
Appendix A

Cup products and local Tate duality

The aim of this subsection is to discuss cup products and to prove Proposition 5.2.19.
We fix some open subgroup U � �L and let L0 D LU1. Note that we obtain a decom-
position UŠ��U 0 with a subgroup U 0ŠZdp of U and� the torsion subgroup of U .

Lemma A.1. Let M0 be a complete linearly topologized oL-module with continuous
U -action and with a continuous U -equivariant endomorphism f . Then there is a
canonical quasi-isomorphism

Tf;U .M0/
�
1
�L

�
' K�f;U 0

�
M0

�
1
�L

���
:

If M0 is an L-vector space, the inversion of �L can be omitted on both sides.

Proof. Let C�n.U;M0/ � C�.U;M0/ denote the subcomplex of normalized cochains.
Since � is finite, [87, Thm. 3.7.6] gives a canonical quasi-isomorphism:

C�n.U;M0/ D C�n.� � U
0;M0/

'
�! C�n

�
�;C�n.U

0;M0/
�
:

Here we understand the above objects in the sense of hypercohomology as total
complexes of the obvious double complexes involved. After inverting �L, we may
compute the right-hand side further as

C�n
�
�;C�n.U

0;M0/
��

1
�L

�
C�n.U

0;M�
0 /
�
1
�L

�
C�n
�
�;C�n.U

0;M0/
�
1
�L

��
C�n.U

0;M0/
�
1
�L

��
:

'

Here the middle quasi-isomorphism comes from the fact that a finite group has no
cohomology in characteristic zero. The right-hand equality is due to the fact that �
acts on the cochains through its action on M0. Altogether we obtain a natural quasi-
isomorphism

C�n.U;M0/
�
1
�L

�
Š C�n.U

0;M�
0 /
�
1
�L

�
:

By using [87, Prop. 3.3.3] we may replace the normalized cochains again by general
cochains obtaining the left-hand quasi-isomorphism in

C�.U;M0/
�
1
�L

�
Š C�.U 0;M�

0 /
�
1
�L

�
Š K�U 0.M

�
0 /
�
1
�L

�
D K�U 0

�
M0

�
1
�L

���
:

The middle quasi-isomorphism is (5.20). The claim follows by taking mapping fibers
of the attached map f � 1 of complexes.

Proposition A.2. LetM be a 'L-module over RDRK , Definition 4.3.3, and c 2K�.
Then M=. � c/.M/ is finite dimensional over K.
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Proof. (The proof follows closely the proof of [42, Prop. 3.3.2] in the cyclotomic
situation.) We set  c WD c�1 and show that M=. c � 1/.M/ is finite dimensional
over K.

Choose a model M Œr0;1/ of M with 1 > r0 > p
�1

.q�1/e and put r D r
1

q2

0 . Recall
that for all 1 > s � r we have maps M Œs;1/

 c�1
���!M Œs;1/ (where strictly speaking

we mean  c followed by the corresponding restriction). We first show that it suffices
to prove that coker.M Œr;1/

 c�1
���!M Œr;1// has finite dimension over K. Indeed, given

any m 2 M we have m 2 M Œs;1/ for some 1 > s � r . Then there exists k � 0 such
that r � sq

k
� r0, whence  kc .m/ belongs to M Œr;1/ and represents the same class in

M=. c � 1/.M/ as m.
Choose a basis e01; : : : ; e

0
n of M Œr0;1/ and take ei WD '.e0i / 2 M

Œrq ;1/; by the '-
module property the latter elements also form a basis of M Œrq ;1/. Note that by base
change these two bases also give rise to bases inM Œs;1/ for 1 > s � rq . Thus, we find
a matrix F 0 with entries in RŒrq ;1/ such that ej D

P
i F
0
ij e0i and we put F D '.F 0/

with entries in RŒr;1/, i.e., '.ej / D
P
Fij ei . Similarly, let G be a matrix with values

in RŒrq ;1/ � RŒr;1/ such that e0j D
P
i Gij ei and hence ej D '.

P
i Gij ei /.

We identify M Œr;1/ with .RŒr;1//n by sending .�i /i to
P
i �iei and endow it for

each r � s < 1with the norm given by maxi j�i js . Note that then the “semilinear” map
 c (followed by the corresponding restriction) on .RŒr;1//n is given by the matrix G
as follows from the projection formula (4.40):

 c

�X
j

�j ej
�
D

X
j

 c

�
�j'

�X
i

Gij ei
��
D

X
i;j

 c.�j /Gij ei :

Moreover, the restriction of ' WM Œr;1/!M Œr
1
q ;1/ to

P
I OK.B/ei becomes the semi-

linear map .OK.B//n ! .RŒr;1//n given by the matrix F .
Consider, for I any subset of the reals R, theK-linear map PI WRŒr;1/!RŒr;1/,P
aiZ

i 7!
P
i2Z\I aiZ

i . We then introduce K-linear operators PI and Qk , k � 0,
on M Œr;1/ by

PI
�
.�/i

�
WD
�
PI .�i /

�
i
; Qk WD P.�1;�k/ �

c�L
q
' ı P.k;1/;

i.e.,
Qk
�
.�/i

�
D
�
P.�1;�k/.�/i

�
i
�
c�L
q
F �

�
'
�
P.k;1/.�i /

��
i
;

becauseP.k;1/ factorizes through OK.B/. Note then that theK-linear operator‰k WD
id � PŒ�k;k� C . c � 1/Qk of M Œr;1/ satisfies

‰k D  c ı P.�1;�k/ C
c�L
q
' ı P.k;1/;

i.e.,

‰k
�
.�i /i

�
D G �

�
 c
�
P.�1;�k/.�i /

��
i
C F �

�
c�L
q
'
�
P.k;1/.�i /

��
i
;
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whence its operator norm satisfies

k‰kks � max
®
kGksk c ı P.�1;�k/ks;

c�L
q
kF ksk' ı P.k;1/ks

¯
:

It is easy to check that, for 1 > s > q
�1
q�1 , we have k' ı P.k;1/ks � jZj

.q�1/k
s D

s.q�1/k (using the norm relation after (4.28)) and k c ı P.�1;�k/ks � Cssk.1�q
�1/

for some constant Cs>0. For example, for the latter we have for �D
P
i aiZ

i 2RŒr;1/ˇ̌̌ X
i<�k

 c.aiZ
i /
ˇ̌̌
s
� sup
i<�k

jai j
ˇ̌
 c.Z

i /
ˇ̌
s

� sup
i<�k

jai jCss
i
q

� Cs sup
i<�k

jai jjZj
i
ss
i.q�1�1/

� Csj�jss
�k.q�1�1/;

where we use that by continuity of  c there exists Cs such thatˇ̌
 c.Z

i /
ˇ̌
s
� CsjZ

i
j
s
1
q
D Css

i
q :

Thus, we may and do choose k sufficiently big such that k‰kkr � 1
2

. Givenm0 2
M Œr;1/ we define inductively miC1 WD ‰k.mi /. This sequence obviously converges
to zero with respect to the r-Gauss norm. We shall show below that also for all s 2
.r
1
q ; 1/ the series .mi /i tends to zero with respect to the Gauss norm j js; i.e., by

cofinality the sum m WD
P
i�0mi converges in M Œr;1/ for the Fréchet topology and

satisfies
m �m0 D m � PŒ�k;k�.m/C . c � 1/Qk.m/I

i.e., PŒ�k;k�.m/ represents the same class as m0 in M Œr;1/=. c � 1/.M/. Since the
image of PŒ�k;k� has finite dimension, the proposition follows, once we have shown
the following.

Claim. For all s 2 .r
1
q ; 1/ we haveˇ̌

‰k.m/
ˇ̌
s
� max

®
1
2
jmjs; CskGks

�
s
1
q

r

��k
jmjr ;

ˇ̌
c�L
q

ˇ̌
kF ks

�
sq

r

�k0
jmjr

¯
:

Indeed, we fix such s and may choose k0 � k such that k‰k0ks � 1
2

. Then ‰k D
‰k0 �  c ı PŒ�k0;�k/ �

c�L
q
' ı P.k;k0�, whence the claim as for � 2 RŒr;1/

ˇ̌
 c ı PŒ�k0;�k/.�/

ˇ̌
s
� Cs

�
s
1
q

r

��k
j�jrˇ̌

' ı P.k;k0�.�/
ˇ̌
s
�
�
sq

r

�k0
j�jr

by similar estimations as above.

Remark A.3. This result answers the expectation from [7, Rem. 2.3.7] positively.
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Corollary A.4. Let V �.1/ be L-analytic and M WD D�
rig.V

�.1//.

(i) The cohomology group h2.K� ;U 0..M/�/Œd � 1�/ is finite dimensional
over L.

(ii) We have isomorphisms

h1
�
K� ;U 0

�
D
�
rig

�
V.��1/

���
Œd �1�

��
Šh1

�
K�';U 0.M

�/
�
ŠH 1

�

�
L0; V �.1/

�
;

h2
�
K� ;U 0

�
D
�
rig

�
V.��1/

���
Œd �1�

��
Šh0

�
K�';U 0.M

�/
�
D
�
V �.1/

�GL0 :
Proof. (i) Since h2.K� ;U 0..M/�/Œd � 1�/ is a quotient of .M=. � 1/.M//� by
(5.3), this follows from the proposition. (ii) We are in the situation of Remark 5.2.6 (i)
with regard to C D K� ;U 0.D

�
rig.V .�

�1//�/Œd � 1� and i D 2; 3 in the notation of the
remark. Indeed, regarding i D 3 we have h3 D C4 D 0 by construction; regarding
i D 2 we have C3 D 0 by construction and h2 is finite by (i). Hence, the first iso-
morphism follows in both cases from (5.23) using the reflexivity of M . The second
isomorphisms arise by Lemma A.1 together with (5.17) and (5.16), respectively.

We quickly discuss the analogues of some results in [19, §I.6]. First, we remind
the reader of some definitions: zA WD W.C[

p/L,

zA� WD
°
x D

X
n�0

�nLŒxn� 2
zA W j�nLjjxnj

r
[

n!1
����! 0 for some r > 0

±
;

A� WD zA� \A and A�L WD .A
�/HL .1

Remark A.5. There is also the following more concrete description for A�L in terms
of Laurent series in !LT:

A
�
L D

®
F.!LT/ 2 AL j F.Z/ converges on � � jZj < 1 for some � 2 .0; 1/

¯
� AL:

Indeed, this follows from the analogue of [18, Lem. II.2.2] upon noting that the latter
holds with and without the integrality condition: “rvp.an/ C n � 0 for all n 2 Z”

1In the literature, one also finds the subring zA�
�1
WD
S
r>0W

r
�1
.C[p/L of zA�, where

W r
�1
.C[p/LD ¹x 2W

r .C[p/L j jxjr � 1º consists of those x 2 zA such that j�n
L
jjxnj

r
[

n!1
����! 0

and j�n
L
jjxnj

r
[
� 1 for all n. Denoting by zA�;sSt the ring defined in [83, Def. 3.4], we have the

equality W r
�1
.C[p/L D zA

�;
q�1
qr

St corresponding to zA�
.
q�1
qr /
�

in the notation of [18, §II.1] for

q D p. For these relations use the following normalizations compatible with [83]: j�Lj D 1
q

,

vC[
p
.!/D q

q�1
, v�L.�L/D 1, jxj[ D q

�v
C[p , j!j[ D q

�
q
q�1 D j�Lj

q
q�1 , where ! D !LT mod

�L as in Section 3.1. Furthermore, jxjr D j�LjV.x;
q�1
rq / and j!LTjr D j�Lj

rg
q�1 D j!jr

[
,

where V.x; r/ WD infk.vC[
p
.xk/

q�1
rq
C k/ for x D

P
k�0 �

k
L
Œxk � 2 zA. For x 2 zA� we have

V.x; r/ D q�1
rq

VSt.x; r/, where VSt.x; r/ uses the notation in [83]. Note also that !�1LT is con-

tained in W
q�1
q

�1
.bL1[/L by [83, Lem. 3.10] (in analogy with [18, Cor. II.1.5]).
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(for r 2 xR n R) in the notation of that article.2 In particular, we obtain canonical
embeddings A�L � B

�
L ,! RL of rings.

Now consider the subring

A D ACL
q
�L
Zq�1

y
D

°
x D

X
k

akZ
k
2 AL j v�L.ak/ � �

k
q�1

±
� AL:

For x 2 AL and each inter n � 0, we define wn.x/ to be the smallest integer k � 0
such that x 2 Z�kAC �nC1L AL. It satisfies wn.x C y/ � max¹wn.x/; wn.y/º and
wn.xy/ � wn.x/ C wn.y/ (since A is a ring) and wn.'.x// � qwn.x/ (use that
'.Z/
Zq
2 A�, whence '.Z�k/A D Z�qkA). Set for n � 2, m � 0 the integers r.n/ WD

.q � 1/qn�1, l.m;n/Dm.q � 1/.qn�1 � 1/Dm.r.n/� .q � 1// and define A�;nL D
¹x D

P
k akZ

k 2 ALjv�L.ak/C
k
r.n/
!1 for k ! �1º. Then, by Remark A.5

and Footnote 2, we obtain that A�L D
S
n�2 A�;nL .

Lemma A.6. Let x D
P
k akZ

k 2 AL and l � 0, n � 2. Then

(i) we have

wm.x/ � l , v�L.ak/ � min
®
mC 1;�kCl

q�1

¯
for k < �l:

(ii) x 2 A�;nL if and only if wm.x/ � l.m; n/ goes to �1 when m runs to1.

Item (ii) of the lemma is an analogue of [19, Prop. III 2.1 (ii)] for A�;nL instead of

A�;nL;�1 D
°
x D

X
k

akZ
k
2 A�;nL j v�L.ak/C

k
r.n/
� 0 for all k � 0

±
:

Proof. (i) follows from the fact that x 2 Z�lA if and only if v�L.ak/ � �
kCl
q�1

for
k < �l . (ii) Let M;N D M.q � 1/� 0 be arbitrary huge integers and assume first
that x 2 A�;nL . Then

wm.x/ � l.m; n/ � �N (A.1)

is equivalent to

v�L.ak/ � min
®
mC 1;�kCl.m;n/�N

q�1

¯
for k < �l.m; n/CN (A.2)

2This description does not require any completeness property! A similar result holds for
A�
�1;L

when requiring for the Laurent series in !LT in addition that F.Z/ takes values on
� � jZj < 1 of norm at most 1. More precisely, for r < 1 (or equivalently s.r/ WD q�1

rq
> q�1

q
)

W r .C[p/L andW r
�1
.C[p/L correspond to ¹F.!LT/ 2AL j F.Z/ converges on j!jr � jZj< 1º

and ¹F.!LT/ 2 AL j F.Z/ converges on j!jr D q�
1
s.r/ � jZj < 1 with values jF.z/j � 1º,

respectively. The latter condition on the values can also be rephrased as s.r/v�L.am/Cm � 0
for allm 2 Z corresponding to V.x; s.r//� 0 on the Witt vector side if F.Z/D

P
m amZ

m 2

AL.



Cup products and local Tate duality 168

by (i). To verify this relation for m sufficiently huge, we choose a k0 2 Z such that
v�L.ak/C

k
r.n/
�N � 0 for all k � k0. Now choosem0 with �l.m0; n/ < k0 and fix

m�m0. For �k
r.n/

>m we obtain v�L.ak/�mC 1 because k < k0 holds. For k with

k � �r.n/m,
k

r.n/
�
k C l.m; n/

q � 1
� 0 (A.3)

we obtain v�L.ak/ � �
kCl.m;n/�N

q�1
. Thus, the above relation holds true.

Vice versa choose m0 such that (A.1) holds for all m � m0, and fix

k � k0 WD �r.n/max¹Mqn�1; m0º:

Let m1 be the unique integer satisfying r.n/M � k � r.n/m1 � r.n/M � k � r.n/.
In particular, we have m1 C 1C k

r.n/
�M and k � �r.n/m1, which implies

�
kCl.m1;n/�N

q�1
C

k
r.n/
�M

by (A.3). Moreover, it holds thatm1�m0 and k<�l.m1; n/CN (using k�r.n/M �
r.n/m1D�l.m1; n/Cq

n�1N�.q�1/m1 and m1>.qn�1�1/M by our assumption
on k). Hence, we can apply (A.2) to conclude v�L.ak/C

k
r.n/
�M as desired.

The analogue of [19, Lem. I.6.2] holds by the discussion following [80, Rem. 2.1].
This can be used to show the analogue of [19, Cor. I.6.3], i.e.,wn. .x//� 1C

wn.x/
q

.
Now fix a basis .e1; : : : ; ed / of D.T / over AL and denote by ˆ D .aij / the matrix
defined by ej D

Pd
iD1 aij'.ei /. The proof of [19, Lem. I.6.4] then carries over to

show that for x D  .y/ � y with x; y 2 D.T / we have

wn.y/ � max
®
wn.x/;

q
q�1

�
wn.ˆ/C 1

�¯
; (A.4)

wherewn.ˆ/Dmaxij wn.aij / andwn.a/Dmaxi wn.ai / for aD
Pd
iD1 ai'.ei /with

ai 2 AL.

Lemma A.7. Let T 2 RepoL.GL/ such that T is free over oL and V D T ˝oL L is
overconvergent. Then the canonical map D�.T /! D.T / induces an isomorphism
D�.T /=. � 1/.D�.T // Š D.T /. � 1/.D.T //.

Proof. We follow closely the proof of [50, Lem. 2.6], but note that he claims the
statement for D�

�1.T /.
Choose a basis e1; : : : ; ed of the A�L-module D�.T /, which is free because A�L

is a henselian discrete valuation ring with respect to the uniformizer �L (cf. [40,
Def. 2.1.4]). Since V is overconvergent, it is also a basis of D.T /. Due to étale-
ness and since .A�L/ \ A�L D .A�L/

�, also '.e1/; : : : ; '.ed / is a basis of all these
modules. Given x D  .y/ � y with x 2 D�.T / and y 2 D.T /, there is an m > 0

such that all xi ; aij lie in A�;mL for some m. Since q � 2, it follows from the crite-
rion in Lemma A.6 (ii) combined with (A.4) that all yi belong to A�;mC1L , whence
y 2 D�.T /. This shows injectivity.
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In order to show surjectivity, we apply Nakayama’s lemma with regard to the ring
oL upon recalling that D.T /=. � 1/ is of finite type over it. Indeed, by left exact-
ness ofD� we obtainD�.T /=�LD

�.T /�D�.T=�LT/DD.T=�LT/. Since these are
vector spaces over EL of the same dimension, they are equal, whence�

D�.T /=. � 1/
�
=.�L/ D

�
D�.T /=.�L/

�
=. � 1/ D

�
D.T /=.�L/

�
=. � 1/

D
�
D.T /=. � 1/

�
=.�L/:

Corollary A.8. Under the assumption of Lemma 3.3.6 for V.��1/, the inclusion of
complexes

K� ;U 0
�
D�
�
V.��1/

���
� K� ;U 0

�
D
�
V.��1/

���
is a quasi-isomorphism.

Proof. Forming Koszul complexes with regard toU 0, we obtain a diagram of (double)
complexes with exact columns as illustrated in Figure A.1 in which the bottom line
is an isomorphism of complexes because under the assumptions  � 1 induces an
automorphism ofD.V.��1//=D�.V .��1// and as the action of� commutes with  .
Hence, going over to total complexes gives an exact sequence

0! K� ;U 0
�
D�
�
V.��1/

���
! K� ;U 0

�
D
�
V.��1/

���
! K� ;U 0

��
D
�
V.��1/

�
=D�.V .��1/

����
! 0;

in which K� ;U 0..D.V.�
�1//=D�.V .��1///�/ is acyclic, whence the statement fol-

lows.

0

��

0

��

K�
�
D�
�
V.��1/

��
/

��

 �1
// K�

�
D�
�
V.��1/

���
��

K�
�
D
�
V.��1/

���
��

 �1
// K�

�
D
�
V.��1/

���
��

K�
��
D
�
V.��1/

�
=D�

�
V.��1/

����
��

 �1

Š
// K�

��
D
�
V.��1/

�
=D�

�
V.��1/

����
��

0 0

Figure A.1. Comparison of Herr complexes of D and D�.



Cup products and local Tate duality 170

Remark A.9. Instead of using Lemma 3.3.6 (for crystalline, analytic representations)
one can probably show by the same techniques as in [19, Prop. III.3.2 (ii)] that for any
overconvergent representation V we have

D�.V / D1 D D.V / D1:

Recall from [58, (5.2.1)] the quasi-isomorphism

LŒ�2�
�
�! ��2C

�
�
GL0 ; L.1/

�
which allows us to define a trace map

trC W C
�
�
GL0 ; L.1/

�
! LŒ�2�

in the derived category of L-vector spaces as

C�
�
GL0 ; L.1/

�
! ��2C

�
�
GL0 ; L.1/

� �
 � LŒ�2�:

Then local Tate duality is induced by the following pairing on cocycles:

C�
�
GL0 ; V

�.1/
�
� C�.GL0 ; V /

[GL0

���! C�
�
GL0 ; L.1/

� trC
��! LŒ�2�:

The interest in the following diagram, the commutativity of which is shown before
Lemma B.5, stems from the discrepancy that the reciprocity law has been formulated
and proved in the setting of K� ;U 0.D

�
rig.V .�

�1//�/Œd � 1� while the regulator map
originally lives in the setting of K� ;U 0.D.V.�

�1//�/Œd � 1�:

C�
�
GL0;V

�.1/
�

C�.GL0 ; V / C�
�
L0; L.1/

�
LŒ�2�

K�';U 0.M
�/ K� ;U 0

�
D
�
V.��1/

���
Œd�1� LŒ�2�

K�';U 0
�
.M �/�

�
K� ;U 0

�
D�
�
V.��1/

���
Œd�1� LŒ�2�

K�';U 0
�
.M

�
rig/

�
�
K� ;U 0

�
D
�
rig

�
V.��1/

���
Œd�1� LŒ�2�;

'

�
[GL0

'e

trC

�
[K; 

'

�
[K; 

�
[K; 

(A.5)
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which in turn induces the commutativity of the lower rectangle in the following dia-
gram (the upper quadrangles commute obviously):

D
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(A.6)
Here the vertical maps prU are defined as in (5.25), a and pr are taken from Propo-
sition 5.2.19, and the isomorphism c stems from (B.6). The map a is bijective under
the assumption of Lemma 3.3.6, which extends to the map b by Corollary A.8.


