Appendix A
Cup products and local Tate duality

The aim of this subsection is to discuss cup products and to prove Proposition 5.2.19.
We fix some open subgroup U C Tz and let L' = LY. Note that we obtain a decom-
position U = A x U’ with a subgroup U’ =~ Zg of U and A the torsion subgroup of U.

Lemma A.1. Let My be a complete linearly topologized oy,-module with continuous
U -action and with a continuous U -equivariant endomorphism f. Then there is a
canonical quasi-isomorphism

p 1]~ r® 114
Tru (Mo)| 7,1 = Kpyr(Mo[ 7-17)-
If My is an L-vector space, the inversion of my, can be omitted on both sides.

Proof. Let €3 (U, My) € €°*(U, My) denote the subcomplex of normalized cochains.
Since A is finite, [87, Thm. 3.7.6] gives a canonical quasi-isomorphism:

€U, M) = €3(A x U', My) = €3(A, €2(U’, My)).

Here we understand the above objects in the sense of hypercohomology as total
complexes of the obvious double complexes involved. After inverting 77, we may
compute the right-hand side further as

| I
\€;(A,‘€;(U” MO)[%]) = EJ(U/,MO)[%]A_

Here the middle quasi-isomorphism comes from the fact that a finite group has no
cohomology in characteristic zero. The right-hand equality is due to the fact that A
acts on the cochains through its action on My. Altogether we obtain a natural quasi-
isomorphism
. 1 ~ e A 1
€, (U, Mo)[ﬂ] ~ € (U’ M, )[H]

By using [87, Prop. 3.3.3] we may replace the normalized cochains again by general
cochains obtaining the left-hand quasi-isomorphism in

. 1 ~ e A 1 ~ . A 1 _ . 1 1A
€U, Mo)[ 5] =€ (U . M) 5] = Ko (M) [ 7] = Ko (Mo[ 7-]7)-
The middle quasi-isomorphism is (5.20). The claim follows by taking mapping fibers
of the attached map f — 1 of complexes. |

Proposition A.2. Let M be a ¢, -module over R =R, Definition4.3.3, and ¢ € K*.
Then M/( — ¢)(M) is finite dimensional over K.
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Proof. (The proof follows closely the proof of [42, Prop. 3.3.2] in the cyclotomic
situation.) We set ¥, := ¢~ 1y and show that M /(. — 1)(M) is finite dimensional
over K. i

Choose a model M oD of M with 1 > rg > pﬁ and put r = r(;’z. Recall
that for all 1 > s > r we have maps M [s.1) E) M) (where strictly speaking
we mean V. followed by the corresponding restriction). We first show that it suffices
to prove that coker(M >V B MDY has finite dimension over K. Indeed, given
any m € M we have m € MV for some 1 > s > r. Then there exists k > 0 such
that r > 54" > ro, whence Wf (m) belongs to M1 and represents the same class in
M/ (e —1)(M) as m.

Choose a basis €/, ..., e, of M) and take e; := p(e)) € MU%D: by the ¢-
module property the latter elements also form a basis of M"*>D Note that by base
change these two bases also give rise to bases in M 5D for 1 > s > r4. Thus, we find
a matrix F’ with entries in RU"*>V such thate; = ¥, Fj.e; and we put F = ¢(F’)
with entries in RV, ie., @(ej) = ) _ Fj;e;. Similarly, let G be a matrix with values
in RV ¢ R guch that e} =) ;Gije; andhencee; = ¢(}_; G;je;).

We identify M1 with (R>D)" by sending (1;); to > ; Aie; and endow it for
each r <s < 1 with the norm given by max; |4;|s. Note that then the “semilinear”” map
Ve (followed by the corresponding restriction) on (R>1)" is given by the matrix G
as follows from the projection formula (4.40):

Wc(zljej) => Y (/\M(ZGijei)) = Ve(A)Gije;.
J J i i,j

Moreover, the restriction of ¢ : M1 — plr a0 to Y_; Ok (B)e; becomes the semi-
linear map (Og (B))* — (R>D)" given by the matrix F.

Consider, for I any subset of the reals R, the K-linear map Py : RIHD 5 RInD
Y>a;Z' Y .cyn; @i Z'. We then introduce K -linear operators Py and Qy, k > 0,
on M1 by

Pr((M)i) :== (Pr(A),. Ok = Poo—k) — L9 0 Plk,o0)

i.e.,
0k ((M)i) = (Poo—tyV)i); = = F - (0 Pk,00) (1))

because P o) factorizes through Ok (B). Note then that the K-linear operator Wy :=
id — Pl_g g + (We — 1) QO of MV satisfies

Wi = Ve © Peoo,—k) + L4 0 Pli,o0).
i.e.,

Wi (1)) = G - (Ve (Pcoo,—k) (1)), + F - (MTL<P(P(k,oo)(li))),-,
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whence its operator norm satisfies
1@kl < max {[|Glslle © Pimoo,—ills: =N Flls @ © Pikoo) s -

It is easy to check that, for 1 > s > qq;—ll, we have [|¢ o Py oo)lls < |Z|§q_1)k =

5@k (ysing the norm relation after (4.28)) and ||/ o P—oo—1)lls = Cssk(l_‘fl)
for some constant Cs > 0. For example, for the latter we have for A=), a; Z ie Rl

| vel@zh)| = suplail|ye(z)],
i<—k 5ok )
= sup |ai|Cssé
i<—k
< Cy sup |a||Z|is"@ "D
i<—k
< CylAlgs @' =1,

where we use that by continuity of ¥/, there exists C such that

We(Zh)], < GIZ'| 4 = Cysi.

1
s4q

1

Thus, we may and do choose k sufficiently big such that || W ||, < 5. Givenmg €

M we define inductively m; 41 := Wi (m;). This sequence obviously converges
to zero with respect to the r-Gauss norm. We shall show below that also for all s €

1 . . .
(ra,1) the series (m;); tends to zero with respect to the Gauss norm | |; i.e., by
cofinality the sum m := } ;. m; converges in M [1) for the Fréchet topology and
satisfies

m—mo = m— Py xj(m) + (Y — 1) Ok (m);
i.e., Pl_ kj(m) represents the same class as mg in MY /(. — 1)(M). Since the

image of P[_ k] has finite dimension, the proposition follows, once we have shown
the following.

Claim. For all s € (ré, 1) we have
1 ’
|We(m)|, < max {Llml, CollG s (52) ™ mly | L[ F Il (22) ], }.

Indeed, we fix such s and may choose k' > k such that ||U/|s < % Then V), =
Wyr — e 0 Plopr,—k) — %(p o P k], whence the claim as for A € R-D

1
7\—k
Ve o Pir—in(M)|, < Co(57) |2l
k/
0 0 Paesn)|, < (55)" Al
by similar estimations as above. |

Remark A.3. This result answers the expectation from [7, Rem. 2.3.7] positively.
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Corollary A4. Let V*(1) be L-analytic and M .= D;Eg(V*(l)).

(i)  The cohomology group h*(K :p,U’((M YA)[d — 1)) is finite dimensional
over L.

(i)  We have isomorphisms
1 . -1 * o1l . A\ ~ 171 *
h' (K3, (D rlg(V(r )) )d —1])" =h' (K /(M%) = Hy (L', V*(1)),
. _ * G/

W (K3, (D] (V™) ) d = 1) = (K (M) = (V1) .
Proof. (i) Since hz(Kw U,((M)A)[d —1]) is a quotient of (M/(y¥ — 1)(M))® by
(5.3), this follows from the proposition. (i1) We are in the situation of Remark 5.2.6 (i)
with regard to € = K U/(Dng(V(r_l))A)[ — 1] and i = 2, 3 in the notation of the
remark. Indeed, regardlng i = 3 we have h*® = €* = 0 by construction; regarding
i =2 we have €3 = 0 by construction and 42 is finite by (i). Hence, the first iso-

morphism follows in both cases from (5.23) using the reflexivity of M. The second
isomorphisms arise by Lemma A.l together with (5.17) and (5.16), respectively. m

We quickly discuss the analogues of some results in [19, §1.6]. First, we remind
the reader of some definitions: A := W(C )L,

Af = {x = Znﬁ[xn] eA: |77 [|xnl} 2%, 0 for some r > 0},
n=>0
AT:=ATN A and AT = (AT)HL |

Remark A.5. There is also the following more concrete description for Al 7, in terms
of Laurent series in wpr:

Az = {F(a)LT) € A | F(Z) convergeson p < |Z| < 1 for some p € (0, 1)} CA;L.

Indeed, this follows from the analogue of [18, Lem. I1.2.2] upon noting that the latter
holds with and without the integrality condition: “rv,(a,) +n > 0 for all n € Z”

'In the literature, one also finds the subring A<1 =U,so W 1((C ) of ZT, where
((C )L ={x¢€ Wr((C )| x| < l}con31sts of those x € A such that |77 1xnlf, 170
and |JTL||x,,| <1 for all n. Denotlng by A * the ring defined in [83, Def. 3.4], we have the

equality W 1((C )L = A;’ s correspondrng to A: 1y in the notation of [18, §II.1] for
qr

q = p. For these relations use the followrng normalizations compatible with [83]: |7 | = 7,

veh, (w) = F’ Vo, (m) =1, |x|p = q_ ﬂ, lwlp =¢q —at = |nL|ﬂ*l , where w = wit mod

L—l rg_
V5 and oty = lrL]eT = |,

= k=0 rrllf[xk] € A. For x € AT we have

7y, as in Section 3.1. Furthermore |x|r = |7L]
where V(x, r) =

Vix,r)= q VSt(x r), Where VSt(x r) uses the notation in [83]. Note also that a)LT is con-

tained in W (Loo )z, by [83, Lem. 3.10] (in analogy with [18, Cor. II.1.5]).
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(for r € R \ R) in the notation of that article.” In particular, we obtain canonical
embeddings Az C Bz — R of rings.

Now consider the subring

A= AZ[[Zzlilﬂ = {x = Zakzk AL | U, (ag) > _qle} CAL.
k

For x € Ay, and each inter n > 0, we define w, (x) to be the smallest integer k > 0
such that x € Z7% 4 + 7TZ+1AL. It satisfies wy, (x + y) < max{wy,(x), w,(y)} and
Wy (xy) < wy(x) + wy(y) (since A is a ring) and wy(p(x)) < qw,(x) (use that
wz_f) € A%, whence p(Z%)A = Z79% 4). Set for n > 2, m > 0 the integers r(n) :—
(g — l)q"_l, [(m,n) =m(q — 1)(6]”_1 —1) =m(r(n) — (¢ — 1)) and define AZ’" =
{x=>4 arZk e Ap|vg, (ar) + % — oo for k — —o0}. Then, by Remark A.5

and Footnote 2, we obtain that A] = Uns2 Al

Lemma A.6. Letx =), aka €eApandl > 0,n > 2. Then

(i)  we have

W (x) <1 & vy, (ax) = min {m + 1,—k+l} fork < —I.

i) xe AZ’" if and only if wy,(x) — [(m, n) goes to —oo when m runs to Q.

Item (ii) of the lemma is an analogue of [19, Prop. III 2.1 (i1)] for AZ’" instead of

AZ’LI = {x = Zakzk € AT | v, (ar) + réc) > 0forall k < 0}

Proof. (i) follows from the fact that x € Z~' A if and only if U, (ag) > —% for
k < —lI. (i) Let M, N = M(q — 1) > 0 be arbitrary huge integers and assume first
that x € A}”. Then

W (x) —I(m,n) < —N (A.1)

is equivalent to

Uy, (ax) > min {m + 1, M} fork < —Il(m,n) + N (A.2)

This description does not require any completeness property! A similar result holds for
ALI ;. When requiring for the Laurent series in wrr in addition that F(Z) takes values on

p < |Z| < 1 of norm at most 1. More precisely, for r < 1 (or equivalently s(r) := £— ql > qT_l)
Wr(Cp)L and W sl(CZ)L correspond to { F(wrr) € A% | F(Z) converges on |w|" <|Z| < 1}
and {F(wrr) € AL | F(Z) converges on |w|" = ¢~ 50 < |Z]| < | with values |F(z)| < 1},
respectively. The latter condition on the values can also be rephrased as s(r)vy, (am) +m >0
for all m € Z corresponding to V(x, s(r)) > 0 on the Witt vector side if F(Z) =) _,, amZ™ €

Af.
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by (i). To verify this relation for m sufficiently huge, we choose a k¢ € Z such that

U, (ax) + % > N > Oforall k < k. Now choose mg with —[(mg,n) < ko and fix

m > myg. For %l‘) > m we obtain vy, (ax) > m + 1 because k < k¢ holds. For k with

k B k+1(m,n) -

(n) q—1

we obtain vy, (ax) > _W#' Thus, the above relation holds true.
Vice versa choose mg such that (A.1) holds for all m > mg, and fix

k>-r(nym & . 0 (A.3)

k < ko :=—r(n)max{Mq"~ ', mg}.

Let m; be the unique integer satisfying r(n)M —k > r(n)m; > r(n)M — k —r(n).

In particular, we have m; + 1 + % > M and k > —r(n)my, which implies

k+I(m;,n)—N k
—% +rm 2 M
by (A.3). Moreover, it holds that m; >mg and k <—I(my1,n)+ N (using k <r(n)M —
r(nymy=—I(my,n)+q"'N—(qg—1)m, and m; > (¢" ' —1)M by our assumption
on k). Hence, we can apply (A.2) to conclude vy, (ax) + %n) > M as desired. ]

The analogue of [19, Lem. 1.6.2] holds by the discussion following [80, Rem. 2.1].
This can be used to show the analogue of [19, Cor. 1.6.3], i.e., w, (¥ (x)) <1+ w”T(x).
Now fix a basis (e1,...,eg) of D(T) over Ay and denote by ® = (a;;) the matrix
defined by ¢; = Z?zl aijp(e;). The proof of [19, Lem. 1.6.4] then carries over to
show that for x = ¥ (y) — y with x, y € D(T) we have

wn(y) S max {wn(x)7 qu](wn(cb) + 1)}7 (A4)

where w, (®) = max;; wy,(a;;) and w, (a) = max; wy(a;) fora = Zle a;p(e;) with
a; €Ar.

Lemma A.7. Let T € Rep,, (GL) such that T is free over o, and V =T ®,, L is
overconvergent. Then the canonical map DY(T) — D(T) induces an isomorphism

DX(T)/(y — )(DN(T)) = D(T)(¥ — )(D(T)).

Proof. We follow closely the proof of [50, Lem. 2.6], but note that he claims the
statement for DL (T).

Choose a basis e1,...,eqg of the A}:—module DT(T), which is free because AZ
is a henselian discrete valuation ring with respect to the uniformizer wy, (cf. [40,
Def. 2.1.4]). Since V is overconvergent, it is also a basis of D(7"). Due to étale-
ness and since (AZ) NAY = (Az)x, also ¢(e1), ..., @(eq) is a basis of all these
modules. Given x = ¥ (y) — y with x € DT(T) and y € D(T), there is an m > 0
such that all x;, a;; lie in Az’m for some m. Since g > 2, it follows from the crite-

t.m+1
AL

rion in Lemma A.6 (ii) combined with (A.4) that all y; belong to , whence

y € DT(T). This shows injectivity.
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In order to show surjectivity, we apply Nakayama’s lemma with regard to the ring
or, upon recalling that D(T)/(y — 1) is of finite type over it. Indeed, by left exact-
ness of DT we obtain D(T') /7w DT(T) € DT(T/711) = D(T/mir). Since these are
vector spaces over E;, of the same dimension, they are equal, whence

(DYT) /(¥ — 1)) /(L) = (DN(T) /(7)) /(¥ — 1) = (D(T) /(7)) /(¥ — 1)
= (D(T)/(¥ — 1))/ (7L). n

Corollary A.8. Under the assumption of Lemma 3.3.6 for V(t™1), the inclusion of
complexes

. — A . _ A
Ko (D'(VE™)7) € Ky p (D))
is a quasi-isomorphism.
Proof. Forming Koszul complexes with regard to U’, we obtain a diagram of (double)
complexes with exact columns as illustrated in Figure A.1 in which the bottom line
is an isomorphism of complexes because under the assumptions ¥ — 1 induces an

automorphism of D(V(r~1))/DT(V(zr™1)) and as the action of A commutes with 1.
Hence, going over to total complexes gives an exact sequence

0— K§ o (DY(VE™)®) = K§p (D(VE™)?)
- K (D@ h)/DTvE™))®) — o,

in which K3, (D(V(z™1))/DT(V(z7")))%) is acyclic, whence the statement fol-
lows.

K (DT (V(z 1)) K*(DT(V(z™1)%)

K*(D(V(™)*) K*(D(Vh)%)

K ((D(v@h)/DI (e ™))®) 25 k(D (V)P (V™))

0 0

Figure A.1. Comparison of Herr complexes of D and D, -
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Remark A.9. Instead of using Lemma 3.3.6 (for crystalline, analytic representations)
one can probably show by the same techniques as in [19, Prop. I11.3.2 (ii)] that for any
overconvergent representation V' we have

DT (V)¥=! = p(v)¥=1.
Recall from [58, (5.2.1)] the quasi-isomorphism
L[-2] = 12,€*(Gpr, L(1))
which allows us to define a trace map
tre : €%(Gr, L(1)) - L[-2]
in the derived category of L-vector spaces as
€*(Gr/, L(1)) = 122€°(Gr, L(1)) < L[-2].

Then local Tate duality is induced by the following pairing on cocycles:

€* (G, V* (1)) x € (Gu. V) —2 (G, L(1) “5 L[-2).

The interest in the following diagram, the commutativity of which is shown before
Lemma B.5, stems from the discrepancy that the reciprocity law has been formulated
and proved in the setting of Kl'/,’U/(Dng(V(t_l))A)[d — 1] while the regulator map
originally lives in the setting of K;,U/(D(V(r_l))A)[d — 1]

€* (G V* (1)) € (G V) — e (L, L(1) S L[-2]
+_ *_1 A UK v
Ko p(M®) x Kj oy (D(V(™))")d—1] > L[-2]
] ] (A5)
K2 o (MH2) x K3, 1 (DT (V™)) d—1] ———=4 s 1[-2]

(pU’(( rlg)A)XK:ﬁU’( rlg(V(T_l)) )[ _1] L L[_2]1
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which in turn induces the commutativity of the lower rectangle in the following dia-
gram (the upper quadrangles commute obviously):

D (V)" DV’

~

pru DI (v Y)'™! pro

~ N

WKy (DL(VE) M) =11) wo|  BY(K (D(VEH)®)id—1])

W (K3 (DT (V) )d-1])

IR
N
Il

~ v

HL(L, V) « pr HY(L',V).

(A.6)
Here the vertical maps pry; are defined as in (5.25), a and pr are taken from Propo-
sition 5.2.19, and the isomorphism ¢ stems from (B.6). The map « is bijective under
the assumption of Lemma 3.3.6, which extends to the map b by Corollary A.8.



