Chapter 4

A viscous Burgers equation

In this chapter, we consider the following nonlinear parabolic forward-backward sys-
tem, which can be envisioned as a kind of stationary Burgers equation with transverse
viscosity:

udxu — 0yyu = f,

Uy, = Uz, + 4, 4.1)

Uy=+1 = Ujy=+1-
As detailed in the introduction, the perturbation ( f, 8, 1) is small and we look for
solutions u which are close to the shear flow u(x, y) := y, which corresponds to
(f.60,81) = (0,0, 0). Thanks to the nonlinear change of variables described in the

Introduction and detailed in Section 4.1, the local well-posedness of (4.1) can be
proved using the formalism of Section 3.5 (see Sections 4.2 and 4.3).

4.1 A nonlinear change of variables

As is classical for problems with free boundaries, we perform a change of variables
which straightens the critical curve {u = 0}. Heuristically, we swap the roles of the
vertical coordinate y and the unknown u, the latter becoming the vertical coordinate,
and the former the unknown of the new PDE. Keeping in mind that we are looking
for perturbative solutions with u close enough to u (in particular ||u, — 1|p < 1),
we change the vertical coordinate y into z, defined as

z(x,y) == u(x,y).
The new unknown Y (x, z) is defined by the implicit relation
u(x,Y(x,z)) =z. 4.2)

In particular, thanks to the boundary conditions #|,—4+1 = U|y=+; = %1, one checks
that the domain (x, y) € Q = [x¢, x1] X [—1, 1] is indeed mapped to (x, z) € 2, and
one still has Y|;—4+; = *1. Similarly, if 6;(0) = 0 and §; ((=1)") = 0, the inflow
boundary regions X; are also left invariant by this change of variable.

Remark 4.1. More rigorously, given u defined on 2 and close enough to u (for
example in H} H? topology), for each x € [x¢, x1], the map y — u(x, y)is a C!
monotone increasing bijection from [—1, 1] to itself, and the implicit definition (4.2)
is equivalent to setting

Y(x,2) = (u(x,) " L(2). (4.3)
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From (4.2), we successively derive the relations

1
Y =
ayu(X, (x’Z)) BZY(x,z)’
0, Y (x,
deu(x, Y(x,2)) = —dx Y (x, 2)dyu(x, Y(x.2)) = —% (4.4)
aZZY(xv Z)
d Y =_Z =7
)’yu(x7 (X,Z)) (BZY()C,Z))3
These identities lead to the following PDE for Y:
20,Y —(0,Y)720,,Y = -0, Yf(x,Y). (4.5)

Moreover, by (4.3), denoting by (- + 8;(-))~! the functional inverse of the function
z + z + 8;(z) and letting

Y1) =z = (+8()) 7 () (4.6)

we have Y(x,z) = z — Y[§;](z) for (x,z) € ¥;, where we used §;(0) = 0 and
§i (=D =o0.
Therefore, we obtain the system
z0xY — (azY)_zazzY =-0.Yf(x,Y),
YIEi =Z — T[8,~](z), (47)
Y|z=:|:1 ==l

Eventually, to make the perturbative nature of this system explicit, we write Y (x,z) =
z — Y (x, z), which leads to the system

z0,Y —3,.Y = Np(f. Y),
Vs, = Y[8], (4.8)
Y|z=:|:1 =0,

where the nonlinearity is given by

3,Y(2-9,Y)

0.7 3:.Y +(1=9,Y) f(x,z—7Y). (4.9)

Np(f.¥):=
We prove the well-posedness of (4.8) in Section 4.2 and use it to prove Theorem 3 in
Section 4.3.

Remark 4.2. The initial PDE ud,u — 0, ,u = f is quasilinear. After the change of
variables described in this paragraph, we obtain system (4.7), which is still a quasilin-
ear one (since the viscosity in front of 9, Y depends on Y) However, we know from
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Chapter 2 that, for the linear problem zd,u — d,,u = f, there is no loss of deriva-
tive in the vertical direction. This key point allows us to apprehend (4.7) under the
form (4.8), treating this nonlinearity perturbatively as the first term of Np in (4.9). The
fact that there is no loss of vertical derivative explains why we will be able to prove
in the following paragraph that the nonlinearity Np satisfies the mild estimates of
Theorem 6. This would not have been possible in the initial form ud,u — d,,u = f,
since the linear theory involves a loss of % derivative in the horizontal direction.

4.2 Well-posedness in the new variables

We now prove the following well-posedness result with Z1(2) regularity under two
orthogonality conditions for system (4.8). Let

Hg = {(f.80.81) € Hk:;8](2)/z € HL(Zi), 8] ((—1)") = 0}, (4.10)
Xp 1= {(f.80.61) € Hp: f € HLH?. fis, =0,
8 € H>(Z;).6;(0) = §/(0) = 0}, (4.11)

where we recall that the spaces #g and J—C; are defined in (2.13) and (1.22) respec-
tively, with the norms

1Cf-80. 80155 == I1(f.80. 8D lsex + 186(2)/2ll531 + 187(2)/2ll3c1.  (4.12)
ICf.80. 8D xs == II(f. 60, 835 + 1S | g1 g2 + I80llgs + I81llps.  (4.13)

The restriction that f|x, = 0 lightens the exposition but could be partially relaxed.
The space Xp of (4.11) is the same as the one defined in (1.3) in the introduction.
Our result on system (4.8) is the following proposition.

Proposition 4.3. There exist n > 0 and a local Lipschitz submanifold Mp of Xp
included in the ball of radius 1, modeled on X;g N ker(ﬁ_o, E_l) (of codimension 2) and
tangent to it at 0 such that, for every (f,80.81) € Xp such that ||(f,80.81)|xz <1
(4.8) has a solution Y € ZY(Q) if and only if (f,80,81) € Mp. Such solutions are
unique and satisfy || || 71 < [(f. 80, 61) | x5-

Proof. Our strategy is to apply the same nonlinear argument as for our kinetic theory
toy model (see Chapter 3). Before moving on to the formal proof using the abstract
Theorem 6, let us give a heuristic overview of the corresponding concrete nonlinear
scheme.

Heuristic overview of the nonlinear scheme. We follow the scheme described in
Section 3.3. Let (£, 0, 81) € Xp with ||(f,80,61)||x < 1 small enough to be chosen
later on. We construct a sequence Y, of Z(Q) functions using Proposition 2.17,
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accommodating for the two orthogonality conditions at each step. We take Yo:=0
and, for n € N, given Y¥,, € Z1(Q), we define Y,, .1 € Z(R2) as the solution to

Zaxf;n—i-l - 322?,14_1 = Np(f, Yn) + U;(1)+1f0 + V;L}-lfl’
Ynt )iz = Y81 + v 180 +vi 8L,
(Yn+1)z=x1 =0,

where the triplets (fk,Slg,Slf) € Xp fork € {0, 1} are such thatﬁ(fk,(sg,(?]f) =1j—
and are constructed as in Corollary 2.19 and

Vot i= U (Np(f. ¥a). Y[8ol. Y[51])-
This choice ensures that the two orthogonality conditions

O (NB(f ) + 00y [0+ vpy ST
Y[do] + V;(1)+158 + Vr1+185’
Y[61] + V2+15? + Vr1+1511) =0

are satisfied. One checks that Proposition 2.17 can be applied, yielding Yn-ﬁ-l eZ\(Q).
One can then prove that (?,,)neN is uniformly bounded by Cn and is a Cauchy
sequence in Z1(Q).

Proof using our abstract toolbox. More precisely, this result follows from Theo-
rem 6, applied with the following setting: #p defined in (4.10) Xp defined in (4.11),

* the solution space
Zp .= {u € Zl(Q); Ulz==%1 =0, 0z7u(x;, Z)/ZEJ-C;(Ei)v 0zzu(x;, (_1)i) ZO},

with
lullzy = lullz+ 3 10zzuCxin2)/2 N1 s,y
i€{0,1}

e d=210:= (6_0, K_l)‘ s, defined in Definition 2.12, continuous on #g by Lem-
ma 2.13 and Hp — Hg, satisfying £(Xp) = R? by Proposition 2.15, since
C22 () x {0} x {0} C X;

* L:Zp— Hpdefinedby Lu := (z0xu — 9,;u,ux,, U3, ), for which one easily
checks that the assumption Item (i) of Theorem 6 is satisfied thanks to Proposi-
tion 2.17;

e N:XpxZp— Hgdefinedby N(E,Y) := (Ng(£. ). Y[S0]. Y[51]). To prove
that N takes values in #p C Hg, we must check that

(a) Np(f.Y) e H}L2: this follows from Lemmas 4.6 and 4.9 below;

(b)  Y[8] € HU(Z;) and 9., Y[8;]/z € HL(Z;): this follows essentially
from the chain rule, and is proved in Lemma 4.15 below;
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() (Np(f, 17)/2)|z; € H1(Z;): this follows from Corollary 4.13 below;

d N B ( 7. Y)(xi, (=1)!) = 0 this property follows from the fact that, for
E € X, fiz; = 0 and, forY € Zpg, azzY(x,,( D) =0;
e  Y[5]((=1)") = 3, Y[8;]((—1)*) = 0: this follows from the properties
§i ((—1)") = §7((—1)"), see also the proof of Lemma 4.15 below.

Eventually, we claim that N is strongly Fréchet-differentiable at (0, 0) in the sense
of Definition 3.14 with d,, N(0,0) = 0 and dg N(0,0) = Id, which corresponds to
the following estimate, as E, 2’ € Xgpand Y,Y’ € Zpg go to 0,

I(NB (£, Y), Y[8o), Y[81]) — (NB(f', ¥'), Y[80), Y[81]) — (B — E) |l 50
=o(I€ = &'llx, + 1Y = Y'|lz,). (4.14)

This follows from Corollary 4.10 for the part involving Np, and from Corol-
lary 4.13 and Corollary 4.16 for the estimate of the boundary terms. ]

Note also that Item (iii) from Theorem 6 follows from a variant of Corollary 2.19
for the space Jp, stepping on Proposition 2.15 and recalling that £ = £.

The next sections are dedicated to the proof of Item (a) and Item (c) and of esti-
mate (4.14) above. We will repeatedly use the following classical result.

Lemma 4.4. The pointwise product is (bilinearly) continuous from H ; H!x H ; L?
to HIL2.

4.2.1 Forcing term

We first derive estimates for the main forcing term (1 — 9, Y)f(x,z —Y(x,2)
from (4.9). We start with an easy one-dimensional lemma.

Lemma 4.5. For ¢,y € (H> N H})(—1, 1) small enough (so that the changes of
variables z +— z — ¢(z) and z — z — Y (z) are well defined on [—1,1]) and f €
H'(—1,1), one has

1/ Gz =@z < /N2 (4.15)
1f(z =¢2) = fz =¥z S92 2l — ¥llLe. (4.16)

Proof. First, (4.15) is straightforward since the Jacobian of the change of variables
z > z — ¢(2) is bounded from below and from above for ¢ small enough in (H? N
HY)(=1,1).

Second, for z € [—1, 1], we write

1
fe=¢@) - fz-¥(2)=W() - ¢(Z))/O 0z f(z —s¢(2) — (1 =) (2)) ds.
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Hence, by Cauchy—Schwarz,
1/ =) — £ — PP
1
< ¢ —vlZe [0 19: /(2 = (56(2) + (1 — )Y )] ds

so that (4.16) follows from (4.15) applied to 9, f and s¢p + (1 — ). ]
The next lemma states that the main forcing term belongs to H! L.2.
Lemma 4.6. For ¢, € HI(H? N Hy) small enough and f € H}H2, one has
10 = 0:0) f(r.z = Dl 2 1 sz
1 f(e 2 = ¢ ) — £z = D gz S 1 sz l6 = Wl a2

Proof. First, we observe that d,¢, 0,y € L°°, and d, f € L°. Since

Ix(f(x.2 =) = 0xf(x.2 —¢) —0x¢0: f(x.2 — &)

we infer that f(x,z — ¢) € H!L?2. From there, we easily deduce the first estimate.
We then turn towards the second estimate. By the chain rule and the triangular
inequality, one has

[fCez=¢)— flx,z=)llgipz SINf(x.z—=¢)— fle.z=¥)ll 2,2
+ 10x f(x, 2 =) —0x f(x, 2 = V)22
+ 10z f(x,2=¢) =0z f(x. 2=V ))Pxll 212
10z f(x.2 = ¥)(dx — V)l 2 p2-

By (4.16), the first two terms are bounded by [|0; f ||12]|¢ — ¥ llLoo, |0xz f 2]l —

VL.
For the third term, using (4.16),

10z f(x,z—¢)—0;f(x,z— W))(ﬁx”L%L%
<0z f(x,z—¢) =0, f(x,z— ‘/f)”L;('OLg”be”L%Lgo

S 19221 Nl so 2l = Vo sl 2 oo
For the fourth term, using (4.15),
10z f(x.z = V) (s — V)22 = 102 f(x. 2 = V)l poop2ldx — Vxll 2 100
< ||azf||L§OL§||¢x - Wx”L}CLgO-

Gathering these inequalities concludes the proof using usual Sobolev embeddings. m
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We then prove the strong Fréchet-differentiability at (0, 0) of the main forcing
term.

Lemma 4.7. For ¢1,¢> € HY(H2 N HY) small enough and fi, f> € HHZ,

(1= 0z¢1) f1(x,z — ¢1) — (1 = 0z2¢2) fo(x. 2 — 2) — (f1 — f2) g1 p2
S (LAT+ AN+ gl + g2l x (lgr — @21l + ILf1 = f21D.

where || - || on the right-hand side denotes the H! H? norm.

Proof. First, we write

Silx,z = 1) — fa(x, 2 —¢2) — (f1 — f2)
=(fi— ), z—=¢1) = (/1= f2)(x,2=0) + fa(x,z —¢1) — fa(x,Z — $2).

Applying Lemma 4.6 to both lines, we have
I fi(x, 2 =¢1) — fa(x.z —2) = (f1 = )1 p2
<A - f2”H}HZ2”¢1 —OHH}HZZ + ||f2||H}H§”¢1 _¢2”H}HZZ’

which allows to conclude the proof thanks to Lemma 4.4. ]

4.2.2 Nonlinear viscous term
. . . . . :Y02-3:Y) g ¥
We derive estimates for the main nonlinear viscous term Waz .Y from (4.9).
—0z

Lemma4.8. Let g : R — R be a C3 function in a neighborhood of 0 with g(0) = 0.
Then the map G : HYH? — HYH} given by G(¢) := g(¢.) is well defined and
Lipschitz-continuous in a neighborhood of 0, and satisfies G(0) = 0.

Proof. First, for ¢, ¥ € H!H? small enough,
llg(¢z) —g(Wz)llLee < ”g/”L‘>o ¢z — VzllLee < gz — WZHH}HZL
Second, for ¢ € H! H? small enough,

0xz(8(#2)) = &' (P2)Pxzz + & (b2)Pxz P2z

Hence, for ¢, € H ; H?2 small enough, using that g € C3 and decomposing the
difference, one obtains

[10xz(g(¢pz) = gWllL2 S Np = Vg1 g2
which concludes the proof. =

The next lemma proves that the nonlinear viscous term belongs to H!L2.
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Lemma 4.9. For ¢,y € H!H? small enough, one has
‘ 02— 9:¢) 09 (2—9:9)

(1-10:9)2 (1-0:9)? H1L2
SUelgrpz + 1VIg1a2)llé — Vg g2
Proof. Since 0 is Lipschitz-continuous from H!H? to H!L?2, by Lemma 4.4, the
result follows from the Lipschitz-continuity of ¢ +— 9,¢(2 — 3;¢)(1 — ,¢) 2 from
H!H? to H!H}, which is a consequence of Lemma 4.8 with the relation g(s) :=
sQ2—s)(1—5)"2 n

822¢ - aZZw

Gathering Lemma 4.7 (for the part involving f') and Lemma 4.9 (for the quadratic
part involving Y only), we obtain the Fréchet-differentiability of Np at (0, 0).

Corollary 4.10. For E = (f.80.61), ' = (f’,8;,67) € Xp and Y.Y' € Zg small
enough,

IN(£.Y) = Np(f'.Y') = (f = iz = o€ = E'llxs + IV = ¥'llz,).

4.2.3 Boundary contribution of the nonlinearity
We now derive estimates concerning the 3! (X;) contribution of Np( f, 17).
Lemma 4.11. For ¢ € H1(0,1), one has zy € L*(0, 1) with ||z ||p < ||1p||g{%

Proof. Let ¢ € 31(0,1). First, v € H'(1/2,1) and one has |y (1)| < ”1//”:}(;' Thus,
for zg € (0, 1),

1
1 1
[V (zo)| < [¥(D)] +/ W=l < 1Y (D] + [Inz0l2 12 2Yz [l 20,1 S [T 20| [¥ Il 51
Z0

which proves that | In z|_%w € L, so that, in particular, zy € L. ]

Lemma4.12. Let g : R — R be a C? function in a neighborhood of 0 with g(0) = 0.
Let & := {y € L*(0,1); ¥;,/z € H.} with the associated canonical norm. There
exists 1 > 0 small enough such that, for ¢, € & with ||p|le < nand||¥e <,

H g(¢z)P:zz _ gW)Vzz
z

Z

S Uelle +1viele —vle-

x
Proof. First, & — H? < W1 and, thanks to Lemma 4.11, & < W2 We write

g(¢z)¢zz _ g(wz)WZZ — (g(¢z) _ g(wz))(pzz + g(wz)(pzz - WZZ )
z z z z
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For the first term, we have

H (8(6:) — g (W)
31

S |¢z — VzllLeo “‘/J)ZZ/ZHJ{; + ||¢ZZ/Z||L§ 102 (g(¢z) — g(W2)) Lo,

where

[02(g(pz) — g(W2))llLee < ||(g/(¢z) - g/(Wz)M’zz”L‘x’ + ||g/(¢z)(¢zz — VYzz)|lLoo
< ||¢z - 1/fz||L°°||¢’zz”Loo + ||¢zz - 1»”zz”LO"-

For the second term,

1/fzz

Hg(wz 3l
S lle@W)llLee |l (@22 — sz)/Z”g{; + [[(¢zz — sz)/Z”,cg ||g/(Wz)sz||L°°-

Hence, the claimed estimate follows from the embedding & — W2, |

We infer that the boundary contribution of the nonlinearity is Fréchet-differentiable
at (0, 0).

Corollary 4.13. For E = (f,80,61), ' = (f'.6y.6,) € Xp and Y,Y' € Zp small
enough, z7'Np(f.Y)|s;, € H2(Zi) and z7'Np(f'. Y|z, € HL(Z;) and

N(f,¥) = Np(f". ¥’ .
H =o(|Y —Y'[lzp)-
z H1(Z)
Proof. Since B € Xp, f|z;, = 0. Thus
L a2 - a)
Np(f.Y)|s; = g(0:Y|5,)0::Y |s; withg(a) = a2
The result follows from Lemma 4.12, noting that, for Y € Zpg, Y|2[ € & of Lem-
ma 4.12. [

4.2.4 Contribution of the inversion of the boundary data

We now move on to estimates concerning the Fréchet-differentiability of the map Y
of (4.6).

Lemma 4.14. For ¢ € H?(0, 1) such that ¢ (0) = 0,

6)/ 21l < @1l
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Proof. Writing a second-order Taylor expansion, one has

$(2) = 20/(0) + /0 (z — 5)¢"(s) ds.

d(¢(z)\ 1 [* ,
E(z )_2_2/0 s¢(s) ds,

from which the conclusion follows by the Hardy inequality of Lemma B.8. |

Thus

Lemma 4.15. Consider the spaces

&1 1= {8310, 1);8"(2)/2€3L(0,1),8(0) =58(1) =6"(0) =8"(1) =0}, (4.17)
&, := {8 € H>(0,1):8(0) = §(1) = §”(0) = §"(1) = 0}. (4.18)

Then the map Y[8](z) := z — (- + 8§(-))"1(2) as in (4.6) is well defined for § small
enough and strongly Fréchet-differentiable at O from &, to &,. More precisely, for
8,1 € &y small enough,

17181 = Y[nl — (6 —mlle, < (ISlle, + Inlle) 16— nlle,- (4.19)

Proof. Step 1. We first check that Y is well defined. Since &, <> W1 § := T[8] is
well defined for § € &, small enough, and the boundary conditions §(0) = §(1) = 0
of &, entail that §(0) = §(1) = 0.

Moreover, one has

§(z) = 8(z — 8(2)). (4.20)
From this relation, we derive that
5, B ’ B -, B s :
8'(z) = s (z—=46(z)) and §"(2) = —(1 ) (z=46(2)) 4.21)

which ensures that §”(0) = §”(1) = 0 since §”(0) = §”(1) = 0.

Step 2. We prove the strong Fréchet-differentiability at 0. To control the &; norm,
it suffices to control the L2 norm and the H! norm of the quotient d,,(-)/z. For
8,n € &, by (4.20),

(6 —Mz) = 6 —n)z—8) + (n(z —8) — n(z — ). (4.22)

Hence . .
6 = 7llLee < I8 = nllee + [102nllLoe |8 — 7| Loo-

In particular, for n small enough in &,,

18 = fillzee < 2118 — nllzoo-
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Thus, applying estimate (4.16) to (4.22), we obtain

16— — @ —mlez <16 —mC=8) —@E—mOlz + In¢—8) —n-— Ml
<1026 = llz2 18]z + 11921218 — iill oo
<1926 = mliL2118llzee + 182012118 — nllzeo
S I8z + Il g8 = 1l (4.23)

We now move to the estimate of the J! norm of the quotient d,,(-)/z. By Lemma 4.14
(which even yields an H'! estimate, not only ), since all our functions have null
second derivative at 0, it suffices to obtain an H* estimate. Differentiating (4.21)
twice, we obtain

948(2) =

4 ~
(14—2—68)5(2 —8(z)) + lower order terms.

Decomposing the difference in a similar manner as in (4.23) and applying (4.16), one
can prove

16 =) — G =mlzs = Usllzs + Inllas)I8 — nllzs.
Together with Lemma 4.14, this concludes the proof of (4.19). ]
Corollary 4.16. For E = (f,80,61), 8" = (f',8;.67) € Xp small enough,
10, Y [8o], Y1811) — (0. Y551, YI8;1) — (0,80 — 8581 — 8365 = 0(IIE — E'[12c,)-

Proof. Recalling that, for E = (f, 80,61) € X, f|x; = 0, this is a direct conse-
quence of Lemma 4.15 and the definitions (4.10) and (4.11) of #p and Xp. ]

4.3 Reverse change of variables

Proofs of Theorem 3 and Proposition 1.1. It only remains to prove that the change of
variables of Section 4.1 is justified in both directions.

First, given ( f,80.81) € Mp, let Y € Z be the solution to (4.8) given by Propo-
sition 4.3 and let Y (x, z) := z — Y (x, z) the associated solution to (4.5). By Proposi-
tion 4.3, [|Y'[|z1 ST+(f.80.81) I, - By Lemma 1.15, [[Y || g1 ST+[(f. 80, 81) [l x5 -
Since Y is a solution to (4.5), we have

9::Y = (3:Y)*(20:Y) — (3:Y) f(x, Y (x,2)).

We check that the right-hand side is L2 H}, from which we deduce that 3Y € L2.
Repeating this argument, we find that the right-hand side of the above equation is in
fact L2 H? and that

192V 2 S 1Yz + 1/ N2 a2
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1 2 74
Thus,Y € Q" N L{H; and

1Y(x.2) —zllgr + 1Y (x.2) =zl L2 g4 < (S 80, 81) [l -

By Corollary B.6, (4.2) defines au € Q' N L3 H,} such that

llux,y) = yllgr + l[ux,¥) = yll2 ga < 1(f. 80,80 x5-

In particular, since d,u and 9, Y are continuous functions on 2 with ||dyu—1{| 0 K1
and ||0;Y — 1]||Le < 1, the computations of Section 4.1 hold. Thus, we have con-
structed a u € Q! solution to (4.1). This proves the existence claim of Theorem 3.

Reciprocally, to prove the claim of Theorem 3 concerning the uniqueness of the
solution to (4.1) and the one of Proposition 1.1 concerning the necessity of the non-
linear orthogonality conditions ( f, 8¢, 1) € Mp, we must perform the reasoning in
the other direction. Let ( £, 8. 8;) € Xp small enough, and let u € Q! be a solution
to (1.8) such that [Ju[ o1 < 1. Writing the PDE as

Biu = udxu — f,

we obtain that u € Q' N L H. By Corollary B.6, (4.2) defines a function ¥ €
Q' N L2 H} such that

1Y (x,2) = 2l g1 +1¥(x.2) = 212 gy SluCe. ) = Yl g1 + . ) = ll 2 s < 1.

In particular, since d,u and 9, Y are continuous functions on Q with [|d,u —1|| 10 <1
and [|0,Y — 1||p < 1, the computations of Section 4.1 hold. Thus, Y is a solution
to (4.5). Since Y € 0' n LiHZ“, we have Y € H; HZZ. From the equation (4.5), we
recover that z3,(d,Y) € L2. Thus Y € Z!(Q). Hence, the conclusions of Proposi-
tion 4.3 apply: Y is unique and (f, 89, 81) € Mp. ]



