Chapter 2

The case of the linear shear flow

This chapter concerns the well-posedness of the linear system (1.6) which we restate
here for convenience and by using z as a vertical variable rather than y to prepare for
the next sections. We thus consider, in 2 = (xg, x1) X (=1, 1), the system

z0xuU — 07U = f,
uz, = 6. @.1)
Uz=41 = 0,

where Yo = {xo} x (0,1) and ¥; = {x1} x (—1,0).

First, in Section 2.1, we recall the theory of weak solutions, due to Fichera for
the existence, and to Baouendi and Grisvard for the uniqueness. Then, in Section 2.2,
we recall the theory of strong solutions with maximal regularity, due to Pagani. Our
contributions regarding this problem are contained in the following sections. In Sec-
tion 2.3, we derive orthogonality conditions which are necessary to obtain higher
tangential regularity and prove the existence result of Theorem 1. In Section 2.4, we
construct explicit singular solutions and prove the decomposition result of Theorem 2.
Eventually, in Section 2.5, we state a result concerning the well-posedness of (2.1)
with fractional tangential regularity, which will be used in Chapter 5 and proved in
Chapter 6.

2.1 Existence and uniqueness of weak solutions

Definition 2.1 (Weak solution). Let f € L2((xo,x1); H1(=1,1)), 80,81 €L3(—1,1).
We say that u € L?((xo, x1); Hy (—1, 1)) is a weak solution to (2.1) when, for all
v € H'(R) vanishing on 9Q \ (X U X), the following weak formulation holds:

—/ Zuaxv+/ d,ud,v =/ fv—l—/ 2801)—/ z81v.
Q Q Q o P

Weak solutions in the above sense are known to exist since the work Fichera [22,
Theorem XX] (which concerns generalized versions of (2.1), albeit with vanish-
ing boundary data). Uniqueness dates back to [8, Proposition 2] by Baouendi and
Grisvard.

Proposition 2.2. Let f € L%((xo,x1); H™1(=1,1)) and 89,81 € L2(=1,1). There
exists a unique weak solution u € L*((xo,x1); H} (—1, 1)) to (2.1). Moreover,

el 2 gy S WS N2 a1y + 18oll g2 + 1811 22 (22)
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Proof. The proof of uniqueness is postponed to Appendix A, where we adapt Baouendi
and Grisvard’s arguments to prove the uniqueness of weak solutions to all the linear
problems we encounter in this memoir in Lemma A.1. It relies on the proof of a trace
theorem and a Green identity for the space 8 defined in (1.25).

Let us prove the existence. We introduce two Hilbert spaces U and V satisfying
V < U < L?((xo,x1); H(0,1)) as follows. Let

Vi={ve H(Q)|v=00nQ\ (Zo U X))}

Let U be the completion of H () N L?((xo, x1); HJ (—1, 1)) with respect to the
scalar product

(u, v)y :=/ azuazv—i—/ Zuv—/ Zuv. (2.3)
Q 2o 2
Foru,v e Ux YV, let
a(u,v) = —/ Zuaxv—i—/ d,ud,v, 2.4)
Q Q
b(v) :=/ fv—l—/ z&ov—/ z81v. (2.5)
Q Zo |

In particular, for every v € 'V, integration by parts leads to a(v, v) = ||U||121 and

@) < (1F 12 am1y + 18l 2 + 18112) v . 2.6)

Hence, b € £(V) can be extended as a linear form over U and existence follows from
the Lax—Milgram-type existence principle Lemma B.2 in Appendix B, which also
yields the energy estimate (2.2) thanks to (2.6) and Poincaré’s inequality. ]

Remark 2.3. Functions in U a priori do not have traces on X;, so one could wonder
how definition (2.5) makes sense when v € U. The integrals fEi z8;v make sense
precisely because U is defined as a completion with respect to (2.3). In fact, weak
solutions do have traces in a strong sense, as proved in Lemma A.2, thanks to the
extra regularity in x provided by the equation.

Remark 2.4. Instead of using the weak Lax—Milgram existence principle Lemma B.2,
an alternate proof would be to regularize equation (2.1) by vanishing viscosity, and to
obtain uniform L2 H} estimates on the approximation. This approach will be used in
Lemma 5.4 proved in the Appendix, in which we prove H ; L? regularity of the weak
solutions far from the lateral boundaries.

2.2 Strong solutions with maximal regularity

We now turn to strong solutions, i.e., solutions for which (2.1) holds almost every-
where. The main result on this topic is due to Pagani.
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Proposition 2.5. Let f € L*(Q) and 89,81 € H1 (=1, 1) such that §o(1) =81 (—1)=0.
The unique weak solution u to (2.1) belongs to Z°(Q2) and satisfies

lullzo < I llz2 + 1Sollger + 181151 2.7)

The boundary conditions us, = 8; hold as traces in U—C;(Zi) (see Lemma 1.10).

Proof. This is a particular case of [53, Theorem 5.2]. Pagani’s proof proceeds by
localization. Far from the critical points (xg, 0) and (x1, 0), the regularity is rather
straightforward. Near these critical points, the regularity stems from the regularity
obtained for a similar problem set in a half-space (0, +00) x R or R x (0, +00).
Pagani studies such half-space problems in [52], where he derives explicit represen-
tation formulas for the solutions, using the Mellin transform and the Wiener—Hopf
method. We do not reproduce these arguments here for brevity.

Note that the implicit constant, say Cp, in (2.7) may depend on 2. By scaling
arguments, one can prove that Cp <C(1+|x; — xo|™!) for some universal C >0. m

2.3 Orthogonality conditions for higher tangential regularity

We now investigate whether solutions to (2.1) enjoy higher regularity in the horizontal
direction. As mentioned in Section 1.2, it is quite easy to obtain a priori estimates in
the space Z!(S2) (see Proposition 2.6). However, we prove in Proposition 2.10 that
the weak solution enjoys such a regularity if only if the data satisfies appropriate
orthogonality conditions. Eventually, we give statements highlighting the fact that
these conditions are non-empty.

Proposition 2.6. Let f € H'((xo, x1); H™'(—1, 1)) and 8,8, € HL(—1,1) such
that 8o(1) = 81(—1) = 0 and such that Ao, Ay € £L2(—1,1), where
_ f(xiz) + 0268i(2)

Ai(z) = - (2.8)

If the unique weak solution u to (2.1) belongs to H'((xq, x1); HO1 (—1, 1)), then one
has the following weak solution estimate for 0 u:

||ax“||L)2(HZI < ”axf”L)%(Hz—l) + ||A0||L§(z;0) + ”AIHL%(EI)' 2.9)

If, moreover, feHl((xo,xl);L2(—1, 1)), Ao, Aq EfH;(—l, 1), Ag(1)=A1(—1)=0,
then u € Z1(2) and one has the following strong solution estimate for dxu:

12l z0 < 195 llz2 + 1 Aollet + 141l (2.10)
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Proof. The key point is the following argument: if dxu enjoys L2 H} regularity, then
du is the unique weak solution to

Z0xw — 0w = 0y f,
wis, = A, (2.11)

LU|Z=:|:1 = 0.

Then estimate (2.9) follows from (2.2) and estimate (2.10) follows from (2.7).
Hence, let us prove that, if du € Li Hzl, then d,u is a weak solution to (2.11).
Let

V:i={veC®Q)v=00n0Q\(ZoUZX),
dxv = 0on {xgp} x (—1,0) and {x1} x (0, 1)}.

Let v € V. Then 0, v is an admissible test function for Definition 2.1. Hence, since u
is the weak solution to (2.1), one has

. /Q e (9ev) + /Q Do (9e0) = /Q Floxv) + /Z i) - fz (o).

The H ; H Zl regularity of u legitimates integrations by parts in x on the left-hand side.
Thus

|:_/_11 Zuava; +/QZ(3xu)8xv + |:/_11 Bzuasz; —/Qaz(axu)azv
B [/_11 f”} _/Qf"” +/EO 250<3xv>—/21 281(dxv),

which, after taking the boundary conditions into account, integrating by parts in z in
the boundary terms f_ll d,u0d,v and recalling (2.8) yields

—/ z(axu)axv—l—/ 07(0xu)0,v =/ fxv—|—/ ZAOU—/ zAqv.
Q Q Q o X

Since V is dense in the set of test functions for Definition 2.1, this proves that d,u is
the weak solution to (2.11). [ ]

We start by defining “dual profiles” which are necessary to state our orthogonality
conditions.

Lemma 2.7 (Dual profiles). We define PO, plez 0(Q) as the unique solutions to
20, @) — 3, B/ =0 inQa,
[©7].2
[aza]u:o = —1;=0,

@/ jaa\(zouzy) = 0.

=1=1,
2.12)
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Proof. Uniqueness is straightforward. Given j € {0, 1} and two solutions to (2.12),
let ¢ denote their difference. Then ¢ € Z%(2+) and both ¢ and d,¢ are continuous
across the line {z = 0}. Hence, ¢ € Z°(2) and ¢ is the solution to a problem of the
form (2.1) (with reversed tangential direction). So ¢ = 0 since weak solutions to such
problems are unique in Z°.

We prove the existence of @0, We define @(x, z) = —z1;50L(z) + ¥O(x, 2),
where we choose { € C2°(R) such that { = 1 in a neighborhood of z = 0 and supp ¢ C
(—1/2,1/2), and where W° € L2((xg,x1); Hy (—1, 1)) is the unique weak solution to

—20, W0 — 9, W0 = —21,.¢0'(2) — z1,50¢"(z) in Q,

U(xg,2) =0 for z € (—1,0),
WO(xy,z2) = z&(2) forz € (0, 1),
\IIIOZ:il =0.

By Proposition 2.5, W0 € Z°($2). Hence 9,,®0 € L2(Q+) and 29, ®° € L2(Q4).
The construction of the profile @1 is similar and is left to the reader. For exam-

ple, one can decompose the profile D1 as @1 (x, z) = 1,;508(2) + Wl(x, 2), where,

similarly, ¥! € Z%(Q). n

Remark 2.8. The jump conditions in (2.12) prevent the dual profiles from enjoying
vertical regularity across the line {z = 0}. More subtly, even inside each half-domain,
neither the ®/ nor their lifted version the W/ enjoy tangential regularity. Indeed, for-
mally, 9, ®J/ and 0, W/ satisfy systems of the form (2.1) (with reversed tangential
direction) with zero source term and zero boundary data. Hence, if they were suffi-
ciently regular, they would be zero by the uniqueness results of Appendix A, and so
would ®/ and W/ by integration, contradicting (2.12). We will see in Corollary 2.32
that these dual profiles indeed do contain an explicit singular part localized near the
endpoints (x;, 0).

We now turn to the main result of this section, which gives a necessary and
sufficient condition for the solutions to enjoy the mentioned tangential regularity.
Strangely, we could not find a proof of Proposition 2.10 in the literature, although
some works mention orthogonality conditions (see [22, equation (4.2)] or [55]). Hence
we provide here a full proof. This strategy will be extended in Section 5.2 to equa-
tions with smooth variable coefficients (see Proposition 5.5). We prove further that
these orthogonality conditions are not empty.

We will work with the following space of data triplets:

Hi = {(f.80.81) € HIL2 x HL(Zo) x HL(Z1): (Ao, A1) € HL(Zo) x HL(Z1)
and §o(1) = 81(—1) = Ag(1) = A(=1) =0}, (2.13)
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where A; is defined in (2.8), with the associated norm

1080 80k = 1 gz + 3 Iillser + 1Aillsr.  (2.14)
i€{0,1}

Lemma 2.9. If (f.80.81) € Hx, then §; € H2(S;) and ||; | g2 < (£, 80, 81) || -

Proof. Fori € {0, 1}, recalling (2.8), one has
187 12z < 187 + f(xi L2y + 1 i Ilezeg;y S NAllg2 + 1/ gz

Moreover, proceeding for example as in the proof of Lemma B.7, one checks that
I18illz2 < 8ill g2 + 118 ll 2 =

Proposition 2.10. Let (f,8¢,681) € Hk. The unique weak solution u to (2.1) belongs
to HYH} ifand only if, for j = 0and j = 1,

/axfEJr/ zAOE—/ A DT = 318,(0) — 3780(0), (2.15)
Q Zo X

where ®° and ®! are defined in Lemma 2.7.
Furthermore, in this case, u actually belongs to Z'(2) and the following estimate
holds:

el zr < (S So0. 81) [l e - (2.16)

Proof. Step 1. We exhibit possible discontinuities. Let us consider the unique solution
u € Z°%Q) to (2.1). Following the strategy sketched by Goldstein and Mazumdar
[25, Theorem 4.2] (see Remark 2.11 for further comments), we introduce the unique
strong solution w € Z%(R) to (2.11), so that w is a good candidate for du. The idea
is then to introduce the function u; defined by

8o(z) + f;o w(x’,z)dx’ inQy,

8 2.17)
§1(2) — [T w(x',z)dx’ inQ_

ui(x,z) ::{

so that dxu; = w almost everywhere. Furthermore, it can be easily proved that, in
D'(21),

Z0xU1 — 0zzU1 = f.

However, this does not entail that #, is a solution to this equation in the whole domain.
Indeed, u; and d,u; may have discontinuities across the line {z = 0}. One checks
that u, and d,u, are continuous across z = 0 if and only if

X1

/xl w(x,0) dx = 8;(0) — 8(0), / w2 (x,0) dx = 8,81 (0) — 3,80(0). (2.18)

0 0

The two integrals are well defined since w, and w,, belong to L2(<2).
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Step 2. We compute the horizontal mean value of w and w, using the dual profiles.
Let ¢ € Z°(Q2+) such that ¢yo\(z,nx,) = 0. Since w € Z°(RQ), it satisfies (2.11)
almost everywhere, so that we can multiply the equation by ¢ and integrate over 2.
Hence,

fx¢ = (Zaxw_azzw)¢,
Q4 Q4

where, on the one hand,

/z(axw)¢= g — [ zwig
Qy 2

Q4

and on the other hand,

— = " — ) dx — )
@0 / (3:w — wd,$)(x.0%) dx /Q widzeg

Thus, performing the same computation on 2_ and summing both contributions
yields

/ @z wlBs—0 — wId:¢]1s—0)(x. 0) dx

= [ s+ /E ZAod — /E A+ ;/ﬂi W(zdep + D22,

Hence, for j € {0, 1},

X1 — — —
/ dw(x,0) dx =/ S ®J +/ zAg D/ —/ zA D7,
X0 Q EO Zl

where the dual profiles @0 and ®! are defined in Lemma 2.7.

Step 3. Conclusion. Assume that the orthogonality conditions (2.15) are satisfied for
J=0and j =1. Then (2.18) holds, and as a consequence, [11];=0 = [0;u1]|z=0 =0.
Thus u; € L2((xo,x1); Hy(—1, 1)) is a weak solution to (2.1). We infer from the
uniqueness of weak solutions that ¥ = u1, and therefore dyu = w € Z 0 Henceu €
H'((x0,x1); HJ (=1, 1)). Estimate (2.16) follows from (2.7) and (2.10).
Conversely, if u is a solution to (2.1) with H'((xo, x1); H} (-1, 1)) regularity,
then d,u is a weak solution to (2.11) (see the proof of Proposition 2.6) and u is given
in terms of dxu by (2.17) almost everywhere. Thus [u1]|;—¢ = [0;u1]|z=0 = 0. Hence
f;ol ux(x,0)dx = 8§;(0) — 8(0) and f;ol Uxz(x,0)dx = 3,8;(0) — 9,80(0), and thus
the orthogonality conditions (2.15) are satisfied. |

Remark 2.11. Oddly, in [25, Theorem 4.2], Goldstein and Mazumdar do not mention
the orthogonality conditions (2.15). They merely state that, “since 0,,u1 =zdxu;— f
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in D'(R4), since zuy, f €C([xo,x1]; L?(—1,1)), consequently z0,u —0,,u; = f
in L2(2)”. However, these orthogonality conditions are non-empty, as we show
below (see Proposition 2.15).

Definition 2.12. In the sequel, we denote by {7 the linear forms associated with the
orthogonality conditions (2.15) for the linear shear flow problem, i.e., for ( £, 8¢,81) €
Hg, we set

F0 8080 = 300 ~31610) + [ s @7+ [ 20087 [ zaa7
Q o ol

Lemma 2.13. The linear forms Efor j €10, 1} are continuous over Hg.

Proof. First, by Lemma 2.9, for (f,80.81) € Kk, §; € H*(;) so that §; (0) and &/ (0)
depend continuously on ( f, 89, 81) € #k. Second, by Lemma 2.7, /e Z%Q4) so,
in particular Pi e L?(2). Hence f Jo Ox fa is continuous on H!L2. Eventu-
ally, by Lemma 1.10, a(x,-, )€ HUZ)) = L2(2)), s0

(f0.80) = [ 2800 (.0 dz

is continuous on k. ]

Remark 2.14. Although this continuity result will be sufficient for most of our pur-
pose, the linear forms £/ are in fact continuous for weaker topologies than the one of
JH . In particular, one does not need f € H} L2 (see Remark 2.33).

We now prove that the orthogonality conditions (2.15) are non-empty and inde-
pendent.

Proposition 2.15 (Independence of the orthogonality conditions). The linear forms
L9 and €' are linearly independent over C2°(R2) x {0} x {0} C Hk.

Proof. Proceeding by contradiction, let (cg, ¢1) €R? such that, for every f € CX(Q),
there holds coﬂ_o(f, 0,0) + clﬁ_l(f, 0,0) = 0. Define ®°¢ := co®° 4 ¢, L. Then, for
every f € C2(Q), it satisfies [, dx f P¢ = 0. Hence 9, P° = 0 in D'(24). Since
®¢(x1,z) =0forz € (0,1) and ®¢ € Z°(Q,), this implies that ¢ = 0in Q (since
79 functions have traces in the usual sense, see Lemma 1. 10). The same holds in 2_.
Hence [®€]|,—¢ = [0;P]|;=¢ = 0, which implies co = ¢; = 0. ]

Remark 2.16. Proposition 2.15 of course implies that €0 and ¢! are linearly inde-
pendent on Hg. Although Proposition 2.15 gives a prominent role to the source
term f, we will actually also prove that £° and £! are linearly independent on {0} x
CX(Xp) x C(Z1) C #. This property relies on the structure of the dual profiles
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&/ near the points (x;, 0), and will be proved at the end of this section (see Proposi-
tion 2.34).

Eventually, gathering all of the above results, definitions and notations, we have
proved the following well-posedness result for the linear problem.

Proposition 2.17. Let Hg be the vector space defined in (2.13). There exists a vector
subspace H é’sg = (ker 6_0) N (ker Z_l) of codimension 2 in Hx such that, for each
(f.80.81) € Hx, there exists a solutionu € Z'(RQ) to (2.1) if and only if ( f.80,81) €
H IJ{_,sg' Such a solution is unique and satisfies estimate (2.16).

Theorem 1 of the introduction is a rough restatement of the above Proposition 2.17
allowing us to avoid introducing more notations and functional spaces at this early
stage.

Proof of Theorem 1. One easily checks from (1.3) and (2.13) that Xp — H#g. More-
over, setting X is g = XpN (kerﬁ_o) N (kerﬁ_l), one obtains that X is . is of codimen-
sion 2 in X' from Proposition 2.15 or Proposition 2.34. Hence, given ( f, 8¢, 1) €
Xﬁsg, Proposition 2.17 gives a solutionu € Z!. By Lemma 1.15, Z! < Q1 (defined
in (1.5)), so u € Q. Reciprocally, given a solution u € Q! corresponding to some
data triple ( f,8¢,61) € Xp,onehasu € H; HZ2 (see (1.5)), so Proposition 2.10 applies
and one has ( f, 8, 81) € Xj;jsg. [

Similarly, going further, it can be easily checked that the control of k derivatives
in x requires the cancellation of 2k independent conditions. Although controlling a
single x-derivative will be sufficient in the sequel to obtain our nonlinear result, we
establish here this short higher-regularity statement as an illustration. More precisely,
we have the following result.

Lemma 2.18. Letk > 1. Let f € C®(Q), §; € C®(%;). Define recursively A for
0<n<kandz € X; by

A)(z) := 8 (z), (2.19)
1, -
A (z) = ;(ag Vf(xi 2) + 0::A771(2)). (2.20)
Assume that the following compatibility conditions are satisfied:
Vn e{0,...,k}, Aj(l) = AT (-1 =0.

Assume furthermore that for alln € {0, ..., k}, AT € HL(Z)).
Let u be the unique solution to (1.6). Thenu € H ;‘ H? if and only if the following
orthogonality conditions are satisfied:

@ f AL AN =0 Vne{0,....k—1}, j €{0.1}.

Furthermore, these 2k orthogonality conditions are linearly independent.
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Proof. First, notice that 9% u satisfies formally

(z0x — 0z7)0%u = 9% f inQ,
8zbllz::l:l =0,
8§u|gi = Af
The first part of the statement follows easily from Proposition 2.10 and Proposi-

tion 2.6 and from an induction argument.
Let us now check the independence of the orthogonality conditions. We extend the

methodology used in the proof of Proposition 2.15. Assume that there exist ¢, € R,
0<n<k-—1,j=0,1 such that for all (f, §o,81) satisfying the assumptions of the
lemma,

k—1
DD U@ S AL A = 0.
j=0,1n=0

In particular, for any f € C°(2),

k—1
D i3 £.0.0) =0,

j=0,1n=0
i.e.,
k—1 .
Z/ aggf( > c,ng') = 0.
n=0"< j=0,1
This means that
k—1 o
D D]l =0
j=0,1n=0

in the sense of distributions. Since [BQE]|Z=0 = [a;aZE]|Z=O =0forn > 1, we
infer that

[co@0 + Céa]u:o = [0:(c0 @0 + ¢4 @1)] 0.

|z=0 =
Once again, using the jump conditions on E, we deduce that cé = 0, and thus
k—1 o
Ox ( >y =t cbf) =0.
j=0,1n=1
It follows that

k—1
Yo YT el = p2)

j=0,1n=1
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for some function p. Note that by parabolic regularity, the profiles &/ (and therefore
the function p) are smooth away from the line {z = 0}. Taking the trace of the above
identity on {xo} x (—1,0) U {x1} x (0, 1), we find that p = 0. Arguing by induction,
we infer eventually that c,’,. =0forall0<n<k-—1,j =0,1. |

Corollary 2.19 (Biorthogonal basis). There exist EX = (f*, 8k, 5%) e Hx fork €
{0, 1} such that, for every j, k € {0, 1},

C(EF) = (f*,86.87) = L=
and such that, within #Hg,

RE® +REYL = ker €0 Nker 1 (2.21)
is a vector subspace of codimension 2.

Proof. Since £9 and £1 are continuous linear forms on ¥ k, by the Riesz represen-
tation theorem, they can be written as scalar products with two given triplets, say
B9, 21 € Jx which are linearly independent thanks to Proposition 2.15. Then one
looks for 2 = (fk, 8]5, 8’f) as akﬁ + bkﬁ, where ay, by € R? are such that
ar(B7;: B0 + b (B/; B1) = j=k- These systems can be solved since E0and B!
are free. This proves the equality (2.21). The independence of the linear forms guar-
antees that (2.21) is of codimension 2 in Hk. ]

2.4 Singular radial solutions in the half-plane and profile
decomposition

In this section, we give a full description of the singularities that appear when the
orthogonality conditions are not satisfied. We start by constructing singular solutions
to the homogeneous equation set in the half-plane, using separation of variables in
polar-like coordinates. We then localize these solutions near the critical points (x;, 0)
to obtain the decomposition result of Theorem 2.

Our approach is similar to the one developed by Grisvard in [28, Section 4.4]
for elliptic problems in polygonal domains (see in particular the singular profiles
of equation (4.4.3.7) and the decomposition result of Theorem 4.4.3.7 therein). The
main difference is that we cannot use usual polar coordinates and that the construc-
tion of the elementary singular profiles is much more technical than, for instance,
the classical solution of the form r 2 sin(6/2) which is involved in the resolution of
Dirichlet-Neumann junctions as in the elliptic problem (1.12) mentioned in the intro-
duction.
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2.4.1 Construction of singular solutions in the half-plane

In this paragraph, we look for elementary singular radial solutions to the following
problem without source-term in the half-plane:

{Z&xu —d,;u=0 x>0,z€eR, (2.22)

u(0,z) =0 z > 0.

Remark 2.20. In [23], Fleming considered the related problem of finding a “fairly
explicit formula” for solutions to zd,u — d,u = 0 in a strip (0, 1) x R, with pre-
scribed boundary dataat x = 0,z > 0 and x = 1, z < 0. His proof involves Whittaker
functions, which are related to the confluent hypergeometric functions we use below.

In [27], Gor’kov computes a representation formula for solutions to (2.22) with
a non-zero source term and boundary data, and proves uniqueness of such solutions,
under a growth assumption of the form |u(0, z)| < |z]|¢ for 0 <o < % on the line
{x = 0}, for which he claims that uniqueness holds. The threshold o = % is precisely
the scaling (at which uniqueness indeed breaks) of the first fundamental singular solu-
tion vy which we construct below.

Our setting is a little different from the works mentioned above, as we look for
(non-zero) solutions to the homogeneous equation. Similar computations were also
performed in [30, 31], albeit with different boundary conditions, and therefore with
a different exponent for r, and a different asymptotic behavior for the profile A in
Proposition 2.21. However, we were not able to find the specific expression of the
profiles from Proposition 2.21 in previous works.

Near the point (0,0) which is expected to be singular, balancing the terms zd, and
0z leads to the natural scaling z ~ x 3. Thus, we introduce the following polar-like
coordinates (r, ) € [0, +00) x R:

)2 and ¢ := Zx73. (2.23)
The reverse change of coordinates is given by

r rt
and z= —— (2.24)

X = 3 T-
(14122 (14122

Since it will be convenient to switch from cartesian coordinates (x, z) to the polar-like
coordinates (7, t), we compute the Jacobian

1 z (1+t2)% t
o or 1 r 372 1
3 r T
Jrny= % Sl=(>*" | |= L@ (225)
x 9z 3 I 14122 (14192
x3 T 33 r
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where we have used the equalities (2.24). In particular,

1 t2 2
det J(r,1t) = g (2.26)
3r3
which we will use to compute integrals using the (r, ) variables.
By (2.25), for any C! function ¢,
1 3
(1+12)2 t(1+12)2
dxp = 32 drep — 3,3 09, (2.27)
t 1 +12)2
0,0 = r0r + ( ) 01¢. (2.28)
(1+12)2 r
In particular, if u(r, 1) = r*A(r),
A2
Z20yu = 3 [AtA@) —12(1 +12)3: A(1)] (2.29)
and
t 1 +12)2 AtA(t
peen = | o+ S | (o (FRD s b))
(1+12)2 r (1+12)2

1+ 12

= r*—z[(k— 1)( A A1) +t8,A(t))
4+ z2)ia,(LlA(z) (4 12)5atA(z))]. (2.30)
1+

We are now ready to construct solutions to (2.22) using these coordinates.

Proposition 2.21. For every k € 7, equation (2.22) has a solution of the form
Vg 1= r%+3kAk(t)

with the variables (r,t) of (2.23) and A € C*°(R;R) is a smooth bounded function
satisfying Ay (—o0) = 1 and A (+00) = 0. The profile Ay is presented in Figure 1.2.

Proof. By separation of variables, we look for a solution to (2.22) under the form
u :=r*A(t), where L € R and A : R — R is a smooth function. The boundary
condition u(0, z) = 0 for z > 0 translates to A(+o00) = 0. From (2.29) and (2.30)
above, one checks that such a u satisfies zdyu — d,,u = 0 if and only if

t? 20t 1 ¢ 1+ (A —1)?
2N —+ == )o,A — - A(r) = 0.
b5 (t)+(3+1+t2)8, (z)+A( TR T Ly ) (t) =0
(2.31)
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To absorb the (1 + £2) factors, we let H () := (1 +¢2)> A(). Then, A satisfies (2.31)
if and only if H is a solution to

) 1? At
OTH(0) + 5 0 H(1) = - H(t) =0. (2.32)

Moreover, for ¢ # 0, using the change of variable ¢ := —¢3/9, and looking for H (t) =:
W(—t3/9), we obtain that H solves (2.32) on R \ {0} if and only if W is a solution to

cawo) + (3-c)ower - (-3 wo =0 e

which corresponds to Kummer’s equation, with a = —% and b = % It is known (see
[50, Section 13.2]) that (2.33) has a unique solution behaving like {7 as { — oo.
This (complex valued) solution is usually denoted by U(a, b, {) and called conflu-
ent hypergeometric function of the second kind, or Tricomi’s function. In general, U
has a branch point at { = 0. More precisely, the asymptotic {~¢ holds in the region
larg¢| < = and the principal branch of U(a, b, {) corresponds to the principal value
of {74. Moreover when b is not an integer, which is our case, one has (see [50, equa-
tion (13.2.42))),

r{a-») re- 1—b
U@a,b,{) = ———M(a,b, M@—-b+1,2—-05,0),
@8 = oy M@ b0 + DM+ 0
(2.34)
where M is the confluent hypergeometric function of the first kind or Kummer’s func-
tion, @ ¢
A)n &~
M(a,b,?) =
0= 2 G

where (a), and (b), denote the rising factorial. In particular, M is an entire function
of ¢. From (2.34), we see that the singularity in Tricomi’s function U stems from the
fractional power {170 = Z% When ¢ = —p (for p > 0), f% = e%p%.

We therefore set
i /\ 2
W) .= ?ﬁ{e3U(—§,§,§)}. (2.35)

By linearity, W is still a solution to (2.33). Moreover, by [50, equation (13.7.3)], as

§ — oo,
W) = m{e"é’;—a(l n 0(&))} (2.36)

In particular, when A = % + 3k for k € Z (and only in this situation), as p — 400,

W(=p) = 0(p*7 ).
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because R{e™/3e~ia7 p=a) = R{(—1)kei™/3e17/6 p=a\ = (—1)k p=@R{i } = 0. Defin-
ing H(t):=W(—t3/9) for W as in (2.35) and recalling that A (t) = (1 4 t2)"*/2H(¢)
implies that A(+o0) = 0. Indeed, as t — +o0,

Al = (1 +12)72003GY) = 0(73). (2.37)

Moreover, from (2.36), we obtain that A is bounded as t — —o0¢. Indeed, as t — —o0,

_a+oydales(-2) 1
w=aeeriaf (5 (o)

1 1
- 59—%—’%1 F2)7E 7+ 0 R) = 59—%—k +0(|t]™?). (2.38)

Eventually, let us check that H is an entire function of ¢, which will entail that A is
smooth. First, note that M(—1/3,2/3,—t3/9) and M(—(A — 1)/3,4/3,—t3/9) are
real valued and entire functions of #. Additionally,

1/3 It .
?)?{ei”/3(— i) } —9 3]z ift <0,
? IR(e27/3) ifr >0

1t
20913

Using (2.35) and (2.34), we obtain

H(1) = EL_I))M(Q,[), _i)

2T(a—-b+1) 9

1t T(h-1) t3
—————————M(a-b+1,2—-b,—— 23
295 T(a) (a + 1, . 9), (2.39)

so that H is entire because M is. This entails that H solves (2.32) even across ¢ = 0.
Moreover, (2.37) and (2.38) imply that A is bounded on R. Eventually, using (2.38),
we can define Ay as 2 - 9%+kA, which ensures that Az (—oo) = 1. For this normal-
ization, one deduces from (2.39) that

Ar(0) = F(1/6—k)

(2.40)

which will be used below. [ ]

If u is a solution to (2.22), then, formally, d,u too (the operator zdy — d,, com-
mutes with dy, and the boundary condition at x = 0 and z > 0 is satisfied thanks to
the equation). This property entails that the solutions vy = r%“kAk (¢) are related
by a recurrence relation on the profiles Ag.
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Lemma 2.22 (Recurrence relations). Let k € 7Z and ¢y := % — 9k2. One has
Ox Vg = CiUk_1- (2.41)
Moreover, for every t € R,

(1+12)2

CkAr—1(t) = 3

((% + 3k)Ak(t) —1(1+ zz)A;(Z)), (2.42)

or, equivalently,

- L ((1 YY)
Ak(t)—t(1+t2)((2+3k)Ak(Z) Ay ) (2.43)

Proof. By (2.27), one has dxvg = r2T3*=D [, (1), where Hy(t) is the right-hand
side of (2.42). Thus d,vg is a solution to (2.22) of the form studied in Proposi-
tion 2.21. Since the proof of Proposition 2.21 proceeds by equivalence, vg_q is the
only solution of the form 3+3(k=1)_This entails that H, % (t) is proportional to Ag_1(¢)
and the constant can be identified by comparing the values at 0 using (2.40), yield-
ing (2.42), (2.41) and (2.43) (which are all equivalent) with ¢, = % — 9k2.

Actually, these identities are linked with recurrence relations on Tricomi’s func-
tion U. Let us give another proof of (2.43) using this approach. By the proof of
Proposition 2.21,

iw 1 2 13
Ar(t) =296 (1 42 a3k gl eFu( — - —k, 2, —— | L.
6 379
First, using the relation d;:U(a — 1,b,8) = (1 —a)U(a, b + 1,§) (see [50, equa-
tion (13.3.22)]),

1 t ;
k(1) = _(5 + 3k) T2 M0 4. 9btk(] 4 2) i3k

3 1 in 13 1 5 3
e+ )mleF (D o -2k +1,2, -5
z(+6){e( 9)(6 i3 9)}

Eventually, (2.43) follows from (b — a)U(a,b,¢) + U(a — 1,b,¢) — ¢U(a, b +
1,¢) = 0 (see [50, equation (13.3.10)]). ]

Remark 2.23. We will see below that vg is linked with two solutions to (2.1) which
have Z° regularity, but do not belong to H! H}. Similarly, for each k > 0, vy is linked
with solutions u such that 3%u € Z°(Q) butu ¢ H¥+'H}. Conversely, for k = —1,
one could expect to be able to construct a very weak solution u based on v_; which
would entail that uniqueness fails for solutions with less than Li H ! regularity.

Lemma 2.22 entails the following decay estimates, which will be useful in the
sequel.
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Lemma 2.24. For every k € 7, there exists Cy > 0 such that, for every t € R,
Ak + 1P ALO] + [ AL O] + [P AY ()] < C.

Proof. Forallk € Z, the bound |Ag ()| < Cy is already contained in Proposition 2.21
which claims that A is bounded. Since Ag_; and Ag are uniformly bounded over
R, we deduce from (2.43) that t3A;C () is also bounded on R. Eventually, differenti-
ating (2.43) with respect to ¢ leads to a uniform bound for |[t*A7(r)| and [ A}/ ()]
over R. ]

Moreover, the recurrence relations of Lemma 2.22 also imply that the solutions
Vg to (2.22) are smooth, up to the boundary {x = 0}, except at the origin (0, 0).

Lemma 2.25. Foreveryk € Z, vy € C*®(Px), where Py := ([0, 400) x R) \ {(0,0)}.

Proof. The smoothness inside the half-plane {x > 0} follows directly from Proposi-
tion 2.21 since A € C®(R) and the function r — r2+3k as well as the change of
coordinates of (2.23) are smooth inside this domain.

By Proposition 2.21, since A is continuous on R and has limits at t = £o00, we
obtain that vy = ra+3k A (¢) is continuous up to the boundary {x = 0}, except at the
origin: vi € CO(Py).

We now turn to the continuity of derivatives. Using (2.28), we obtain

dzv = r‘i“"[(l + 3k);1/\k(t) + (14 12)%/\;((;)}.
2 (1+12)2
Since Ay has limits at t = £oo and since, by Lemma 2.24, t3A}€(t) = 0(1), we
obtain that 9, vy has limits at # = +o00. Hence d,v; € C%(Py).

Eventually, the C°°(P.) regularity follows from an induction argument. Indeed,
by (2.41), 0,k = CkVk—_1, 0 dxvg € C°(P,) because vi_; € C°(Py). And, simi-
larly, in the vertical direction, using (2.22), 0,,Vx = Z0xVg = ZCrVk—1 SO 0,7 Vk €
CO(P,). Iterating the argument concludes the proof. ]

2.4.2 Localization and decomposition

We now introduce singular profiles ﬁiing, for i = 0, 1, localized in the vicinity of
(x;,0) and based on the singular profiles of the previous paragraph. Let y; € C®°(Q)
be a cut-off function such that y; = 1 in a neighborhood of (x;, 0), and supp y C
B((x;,0), R) for some R < min(1,x; — xo)/2. These localized profiles are the ones

involved in the main decomposition result of Theorem 2.

Definition 2.26. Fori € {0, 1}, let

. 1
Uging (X, 2) == 17 Ao (1) xi (x, 2),
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where Ay is constructed in Proposition 2.21 and
2 2.1 i _1
="+ |x—x;|3)2 and ¢ = (1) z|x —x;|7 3.

Lemma 2.27. Fori € {0, 1}, there exists f; € C®(Q), with f; = 0 in neighborhoods
of (x;,0) and {z = £1}, such that ﬂiing is the unique solution with Z°(Q) regularity to
Za usmg Zzusmg f
Z'{sing|20UEl = 0’ (244)

—i —
Uginglz=+1 = 0.

Moreover, ii': € C®(Q\ {(x;,0)}) but ii’.

sing

sing ¢ H)g H Z1 .
Proof. By symmetry, we only prove the statement for f_o and ﬂgng. In order to allevi-
ate the notation, we drop the index O in ry, 7o and y¢. We introduce positive numbers
O<r—<rysuchthat y=1forr <r_and y = 0 for r > r4. In particular, all
derivatives of y are smooth, bounded, and supported in 1,_ <, < .

Straightforward computations lead to (2.44), provided that one defines

f_():: r%AO(t)(ZaxX —0z20) — 282("%/\0([))62)( =v0(20x Y — 072 %) —20,v00; x.
(2.45)
Since the derivatives of y are supported away from the point (x¢, 0), the C ()
regularity of f_o follows directly from the smoothness of vy away from the origin
proved in Lemma 2.25. Since umg(x 7) = vo(x, 2) x(x, z), the C®(2 \ {(x;,0)})
regularity of ﬁb follows from Lemma 2.25.
Therefore, to prove the lemma there remains to prove that ugmg, 8zzﬁgng and
Z0yx umg are in L?(2) but 0,0, Smg ¢ L2(2). We will use the change of coor-
dinates from cartesian to polar-like ones (see (2.23)), whose Jacobian is given by

equation (2.26), so that, for ¢ : Q — R,

2 = 3r3 2
= ————(r,t)" dt dr.
R A e O

In particular, we have the following integrability criterion. Assume that ¢ is of the
form r* H(t)y, where H(t) = O;—+o00(|t]) and supp ¥ C 1<, . If u > =2 or
supp¥ C 1,_-,, then ¢ € L2(RQ).

Step 1. Preliminary estimates. Let ¥ such that supp ¢ C 1,<,, . By the previous
integrability criterion, since Ag(¢) = O(1), r%Ao(t)w € L%(Q). Using (2.28), we

obtain
0.5 hot) = [;Ao(f) HU+0|
2(1 4 12)2
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By Lemma 2.24, [t| A} (t) = O(||72). Thus, 8,(r2 Ao(1))¥ € L2(R). Using (2.28)
again,

Nl

i 1 4
0zz(rzA =—zr 1
(r2Ao(1)) 5" (1412} [2(1 + 12)2
Y304 z2)éa,[;l/\o(r) +(1+ tz)iAi)(t)}
2(1+12)2

CAol) + (1 + )5 A} (t)}

Using (2.27), we obtain

(1 +t2)§/\0(t)— 1(1+12)2

Du(rH Ao(1)) = ,—2[ : g

Moo

By Lemma 2.24, Aj (1) = O(|t|~3). Hence, |t|Ao(t) = O(|t]) and |t |* Ay (1) = O(|¢])

so, assuming that supp ¥/ C 1,_<,<,, one concludes that d (r%Ao(t))x// € L%(Q).
Eventually, using (2.28), we obtain

~

vz (rZAo(t)) = 173 ( — %Ao(t)—éAg(t)(l +12)( +3z2)—§(1 + tz)zA’O’(t)).
(2.46)

belong to L2(S2). Since
€ L?(2). Hence

Step 2. Z° estimates on i’ and 0,,1°

sing* By Step 1, usmg sing
Z0yx usmg = fo+ 8zzubmg and fo € L?(Q), we infer that 29, i
0 ZO(Q)

smg

Step 3. Lack of H; HZ1 estimate for ii°

sing

Recalling (2.46),

sing*
axazﬁging = r_%h(t))( + ax(riAO(t))azX + 82("%/\0(1)8)&()’ (2.47)

where, by (2.46), the function 4 is given by
t 1 t
h(t) = —ZAO(t) - EA{)(Z)(I +12)(1 +31%) — 5(1 + 122 Ag(2).

Using (2.43) together with the relation A (—o0) = 95k /2, we find that as t — —o0

b 2 3
o) =a+ + S+06™. Ay =5 - Tj + 01,

6b 12 _
Ap(t) = pr + rel +0(7%),
where the coefficients a, b, ¢ are defined by a = Ag(—00), —2b = a/2, =3¢ =
3coA—1(—00). We infer that as t — —oo0,
3¢ 12c¢ _
h()———T-i-O( l)’V—Col\ 1(=00) # 0.

Hence i # 0.
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The last two terms on the right-hand side of (2.47) belong to L?(£2) according
to the previous computations. Since # # 0, the L? norm of the first term is bounded

from below by
r—
c/ r~7r?dr = 400
0

and thus 0,91, ¢ L*(). n
Actually, we have the following regularity on the profiles i’ sing’ which is slightly

better than Z°.

Lemma 2.28. Forall o < ;, Ugng € Hx 52 L2NL2H?>TO — H L% N Hx%sz

and this is optimal. More precisely, i}, ¢ Hx6 L2n Hx6 HZ.

Proof. The proof follows from an easy scaling argument. We start with the z deriva-

tive and focus on ugmg Dropping the index 0 in r¢ and fy as in the previous proof, we

have, using (2.23) and Definition 2.26, and setting x(x, z) := yo(xo + X, 2),

70, (0 + .2) —xw( )x(x 2.

X3

where ¢(t) = (1 + 12)% Ao (¢). Therefore,

1 z 1L, z 1 z
Z 51ng(x0+x Z)_x 2(/) l X+2x 6()0 _l X2+x6(p T XZZ’
X3 X3 X3

We focus on the regularity of the first term, which is the most singular. We have, for
any o > 0,
z
A (2 s
X3 L2HZ

2
</l; o = —q¢" = dx dz dz’
=) xip=pe\Y\ g 3 |

Changing variables in the above integral, we get

X3 ( )x(x 2)
X3

The integral on the right-hand side is finite if and only if 0 < % Moreover,

2

2

X1—X0
2 _2_20
< ||¢”||HU(R)/ NEE
0

L2HS

10" 120 gy < 10”1301 oy

From the definition of ¢ and the decay bounds of Lemma 2.24, we infer that ¢”

H'(R). This shows that %y, € L2HZ"° foro < 3.
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240
The bound in Hy * L2 is obtained similarly and left to the reader.

. 1 1
Conversely, if one had ug,, € H © L% N HYE H2, by the fractional trace theorem

[42, equation (4.7), Chapter 1], one would have ﬁiing € CZO(H)% / 3). In particular,
ﬁiing(~, 0) € H?/3(xg, x1). But, in a neighborhood of x = 0, L‘timg(xo +x,0) =

AO(O)x% with A¢(0) # 0. One checks that x X6 e H5(0,1)if and only if s <2/3,
which completes the proof. u

Eventually, we introduce the following 2 x 2 nonsingular matrix which translates

the fact that 2 are indeed independent elementary solutions related with

—1
sing and u

sing
the non-satisfaction of the orthogonality constraints associated with £0 and £!. We
will use this reference matrix multiple times in the sequel for perturbations of this

shear flow situation.

Lemma 2.29. Let fo, fi as in Lemma 2.27 and @O, @' as in Lemma 2.7. The matrix

M = (/ axﬁﬁ) € My(R)
Q 0<i,j<1

is invertible.

Proof. Let ¢ € R? such that M ¢ = 0. Then, for j =0, 1,

/an(ffof_o +c1 /1) =0.
Thus, the source term for the function coﬁgng + clzisling satisfies the orthogonality
conditions (2.15) (note that in this case, the boundary data are null). It then follows
from Proposition 2.10 that coifd,,, + c1ity,, € Hy H; . Localizing in the vicinity of
(xi,0), we infer that Ciaéing € H!H}, which, since ﬁiing ¢ H!'H} (by Lemma 2.27),
implies that ¢; = 0. Therefore, c = 0 and M is invertible. |

Corollary 2.30 (Decomposition into singular profiles). Let ( f,8¢,81) € Hg andu €
Z%(Q) be the unique solution to (2.1). Then there exists two real constants cgy, c1 and
a function Ureg € ZY(Q), as defined in (1.24), such that

— =0 =1
U= cousing + Clusing + Ureg-

Proof. We recall the definition of the matrix M from Lemma 2.29. Since M is invert-
ible, we may define ¢ = (cg, ¢1) such that

Mc = (ﬁ(f’ 0. 8‘)) . (2.48)
zl(ﬁ 50a 51)
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Let fo and f; asin Lemma 2.27. By construction, the triplet ( f — co fo — ¢1 f1.80.61)
satisfies the orthogonality conditions from Proposition 2.10. It follows that the solu-
tion Ueg tO

Zax“reg - azzureg =f—-cofo—cifi inQ,
Ureg|z; = 51'7

Ureg|lz=41 = 0

satisfies U, € H ; (H zl). Thus, estimate (2.10) of Proposition 2.6 ensures that e €
Z%(Q), i.e., Upeg € Z1. Now, u and Ureg + Coﬁgng + clﬁ;ing both belong to Z%(Q)
and satisfy the system (2.1). By the uniqueness result of Proposition 2.2, the result

follows. [

Theorem 2 follows easily from Corollary 2.30. Indeed, one easily checks from (1.3)
and (2.13) that X < Hx. Moreover, by Proposition 1.7, Z? < H§/3L§ N L)chzz
and, by Lemma 1.15, Z! < Q! (defined in (1.5)). The rest of the conclusions on

71

Uiy ArC derived in Lemma 2.27.

Remark 2.31. The constants c¢g, ¢; from Corollary 2.30 depend (linearly) on u, but
do not depend on the choice of the truncation functions y;. Indeed, if x, x/ is another
truncation, associated with constants cg, ¢, then applying Corollary 2.30 twice yields

=0 =1 (70 Y sl 1
cousing+clusing_co(using _cl(using) €Z.

Therefore, in a small neighborhood V; = x;7 ' ({1}) N (x/) 7' ({1}) of (x;,0), we obtain
1
(ci —cp)r? Aolti) € HYH; (Vi)

and therefore ¢; = ¢].

As already claimed in Remark 2.8, we can also prove a related decomposition
result for the dual profiles ®/ defined in Lemma 2.7. Here, the decomposition always
involves a singular part.

Corollary 2.32. Let (co, c1) € R? \ {0}. There exists (do,d1) € R* \ {0} and @y, €
Z1 as defined in (1.24), such that

co®0 4 ;@' = (—coz + ¢1)15208(z) + doﬁgng(x, —z) + dlﬁ:ing(x, —z) + Ppeg,

(2.49)
where C is a smooth cut-off function, equal to 1 near z = 0 and compactly supported
in(—1,1).

Proof. Using the same decomposition as in Lemma 2.7, set

\I,C = CO@ + CIE_ (—C()Z + CI)IZ>0§(Z)'
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Then \?(x, z) := W¢(x, —z) is the solution to

ZBX(P\E—BZZ(P\E =gc in Q,
Wé(xp,2z) =0 forz € (0,1),
We(x1,2) = (—coz —c1)l(—z) forz e (—1,0),
qjlcz=:tl =0,

where g, = (18" (—z) — 2¢ol'(—z) + c0z{"(—2))1;<¢. Thus, (2.49) follows from
Corollary 2.30, applied with f = g. € C*®(RQ), 8o = A¢ = 0 and §,(2) = (—coz —
c1)¢(—z)and A; = 0.

It remains to prove that (do. d1) # (0,0). By Proposition 2.10, W€ € H!H} if
and only if £/ (gc,0,8;) = 0 for j = 0, 1. By Definition 2.12, since dxgc = 0 and
Ao = A1 =0,

£7(ge.0.81) = 0 <= 3180(0) — 828, (0) = 0.

Since 8o = 0 and §;(0) = —c; and 87(0) = —co, (do, d1) = (0, 0) if and only if
W€ e HHL, if and only if (co.c1) = 0. .
i.

sing’
we see that f K_J(f, 0,0) = [ 0x fa is not only continuous on A, L2 but also on
HY L2 forevery o > %. We will encounter a related threshold of tangential regularity

Remark 2.33. Using Corollary 2.32 and the regularity result Lemma 2.28 on u

in Proposition 2.36.

Using the decomposition of the dual profiles, we can show that the orthogonal-
ity conditions are also independent when considering only variations of the inflow
boundary data.

Proposition 2.34. The linear forms £° and €' are independent on {0} x C 2(Zo) x
C(%y).

Proof. By contradiction, let (cg, ¢1) € R? \ {0} such that, for every §o € C(Zg)
and 51 € CL?O(E]),

¢0£%(0,80,81) + ¢1£1(0, 89, 8;) = 0.

Let (do,d1) € R?\ {0}, ¢ and @, € Z! be given by Corollary 2.32. By symmetry,
assume that dy 7# 0. By Definition 2.12, for every §p € C°(Xy), letting Ag(z) :=

5(2)/z,
0 = ¢£9(0, 8o, 0) + ¢1£1(0, 89, 0)

- /E 2o[ (=0 + e1)E(2) + doiily (X0, —2) + Dreg (0. 2)]

= /Z 53[(_602 + CI)C(Z) + doﬁgng(xo, _Z) + cbreg(xo’ Z)]
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For z > 0 small enough, on (0,z),{ = 1 and ﬁgng(xg, —z) = Z%Ao(—oo) = Z% (see

Definition 2.26 and Proposition 2.21). Since Z' < H!HZ, @5, € H*(Z9).
If supp 8o C (0, 2), integrating by parts yields

1 3
0= dg [0 [— iy go(z)}so(z),

where ¢(z) := 0,; Preg(x0,2) € L*(Zo). Since z > 273 does not belong to L2(0, )
but ¢ does, one easily deduces that there exists §o € C2°((0, Z)) such that the right-
hand side is non-zero, reaching a contradiction. ]

Let us conclude this section with an easy consequence of the decomposition result
from Corollary 2.30, which will be used in Section 5.2.

Corollary 2.35 (Single orthogonality condition for localized solutions). There exists
a couple (ag,ay) € R?\ {(0,0)} such that the following result holds.

Let (f.80,81) € Hg and let u € Z°(Q) be the unique solution to (2.1). Assume
that there exists 0 < r < min(x; — xo, 1) such that suppu C B((x1,0), r)¢. Then
u € ZY(Q) if and only if

(aol® + a1 LV)(f,80,81) = 0.

Proof. Let us choose the cut-off function y; from Definition 2.26 such that supp u N
supp 1 = 9. According to Corollary 2.30, there exists (co, 1) € R? and u,e € Z1 ()
such that u = coild,, + 11y,, + Ureg. Multiplying this identity by y1, we infer that
Clﬁiing)(l = —Upg X1 € Z'(R2). Lemma 2.27 then entails that ¢; = 0.

Therefore u € Z'(R) if and only if ¢ = 0. We then recall (2.48), and we denote
by (a0, a1) the two coefficients in the first line of M ~'. The result follows. ]

2.5 Interpolation and fractional regularity

For further purposes, we will also need some fractional regularity results. Their proof
relies on interpolation arguments, and therefore on the explicit expressions of the
singular profiles. Due to a subtle technical difficulty, the proof of these results are
postponed to Chapter 6.

Proposition 2.36. Let o € (0,1) \ {1/6,1/2}. Let f € H?L2, §y € H*(Zy), §; €
H?2(X1) such that §4(1) = §;(—1) = 0.

o Ifo > 1/6, assume that £9( f, 8¢, 81) = £1(f.80.,81) = 0.

o Ifo>1/2, assume also that A; € H1(Z;) and A1 (—1) = Ao(1) =0 (recall (2.8)).
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The unique strong solution u € Z°(Q) to (2.1) is in Z°(Q) := [Z%(Q), Z1(Q)]o,
with

lullze < £ o2 + 8ollar2 + 181152 + Lom1/2 (1 Aoll st + A1 l5cr). (2:50)

Remark 2.37. The case 0 = 1/6is not covered in the above result. This critical level
of regularity corresponds to the maximal continuity of the orthogonality conditions.
Such critical levels are excluded from the abstract interpolation results on which we
rely (see Lemma 6.2). In this case, one would expect a similar result to hold, but
with a supplementary norm on the data, in the spirit of [5, 6]. The case 0 = 1/2
is also excluded, but it would be possible to include it provided one introduces an
appropriate additional norm.

Remark 2.38. The regularity assumptions on the §;’s are not optimal and could be
weakened.

We also obtain the following analogue of Corollary 2.35 in fractional regularity.

Corollary 2.39 (Single orthogonality condition for localized solutions in fractional
regularity). Let (ag,a;) € R?\ {(0,0)} be the couple from Corollary 2.35. Let o €
(1/6, 1)\ {1/2}. Let f € HZL2, 8o € H*(2¢) such that §o(1) = 0. For o > 1/2,
assume also that Ag € H1(Zo) and Ag(1) = 0. Let u € Z°(RQ) be the unique solution
to (2.1) associated with ( f, 8¢, 0).

Assume that there exists 0 <r <min(x; —xg, 1) such that suppu C B((x1,0),r).
Thenu € Z°(2) if and only if

(aof_o + alﬁ_l) (f, 50, 0) = 0,
and in this case

lulize <N flgerz + 180llm2(sg) + Lo>1/2[1Doll 51 (z)-
x Lz z(Zo)

Proof. The proof follows the same structure as the Z! case.

Using Proposition 2.36, we first prove an analogue of the decomposition result
Corollary 2.30 for source terms f € HZ L? with o € (1/6, 1), where the conclusion
is that u, € Z°.

The conclusion then stems from the fact that ﬁgng ¢ Z°.Indeed, by Lemma 1.15,

E 1 E
for 0 > 1/6, Z° — HS L2 N HY H?. But, from Lemma 2.28, ul ¢ HSL2N

sing

1
HSH?. (]



