1)
H (Loo/L, V) ®0, L(xir) ———0 D(T'1,Cp) &L Deris,. (V) ®1 L()r1)-
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Proof. The proof is analogous to [51, Prop. 3.1.4]. Note that the period €2 enters due
to (4.64). [

This twisting property can be used to drop the condition concerning the Hodge—
Tate weights in the definition of the regulator map; i.e., upon replacing D(I'z,, C,) in
the target by its total ring of quotients, one can extend the regulator map as usual to
all T in RepCrlb #(Gr) such that T'(z™~ 1) belongs to Repcm an(G ).

In order to better understand the effect of twisting, we have the following lemma.

Lemma 5.1.2. For u € D(I'r, K) we have

1
§(VLieTWX*1)(M) =M™ (rer I ()
and foralln > 1
(ViieTw -1 () (i) = np(xe .

Proof. The first claim follows by combining (5.5) with (4.64), while the second claim
is just Lemma 4.1.22 applied to the first. |

One significance of regulator maps is that it should interpolate (dual) Bloch—Kato
exponential maps. We shall prove such interpolation formulae in Section 5.2.4 by
means of a reciprocity formula.

5.1.1 The basic example

Setting U :=lim oj with transition maps given by the norm, we have the maps
<—n n

CW,: Uz T® " — DdRL(V®"(1)) = Ld,

_ 1—
u®an®’ }—>a( 1)'81’nvloggu,n(2)|2=0dr

for all > 1. Furthermore, g, denotes the Coleman power series (cf. [21, Thm. A,
Cor. 17]) attached to u = (4,), and n = (1), satisfying gu »(7x) = u, foralln > 1.
We are looking for a map

£:U @z T} — D(Tr,Cp) ®r Deris,r.(L(7))

such that
Qr1-— JTL

r' 1_

Lu@an)(x{p) ® (7' @n® "t =CW,(u®@an®") (52
q

for allr > 1,u € U,a € oy, Recall that D51, (L(t)) = Ld; and note the equalities
dR L(V® "(1)) =Ld, = Ld; ® (l e 7’® r+1)



Application 130

Theorem 5.1.3 (A special case of Kato’s explicit reciprocity law [80, Cor. 8.7]). For
r > 1 the diagram

U ®y TT;@_r

—K®idJ/

Hyy(Loo/ L. T (1))

COI‘J/
*

HY(L, T (1)) ————— D% , (V& (1) = Ld,

CW,

commutes.

For the definition of the Kummer map « see [80, §6], while for the dual Bloch—
Kato exponential map exp* we refer the reader to [12].
We set £ = £ ® d; with £ given as the composition

(1—ZLg)

\% _ _
£:UQTF — opJorr]"-~" ———— Oc, (B)V-=°

log 7

— 9O¢, (B)V-=° LU D(Tz,Cp),
where the map V has been defined in [80, §6] as the homomorphism
V:U®zT*— orforr]V™!
3inv(gu,n)( ).

u®an* = a———=(wrr
u,n

Note that due to the multiplication by log; 1, the maps &£, £ are not 'z -equivariant.
Using Lemmata 4.1.21 and 4.1.22, we obtain

L(u ® an®)(xiz) = aM ™" (logpy (1 — %) diny 10g gu,n) (x71)
= aQ M (1 = ZE0) (Diny 10g gun) (XT7 ")
=arQ7"(1- %nz_l)(airnzlainv log gu.n)|z=0
=arQ7"(1- %)(8{n;13inv log gu,n)|z=0:

i.e., £ satisfies (5.2), indeed. By construction and Proposition 4.1.25 the image of &£
actually lies in the G -invariants:

£:U &z TF — D(I'L, K)F ®1 Desis,r (L(7)).

(5.3)

We claim that the composition

Uz Ty —__

lm,;« T (5.4)
H (Leo/L,oL(7))
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coincides with
£:U ®z T;: - D(FL7 (Cp) L Dcris,L(L(T))'

Indeed, from the commutativity of the diagram in Figure 5.1 (cf. with [51, Appx. C]
for L = Q,) the above claim immediately follows by tensoring the diagram for r = 1
with o (x;) and then composing with the multiplication by # . In this diagram, we
use the following abbreviations:

Or 1= Li(exty) ® d?_l forany r > 1,
e .= [LTTr X 77®r S DcriS,L(L(XiT))’
[i = tLTainv -1,

and we recall that 0;,y = %LT.

B(r—1)
UeTEr <Ol » Hl\(Loo/L.0L(tx]y)) ——
ven®r (o or[wrr] ® ’7®r)WL=1 =
(o1 [wrr] ® n®7) V=" (1-Lor)®ia  N(op(xfp)"" ™"
(1—”71‘¢L)®id @(wrr) oL [[a)LTM%]WLzo ® n®” 1-"Lgy or
N2 / \ v
orfon][$]" ™ @ n®" woi ¢*(N(L(n) "
0,7 ® iy OVL=0 g e, comp
To-I,_1 ®id
(91”1‘=0 X er (91#1‘=0 L Dcris,L (L(X[’:T))
ngt_1®id
M @id D(I'r, K)°t @ Desis,. (L(xi1)) ¢
1 TIL(X{T)
D(TL, K)°L ® e, D(Tr, K)%" &L Deris, (L(X{r))
idery | id®ify |
D(I'L. K)°r @ o D(I'z. K)°r @ L(x{y)

Figure 5.1. Comparison of £ and £, (z y,)-
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Note that we have

Sy (M) — M)
£(y)

M (lo ) = lim = VL), 69)

see [44, Lem. 2.1.4] for the fact that
VLiie = f110iny

as operators on (9. By abuse of notation we thus also write
[; := VL —i

for the corresponding element in D(I'z, K); compare [75, §2.3] for the action of
Lie(I'z) on and its embedding into D(I'r, K). Moreover, we set

r—1
[L(Xlr;r) = 1_[ [i-
i=0

Note that 3y, is invertible on @Y~ =0 by [33, Prop. 3.12]. Finally, the map
=0 _
comp : ¢* (N (oL ()(f;)))w — OV ® 1 Desis,r (L(x]7))

is given by Corollary 3.1.14. Note that the commutativity of the upper part of the
diagram in Figure 5.1 is an immediate consequence of [80, Thm. 6.2].

Inspired by Proposition 5.1.1, we define £,() — since L(t) does not satisfy the
conditions from the beginning of this chapter while L(zxrr) does — as a twist of
L1 (xyr) Y requiring the commutativity of the diagram in Figure 5.2, which is pos-
sible due to the commutativity of the diagram in Figure 5.1.

Hliv(Loo/L,oL(r))

Lr(r)

IR

H[{V(Loo/lu oL (TXLT)) ®0L OL(XErl) D(FL’ (Cp) AL Dcris,L(L(T))

ViieTw
Lie "W, —1

;CL(TXLT)®0L(XE|‘1) -

—1
®t 7

D(T1,Cp) ®L Deris,. (L(tx11)) ®L L(xi7)

Figure 5.2. Comparison of £ (ry and £ 1. (¢ y;1)-
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Then
£:U®z T; — D(FL, Cp) L Dcris,L(L(T))

also coincides with

U®zTr ————> H, w(Loo/L.or(7))

(ﬁVLieTWX—l ®id)°<fL(r)

D(FLv (Cp) L Dcris,L (L(f)) (56)

by Proposition 5.1.1.

We refer the interested reader to [74, §5] for an example of a CM-elliptic curve E
with supersingular reduction at p in which they attach to a norm-compatible sequence
of elliptic units e(a) (in the notation of [27, §1I 4.9]) a distribution p(a) € D(T'r, K)
in [74, Prop. 5.2] satisfying a certain interpolation property with respect to the values
of the attached (partial) Hecke- L-function. Without going into any detail concerning
their setting and instead referring the reader to the notation in loc. cit., we just want
to point out that up to twisting this distribution is the image of k(e(a)) ® n~!
the regulator map £, (7):

Lre(k(e(a) ® 17_1) = QTwy,, (u(a)) ® d;.

Here, L = K, = Fy, (in their notation) is the unique unramified extension of Q, of
degree 2, 71, = p, q = p?, and the Lubin-Tate formal group is Ey,, while K = Lo
Indeed, we have a commutative diagram

under

Col

U D(I'., K)
K(—)®T)_1l lmwm(gd] 5.7
Er(x
HI{V(LOO/L’OL(T)) = D(FLy K) XL Dcris,L(L(f))’

where the Coleman map Col is given as the composite in the upper line of the follow-
ing commutative diagram:

1- “’L
U logg— OWL 7TL (QWL =0

ey

U®T*L>(9WL 1

-1
——9¥=0 27, (11, K)

aianv IOJ/ leie (58)
L

——¢ PL
— W gur=0 P81, gui=0 BT ) k),

in which the second line is just £. Then the commutativity of (5.7) follows by com-
paring (5.8) with (5.6). Finally, Col(e(a)) = p(a)(= IN~ 1(ga(Z)) in their notation)
holds by construction in loc. cit. upon noting that on ovL= 7L the operator 1 —
%(pL o Y1, which is used implicitly to define g,(Z)(= (1 — p(pL oyr)log Qa(Z)),

equals 1 — ‘2—5
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5.2 Relation to Berger’s and Fourquaux’s big exponential map

Let V denote an L-analytic representation of G and take an i}lllteger h > 1 such
that Fil ™" Dis, L (V) = Deyis,. (V') and such that D5, 1, (V)% =7." = 0 holds. Under
these conditions in [7], a big exponential map a la Perrin-Riou

QV,h : (CQIIIL=O L Dcris,L(V))A=0 g DT (V)WL=%

rig

is constructed as follows: According to [7, Lem. 3.5.1], there is an exact sequence

h
L —a
0— @tﬁTDCTiS,L(V)¢L=nLk - ((9 ®0L DcriS,L(V))WL_”L
k=0

h
1—¢ — A
—L) (91/”‘ 0 XL Dcris,L(V) - @ Dcris,L(V)/(l - anDL)Dcris,L(V) — 0,

k=0

where, for ' € O ®1 Deis,.(V), we denote by A(f) the image of the map

h h
Pk, ®idp, , 1) (f)0) = E Deris.. (V)/(1 = 7f¢1) Deris, (V).
k=0 k=0
Hence, if already f € (OV2=% ®] Dy s, (V))2=°, then there exists an element y €
(0 R, Dc,is,L(V))WLzﬁ such that f = (1 — ¢r)y. Setting V; := V — i for any
integer i, one observes that Vj,_; o --- o Vy annihilates @Z;}) t{‘T D s, L(V)PL=7L k,
whence Qy (f) := Vp—1 0+ 0 Vy(y) is well defined and belongs under the com-
parison isomorphism in (3.16) to D;rig(V)v’L:% by Proposition 3.1.13.
Note that

= A= =
(%70 @1 D £ (V)* ™" = 0¥=0 @1, Do (V)

if Degis, . (V)9L =72" = 0 forall 0 < k < h. If this does not hold for V itself, it does
hold for V(y;f) for r sufficiently large (with respect to the same h).

In the special case L = Q), the above map becomes the exponential map due
to Perrin-Riou and satisfies the following adjointness property with Loeffler’s and
Zerbes’ regulator map, see [51, Prop. A.2.2], where the upper pairing and notation
are introduced:

D(F7 Q[J) ®AL HIW(Qp7 V*(l)) X D(Fv Qp) ®A@p HIW(va V) — D(r’ Qp)

TQV*(I),I y-n&xl H

D(Fv Qp) ®Qp Dcris,Qp(V*(l)) X D(Fv Qp) ®Qp Dcris,Qp (V) — D(Fv Qp)

In fact, this is a variant of Perrin-Riou’s reciprocity law comparing 2y, with
Qy*(1),1-h-



Relation to Berger’s and Fourquaux’s big exponential map 135

For L # Q, the issue of L-analyticity requires that V" *(1) is L-analytic for the
construction of 2y x(1),1—p, which then implies that V' is not L-analytic. Instead, our
regulator map is available and the purpose of this subsection is to prove an analogue
of the above adjointness for arbitrary L.

Theorem 5.2.1 (Reciprocity formula/Adjointness of big exponential and regulator
map). Assume that V*(1) is L-analytic with Fil™' Degs. 1 (V*(1)) = Deis. (V*(1))
and DmS,L(V*(l))‘pL:ﬂL_1 = Dyis, . (V*(1))?L=1 = 0. Then the following diagram
consisting of D(I'L, K)-\«-sesquilinear pairings (in the sense of (4.87)) commutes:

_a -1
DI (v ()= x D(VEH)rrT L

Iw
D(FL, Cp)
TQV*(U,] e‘ﬁ(‘)/J/

OV1=0 ®p Ders V(1) x  OVE=0 @1 Do 1 (V(z™) 15 DL, Cp).

Note that the terms on the right-hand side of the pairings are all defined over L!

Proof. This follows from the abstract reciprocity law in Theorem 4.5.32 (where we set

M = ng(V(r_l)) as before). Indeed, assuming that z € O¥2=0 @ D51 (V*(1))

and y € D(V(z~1))¥2=1, we have that (1 — Lor)yeM'n (MYL=0) (see (5.1)) and

comp™ (1 —¢z)x) € M forx € (O ® Ders, (V* (1)) 77

such that z = (1 — ¢z)x. Moreover, comp™!((1 — ¢z )x) € MYL=° by Proposi-
tion 3.1.13 as V' *(1) is positive by assumption. Recall that comp™! (Vx) is an element

in D:Eg(V*(l))WLzﬁ again by Proposition 3.1.13. We thus obtain
_ _ - _ 0
22 comp™! (V). v}y, = 4 {Veomp™ (1 = ¢p)x). (1 = TEor) v}y,

[(1 = ¢r)x, comp((1 — Z=gr)y)]-

By definition of the big exponential and regulator map the latter is equivalent to

Qvwa@.}, = [2. 27 )] u

We also could consider the following variant of the big exponential map (under
the assumptions of the theorem):

—_49
@y : D(TL.Cp) ®L Deris.r.(V*(1)) — DI (V)VE=72

rig
by extending scalars from L to C, and composing the original one with Q" times'

D(FL, Cp) L Dcris,L (V*(l)) M ((QK(B))WL=0 L Dcris,L(V*(l))'

IThis means to replace V by % in order to achieve twist invariance of the big exponential
map, see the remark below.
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Corollary 5.2.2 (Reciprocity formula/Adjointness of big exponential and regulator
map). Under the assumptions of the theorem, the following diagram of D(I'r, K)-
Lx-Sesquilinear pairings commutes:

q—1
Djig(v*(l))“:% X D(VEhH)rrT L, i

Iw
D(FLv (Cp)
Tﬂv*(l)’l (T_IS?LVJ/

* i 10
D(FL7Cp)®LDcris,L(V (1)) X D(FL,Cp)®LDcris,L(V(T 1))_>D(rLan),

where [—, —]° = [N ® id(—), 0_1 M ® id(—)], i.e.,
hod u®d® n(l,2)® (7 @n) =t 11, Z2) ®[d, dlas,  (5.9)

> lcris

where Deis, 1. (V* (1)) x DcriS,L(V(r_l)) L D yis, .. (L(x1r)) is the canonical pair-
ing.

Remark 5.2.3. By [7, Cor. 3.5.4], we have

Q) © 1% = Qi gy Golx ® 1 0™

and [, o Qy ; = Qy 41, whence we obtain the equality
®j — . . —J ®j
SZV,h (X) ® n — SZV(X[{T)JH‘j (TWXI?FI (X) ® ZLT n )

and Ih o ﬂV,h = SzV,h-i—l-

5.2.1 Some homological algebra

Let X L5 ¥ be a morphism of cochain complexes. Its mapping cone cone(f) is

. di
defined as X[1] D Y with differential d] - := (f)E 1[;[] d(z
Y

and we define the mapping fiber of f as Fib( /) := cone( f)[—1]. Here the translation
X [n] of a complex X is given by X [n]’ := X*" and d§[n] = (—1)”d)i(+". Alterna-
tively, we may consider f as a double cochain complex concentrated horizontally in
degree 0 and 1 and form the total complex (as in [82, Tag 0127Z]). Then the associated
total complex coincides with Fib(— f').

For a complex (X°®, dx) of topological L-vector spaces we define its L-dual
((X™)*, dy+) to be the complex with

) (using column notation)

(X*)i = HomL,cont(X_i s L)

and
dy=(f) := (=)D f oy,


https://stacks.math.columbia.edu/tag/012Z
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More generally, for two complexes (X°, dx) and (Y*, dy) of topological L-
vector spaces we define the complex Homj, . (X*®,Y*) by

Hom} ., (X*.Y*®) = ]_[ Homy, con(X?, Y1)
i€Z

with differentials df = d o f 4 (—1)%(/)~1 £ o d. Note that the canonical isomor-
phism
Hom®(X*,Y*)[n] = Hom® (X°.Y*[n])

does not involve any sign; i.e., it is given by the identity map in all degrees.
We also recall that the tensor product of two complexes X ® and Y * is given by

(Xo Q1 Y-)i — @Xn Ry Yi—n
n

and
dx®y)=dx ® y + (=1)%*EWx g dy.

The adjunction morphism on the level of complexes
adj : Homj . (X*®L Y*, Z*) - Hom} ., (Y*,Homj . (X*, Z*))

sends u to (y > (x > (—1)%ex®) g0y (x @ y))). It is well defined and continuous
with respect to the projective tensor product topology and the strong topology for the
Homs. Furthermore, by definition we have the following commutative diagram:

X*@, Y —X > L[-2]
id@adj(u)l H (5.10)
X* @, Homj . (X*, L[-2]) —> L[-2],

where ev, sends (x, f) to (—1)deex)dee(f) £(x),
Lemma 5.2.4. Let (€°,d*®) be a complex in the category of locally convex topologi-
cal L-vector spaces.

()  If € consists of Fréchet spaces and h'(€*) is finite dimensional over L,
then d*~V is strict and has closed image.

(i) Ifd? is strict, then k™ (€*) = hi (€)*.

Proof. (i) Apply the argument from [13, §IX, Lem. 3.4] and use the open mapping
theorem [71, Prop. 8.8]. (ii) If

15825 ¢
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forms part of the complex with B in degree i, one immediately obtains a map
ker(a*)/im(B*) — (ker(B)/im(a))",

where ker(f) carries the subspace topology and ker(f)/im(c) the quotient topology.
Now use the Hahn—Banach theorem [71, Cor. 9.4] for the strict maps B/ ker(f) —
C (induced from ) and ker(8) < B in order to show that this map is an isomor-
phism. |

Definition 5.2.5. A locally convex topological vector space is called an LF-space if
it is the direct limit of a countable family of Fréchet spaces, the limit being formed in
the category of locally convex vector spaces.

Remark 5.2.6. If one replaces Fréchet spaces by LF-spaces, the situation of Lemma
5.2.4 is more subtle:

1 v 2 W is a continuous linear map of Hausdorff L F'-spaces with finite-
dimensional cokernel, then « is strict and has closed image by the same
argument used in (i) of the previous lemma. However, since a closed sub-
space of an LF-space need not be an LF-space, we cannot achieve the same
conclusion for complexes by this argument as ker(d?) may fail to be an LF-
space, whence one cannot apply the open mapping theorem, in general. But
consider the following special situation. Assume that the complex €° con-
sists of LF-spaces and A’ (€*) is finite dimensional. If moreover €' *! = 0,
ie., €' =ker(d'), then d'~! is strict and h!7 (€*) = h'~1(€)*.

(i) If d* is not strict, the above proof still shows that we obtain a surjection
h=H(E*) — K (€)*.

However, for a special class of LF-spaces and under certain conditions we can
say more about how forming duals and cohomology interacts.

Lemma 5.2.7. Let (€°,d°) = li_n>1r (€2, d}) be a complex in the category of locally
convex topological L-vector spaces arising as regular inductive limit of complexes of
Fréchet spaces; i.e., in each degree i the transition maps in the countable sequence
(€1), are injective and for each bounded subset B C ‘€' there exists an r > 1 such

that B is contained in €' and is bounded as a subset of the Fréchet space €. Then,

(i)  we have topological isomorphisms (€°®)* = LiLnr e©nr,

(1)  if, in addition, 1(i_111i>0hi ((€)*)=0foralli, we have a long exact sequence
RN hi ((\6.)*) — Lln hi ((\6;)*) N hi—l (l(lnl(xero)*) — hi+1 ((\6')*) — e

r=>0 r>0
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(iii) if, in addition to (ii), the differentials d? are strict, e.g., if all h* (€?) have
finite dimension over L, and l<i_r_n1>0(‘€r’)* = 0, we have isomorphisms
r>

R((€)*) = limh™ (€)*.
r>0
Proof. (1) is [61, Thm. 11.1.13] while (ii) and (iii) follow from (i) and [53, Chap. 3,
Prop. 1] applied to the inverse system ((€;?)*), combined with Lemma 5.2.4. ]

5.2.2 Koszul complexes

In this paragraph, we restrict to the situation U = Zg and fix topological generators
Y1,...,Yq of U and we set A := A(U). Furthermore, let M be any complete linearly
topologized or-module with a continuous U -action. Then by [49, Thm. I1.2.2.6] this
actions extends to continuous A-action and one has

HomA,com(A7 M) = Homp (A, M)

i—1 .
Consider the (homological) complexes Ko(y;) := [A LN A] concentrated in
degrees 1 and 0 and define

d
Ke:= K] = Ko(y) := Q Ko (1)
A
i=1
K*(M) := K{;(M) :=Hom} (K., M) = Hom} (Ke, A) ®A M = K*(A) ®x M,
Ke(M):= Ke @7, M (homological complex),
Ko(M)® := (Ko @ M)® (the associated cohomological complex).

If we want to indicate the dependence on y = (y1,...,Yq), we also write K*(y, M)
instead of K*(M) and similarly for other notation; moreover, we shall use the nota-
tiony~!=(yrh....y;)andy?" = (yf’n N yé’n). Note that in each degree these
complexes consist of a direct sum of finitely many copies of M and will be equipped
with the corresponding direct product topology.

The complex Ko will be identified with the exterior algebra complex A% A4 of
the free A-module with basis ey, ..., ey, for which the differentials d, : /\% Al —
A?\_lAd with respect to the standard basis e;,.._;, = e;; A== Aej,, 1 <ip <--- <
iq < d, are given by the formula

q
dg(ai...i,)) = ) D i = Da, o~
k=1
Then the well-known self-duality (compare [28, Prop. 17.15] although the claim
there is not precisely the same) of the Koszul complex, i.e., the isomorphism of com-
plexes
Ke(N)® = K*(N)[d], (5.11)
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can be explicitly described in degree —¢q as follows (by identifying /\‘j\ A? = Aey A
e ANeg = N):

q o d—q
A A? Z5 Hom, ( A Ad,A>
A A

eiy,...i, — sign(/, J)ej*1
o
Jsewsid—g
A e]’.‘d_q, 1 <ji<:<ji—g <d,forma (dual) basis ofHomA(/\i_qu, A), the
indices J = (jx )« are complementary to = (i), in the following sense {i1,...,iz} U
{Jt.--s ja—gy = {1,...,d}, and sign(I, J) denotes the sign of the permutation
li1,...,ig, j1.--., ja—q]- Indeed, the verification that the induced diagram involving
the differentials from cohomological degree —q to —q + 1

whereej,. .., e; denotes the dual basis of eq, . .., 4, the elements e = ej*] A

AL A? — s Hom, (A%7 A%, A)

qu/ J(_l)d(_l)dqld;q+1
S d—g+1
/\?\ G HOmA(/\Aq Ad,/\)
commutes’ relies on the observation that
sign(/, J)sign(/, Je) L = (=1)ak T

where [ i = (i1,..., i/;;, ...,1g) denotes the sequence which results from / by omit-
ting ix, while Jx = (j1...., ji—1.ik, Ji.- .., 1d—q) denotes the sequence which arises
from J by inserting iy at position / with regard to the strict increasing ordering: The
permutations [i1, ... ,ig, j1...., ja—gland [{1, ...k, ..., 0q, J1, ooy Ji=1:0ks J1o - -
Jd—q] differ visibly by ¢ — k 4 [ — 1 transpositions.

Now we assume that M is any complete locally convex L-vector space with
continuous U -action such that its strong dual is again complete with continuous U -
action. Then we obtain isomorphisms of complexes

K*(y, M)* = Homz’Corlt (Hom:,\ (K.(y), A) A M, L)

= Hom}, (Hom}, (Ke(y™"). A), Hom com(M. L))

=~ Hom (Hom:\ (K.()/_l), A), A) ®a Homy con (M, L)
= Ko(]/_ly A). XA HomL,cont(M, L)

= K*'(y~, Md] @ M*

= K*(y~', M™)[d],

(5.12)

2The signs (—1)¢ and (—1)¢ =971 result from the shift by d and the sign rule for complex
homomorphisms, respectively.
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where in the second line we use the adjunction morphism; the isomorphism in the
fourth line being the biduality morphism (according to [58, (1.2.8)])
Ke(A)* = Hom$ (Hom} (K., A), A)

x> (=1)ix**
with the usual biduality of modules

Ko(A)" = Homp (Homa(K—i, A), A)
x> (X f e f(x))

involves a sign, while the isomorphism in the third last line stems from (5.11) together
with Lemma 4.5.1 (i). Note that the isomorphism in the second last line does not
involve any further signs by [58, (1.2.15)].

We finish this subsection by introducing restriction and corestriction maps con-
cerning the change of group for Koszul complexes To this end let U; C U be the
open subgroup generated by yf ..., y7 7 - Then Homj (—, M) applied to the tensor
product of the diagrams

n

AU 2 A

szn—l k

AU =L A
gives a map
corU Ky, (v? ")(M) = K3 (y) (M)

which we call corestriction map and which is compatible under (5.20) below with
the corestriction map on cocycles (for appropriate choices of representatives in the
definition of the latter). Using the diagram

p n

AU D A@)

]

AU) —> AU)
instead, one obtains the restriction map
resU t Ky (y) (M) — Kg, (v? (M),

again compatible under (5.20) with the restriction map on cocycles.
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5.2.3 Continuous and analytic cohomology

For any profinite group G and topological abelian group M with continuous G-action
we write €° := €°*(G, M) for the continuous (inhomogeneous) cochain complex of
G with coefficients in M and H *(G, M) := h*(€°(G, M)) for continuous group
cohomology. Note that €°(G, M) =

Assume that G is moreover an L- analytlc group and M = hm hm M 5] with
Banach spaces M "1, an LF space with a pro-L-analytic action of G 1 e., a locally
analytic action on each Mrs ], which means that for all m € M "] there exists an
open L-analytic subgroup I';, C T’ in the notation of Section 4.3.4 such that the orbit
map of m restricted to I', is a power series of the form g(m) = ) ;. 2(g)kmy
for a sequence my of elements in M [rs] with nzk my converging to zero. Following
[25, §5], we write

e =€ (G, M)
for the locally L-analytic cochain complex of G with coefficients in M and
H; (G, M) = h*(€3(G. M))

for locally L-analytic group cohomology. More precisely, if Maps, ; _,.(G, M [">5])
denotes the space of locally L-analytic maps from G to M5, then

Can(G. M) = lim lim Maps,c 14 (G" Mty
N r

is the space of locally L-analytic functions (locally with values in 1<iLnr M for
some s and such that the composite with the projection onto M [rs] s locally L-
analytic for all r). Note that again €2 (G, M) = M and that there are canonical
homomorphisms

e (G, M) —€*(G,M),

H:(G,M)— H*(G,M).

Let f be any continuous endomorphism of M which commutes with the G-
action. We define

HO(f,M):=M7=' and H'(f,M):= My,

as the kernel and cokernel of the map M ﬂ) M, respectively.

The endomorphism f induces an operator on €° or €, and we denote by 7 :=
Trg(M)and T2 :=7 ‘~“‘“ (M) the mapping fiber of €*(G, f) and €, (G, f), respec-
tively.

Again there are canonical homomorphisms

T (M) <> Tr6 (M),

(5.13)
h* (756 (M) = h*(Tp.6(M)).
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For ? either empty or an, one of the corresponding double complex spectral
sequences is N _
1By = H'(f.H] (G, M)) = h"t/(77).

It degenerates into the short exact sequences
0— H{7N(G. M)s=y — I (T (M)) > Hi(G.M)"=' - 0.

In loc. cit. as well as in [7], analytic cohomology is also defined for the semi-
groups I'y, x @ and ', x W with ® = {¢} |n > 0} and ¥ = {(%wL)” |n>0}if M
denotes an L-analytic (¢r, 't )-module over the Robba ring R.

Remark 5.2.8. Any L-analytic (¢, 'r)-module M over the Robba ring R is a pro-
L-analytic I';-module by the discussion at the end of the proof of [8, Prop. 2.25],
whence it is also an L-analytic 'y x ®- and I';, X W-module as ® and W possess the
discrete structure as L-analytic manifolds.

Proposition 5.2.9. We have canonical isomorphisms

RT3 o (M) = HL (T x @, M) = H. (T x ¥, M) = hi(Tg;/,LIL (M))

and an exact sequence
=4 i (7-an
0 — Hy(Tr, MVE=7) — W(TH, (M)
(5.14)

r 2 =4 2(q
(MVIL=%) L= Han(rL’MWL ©) — h (J%MIPL,FL(M))'

Proof. The isomorphism in the middle is [7, Cor. 2.2.3]. For the two outer isomor-
phisms we refer the reader to [87, Thm. 3.7.6]. The exact sequence is the extension
[87, Thm. 5.1.5] of [7, Thm. 2.2.4]. [ ]

*Naively, one would expect that the second corresponding double complex spectral
sequence looks like

11EY = HE(G, HY (f,M)) = W' T/ (T7).

But this would require to first of all give sense to the required structure of H/ (f, M) as topolog-
ical/analytic G-module! In low degrees this can be achieved and we obtain an exact sequence

0= HY(G.M/=") 5 ' (T%) = My—)C > H2(G. M=),

See [87-89]. If M/ =1 is again an LF-space with pro-L-analytic G-operation, one might be
able to interpret the second spectral sequence in low degrees.
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Note that, for an inclusion U C U’, the restriction and corestriction homomor-
res

phisms €*(U’', M) — €°*(U, M) and €*(U, M) = €*(U’, M) induce maps on
Tru/ (M) = Try (M) and Ty (M) = Trur (M), respectively.

We write Extég (A, B) for isomorphism classes of extensions of B by A in any
abelian category €. Furthermore, we denote by My (R) (fmeg (R), sm{, (R)) the cat-
egory of all (étale, overconvergent) (¢r,, U)-modules over R, respectively, and by
Repz (GLOUo ) the category of overconvergent representations of GLOUo consisting of
those representations V' of G LYy such that dim g+ DT (V) = dimz V with DT(V) :=
(BY @, V)AL, ’

Theorem 5.2.10. Let V be in Rep; (GL) and U C T'r any open subgroup.

(i)  For D(V) the corresponding (¢r,, I'r)-module over By, we have canonical
isomorphisms

h* =hyy  HX(LY. V) = h*(T,, v (D(V))) (5.15)

which are functorial in V and compatible with restriction and corestriction.

@11) IfV isin addition overconvergent, there are isomorphisms

W (Top (D], (V))) = vOik, (5.16)
W (Top0 (DL,(V))) = HE LY, V), (5.17)

which are functorial in V' and compatible with restriction and corestriction
and where by definition H,r1 (LY, V) < HY (LY, V) classifies the overcon-
vergent extensions of L by V. In particular, these L-vector spaces have
finite dimension.

(ii1) IfV is in addition L-analytic, then we have

Haln(Lgo’ V) i) hl (%T,U (Dr—ﬁg(v)))’
where by definition* H} (LY, V) C HT1 (LY, V)< HY(LY, V) classifies
the L-analytic extensions of L by V.

Proof. (1) is [46, Thm. 5.1.11] or [45, Thm. 5.1.11]. Statement (iii) is [7, Prop. 2.2.1]
combined with Proposition 5.2.9, while (ii) follows from [33] (the reference literally
only covers the case U = I'z, but the same arguments allow us to extend the result
to general U) as follows: Firstly, by Lemma 5.2.11 below one has an isomorphism

W' (To,.0(DL,(V)) 2 Extly o (Re. DL, (V). Then use the HN-filtration 2 la

“Note that the absolute Galois group of Lgo is not L-analytic, so this group has not been
defined earlier.
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Kedlaya to see that any extension of étale (¢, U)-modules is étale again, whence

1 T _ 1 T
Extyy, (=) (RL: D (V) = ExtM%(RL)({RL, D, (V)

and the latter group equals

Ext! (Re. DL, (V)) = Ext!

— 1 U
sy (R Dr 0,1 V) = HH LS V)

by [33, Props. 1.5 and 1.6]. For the claim in degree O one has to show that the inclusion
DY(V) c D:ig(V) induces an isomorphism on ¢y -invariants, which follows from
[39, Hyp. 1.4.1, Prop. 1.2.6].° n

Lemma 5.2.11. Let M be in My (R). Then we have a canonical isomorphism
h' (T, ,u(M)) = Extyy (2, (R, M).

Proof. Starting with a class z = [(c1, —co)] in /' (T, v(M)) with ¢c; € C'(M) and
co € CO(M) = M (i.e., we work with inhomogeneous continuous cocycles) satisfying
the cocycle property

c1(ot) =oci(r) + ¢c1(o) forallo,t € U,

(5.18)
(o1 — De1(r) = (t — )¢ forall T € U,

we define an extension of (¢r, U)-modules
0O—-M-—>E.— R, —>0

with E, := M x R as Rp-module, g(m,r) := (gm + gr - c1(g),gr) forg e U
and gg.((m,r)) := (@ar (m) + @1 (r)co, ¢ (r)); note that this defines a (continuous)
group action by the first identity in (5.18), while the U - and ¢y -action commute by the
second identity in (5.18). If we change the representatives (c1, —cg) by the cobound-
ary induced by my € M, then sending (0, 1) to (—my, 1) induces an isomorphism of
extensions from the first to the second one, whence our map is well defined.
Conversely, if E is any such extension, choose a lift e € E of 1 € R and define

ci(t):=(@—-1DeeM, co:=(pg— e,

which evidently satisfy the cocycle conditions (5.18). Choosing another lift ¢ leads
to a cocycle which differs from the previous one by the coboundary induced by
¢ —e € M, whence the inverse map is well defined.

One easily verifies that these maps are mutually inverse to each other. |

3Since the strong hypothesis holds by [39, Hyp. 1.4.1, Prop. 1.2.6], we also obtain an iso-
morphism on the ¢z -coinvariants H ! (@7, —). Then the second spectral sequence above or
a similar argument via the Koszul complexes as in Corollary A.8 implies that the canonical
base change map induces an isomorphism h*(7,, v (DT(V))) = h*(TwL,U(DZg(V))). Cf.
[50, proof of Prop. 2.7].
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Question 5.2.12. Can one show that hz(TwL,U(DrTig(V))) is finite dimensional (and
related to H2(LY, V)) and that the groups 4’ ('J;,L,U(DrTig(V))) vanish for i > 3?

Remark 5.2.13. By [33, Thm. 0.2, Rem. 5.21], it follows that the inclusions
Hyp(Leg, V) € Hi (Lo, V) € H' (Lo, V)
are in general strict. More precisely, the codimension of the left most term equals
(LY, : Q] — 1) dimy, V2&.
Let us recall Tate’s local duality in this context.

Proposition 5.2.14 (Local Tate duality). Let V be an object in Rep; (Gr), and K
any finite extension of L. Then the cup product and the local invariant map induce
perfect pairings of finite-dimensional L-vector spaces

H'(K,V)x H*(K,Homg, (V.Q,(1))) - H*(K.Q,(1)) = Qp.
H'(K,V)x H*7(K,Hom,, (V,L(1))) - H*(K,L(1)) = L,

where —(1) denotes the Galois twist by the cyclotomic character. In other words,
there are canonical isomorphisms

HY (K, V)= H>* (K, V*(1)".

Proof. This is well known. For lack of a reference (with proof) we sketch the second
claim (the first being proved similarly). Choose a Galois stable oy -lattice T C V' and
denote by 1 A the kernel of multiplication by 77 on any o -module A. Observe that
we have short exact sequences

0— H'(K,T)/n} - H'(K,T/7}T) = zn H*'(K,T) - 0
for i >0 and similarly for 7" replaced by 7*(1) =Hom,, (T, 0r.(1)). By [80, Prop. 5.7]
(remember the normalization given there!) the cup product induces isomorphism
H'(K,T/n}T) =~ Hom,, (H*>7(K,T*(1)/7}T*(1)),0L/7})
such that we obtain altogether canonical maps
H'(K,T)/n} — Hom,, (H* (K, T*(1))/n},oL/7})
=~ Hom,, (Hz_i(K, T*(1)),0L)/n}.
Using that the cohomology groups are finitely generated or-modules and isomor-

phic to the inverse limits of the corresponding cohomology groups with coefficients
modulo 77, we see that the inverse limit of the above maps induces a surjective map

H'(K,T) — Hom,, (H*(K,T*(1)),0)

with finite kernel, whence the claim after tensoring with L over oy, using the isomor-
phism H (K, T) ®,, L =~ H'(K,V) and analogously for T*(1). n
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Now let W be an L-analytic representation of G, and set
U . U
Hp (Lo, WH(1)) i= Hy (Lo, W),

which, by local Tate duality and Theorem 5.2.10, is a quotient of H'(LY, W*(1)).
By definition, the local Tate pairing induces a non-degenerate pairing

(mweri: HH (L W)y x HYL (LY W*(1) > H*(L,L()) = L. (5.19)

In order to compute this pairing more explicitly in certain situations, we shall use
Koszul complexes. For this we have to assume first that U is torsion-free. Follow-
ing [26, §4.2], we obtain for any complete linearly topologized oy -module M with
continuous U -action a quasi-isomorphism®

Kf(M) S e (U. M) (5.20)

which arises as follows: Let Xo := Xo(U) and Yo = Y,(U) denote the completed
standard complex [49, §V.1.2.1], i.e., X, = Z,[U]®**D, and the standard complex
computing group cohomology, i.e., Y, = Z,[U]®"*+1D . Then, by [49, Lem. V.1.1.5.1],
we obtain a diagram of complexes

Yo(U) =25 Yo (U x U) = Yo (U) ®z, Yo (U)

| |

Xo(U) =25 Xo(U x U) = Xo(U) @3z, Xo(U) (5.21)

| |

KU —2 KU =~ KU &, KV,
which commutes up to homotopy (of filtered A-modules). Here the maps A are
induced by the diagonal maps U — U x U, e.g.,

Zy[U] = Zy[U x U] = Z,[U] &z, Z,[U].
The first column induces a morphism

HOl’nA(K.U, M) — Homp cont (X.(U), M) d HomZp[U],com (Y.(U), M),

which is (5.20). The upper line induces as usual the cup product on continuous group
cohomology

H' (U, M) x H*(U,N) =% H™(U, M ® N)

8This quasi-isomorphism is unique up to homotopy, i.e., unique in the derived category of
oy -linear topological U-modules. We have not yet defined any topology on the cocycles nor
do we know whether the references say anything about it! M is allowed to be any complete
linearly topologized o7 -module with continuous U -action by [49, Prop. V.1.2.6].
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via
HomZp[U],cont (YO(U)’ M) X HomZp[U],cont (YO(U)v N)
X
— Homgz, (182, [U],cont (Yo(U) ®z, Ye(U),M @ N)

A*
— HomZp[U] cont (Y.(U) M ® N)

The lower line induces analogously the Koszul product
K7, (M) x KU(N) — K™ (M ® N).

By diagram (5.21) both products are compatible with each other.
Let f be any continuous endomorphism of M which commutes with the U-
action; it induces an operator on K *(M) and we denote by

Kry(M) —cone(K (M) — K*(M))[-1]
the mapping fiber of K*®(f). Then the quasi-isomorphism (5.20) induces a quasi-
isomorphism
Ko u(M) = Tpu(M).
Remark 5.2.15. By a standard procedure cup products can be extended to hyper-
cohomology (defined via total complexes), we follow [58, (3.4.5.2)], but for the

special case of a cone, see also [60, Prop. 3.1]. In particular, we obtain compatible
cup products Ug and Uy for Ky (M) and T,y (M), respectively.

Now we allow some arbitrary open subgroup U C 'y, and let L’ = LY. Note that
we obtain a decomposition U =~ A x U’ with a subgroup U’ =~ Zg of U and A the
torsion subgroup of U. By Lemma A.1 we obtain a canonical isomorphism

Koo (M2) = Tyu(M). (5.22)

Now let M be a finitely generated projective R-module M with continuous U -
action. Then M* = M is again a finitely generated projective JR-module M with
continuous U-action by Lemma 4.5.1(i). Hence, M as well as M A gsatisfies the
assumptions of (5.12) and we have isomorphisms7

Ko u(M™)* = cone(K*(M2)* £ L K (M 2y
— cone(K*((M%)*)[d] < L ke ((@A)*)[d]) (5.23)
= Ko+, u((M*)a)ld + 1] = Ky,u(Ma)[d + 1]
= Kyu(M*)[d +1].

The last isomorphism is induced by the canonical isomorphism MA~M A-

"For X L Y we have cone( f)* = cone(f™*)[—1], the isomorphism being realized by
multiplying with (—1)¢ on (X *)? and cone( f[n]) = cone((—=1)" f)[n].
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Now note that

Dy (W)Y = Dy (W (i) (524
for any L-analytic representation W by the fact that the functor D:rig respects inner

homs (cf. [79, Rem. 5.6] for the analogous case Dyr). Hence, the tautological pairing
evy from (5.10) together with the above isomorphism (5.23) induces the following
pairing:

Uk.y 1 (Koo (D, (W)™)) x B (Kyur (DS, (W* (rur)) *)ld — 1) — L.

Remark 5.2.16. ForU =U’and M = D

rig(W), on the level of cochains, this pairing
is given as follows:

MoK\ (M) xK' M)y M — L, ((x,9),(x,))) = {y,x} — y(x),

where we again use that K91 (M) = K'(M)* and where { , } denotes the pairing
(4.73). More generally, we have a diagram as in Figure 5.3.

0 :
0 M x KY(M)® K2(M)— L
a9 dl‘gfl 0
(1—Kw> (1—1// —d,‘§_2>
1 K\(MyeM x MK \(M)—— L
dg 0 o gd—1
(™ _d]%) (1—y —ag™)
2 K M)® K'(M) x M—— 5L
0
Degree Kou(M) KW,U(]V[)[d —1]

Figure 5.3. Duality for generalized Herr complexes.

Recalling that W =V *(1) is L-analytic, set M = D;rig(W) and M = Djig(V(t_l))
= D:rig(W* (xLr)). We obtain a Fontaine-style, explicit map
_ =1 ~ _
pry : DI (V)T = b (Kyu (MA)[d —1]). m> [(7.0)]. (525

where m = i Y sea 6m denotes the image of m under the map M — Mp = M2,
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Remark 5.2.17. Let U; € U be an open subgroup with torsion subgroups Al and A,
respectlvely Assume that the torsion-free parts U{ and U’ are generated by yl e
vy 7 and y1,...,yg, respectively. Then, for M any complete locally convex L-vector

space with continuous U-action, the restriction and corestriction maps of Koszul
complexes from Section 5.2.2 extend by functoriality to the mapping fiber
cor? = corol oK, 1/ (Nasay) - Kyt (M) = Ky g (M2)
Uu "= U’ OB, U \UVA/AL) - Bo,U] e, U’ )
U ._ U’ . A A
resg, 1= (p’Ulf(t) oresy Ko (M™) — KW,U{ (M=),

Here Na/a, : M2t — M2 denotes the norm/trace map sending m to ZaeA/Al sm,
while 1 : M® — M21 is the inclusion. Taking duals as in (5.23), we also obtain

corg‘ = (resg ) [1—d]: K,/,,UI/(MAI) — Ky u/ (M%),
resg1 : (corU‘) [1-d]: KW,U/(MA) — Ky vy (M2
(co)restriction maps for the y-Herr complexes.
Since inflation is compatible with restriction and corestriction, one checks that

the above maps are compatible under the isomorphism (5.15) with the usual maps in
Galois cohomology. Moreover, they define such maps on H’rl and H /1T via (5.17) and

A
' (Kyu (DL, (W* () “[d — 1)) = HY (L W (1).
By the discussion at the end of Section 5.2.2 the restriction map
U

l‘CbU
Ko ur(M®) — K, g (MA1)

U1
and corestriction map K, v/ (MA) N K, u/(M*%) in degree 0 are given as inclu-

NU’ U/ONA/AI
——9

sion M2 < M2t and norm M A1 M A, respectively, where

d p'—1

Nyor =[] D vF e AU).

i=1 k=0
Hence, by duality the restriction map

U

- re: U -
Kyu(M®)[d =1 — Kyy,(M*)[d — 1]?

cor, 1 ~
and corestriction map Ky, y, (M21)[d — 1]? BN Ky.u(M?)[d — 1]? are given by
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(A: Al)l(NU/ Ui) ~ A A (A:IAI)NA/AI
the norm M» ———————— M*! and projection map MM

respectively. Here 1 denotes the involution of A(U) sending u to u~!. Note that the
latter two descriptions also hold for the first components of

MA

E}

U
~ sy ~
Kyu(M®)[d —1]' — Kyp,(M2)[d —1]',
Uy

Kyo, (M2)[d = 11" =5 Ky (*)[d ~ 17",
respectively. Hence, we obtain
Corgl o pry, = pry and resg1 o pry = pry, ONA/A1 o L(NU/,U{)-

Berger and Fourquaux by contrast define a different Fontaine—style map® in [7,
Thm. 2.5.8] for an L-analytic representation Z and N = Dng(Z )

h! D! (2)":=7 - H(U. D! ()" 7C)

rig
— 1Ty 0 (N)) = b (Kyy v (N2)) (5.26)
y e [esW] = [(eo (). =me)] = [(E (). —c)].

in which the cocycle h! LY Z(y) is given in terms of the pair (c3(y), —m,) in the

LY, Z ng

notation of loc. cit.: m is S the unique element in D (Z )WL=0 such that
(oL = Der()(y) = (y — Dme (527

for all y € U and this pair defines the extension class in the sense of Lemma 5.2.11.
Here, the first map is implicity given by [7, Prop. 2.5.1], the second one is the com-
posite from maps arising in [7, Cor. 2.2.3, Thm. 2.2.4] with the natural map from
analytic to continuous cohomology

HL(U. D} (2)""=7T) - (U x ¥, D} (2))
Hy(U x @, D} (Z)) - H' (U x @, D (2))

8We do not know whether this map coincides with the following composite we had used in
older versions and which uses the shuffle maps from Proposition 5.2.9:

R
hz ng(Z)"’L > HL(U. ng(Z)"’L L)
— i (T%"i/, o) =R (T30 (M)

— W Ty, v (N)) = HI(LY,, 2).

Here the second map is stemming from the spectral sequence (5.14), the third from Proposi-
tion 5.2.9, the fourth is the natural map (5.13), and the last one is (5.17).
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combined with the interpretation of extension classes (see [7,§1.4] and Lemma 5.2.11),
and the last one is (5.22) (the concrete image (¢3(y), —ii.) will be of interest for us
only in the situation where A is trivial, when /7, = m,).

According to [7, Prop. 2.5.6, Rem. 2.5.7], this map also satisfies

cor¥, ohigo/ =l 5 (5.28)

VE Y)Y = D} (V*(1)) by (5.24), concerning the Iwasawa pairing,

. T
Since D rig

rig
we have the following.

Proposition 5.2.18. For a Gy -representation V such that V*(1) is L-analytic the
Sfollowing diagram consisting of D(I'L, K)-\«-sesquilinear pairings (in the sense of
(4.87)) is commutative:

UK.I//

(Ko (DL(V* () () ) < 1 (K (DL(V i) ) —1]) =5 LeC,
ThlL,V*(])(X{T)OIWXI{T TprU Y }VXL_Tj
=1
Djig(V*(l))WL=% x D;rig(V(f—l))'/’Lzl mD(rL’@p)

taking U’ x A =U =T7.

Proof. By Lemma 4.5.22, it suffices to show the case j = 0, i.e., the trivial character
Xuiv- Furthermore, it suffices to show the following statement for any subgroup of the
form I, without any p-torsion:

q—n eVLn,vaan O{X, Y}Iw,l“,, = hin’V*(l)(x) UK,W prrn (y) (529)

=4 _ _
LTy e DY (V)=
Indeed, by Remark 5.2.17, for every such n, we have the commutative diagram

forx € DT

UK,y

h (Ko, (DL, (VD)) x  hY(Kyr,(DL,0))d —1]) —5 L

J/COI' TTCS

hl(KW,U/(DZg(V*(l))A)) X hl(Kl/f,U/(D:g(V)A)[d _ 1]) UK,y L.

Hence, we obtain using (5.28)

i vy () Uk pry (v) = (coro by yaqy (X)) U,y pry (»)
= hy, yy(X) Ui,y (res o pry (1))
= hy, y=ay®) Uy (prr, (Na o U(Np.1,))).
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where we use Remark 5.2.17 for the last equality. On the other hand, one easily checks
that’

€Ly, xuwr, © PIU,T, ©Na o U(Nu/1,) = eVL,yy, : D(U,Cp) — Cp,

whence
CVL, Xtiv qu;l{x’ y}IW,U = qq;l eVLn,vaﬂ"n °© prU,Fn (NA o L(NU’,[‘n){X, y}IW,U)
-1
= qT eVLn’Xtrivll"n oprU,Fn ({x’ NA ° L(NU/=FVl)y}Iw,U)
_1 —
= qT[U . Fn] ! eVLthlrivlrn O{x’ NA ° L(NU/’F”)y}IW,Fn
= q_” eVL"’XtriV\Tn O{x’ Nao L(NUlﬁrn)y}Iw,Fn ’
where we have used Remark 4.5.21 for the last equation.
In order to prove (5.29), choose n = ng (see Section 4.3.4). As recalled in (5.26),
the map

=4 "
Moyt Dag(VI W) 77— 1Y Ky, (D] (V1))

is given by the cocycle hi vr(1) (x) in terms of the pair (¢p (x), —m.). Note that we
no-»
have
me = EplpL — Dx.

Indeed, by [7, Thm. 2.5.8] we have ¢ (x)(bjl-‘) = (bj]-c -1 E,x forall J,k =0, which
together with (5.27) and the uniqueness of m,. (cf. loc. cit.) implies the claim. On the
other hand, we have the map (5.25)

iYL=l _
prr,, ¢ Dl (V@)= = b (Kyr,, (DL, (V™)) — 1))
y > class of (y,0).
Thus, the pairing Uk sends by construction (see diagram (5.3)) the above classes to

hy, yey®) Uky prp, (9) = 0(G(x)) + { — Ep(er — Dx.y}

= {8p(pr — Dx, (Zegr — 1)y}

= (é;, {x7 y}IW,Fn )Fn

= g "aug({x, yhw,r,)-

Here the second equality holds due to Lemma 4.5.1 because the left-hand side belongs

to DrTig(V*(l))‘/’Lzo, the third one is (4.89), and the last one comes from (4.81). m

9This is obvious if you decompose D(U, Cp) = Deecv, 1, P(Tn,Cp)g with respect to
the inverses of the representatives used in the definition of Na o L(Ny/,r,,).
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Proposition 5.2.19. For W an L-analytic representation we have a canonical com-
mutative diagram

Uk,y @ h'(Ko, U/(Dng(W)A)) X hl(Kw,U/(D:;g(W*(XLT)) )[d — 1))

- o= H

( )Tate.Lt HI(L, W) > HL(L W*(1))=H?*(L', L(1)) =
[ ol H
{(\ Mrae,1 - HY (L' W) x  HYL W*(1))—H?(L',L(1)) =L

Moreover, the isomorphism a is compatible with the middle map of the diagram (A.5).

Proof. The lower square of pairings comes from Tate duality as in Proposition 5.2.14
and (5.19). Its commutativity holds by definition. In the upper square of pairings the
left upper vertical isomorphism b arises from (5.17) combined with (5.22), while
the middle vertical isomorphism a is uniquely determined as adjoint of the latter
because both pairings are non-degenerate: the middle one by definition of H /lT while
the upper one due to Corollary A.4 (ii) with W = V*(1). Therefore, one immediately
checks that a~! o pr is induced by the cohomology of the middle map (going down)
in diagram (A.5) (being the same as the middle map (going from right to left) of
diagram (A.6) upon identifying h! (K3, U,(D(V(‘C_l))A)[d —1]) and HY (L', V) by
the isomorphism described there). |

Combining the last two propositions, we get the following result.

Corollary 5.2.20. For a G -representation V such that V*(1) is L-analytic the fol-
lowing diagram is commutative:

HALVA D)) * HY (L V) 5 B2 (L L) = L e ¢,
Thi V*(l)ctWX{T TprL otha__, Tevxl}j
wL—— I ¥vL=1 qq;l{ > Hw
l'lg(V (1)) x rlg(V(T_ )) B E— D(FL, (Cp)

Remark 5.2.21. For applications it might be useful to renormalize Uk by the factor
#, i.e., setting U/K,w = —=7Uk,y- Then we would get rid of the factor & 7 L in front
of the Iwasawa pairing in the above results. Moreover and more importantly, the new
normalization would be compatible with the cyclotomic situation taking L = Qp,
7w, = p = q; i.e., the upper pairing in Proposition 5.2.18 would coincide — at least

up to a sign — with the cup product pairing of Galois cohomology

HYQp V(i + 1) x HYQp. V(=) — H*(Qp. Qp(1) 2 Qp.

using Tate’s trace map

inv: H*(Q,,Q,(1) = Q,
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given by class field theory, if one chooses Z = y — 1 for a topological generator y of
I, satisfying log ycyc(y) = 1. This follows from [3, Prop. 1.3. 4 Thm 2.2.6], [38,

Thm. 5.2, Rem. 5.3], and [42, Rem. 2.3.11/12]: they claim that — p 2= Liny corresponds
to the trace map from the second cohomology group of the ¢p-Herr complex induced

dweyc
by sending f ® 1 to log)( reswm( f1 +wiyb .

With respect to evaluatmg at a character, we have the following analogue of
Corollary 5.2.20.

Proposition 5.2.22. For a Gy -representation V such that V*(1) is L-analytic the
following diagram is commutative:

]Crl§

<Cp<X>Ll)cris,L(V*(l)()(]{T)) XCp®LDcm (V(T 1)()(LT))_>C ®Dcm (L(XLT))

TevXL_T_/ ®t]}jn®j TevX{T ®t'LTn®_f . TCVXEF/
[,]
D(FL’ (Cp) L Dcris,L(V*(l)) X D(FL, (Cp) L Dcris,L(V(T_l)) - D(FL’ (Cp),
where in the right upper corner we identify Cp, &1, Desis,1. (L (y1r)) = Cp, by choosing
ii7+ ® n as a basis.

Proof. Using Lemma 5.2.23 below, the statement is reduced to j = 0. Evaluation of
(5.9) implies the claim in this case. [ ]

Lemma 5.2.23. There is a commutative diagram

. _ . [ , ]0
D(FL ’(Cp)®LDcris,L(V*(1)(XiiT)) X D(FL ’Cp)®LDcris,L (V(f 1)(XLTJ)) - D(FL ’(Cp)

Tw _A®t*-/- ®J Tw ®t'/ ®—Jj Tw _;
T iy O n i ir? Por:
0

_ [,]
D(FL ,Cp)®LDcris,L (V*(l)) x D(FL ’Cp)®LDcris,L (V(T 1)) — D(FL a(cp)-

Proof. The claim follows immediately from (5.9), the compatibility of the usual Ds-
pairing with twists, and the fact that TWX J(As(p)) = TWX 7 M)k (TWX— () holds. =
LT LT LT

5.2.4 The interpolation formula for the regulator map
In this subsection, we are going to prove the interpolation property for £y . First,

recall that we introduced in Section 3.1 the notation Dgr 2/ (V) := (Ber ®q, V)or .
Since Bgr contains the algebraic closure L of L, we have the isomorphism

Bir ®qg, V = (B ®q, L) ®L V = l_[ Bar ®o,1. V
GEG@p/GL
which sends b ® v to (b ® v)s. The tensor product in the factor Byr ®¢.1, V' is formed

with respect to L acting on Bgr through o. With respect to the G -action, the right-
hand side decomposes according to the double cosets in G, \ G,/ GL. It follows, in
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partlcular that D& (V):=(Bir ®L V)CL is a direct summand of Dgr (V') and we de-
note by pr'¢ the correspondlng projection. Similarly, tanz, ;q(V) := (Bar/ B ROL V)oL
is a direct summand of tanz (V) := (Bar @1 V)L . More generally, also the filtration
DSR, 1. (V) decomposes into direct summands.

According to [80, Appx. A], the dual Bloch—Kato exponential map is uniquely
determined by the commutativity of the following diagram, in which all pairings are
perfect:

HY(L'.W) x H'YL.W*(1) SUR » L

lexpz,.w TeXPL/,W*(l) [

D((i)R,L/(W) X tanp (W*(l)) I DdR,L’(Qp(l)) —=5 L

l "] | |

Darpr(W) % Darr(W*(D) — Daxr(Qp(1) —= L.

Note that we have the compatibility of the following pairings:

Densr (V* (1) % Der (V@) —— % Do 1 (LGun) S L
- - | lg _
Did(v*(1)) x  Di&(VEh) L Jix D (L(xir)) = L
injective prid | surjective
Dwr(V*(1) x  Dg(V(E™)— Dwr(L(ir) —— L ®q, L
= id®tQ, 11! ®N® (eye) ™! e
Dr(V*())  x Dar(V) [ Jox Dar(Qp(1) =L

(cf. [80, (57) in the appendix]). Therefore, in the Lubin-Tate setting we can also
consider the dual of the identity component expy: y+(1y,ia Of €Xpr/ w=(1):

( >Tate L

HY (L, W) x HY(L,W*Q1) : s L

ladpz/.W.id TCXPL’,W*(I).id Ji

D%, (W) x tang g (W*(1)) — D& (L) —> L' (5.30)

I b H |

Dig (W) x D, (W*(1)) — D /(L (xir)) = L.
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Upon noting that under the identifications
Dar,1(Qp(1)) = L' and DQ‘L’L,(QP(l)) =~ L'

the elements 7q, ® 7cyc and 77 ® 7 are sent to 1, one easily checks that if W*(1) is
L-analytic, whence the inclusion tanz jq(W*(1)) C tany/(W*(1)) is an equality and
eXPr/,w*(1),id = €XPr/ w=*(1)> then it holds that

* b
T.L.fl (@) eXpL,jW = eXpL/,WJd,

where
Te-1: Dgg /(W) — Dﬁi?L/(W(T_I))

is the isomorphism which sends » ® v to b% ® VN ® (Neye)®!; note that % €
(BdJ{Q)X, whence the filtration is preserved.

Now let W be an L-analytic, crystalline L-linear representation of Gy . Recall
that = (1), denotes a fixed generator of 7T, and that the map

. pt T i
tWX{T . Drig(W) - Drig(W(Xl{T))

has been defined before Lemma 4.5.22. For D, the twisting map

—®e; j
Dcris,L(W) - Dcris,L(W(XLT))

sends d to d ® e; with the element e; given as e; = ZL_Tj R n® ¢ Deyis, L (L()({T)).
If we assume, in addition, that
(i) W has Hodge-Tate weights < 0, whence W*(1) has Hodge-Tate weights
> 1 and DgR,L(W*(l)) =0, and
. * o =71
(11) Dcris,L(W (XLT)) 7L =0,
then by our assumption expy, y«(1y : Dar,.(W*(1)) — HY(L,W*(1)) is injective
with image H! (L, W*(1)) = H; (L, W*(1)) (see [12, Cor. 3.8.4]). We denote its
inverse by

logz w+qy : Hf (L, W*(1)) = Dar,.(W*(1))

and define

—_ T,—1
logr w+) : H} (L, W*(1)) = Dar,.(W*(1)) — Deris,.. (W*(x11)).
where (by abuse of notation) we also write

T.—1 : D, (W*(1)) > Dt 1 (W*(xrr)) = Deris.. (W* (xr1))
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for the isomorphism, which sends » ® v to b% RV ®N® (1eye)® 1. We obtain the
following commutative diagram, which defines the dual map logz,W being inverse to
expz’W (up to factorization over H'(L, W)/H ; (L, W)):

( 5 )Tate,L

HY(L.W)/HNL.W) < HNL,W*(D) I
1"g}i.wT IOgL.W*(l)l
Dar,. (W) x Dar, (W*(1)) — Dar,(Qp(1)) —— L.

Similarly as above, we obtain a commutative diagram more convenient for the Lubin—
Tate setting:

( 5 )Talc,L

HY(L,W)/H;(L,W) x H} (L, W*(1)) L
IOgi,W,idT @L,W*(l)l
Dtiﬁz,L(W) x Dif]}lz,L(W*(XLT)) — Dfﬁz,L (L) = L.

We write Eviy, 1 Or L Deris,p (W) — Lp @1 Deis, . (W) for the composite map
D, (W) © @y " from the introduction of [7], which actually sends f(Z) ® d to
f(nn) ® ;" (d). By abuse of notation we also use Evy,o for the analogous map

(9K XL Dcris,L(W) —- K XL Dcris,L(W)'
For x € D(I'L, K) ®1 Deis,z. (W) we denote by x()({T) the image under the map
D(T. K) ®L Daiis,. (W) = K &L Daris. s (W), A ®d = A(x{p) ® d.

Lemma 5.2.24. Assume that Q2 is contained in K. Then there are commutative dia-

grams
Mid 11— ®
D(FL,K) XL Dcris,L(W) — (91( &L Dcris,L(W) M (9K XL Dcris,L(W)
eval IEVW.O lEVW.o
1-id®
K ®L Dcris,L(W) —K QL Dcris,L(W) <—¢7L K ®L Dcris,L(W)
and
MEid 1—¢1. ®
D(Ir. K)®Desis L (W) = Ok & Dess, . (W) ¢~ Og @ Dezis,L (W)
R A l lu%)" ®e) l(é’z)—f ®e)
MEid 1—p; ¢

D (rL s K) ®LDcris,L (W(XiT)) I (9K ®LDcris,L (W(X{,T)) — (9K ®LDcris,L (W(XI{T)) .

In the latter we follow the (for j > 0) abusive notation 3~/ from [7, Rem. 3.5.5].
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Proof. For the upper diagram note that 7o = 0 and (8¢ - (1, Z))|z=0 = 1, from
which the claim follows for Dirac distributions, whence in general. For the right
square we observe that ¢7,(g(Z))|z=0 = g(0). Regarding the lower diagram, we use
Lemma 4.3.25 and the relation 0i,, © ¢7, = @ © 0. [ ]

With this notation, Berger’s and Fourquaux’s interpolation property reads as fol-
lows.

Theorem 5.2.25 (Berger—Fourquaux [7, Thm. 3.5.3]). Let W be L-analytic and h >
1 such that Fil™" D i 1 (W) = Deris. . (W). Forany f € (O¥=° @ Deyis. (W))2=0
andy € (0 ®p, Dms’L(W))w:% with f = (1 — @)y, we have: If h + j > 1, then

h (tw; (Qwa(1)))

Ln,W(X]{T)
=DM+ — 1)
XPL, Wil (q_nEVW(x{T),n 0,y ® ej)) ifn>1;
XL ety (1= 47 0L By o Gvy ® €)) - if = 0.

Ifh+ j <0, then'
_ expL,,,W(x{T) (th,W(x{T) (th{T(Q w.a(f ))))

_ T"BY i) Ot ¥ ® 1) | ifn > 1;
(=h=D' 1 - q_l(pil)EVW(X{T)’O(ai;;{y ®ej) ifn=0.

By abuse of notation, we shall denote the base change K& — of the (dual) Bloch—
Kato exponential map by the same expression. Using Lemma 5.2.24, we deduce
the following interpolation property for the modified big exponential map with x €
D(T'L, K) ®L Deis,. (W): If j > 0, then

P weetey (o (R ()

' ' . (5.31)
= DR expy ) (L=a7 oD =90 (x(ud) @ €7)):

if j < 0, then
1 ‘
h ety Wy (B ()

—Q—J-1 i} L . y
= (_1—_]-)!10gL’W(X.I{T) ((1 —q (pL )(1 — QOL) (X(XLT) ® ej)),

10Note that the definition of the dual exponential map in [7] coincides with (5.30) only up
to reversing the order of the cohomology groups in degree one, which induces a sign due to the
skew symmetry of the cup product.
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assuming in both cases that the operator 1 — ¢, is invertible on Deyis, 1, (W/( X{T)) and
for j < 0 also that the operator 1 — g~ !¢ ! is invertible on Deyis,z. (W (x{1)) (in order
to grant the existence of log, Wl )).

’ LT

Recall that the generalized Iwasawa cohomology of 7" € Rep,, (GL) is defined
by
H\ (Loo/L,T) := 1(1111 H*(L',T),
L/
where L’ runs through the finite Galois extensions of L contained in Lo, and the
transition maps in the projective system are the cohomological corestriction maps.
ForV :=T ®,, L € Rep; (Gr) we define

H{(Loo/L. V) := Hy(Loo/ L. T) ®, L,
which is independent of the choice of 7. As usual, we denote by

cor: H\(Leo/L,T) - H*(L',T)

w

the projection map and analogously for rational coefficients. In the same way as
in (5.25), we have a map

pry - D(V(t_l))wz1 — hl(KW,U/(D(V(t_l))A)[d —1)) = H'(L.V)
m — [(m,0)],

where m = ﬁ Y sea 6m denotes the image of m under the map M —> ]\7IA ~ MA.
Note that under the assumptions of Lemma 3.3.6 for V(z™!), there is a commutative
diagram

H{,(Loo/L.T) === Dix(T(e™)"™" —— D} (vz=H)"™

l prul lpru (5.32)

HY (L' V) =— HY(L',V) ———» H/IT(L’, V).

where the right vertical map is induced by (5.25). Indeed, for the commutativity of the
left rectangle and the right rectangle we refer the reader to (B.5) and (A.6), respec-
tively. Let Y denote the image of y under the map

LT

. Q—J . T .
HY (Loo/L.T) 25 HY (Loo/L. T(xi)) <> HY (L. T(xi))
N Hl(L, V()(ET’)).

The following result generalizes [51, Thm. A.2.3] and [52, Thm. B.5] from the cyclo-
tomic case.
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Theorem 5.2.26. Assume that V*(1) is L-analytic and fulfills
Fil ™' Degis, . (V* (1)) Deris, . (V*(1)),
Dess £ (V1) = D (V¥ (1) = 0
Then, forall y € H\ (Loo/L,T), it holds that for j > 0
Q/Ly (") (xir)
=—j (=gl H (1~ ’%w )eXPL Vo

=0 —x; erHTH (1 -

))®€j

XLT

and for j < —1
Q' Ly () (i)
(— 1)j+1
( 1= ),((1—”L or')” (1——§0L)10gL Ve /)ld(y /) ® e (5.33)
1)/ +1 i it __
(( 1)_ )'( —; T erhH (1 - -—or)(log, VoW /)®e])

; —-1-j -1 ”ZH
if the operators 1 —m; = “¢;°, 1 —

@1 or equivalently 1 — z; o; !, 1 — %(PL
are invertible on Deis, 1 (V(t™")) and Deris,. (V (™" tiy)), respectively.

Proof. From the reciprocity formula in Corollaries 5.2.2 and 5.2.20 and Proposi-
tion 5.2.22 we obtain for x € D(I', Cp) ®L Deris, . (V*(1)), y € D(V(z™1))V2=!
and j > O using (5.32)

[X(XLT)®€] ( I)JLV(y)(XLT)®e J]cns
:Q[ 0—1LV(y)] (x _l)

_Qq {Slv*(l) 1(x), J’}IW(XL

= Q(hL Otw. (Rv+@),1(x)).y Vi )Tate

= Q((_l)]] !Q_j_leXpL V*(l)(){j )((1 _q_lgozl)(l _¢L) (x(XLT )®€])) yx_j)Tate

- J J =1
( 1) Q- [(1 q (pL )(1 (pL) (X(XLT)®eJ) CXpL V(XLj)ld(yXLT )]cris
=[x () ®ej, (=1 Q7 A= oL )T (1= eL)EB; 30 e

Here we used (5.31) in the fourth equation for the interpolation property of &y (1) 1.
The fifth equation is the defining equation for the dual exponential map resulting from
(5.30) upon taking the skew-symmetry of the cup product into account. Furthermore,
for the last equality we use that 777 ¢! is adjoint to ¢, under the lower pairing. The
claim follows since the evaluation map is surjective and [ , ]cs is non-degenerated.
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Now assume that j < 0:

[x(id) ® ¢ (— 1)va(y)(xLT) ® )]

:Q[ 0—1LV(y)] (i

= Qq {Slv*(l) 1(x), y}IW(XLT)

= Q(hL oW (Ry+1).1(x)), y XL—T/)Tate

= Q(( — ]), IOgZ,W(x{T) (1—¢ 'orH(d — )" (X(XLT) ®e)).y Vi j)Tate

= 225 [0 -1 = o) (x (i) ® ¢;).og, Ve id e ens

—J ] u
xur 7 eris®

= [xOud) ® ¢ Ty (= o) T (U= rpn)og, i, (v

Now consider V = L(typr) and W = V(yxrr). Then the latter satisfies the con-
dition of Theorem 5.2.26 and using Proposition 5.1.1 and Lemma 5.1.2 one easily
derives the following interpolation property concerning the former for y = «(u),
ueUforallr > 1:

Ly (0Oin) = =g (L= a2 or D™ (1= T2 eL)&RDB] iy aa)) ® er
=L (—n;) N (1- —)CXPL Vo Vi) ®er-

On the other hand, we have Ly (y) ® d; = £y (») and hence by the claim concern-
ing (5.4)

Ly ®@di®@n ' @ur=Lv() (i) @ n ' @ir = £ @) (X[,
whence
Lu @ ) (xi) ® e1—r = Gr(1 =777 (1 = 7E)exp] yiry aVai)-

This is (5.2); i.e., together with (5.3) we have just obtained a new proof of Kato’s
reciprocity law (Theorem 5.1.3) and we may consider Theorem 5.2.26 as a vast gen-
eralization of it. In [66], the general version of Kato’s reciprocity will be derived
from a refined version of Theorem 5.2.26 describing also the interpolation at Artin
characters.



